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Abstract The angle defect, which is the standard way to measure the curvatures at
the vertices of polyhedral surfaces, goes back at least as far as Descartes. Although the
angle defect has been widely studied, there does not appear to be in the literature an
axiomatic characterization of the angle defect. In this paper a characterization of the
angle defect for simplicial surfaces is given, and it is shown that variants of the same
characterization work for two known approaches to generalizing the angle defect to
arbitrary 2-dimensional simplicial complexes. Simultaneously, a characterization of
the Euler characteristic for 2-dimensional simplicial complexes is given in terms of
being geometrically locally determined.

Keywords Angle defect - Euler characteristic - Simplicial complex - Curvature -
Descartes—Gauss—Bonnet Theorem

1 Introduction

This paper is concerned with two related questions. The first issue concerns the
curvature at a vertex v of a triangulated polyhedral surface M, which is given by
dlv,M) =21 — Zasv a, where the « are the angles at v of the triangles contain-
ing v. This curvature function, which we refer to as the “classical angle defect,” goes
back at least as far as Descartes (see [9]). The classical angle defect satisfies various
properties one would expect a curvature function on polyhedra to satisfy. For exam-
ple, the angle defect is locally defined; it is invariant under simplicial local isometries
(that is, functions that preserve the lengths of edges); it is zero at a vertex that has a
flat star; it is invariant under subdivision; and it satisfies the polyhedral Descartes—
Gauss—Bonnet Theorem, which says ) em @, M) =2m x (M), where the summa-
tion is over all the vertices of M, and where x (M) is the Euler characteristic of M.
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(We refer to this theorem as the “Descartes—Gauss—Bonnet Theorem” rather than just
“Descartes’ Theorem” because Descartes’ version was for convex polytopes only and
did not explicitly involve the Euler characteristic for 2-dimensional polyhedra; there
appears to be some dispute in the literature as to whether or not Descartes was im-
plicitly aware of the Euler characteristic.)

The angle defect (also known as the angle deficiency), and related constructs in-
volving sums of angles in polyhedra, have been widely studied, both in the classical
situation, as well as in higher dimensions. It has been studied in the case of convex
polytopes from a combinatorial approach, for example in [21] and [14]; more gen-
erally, for the wider study of angle sums in convex polytopes, see for example [13,
Chap. 14], [18-20]. In [15] a Descartes—Gauss—Bonnet Theorem is proved for the
angle defect in polytopes with underlying spaces that are manifolds. This approach
has been generalized to arbitrary simplicial complexes in [3] and further studied in
[4, 5]. A different approach to generalizing the classical angle defect has been studied
extensively from a differential geometric point of view; see, among others, [1, 6-8,
22, 23]. One treatment of curvature of polyhedra that has some of the advantages of
all the approaches cited above is in [2], which uses curvatures functions based on crit-
ical points (similarly to [1]), but this time using projection maps R” — R, which
leads to curvature functions related to the Grassmann angles of [14] located at all
simplices, and which directly generalizes the approach of [1] et al.; moreover, an an-
gle defect type formula for curvature is obtained using projection maps R” — R"*~ !
(The angle defect and its generalizations treated in the above references, and which
we discuss in this note, are geometric in nature, depending upon the measurement of
angles; we will not be discussing the combinatorial approach to curvature of simpli-
cial complexes found in [11].)

Although the angle defect has been widely studied, there does not appear to be in
the literature an axiomatic characterization of the angle defect. Such a characteriza-
tion would be useful not only for gaining insight into the angle defect, but also to help
distinguish between different generalizations of the classical angle defect to arbitrary
polyhedra. In the present paper we give a characterization of the classical angle defect
for simplicial surfaces and show that variants of the same characterization work for
two approaches to generalizing the classical angle defect to arbitrary 2-dimensional
simplicial complexes, as found in [3] on the one hand, and in [1] et al. on the other.

The second issue we discuss concerns the Euler characteristic, which is intimately
connected to the classical angle defect by the Descartes—Gauss—Bonnet Theorem. In
[10], which follows [17], it is shown that the Euler characteristic is the unique lo-
cally determined numerical invariant of finite simplicial complexes that assigns the
same number to every cone, where in this context simplicial complexes are consid-
ered to be the same if they are combinatorially equivalent. A real-valued function
p on the set of all finite simplicial complexes is “locally determined” if there is an-
other real-valued function % on the set of all finite simplicial complexes such that for
each simplicial complex K, we have p(K) =), g h(link(v, K)), where link(v, K)
denotes the link of v in K, and where the summation is over all the vertices of K.
This last condition certainly has some resemblance to the Descartes—Gauss—Bonnet
Theorem, but there is a substantial difference between the results of [17] and [10]
on the one hand, and the Descartes—Gauss—Bonnet Theorem on the other: the nature
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of being locally determined in [17] and [10] is purely combinatorial, whereas in the
Descartes—Gauss—Bonnet Theorem the Euler characteristic is locally determined by
a geometric quantity, namely the classical angle defect, which depends not only on
the combinatorial nature of the link of each vertex, but on the geometry of the em-
bedding of the star of each vertex. One might therefore think of the results of [17]
and [10] as characterizing the Euler characteristic among those functions that are
“combinatorially locally determined.” In the present paper we will give an analogous
characterization of the Euler characteristic in the 2-dimensional case among those
functions that are “geometrically locally determined,” a term that will be defined be-
low. Not surprisingly, our characterizations of both the angle defect and the Euler
characteristic in dimension 2 are simply different ways of looking at the same result.

2 Statement of Results

We start with some assumptions, notation, and definitions. Throughout this paper
all simplicial complexes will be 2-dimensional, finite, and embedded in Euclidean
space. Different embeddings of combinatorially equivalent simplicial complexes will
be considered as different simplicial complexes (in contrast to [17] and [10], where
the approach is combinatorial rather than geometric). Embedded simplicial com-
plexes have angles that can be measured, and hence suit our geometric approach more
than abstract simplicial complexes. We use the term simplicial surface to mean a 2-
dimensional simplicial complex the underlying space of which is a compact surface
without boundary.

