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Abstract. Let G be a finite set of points in the plane. A line M is a (k, k)-line if M is
determined by G, and there are at least k points of G in each of the two open half-planes
bounded by M. Let f(k, k) denote the maximum size of a set G in the plane, which is not
contained in a line and does not determine a (k, k)-line.

In this paper we improve previous results of Yaakov Kupitz (f (k, k) < 3k), Noga Alon
(fk, k) <2k+ 0(V/k)), and Micha A. Perles (f(k,k) <2k + O(log k)). We show that
[k, k) <2k 4+ O(log log k).

1. Introduction

Let G be a set of n points in the real affine plane. A line M is said to be determined by
G if it contains two different points of G.

Aline M, determined by G, is called a (k, [)-line if the two open half-planes bounded
by M include at least k and [ points of G, respectively.

Clearly, if the set G is contained in a line, then G has only one (0, 0)-line and no other
spanned lines. It turns out that if G is large enough and is not contained in a line, then it
must posses a (k, [)-line. In this paper we improve previous results of Alon, Kupitz [K1],
[K2], and Perles regarding the upper bound for a size of a set which is not contained in a
line and does not determine a (k, k)-line. The same method yields an upper bound also
for the size of a set which does not determine a (k, /)-line (see the concluding remarks
at the end of this paper).
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Definition 1.1. Let k,/ be nonnegative integers. Define f(k, /) to be the maximum
size of a finite set G in the plane, not contained in a line, which does not determine a
(k, I)-line.

We wish to prove the following theorem.
Theorem 1.2. f(k, k) <2k + O(loglog k).

A closely related problem to the one discussed in this paper is the following which was
raised by Perles: let G be a finite set in the plane. How well can we evenly divide this set
by aline which is determined by G ? To be more precise, for every line M, determined by
G, denote by d (M) (the absolute value of) the difference between the number of points
of G in the two open half-planes bounded by M. Define D(G) = miny, d(M). Finally
define (n) = max|g|=, D(G). Are there any good upper bounds for p(n)?

Clearly, if G is a set of odd number of points in general position (no three on a line) in
the plane, then D(G) = 1 which means that in general it is not always possible to divide
the set of points equally. However, maybe one can always do as good as that, namely, is
it possible that p(n) < 1 for every n?

An example by Alon [A] shows that this is not the case. Alon found a construction
of a set G of 12 points so that D(G) = 2 (see Fig. 1). In fact based on this construction
one can find arbitrary large sets G with D(G) = 2.

Theorem 1.2 implies that ;1 (rn) = O (log log n). Indeed, let C be the absolute constant
so that f(k,k) < 2k + Cloglog k. Given a set G of n points in the plane take k =
n/2 — Cloglog n. Thenn > 2k + C log log k. We may assume, of course, that G is not
contained in a line for otherwise D(G) = 0. Therefore, by Theorem 1.2, there exists a
line M determined by G so that in each open half-plane bounded by M, there are at least
k = n/2 — Cloglog n points of G. It follows that the difference between the number
of points of G in the two open half-planes is at most 2C log log n. In other words we
showed that for every set G of n points in the plane D(G) = O(log log n).

Fig. 1. A set G with D(G) = 2.
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In Section 2 we describe the method of flip arrays, invented by Goodman and Pollack
(see [GP1] and [GP2] for a survey and applications), which encodes a set of n points in
the plane as a sequence of permutations on n elements. Throughout the rest of the paper
we use this method to derive an upper bound for f(k, k) (for other intensive uses of this
method in a similar way see [U] and [PP]).

2. Flip Arrays

Let G be a set of n points in the plane. Let L be a directed line through the origin which
is not perpendicular to any of the lines determined by G. We arrange the points of G in
a sequence xp, ..., X, by the order of their projections on L from left to right. For every
0 <6 < m,let L(0) be the line through the origin which arises from L by a rotation at
angle 6 (in the positive direction). Let0 < 8; < --- < 6,, < 7 be all angles in [0, 7], so

that each of L(6;), ..., L(8,,) is perpendicular to some line determined by G. Denote
for convenience, 6y = 0, 6,41 = 7.

For every 0 < 6 < m which is not one of {61, ..., 6,,}, let Py denote the permutation
on {1, ..., n} so that the projections of xp, (1), ..., Xp,»y On L() are in that order from
left to right.

It is important to note that we think of a permutation P as a sequence of n elements,
namely, (P (1), ..., P(n)). We then say that the element P (i) is at the place i in the
permutation P. The relative order of two elements i, j depends on whether P~!(i) is
greater than or less than P~ (j). If P~'(i) < P~'(j) we say that i is to the left of j and
that j is to the right of i.

Let x; and x; be two points of G and let « < 8 be two angles which are not from
{61, ..., 0y} The relative order of i and j in the permutations P, and Py is the same
iff the vector x,_xj is not perpendicular to any of the lines {L(0)|a < 6 < B}. It follows
thatif 0 < k <mand 6y < @ < B < Gk41, then P, = Pg. This justifies the following
notation.

Notation 2.1. Forevery 0 < j < m, denote by Q; the permutation P, where « is any
angle such that 0, < a < 6;4.

Clearly, Q is the identity permutation, and for every two indices 1 <i < j < n, the
relative order between i and j changes exactly for one value of k (0 < k < m) when
going from Qy to Q. Eventually, Q,, is the permutation (n,n — 1, ..., 1).

Fix k such that 0 < k < m. We want to find out how exactly Q. arises from Q.
For every 1 <i < j < n, the relative order between i and j in the permutation Qg
is different from that in Qy iff the vector x,_xj is perpendicular to L(6;+1). Let M be a
line spanned by points of G which is perpendicular to L(6+1). Let x;,, ..., x;, be all the
points of G N M, we assume thati; < iy < --- < i;. Since forevery | <u < v < s the
relative order between i, and i, changes when going from Qy to Oy, we conclude that
in Qy the relative order of iy, .. ., i, is the same as in Q, namely, the natural order. Let j
be an index whichis not from {iy, ..., i;}. When going from Q. to Q| we do not change
the relative order between j and i; and between j and i;. Therefore, in the permutation
Ok, j cannot be between i; and i, or in other words either Qk_'(j) < Qk_l(il) or
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Qk_l(j) > Qk_l (iy). This shows that in Q; the elements iy, ..., i; come one after the
other and form a monotone increasing sequence. It then follows that in Q| those same
elements form a monotone decreasing sequence. In other words, some subsequence of
consecutive elements in Qy appear flipped in Q1.

