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Abstract Given a finite family F of convex sets in R
d , we say that F has the (p, q)r

property if for any p convex sets in F there are at least r q-tuples that have nonempty
intersection. The piercing number of F is the minimum number of points we need
to intersect all the sets in F . In this paper we will find some bounds for the piercing
number of families of convex sets with (p, q)r properties.

1 Introduction

Given a finite family F of convex sets in R
d , the piercing number, π(F ), of F is the

minimum number m such that there is a set of m points that intersects every nonempty
set of F .

Helly’s theorem characterizes families of nonempty convex sets with piercing
number one. So, it is natural to ask if by weakening the Helly’s condition we still
obtain an upper bound for the piercing number of the family. One way to weaken
this condition is to use the (p, q) property, that is, to say that for every p convex
sets of the family there are q which are intersecting. It was conjectured by Hadwiger
and Debrunner in 1957 [3] that for every p,q, d , such that p ≥ q ≥ d + 1, there is
a c = c(p, q, d) such that every finite family F of convex sets in R

d with the (p, q)

property has π(F ) ≤ c. This result was proved in 1992 by Alon and Kleitman [1].
The bounds given by this proof are by no means optimal.

Finding good bounds for the piercing number of families with the (p, q) property
has proven to be extremely difficult. The first nontrivial case is the (4,3) property in
R

2. It is still open. The conjecture is that any finite family of plane convex sets with
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the (4,3) property can be pierced with 3 points. The best bound that has been proven
is 13 points [4].

In dimension 1, there is an optimal bound. If F is a finite family of at least p

intervals with the (p, q) property, p ≥ q ≥ 2, then π(F ) ≤ p − q + 1. We include
the proof because we will follow its spirit in the proofs of our main theorems. We
use induction on p − q . If p = q , we have Helly’s condition on the line. If F has
the (p, q) property with p > q , we can consider I the interval with its leftmost point
p0 being rightmost to all the others. If we take B to be the set of intervals that do
not intersect I , then we have two cases. If there are at least p − 1 intervals in B ,
then every p − 1 of them and I must have q which are intersecting. Those q cannot
contain I , so B has the (p − 1, q) property and thus can be pierced with p − q

points. Adding p0, we have the result. If there are less that p − 1 sets in B , then we
can take all the intervals in B , I and some of the other intervals to have p convex sets.
These must have an intersecting q-tuple. If this q-tuple has I , then it cannot have any
interval in B , thus B has at most p − q convex sets. Placing one point in every set
of B and p0 gives the result. If this q-tuple does not have I , then it is missing at most
p −q − 1 sets of B . We can place one point for every one of those intervals, the point
of intersection of the q-tuple and p0.

This result is optimal since we can take a family F of p − q pairwise disjoint
intervals and then a set of intersecting intervals. This family has the (p, q) property
but cannot be pierced with less than p − q + 1 points.

Definition 1 Let p, q , r be positive integers, p > q . A finite family F of sets has the
(p, q)r property if for every p sets of F , at least r of its q-tuples are intersecting. If
0 < α < 1 is a real number, a finite family F of sets has the (p, q)α property if for
every p sets of F , the proportion of its intersecting q-tuples is greater than α.

The purpose of this paper is to give bounds for the piercing number, π(F ), of a
finite family F of convex sets in R

d with the (p, q)r and the (p, q)α properties.
The following geometric lemma will be useful in the proofs of our main theorems.

Lemma 1 Let {A0, . . . ,Aλ} be a nonintersecting family of compact convex sets in
R

d , 1 ≤ λ ≤ d . Then there is an affine linear subspace Π of Rd of dimension d − λ

with the following property: if X is a convex set and for every i = 0, . . . , λ, there is a
point of X in

⋂
j �=i Aj , then X ∩ Π �= φ.

