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Abstract Any finite set X ⊂ R
d colored with � d+3

2 � colors, contains a rainbow sub-
set Y ⊂ X, such that any ball that contains Y contains a positive fraction of the points
of X. The bound on the number of colors is tight.

1 Introduction

Any finite set X of points in the plane in general position, contains two points such
that, any disc that contains them, necessarily contains a positive fraction of the points
of X. This result was proved by Neumann-Lara and Urrutia in [6]. They proved that
any such set contains two points such that any disc that contains them, will contain at
least �(n− 2)/60� points of X, where n is the number of points in X. Hayward in [3]
improved the bound to � 5

84 (n − 2)�. Hayward et al. in [4] showed that if Π(n) is the
largest number, such that for every n-point set X on the plane, there exist two points
x, y ∈ X with this property, then �n/27� + 2 ≤ Π(n) ≤ �n/4� + 1.

The planar case was later generalized by Bárány et al. in [2] to the case of X ⊂ R
d .

They proved that any n-point set X ⊂ R
d in general position contains a subset A with

|A| = � 1
2 (d + 3)� such that, any ball that contains it, contains c(d)|X| points, where

the constant c(d) > 0 is at least (m!(d − m − 1)!)/d! and m = � 1
2 (d + 3)�. They also

showed that the bound on the number of points of A is best possible.
Bárány and Larman in [1] generalized this result from the case of Euclidean balls,

to the case of ellipsoids and more generally, quadrics in R
d . They show that there is

a constant c(d) > 0 such that any n-point set X ⊂ R
d contains a subset Y , with |Y | =
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� 1
4d(d + 3)�, with the property that any quadric that contains Y contains c(d)|X|

points of X. In this case c(d) ≥ m−12−(m+1), where m = (d + 1)(d + 2)/2. Again it
is shown that the bound on the number of points in Y is best possible.

Here we consider the colored case. Throughout the paper, k = � d+3
2 �. The system

of sets C1,C2, . . . ,Ck ⊂ R
d will be k disjoint, finite sets with |Ci | = s, s ≥ 3, for all

i = 1, . . . , k. Their union
⋃k

i=1 Ci will be denoted by X and n will be the cardinality
of X. A set Y ⊂ X is a transversal for the system C1, . . . ,Ck , if |Y ∩ Ci | = 1, for
all i = 1, . . . , k. Let B ⊂ P(Rd) denote the set of closed Euclidean balls in R

d . Our
main result is the following.

Theorem 1.1 For any d ≥ 1, there is a constant c(d) > 0 such that for any system
C1,C2, . . . ,Ck ⊂ R

d , there is a transversal Y ⊂ X, such that for any B ∈ B with
Y ⊂ B , it follows that |B ∩ X| ≥ c(d)|X|.

The constant here is c(d) = 1
2k3k . If the sets C1, . . . ,Ck are thought of as colors,

then Theorem 1.1 says that there is a rainbow set Y ⊂ X such that any ball that
contains it, contains a positive fraction of the points of X.

The main tool for proving Theorem 1.1 is Lemma 1.2 below, the proof of which
uses the following beautiful result of Vrećica and Živaljević from [7] (see also [5],
or [8] and [9] for an exposition of the two results).

Theorem 1 (Vrećica and Živaljević) Let C1,C2, . . . ,Ck ⊂ R
d be finite sets, with

|Ci | = 2p−1, p(d −k +1) ≤ d where p is a prime. Then there are A1, . . . ,Ap ⊂ R
d

with Ai ∩ Aj = ∅, for i �= j , |Ai ∩ Cj | = 1, for all i, j and
⋂p

i=1 convAi �= ∅.

We will apply the p = 2 case of this result in the proof of Lemma 1.2. Then k can
be taken to be � d+3

2 �.

Lemma 1.2 Let X ⊂ R
d be a finite set, X = C1 ∪ C2 ∪ · · · ∪ Ck , with Ci ∩ Cj = ∅,

for all i �= j , where k = � d+3
2 � and |Ci | = 3. Then, there is Y ⊂ X with |Y | = k,

|Y ∩ Ci | = 1, for all i = 1, . . . , k, such that for any B ∈ B with Y ⊂ B , we have
B ∩ (X\Y) �= ∅.

