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Abstract. LetaHolder continuous function f be observed with noise.In the
present paper we study the problem of nonparametric estimation of certain
nonsmooth functionals of f, specifically, L, norms || f ||, of f. Known from
the literature results on functional estimation deal mostly with two extreme
cases: estimating a smooth (differentiable in L,) functional or estimating a
singular functional like the value of f at certain point or the maximum of f.
In the first case, the convergence rate typically is n~!/2, n being the number
of observations. In the second case, the rate of convergence coincides with
the one of estimating the function f itself in the corresponding norm.

We show that the case of estimating || f || is in some sense intermediate
between the above extremes. The optimal rate of convergence is worse than
n~!/2 but is better than the rate of convergence of nonparametric estimates
of f.The results depend on the value of r. For r even integer, the rate occurs
to be n=A/CA+1=1/1) \where B is the degree of smoothness. If 7 is not an even
integer, then the nonparametric rate n=#/#*D can be improved, but only
by a logarithmic in n factor.
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1. Introduction

The problem of estimating a functional is one of the basic problems in
statistical inference. Below we consider this problem in the nonparametric
set-up. Let a function f be observed with noise, and our goal is to estimate a
given real-valued functional F( f). Clearly the quality of estimation heavily
depends on smoothness properties of the functional F. The most developed
theory here deals with linear functionals. The “hardest single-parameter
subfamily” arguments yield both linear estimators with the smallest, as far
as linear estimates are concerned, worst-case risk, and demonstrate that the
resulting risk coincides, within factor (1 + o(1)) as n — oo, with the min-
imax risk, see Levit (1974, 1975), Koshevnik and Levit (1976), Ibragimov
and Khasminski (1979, 1987) and Donoho and Liu (1991).

Another well studied situation deals with the case of “smooth” func-
tionals. Smoothness is usually understood as differentiability of F on L. It
was shown in Levit (1978), Khasminski and Ibragimov (1979), Ibragimov,
Nemirovski and Khasminski (1986) that if F is smooth and the underlying
function f is also smooth enough then F ( f) can be estimated with the para-
metric rate of convergence O (n~'/?), see also Ibragimov and Khasminski
(1991), Birgé and Massart (1995). The problem of estimation of quadratic
functionals is studied in details in Hall and Marron (1987), Bickel and Ritov
(1988), Donoho and Nussbaum (1990), Fan (1991), Efroimovich and Low
(1996), Laurent (1996) among others. Estimation of functionals of the type
f f3(t) dt is discussed in Kerkyacharian and Picard (1996).

The problem of estimation of non-smooth functionals is not well studied
so far, and there are very few results of this sort in the literature. Ibragimov
and Khasminski (1980) found the rate of convergence of estimating the
maximum of f, Korostelev (1990) studied the problem of estimating the
Ly norm of f. Korostelev and Tsybakov (1994) considered some functional
estimation problems in the image model, like estimating the area of an
image.

In this paper we are focusing on estimating L, norm || f||, with a given
r > 1. It is worth to mention that at least three cases of this problem — those
with » = 1, 2 and oo — have very natural interpretation. The case of r = 0o
corresponds to estimating the maximum of f. Ibragimov and Khasminski
(1980) have shown that the convergence rate of estimating F (f) = || flloo
coincides with the rate at which f itself can be recovered, the accuracy
being measured in the uniform norm, and one may therefore use the plug-in
estimator F = || f|loo Where f is an optimal in order, with respect to the
uniform norm of the error, estimate of f.

Korostelev (1990) announced similar result for estimating the L; norm
I fllh = [ |f(#)ldt: the optimal rate of convergence is O(n=#/@F+D) g
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being the order of smoothness of f, so that already a plug-in estimator
f | f(t)|dt associated with an optimal in order,Athe accuracy being mea-
sured in the L; norm, non-parametric estimate f of f, is optimal in order.
However, the inspection of the proof shows a gap in establishing the lower
bound, and a more detailed analysis demonstrates that the result itself is in-
correct: when estimating the L norm, arate of convergence “slightly better”
(namely, by a logarithmic in n factor) than O (n=#/@#*1) is achievable.

Another interesting phenomenon occurs when estimating L, norm for
r > 1. It turns out that both the optimal rates of convergence and the under-
lying estimators heavily depend on whether r is or is not an even integer.
When r is an even integer, the optimal rate of convergence is n#/#+1=-1/1)
i.e.,is “significantly” better than the standard non-parametric rate n ~#/#+D
associated with the plug-in estimators; as about the remaining values of r,
the optimal rate of convergence is only by a logarithmic in n factor better
than the “plug-in” one.