Proof We may assume without loss of generality that for every i = 1, . . . , λ,⋂
j �=i Aj �= φ; otherwise, the conclusion follows immediately. We shall start prov-

ing by induction that
⋃λ

0 Aj has the homology of S
λ−1, the sphere of dimension

λ − 1. If λ = 1, then {A0,A1} are two disjoint convex sets and, hence, A0 ∪ A1 has
the homotopy type of S

0. Suppose our claim is true for λ − 1; we shall prove it for λ.
The space A = ⋃λ

1 Aj is starshaped because every Aj is convex and
⋂λ

1 Aj �= φ.
So,

⋃λ
0 Aj is the union of two contractible spaces, A and A0, whose intersection

is
⋃λ

1 Bj , where Bj = A0 ∩ Aj . Note that for every i = 1, . . . , λ,
⋂

j �=i Bj �= φ but
⋂λ

1 Bj = φ. Hence, by induction A0 ∩ A has the homology of S
λ−2. Thus we have

that A0 ∪A is the union of two contractible spaces whose intersection has the homol-
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ogy of S
λ−2. The same happens when we take S

λ−1 as the union of two hemispheres.
Then, using the Mayer-Vietoris exact sequence, A ∪ A0 has the homology of S

λ−1.
We are ready to prove our lemma when λ = d . By the above,

⋃d
0 Aj ⊂ R

d has
the homology of S

d−1 and hence R
d − ⋃d

0 Aj has exactly two components, one
of them bounded. Let Π = {v0}, where v0 is any point of the bounded component of
R

d −⋃d
0 Aj . For every i = 0, . . . , d , take ai ∈ ⋂

j �=i Aj ∩X. Note that {a0, . . . , ad} ⊂
R

d is in general position, otherwise by Radon’s theorem,
⋂λ

0 Aj �= φ.
Let Δ be the convex hull of {a0, . . . , ad} and note that bdΔ ⊂ ⋃d

0 Aj . For every
i = 0, . . . , λ, let Ci = Ai ∩ Δ. Hence, for every i = 1, . . . , λ,

⋂
j �=i Cj �= φ but

⋂λ
0 Cj = φ. By the first paragraph of this proof,

⋃d
0 Cj ⊂ R

d has the homology of
S

d−1, and hence R
d −⋃d

0 Cj = Δ−⋃d
0 Aj has the homology of S

d−1 and therefore
has exactly two components. Furthermore, the bounded component of Δ − ⋃d

0 Aj is
contained in the interior of the simplex Δ. So, the bounded component of R

d −⋃d
0 Aj

is contained in the interior of the simplex Δ, and hence v0 ∈ X, as we wished.
Let now λ < d . By Lemma 3.1 of [2], there is a λ-dimensional linear subspace

Γ of R
d , with the property that if π : R

d → Γ is the orthogonal projection, then⋂λ
0 π(Aj ) = φ. If X ⊂ R

d is a convex set and for every i = 0, . . . , λ there is a point
of X in

⋂
j �=i Aj , then by the above paragraph, since for every i = 0, . . . , λ there

is a point of π(X) in
⋂

j �=i π(Aj ), there is v0 ∈ Γ such that v0 ∈ π(X). Then Π =
π−1(v0) is such that Π ∩ X �= φ. �

2 Balanced Families

Some good bounds for the piercing number of families with the (p, q)r property can
be obtained if we impose an estimation on how well distributed the intersecting q-
tuples are. Let F be a collection of sets. An s-balanced covering of F is a collection
{F1, . . . , Fr} of subsets of F such that

⋃r
1 Fi = F and every set of F is in at least s

of the Fi ’s.

Lemma 2 Let {F1, . . . , Fr} be an (r − 1)-balanced covering of F . Then every sub-
family G of F of size r − 1 is contained in Fi , for some i = 1, . . . , r .

Proof Every one of the r − 1 sets of G is in at least r − 1 of the Fi ’s, thus there is at
most one of the Fi ’s not containing it. So, we have at most r − 1 of the Fi ’s missing
at least one of the original sets of F . Thus, there is at least one of the Fi ’s containing
all the sets of G. �

Definition 2 The family F has the s-balanced (p, q)r property if, given any subfam-
ily F ′ ⊂ F of size p, we can find r intersecting q-tuples of F ′ and furthermore the r

intersecting q-tuples are an s-balanced covering of F ′.