Let K be a simplicial complex. We let | K| denote the underlying space of K, let
K © denote the set of vertices of K, and let fi(K) denote the number of i-simplices
of K for each possible value of i. Let (v, w) denote the 1-simplex in K with vertices
v and w, and we let O(v, w) denote the number of 2-simplices of K that contain
(v,w). If o0 € K, let link(o, K) and star(o, K) denote the link and star of o in K
respectively. (For basic definitions in PL topology, see for example [12, vol. I] and
[16], although the latter uses the notation star instead of star.)

For the sake of convenience, we adopt the convention that all angles in 2-simplices
are normalized so that the circumference of the unit circle is 1. For any 2-simplex o
in Euclidean space and any vertex v of o2, we let o (v, %) denote the (interior) angle
in o2 at v, where by normalization such an angle is always a number in [0, %]. Hence
the 27t will drop out of our statement of the Descartes—Gauss—Bonnet Theorem.

The Euler characteristic is a real-valued function on the set of all 2-dimensional
simplicial complexes. We can restrict the Euler characteristic to any set of 2-
dimensional simplicial complexes, and we will consider other real-valued functions
on sets of 2-dimensional simplicial complexes. The classical angle defect is a differ-
ent type of function, as we now define.

Definition Let 7 be a set of 2-dimensional simplicial complexes. A real-valued
vertex-supported function on T is a function ¢ that assigns to every 2-dimensional
simplicial complex K € 7 and every vertex v € K, a real number ¢ (v, K).
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We will use various properties of real-valued vertex-supported functions. These
properties, defined below, are all satisfied by the classical angle defect, as can be
verified easily. The first property involves subdivision.

Definition Let 7 be a set of 2-dimensional simplicial complexes, and let ¢ be a real-
valued vertex-supported function on 7. The function ¢ is invariant under subdivision
if the following condition holds. If K, J € 7, where J is a subdivision of K, and if
ve KO then ¢ (v, K) = ¢ (v, J).

For our next property, which involves isometries, we need the following terminol-
ogy. Let K and L be 2-dimensional simplicial complexes. We say that K and L are
simplicially isometric if there is a simplicial homeomorphism |K| — |L| that pre-
serves the lengths of edges; such a map is called a simplicial isometry. Moreover, let
ve KO andletw e LO We say that star(v, K) and star(w, L) are simplicially iso-
metric if there is a simplicial isometry |star(v, K)| — |star(w, L)| that takes v to w;
any simplicial isometry between star(v, K) and star(w, L) will always be assumed to
take v to w.

Definition Let 7 be a set of 2-dimensional simplicial complexes, and let ¢ be a real-
valued vertex-supported function on 7. The function ¢ is invariant under simplicial
isometries of stars if the following condition holds. If K, L € 7, if v € K ©) and
we L0 andif star(v, K) and star(w, L) are simplicially isometric, then ¢ (v, K) =

¢(w, L).

Our next property involves continuity. Suppose that K and {K,}>> , are combina-
torially equivalent 2-dimensional simplicial complexes and all are embedded in the
same Euclidean space. We can think of all these 2-dimensional simplicial complexes
as embeddings of the same abstract simplicial complex. We write lim,,_,  K,, = K to
denote pointwise convergence of these embeddings; it suffices to verify convergence
at the vertices of the abstract simplicial complex.

Definition Let 7 be a set of 2-dimensional simplicial complexes, and let ¢ be a real-
valued vertex-supported function on 7. The function ¢ is continuous if the following
condition holds. Let K and {K,};-; be combinatorially equivalent 2-dimensional
simplicial complexes in 7, all embedded in the same Euclidean space. Suppose
limy—oo K = K. If v e K©, and if the corresponding vertices of each K, is la-
beled v, then lim,,_, oo ¢ (v,,, K,) = ¢ (v, K).

Our final property is an analog of the Descartes—Gauss—Bonnet Theorem.

Definition Let 7 be a set of 2-dimensional simplicial complexes, let ¢ be a real-
valued vertex-supported function on 7, and let A be a real-valued function on 7.
The function ¢ satisfies the Descartes—Gauss—Bonnet Theorem with respect to A if
the following condition holds. If K € T, then ), _x ¢ (v, K) = A(K), where the
sum is over all the vertices of K.
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We now state our results, which take place in two contexts, namely sets of simpli-
cial surfaces on the one hand, and sets of finite 2-dimensional simplicial complexes
on the other hand. We first consider things from the point of view of the classical an-
gle defect and its generalizations; shortly we will turn to the point of view of the Euler
characteristic and its generalizations. For simplicial surfaces, we have the following
characterization of the classical angle defect.

Theorem 2.1 Let ¢ be a real-valued vertex-supported function on the set of all sim-
plicial surfaces. Then ¢ is the classical angle defect iff ¢ is invariant under simplicial
isometries of stars and under subdivision, is continuous, and satisfies the Descartes—
Gauss—Bonnet Theorem with respect to the Euler characteristic.

We will deduce Theorem 2.1 as an immediate corollary to Theorem 2.4 below.

It would be interesting to know whether the four hypotheses in Theorem 2.1 are all
needed to characterize the classical angle defect. We do not have a complete answer
to this question, though the following examples provide a partial answer.

Example 2.2

(1) Ttis clear that the Descartes—Gauss—Bonnet Theorem cannot be dropped in The-
orem 2.1, because the constantly zero real-valued vertex-supported function on
the set of all simplicial surfaces satisfies the three other criteria of the theorem.

(2) If K is a simplicial surface, and if v € K O 1et E(v, K) denote the number of
edges of K that contain v. Define the real-valued vertex-supported function
on the set of all simplicial surfaces by letting ¥ (v, K) =1 — %E (v, K) for any
simplicial surface K and any vertex v of K. It is evident that v is invariant
under simplicial isometries of stars and is continuous, and it can also be verified
that ¢ satisfies the Descartes—Gauss—Bonnet Theorem with respect to the Euler
characteristic (using the fact that } . E(v, K) =2 f1(K) = 3 f2(K), where the
summation is over all vertices of K). However, it is evident that ¥ is not invariant
under subdivision, and therefore the invariance under subdivision criterion cannot
be dropped from Theorem 2.1.