Definition 2.2. A block in a permutation P is a sequence of consecutive elements in P.
We some times refer to the block as a region (containing certain places in a permutation)
and some times we refer to its content (the elements which are in that region). We say
that a block B is monotone increasing if the elements in that block form a monotone
increasing sequence from left to right. We define a monotone decreasing block similarly.

Notation 2.3. Let1 <a < b < n. We denote by [a, b] the block which consists of the
placesa, a+1, ..., bin a general permutation (considered as a sequence of n elements).

In view of Definition 2.2, Q4 arises from Q; by flipping blocks in Q. Every such
block represents a line, determined by the points of G, which is perpendicular to L (6;+1).
Every pair of blocks that flip when going from Qy to Q. represent two parallel lines,
and therefore are disjoint, so we can treat them as if they were flipped one after the other.

To summarize, given a set G of n points in the plane, we derive from it a sequence
of permutations on the numbers 1, ..., n, with the following properties. The first per-
mutation is the identity permutation, the last one is the permutation (n,n — 1, ..., 1),
and each permutation arises from its predecessor by flipping a block which is monotone
increasing (right before the flip). Every such block which flips represents a line which
is determined by the points of G.

3. Notation and Terminology

Let G be a set of n points in the plane. A flip array of G is a sequence of permutations on
the elements {1, 2, ..., n} derived from G as described above. Each permutation arises
from its predecessor by a flip T’ of a block B. For every element x € B, we say that x
takes part in the flip T .

Remark. The same set G can have several different flip arrays. The flip array depends
on the initial choice of the direction L, the direction of rotation of L, and the order in
which we flip blocks that represent parallel spanned lines.

Let S be a flip array of the set G. Assume o € Sg is a permutation in the flip array
S¢. Fortwo elements 1 < x < y < n, we say that x and y change orderin o, if,ino, x
is to the right of y (thatis 0 ~!(x) > o ~!(y)) and in the permutations which are prior to
o in Sg, x is to the left of y.

If Py, P, € S¢ are two consecutive permutations so that P; is obtained from P; by a
flip F, then we denote P, = P, and P = P>.

We say that two elements x, y € {1, 2,...,n} change order in a flip F if x and y
change order in P;“ .
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Let S be a flip array of a finite set G. For P, P, € Sg, we say that P is previous to
P, if P comes before P, in Sg. We then say that P, is later to P;.

Similarly, we say that a flip F; is previous to a flip F, if P{ is previous to P;. We
then say that F; is later to F;. We say that a flip F' occurs between a flip F; and a flip
F, (where Fj is previous to F,) if F is later to F} and F; is later to F. In this case we
sometimes say that F is between F; and F;.

For P, P, € Sg. Wedenote by [ P, P,] the permutations in S which are not previous
to P; and not later to P5.

For a flip F and Py, P, € Sg, we say that F is between P; and P, if there are two
consecutive permutations o, o’ € [Py, P;] so that ¢’ is obtained from o by the flip F.

Note the following two simple observations.

Observation 3.1. Let S be a flip array of a set G. Every two elements change order at
some point (permutation) in the flip array Sg. From that point on (i.e., in all permutations
that come afterwards in Sg) they are always in inverted order.

Observation 3.2. Let S be a flip array of a set G of n points in the plane. If a line
M, determined by G, is represented by a flip of the block [a, b], then there are exactly
a — 1 points of G in one open half-plane bounded by M, and n — b points in the other
half-plane bounded by M .

4. Getting Started

Since we are interested only in asymptotic bounds we make some assumptions that will
simplify the presentation of the proof and will cause a loss of a constant number of
units in the bound. We thus assume that G C R? is a finite set of points in the plane,
aff G = R? (i.e., G is not contained in a line), and that it does not determine a (k, k)-line.
We denote by n the size of the set G and assume that n — 2k = 2 (mod 4). Let d denote
the integer so that n = 2k 4+ 2(2d — 1). We denote ¢ = 2d — 1. Therefore,

|G| =n=2k+2c=2k+2Q2d —1).
When needed we assume (without explicitly saying so) that d is large enough. Under

those assumptions we will show that if G does not determine a (k, k)-line, then k > 227
The proof is based on observing a flip array of G. Let S be such a flip array.

Notation 4.1. For a permutation o € Sg, let ZONE denote the block [k + 1, n — k].
We denote by LZONE the block [k + 1, n/2] and by RZONE the block [rn/2+ 1, n — k].

Observe (using Observation 3.2) that the assumption that G does not determine a
(k, k)-line is equivalent to assuming that no permutation in S¢ arises from its predecessor
by a flip whose block is included in ZONE.

Definition 4.2. A transfer is a flip whose block includes both places n/2 and n/2 + 1.
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Fig. 2. Distinguished regions and places in a permutation.

Let 7; (i > 0) denote the ith transfer in the flip array Sg. We call the block [1, n/2]
the left side, and the block [n/2 + 1, n] is called the right side. Note that the block of a
flip, which is not a transfer, is fully included either in the right side or in the left side, in
particular this is true for all the flips between 7; and 7T;4;.

Note. Assume that an element x moves from the left side to the right side (or vice
versa) by a flip F. Then, clearly, F must be a transfer (for the block of F must include
a place from the left side as well as from the right side).

Claim 4.3. If T is a transfer, then the block of T includes either LZONE or RZONE
(or both).

Proof. Let B = [a, b]betheblockof T. Since T is atransfer,a < n/2andb > n/2+1.
If B does not include RZONE, then b < n/2 + c and if B does not include LZONE, then
a > n/2 — c + 1. It follows that in this case B € ZONE contradicting the assumption
onG. O

Remark. Similarly, if B is a block of a flip which is included in the left side (right
side) and includes the place a € ZONE, then it includes the block [k, a] ([a, n —k + 1]),
for otherwise B is fully contained in ZONE.