It makes sense to compare the announced results with those related
to a seemingly very close problem of nonparametric hypotheses testing
associated with the case when the distance between the null hypothesis and
the alternative set is measured in L, norm, see Ingster (1982, 1993), Lepski
and Spokoiny (1998) or Spokoiny (1996). A natural way to solve the testing
problem is to estimate the L, norm of the function in question and then use
the estimate as a test statistics. This approach is known to work well for
r = 2 and r = oo. However, comparing the optimal convergence rates in
the problem of nonparametric hypotheses testing and the one of estimating
the L, norms, one can see that the cases of r = 2 and r = oo are the only
ones in which the outlined simple recipe works; for all other values of r,
the convergence rates in the estimation and the testing problems differ from
each other.

The rest of the paper is organized as follows. In Section 2 we state our
main results, separately for r even integer and for the remaining cases. The
estimation procedures for r = 1 and for even integer r are presented in
Section 3. Section 4 contains the proofs.

2. Problem and main results

We start with formulating the problem. Consider the idealized “signal +
white noise” model of observations as follows: the observed data X (7),
t € [0, 1] is a trajectory of the stochastic differential equation

dX(t) = f@t)dt +n~'?dW (1) 2.1
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where f is the unknown function, W = (W (¢), ¢t € [0, 1]) is the standard
Wiener process, and the parameter n plays the role of the “volume of obser-
vations” (cf. more realistic models where we are given noisy observations
of f atn equidistant or randomly generated points). Our a priori knowledge
on f is that it possesses some smoothness, namely, belongs to Holder class
3 (B, L) with known parameters 8, L > 0. Recall that the latter means that
f is m times continuously differentiable on R', m being the largest integer
which is less than 8, and the m-th derivative £ of f is Holder continuous
with the exponentual 8 — m and constant L:

1f™@) — f™ ) < Lit—sP™, t,seR".

By technical reasons, we assume also that f is bounded in the uniform norm
by a constant ¢ < 1, so that

feXoB. L)={feXB.L): |fllw=0} .

Our goal is to estimate the L, norm of f

1 1/r
||f||r=[/ If(t)l’dt} ;
0
with a given r > 1.

We study our estimation problem in the standard asymptotic set-up, when
the parameter n tends to infinity. For an estimate f, of || f||, via observation
(2.1), let

Af)= sup (EL(fy—IIFI)))
feXy(B.L)

be the worst, over f compatible with our a priori knowledge, risk of the
estimate; here £(-) is a loss function. The results to follow are valid for
every homogeneous loss function ¢ satisfying the standard conditions, see,
e.g., Ibragimov and Khasminski (1979, Section 2.3). Howeyver, in order to
simplify presentation, we prefer to restrict ourselves with the simplest case
when £(z) = |z[, so that in what follows

()= sup E|fHi—Ifl] -
feX,(B,L)

Let also

#*n) =inf sup E|fi— £l
fo fEX,(B,L)

inf being taken over all estimates (i.e., measurable real-valued functions of
observation X), be the associated minimax risk.
Our first result deals with the case of r = 1.
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Theorem 2.1 Letr = 1. There exist estimatorﬁ and a positiveC > 0
depending o only such that for all large enough valuesmbne has

gp(ﬁ) < CLl/(2ﬂ+1)(n log n)—ﬂ/(2ﬂ+l) ) (2.2)

This result shows that the L; norm can be estimated better than with the
standard “nonparametric” convergence rate O (n_ﬁ/ (2’3“)), although the
improvement is only by a logarithmic factor. The next result states that a
more substantial improvement is impossible.

Theorem 2.2 Assume that is not an even integer. Then fetarge enough
it holds

LY@ (4 10g )P/ 4D 5% (n) > ¢/ (log n)"

with some positive > 0 depending only o andr.

The situation with estimating L, norm, r being an even integer, is as
follows:

Theorem 2.3 Letr = 2k be an even integer. There exist positive constants
¢, C depending o8, r only such that for large enough one has

c < L—(l—1/r)/(2,8+l—l/r)nﬁ/(2/3+l—l/r) %*(n) < C .

3. Estimation procedures

In this section we present two estimation procedures: one for estimating the
Ly norm, and the other one for estimating the L, norm, r being an even
integer.

We start with the case of » = 1. The idea behind the construction is
as follows. The function |¢| is not smooth at the origin. However, it can be
approximated on [—1, 1] by its truncated Fourier series:

N
It ~ > cx cos(kt) (3.1)

k=1

within accuracy of order of N~'. Consequently, the functional [ |f (¢)|dt
can be approximated by the finite sum

N 1
ch / cos(mkf (r))dt (3.2)
k=1 0

of smooth functionals which can be estimated with accuracy O (n~!/?) each,
e.g., by the method proposed in Ibragimov, Nemirovski and Khasminski
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(1986). Let f (t) be a proper nonparametric estimator of f(¢), e.g. a kernel
estimator, with the variance A. Then the estimator of fol cos(mkf(t))dt can
be taken in the form

1 1
Fy = E; f cos(k(f(1)+irE))dt = / cos(mk £ (1)) exp{m2k*22/2}dt .
0 0

Here & is a .47(0, 1) random variable independent of our observation X and
E is the expectation w.r.t. §. It remains to choose N in a way which balances
the approximation error of (3.1) (which is the less the larger is N) and the
“stochastic error” — the one of estimating the smooth functional (3.2) via
noisy observations (the latter error is the larger the larger is ).