(3) Define the real-valued vertex-supported function @ on the set of all simplicial
surfaces as follows. Let K be a simplicial surface. If x(K) =0, let u(v, K) =0
for all vertices v of K. Now suppose that x (K) # 0. Let n(K) denote the number
of vertices v of K for which the sum of the angles at v is not equal to 1; observe
that n(K) £ 0 because of the Descartes—Gauss—Bonnet Theorem for the classical
angle defect. Let

. K) x(K)/n(K), if the sum of the angle containing v is not 1,
U b = .
’ 0, otherwise,

for every vertex v of K. It is clear that p satisfies the Descartes—Gauss—Bonnet
Theorem with respect to the Euler characteristic, and it can also be seen that
w is invariant under subdivision (because any new vertex in a subdivision of a
2-dimensional simplicial complex K is in the relative interior of a 1-simplex
or a 2-simplex of K, and hence has angle sum equal to 1). We leave it to the
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reader to verify that w is not invariant under simplicial isometries of stars and
is not continuous. Hence, these last two criteria cannot both be dropped from
Theorem 2.1.

Theorem 2.1 holds unchanged for the class of all 2-dimensional simplicial pseudo-
manifolds (without boundary), and we omit the details. The situation becomes more
interesting when we go beyond pseudomanifolds and look at the class of all 2-
dimensional simplicial complexes, because for non-pseudomanifolds, there are (at
least) two generalizations of the classical angle defect, both of which are equal to the
classical angle defect when restricted to pseudomanifolds.

Both of these generalizations of the classical angle defect work in all dimensions.
The first of these generalizations, which we refer to as “standard curvature,” is dis-
cussed, among others, in [1, 68, 22, 23]. It is very simple to define (though it does
not directly resemble the classical angle defect), and it satisfies our four properties.
In all dimensions, this type of curvature is concentrated at the vertices of simplicial
complexes.

The second generalization of the classical angle defect, which we refer to as the
“generalized angle defect,” was defined in [3] and further studied in [4, 5]. This type
of curvature, which more closely resembles the classical angle defect than standard
curvature, is a generalization of the higher-dimensional angle defect for convex poly-
topes and manifolds studied, among others, in [14, 15, 21]. In dimensions higher
than 2, the generalized angle defect is not concentrated at the vertices of simpli-
cial complexes, but rather is defined for each simplex of codimension at least 2.
(A word on our terminology. In order to compare our approach with standard cur-
vature, we originally somewhat artificially concentrated our curvature at the vertices
in [3, Sect. 3] and called it “stratified curvature.” In [3, Sect. 4] we took the more
natural approach that we are using at present and referred to this approach by the
unfortunate name “modified stratified curvature,” which misses the point that in this
approach we are really working with a pure angle defect. Hence, in the present paper,
we will use the better name “generalized angle defect,” which we also use in [4, 5].
A detailed comparison of standard curvature with both stratified curvature and the
generalized angle defect may be found in [3, Sect. 4].)

It turns out that in the present paper we will rarely need the actual definition
of standard curvature and we will never need the definition of the generalized an-
gle defect—what we use regularly are the properties of these types of curvature.
Like standard curvature, the generalized angle defect is invariant under simplicial
isometries of stars and under subdivision, and it is continuous. It also satisfies the
Descartes—Gauss—Bonnet Theorem, though not with respect to the Euler characteris-
tic but with respect to a variant of the Euler characteristic, called the stratified Euler
characteristic. See [3] for the definition of the stratified Euler characteristic and a
proof of the Descartes—Gauss—Bonnet Theorem for the generalized angle defect.

The following theorem characterizes both these types of curvatures on the set of
all 2-dimensional simplicial complexes.

Theorem 2.3 Let ¢ be a real-valued vertex-supported function on the set of all 2-

dimensional simplicial complexes. Then ¢ is standard curvature (respectively the gen-
eralized angle defect) iff ¢ is invariant under simplicial isometries of stars and under
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subdivision, is continuous, and satisfies the Descartes—Gauss—Bonnet Theorem with
respect to the Euler characteristic (respectively the stratified Euler characteristic).

Theorem 2.3 sheds light on how similar standard curvature and the generalized an-
gle defect are in dimension 2. These two types of curvature are less similar in higher
dimensions, because of the fact that standard curvature is concentrated at vertices
and the generalized angle defect is not. A better understanding of the difference be-
tween these two types of curvature awaits characterizations of standard curvature and
the generalized angle defect in higher dimensions. Unfortunately, our proof of Theo-
rem 2.3 (which is really a corollary to Theorem 2.7 stated below) does not generalize
beyond the 2-dimensional case. It would be interesting to know whether the higher-
dimensional analogs of our results are nonetheless true, using a different method of
proof.

Also, we note that Theorem 2.3 does not imply Theorem 2.1, because more is
being assumed about ¢ in Theorem 2.3 than in Theorem 2.1.

We now turn our attention to the point of view of the Euler characteristic and its
generalizations. The following definition gives our geometric analog of the notion of
being locally determined (as discussed in [10, 17]).

Definition Let 7 be a set of 2-dimensional simplicial complexes, and let A be a
real-valued function on 7. The function A is geometrically locally determined if
there is a real-valued vertex-supported function ¢ on 7 such that ¢ is invariant under
simplicial isometries of stars and under subdivision, is continuous, and satisfies the
Descartes—Gauss—Bonnet Theorem with respect to A. If we need to specify ¢, we
will say that A is geometrically locally determined by ¢.