In the next two Theorems, the sets Ci , i = 1, . . . , k can be finite or infinite. The
following Theorem shows that the number of color classes in Theorem 1.1 is best
possible.

Theorem 1.3 For any d ≥ 1 there is a system C1,C2, . . . ,Ck−1 ⊂ R
d , such that for

any transversal Y ⊂ X, there is B ∈ B with Y ⊂ B and B ∩ X = Y .

Though we know from Theorem 1.1 that we can always find a rainbow subset
Y ⊂ X such that any B ∈ B that contains it, will contain a positive fraction of the
points of X, we can’t hope that this fraction will come from many of the color classes.
In fact, all points (but the points of Y ) might come from a single color class.

Theorem 1.4 For any d ≥ 1 there is a system C1,C2, . . . ,Ck , such that for any
transversal Y ⊂ X, there is a ball B ∈ B such that Y ⊂ B , |B ∩ Ci | = 1, for all
i ∈ {1, . . . , k}\{i0} and |B ∩ Ci0 | ≥ c(d)|X|, for some i0 ∈ {1, . . . , k}.
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In Sect. 5, we show that the result of Theorem 1.1 also holds for more general
families F ⊂ P(Rd), where F ∈ F is given by

F =
{

x ∈ R
d :

m∑

i=1

αifi(x) ≤ 0

}

,

for fi : R
d → R, i = 1, . . . ,m and αi ∈ R not all zero.

2 Proof of Theorem 1.1

We start with the proof of Lemma 1.2. In the proof we use the notation x2 and xy for
the squared norm of x and the scalar product of x, y respectively.

Proof From Theorem 1, for the case p = 2 we have A1,A2 ⊂ X, with A1 ∩ A2 = ∅,
|Ai ∩ Cj | = 1, for all i, j and convA1 ∩ convA2 �= ∅. Suppose there is no subset
Y of X that satisfies the statement of the Lemma. In particular, the subsets A1,A2
do not satisfy it. Then, there are B1,B2 ∈ B such that A1 ⊂ B1, A2 ⊂ B2 and B1 ∩
X\A1 = ∅ and B2 ∩X\A2 = ∅. In particular, B1 ∩A2 = ∅ and B2 ∩A1 = ∅. Write

B1 = {x ∈ R
d : (x − c1)

2 ≤ r2
1 } and B2 = {x ∈ R

d : (x − c2)
2 ≤ r2

2 }, for some
c1, c2 ∈ R

d , r1, r2 > 0. Then, all of the following hold:

x2 − 2c1x + c2
1 ≤ r2

1 and x2 − 2c2x + c2
2 > r2

2 , ∀x ∈ A1,

y2 − 2c2y + c2
2 ≤ r2

2 and y2 − 2c1y + c2
1 > r2

1 , ∀y ∈ A2,

or,

2(c2 − c1)x < (r2
1 − r2

2 ) + (c2
2 − c2

1), ∀x ∈ A1 (1)

and

2(c2 − c1)y > (r2
1 − r2

2 ) + (c2
2 − c2

1), ∀y ∈ A2. (2)

Let z ∈ convA1 ∩ convA2. Then

z =
∑

x∈A1

λ(x)x =
∑

y∈A2

μ(y)y,

for some 0 ≤ λ(x),μ(y) ≤ 1, with
∑

x∈A1
λ(x) = ∑

y∈A2
μ(y) = 1.

Multiply (1) by λ(x) ≥ 0, x ∈ A1 and sum over all x ∈ A1 and (2) by μ(y) ≥ 0,
y ∈ A2 and sum over all y ∈ A2. Then,

(r2
1 − r2

2 ) + (c2
2 − c2

1) < 2(c2 − c1)z < (r2
1 − r2

2 ) + (c2
2 − c2

1).