Sometimes, when F is a finite family of convex sets in R
d , it is convenient to

think of the s-balanced (p, q)r property as follows: the family F has the s-balanced
(p, q)r property if and only if, given any subfamily F ′ = {S1, . . . , Sp} ⊂ F , there
are r elements {ρ1, . . . , ρr} ⊂ ⋃p

1 Si , such that every ρi , i = 1, . . . , r , is in the in-
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tersection of q sets of F ′ and every Si , i = 1, . . . , p, contains at least s elements of
{ρ1, . . . , ρr}.

By Lemma 2, we have that if a family of convex sets has the (r − 1)-balanced
(p, q)r property, then all r − 1 sets of the family are intersecting.

Lemma 3 Let, p,q, d be positive integers such that p > q , qd > p(d − 1) + 1 and
let F be a finite family of at least p convex sets in R

d . If there is a subset A ⊂ F of d

nonintersecting convex sets and F has the (d − 1)-balanced (p, q)d property, then

π(F \A) ≤ d(p − q − 1) + 1.

Proof Let K1,K2, . . . ,Kd be the nonintersecting d-tuple. We know by Lemma 1
that there is a line l such that every convex set K , that has nonempty intersection
with every (d − 1)-tuple of A, has nonempty intersection with l.

Let us take any p − d convex sets S1, S2, . . . , Sp−d in F different from all the Ki

and consider the p convex sets S1, S2, . . . , Sp−d,K1,K2, . . . ,Kd . Every intersecting
q-tuple cannot contain all the Ki . However, every Ki must be in at least d − 1 of the
intersecting q-tuples. So every Ki is missing in exactly one of the q-tuples. Let pi be
the point of intersection of the q-tuple missing Ki . Then pi ∈ ⋂

j �=i Kj . With this we
have that the convex hull of the pi intersects l.

There are at least qd pairs (R,pj ) such that R is one of S1, S2, . . . , Sp−d ,
K1,K2, . . . ,Kd and pj ∈ R. Any R cannot be in more that d of those pairs, so there
are at least qd − p(d − 1) of the convex sets in d of the pairs. This cannot be one of
the Ki , so there are at least qd − p(d − 1) of the Si in d of the pairs. Those convex
sets contain each of the pi and thus have a common point of intersection with l.

This tells us that the family F \A has the (p − d, qd − p(d − 1)) property
in l. Since qd − p(d − 1) ≥ 2, they can be pierced with at most (p − d) − [qd −
p(d − 1)] + 1 = d(p − q − 1) + 1 points. �

Note that in the proof of the lemma it is implicit that all the Ki are not empty.

Theorem 1 Let F be a finite family of convex sets F in R
d , and p,q positive integers

such that qd > p(d −1)+1. If F has at least p convex sets and the (d −1)-balanced
(p, q)d property, then

π(F ) ≤ d(p − q − 1) + 2.

Proof The theorem holds for d = 1, so we may take d ≥ 2. Since F has at least p

convex sets, not all its d-tuples have empty intersections. We know that there is a
direction v such that every intersecting d-tuple has its v-directional minimum in a
single point. Let A = {K1,K2, . . . ,Kd} be the intersecting d-tuple with maximal v-
directional minimum p0. We know that every set in F that has nonempty intersection
with K1,K2, . . . ,Kd contains p0. Let H = {x | x · v < x · p0} and let A′ = {Ki ∩ H |
1 ≤ i ≤ d}. Let B be the set of convex sets in F that do not contain p0. We define

F ′ = {K ∩ H | K ∈ B} ∪ A′.

Given the maximality of p0, since the v-directional minimum of an intersection of
d + 1 convex sets is the v-directional minimum of some d of those convex sets, every
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d + 1 convex sets in F ′ have nonempty intersection if and only if they had nonempty
intersection in F . This means that F ′ also has a (d − 1)-balanced (p, q)d property
and A′ ⊂ F ′ is a nonintersecting d-tuple.