The outlined scheme can be implemented as follows. Let m be the largest
integer which is smaller than 8 and let K be a compactly supported kernel
of order m i.e., K is a continuous function satisfying the conditions

(K.1) K(t) =0for|t] > 1;
(K.2) [K@)dt =1;
(K.3) ftiK(t)=Ofori=1,...,m.

We denote by || K || the L, norm of K:

K| = //K2(t)dt . (3.3)

Let h € (0,1) be a “bandwidth” (a parameter of the construction to be
specified later), and let

Py = | k(=) ax (3.4)

be the standard kernel estimator of f associated with K, 4. As always in the
kernel estimation, the kernel K should be corrected near the endpoints 0, 1:
fort € [0, h] we should replace K in the right hand side of (3.4) by a kernel
K _ vanishing outside [0, 1], while for ¢ € [1 — A, 1], K should be replaced
with a kernel K vanishing outside [—1, O], the modified kernels satisfying
the requirements (K.1)—(K.3). Without loss of generality we may assume
that all three kernels K, Ky have the same L, norm; with this assumption,
in the constructions/proofs to follow we may use, with no risk of confusion,
the same notation K for all three kernels, and we use this possibility in order
to make the presentation more readable.

Due to (2.1), the estimate f,(¢) admits the usual decomposition into
deterministic and stochastic components:

Fr(®) = fu(0) + Mn(e) (3.5)
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where

N = 1 lK t—u J
no=5 [ (T)f(u) v,
r= |E (1/1[( <t__”) nl/de(u))2 _ KL
" h Jo h Jnh
_ L r—uyN _ip

_ ! /1K(t_—u>dW(u)
T IKIVR Jo h '

&, (t) clearly is 47(0, 1) and hence

E fi(t) = fu(0) |
Var f,(1) = E (fi(t) — fh(f))2 = -

Let us now set

h = (L*nlogn) /0 (3.6)
N = I_QLfl/QﬁJrl)(n log n)ﬁ/(2ﬂ+1)J , (3.7)
where
9 — 1
S 2n|KIV2BFT
Forallk =1,2,..., N and A > 0, we define functions v ; () as
v (t) = cos(kt) exp{m?k*A?/2) (3.8)
and set
N
Ona(t) =co+ Y cveal() (3.9)
k=1
where ¢y, are the Fourier coefficients of the function w(t) = |¢|:
! 1, k=0
Ccr = 2/ tcos(mwkt)dt = { 0, k=2,4,6,..., (3.10)
0

A(k)~%, k=1,3,5,... .
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Finally, we define the estimator F of Il £l as

1 1N
£ /O O, o)t = co+ /0 > v, (o)

k=1

3.1. Estimating| f ||, for an even integer

The difference between this case and the previous one comes from the fact
that for even integer  the function |¢|” is analytic. This fact will be essentially
used in the construction.

Let us first consider the functional &, (f) = F/ (f):

1
O,.(f) = ||f||£=fO frdr .

This functional is smooth and it can be estimated (under some mild condi-
tions on f) from observations X with the convergence rate n~!/2.

Let ﬁ, (#) be the kernel estimator of f we have built. Applying the method
from Ibragimov, Nemirovski and Khasminski (1986), we get the following
estimator 6,, of ®,.(f):

1 r/2

1 .~ .
o, =E§/O (fh(z)+i,\hg)’dz=/o szjki]|fh(t)|r_2jdt . (3.11)
j=0

Here i is the imaginary unit, £ is an .47(0, 1) random variable independent
of observation X, and E is the expectation w.r.t. £, so that

by = (=1)/ (;j) EgY (3.12)
Now we set (cf. (3.6))
h = (L*n)” 57 (3.13)
and define the estimator I/f:,, of | fl, as
F, = (max{0, ®,)"/" .
Remark 3.1.0ur estimate heavily exploits the fact that | | is known not to
exceed a given quantity p < 1. Of course, applying the scaling f + const f,

we can reduce to the case in question also the case when we have an a priori
known upper bound of | f|.
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4. Proofs

Below we present complete proofs of Theorems 2.1, 2.2 and 2.3. In what
follows, k (possibly, with sub- or superscripts) denote positive quantities
(not necessary the same in independent proofs) depending on r, 8, K, K1
only.

4.1. Proof of the upper bound in Theorem 2.1

We start with several technical lemmas. Let v ;(f) = cos(wkt)exp
(m2k*2%/2}, k > 1, see (3.8).