This contradiction completes the proof. �

Lemma 1.2 says that if the assertion is false for both A1,A2, then a point in the
intersection of their convex hulls, will lie in both open half spaces of the hyperplane
defined by the intersection of the boundaries of B1 and B2.
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Proof of Theorem 1.1 Since for every Z ⊂ X with |Z ∩ Ci | = 3 there is a Y which
satisfies the properties of Lemma 1.2, there is a family Z ⊂ P(X) and Y ⊂ X, with
|Y ∩ Ci | = 1, for i = 1, . . . , k, such that Y belongs to every Z ∈Z and

|Z| ≥
(
s
3

)k

(
s
1

)k
= (s − 2)k(s − 1)k

6k
, (3)

where |Ci | = s, for all i = 1, . . . , k,
∑k

i=1 |Ci | = sk = |X| and k = � d+3
2 �. We will

now obtain an upper bound on |Z|.
Let B ∈ B be such that Y ⊂ B and write |B ∩ X| = m. From Lemma 1.2, each

Z ∈ Z contains a point of B\Y . So, the number of ways to extend Y to Z, provided
that B ∩ (Z\Y) �= ∅ is at most

(
m − k

1

)(
s − 1

2

)k−1 (
s − 2

1

)

.

The first term is the number of ways to choose a point of Z from the remaining m− k

points in B . The color class to which this point belongs, will be extended by one
point, which is the third term. The second term is the number of ways to extend the
remaining k − 1 color classes by two points. This is equal to

(m − k)
(s − 2)k−1(s − 1)k−1

2k−1
(s − 2). (4)

This is an upper bound on |Z|. From (3) and (4) we get

1

2 · 3k
(s − 1) ≤ m − k,

or
sk − k

2k3k
≤ m − k.

Since sk = |X| and m = |B ∩ X| we get |B ∩ X| ≥ 1
2k3k |X| = c(d)|X|. �

3 Proof of Theorem 1.3

This is very similar to Theorem 6 in [2]. Consider the moment curve γ (t) =
(t, t2, . . . , td ). We first deal with the case when d is odd, d = 2m − 1. Let

ε > t1 > t2 > · · · > tm > 0

be positive real numbers and ε > 0 to be specified later. We shall find constants
c0, . . . , c2d so that the polynomials

p(t) = (t − c1)
2 + (t2 − c2)

2 + · · · + (td−1 − cd−1)
2 + (td − cd)2

and

q(t) = c0 + [(t − t1)(t − t2) · · · (t − tm)]2r(t),
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where

r(t) = cd+1 + cd+2t + · · · + c2d t2m−2,

are identically equal. This implies that when t takes the values t1, . . . , tm the points
γ (ti), i = 1, . . . ,m belong to the surface of the ball centered at (c1, . . . , cd) of ra-
dius

√
c0. It is not hard to see that the ci ’s can be uniquely determined in the order

c2d, . . . , c0 and are polynomial functions of t1, . . . , tm with constant terms given by,

ci =

⎧
⎪⎨

⎪⎩

0 + O(ε), i odd,

1/2 + O(ε), i ∈ {2, . . . , d − 1}, i even,

1 + O(ε), i ∈ {d + 1, . . . ,2d}, i even

and finally

c0 = m − 1

4
+ O(ε).

It is also easy to see that for these values of cd+1, . . . , c2d , the polynomial term
r(t) is positive when t > 0. Choose ε > 0 so small, so that c0 is positive. Let
Ci = Uε′(γ (si)) = {γ (t), t ∈ [si − ε′, si + ε′]}, i = 1, . . . ,m be sufficiently small
neighborhoods of γ (si), where γ (si) are points taken from the part of the moment
curve with {γ (t), t ∈ (0, ε)}. Choose 0 < ε′ < ε so small, so that the Ci ’s are disjoint.
Set X to be X = ⋃m

i=1 Ci (finite or infinite). Then, for any Y ⊂ X with |Y ∩ Ci | = 1,
for all i = 1, . . . ,m, there is a ball B ∈ B centered at (c1, . . . , cd) of radius

√
c0, that

contains Y , for which B ∩ X = Y .
The case when d is even, d = 2m can be dealt with similarly. In this case, the

constants ci , i = 1, . . . ,2d − 1 are not uniquely defined (cd+1 ∈ R). In this case, we
may choose cd+1 = 0 + O(ε). Then the ci ’s are given by

ci =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 + O(ε), i odd, i ∈ {1, . . . , d + 1}, or

i even, i ∈ {d + 2, . . . ,2d − 2},
1/2 + O(ε), i even, i ∈ {2, . . . , d},
1 + O(ε), i odd, i ∈ {d + 3, . . . ,2d − 1}

and finally

c0 = m

4
+ O(ε).

