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Abstract Call a coset C of a subgroup of Z¢ a Cartesian coset if C equals the Carte-
sian product of d arithmetic progressions. Generalizing Mirsky—Newman, we show
that a non-trivial disjoint family of Cartesian cosets with union Z¢ always contains
two cosets that differ only by translation. Where Mirsky—Newman’s proof (ford = 1)
uses complex analysis, we employ Fourier techniques. Relaxing the Cartesian re-
quirement, for d > 2 we provide examples where Z¢ occurs as the disjoint union of
four cosets of distinct subgroups (with one not Cartesian). Whether one can do the
same for d = 2 remains open.
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In 1950, Paul Erd6s conjectured that if a system of k arithmetic progressions, with

distinct differences n;, covers the natural numbers N (or the integers Z), then

Erdds credits Leon Mirsky and Donald Newman with the first proof (and also cites
Harold Davenport and Richard Rado for independently finding the same proof just
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a bit later). Mirsky and Newman did not publish at the time, but Erd&s credits them
in a 1952 paper [2]. For Newman’s own exposition, see his analytic number theory
monograph [4]. For more history, see Soifer [5]. The Mirsky—Newman proof blends
formal power series and complex analysis, and now serves as a standard example
showing how such interactions solve combinatorial problems.

Nowadays one usually hears the Mirsky—Newman stated in the contrapositive:
a non- trivial finite disjoint family of arithmetic progressions with union Z (so that
Zf‘_l n; = 1) contains two progressions with the same common difference. Hence-
forth we refer to any nontrivial finite disjoint family JF of sets as a tiling of its union
|J F and speak of the sets in F as tiles. Generally speaking, one may ask for groups
G that possess no tiling by cosets of distinct subgroups. Mirsky—Newman says G = Z
constitutes one such group, but examples we give below show that the groups Z¢ for
d > 2 do not have this property (the case d = 2 remains open).

We now frame our positive result extending Mirsky—Newman to Z¢, and obtained
by restricting the permissible tiles to cosets of certain special subgroups.! We call any
coset T =v -+ L of a subgroup L of Z? (d > 1) a Cartesian coset if L has the form
a1Z x --- x agZ for positive integers ay, ..., aqg. Thus a Cartesian coset in Z7 equals
the Cartesian product of d arithmetic progressions. (Note that L must have full rank.)

Theorem Z¢ admits no tiling using only Cartesian cosets no two of which are trans-
lates of one another.

Ahead of the proof, we gather a few facts of Fourier analysis. For C, the com-
plex numbers, every C-valued function on a finite abelian group equals a unique
finite C-linear combination of characters (i.e. homomorphisms to C*). For L a full-
rank subgroup of Z¢, we may regard L-periodic functions on Z¢ as functions on
Z? /L which thus expand as C-linear combinations of characters. These characters
on Z4 /L pull back to Z? as exponential functions x — exp(2rik - x) with k such
that k - L € Z4. Adding an element of Z¢ to k will not affect the exponell\ltial,
so we standardize the components of k to lie in [0, 1). Given L, we write L for
the associated finite set of standardized vectors k. E.g., if L = 2Z x 3Z we have

={(0,0), (0,1/3), (0, 2/3) 1/2,0),(1/2,1/3),(1/2,2/3)}. Note that the cardi-
nahty of L is precisely [Z¢ : L.
Given an L- perlodlc functlon fixe ) i g ekexpuik - x), write f (k) = ck.

One can write f (k) as Zd 3 >« f(X)exp(—2mik - x) where X varies over a set of

coset representatives. If f is L-periodic, then f (k) vanishes for k ¢ L.

As usual, for each § € Z¢ we have an indicator function xg, with xs(v) =1 if
v € S, and = 0 otherwise.

By symmetry, the sum of all characters on Z?/L vanishes everywhere except the
identity, where the value equals the cardinality of Z?/L; thus summing the corre-
spondlng exponentials and dividing by the index [Z4:L] of L in Z¢ yields xz. So

=1/ [Z4:L] on L 0 elsewhere.

IWhere we strengthen the hypothesis (requiring tiles to be Cartesian), Sun [6] generalizes Mirsky—

Newman to Z4 by weakening the conclusion: every tiling of Z4 contains two tiles, cosets respectively
of subgroups L and L’ giving rise to isomorphic quotients of Z? . Whether or not we can require that L
and L’ differ merely by a rotation (in O(d)) we do not know.
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Xvir (X) = x1(X — V), 50 vz (k) = (1/[Z9: L]) exp(—27ik - v) on L, O else-
where.

Proof Suppose that Z¢ = UT); gives a tiling by Cartesian cosets Tj = v; + L ;. Tiling
implies }_; x1; = Xz« and thus >, X1, = Xzd. For Lj = a1Z x --- x agZ, k;j :=

(1/ay, ..., 1/aq) € Z; Take L,, with a) ---a; maximal. Then X7, (K;,) # 0 even
though xz4(Ku) = 0. So x7;(ky) # 0 for some j # m. Our choice of L,, implies
Lj=Ly. O

Note We know no previous Fourier-theoretic proof of Mirsky—-Newman. However,
Henry Cohn has pointed out that in the case d = 1, the Fourier coefficients in our
proof are precisely the residues at the poles of the terms in the partial fraction de-
composition that occurs in the Mirsky—Newman power series proof. Indeed, the link
between Fourier decomposition and partial fraction decomposition is discussed in
Chap. 7 of the book of Beck and Robins [1]. This link extends to higher dimensions,
and we intend to write a follow-up article that re-proves the main result of the present
paper using d-variable generating functions. For a preview, see the Feldman—Propp—
Robins preprint [3] listed in the References.
The four cosets

0,1,0)+2Z x 2Z x Z,
0,0,1)+7Z x 2Z x 2Z,
(1,0,0) +2Z x Z. x 2Z.,

(Z x 2Z x 2Z) U (1,1, 1) +2Z x 2Z x 27Z)

tile Z3, and no two of them are translates of one another; this shows that for d = 3, the
Theorem becomes false if the Cartesian requirement is dropped. Furthermore, taking
this example xZ¢~3 gives a d-dimensional counterexample for every d > 3.

Acknowledgements Conversations with Henry Cohn and suggestions from the referee were helpful in
the preparation of this article for publication. The second author is supported by a grant from the National
Science Foundation, and the third author is supported in part by Nanyang Technological University’s SUG
grant M5811053.

References

1. Beck, M., Robins, S.: Computing the Continuous Discretely: Integer-Point Enumeration in Polyhedra.
Springer, Berlin (2007)

2. Erdés, P.: Egy kongruenciarendszerekrdl sz616 problémérdl (On a problem concerning covering sys-
tems). Mat. Lapok 3, 122-128 (1952) (Hungarian)

3. Feldman, D., Propp, J., Robins, S.: Tiling Lattices with Sublattices, II. arXiv:1006.0472

4. Newman, D.J.: Analytic Number Theory. Springer, Berlin (2000)

5. Soifer, A.: The Mathematical Coloring Book. Springer, Berlin (2008)

6. Sun, Z.: On the Herzog—Schonheim conjecture for uniform covers of groups. J. Algebra 273, 153-175

(2004)

@ Springer


http://arxiv.org/abs/arXiv:1006.0472

	Tiling Lattices with Sublattices, I
	Abstract
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