Lemma4.1 Letz € [—1, 1], A > 0 and let& be .+ (0, 1) random variable.
Then for allk > 1,

E v, (z+ L&) = cos(mkz) . 4.1)
If 01.,.(2) is defined by
02, (2) = Varv,(z + 1) = E v (z + A8) — cos(rk)|”
then
o (t) < whhexp{m?k*A?/2) .

Proof. Let ¢(x) = (2m)~"/? exp{—x2/2} be the standard Gaussian density.
Then

o0

E vz +A8) = f Ve @ + A0)@()dx
= exp{nzkzkz/Z} /OO cos(mk(z + Ax))p(x)dx
= (2n)""?Re (foo exp{m?k*)?/2 + imk(z + Ax)

0]

—x2/2}dx)

—Re <exp{i7rkz} Q)2 / b exp{—(x — imkr)? /2}dx)

o0

= cos(mwkz)

and (4.1) follows.
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Similarly,

okz’x(t) = / (v (z + Ax) — cos(kz)) @ (x)dx

o]

= /OO v (z + Ax)(x)dx — cos*(mkz)

o0

= exp{mk*21?) / ” 0.5{1 4 cos(2mkz + 2mwkix)}p(x)dx
— cos?(mkz)

= 0.5 exp{m*k*A*} [1 + cos(2kz) exp{—2m*k*1*}]
—0.5[1 4+ cos(2mkz)]

=0.5 [exp{nzkzkz} - cos(271kz)] [1 — exp{—m2k*2%}]

< 72232 exp{nzkzkz} .

O

Lemma 4.2 LetA > 0 be fixed and leQy ;. be defined by3.9). Then for
everyz € [—1, 1]

N
EQNi(z+AE) =co+ Z ¢ cos(mkz)
k=1

VarQy ;. (z + A€) < k222 exp{m*N222} log* (N + 1) .

withk <2/m.

Proof. The first statement follows from the definition of O ; by Lemma4.1.
Now,

o [Varv . (z + 28],
1

N
[VarQy 5(z + 28] <
k=

so that by Lemma 4.1

N
[VarQuy 1 (z + k%)]l/z < Z ek exp{m?k?r?/2}
k=1

N
<mA exp{n2N2k2/2} Z kcy
k=1
< 2am lexp{m?N2r%/2} log(N + 1) ,

as claimed. O
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Lemma 4.3 Letc, k =0, 1, ... be given by3.10). Then for everyy > 1
and allz € [—1, 1] one has

N
lz] — co — ch cos(mkz)| < kaN7!
k=1

with k, = 272,

Proof. By origin of ¢, we have for |z| < 1

o0
lz| = co + ch cos(rkz)

k=1
and therefore
al > 1S 4
|z] — co — ch cos(mkz)| < Z cx < 3 Z )2 <27 2N"!
k=1 k=N+1 k=N+1
as required. O

We are ready to prove the upper bound from Theorem 2.1. Consider
decomposition (3.5) of the kernel estimate f;,(¢) with & given by (3.6).
Note first that the inclusion f € X (B, L) by standard reasons (see, e.g.,
Ibragimov and Khasminski (1979), Section 4.4, p. 317) implies that

| fu(0) = f(O)] < wsLh? (4.2)

with k3 depending on 8 and the kernels K, Ky only. Since /4 is small for
large n, from (4.2) combined with the fact that || f||.c < 0 < 1 we conclude
that for all large values of n for all f € ¥,(8, L) one has |f;,(¢)| < 1.
In what follows we assume that n is so large that the latter assumption is
satisfied.

Let

Ya(t) = O, (fu(0))

so that fn = fol ¥, (t)dt. In view of decomposition (3.5) and by Lemma 4.2
as applied with z = f;,(¢) it holds

N
Eya(t) =co+ Y _ cpcos(rkfi (1)) .
k=1

Applying Lemma 4.3 with z = f;,(¢) and A = X;, and taking into account
(4.2), we get
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|E yu(t) — F(O] < |E yu(®) — fu] + 1 fu(®) — fF@)] < koN~" + k3 LhP

and hence

1 1
‘Ef Vn(t)dt - ”f”l =< / |Eyn(t) - f(t)l =< ’52]\771 +K3Lhﬂ .
0 0

Now let us bound the variance of the estimator f,, _ _
The definition of ﬁ (#) and the condition (K .1) yield that f},(¢) and f,(¢")
are independent random variables when |t — ¢'| > 2h. Let CovEE’ means
the covariance E(§ — E &)(§' — E&’) between two random variables &, &’.
Using the Cauchy-Schwarz inequality, we get
Cov(yu(1). yu(t")) < [Vary, (t)Vary, (t)]"* 1(1t — 1’| < 2h)

< 0.5 (Vary, (1) + Vary,(t)) 1(jt — '| <2h) .