Lemma 4.4. Leti > 0, and consider only the permutations in [P;i' s Pr. 1. Then one
of the following four statements is true:

1. (a) In PJIT, LZONE is monotone decreasing and in some later permutation o €
[PTJI_r , PTTH] it is monotone increasing.
(b) In some permutation o € [P;ir , PT;] 1, LZONE is monotone decreasing and in
Py | it is monotone increasing.
2.(a) In PT, RZONE is monotone decreasing and in some later permutation o €
[PT, P£+1] it is monotone increasing.
(b) In some permutation o € [P},_L  Pr 1 RZONE is monotone decreasing and in
P£+1 it is monotone increasing.

Proof. By Claim 4.3, the block of 7; includes either LZONE or RZONE. Assume that the
block of T; includes LZONE. Then in PTf , LZONE is monotone decreasing. If the block

of T; 1 includes LZONE, then in PTT o LZONE is monotone increasing and thus 1(a) is
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true. Assume that the block of 7; | includes RZONE. In P;. . [n/2, n —k] (D RZONE)
is monotone increasing, however, in P;ir , the elements at the places n/2, n/2 + 1, which
we denote by x and y, respectively, are in monotone decreasing order. Therefore, either
x or y must take part in a flip S which is between T; and T; ;. If x takes partin S, then the
block of § must include LZONE. It follows that in P, LZONE is monotone increasing
and then 1(a) is true. If y takes part in S, then the block S must include RZONE. It
follows that in PSJr , RZONE is monotone decreasing and then 2(b) is true.

We argue similarly if the block of 7; includes RZONE. O

Lemma 4.4 justifies the following definition.

Definition 4.5. If in Lemma 4.4 either 1(a) or 1(b) is true, we say that T;; is a left-
transfer. Otherwise (then either 2(a) or 2(b) is true), we say that T}, is a right-transfer.

Note. Definition 4.5 does not apply for 7.

The following Claim 4.6 shows that if 7;; is a left-transfer, then there must be many
(anumber which is exponential in ¢) flips, whose block intersects with LZONE, between
T; and T; 4, to prepare the ground for the flip 7;,. From this observation alone we can
easily show that ¢ = O (log n), which in turn implies f (k, k) = 2k + O (log k).

Claim 4.6. Assume that T;, is a left-transfer. Then the number of flips which occur
between T; and T; 1, the block of which includes the place n/2 —s (0 < s < ¢), is at
least 2°7 .

Proof. We prove the claim by showing the following more general lemma.

Lemma 4.7. Let o) € Sg. Let m > 1,t > 0 and assume that the block [m, m + t] of
oy is monotone decreasing. Let o, € Sg be the first permutation later to oy, in which the
block [m, m + t] is monotone increasing. Assume that the block of every flip F, between
oy and o, is of the form [a, b], where a < m or a > m + t. Then the number of flips
between o and o5, the block of which includes the place m, is at least 2" — 1.

Proof. For every o € [o], 03], we define a weight function g(o), according to the
content of the block [m, m +t] in . Let the elements in the block [m, m + ] from left to
rightbe xo, . .., x;. We define g(0) = Y o, . ., 2/, Observe thatif Py, P, € [0}, 03]
are two consecutive permutations and F is the flip by which P, is obtained from P,
then g(P;) # g(P,) only if the block of F includes the place m. Also observe that in
this case g(P,) < g(P;) + 1 (because the elements in the block of F are in monotone
increasing order in P; and are in monotone decreasing order in P,).

g(o1) = 0 because the block [m, m + t] is monotone decreasing, in o;. In o, the
block [m, m + t] is monotone increasing and therefore g(o;) = 2' — 1. This concludes
the proof. |
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We now return to the proof of Claim 4.6. Since T;4, is a left-transfer (recall Defini-
tion4.5), there exist oy, 0y € [P;ir , PT_"+1 ], so that o, is later to oy and LZONE is monotone
decreasing in o7 and is monotone increasing in o,. Observe that if B = [a, b] is a block
of a flip which occurs between T; and T;,, then eithera > n/2 ora < n/2 —c + 1.
This is because no flip which occurs between 7T; and T;,; is a transfer and thus if
n/2 —c <a <n/2,then B C LZONE C ZONE, contradicting our assumptions. We
can now apply Lemma 4.7 withm = n/2 — s, t = s, and 0}, 07, and conclude that there
are at least 2° — [ > 25! flips between 7; and T;., the block of which includes the
place n/2 —s. O

Remark. We can argue similarly when 7; is a right-transfer and prove the following
analogous claim.

Claim 4.8. Let s be an integer such that 0 < s < c. Assume that T;y, is a right-
transfer. Then the number of flips between T; and T; 1, the block of which includes the
placen/2 + 1+ s, is at least 2°7".

Recall that d = [c/2]. Therefore, k + d is the middle place in LZONE and n/2 4 d
is the middle place in RZONE. Observe that if B is a block of a flip which is included
in the left side (right side), then the center of B is to the left of the place k + d (right to
the place n/2 + d), for otherwise B € ZONE.

Definition 4.9. Leti > 0.If 7;, is aleft-transfer, denote by .4, , ; the set of all elements

which are at the place k 4 d, in some o € [PT, PT‘_+l ]. If T; 1 is a right-transfer, denote
by A, the set of all elements which are at the place n/2 4 d, in some ¢ € [P“:, Pr 1.

Remark. The following lemmata and claims, until the end of this section, are formu-
lated for the left side. The reader should have no difficulty in formulating and proving
the analogue for the right side.

In Lemma 4.10, Corollaries 4.11 and 4.12, and Claim 4.13 we show that for every
i > 0, the set A;, associated with the transfer 7;, contains at least 24-2 elements,
every two of which change order between T; and 7;.;. This will encode the information
that there must be many flips between every two consecutive transfers.

Lemma 4.10. Leti > 0and 0 < s < d. Consider only the flips which occur between
T; and T; 1. Let ag denote the element at the place k +d + s in P}"f. Denotebya; (j > 1)
the element at the place k + d + s right after the jth flip whose block includes the place
k +d + 5. Then {aj};>o is a strictly monotone decreasing sequence.

