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Abstract We show that the Banach—Mazur distance from any centrally symmetric
convex body in R” to the n-dimensional cube is at most

) 2

nc—2n+2+ ——,

Vn+2-1

which improves previously known estimates for “small” n > 3. (For large n, asymp-
totically better bounds are known; in the asymmetric case, exact bounds are known.)
The proof of our estimate uses an idea of Lassak and the existence of two nearly or-
thogonal contact points in John’s decomposition of the identity. Our estimate on such
contact points is closely connected to a well-known estimate of Gerzon on equiangu-
lar systems of lines.

Keywords Convex bodies - Banach—Mazur distance - Equiangular lines - John’s
theorem

1 Introduction

In this note, a convex body is a convex compact set with nonempty interior. A set
A C R”" is called symmetric if A = —A. The Banach—-Mazur distance between two
symmetric convex bodies K and L in R” is

dsm(K, L) =inf{x > 0: K € TL C AK for some T € GL(R")}.
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This distance is multiplicative: dgm (K, M) < dpm(K, L) dgm(L, M).

The maximum Banach—Mazur distance between a symmetric convex body K and
the n-dimensional cube B}, = [—1, 1]" is unknown for n > 3. (For K that may be
asymmetric, the maximum distance is exactly n; see Sect. 2.2 below.) The best pre-
viously known upper bound for small » was due to Lassak [13], who showed that
dpm(K, BL) <« n2—n—+1 for any symmetric convex body K. Our main result,
Theorem 1, is an improvement of Lassak’s bound for all n > 3. (For example, for
n = 3, Lassak’s bound gives /7, while Theorem 1 gives 4/6.618....) Our bound is
of interest only for small n because, like Lassak’s bound, it is asymptotically linear
in n, but maxx dgm(K, BY,) is known to be of lower order; see Sect. 2.2.

Theorem 1 For any symmetric convex body K in R", n >3,

2

d K,B")< [n2-2n+42+ —m—.
BM( Oo) \/ VJn+2—-1

The proof of Theorem 1 combines Lassak’s idea with the following lemma on
nearly orthogonal contact points in John configurations (a name we adopt to acknowl-
edge their role in John’s theorem, which is stated below as Theorem 6).

Definition 2 A finite collection (u;)" of unit vectors in R" is a John configuration if
there exist positive real numbers (c;)"" such that

Zciui@)uizld, (€))
i

where u ® v denotes the map R" — R”, x — (u, x)v.

Lemma 3 If (u;)}' is a John configuration in R", n > 2, then

1

n

min|(u;, uj)| <
L]

d

The case of equality in Lemma 3 is closely related to the question of how many
lines there can be in an equiangular system of lines in R". A theorem due to Gerzon
(stated below as Theorem 7) asserts that such a system contains at most %n(n +1)
lines and gives necessary conditions on 7 for this bound to be achieved (see Sect. 2.4
for details). The following proposition shows that Lemma 3 is sharp in R” if and only
if Gerzon’s bound is sharp.

Proposition 4 Let (u;)]' be a finite collection of unit vectors in R", n > 2. Then the
following are equivalent:

(i) (up)Y' is a John configuration, and min; ; |{(u;, uj)| =1/+/n +2;
(i) the lines spanned by the u; are equiangular, and m = %n(n +1).
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Remark 5 In the proof of Proposition 4 given below, the direction (ii) = (i) is ob-
tained by considering the geometry of the set of operators u; ® u; (under the Hilbert—
Schmidt inner product), specifically by showing from condition (ii) that % Id is their
centroid. With a little more computation, one may actually show that when the con-
ditions of Proposition 4 hold, these operators are the vertices of a regular simplex
centered at rll Id, which accounts for the extremality of the situation.

2 Background
2.1 Notation

We work in R" with its standard basis (e;)", its canonical inner product (-, -), the as-
sociated Euclidean norm | - |, and origin 0. We write B} for the closed unit Euclidean
ball and BY, for the n-dimensional cube [—1, 1]". The boundary of a set A C R" is
denoted 0 A; the convex hull of A is denoted conv A; and the polar of A is

A°={xeR": (x,a) <1foralla € A}.
2.2 Distance to the Cube

Asplund [1] showed that, for any symmetric convex body K in the plane,

3

dem(K. B3,) < >

with equality for the regular hexagon. See [11], §7, for a survey of this area in classi-
cal convex geometry. For general n, Lassak [13] showed that

dem(K, BY) <vn?—n+1. )

The best known asymptotic estimates are

c/nlogn < mI?deM(K, Bgo) <Ccnd/o

for some absolute positive constants ¢ and C. The lower bound is due to Szarek [16].
The upper bound is the culmination of work by several authors: Bourgain and
Szarek [5] obtained the first estimate of order o(n); Szarek and Talagrand [17] proved
on’’®; Giannopoulos [7] improved their argument to give 0n%). See [8], §7.2,
for a survey of this area in asymptotic geometric analysis.