We use the adverb “geometrically” in the above definition because of the require-
ment of invariance under subdivision, which is a very plausible requirement if one
thinks of the curvature of polyhedra geometrically, but which does not work well from
a combinatorial point of view. Recall the combinatorial approach of [17] and [10], in
which a real-valued function p on the set of all simplicial complexes is locally deter-
mined if there is another real-valued function % on the set of all simplicial complexes
such that for each simplicial complex K, we have p(K) = ) g h(link(v, K)),
where the summation is over all the vertices of K; in this context, the functions p
and s depend only upon combinatorial equivalence, not upon the particular embed-
ding of a simplicial complex. We can then think of i (link(v, K)) as a real-valued
vertex-supported function on the set of all simplicial complexes. If 4 (link(v, K)) is
to be invariant under subdivision, then it would be necessary for 4 to be invariant
under subdivision. However, let K be a simplicial surface, and let L be the subdivi-
sion of K obtained by adding a single vertex w in the relative interior of a 2-simplex
of K, and then starring on w. Up to combinatorial equivalence, the link of every ver-
tex of L other than w is a subdivision of the link of the same vertex in K. Suppose
that p is invariant under homotopy equivalence (as in [17] and [10]) and that £ is in-
variant under subdivision. Then p(K) = p(L) and h(link(v, K)) = h(link(v, L)) for
all v e K@ _ 1t follows that A (link(w, L)) = 0. Observe that link(w, L) is a triangle
and that the link of any vertex in any simplicial surface is combinatorially equivalent
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to a subdivision of a triangle. Hence, the invariance of /& under subdivision implies
that i (link(v, K)) = 0 for all v € K©, which means that p(K) = 0. Therefore p
is constantly 0 on the set of all simplicial surfaces, which means that p is not very
interesting, and in particular it cannot be the Euler characteristic. Hence, invariance
under subdivision rules out a purely combinatorial approach, as in [17] and [10].

Not every real-valued function on a set of 2-dimensional simplicial complexes is
geometrically locally determined. For example, it can be verified that the function
A on the set of all 2-dimensional simplicial complexes defined by A(K) = f»2(K)
is not geometrically locally determined; we omit the details. Hence, we will restrict
our attention to those real-valued functions that are well behaved in some appropriate
way. In [10], as seen in the title of that paper, the condition of being constant on the
set of cones is used; this condition is weaker than the condition of being a homo-
topy invariant, which is used in [17]. Because the stratified Euler characteristic of [3,
Sect. 2] is not a homotopy invariant (though it is a homeomorphism invariant), we
adopt the approach of [10] and will consider real-valued functions that are constant
on a number of different sets of 2-dimensional simplicial complexes.

We will use the following standard terminology. Let D be a simplicial disk in R?.
A pyramid on D is the simplicial surface obtained by coning on D from a point in R?
(called the apex of the pyramid) that is not in R? and then taking the boundary. Let
R be a polygonal disk in R? (not necessarily subdivided into simplices). A bipyra-
mid on R is the simplicial surface obtained by suspending R from two points in R>
(called the apices of the bipyramid) that are in different half-space components of
the complement of R? and then taking the boundary. We also need the following less
standard terms.

Definition A planar fan is a simplicial disk in R? with no interior vertices that is
triangulated as a cone from one of its boundary vertices. Let n € Z be such that
n > 0. An n-flap with end-vertices v and w is a 2-dimensional simplicial complex K
containing vertices v and w such that the following conditions hold: (1) (v, w) is an
edge of K; (2) K has precisely n 2-simplices, each of which has (v, w) as an edge;
and (3) K has no edges other than the 1-faces of these n 2-simplices.

A 0-flap is a single edge, and a 1-flap is a single 2-simplex. It is straightforward to
verify that a 2-dimensional simplicial complex L is an n-flap with end-vertices v and
w iff L = star(v, L) = star(w, L). Also, if K is a 2-dimensional simplicial complex
and v € K@, and if N = star(v, K), then for any vertex x of link(v, K), it is seen
that star(x, N) is a O(v, x)-flap.

As mentioned above, we will consider real-valued functions that are constant on
various sets of 2-dimensional simplicial complexes. In particular, if A is a real-valued
function, we will consider the case where A is constant on the set of all planar fans,
and we will write A(fan); the case where A is constant on the set of all n-flaps, and
we will write A(n-flap), for each n € N; the case where A is constant on the set of
all pyramids and bipyramids, and we will write A(pyramid); and the case where A
is constant on the set of all cones, and we will write A(cone).

For simplicial surfaces, our main technical result is the following theorem.
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Theorem 2.4 Let S be a set of simplicial surfaces that contains all pyramids and
bipyramids. Let A be a real-valued function on S. Suppose that A is geometrically
locally determined by a real-valued vertex-supported function ¢ on S and that A is
constant on the set of all pyramids and bipyramids. If K € S and v e KO then

d,K)= %A(pyramid)[l — Z (v, 02)i|, (1)

o230

where the summation is over all 2-simplices of K containing v.

The proof of Theorem 2.4 will be given in Sect. 3. It is straightforward to see
that Theorem 2.1 follows immediately from Theorem 2.4. Moreover, we have the
following corollaries to Theorem 2.4, which characterize the Euler characteristic on
sets of simplicial surfaces. The first of these corollaries follows immediately from
Theorem 2.4 because of the Descartes—Gauss—Bonnet Theorem for the classical angle
defect, and the second corollary follows from the first.

Corollary 2.5 Let S be a set of simplicial surfaces that contains all pyramids and
bipyramids. Let A be a real-valued function on S. Suppose that A is geometrically
locally determined and is constant on the set of all pyramids and bipyramids. Then
A equals the Euler characteristic multiplied by %A(pymmid).

Corollary 2.6 Let S be a set of simplicial surfaces that contains all pyramids and
bipyramids. The Euler characteristic is the unique real-valued function on S that is
geometrically locally determined and has value 2 on all pyramids and bipyramids.

We now turn to analogs of the above results for more general sets of 2-dimensional
simplicial complexes, starting with the following definition, which is based on [10].

Definition Let 7 be a set of 2-dimensional simplicial complexes. The set 7 is star-
closed if for every K € 7 and every vertex v of K, we have star(v, K) € 7.

Clearly, the set of all finite 2-dimensional simplicial complexes is star-closed.
We can now state an analog for arbitrary 2-dimensional simplicial complexes of
Theorem 2.4.

Theorem 2.7 Let T be a star-closed set of 2-dimensional simplicial complexes that
contains all planar fans. Let A be a real-valued function on T . Suppose that A is
geometrically locally determined by a real-valued vertex-supported function ¢ on T,
that A is constant on the set of all planar fans, and that for each n > 0, the function
A is constant on the set of all n-flaps in T.If K € T and v € K©, then

¢, K) = A(star(v, K)) - % Z A(O(v, w)-ﬂap)

welink (v, K)

+ %A(fan) fi(link(v, K)) — A(fan) 22 a(v,0?), )

[omt=1Y
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where the first summation is over all vertices w of link(v, K), and the second sum-
mation is over all 2-simplices of K containing v.