4 Proof of Theorem 1.4

We now proceed with the proof of Theorem 1.4. The construction involves the
(m − 1)-simplex, where d = 2m − 1. The proof for even dimensions is the same
so we only prove the case when d is odd.

Proof Here d = 2m − 1 and so k = m + 1. For the first m colour classes, we take

Ci = {x ∈ R
d , x = (ui, xei) ∈ R

m−1 × R
m, |x| < ε},
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for i = 1, . . . ,m and some ε > 0. Here ui , i = 1, . . . ,m are the following vertices of
an (m − 1)-dimensional simplex,

u1 = (1,0,0, . . . ,0),

u2 = −u1 = (−1,0,0, . . . ,0),

u3 = (0,1,0, . . . ,0),

...

um = (0,0,0, . . . ,1).

The set {ei, i = 1, . . . ,m} is the usual basis of R
m. Therefore, for each i = 1, . . . ,m

the colour class Ci is defined as small segment in the direction of ei , one for each
of the m remaining dimensions. The final colour class will be a small segment at the
centre of gravity of the simplex, (0, 1

m
, . . . , 1

m
,0, . . . ,0).

We will show that with this choice of the ui ’s, for any transversal, Y = {yi ∈ Ci :
i = 1, . . . ,m + 1}, there is a ball B , centred at (u0, v0) ∈ R

d of radius R (both to be
specified), such that B ∩ Ci = {yi}, for i = 1, . . . ,m and Cm+1 ⊂ B .

Write u0 = (u0(1), . . . , u0(m − 1)) ∈ R
m−1, v0 = (v0(1), . . . , v0(m)) ∈ R

m and
yi = (ui, xiei). The ball B with the desired properties must satisfy,

((u0, v0) − (ui, xiei)) · (0, ei) = 0 (5)

‖u0 − ui‖2 + ‖v0 − xiei‖2 = R2, (6)

for i = 1, . . . ,m. Equation (6) shows that each yi lies on the surface of the ball
and (5), that each colour class is tangent to the ball at the point yi . (Note that here we
use the same notation ‖ · ‖ for the Euclidean norm in R

m−1,R
m and R

d .) From the
m equations (5) we get v0(i) = xi , for all i = 1, . . . ,m. Using this, the m equations
of (6) can be rewritten as,

‖u0 − ui‖2 +
∑

j �=i

x2
j = R2, i = 1, . . . ,m, or

(7)

‖u0 − ui‖2 + ‖v0‖2 = R2 + x2
i , i = 1, . . . ,m.

The first two equations of (7) give

u0 · u1 = x2
2 − x2

1

4
. (8)

Since u1 = (1,0, . . . ,0), this yields u0(1) = x2
2−x2

1
4 . From the first and (i)-th equation

in (7), for i = 3, . . . ,m we get

u0 · ui = x2
1 − x2

i

2
+ u0 · u1, (9)
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where we also used the fact that ‖ui‖ = 1, for all i = 1, . . . ,m. From this, using (8)
we get,

u0 · ui = x2
1 + x2

2 − 2x2
i

4
, i = 3, . . . ,m. (10)

Since u0 ·ui = u0(i −1), for i = 3, . . . ,m we obtain the remaining coordinates of u0,

u0(i − 1) = x2
1 + x2

2 − 2x2
i

4
, i = 3, . . . ,m. (11)

To specify the radius R, we may use any one of the equations from (7). Using say the
first, we get

R =
√
√
√
√

m∑

i=3

(x2
1 + x2

2 − 2x2
i )2

16
+

m∑

i=2

x2
i + (x2

2 − x2
1)2

16
− x2

2 − x2
1

2
+ 1. (12)

Hence, for any choice of transversal Y = {yi, i = 1, . . . ,m + 1}, the ball B , centred
at