The analogous, more general, problem when K is permitted to be an asymmetric
convex body (and the notion of Banach—Mazur distance is suitably generalized) was
solved by Gordon, Litvak, Meyer, and Pajor [10], who showed that dgm(K, L) <n
for any convex body K and any symmetric convex body L and that equality is attained
if K is the simplex. See [10], Theorem 5.5 and Corollary 5.8.
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2.3 John Configurations

Theorem 6 (John [12]) Let K be a symmetric convex body in R". Then B} is the
ellipsoid of maximum volume in K if and only if By C K and 9By N 0K contains a
John configuration. Every symmetric convex body has one such affine image (up to
orthogonal transformations).

The original paper of John is difficult to obtain; for proofs of Theorem 6, see, for
example: [2], Lecture 3; [8], §2.3; [18], §15. John also proved a variant without the
assumption of symmetry, which has been generalized to two arbitrary convex bodies;
see [3, 9] and for the strongest form, [10], Theorem 3.8.

We will use the following well-known facts about John configurations. It is easy
to show that the defining condition (1) is equivalent to the condition that

> citui x)*=|x* forall x eR". (3)
i

Taking traces in (1) yields

S ei=n, )

i

and so (u;)7" is a John configuration if and only if

1
—Ideconvi{u; Qu;:i=1,...,m}. ®))
n

Carathéodory’s theorem (applied to the space of symmetric trace-one operators from
R” to R") yields that any John configuration has a subset with at most %n(n + 1)
elements which is also a John configuration.

If K and (u;)}' € 9By NJK are as in Theorem 6, then any halfspace that supports
K at u; also supports BE’ there, and so must be {u;}°; thus K C {Fuq, ..., Tu,}°.
A straightforward computation using (3) and (4) shows that {fuy, ..., £u,}° C

VnBj.
2.4 Equiangular Lines

Theorem 7 (Gerzon; [14], Theorem 3.5) An equiangular system of lines in R" con-
tains at most %n(n + 1) lines. If equality is achieved, then the angle between any pair
of lines is arccos(1/+/n + 2), and moreover, either n =2, n =3, or n + 2 is an odd
square.

In fact, Gerzon’s theorem as stated in [14] does not include the value of the angle,
but the proof given there does establish it.

Systems of lines achieving Gerzon’s bound are known to exist for the first few n
satisfying the conditions stated in Theorem 7, namely n = 2, 3,7, 23; see [14]. The
case of equality (or near-equality) in Gerzon’s theorem is also of interest in the theory
of frames; see [15] for a recent survey from this point of view.
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3 Proofs

Proof of Lemma 3 As noted in Sect. 2.3, we may assume that m < %n(n + 1). Let
(ci)’ln be positive real numbers such that ) _; c;u; @ u; =1d. Let X be a random vari-
ablein {1, ..., m} with

. Cj
Prob(X = j) = —.
n

Since

n 2
maxc,z—g Ci=—> +1,
m

we have

minmin{u;, uj)2 = min min(u;, uj)z
i J i j#

IA

1 ci
. 2 . . J 2
milnIE((ui,ux) IX;réz):mimm Ei;(ui,uj)

1—C,'

= min (Iui|* = ci{u;, u;)*) = min
1 n—c¢ i n—c

- 1-2/(n+1) 1
“n=2/n+1) n+2’
as desired. O

Remark 8 The idea of averaging over the u; according to their weights goes back to
John [12], who used a similar argument to prove Jung’s inequality [4], which asserts
that if 7 is the minimum radius of a sphere enclosing some set A C RY, then

d
< [|———diam A,
2(d+1)

and equality is attained by regular simplices. In fact, one can deduce Lemma 3 from
this inequality by taking A to be the set of operators u; ® u; (with geometry given by
the Hilbert—Schmidt inner product, as in the proof of Proposition 4). The proof above,
however, gives slightly more, since it shows that we may take u; to be any point with
above-average weight; John’s method cannot provide such information because he
computes the average over all pairs (i, j) with i # j instead of fixing i and averaging
over j. (Compare also [15], Proposition 2, which uses a method resembling John’s
to estimate the maximum inner product between two vectors in a slightly different
context.)

