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Abstract. Let`1, `2, . . . , `d be disjoint parallel lines in the plane. Ad-intervalis a subset
of their union that intersects each`i in a closed interval. Kaiser [4] showed that any system
of d-intervals containing no subsystem ofk+ 1 pairwise disjointd-intervals can be pierced
by at most(d2−d)k points. We show that this bound is close to being optimal, by proving a
lower bound ofconst(d2/log2 d)k. The construction involves an extension of a construction
due to Sgall [8] of certain systems of set pairs.

1. Introduction

Let`1, `2, . . . , `d be disjoint parallel lines in the plane. A setJ ⊂⋃d
j=1 `j is ad-interval

if it intersects each̀ i in a closed interval. Ahomogeneous d-intervalis the union of at
mostd closed intervals on the real line.

Let S be a system of subsets of a ground setX. Thematching numberν(S) is the
maximum cardinality of a subsystemM ⊆ S consisting of pairwise disjoint sets. The
transversal numberτ(S) is the smallest possible cardinality of a transversal ofS, i.e.,
of a subsetT ⊆ X with S∩ T 6= ∅ for all S∈ S. Ford-intervals, the matching number
and transversal number are taken in this set-theoretical sense.

Gyárfás and Lehel [2] (also see [3]) initiated the investigation of the following ques-
tion. LetF be a family ofd-intervals withν(F) ≤ k. What is the maximum possible
value ofτ(F), in terms ofk andd? (Note that ford = 1, we haveν(F) = τ(F) for any
family of 1-intervals, by a well-known property of systems of intervals.) They proved
that there is a finite bound for allk andd; their estimate was rather large, aboutkd! for
a fixedd. Károlyi and Tardos [6] obtained a bound ofO(kd) for every fixedd. A major
breakthrough was achieved by Tardos [9], who provedτ(F) ≤ 2ν(F) for any family
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of 2-intervals (which is tight in the worst case) by an ingenious topological method. By
a somewhat different topological approach, Kaiser [4] proved that for any system ofd
intervals withν(F) ≤ k, we haveτ(F) ≤ (d2 − d)k. Later Alon [1] found a short
nontopological proof of the slightly weaker boundτ(F) ≤ 2d2k.

Homogeneousd-intervals are strictly more general thand-intervals, and the upper
bounds obtained for them are slightly worse: Kaiser [4] showedτ(F) ≤ 3k for any
family of homogeneous 2-intervals withν(F) ≤ k, which is the best possible, and
τ(F) ≤ (d2−d+1)k for an arbitrary family of homogeneousd-intervals withν(F) ≤ k,
for anyd ≥ 3. Alon’s upper bound applies for homogeneousd-intervals as well.

The best lower bound up until now was given by Kaiser [5], who constructed an
example withν = k andτ ≥ 2(d − 1)k, for all d andk, improving a bound ofdk of
Károlyi and Tardos [6]. Here we give lower bounds which are near-quadratic ind and
almost match Kaiser’s upper bounds.

Theorem 1.1. There is a positive constant c> 0 such that:

(i) For any d≥ 1 and k≥ 1, there is a familyF of homogeneousd-intervals with
ν(F) = k and

τ(F) ≥ c
d2

logd
k.

(ii) For any d≥ 1 and k≥ 1, there is a familyF of d-intervals withν(F) = k and

τ(F) ≥ c
d2

(logd)2
k.

Part (i) follows in a simple way from an ingenious construction due to Sgall [8] of
certain systems of set pairs. For part (ii), we need to modify Sgall’s construction to yield
d-partite set systems. The families of (homogeneous)d-intervals constructed in the proof
of Theorem 1.1 are of a fairly restricted type: eachd-interval consists of points and of
unit-length intervals, and any two unit-length intervals appearing as a component of a
d-interval in the construction are either disjoint or identical.

The most interesting related open problem, in our opinion, is to estimate the maximum
possible transversal number of a system of (homogeneous)d-intervals in which every
threed-intervals have a common point, as a function ofd. Is it (almost) linear, near-
quadratic, or somewhere in between (perhaps liked3/2)?

2. Sgall’s Construction and Homogeneousd-Intervals

Wigderson raised a problem in 1985 which can be reformulated as follows. Suppose that
A1, A2, . . . , AN andB1, B2, . . . , BN are sets with the following properties:

(C1) for all i = 1,2, . . . , N, ∅ 6= Bi ⊆ Ai and|Ai | ≤ a, and
(C2) for all i1, i2, 1≤ i1 < i2 ≤ N, we haveAi1 ∩ Bi2 6= ∅ or Ai2 ∩ Bi1 6= ∅.