This gives

1
VarF,, = Var (/ Vi (t)dt)
0

1 1
= f / Cov(ya (1), yu(t"))dt dt’
0 0
1 1
50.5] / (Vary, (1) + Vary, (1)) 1(jt — t'| < 2h)dr dt’
0 0

1
< 4h/ Vary, (t)dt . 4.3)
0
Applying further Lemma 4.2 and recalling the origin of Aj, we get
VarF, < «{4|K|>n~" exp{m®N?| K |*/(nh)} log*(N + 1) .
Now,
E|F, = fli| <E|EF, - flh| + E|F. — EF,|
-~ ~11/2
< E|EF, = |fli| +[VarF,]
<ioN~' + i3 LhP

T N?|K|?

+ 2k || K ||[n " ? log(N + 1) exp
2nh

} . (4.4
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Substituting z, N given by (3.6), (3.7) respectively, we see that foralln > k4
it holds

N2 IK|I?

i <alogn

with certain constant « < 1/(48 + 2). Therefore for all large enough values
of n the exponent in (4.4) can be bounded as

exp{n2N2”K”2/(2nh)} < nl/(4ﬁ+2) ;

with this bound, (4.4) implies (2.2).

4.2. Proof of the upper bound in Theorem 2.3

First we study the behavior of the estimator 6,1 of ®,.(f),see (3.11).

Lemma 4.4 Let f;,(¢) be given by3.6). Then

1
E®, =/ Fryde = 1 £l
0

= —1 2r—2 2r—2
Var®, < ign~" max {A; 2, [ full3 23}

wherex, depends only on and the kernek .

Proof. Observe first that for every two pair of independent .4 (0, A%) random
variables &, &’ and for every polynomial p(-) on the complex plane C one
has

E(p(z+§+i&")) =pk), zeC, 4.5)

i being the imaginary unit. Indeed, our expectation can be rewritten as
the mean value, over certain probability distribution on the ray {R > 0},
of the means % f027f p(z+ Rexp{ip}) do; all latter means are equal to p(z)
(the Cauchy Theorem on the integral representation of an analytic function).

Combining (4.5) and decomposition (3.5) of the kernel estimate f;(¢)
we get

1 1
Ean=E/0 E; (fh(t)+KhSh(t)+i)»h5)rdt=/0 Jr@®dt . (4.6)

which is the first assertion of Lemma.
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Let
Ya(t) = Ec(fa(t) + i28)

by (4.6) we have Ey,(t) = | f(t)|". Using (3.5) once more, we get

Ya(®) — Eyu(t) = E¢ (f(t) + 2&n(t) +idp8)" — | fu(@I
= Z <]) 1 @OM Ee Ounbn(t) +irp§)
=1

whence

,

2j-2 r—27

Vary, (1) < A Y a1 fu)
j=1

with some positive numbers a; depending on r only (we have used the
fact that for two independent .4°(0, 1) random variables &, £” one has
E [(5/ +iE" (E+ is”)k] = 0 when j # k, 7 being the complex conju-
gate of z; to get this relation, it suffices to pass to integration in the polar
coordinates, cf. (4.5)).

By exactly the same reasons which led us to (4.3) we have

1
Var®, < 4h/ Vary, (t)dt
0

whence
Var®, <4hi; / a0 Y dr
=170
_ 2j-2 2r—2j
<AIKIPn" Y aing Al
j=1
which clearly implies the second assertion of Lemma. O

Lemma 4.5 There exists a constart depending only om and on the
kernelskK, K+ such that

2r—2 —1+1 —1 —1
I fall3 =5 < ksh™ VA1 Al

Proof. Applying the Minkovski inequality, we get



On estimation of the L, norm 235

I _
/f(u)h1K<t ”)du
A I
1 ;
< (/ If(u)l’du>
0

1 r
X (h/ K (Rt —w) |7 du>
0

—1+1 -1
= iksh™ VTN £

r—1

@O =

A

where «s depends on r and the kernels K, K only. Consequently,
1
1513 = [ 1A0r2ar
0

1
< sesh~ U pp / oo di
0

—1+1 —1 -1
< wksh™ A1

the concluding < being given by the Jensen inequality. O

Now we are ready to complete the proof of the theorem. Denote
1-1/r

0n = LT 3T (4.7)

Then g, is exactly the convergence rate mentioned in the theorem; note that
by (3.13) one has g, = Lh?.
Recall that the Holder smoothness constraint implies the bound

If = full- < 1LAP = k304 (4.8)

whence || full, < | fll; + x30,. Consider separately the cases of || f|, <
2630, and of [| £, > 230, If [| fll, < 230, then

E|F, — |l fll-] < E|Ful + 2k30n

< (E®)V® 42130,

]1/(2r)

< [Var®, + (E ®,)*] """ + 2i30,

< (Var®,)"/® 4 (E )" + 2k30, .
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It is easily seen that for n > k4 one has o, < Ai = ||K||?/(nh). Using
Lemma 4.4, we come to the bound

1/Q2r)

rclEFy — £ 111 < (ksn ™' 22727 1 fulls + 26300

< (ksn 222 LTI + k300] + 26300

)1/(2r)

—142r-2
< (KSI’I Aj + K60 -

Substituting A, = (nh)~"2 in the expression for 4 from (3.13), and using
the bound (4.8), we get the desired risk bound.