Remark 9 The weaker, though asymptotically equivalent, bound
min| (Ui, uj ’

ij 7
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is obtained in the first step of the proof of the classical Dvoretzky—Rogers lemma [6]
(also [8], Theorem 2.3.3). The argument of Theorem 1 can be given using this bound,
but the resulting bound on dgm (K, BY,) does not improve Lassak’s result (2) in the
case n = 3.

Proof of Theorem 1 Applying an affine transformation if necessary, we may assume
that BY is the maximum volume ellipsoid of K. Let (u;)7' be a John configuration of
contact points, as in Theorem 6. By Lemma 3, we may assume that

1
Jn+2

Let V = spanf{u1, uz}. Rotating if necessary, we may assume that V = span{eq, e}
and u1 + u; is a multiple of e + e3.
Let

[(u1,uz)| <

U = {Fu1, +u,)°, L=Un+nBY, and M=UnNnBL.
We will show that
dim(K. BL) < dpm(K. L) do(L, M) dgm(M, BL,) < /- % =r,
n

where r = maxyep |X|.
To show that dgm (K, L) < +/n, note that, by the remarks in Sect. 2.3, K € L C
VnBj C /nK.

To show that dgm(L, M) < ﬁ note first that \/nes € M, so r > \/n. Thus M C

ﬁU. Furthermore, M C r B} = ﬁ\/ﬁB’g by the definition of . So L C M C ﬁL.

To show that dgm(M, BY,) = 1, we will show that M is a parallelotope. Consider
a vertex p of the rhombus U N V. (See Fig. 1.) Since p is the intersection of the
tangents to the circle Bf NV at u; and u5, the line £ joining u and u3 is d({p}°), so

1 2
PP =~ = =
PEmasi0.07 ~ g +upl? 1+ (urou)
< 2 =2+
- 1—@1? Jn+2-1

Fig. 1 The rhombus U NV in
the proof of Theorem 1

VnBL NV
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In particular, |p|*> < 4 < 2n, so the vertices of the thombus U N V are closer to the
origin than the vertices of the square /n B’ NV are. Recall that u; + u is a multiple
of e] + e2, so the vertices of the thombus lie on the same rays through the origin as
the vertices of the square; thus,

unvcynBi NV,
as Fig. 1 shows. It then follows easily that
M=UNVnBYL =UNV +/nBNV*

which is the sum of a rhombus and an (n — 2)-dimensional cube in complementary
subspaces, hence a parallelotope.

It remains only to estimate r. Let x = v+ w e M, where ve U NV and w €
VB! NV=L. Then

2
Ix>= v+ wP? <2+ eI +n(n—2).

Taking square roots yields the desired result. O

Remark 10 Lassak’s bound (2) is obtained by essentially the same method as in the
above proof, namely truncating B to obtain a body which more closely resembles
B[. The chief difference is that Lassak’s argument uses only one contact point: in
our notation, he uses U = {4u}°.

Proof of Proposition 4 Examining the inequalities in the proof of Lemma 3, we see
that condition (i) holds if and only if:

1. (u;) is a John configuration with all weights equal;
2. m= %n(n + 1); and
3. all the values (u;, uj)2 with i # j are equal.

The last two statements are exactly condition (ii), which thus clearly follows from
condition (i).
Conversely, suppose that condition (ii) holds, so that m = %n(n + 1) and the points
(u;)" satisfy, say,
2 = 1 ifi=j,
a ifi#j.

We wish to show that the points (u;)" are a John configuration with all weights equal,

that is,
n
Z —u; Qu; =1d.
m

i

(Ui, uj

Consider the space of real symmetric n x n matrices, under the Hilbert—Schmidt
inner product

(A, B)) =tr(AB),
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and the associated norm || - ||gs (which in this finite-dimensional setting is some-
times called the Frobenius norm). With this inner product structure, the hyperplane
{A: tr(A) = 1} is at distance 1/4/n from the origin, and the (unique) closest point to
the origin in this hyperplane is %Id. On the other hand, tr( % D> ui®u;)=1,and

H_Z”t@)”t 222 (i @uj,uj @uj)) = ZZZM“MJ
T R B

i j#i

since m = %n(n + 1) (by hypothesis) and a = 1/(n + 2) (by Theorem 7). Thus,
% > iui ® u; is also a closest point to the origin in the trace-one hyperplane, so
by uniqueness, % diui@ui= % Id, as desired. g
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