(u0, v0) =
(

x2
2 − x2

1

4
,
x2

1 + x2
2 − 2x2

3

4
, . . . ,

x2
1 + x2

2 − 2x2
m

4
, x1, x2, . . . , xm

)

of radius R, satisfies (5) and (6). That is, it is tangent to the intervals (colour classes)
Ci at the points yi , for i = 1, . . . ,m and Cm+1 ⊂ B . This completes the proof. �

5 General families

The result of Theorem 1.1 can be generalized from the family of Euclidean balls
to families of subsets defined by a family of functions. Given {fi : R

d → R, i =
1, . . . ,m}, let F ⊂ P(Rd) be the family of sets of the form

F =
{

x ∈ R
d :

m∑

i=1

αifi(x) ≤ 0

}

, (13)

for some α1, . . . , αm ∈ R not all zero. If T : R
d → R

m is the map defined by
T (x) = (f1(x), . . . , fm(x)), then a typical set F is given by T (x) · a ≤ 0, for some
a = (α1, . . . , αm) ∈ R

m, a �= 0. Thus F is induced by the halfspaces in R
m whose

bounding hyperplane passes through the origin.
In this case, Lemma 1.2 and Theorem 1.1 are formulated as follows.

Lemma 5.1 Let X ⊂ R
d , be a finite set, X = X1 ∪X2 ∪ · · · ∪Xk , with Xi ∩Xj = ∅,

for all i �= j , where k = �m+3
2 � and |Xj | = 3. Then, there is a transversal Y ⊂ X

such that for any F ∈F with Y ⊂ F , we have F ∩ (X\Y) �= ∅.

Theorem 5.2 Let F be the family of sets in R
d generated by a family of m func-

tions as in (13). Then there is a positive constant c(m) > 0 such that for any system



648 Discrete Comput Geom (2007) 38: 641–650

X1,X2, . . . ,Xk , in R
d with k = �m+3

2 � there is a transversal Y ⊂ X, with the prop-
erty that for any F ∈ F with Y ⊂ F , it follows |F ∩ X| ≥ c(m)|X|.

We only prove Lemma 5.1 as the counting argument for Theorem 5.2 is the same
as for Theorem 1.1.

Proof Consider the points T (x) ∈ R
m,x ∈ X. These are divided in k classes

T (Xj ), j = 1, . . . , k inherited from R
d , with |C(Xj )| = |Xj | = 3, j = 1, . . . , k,

with k = �m+3
2 �. From Theorem 1, there are A1,A2 ⊂ R

m, with A1 ∩ A2 = ∅,
|Ai ∩ T (Xj )| = 1, for all i, j and convA1 ∩ convA2 �= ∅.

Write A1 = {T (x1), . . . , T (xk)}, A2 = {T (y1), . . . , T (yk)}, where xj , yj ∈ Xj ,
j = 1, . . . , k. Let Y1 = {x1, . . . , xk} ⊂ X and Y2 = {y1, . . . , yk} ⊂ X. We claim that
either Y1 or Y2 is the set Y in the statement of the Lemma. That is, either for any
F ∈ F that contains Y1, we have F ∩Y2 �= ∅ (and therefore F contains a point of X),
or, for any F ∈ F that contains Y2, we have F ∩ Y1 �= ∅. Indeed, suppose both asser-
tions are false. Then there are F1,F2 ∈ F ,

F1 =
{

x ∈ R
d :

m∑

i=1

αifi(x) ≤ 0

}

, F2 =
{

x ∈ R
d :

m∑

i=1

βifi(x) ≤ 0

}

,

for some α1, . . . , αm ∈ R not all zero, β1, . . . , βm ∈ R not all zero, such that
Y1 ⊂ F1, Y2 ∩ F1 = ∅ and Y2 ⊂ F2, Y1 ∩ F2 = ∅. This means that there are a =
(α1, . . . , αm) ∈ R

m, b = (β1, . . . , βm) ∈ R
m, a, b �= 0, such that all of the following

hold:

a · T (xj ) ≤ 0, ∀xj ∈ Y1 and a · T (yj ) > 0, ∀yj ∈ Y2,

b · T (yj ) ≤ 0, ∀yj ∈ Y2 and b · T (xj ) > 0, ∀xj ∈ Y1.