LetB = {Bi : i = 1,2, . . . , N}. What is the maximum possible value ofτ(B), in terms
of a?
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It is not difficult to see thatτ(B) ≤ a(a+1)/2: Put all points ofA1 into the transversal,
remove them from all theAi andBi , and discard alli with Bi ∩A1 6= ∅; for the remaining
i , we now have|Ai | ≤ a− 1 and we can use induction ona. A clever construction by
Sgall [8] shows that this simple bound cannot be improved much and thatτ(B) can
be as large asconst · a2/ loga. (The title of Sgall’s paper refers to a different, but
essentially equivalent, formulation of the problem dealing with labeled tournaments.)
For completeness and for the reader’s delight, we briefly recall the construction, although
we do not need it.

Setb = ba/3c andn = cb2/ logb for a sufficiently small constantc > 0. Let V be
an n-element ground set. LetG = (V, E) be a graph of maximum degreeb with the
following expander-type property: for any two disjointb-element subsetsA, B ⊆ V ,
there is at least one edgee∈ E connecting a vertex ofA to a vertex ofB (the existence of
such a graph can be easily shown by the probabilistic method; see [8] for references). Let
B = {B1, B2, . . . , BN} be a system ofb-element subsets ofV with τ(B) = t (taking all
b-tuples forB, we havet = n−b+1). For eachi , letvi be an (arbitrary) element ofBi ,
and letAi = Bi ∪ N(vi ) ∪ (V\

⋃
u∈Bi

N(u)), whereN(v) denotes the set of neighbors
in G of a vertexv ∈ V . It is easy to check that|Ai | ≤ 3b, and some thought reveals that
condition (C2) is satisfied.

Proof of part(i) of Theorem1.1. Givend andk, we want to construct a systemF of
homogeneousd-intervals. Clearly, it suffices to consider the casek = 1, since for larger
k, we can takek disjoint copies of theF constructed fork = 1. Thus, we want anF in
which every twod-intervals intersect and withτ(F) large.

Let A1, A2, . . . , AN andB1, B2, . . . , BN be sets satisfying (C1) witha = d and (C2)
and such thatτ(B) ≥ t = cd2/ logd (where, as before,B = {B1, . . . , BN}). We note
that if we remove any at mostt/2 sets ofB, the resulting set system still has a transversal
number at leastt/2.

Let V = ⋃N
i=1 Ai be the ground set. For eachv ∈ V , choose a unit intervalIv ⊂ R,

in such a way thatIv ∩ Iv′ = ∅ for v 6= v′. For eachv ∈ V and i = 1,2, . . . , N,
choose a pointxv,i ∈ Iv, taking distinct points for distincti . Define a systemJ of N
homogeneousd-intervalsJ1, J2, . . . , JN by setting

Ji =
(⋃
v∈Bi

Iv

)
∪ {xu,i : u ∈ Ai \Bi }.

Condition (C2) implies thatJ is intersecting: if, for example,u ∈ Ai1 ∩ Bi2, then
xu,i1 ∈ Ji1 ∩ Ji2.

Suppose thatT is a transversal ofJ . At most |T | of the Ji are intersected byT in
their point components, and so the set{v ∈ V : T ∩ Iv 6= ∅} is a transversal for some
system of all but at most|T | sets among theBi . It follows that 2|T | ≥ t = cd2/logd.

Remark. It would be interesting to narrow the gap of logd between the lower and
upper bounds, at least in Wigderson’s problem about set pairs. The number of vertices
n = const· b2/ logb for the expander graph in Sgall’s construction is asymptotically
the largest possible, as was communicated to me by Noga Alon. This follows by the
Kővári–Sós–Turán bound [7] for the maximum number of edges of aKb,b-free graph on
n vertices applied to the complement ofG.
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3. Making the Construction d-Partite

Call a set systemS on a ground setV d-partiteif V can be partitioned into disjoint subsets
V1,V2, . . . ,Vd such that|Vj ∩ S| ≤ 1 for all S∈ S and all j . Part (ii) of Theorem 1.1 is
proved by constructing set systemsĀ = {Ā1, Ā2, . . . , ĀN} andB̄ = {B̄1, B̄2, . . . , B̄N}
with properties as in Sgall’s construction but alsod-partite, for a suitabled not much
larger thana. We transform the sets from Sgall’s construction using the following lemma.