It remains to consider the case of || f||, > 2k30,. In this case from (4.8)
it follows that || fll, >[I fll» — k300 = k30, Whence

E|Fn - ||f||r| = E|Fn - ||fh||r| +K3Qn

_ EIF; — 1Al
ILfullr ™!
E|q>n - E q>n|
T
Il il
B \1/2
- (Var<I>,:z1
Il fn I

Combining Lemma 4.4 and (4.8), we get

+ K30n
+ K30n

+ K305 -

(Varasn)l/z < K6n—1/2 ()\2—1 + h—(r—l)/(Zr)”fh”;—l)
and we end up with
E|F, = £ I:] < wen™ 2 (1 0 + h77V@0) f i,

Recalling that A, = ||K||?/(nh) and substituting the expression for &, we
come to the desired risk bound.

4.3. Proof of the lower bound in Theorem 2.3

The problem under consideration is rather special, and the standard tech-
niques for establishing lower bounds in the problems of estimating the value
of a functional (e.g., the one of “the hardest single-parametric subfamily™)
seemingly do not work. The reason is that the functional || f||,, » being an
even integer, is “nearly smooth” — it looses smoothness at the unique point
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f = 0. Note that the value of an “actually smooth” functional can be es-
timated with the parametric convergence rate O (n~'/?), while our goal is
to establish a kind of nonparametric lower bound. To this end we intend
to build a pair of “high-dimensional” distributions concentrated each near
its own small “r-sphere” {f € Z,(B,L) | | fll: = R}, R = R, Ry, in
such a way that the Kullback distance between the distributions is small, so
that they cannot be distinguished reliably from the observations. Ensuring
this property, we can use the standard arguments to demonstrate that the
minimax risk in our problem of estimating || - ||, is (at least) O(|R; — R»]).
Our first step is to replace the nonparametric set X, (8, L) with its prop-
erly chosen parametric subset where the aforementioned distributions will
be concentrated. Let us fix a function g € X (8, 1) vanishing outside the
interval [0, 1] and such that | g||>(r)dt = [ g* > 0. Note that by evident
reasons all functions of the form Lb~Pg(a + bt) with b > 1 belong to
¥,(B, L), provided that b is greater than a constant depending on @ only.
Let us set

N = (L7

4.9
b N1 4.9)

note that our new values of N, & differ from those used in the construction
of the estimators F,,.

Now let # = {I;, i = 1,..., N} be the partition of the interval [0, 1]
into N = h~! subintervals I, ..., Iy of length & each, and let #; be the
left endpoint of subinterval [;. With a point 8 = (6, ..., 6y) from the

N-dimensional cube By = [—1, 1]V we associate the function

N
fo) =LY 6ihPeg((t — 1)/ h)

i=1

Assuming n large enough, for all & € By we have fy € ¥,(8, L) and

N
r— 1t
i = o [ e ()
i=1

I;
= (LIgl-h"F.®)" (4.10)

r

dt

where

| N 1/r
F,(0) = (ﬁ > |9,»|’) : (4.11)
i=1

Fori =1,..., N let
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Y, =Y’ dX’(1)
IIgII«/_ ( )

where X? is observation (2.1) associated with f = f;. We clearly have
Y; = a(N)Y; + &, i=1,...,N, (4.12)
where
a(N) = Lliglln'/*hP*12 = L|jg||n'2N=F=1/2
(4.13)

dW (¢
IIgllx/_ < ) “-
Clearly £ = (&, ..., &y) is a collection of independent .4#°(0, 1) random
variables. It is also straightforward to see that the set of statistics Y;,i =
1, ..., nissufficient for the parametric submodel (with f € =V = {fy, 0 €
By}). Therefore, when restricting f to belong to =V and setting 5; =
a(N)G;,i = 1,..., N, the original “signal + white noise” model (2.1)
becomes the “sequence space” model

Yi=si+&  i=1,...,N, (4.14)

with s = (sq, ..., sy) from the cube Sy = Ba(N) = [—a(N), a(N)]V.
With this transformatlon the original estimation problem (reduced to =V)
becomes the problem of estimating the quantity

| N 1/r
Fy(s) = (ﬁ > |s,-|’>
i=1

(cf. (4.11)) via observations (4.14). Let Z;(N) be the corresponding mini-
max risk:

#,(N) = inf sup E|F — F,(s)| .
F seSy

the infimum being taken over all Borel functions F=F (y) on R" and E;
being the expectation over the observations (4.14) associated with a given s.
Comparing (4.11) and the definition of F, (s) and taking into account (4.10),
we get

#*(n) > Ll\gll,hPa™ (N)Z;(N) = kgy/N/n %, (N) (4.15)

where «, = [Igll-/lIgll-
Now we are going to establish the following
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Proposition 4.1 For all large enough values a¥ one has
As(N) = k70 (N) (4.16)
with «; depending om, 8 only.