We have two cases:

Case 1: There are at least p convex sets in F ′. Applying Lemma 3, we know that
F ′\A′ can be pierced with at most d(p − q − 1) + 1 points. Adding p0, we have
that F can be pierced with at most d(p − q − 1) + 2 points.

Case 2: There are less than p convex sets in F ′. Let C be a set of p − |F ′| sets in F .
If we take A ∪ B ∪ C we must have at least one intersecting q-tuple. If this q-tuple
contains every one of the Ki , it cannot have any convex set of B . Then, we can
pierce the sets of B with at most p − q points and the rest of the convex sets with
p0. If there is at least one of the Ki that the q-tuple does not contain, then the q-tuple
is missing at most p−q −1 sets of B . If we also use a point in the intersection of the
q-tuple and p0, we also get p − q + 1 points. Since d(p − q − 1) + 2 ≥ p − q + 1,
we are done. �

Corollary 1 Let p > d + 1 be positive integers. If F is a family of at least p convex
sets in R

d with the (p,p − 1)d property, then F can be pierced with at most 2 points.

Proof All p convex sets have d intersecting (p − 1)-tuples. However, every (p − 1)-
tuple is missing exactly one convex set, so every convex set is in at least d − 1 of the
intersecting (p − 1)-tuples. Since p > d + 1, we have that d(p − 1) > p(d − 1) + 1.
Since the conditions of Theorem 1 are met, F can be pierced with at most 2 points. �

3 Unbalanced Families

Given Corollary 1, it is natural to start looking for bounds for piercing numbers of
families that do not have any balance condition. Of course, the number of intersecting
q-tuples we need is larger in these cases.

Theorem 2 Let F be a finite family of convex sets in R
d . If there are s ≤ d nonin-

tersecting convex sets in F and F has a (p,p − 2)r property with p > s + 2 and
r >

(
p
2

) − (
p−s

p−s−2

) − (p − d), then F can be pierced using at most 4 points.

Proof First we will prove that all s − 1 convex sets in F are intersecting. If we can
find s − 1 nonintersecting convex sets, let us complete them with p − s + 1 other
convex sets. We know that out of those p sets, every (p − 2)-tuple that contains the
s − 1 nonintersecting convex sets is nonintersecting. Thus, there are at least

(
p−s+1
p−s−1

)

of the (p − 2)-tuples which are not intersecting. Note that
(
p
2

)− (
p−s

p−s−2

)− (p − d) ≥
(
p
2

) − (
p−s+1
p−s−1

)
is equivalent to p − s = (

p−s
p−s−1

) = (
p−s+1
p−s−1

) − (
p−s

p−s−2

) ≥ p − d . Since
s ≤ d , this is true. So, we have at least r intersecting (p − 2)-tuples and therefore, we
cannot have s − 1 nonintersecting sets.

By Lemma 1, since we have s nonintersecting sets K1,K2, . . . ,Ks , there is an
affine subspace Π of dimension d + 1 − s such that if any convex has nonempty
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intersection with every s − 1 of the s nonintersecting convex sets, then it has a non-
empty intersection with Π .

Let B = {H1,H2, . . . ,Hp−s} be any other p − s convex sets in F , and A =
{K1,K2, . . . ,Ks}. If we take the p-tuple A ∪ B , we know that every (p − 2)-tuple
containing A is nonintersecting, which gives us at least

(
p−s

p−s−2

)
nonintersecting

(p − 2)-tuples. Of all the other (p − 2)-tuples, we know that at most p − d − 1
are nonintersecting. Thus, at most p − d − 1 of the (p − s − 1)-tuples of B do not
make a nonempty intersecting p − 2 tuple with every (s − 1)-tuple of A. Since there
are p−s of those (p−s −1)-tuples, then at least d +1−s of those (p−s −1)-tuples
form a nonempty (p − 2)-tuple with every (s − 1)-tuple of A. This gives a point of
their intersection in Π . Thus, F \A has a (p − s,p − s − 1)d+1−s property in Π . By
Corollary 1, F \A can be pierced with at most 2 points.

Since all s − 1 sets in F are intersecting, A can be pierced with at most 2 points
as well. �

The previous result can be extended if s = d .