Proof. Let S be the (j 4 1)th flip whose block B = [a, b] includes the place k +d + 5.
The center of B is to the left of the place k + d and therefore to the left of k +d + s.
It follows that the element which is at the place k + d + s in PS+ is smaller than the
element at the place k + d + s in Py (for B is monotone increasing in Pg ). In other
words, aj 11 < a;. |
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Corollary 4.11. Leti > 0 and let T; | be a left-transfer. Then | A; 1| > 2d4-2,

Proof. By Claim4.6 (taking s = d — 1), there are at least 292 flips, between T; and T; 1,
the block of which includes the place k+d. Denote by a; (j > 0) the element at the place
k + d right before the jth flip whose block includes the place k + d. By Lemma 4.10,
{aj}j=0 is a strictly monotone decreasing sequence and therefore its elements are all
different. O

Corollary 4.12. Leti > Oandleto € [PTT , PTTH]. Assume that in o the element x is
in the block [k + d,n/2). Let ¢’ € [PT’ PT_M] be any permutation later to o, in which
x is in the block [k + d, n/2]. Then x does not take part in any flip between o and o’.

Proof. Assume to the contrary that x takes part in a flip S which is between ¢ and ¢”,
and that S is the first such flip. The center of the block of S is to the left of the place
k 4+ d, and, in Pg, x is in the block [k + d, n/2]. Therefore, in P, x is in the block
[1,k +d — 1], and the element y at the place k 4+ d in P; satisfies y < x. In o/, x is
in the block [k + d, n/2]. Hence, there must be a flip ', later to S, such that, in P, x
is in the block [1, k +d — 1], and, in P;,', x is in the block [k + d, n/2]. It follows that
in Pg the element y’ at the place k 4 d is greater than x. In particular y’ > y. This is a
contradiction to Lemma 4.10 with s = 0. O

Claim 4.13. Leti > 0 and assume that T; | is a left-transfer. Then every two elements
of A;y1 change order in some o € [PT, PTTH].

Proof. Letx,y € Ay be two different elements. Let oy € [P}’_F , Py 1 be the first
permutation in which x is at the place k+d. Let o, € [P*i', Py 1be the first permutation
in which y is at the place k 4 d. Without loss of generality assume that o is previous to
0. We claim that in oy, y is to the left of x. Indeed, assume to the contrary that in oy, y
is inside the block [k + d + 1, n/2]. By Corollary 4.12, taking 0 = o7 and 0’ = 03, y
does not take part in any flip between o, and o,. This is impossible because y is at the
place k + d in o,.

We now claim that, in o7, x is to the left of y. Assume to the contrary that, in 0, x
is in the block [k + d + 1, n/2]. By Corollary 4.12, taking 0 = o} and o’ = 03, x does
not take part in any flip between o, and o,. This is impossible because x is at the place
k + d in o;. This shows that x and y change order in some o € [PTT, Pr 1. |

The following claim will be very important in what follows.

Claim 4.14. Leti > 0 and assume T, is a left-transfer. Let x be an element which
is inside the block [k 4+ d, n/2], in some o € [Pf, PT;]]. If x does not take part either
in T; or in Tiyy, then x changes order with at least 2973 elements of A, in the flips
which occur between T; and T; 4.

Proof. We consider only the flips which occur between 7; and 7}, the block of which
includes the place k + d, and number them by order of occurrence (starting at 1). For



424 R. Pinchasi

every element y, let 7;,(y) denote the number of the flip which takes y into the block
[k +d,n/2] (we set Ti,(y) = 0, if such a flip does not exist). Denote by T,y (y) the
number of the flip which takes y outside the block [k + d, n/2] (we set Ty (¥) = 0, if
such a flip does not exist).

We claim that T;, (y) and T, (y) are well defined. We show this only for Ti,(y), the
argument for 7oy (y) is similar. Assume to the contrary that there are two flips Si, S»
which take y inside the block [k + d, n/2]. Without loss of generality, S; is previous to
S,. Both in P;l' and in PSJ; , y is in the block [k 4 d, n/2]. This contradicts Corollary 4.12,
as y takes part in S5.

Lemma 4.15. Let y and z be two different elements and assume that both Ti,(y) and
Tout(2) are different from 0. If Tin(y) > Touw(2), then y and z change order in some
o€lP;, Py 1

Proof. Let F; denote the flip whose number is T4y (z). Let F> denote the flip whose
number is Ti,(y). We know that F; is equal to or later to F}. In Pr.z is inside the block
[k+d, n/2]and y is not, for otherwise T, (y) < Ty (). In other words, in Pr.z is to the
rightof y. In Pt, y is inside the block [k +d, n/2] and z is not, because Toy (z) < Tin(y).
In other words, in P;g , ¥ is to the right of z. It follows that y and z change order in some
o€ [P;l , P;g 1. O

We now go back to the proof of Claim 4.14: since 7}, is a left-transfer, let P; €
[PJ‘_F, Py 1be the first permutation in which LZONE is monotone decreasing (see Def-
inition 4.5). Denote the elements in LZONE, from left to right, by ay, ..., a.. Let
P, € [P;l_r Pl be the last permutation in which LZONE is monotone increasing.
Denote the elements on LZONE in P; from left to right by b4, .. ., b.. Clearly, Ti,(b.—1)
and Ty (a._1) are different from 0, and T, (be.—1) > Touc(ae—1).

If Tin(x) > Tyu(ac—1), then,by Lemmad4.15,every y € A; 1 which satisfies Toy (y) <
Tout(ac—1), changes order with x, in some flip between T; and T;. . Let S; denote the flip
whose number is Tou(ac—1). In Pg the block [k + d, n/2 — 1] is monotone increasing.
By Lemma 4.7, taking oy = Py, 0, = Pg,m = k+d,and t = d — 2, there are at least
242 _ 1 flips, between Pp and S, the block of which includes the place k + d. §; is
another such flip. Every such flip takes a unique element y € 4;,; out from the place
k+d e [k+d, n/2]. Therefore, there are at least 2¢~2 elements y € .4;,, which satisfy
Tout(y) < Tout(acfl)-

If Ty (x) < Tin(be—1), then, by Lemma4.15, every y € A; | which satisfies T}, (y) >
Tin(b.—1), changes order with x at some flip between 7; and 7;;. Let S, denote the flip
whose number is 7;,(b._1). In P§: the block [k + 1, n/2 — 1] is monotone decreasing. By
Lemma 4.7, taking oy = P;z', 0y = Py,m =k+d,t =d—?2, there are at least 2¢72 — 1
flips, between PS"; and P,, the block of which includes the place k 4-d. S, is another such
flip. Every such flip takes a unique element y € A;, into the place k +d € [k+d, n/2].
Therefore, there are at least 2¢~2 elements y € A; ;| which satisfy Ty, (y) > Tin(be_1).