Note that the statement of Theorem 2.3 is an immediate consequence of
Proposition 4.1. Indeed, combining (4.16), (4.9), (4.15) and (4.13), we get

B () > krk g/ N na(N) = ki L g|N~F = kg L7 17 n~ 555117
with kg depending on r, 8 only, as claimed in Theorem 2.3.

Proof of Proposition 4.1 is based on the following idea. We introduce two
prior measures [y o and @y, on the parameter set Sy and denote by Py o
and Py ; the corresponding marginal measures on R,

PN,j:/-’LN,j*g’ .]=051’

here & is the distribution of the observation noises & in (4.14). Let also
A (Pn o, Py 1) be the Kullback distance between Py o and Py |

X dP,
A (Pno, Pn,1) = /log (dPNJ)dPN,l )
N0

We will bound the minimax risk from below by the maximum of two
Bayesian risks corresponding to the distributions py ¢ and 1 on the space
Sy of “signals” s. To this end we need the following statement (which can
be obtained from the Fano inequality; we, however, prefer to present a direct
proof).

Lemma 4.6 Let prior measuresty o and uy ; be such that the Kullback
distance# (Py o, Py.1) Satisfies the condition

H'(Pno, Pn1) < Q2 4.17)

with some positiv&. Let® be a function on the parametric s&{, and let
UN,j = / O(s)un, ;j(ds) , (4.18)

d[%/,j = /(d)(s) - UN,j)QMN,j(dS) , 4.19)

for j =0, 1. One has

R(N) = inf sup E;|®—®(s)| = 0.25|vy.0—vn.1le P —max{dy o, dy.1} .
® seS
" (4.20)

the infimum being taken over all estimatorsigf) via observationg4.14).
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Proof. First note that for an arbitrary prior measure p and every estimator
@ of ®(s) via observations (4.14) one has

sup Ey|® — ®(s)| = Ey u|® — O(s)|
SESN

> Enu|® — En  ®(s)| — Ey i |®(s) — En , ®(s)|

> Eyu|® — En ®(s)| —dy i

It follows that
R(N) > O.Si%f {EN,ola —vyol —dyo+ Ena|® —vyi| — dn1}
> O.Si%f {EN,()I@ —unol + EN,1|as - UN,1|}

— max{dy o, dy.1} . 4.21)

Now let us use the well known fact (see e.g. Borovkov (1984, Theorem 2.1,
Chapter 3)) that the maximum likelihood test ?N = 1(dPy.1/dPyNo > 1)
is optimal for testing the hypothesis Hy : P = Py ¢ versus the alternative
Hy : P = Py, (P is the distribution of observations (4.14)) in the sense
that it minimizes the sum of probabilities of errors: for an arbitrary test Ty,

Pyo(Ty = D+Py 1 (Ty =0) = Pyo(Ty = D+Py (Ty =0) . (4.22)

Let Zy = dPy,o/dPy,;. Then ’T\N = 1(Zy < 1) and, since the function
log(z) is concave, using Jensen’s inequality we get

log (Py.o(Ty = 1) + Py 1(Ty = 0))

>log Pno(Zy < 1)
=10g/ZN1(ZN < DdPy,

> f log(Zx)1(l0g(Zx) < 0)d Py,

> —A (Pyo,dPy1) > —S2 . (4.23)

Let now ® be an estimator of @ (s). Consider the following test

Ty = 1D —v,0 > Ay)
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where
Ay = (vn,1 — VN,0)/2
(we assume that vy | > vy o). Applying (4.22) and (4.23), we get

Pyo(Ty = 1)+ Py (Ty =0) > e %

or
Pyo(® —vno > Ay) + Py (@ — vy < —Ay) 2 e 2.
Since
Enol® — vnol + Enal® — vn.1]
> (PN,O(aS —Uyo > Ay) + Py i (® — vy < —AN)) |A|
> 0.5|vy,1 — vyole™ ,
(4.21) implies (4.20). 0

We shall apply Lemma 4.6 to the function ®(s) = N‘l(sf + 4 sy)
and a pair of prior measures py o and py,; with the product structure:

MUN,0 = M(I)V )
UN1 = lev .

We shall build the measures g, 1 on [—a(N), ®(N)] in such a way that
(4.17) holds with some fixed €2, while and the difference |vy | — vy ol is
“large”.