Lemma 3.1(Onm-Partite Representation).Let V be an n-element set, and let a≤ n
be a parameter. Then there are integers m= O(a logn) and r = O(logn) such that the
following exist:

• a set W partitioned into disjoint subsets W1,W2, . . . ,Wm,
• for eachv ∈ V , an at most(2r − 1)-element set Uv ⊆ W such that Uv ∩Uv′ = ∅

for v 6= v′,
• for each A⊆ V with |A| ≤ a, a set f(A) ⊆⋃v∈A Uv, such that| f (A)∩Wj | ≤ 1

for all j and such that, for anyv ∈ A, | f (A) ∩Uv| ≥ r .

Proof of part(ii) of Theorem1.1 (assuming Lemma 3.1). As in part (i), it suffices to
consider the casek = 1. Seta = bc1d/logdc for a sufficiently small constantc1 > 0,
let b = ba/3c, and letn = cb2/logb. Let B1, B2, . . . , BN be all theb-tuples on an
n-element ground setV , and let A1, A2, . . . , AN be the at mosta-element sets as in
Sgall’s construction.

We considerW = W1∪̇W2∪̇ · · · ∪̇Wm, theUv, and the f (A) as in Lemma 3.1; we
may assumem = d. Let Āi = f (Ai ) and B̄i = Āi ∩ (

⋃
v∈Bi

Uv) ⊆ Āi . The system
Ā = {Āi : i = 1,2, . . . , N} is d-partite. If v ∈ Ai1 ∩ Bi2, then |Āi1 ∩ Uv| ≥ r and
|B̄i2 ∩Uv| ≥ r , and since|Uv| ≤ 2r − 1, we haveĀi2 ∩ B̄i2 6= ∅. So (C2) holds for the
Āi and B̄i . Moreover, the transversal number for any subsystem ofB̄ is no smaller than
the transversal number for the corresponding subsystem ofB.

It remains to construct the systemJ = {J1, J2, . . . , JN} of d-intervals. This is the
same as in the proof of part (i), only this time we choose disjoint unit intervalsIw ⊂
`j for w ∈ Wj , j = 1,2, . . . ,d. The resultingτ(J ) is at leastconst·b2/ logb =
const·d2/log2 d. Part (ii) of Theorem 1.1 is proved.

Proof of Lemma3.1. Choosemandr so that there exists a bipartite graphH (expander)
with color classesV and [m] = {1,2, . . . ,m} with the following properties:

(a) Each vertexv ∈ V has at most 2r − 1 neighbors in [m].
(b) For any subsetA ⊆ V with |A| ≤ a, the number of (distinct) neighbors ofA in

[m] is at leastr |A|.
The existence of such an expander withr = O(logn) andm = O(ar) follows by a
standard probabilistic argument, and it might very well be mentioned in the literature.
Since we have no explicit reference, the calculation is sketched here.

For eachv ∈ V , pick its neighbors in [m] by (2r − 1) independent random draws
(with repetitions allowed, so we have at most(2r − 1)-neighbors but possibly fewer).
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For a fixeds-elementA ⊆ V and an(sr)-elementT ⊆ [m], the probability that all
neighbors ofA live in T is (sr/m)(2r−1)s. Thus, the probability that a randomH violates
(b) is at most

a∑
s=1

(
n

s

)(
m

sr

)(
sr

m

)(2r−1)s

≤
a∑

s=1

ns
(em

sr

)sr (sr

m

)(2r−1)s

=
a∑

s=1

[
en
(esr

m

)r−1
]s

.

With m= d2eare andr = 4+ dlog2 ne, say, the expression in square brackets is below
1
2 and so randomH works with a positive probability.

Given a graphH satisfying (a) and (b), we letW be the set of edges ofH . For j ∈ [m],
Wj are the edges incident toj , and forv ∈ V , Uv are the at most 2r − 1 edges incident
to v.

Consider anA ⊆ V of size at mosta. By condition (b), anysvertices inAhave together
at leastrs neighbors in [m]. By anr -fold application of Hall’s marriage theorem, we can
select anr -fold system of distinct representatives for thea neighborhoods of the vertices
v ∈ A. That is, for eachv ∈ A, we choose a subsetUv,A ⊆ Uv of r edges incident
to v, in such a way that no two edges in

⋃
v∈A Uv,A share an endpoint in [m]. We set

f (A) =⋃v∈A Uv,A. The conditions of Lemma 3.1 are satisfied.
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