One could view Theorem 2.7 as a geometric, 2-dimensional analog of the unique-
ness stated in [17, Theorem B]. The following result is an immediate consequence of
Theorem 2.7.

Corollary 2.8 Let T be a star-closed set of 2-dimensional simplicial complexes that
contains all planar fans. Let A be a real-valued function on T. Suppose that A is
geometrically locally determined, that A is constant on the set of all planar fans,
and that for each n > 0, the function A is constant on the set of all n-flaps in T .
Then there is a unique real-valued vertex-supported function ¢ on T such that A is
geometrically locally determined by ¢.

We note that Theorem 2.7 implies that any real-valued function A that is geomet-
rically locally determined and satisfies appropriate hypotheses, is not only geomet-
rically locally determined by a unique real-valued vertex-supported function ¢, but
that such ¢ is similar to an angle defect, in that the first three terms in the right-hand
side of (2) do not depend upon the particular embedding of K in Euclidean space,
and hence the right-hand side of (2) has the form of a measure of flatness (which is 1
in the case of simplicial surfaces and in general depends only upon the topology of a
neighborhood of v) minus the sum of the angles at v (once the term A(fan) has been
factored out).

It is straightforward to see that Theorem 2.3 follows immediately from Corol-
lary 2.8.

The following two corollaries to Theorem 2.7 characterize the Euler characteristic
on sets of 2-dimensional simplicial complexes. The first of these corollaries will be
proved in Sect. 3, and the second corollary follows from the first.

Corollary 2.9 Let T be a star-closed set of 2-dimensional simplicial complexes that
contains all planar fans. Let A be a real-valued function on T . Suppose that A is
geometrically locally determined and that A is constant on the set of all cones in T .
Then A equals the Euler characteristic multiplied by A(cone).

Corollary 2.10 Let T be a star-closed set of 2-dimensional simplicial complexes that
contains all planar fans. The Euler characteristic is the unique real-valued function
on T that is geometrically locally determined and has value 1 on all cones in T .

We note that Corollary 2.9, which is our analog of the main result in [17] and [10],
neither implies that result nor is implied by it, because the latter does not differentiate
between different embeddings of combinatorially equivalent 2-dimensional simpli-
cial complexes, and the former requires invariance under subdivision, which is not
required for the latter. Nonetheless, there is a relation between Corollary 2.9 and the
main result in [17] and [10], which is seen as follows. As mentioned in [10], the Euler
characteristic is locally determined (in the combinatorial sense) by the function e on
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the set of all simplicial complexes defined by

i+1
e(M)_l—i—Z( D

5 Ji(M)

for all 2-dimensional simplicial complexes M. Let K be a 2-dimensional simplicial
complex. The meaning of locally determined is that x (K) =), _x e(link(v, K)),
where the summation is over all vertices of K. Because K is 2-dimensional, then for
each v € K©, the above formula for e yields e(link(v, K)) =1 — %fo (link(v, K)) +
1 fidink(v, K)).

On the other hand, in our present context, the Euler characteristic on the set of all
2-dimensional simplicial complexes is geometrically locally determined by standard
curvature, which in turn is computed via exterior angles at vertices of simplices. Let
ve KO, For any simplex n of K of dimension 0, 1, or 2 that has v as a vertex, the
exterior angle of n at v, denoted a* (v, 1), is computed as follows: if 1 is a 2-simplex,
then o™ (v, n) = % —a(v, n);if nisa l-simplex, then a*(v, n) = %; if n is a 0-simplex
(so that 0 = v), then o™ (v, n) = 1. The standard curvature of K at v is given by

S(v, K)_Z( D' e (v.n)

nisv

where the inner summation is over all i-simplices of K containing v; see [1], for
example.

Now suppose that K has been embedded in Euclidean space so that all 2-simplices
are equilateral triangles (such an embedding is always possible, as a subcomplex
of a unit p-simplex in R? for sufficiently large p). If n is a 2-simplex of K, then
a*(v,n) = % —a(v,n) = % - % = % Therefore

S, K) = Z( DY o (vor)

nisv
=ao*(v,v) — Z oe*(v, nl) + Z a*(v, nz)
nlsv n?sv
-y iey!
N 2 3
nlsv n2sv

1 . 1 .
=1- 5fo(hnk(u, K)) + 3/ (link(v, K)).
Hence, for this particular embedding of K, we have S(v, K) = e(link(v, K)), which
means that the combinatorial and geometric types of being locally determined coin-

cide.
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3 Proofs

We remind the reader that throughout this paper all simplicial complexes will be 2-
dimensional, finite, and embedded in Euclidean space; different embeddings of com-
binatorially equivalent simplicial complexes will be considered as different simplicial
complexes.

In this section we will prove Theorem 2.7, Corollary 2.9, and Theorem 2.4.

Proof of Theorem 2.7 We start with the following preliminary observation. Let K
and L be 2-dimensional simplicial complexes, let v € K@, and let u € L?. Suppose
that link(v, K) and link(u, L) are both polygonal arcs and that the sum of the angles
at v equals the sum of the angles at u. Then there are subdivisions K’ and L’ of K and
L respectively such that star(v, K”) and star(u, L’) are simplicially isometric. It then
follows from the invariance of ¢ under subdivision and under simplicial isometries
of stars that ¢ (v, K) = ¢ (v, K') =¢(u, L")y =¢p(u, L).

Our proof has a number of steps, first looking at some special cases and then prov-
ing the result in general in the last step. In each step, we will let K be a 2-dimensional
simplicial complex, and we will let v € K, where v is subject to certain stated con-
ditions; we will find a formula for ¢ (v, K) in the given case. The arguments in many
of the steps are similar to each other, and we will omit some of the details.

Step 1 Suppose that link(v, K) is a polygonal arc, and that the sum of the angles
at v is a number « that has the form « = 2 =2 for some n € N such that n > 3. We
will show that ¢ (v, K) = A(fan)[j — «k]. (It can be verified that this last equation is
a special case of (2), though we will not need this fact.)