Lemma 4 Let r,p, q, d be positive integers such that p > q > d and let F be a
family of at least p convex sets in R

d with the (p, q)r property. If r >
(
p
q

) − (
p+1−d
q+1−d

)

and there is a nonintersecting d-tuple A ⊂ F , then

π(F \A) ≤ p − q.

Proof The proof of this lemma is similar to the proof of Lemma 3; however, instead
of using the balance condition to obtain some kind of (p, q) property on a line, we
use that r is large enough for that to happen.

Define K1,K2, . . . ,Kd and l as in the proof of Lemma 3. Let B = {H1, . . . ,Hp−d}
be any other p −d convex sets in F . We know that every q-tuple in A∪B containing
A is nonintersecting. This gives us

(
p−d
p−q

)
nonintersecting q-tuples. Thus, we have at

most
(
p
q

) − (
p−d
p−q

) − r q-tuples which do not contain A and are nonintersecting.
Consider all the pairs (R,S), where R is a (q −d +1)-tuple from B , S is a (d −1)-

tuple from A, and R ∪ S is an intersecting q-tuple. Since there are
(

p−d
q+1−d

)
possible

choices for R, then there are at least
(

p−d
q+1−d

) − [(
p
q

) − (
p−d
p−q

) − r
] = r − ((

p
q

) −
[(

p−d
q−d

)+ (
p−d

q+1−d

)])
> 0 of the R’s which make one of these pairs with every possible

choice for S. This (q − d + 1)-tuple has a point in common with l. Thus, F \A has
the (p − d, q + 1 − d) property in l. Since q + 1 − d ≥ 2, they can be pierced with at
most p − q points. �

Using this lemma, we can also prove a general theorem. As in Lemma 3, the
nonemptiness of the Ki is implicit in the proof.

Theorem 3 Let r,p, q, d be positive integers such that p > q > d and let F be a
family of at least p convex sets in R

d with the (p, q)r property. If r >
(
p
q

)− (
p+1−d
q+1−d

)
,

then

π(F ) ≤ p − q + 1.
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Proof The theorem holds for d = 1, so we take d ≥ 2. Define v,K1,K2, . . . ,Kd , p0,
H , A, B,A′, and F ′ as in the proof of Theorem 1. Again, we have two cases.

Case 1: There are at least p convex sets in F ′. Applying Lemma 4 to F ′, we obtain
that F ′\A′ can be pierced with at most p − q points. Adding p0, we obtain that F
can be pierced with at most p − q + 1 points.

Case 2: There are less than p convex sets in F ′. With the same arguments of the
second case of the proof of Theorem 1, we can pierce F using at most p − q + 1
points. �

If d = 1, our theorem gives the piercing number, for a family of intervals in the
line, with the (p, q) property. If p = q + 1, this theorem gives the same corollary as
Theorem 1. If d = 2, we have the following corollary.

Corollary Let p,n be positive integers such that p ≥ n + 2 and n ≥ 2. Let F be a

family of at least p − 1 convex sets in R
2 with the (p − 1,p − x)

n
p property. Then

π(F ) ≤ n.

For example, if for every 2n − 1 convex sets of F more than half of its n-tuples are
intersecting, then F can by pierced with n points.

Finally, we will show a lower bound for r in order for the (p, q)r property to imply
that the piercing number of the family is at most k.

Claim 1 Let p,q, r, k, d be positive integers, p > q > d , p ≥ k. If every family of
convex sets in R

d with the (p, q)r property has piercing number at most k, then

r >

(
p − k − 1

q

)

+ (k + 1)

(
p − k − 1

q − 1

)

.

Proof It suffices to show a family F of convex sets with the (p, q)r property where
r = (

p−k−1
q

) + (k + 1)
(
p−k−1

q−1

)
and piercing number at least k + 1. Let F be a family

of n convex sets, k + 1 of which are points and where the rest are convex sets that
contain all these points. A simple counting argument shows that the family has the
(p, q)r property; however, it cannot be pierced with less than k + 1 points. �
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