It is enough to show that every element x which is in the block [k + d, n/2], in some
oS [P{, P£+]], and does not take part in 7; or T;1, satisfies either Ti, (x) > Tou(ac—1)
or Tyu(x) < Tin(be—1). Recall that S is the flip whose number is Toy(a.—1). S; is the
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flip which takes a._; out of [k +d, n/2]. In P , a._ is at the place n/2 — 1 and hence
the block of S includes [k + d,n/2 — 1]. If, in PJT, x is inside [k + d, n/2], then
either x takes part in S; or x is at the place n/2 in P G, > that is, x = a,. In the first case
Tin(x) = Tout(@c-1).

Letwr € [P;ir , PTT +l] denote the first permutation in which x is in the block [k+d, n/2].
If, in PST , x is not inside [k + d, n/2], then we consider two cases.

Case 1: 7 is previous to PSJ]’. In this case Ty (x) < Tow(ae—1) < Tin(be—1).
Case 2: 7 is later to Pg . Then Tin(x) > Tou(dc—1)-

Therefore, we may conclude that either Ti,(x) > Tou(ac—1) or Tou(x) < Tin(be—1)
or x = a.. We show that if none of the two first cases happens, then x = a, = b,.
Indeed, assume that x = a.. Recall that S is the flip whose number is Ti, (b.—1). S, is
the flip which takes b._ into the block [k + d, n/2] (to the place n/2 — 1). The block
of S, includes [k + d,n/2 — 1]. In Py, x is inside the block [k + d, n/2]. It follows
from Corollary 4.12 that either, in Pt, x is not inside [k 4+ d, n/2] or if it is, then x
does not take part in S, in which case x is at the place n/2, in Pg . In the first case
Tout(x) < Tin(be_1). In the latter case x = b.. Therefore, either T;,(x) > Tou(ac.—1) or
Tout(x) = Tin(bc—l) orx =da. = bc~

However, in the latter case x takes part either in 7; or in 7;;. Indeed, this follows
from Definition 4.5, as either ay, ..., a. are the element in LZONE in P;’f orby,...,b.
are the elements in LZONE in Pr " O

5. Studying Bad Transfers
Definition 5.1. For every element x € {1, 2, ..., n}, define
ni(x) = max{j < i | x takes partin T;}.

If x does not take part in 7} for any j < i, define n;(x) = —1.

Notation 5.2. It will be convenient to denote M (c) = 2973, as this number will be
used extensively in the rest of the proof. Observe that M (c) indeed depends on c, since
c=2d—1.

Remark. Inview of the above notation we should note that (by Corollary 4.11) forevery
transfer 7; 1, |A;+1] = M(c). Moreover, by Claim 4.14, if T;,, is a left-transfer (right-
transfer), then every element x which is inside the block [k +d, n/2] ([n/241,n/2+d])
in some o € [PT, PTTH] and does not take part in 7;,; or T;, changes order with at least
M (c) elements of A; .

Definition 5.3. Let 0 < a < b be two integers. L, is defined to be the set of all
elements that do not take part in any transfer T, forv =a,a+ 1, ..., b. In other words,
Loy ={x|np(x) <a}
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Definition 5.4. Leti > 0. We say that T}, is good if | A;41 N Lo ;| > %M(c). If7; 4,
is not good it is said to be bad.

Definition 5.5. If T; is a bad transfer. We define Q; = A;\Lo; and I; = {n;_1(x) |
x € 0}

Let T; be any bad transfer. If x,y € Q;, then clearly n;_;(x), ni—1(y) > 0. We
claim that n;_;1(x) # n;—1(y). To see this, assume to the contrary that n;_;(x) =
ni—1(y) = a < i — 1. This means that x and y take part (and hence also change
order) in T,. This is a contradiction for they are both in .4; and hence, by Claim 4.13,
change order in some flip between 7;_; and T;. Since |Q;| > %M (¢), it follows now that
|I;] = S M(c).

Definition 5.6. If 7; is a bad transfer, then we define p; to be the (%M (¢) + Dth
largest number in /;, and ¥; = {x € Q; | n;_1(x) < p;}. Clearly, ¥; C Q; C A; and
1Y;| = 1M (c).

The idea behind the definition of a good transfer is that if 7; is a good transfer (say
left), then many (at least %M (c)) elements from {1, 2, ..., n/2} are in .4;. This is very
good for us because we know that eventually all these elements should be in the right
side and therefore there must be many transfers which carry them there (every transfer
may carry at most one element from 4; to the right side, as every two elements from
A; change order already before 7;). However, then we get more transfers and more sets
A; and so forth. We will eventually see that the portion of the good transfers among
all transfers should be very small. It will follow that most of the transfers must be bad
transfers, but for these we will obtain a nice upper bound in terms of the total number of
transfers, roughly (/M (c)) log r where r is the total number of transfers. It then follows
that log r should be as big as M (c). This shows roughly that » > 2%, but we know that
r < (3), as every transfer represents a line which is determined by G. This will prove
Theorem 1.2.

From now until the end of Claim 5.10, T; is a fixed bad left-transfer. (However, in
what follows one can easily state and prove the corresponding statements when 7; is a
bad right-transfer. Actually, there is a complete symmetry between left and right in this
paper and we eventually use it without any loss of generality.)

Claim 5.7. Assume p; < j <i,ni-1(x) = j,y € Y. If x and y change order in some
flip between Tj and T;, then, in Py, y is to the right of x.

Proof. In PTJIT the elements which take part in 7; are to the right of all other elements
in the left side. Let s = n;_;(y). y takes part in Ty but not in any Ty fors < s’ < i and it
follows that y is in the left side in every o € [PTJ: , Pr].y € Y; and hence s < p;. Since
s < p; < j < i, then in particular, in Pt, y is in the left side. Therefore, in Pﬁ , X is to
the right of y. If x and y change order at some point after 7}, then clearly y moves to the
right of x. O
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Claim 5.8. Let p; < j < i — 1 and assume n;(x) = j and that, in P't_', X is in the

left side. Then x changes order with at least %M (c) elements of Y;, throughout the flips
which occur between T; and T;.