Let S be a disk in R?, the boundary of Wthh is a regular polygon with n vertices,
say aj, ..., a,. The angle at each a; equals “5.= 2 (recall that we have normalized angles
so that a complete circle has angle 1). The disk S can be triangulated as a planar fan.
Then the link of each a; is a polygonal arc, and the sum of the angles at each q; is
%. By our preliminary observation, we know that all the ¢ (a;, S) are equal to each
other and to ¢ (v, K). Applying the Descartes—Gauss—Bonnet Theorem to the disk S,
we deduce that Zf’ 19(a;, S) = A(S), and hence n¢ (v, K) = A(S), which implies
o, K) = lA(fan) However, because «k = ”an, we have n = 1/(7 — k) and we
deduce that ¢ (v, K) = A(fan)[§ —k].

Step 2 Suppose that link(v, K) is a polygonal arc and that the sum of the an-
gles at v is a rational number § such that 0 < § < 5. We will show that ¢ (v, K) =

A(fan)[— —6].

Suppose § = g for some p,q € N. Because § < %, we have g > 3. Let D be a
convex polygonal disk in R? with p + 3 vertices, labeled s, x,¢,ai,...,ap in order
around the boundary of D, so that the angles at s and ¢ are %, the angle at x is §,
and the angle at each a; is %. That such a convex polygon exists is due to the fact
that all the angles are less than %, and the sum of the exterior angles is precisely 1

(as can easily be verified). The disk D can be triangulated as a planar fan. Observe

that 1 = 42 42, and hence all of the angles in D other than the angle at x satisfy the
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hypothesis of Step 1. Applying the Descartes—Gauss—Bonnet Theorem to the disk D,
we see that

p
¢(s, D)+ ¢(x, D)+ (1, D)+ Y _ d(a;, D) = A(D).

i=1

By Step 1 we conclude that

p
¢(x, D) = A(D) = ¢(s, D) = ¢(t, D) — Zqﬁ(ah D)

i=1

= A(fan) — A(fan)[% — i] — A(fan)[% — ‘{|

P
— ;A(fan)[% — g}

2q
= A(fan)B - g] = A(fan)[% —5}.

Hence ¢ (v, K) = A(fan)[$ — §].

Step 3 Suppose that link(v, K) is a polygonal arc, and that the sum of the angles at v
is areal number y suchthat0 <y < % We will show that ¢ (v, K) = A(fan)[% -yl
There exists a sequence of positive rational numbers {8,,}°° ; such that 0 < §, < %
forall n and lim,,_, 8, = y.Let T = (x, y, z) be a triangle in R2 such that the angle
at x is y. Clearly there is a sequence of triangles {7},}°2 ; in R?, where for each n, we
have T,, = (x,,, Yn, 2n) With the angle at x,, equal to §,, and such that lim, o0 7,, =T,
with lim,_, o x, = x. By Step 2 we know that ¢(x,,T,) = A(fan)[% — §,] for
all n. Tt follows from the continuity of ¢ that ¢(x,T) = limy—c0 @ (xy, Tp) =
lim,— 0o A(fan)[§ — 8,] = A(fan)[§ — y]. Hence ¢ (v, K) = A(fan)[§ — y].

Step 4 Suppose that link(v, K) is a polygonal arc, and that the sum of the angles at v
is a real number 8 such that 0 < 8 < 1. We will show that ¢ (v, K) = A(fan)[% —Bl.

Let Q be a quadrilateral in R? with vertices e, b1, by, bz, such that the angle at e is
B, and the other three angles are less than % The quadrilateral Q can be triangulated
as a planar fan. The desired result can be obtained by applying the Descartes—Gauss—
Bonnet Theorem to the disk Q, solving for ¢ (b1, Q), and then using Step 3 and the
fact that the sum of the angles in a quadrilateral is 1.

Step 5 Suppose that K is an n-flap for some n > 0, and that v is one of the end-
vertices of K. We will show that

d, K)= %A(n-ﬂap) — A(fan) Y a(v, 0?), (3)

o2sv
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where the summation is over all 2-simplices containing v. (Again, it can be verified
that (3) is a special case of (2), though we will not need this fact.)
Let w be the other end-vertex of K. We have four cases.

Subcase 1 Suppose that n = 0. Then K consists of a single edge (v, w) together
with its vertices. Clearly v and w have simplicially isometric stars, and hence
¢(v, K) = ¢(w, K). Applying the Descartes—Gauss—Bonnet Theorem to ¢, we de-
duce that ¢ (v, K) = %A((v, w)). Because (v, w) is a O-flap and v is contained in no
2-simplices, (3) holds in this case.

Subcase 2 Suppose that n = 1. Then K is a single 2-simplex. Let » be the angle at
v in K. We deduce from Step 3 that ¢ (v, K) = A(fan)[% — w]. This last equation is
a special case of (3), using the fact that a 1-flap is a fan.

Subcase 3 Suppose that n > 2, and suppose further that a(v, o2) < % for all 2-
simplices o2 of K containing v.

First, observe that because K is an n-flap, we can find an embedding of K in R3
that is simplicially isometric with K. Hence, by the invariance of ¢ under simplicial
isometries of stars, we may assume without loss of generality that K is in R3.

Choose a plane /7 in R that intersects the relative interior of the edge (v, w) and
is perpendicular to it, and such v is on one side of I71, and all the other vertices of K
are on the other side (such a plane can be found because of the assumption about the
angles at v). Let V be the intersection of | K | with the closed half-space in RR3 that has
IT as its boundary and contains v. Let V' be the result of reflecting V in IT, and let
Y = VUV’. ThenY is an n-flap, which follows from the assumption about the angles
at v, together with the choice of 7. Let x denote the vertex of Y that is the mirror
image of v, let 71, ..., T, denote the n 2-simplices of Y, and for each i € {1,...,n},
let d; denote the vertex in t; that is not v or x.

By Step 4, making use of the symmetry of Y, we see that ¢ (d;, Y) = A(fan)[% —
a(d;,Y)] = 2A(fan)x (v, ;) for each i € {1,...,n}. By the invariance of ¢ under
subdivision and under simplicial isometries of stars we see that ¢ (v, K) = ¢ (v,Y) =
¢ (x,Y). The Descartes—Gauss—Bonnet Theorem applied to Y then implies that

260, Y)+ ) ¢(d;, Y) = A(Y)

i=1
and hence that
1 n
P, K)=¢(1,Y)= E{A(Y) - ;mdi, Y)}

= %A(n-ﬁap) — A(fan) i;a(u, ),

which is equivalent to (3).
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Subcase 4 Suppose that n > 2, but we make no assumptions regarding the angles
in K. (Note that the argument used in Subcase 3 will not work in the general case,
because Y as constructed would not always be an n-flap.) As in Subcase 3, we may
assume without loss of generality that K is in R3.