Combining these we get

(a − b) · T (xj ) < 0, ∀xj ∈ Y1 (14)

and

(b − a) · T (yj ) < 0, ∀yj ∈ Y2. (15)

Let w ∈ convA1 ∩ convA2. Then

w =
∑

T (xj )∈A1

λ(xj )T (xj ) =
∑

xj ∈Y1

λ(xj )T (xj )

=
∑

T (yj )∈A2

μ(yj )T (yj ) =
∑

yj ∈Y2

μ(yj )T (yj ),

for some 0 ≤ λ(xj ),μ(yj ) ≤ 1, j = 1, . . . , k,
∑

xj ∈Y1
λ(xj ) = ∑

yj ∈Y2
μ(yj ) = 1.

Multiply (14) by λ(xj ) ≥ 0, xj ∈ Y1 and sum over all xj ∈ Y1 and (15) by
μ(yj ) ≥ 0, yj ∈ Y2 and sum over all yj ∈ Y2. Then we get
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0 > (a − b) ·
∑

xj ∈Y1

λ(xj )T (xj ) = (a − b) · w = (a − b) ·
∑

yj ∈Y2

μ(yj )T (yj )

= −(b − a) ·
∑

yj ∈Y2

μ(yj )T (yj ) > 0.

This contradiction completes the proof. �

Remark 1 The number of color classes in Theorem 5.2 can be improved under cer-
tain assumptions on the functions fi . We may assume that fm = 1, since the set
{fm(x), x ∈ X} takes positive, negative or 0 values for at least a third of the points
of X. If it is 0, then T maps X to a subspace of dimension m − 1. If it is positive
(or negative) and we replace the functions fi by fi/fm we can map X to an affine
subspace of dimension m − 1. The same is true if we consider sets of the form

F =
{

x ∈ R
d :

m−1∑

i=1

αifi(x) ≤ α

}

,

i.e the sets induced by all halfspaces in R
m−1. In this case the number of color classes

required is �m+2
2 �.

Remark 2 Let X ⊂ R
d be a finite set and F ⊂ P(Rd) the family defined by the

following d + 2 functions fi : R
d → R.

fi : (x1, . . . , xd) �→ xi, for i = 1, . . . , d,

fd+1: (x1, . . . , xd) �→ x2
1 + · · · + x2

d ,

fd+2: (x1, . . . , xd) �→ 1.

Clearly F contains the family of Euclidean balls and their complements, which we
denote by Bc. According to Theorem 1.1, if X is partitioned into � d+3

2 � color classes,
we can find Y ⊂ X that intersects each color class in a single point and so that if B ∈ B
contains Y , then B contains a positive fraction of the points of X. Since B ⊂ F ,
according to Theorem 5.2 (and Remark 1) the number of color classes required to
partition X is � d+4

2 � (which, in the case where d is even, is one more than the best
possible according to Theorems 1.1 and 1.3). It is easy to see that the proofs of The-
orem 1.1 and Lemma 1.2 apply to the case of Bc as well. But if a family contains
both the balls and their complements, � d+3

2 � color classes do not suffice. What fails
to be true in this case is Lemma 1.2. For example, in the case d = 2, any 6 point set
X with 3 points colored red and 3 blue, must have two rainbow subsets A1 = {r1, b1}
and A2 = {r2, b2} such that the segments S1 = conv{r1, b1}, S2 = conv{r2, b2} in-
tersect. Clearly the points r1, r2, b1, b2 form the vertices of a convex quadrilateral
Π with diagonals S1, S2. It is a well known result that one of the diagonals S1, S2
has the property that any disc that contains it, contains at least another vertex of Π

(see for example [6]). Assume that it is the longest one and let it be S2. Then S1 has
the same property, for the case of the complements of discs. Now choose two discs
B1 ⊂ B2, with S1 ⊂ B1 and S2 ⊂ Bc

2 . Then, for the family F there are F1 = B1 ∈ F
and F2 = Bc

2 ∈ F such that A1 ⊂ F1, A2 ⊂ F2 and A1 ∩ F2 = A2 ∩ F1 = ∅.
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