Proof. Since n;(x) = j and, in PT,x is in the left side, it follows that x is in the left side
forevery o € [P*,, P]. If x is inside the block [k 4 d, n/2], in some o € [P} ., P;],
then, by Claim 4. 14 x changes order with at least M (c) elements of A; and therefore with
at least 2M (c) elements of Q; and thus with at least 4M (c) elements of Y;, throughout
the flips which occur between 7;_; and T;.

Assume then that x is outside the block [k + d, n/2], for every o € [P{,,’ Pr 1.
x is one of the elements in the block of 7. In P;f , those elements are the rightmost
elements in the left side. Let y € Y; and s = 771'—/ 1(¥). y takes part in 7 and not in
any Ty for s < s’ < i. Therefore, in every o € [PJr P71, y is in the left side. Since
s < pi < j < i — 1, then in particular, in P+, y is in the left side, to the left of x.
y € Y; C A; and therefore y visits the place k + d at some point between 7;_; and T;.
When this happens, y is to the right of x. It follows that x and y change order in some
flip between T; and 7;. This is true for every y € Y; and |Y;| > %M (c). O

Combining Claims 5.7 and 5.8, we immediately deduce the following corollary.

Corollary 5.9. Let p; < j <i — 1 and assume n;(x) = j and that, in PT, X is in the

left side. Then in Py, at least iM (c) elements of Y;, which already changed order with
X, are to its right, in the left side.

Claim 5.10. Ler0 <s < 1 1M (c) — d and assume that T;; is a bad left-transfer. Then
Pi — Pits = {M(c) —s — 1

Proof. Fix jsuchthat p; < j <i— 1, we show that j ¢ ;. Assume to the contrary
that j € I, then there is an element x € A, such that n;;,_1(x) = j. Since j < i
it follows that n; (x) = j and that x is in the left side in P;r By Corollary 5.9, in Pr, at
least iM (c) elements of ¥;, which changed order with x before T;, are to the right of x on
the left side. Denote the set of these elements by W. For every / such thati <[ <i +s,
at most one element of Y; takes part in 7;, for every two elements of ¥; C A; change
order before T;. It follows that in PJ’+ _there are at least 1M(c) —s > d elements of
W (to the rlght of x) in the left side. Slnce x € Aigg, xis at the place k + d, in some
o€ [PTf+H . Pr ]. In o every element of W which is in the left side must be to the right
of x. This is impossible since when x is at the place k + d there are only d — 1 places
in the left side to the right of x.

We thus showed that if p; < j < i — 1, then j ¢ ;1. In I;; there are iM(c) of
the numbers p;. s + 1, pivs + 2,...,i + s — 1. It follows that p; — p;ys >
IM()—s—1 O

Lemma 5.11. Let 1 < g < p be given integers and let W be a set of m elements from
{1,...,n}. Assume Py, P, € Sg and in every o € [Py, P;] the elements of W are all
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in the block [1, p]. Moreover, assume that for every x € W there is P, € [P), P»] such
that x is inside the block [q, p), in Py. Then at least (”“%’ 7’])) pairs of elements from W
change order in one of the permutations in [ Py, P,].

Proof. For every x € W, let P, € [P, P,] denote the last permutation in which x is
inside the block [¢, p]. Write the elements of W in a sequence ay, a5, . . ., a,, according
to the order of Py, ..., P, in Sg. That is, if i < j, then P,, is not later to P,;,.

Fix ¢t such that 1 < ¢t < m. a, must change order (in some ¢ € [P, P;]) with
every element which is later to a, in the list and is inside the block [1,qg — 1], in
P,,. The number of these elements is at least m — t — (p — q). The number of pairs
from {a;};>; which change order in one of the permutations in [Py, P»] is thus at
least

m—(p—q)
(m—1—(p—q))+(m—2+(p—q))+--~=< 5 ) O
Lemma 5.12. Assume u < t; < t < --- < ty and forevery 1 < i < s, T; is a
left-transfer. For every 1 <i <s,let H; C A, N L, . Then for every t > t;,
(UH,) NLus| = Y (1H| —d) = (t —n)d. )
fi<t i<t

Proof. We prove the lemma by induction on ¢. For t = ¢, the claim just says that
|Hi| > |Hi| — d. Assume the lemma is true for t — 1, we prove it for . We need the
following auxiliary claim:

Claim 5.13. Let m > u be an integer. At most d elements from (Ut’_imf1 H)N Ly, m
may take part in T,,, and at most d elements from this set may belong to A,,.

Proof. Let W be any subset of (Uz,-sm—l H;)NL, ,—; which consists of d 4 1 elements.
W satisfies the conditions of Lemma 5.11 with p = n/2,q = k+d, P, = PH, and
P, = PT’m - Therefore, by Lemma 5.11, there is at least

(-6

pair of elements from W which change order before T,,_;. Those two elements cannot
both take part in 7}, and cannot both be in A,,. O

By Claim 5.13, at most d elements of (Urig_, H;)N L, take partin 7;. Therefore,

< U H,») N Lu,zl\ ( U H,) N Lu,
ti<t—1 t;i<t—1

<d. 2
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We consider two cases.

Case 1: t = t, for some 1 <a <s. By Claim 5.13,

|Ata N ( U H,) N Lu,ta—l <d.
fi<t,—1
H,<A,andL,, <L, . Hence
<d.

H,N ( L,J fﬁ) NL,,

1i <t —1

It follows that

(U Hi> N Luy,| >

li<la

+ [Hy| —d. 3)

( U H,-) N Ly,

i <ty—1

Using (2), we get

( U H,-) N Ly,
ti<t,—1

( U H,-) N Lug,-1
ti<t,—1

( U Hi) mLM_l\( U Hi> N Ly,
ti<t,—1 ti<t,—1

( U H,») N Ly,

1i<tg—1

v

—d.