We now modify K as follows. Let ¢1, ..., ¢, denote the n 2-simplices in K, and for
eachi €{l,...,n}, let ¢; denote the vertex in ¢; thatis not v or w. Leti € {1,...,n}.
If a(w, &) < %, then we leave ¢; unchanged. If a(w, &) > %, then we modify ¢;
by moving e; along the line segment (v, ¢;) toward v until «(w, ¢;) becomes less
than %. This modification will not change « (v, ;). After we modify all triangles
as needed, we call the new n-flap Z. Similarly to previous arguments, we note that
¢ (v, K) = ¢ (v, Z). Observe also that the vertex w in Z satisfies the hypotheses of
Subcase 3, and so ¢ (w, Z) satisfies (3); the vertex v in Z will not necessarily satisfy
the hypotheses of Subcase 3.

By Step 4, foreachi € {1, ..., n}, we have

1
plei, Z) = A(fan)[i —ale;, Z)} = A(fan)[a(v, &) + a(w, &)].

By applying the Descartes—Gauss—Bonnet Theorem to Z and then solving for
¢ (v, Z), we see that

¢, K) = ¢, 2) = A(Z) — $p(w, 2) = ) _ $(ei, Z)

i=1

1 n
= A(n-flap) — !EA(n—ﬂap) — A(fan) Y a(w, )

i=1
— A(fan) Y [a(v, &) +a(w, )],
i=1

which can be rearranged to obtain (3).

Step 6 'We now prove our theorem. Suppose that K is a 2-dimensional simplicial
complexand that v e K@,

Let N = star(v, K). Clearly link(v, K) = link(v, N), and by the invariance of ¢
under simplicial isometries of stars we know that ¢ (v, K) = ¢ (v, N). Hence (2) is
equivalent to

1
b0, N)=AN) == > A(O@, w)-flap)

welink(v,N)

1
+ 5 Afan) fi (link(v, N)) — A(fan) > a(v.o?), 4)
o2sv
where the first summation is over all vertices w of link(v, N), and the second sum-

mation is over all 2-simplices of star(v, N) containing v. We will prove (4).
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If link(v, N) = @, then N = {v}, and (4) is trivially true, because the Descartes—
Gauss—Bonnet Theorem applied to N yields ¢ (v, N) = A(N), and link(v, N) =0
implies that all the terms in the right-hand side of (4) other than A(N) are zero.
Hence we suppose that link(v, N) # @.

Let r be a vertex in link(v, N). Let M = star(r, N). As remarked after the defin-
ition of n-flaps, we know that M is a O(v, r)-flap with end-vertices v and r. By the
invariance of ¢ under simplicial isometries of stars, it follows that ¢ (r, N) = ¢ (r, M).
Hence Step 5 implies that

¢, N)=¢@r, M) = %A(O(v, r)-flap) — A(fan) Y~ «(r,o?), )

o2sr

where the summation is over all 2-simplices of M containing r.
Recall that all the vertices of N other than v are in link(v, N). Applying the
Descartes—Gauss—Bonnet Theorem to N and then solving for ¢ (v, N), we see that

p0,N)=AN)— > ¢w,N)

welink(v, N)

=AN)- %A((’)(v, w)-flap) — A(fan) Y a(w,a2)}
2

welink(v,N) o“ow

by (5)

=A(N)—% > A(O@, w)-flap)
welink(v, N)

+ Z A(fan) Z a(w, 02)
2

welink(v,N) o“ow

=A(N)—% > A(O(@, w)-flap)
welink (v, N)

+ Z A(fan) Z ot(y,az)

o2estar(v,N) yenz
YF#V

because every 2-simplex in N contains v

1
= AWN) - > > A(O(@, w)-flap)

welink(v,N)

+ Y A(fan)[%—a(v,oz)]

o2estar(v,N)

because the sum of the angles in a triangle is %

@ Springer



116 Discrete Comput Geom (2010) 43: 100-120

= A(N) — % Z A(O(v, w)-ﬂap)
welink(v,N)

+ %A(fan) f1(link(v, N)) — A(fan) 22 a(v,0?),

g3V

where the last equation holds because f>(star(v, N)) = fi(link(v, N)). Hence (4)
holds. O

For our next proof, recall the discussion of standard curvature given at the end of
Sect. 2.

Proof of Corollary 2.9 Note that every planar fan, every star of every vertex of a
simplicial complex in 7', and in particular every O(v, w)-flap for appropriate vertices
v and w, are cones.

Let K €T, and let v € K@ In now follows from Theorem 2.7 that

1 1
(v, K) = A(cone){] - Efo(link(v, K))+ SN (link (v, K)) = > (v, 02)}.

EEY

We also compute the standard curvature of K at v, which is given by

2
S, K)=> (=1 Y a*(v.7)
i=0

nisv
=a*(v, v) — Z a*(v, 171) + Z oe*(v, 172)
nlsv n2sv
1 1
=1- Z §+ Z[E—a(v,nz)}
nlsv n2sv
1 1
= 1= folink(v, K)) + 3 = = > (0. 1)
n?sv n?sv

1 1
=1 =5 follink(v, K)) + = fi (link(v, K)) — > (v n?).

n?sv

It follows that ¢ (v, K) = A(cone)S(v, K). Because ¢ satisfies the Descartes—
Gauss—Bonnet Theorem with respect to A and because standard curvature satisfies
the Descartes—Gauss—Bonnet Theorem with respect to the Euler characteristic, it fol-
lows that A equals the Euler characteristic multiplied by A(cone). d

We now turn to the proof of Theorem 2.4. The proof of this theorem is not iden-
tical to the proof of Theorem 2.7, because in the former theorem, we assume that ¢
is defined only on simplicial surfaces, whereas in the proof of the latter theorem, we
make use of various simplicial complexes that are not simplicial surfaces. However,
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we will show how the proof of Theorem 2.7 can be modified to work for the sim-
plicial surface case. (It would be slightly easier to prove Theorem 2.4 if we allowed
degenerate simplicial surfaces, but that would add unnecessarily to the hypotheses of
the theorem, and so we will not do so.)