Combining this with (3), we conclude that

( U Hi) N L1

ti<t,—1

>

(U H,-) N Luy,| >
Li=lq

Using now the induction hypothesis, we obtain

—d+|H,| —d.

v

(U Hi) N Ly,

li<lq

(Z |H,~|—d)—<ra—1—r1>d

ti<t,—1

—d+|H,| —d

(Zlel —d) — (ta — 11)d.

li<tq
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Case 2: t # t, for every 1 < a <s. Similar to the previous case we have

(;LEJ, H,-) N Ly, ( U Hi> N L, ( U Hz-> A Luss

t<t—1 ti<t—1

( U H,») N Lu,,_1\< U H,) N Lus
<t—1 f<t—1

( U Hl) N Lu,tfl
fi<t—1

Using the induction hypothesis we get

(UH,)HLW (Z |H,»|—d>—(t—l—t1)d—d

ti<t—1

<Z|Hi|—d> —(t—t)d. O

<t

=

—d.

v

6. The Final Analysis

In this section we conclude the proof of Theorem 1.2. The crucial step is to give a good
upper bound to the number of bad transfers. We will show (Lemma 6.1 and Claims 6.2
and 6.3) that the number of bad transfers is at most (roughly) (/M (c)) log r, where r
is the total number of transfers. We will also bound the number of good transfers and
show roughly that it is at most /M (c).

Let r > 0 be the number of transfers in the flip array S;. We define a matrix A =
(a;,j)i,j of size r x r in the following way. Whenever T, (0 < ¢ < r — 1) is a bad left-
transfer we seta, , = 1. We set A to be 0 at every place which is not set to be 1. It follows
from the definition of p, that if 7; is a bad transfer, then p, + 41—‘M (¢) < t.Hence all the 1-
entries in A are located within the lower triangle of A of height r — iM (c).Let Lower(A)
denote that part of A, in other words, Lower(A) = {(i, j) €e A |i — }TM(C) > j}.

Lemma 6.1. Assume that a; ; = 1, and let B be a rectangular sub-matrix of height h
which is included in Lower (A), and whose lower right corner is (i — 1, j — 1). Then
there are at most 10hd/iM(c) 1-entries in B.

Proof. Since a; j = 1, T; is abad left-transfer and p; = j. Therefore there is an element
x € Q; C A; such that n;_;(x) = j. Let g(B) denote the number of 1-entries inside B.
Lett; <t < .- < tgp) be all the indices of the lines in B (as a sub-matrix of A) which
include 1 entries.

Fix s such that 1 <s < g(B). Since B C Lower(A) and the place (¢, p;,) is within
B, it follows that p,, < j < t; — 1 (recall that (i — 1, j — 1) is the lower right corner of
B). Moreover, we have j < t; < i—1and thus n;,_;(x) = j implies also that n, (x) = j.
Since x € A; it follows that x is in the left side in Pr and therefore it is in the left side
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also in P (as ni—1(x) = j < t;). We can now use Corollary 5.9 by which, in Pr ., at

least }TM (c) elements of Y; , which have already changed order with x, are to the right
of x in the left side. Denote that set of elements by H,. Forevery 1 <s < g(B), p;, < j
and therefore Y, C L;_;. This implies H; C L; i, forevery 1 <s < g(B).

Hy, ..., Hgp) satisfy the conditions of Lemma 5.12 for 7; , ..., T;, and u = j. Using
Lemma 5.12 with t =i — 1 we obtain

( U HS> NLji

ty<i—1

> Y (H|—d)—(G—1—1)d

ty<i—1

> g(B)(3M(c) —d) — hd. “

Since x € ¥; C A;, x is at the place k + d in some o € [P}, Py ].In P all the
elements of the set (Ulsgi_l Hy) N L;;_y are to the right of x on the left side, and they
have already changed order with x. Since this is also true in o, in which x is at the place
k+d, we musthave |(U, ., H) N Lj;—1| <d— 1.

Therefore, using (4),

gBYAM@) —d) —hd <d —1.

In other words,

o(B) < hd+d—1 _ 10hd
T IM@ —d T iM(o)

Claim 6.2. No two 1-entries in A are included within a sub-square of A of size %M (o).

Proof. This is an immediate corollary of Claim 5.10. Indeed, let (¢, p;) and (s, py) be
the coordinates of any two different 1-entries in A, representing two bad left-transfers
T, and T, If |t — 5| < §M(c), then, by Claim 5.10, | p; — ps| > yM(c) — |t —s| — 1 >
M (o). O

Denote N(c) = %M(c). We introduce a new matrix D = (d; ;); j of size [r/N(c)] x
[r/N(c)]. We setd; ; = 1 iff there is a 1-entry in the corresponding sub-square of A of
size N (c) x N(c), namely, the one whose upper left corner is (i N(c), jN(c)). Otherwise
wesetd; ; = 0.

Let Lower(D) denote the lower triangle of D without the main diagonal and the
two diagonals beneath it. In other words, Lower(D) = {(i, j) | 0 <i,j < [r/N(c)],
Jj+2<i}

By Claim 6.2, the number of 1-entries in A equals the number of 1-entries in D. The
following is just a reformulation, in terms of the matrix D, of what we already know
about the matrix A:

1. All I-entries in D are either in Lower(D) or on the diagonal above it.

2. If d;;; = 1, then every rectangular sub-matrix of height & which is included in
Lower(D) and whose right lower corneris (i — 1, j — 1) has at most 5d(h + 1) <
10dh 1-entries (follows from Lemma 6.1).
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Claim 6.3. Let B be anm x 1 rectangular sub-matrix included in Lower(D), then inside
B there are at most (10d + 1)m + [ 1-entries.

Proof. We prove the claim by induction on m + [. If m = 1 or [ = 1 the claim
is obvious. We think of B as an m x [ matrix. Let j be the rightmost column which
includes a 1-entry in B. Let (i, j) be the coordinates of the lowest 1-entry in the jth
column of B. Let B’ C B be the rectangular sub-matrix whose lower right corner is
(i — 1, j — 1) and whose upper left corner is (0, 0). Let B” C B be the rectangular sub-
matrix whose upper left corner is (i, 0) and whose lower right corneris (m — 1, j — 1).
Clearly, all 1-entries in B are included either in B’ or in B” or in the jth column of
B. B'isof sizei — 1 x j — 1. Since B C LowerD and there is a 1-entry at the place
(i, j) in B, then there are at most 10d (i — 1) 1-entries in B’. By the induction hypothesis
there are at most (10d + 1)(m — (i — 1)) + j — 1 l-entries in B”. Moreover, there
are at most i + 1 1-entries in the jth column of B. We conclude that there are at most
10d(i—1)+(10d+1)(m—(i—1)+j—1+i+1 = (10d+1)m+j+1 < (10d+1)ym+1
1-entries in B. O

In what follows log stands for log,. Recall that r is the number of transfers in the flip
array Sg. Let r’ = 201271 1 is the integer power of 2 which satisfies r < r’ < 2r.