Proof of Theorem 2.4 We start with some preliminary observations.

(a) Because all simplicial complexes under consideration are simplicial surfaces, we
know that the link of every vertex is a polygonal circle.
(b) Let K,L € S,andlet v e K© and w € L. Suppose that the sum of the angles
at v equals the sum of the angles at w. Then there are subdivisions K’ of K and
L’ of L such that star(v, K’) and star(w, L) are simplicially isometric. It then
follows as usual that ¢ (v, K) = ¢ (w, L).
Let w € (0, 00). Then it is possible to draw a polygonal spiral ribbon R in R?,
as in Fig. 1, so that an appropriately chosen bipyramid B on R has angle sum o
at each of the apices and has angle sum less than 1 at all other vertices (this latter
condition will be used later in the proof). Observe that B € S, because S contains
all bypiramids.
We can therefore think of ¢ as a function (0, c0) — R, where for each « €
(0, 00), we define ¢ () by ¢ (o) = ¢ (v, K) for any K € S that has a vertex v for
which the sum of the angles containing v is «.
(c) The continuity of ¢ as originally assumed implies that ¢ is continuous when
thought of as a function (0, co) — R, as described in Observation (b).

Given the above observations, in order to prove the theorem as originally stated it
suffices to show that

1
¢(w) = EA(pyramid)[l — ] (6)

for all w € (0, 00).
For the rest of the proof, let w € (0, c0). We have a number of cases.

Case 1 Suppose that w = 1.

Let T be a triangle in R3 with vertices dy,da, ds. Let A be a pyramid on T with
apex b. For each i, let §; denote the sum of the angle in A at d;, and let 8 denote the
sum of the angles in A at b. Let {L}72, in RR? be a sequence of bipyramids on T,
where all the L; have b as one of their apices, where the other apex in Ly is denoted
ex for each k, and where the sequence {e;};2, converges to the centroid of 7'. For
each k, let 8{‘ denote the sum of the angles in L at d; for each i, and let yk denote
the sum of the angles in L at eg; observe that the sum of the angles in each Ly at b
is §. Clearly limg_, Sf = ¢; forall i, and limg_, o yk =1=w.

Fig.1 The set R
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Let k € N. By applying the Descartes—Gauss—Bonnet Theorem to L, we obtain

3
¢(b. L)+ Y d(di, L) + pex. Li) = A(Lp).
i=1

Because A is constant on the set of all pyramids and bipyramids, we know that
A(Lg) = A(A) for all k. Hence

3
dB)+Y_o(5F) +o(r") = Aa).

i=1

Taking the limit as k — oo and using the continuity of ¢ as stated in Observation (c),
we see that

3
PB)+ Y ¢ + (@) = A(A). (N

i=1

On the other hand, applying the Descartes—Gauss—Bonnet Theorem to A yields

3
¢(b, A)+ ) d(di, A) = A(A),

i=1

which implies

3
BB+ _ B (i) =A(A). ®)

i=1

Comparing (7) with (8) shows that ¢ (w) = 0, which is equivalent to (6) when w = 1.

Case 2 Suppose that w = ”n;z for some n € N such that n > 3.

Let S and ay, ..., a, be as in Step 1 of the proof of Theorem 2.7. Let {Ck},‘:‘;1 in
RR3 be a sequence of pyramids on S, where the apex of Cy is denoted x; for each k,
where the 2-simplices of Cy containing xj are all congruent isosceles triangles, and
where the sequence {x;}2 | converges to the centroid of S. For each k, let wf.‘ denote
the sum of the angles in Cy at a;, and let ,Bk denote the sum of the angles in Cy. at x.
Then limy_, o 0f = o for all i, and limy_, o0 % = 1.

We now proceed similarly to Case 1. Let k € N. By applying the Descartes—Gauss—
Bonnet Theorem to Cj; we obtain

n
> é(wf) +6(8°) = ACo).
i=1
By construction we know that the wf.‘ are all equal to each other, and hence

1
¢>(a)’1‘) = [A(pyramid) - ¢(ﬂk)].

n
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Taking the limit as k — oo and using the continuity of ¢, as well as Case 1, we see
that

1 . 1 .
¢ (w) = ;[A(pyramld) — qb(l)] = ;A(pyramld). &)
Because w = ”n;z, we have n = %, and substituting this formula for n into (9)

yields (6).

Case 3 Suppose that w is a rational number such that 0 < w < 1.

There are p, g € N such that w = 2 Because w < 1, we have g > 3. The proof
in this case is similar to that of Case 2, except that we use pyramids on the polygon
D from Step 2 of the proof of Theorem 2.7; we omit the details.

Case 4 Suppose that w € (0, 1).
Equation (6) follows immediately from Case 3 and the continuity of ¢.

Case 5 Suppose that w € [1, 00).

As remarked in Observation (b), it is possible to draw a polygonal spiral ribbon
R in R? so that an appropriately chosen bipyramid B on R has angle sum o at each
of its apices and has angle sum less than 1 at all other vertices. Suppose that the
vertices of R are denoted by, ..., by,, and the apices of B are denoted x and y. For
each i, let B; denote the sum of the angles in B at b;. By Case 4 we know that
#(B;) = L A(pyramid)[1 — B;] for each i.

The classical angle defect at b; is 1 — $;, and the classical angle defect at each of
x and y is 1 — w. Using the Descartes—Gauss—Bonnet Theorem for the classical angle
defect applied to B, we have

2=x(B) =) [1-pil+2l —wl,

i=1

which implies that

N =

w =

> I—gil.
i=1

Applying the Descartes—Gauss—Bonnet Theorem for ¢ to B yields

A(B)=Y " ¢(bi. B)+¢(x. B) +¢(y. B),

i=1

and using arguments similar to those used previously in this proof, we deduce that

P () = %{A(pyramid) - ;«swn}

—lA id){ 1 ! 1 i —lA id)[1
= S Apyramid) {1 — >3 [1 = fi] ¢ = S A(pyramid)[1 — w].

i=1
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