Claim 6.4. There are at most 20d[r' /N (c)](log[r'/N(c)] + 1) 1-entries in D.

Proof. Wefirstshow that Lower(D) includes at most (10d+2)[r’' /N (¢)]1(log[r' /N (¢)]1+
1) 1-entries. Let D’ be the ([r/N(c)] — 3) x ([r/N(c)] — 3) lower triangular matrix
whose lower triangle equals Lower(D). In Claim 6.3 we proved the following property
of D"

(*) If B is a sub-matrix of D’ of size a x b which is included in the lower triangle of
D’, then B has at most (10d + 1)a + b 1-entries.

Let g(m) denote the maximum number of 1-entries in a matrix D’ of size m x m
which satisfies (¥). Let E be any 2m x 2m lower triangular matrix which satisfies (*).
Let E| denote the m x m sub-matrix of £ whose lower right corneris (m — 1,m — 1)
and whose upper left corner is (0, 0). Let £, denote the m x m sub-matrix of E whose
lower right corner is (2m — 1, 2m — 1) and whose upper left corner is (m, m). Let B
denote the m x m sub-matrix of £ whose lower right corner is (m — 1,2m — 1) and
whose upper left corner is (0, m). B is included in the lower triangle of E and there-
fore, by (*), it has at most (10d 4+ 1)m +m = (10d + 2)m 1-entries. Clearly, E; and
E, also satisfy (*), because the lower triangles of both matrices are included in the
lower triangle of E. Since every l-entry inside E is either in E; or in E; or in B, we
conclude that

g(2m) < 2g(m) + (10d + 2)m.

Using the boundary condition g(1) = 1, it follows that if m is a power of 2, then
g(m) < (24 10d)m(log m + 1). Since g(m) is monotone in m, then the number of
1-entries in D’ (which is the same as the number of 1-entries in Lower (D)) is at most
24+ 10d)[r'/N(c)]1(log[r'/N(c)] + 1).
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Every 1-entry in D is either in Lower (D) or in the three diagonals above it. Therefore,
the number of 1-entries in D is at most

r/ r/ r/
@+10d) (N(eﬂ (log MW * 1) 3 Mﬂ
<o0d| (i r 1 O
= [WW(Og [N(cﬂ+ )

Recall that r (the size of A) is the number of transfers in the flip array. We claim that
r > 1. For assume to the contrary that there is only one transfer 7y in the flip array,
then it must be that 7j takes all the elements {1, 2, ..., n/2} to the right side and all the
elements {n/2 + 1,n/2 4+ 2, ..., n} to the left side. Therefore the block of Tj consists
of the whole n elements. This implies that G is contained in a line, contradicting our

assumption.
Without loss of generality assume that 77 is a left transfer. The set .4 consists of at least
M (c) elements. We claim that at most one of these elements is not from {1, 2, ..., n/2}.

Indeed, every element x > n/2, which is in the left side in Pf, , must take part in 7,
hence every two such elements already change order in Tj. If those elements were in A,
they would also change order at some point between Ty and 77, by Claim 4.13.

In P}t » the elements 1, 2, ..., n/2 are in the right side, because an element can move
from the left side to the right side only by a transfer, the last of which is 7,_;. In each
transfer 7; (i > 1) at most one element of A, takes part. It follows that there must be at
least M (c) transfers in Sg. Hence r > M (c¢) and in particular [r'/N(c)] = r'/N(c).

By Claim 6.4 there are at most 20d(r'/N(c))(log(r'/N(c)) + 1) l-entries in D,
and hence at most that number of 1-entries in A. This shows that there are at most
20d(r'/N(c))(log(r'/N(c)) + 1) bad left-transfers in the flip array Sg. By symmetry,
this is also true for the number of bad right-transfers. (This is because all claims and
lemmata proved above also apply to the right side. One way to see this is by reflecting
the set G through a line perpendicular to initial direction L with which we defined the
flip array. All right-transfers become left-transfers and vice versa.) We conclude that the
number of bad transfers in the flip array is at most 40d (r'/ N (c))(log (r'/N(c)) + 1).

Let a and b denote the number of good transfers and the number of bad transfers,
respectively. Without loss of generality we assume that there are at least %a good left-
transfers.

Definition 6.5. Let7j, ..., T;, be all the good left-transfers in Sg. Forevery 1 < j < g
define E; = A;; N Lo,;,. By the definition of a good transfer, |E;| > %M (c) for every j.

The sets Ey, E», ..., E, satisfy the conditions of Lemma 5.12 with ¥ = 0. Using
Lemma 5.12 with r = r — 1, we get

(U Ev) N LO,r—l

v

> (E| —d) = (r — 1)d

v

laGM(c)—d)—rd
aN(c) —rd. ©)

v
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In P}t_l theelements 1, 2, ..., n/2 are in the right side. Therefore ((J, E;)N Lo ,—1 =
. Consequently, by (5),

aN(c)
> , 6
r> p) (6)
a+b=r—1,and
b<d0d—— (100 " +1) <d0a-2" (100 2 11
(0] < _ 0g — .
=Yoo U Vo N\ 2N @
Therefore,
4002 (10 2 41 (7
a>r— .
= No B N©

Using (6) and (7) we obtain

N(c) 2r 2r
=T (r BRRYTPS (log NGO T 1)) ’

from which we get

2 U= d/N@ONE©)
N(c) 80d

We recall that N(c) = %M(c) = 2975 and ¢ = 2d — 1. From here we can easily
conclude that ¢ < O(log log r). The number of lines determined by G is at most (’;)
Every transfer represents a line which is determined by G. Therefore,

B¢

Hence, ¢ < O(log log k). O

log

7. Concluding Remarks

In this paper we gave an upper bound for f (k, k), however, using the same proof except
the final analysis one can give an upper bound for f(k,[), namely,

fk, ) = Olog(lk = 1| +log(k +1))). ()

For small / (for example, / = 0) this bound is asymptotically tight, as was shown by
Kupitz and Perles [KP].
The following conjecture of Kupitz and Perles is thus still open.

Conjecture 7.1. f(k, k) < 2k 4+ C, where C is an absolute constant.

Perles showed, by construction, that f(k, k) > 2k 44, which is the best known lower
bound.
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