First we note that, for j =0, 1,

N
1
UN,j = ﬁ/ E Isil" an, j(ds) = / |s|" e (ds) = v; (4.24)
i=1

and similarly

1 N
dlz\/,j =N / Z(|Si|2r - U?)MN,j(ds)
i=1

=N [ = ) = N1
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where

v ZfISIer(dS) <’ (N)
(4.25)
@ = [ 5wy — 3 <a¥ )

To bound the Kullback distance between the marginal measures Py o and
Py 1, note that the product structure of model (4.14) and of the priors
Un.0, Uy, altogether imply that

A (Pyo, Pv1) =N / 108(Pyuo (¥)/ Py (V) Puo (¥)dy (4.26)
where, for a finitely supported measure y on the axis,

pu(y)=/<p(y—t)u(dt) ,

e(y) = 27) "' exp{—y*/2}

being the standard Gaussian density on the axis.

Assuming that the priors iy 0 = uf, uy1 = 1t and an Q > 0 satisfy
(4.17) and applying Lemma 4.6, we get the following lower bound on the
risk of an arbitrary estimate ® of @ (s):

sup E,|® — ®(s)| > 0.25|v; — vole % — ' (N)N~'/2 4.27)

SESN

(see 4.25).

Now let us derive from the latter bound a lower bound for the risk %, (N)
of estimating F, (s). Let F be an estimate of F,(s),s € Sy. When bounding
from below the risk of F on Sy, we may assume without loss of generality
that |f(-)| < «(N). Indeed, since |F,(s)| < a(N) for s € Sy, we only
decrease the risk of F at s € Sy when passing from F to the “projected”
estimate w(l’?\(‘)), where

—a(N), 1= —a(N),
v =4t —a(N) <t <a(N),
a(N), t>a(N) .

Let ® = F" be the estimate of ®(s) = F/(s) induced by F. Since |f| <
o (N), we have

E,|® — ®(s)| = E,|F" — F'(s)| < ra’ " (N)E(|F — F.(s)] .
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Applying (4.27), we get
A (N) > (ra’ " (N))7'(0.25]v; — vole™® — o’ (N)N ')

= r'a(N)(0.25¢"(N)|v; — vole = N712) . (4.28)

It is time now to specify our choice of the measures g, 1. Let § be the
distance (in the uniform norm on [—1, 1]) from the function ¢" to the space
L,_; of polynomials of degree < r —2. We claim that there exists a measure
@ on[—1, 1] of variation 2 such thatftlu(dt) =0for/=0,1,...,r—2,
while [ #"u(dt) = 28. The justification of our claim is quite standard. Con-
sider the space C(—1, 1) of continuous real-valued functions on [—1, 1]
(equipped with the uniform norm) along with its finite-dimensional sub-
space L spanned by L,_, and the polynomial ¢". L is a finite-dimensional
linear space equipped with the norm || - || inherited from C(—1, 1),and L, _,
is a linear subspace in L of codimension 1. Let the linear functional v (-)
on L be defined by the requirements that ¢ vanishes on L,_, and is equal
to & at t". Observe that the norm of our functional is 1:

¥ 1l = max{¥(g() | g() € L, llgl =1} =1".

Indeed, if g (-) is the closest to " element of L,_,, then ¥ (t" —g(-)) =68 =
lt" —q(-)|l, so that |||l > 1. On the other hand, assuming that |||, > 1,
we are able to find d € L with ||d|| = 1 and ¥ (d) = ||¥«]| > 1; the vector
t" — (8/||¥]lx)d € L belongs to L,_, (since the value of i at this vector is
0) and is at a smaller than § || - ||-distance from #”, which is impossible.

By the Hahn-Banach Theorem, we can extend the linear functional
from L on the entire C(—1, 1) not increasing the norm of the functional,
and by the Riesz Theorem, the resulting linear functional @ (gonC(—1,1)
can be represented as

1
V() = f 8(Odv()

for a Borel (not necessarily nonnegative) measure v with variation equal to
the norm of v, i.e., to 1.
Setting . = 2v, we get a measure on [—1, 1] of variation 2 such that

1 1
f flu(dt) =0, 1=0,1,...,r =2, / " u(dr) =26 .
—1 ~1
Note that if u possesses the indicated properties, so is the “reflected”” mea-
sure u* (u*(A) = u(—A)) and hence the measure (u + ©*)/2; therefore
@ may be assumed to be symmetric. Let p, —u_ be the positive and the
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negative components of p, respectively. Since u is symmetric with varia-
tion 2 and fll w(dt) = fll tu(dt) = 0, both p . and p_ are symmetric
probability distributions on [—1, 1] such that

1 1
/ tlu+(dt):/ du_@dt), 1=0,1,....,r =2 ;
1 -1 (4.29)

1 1
/ t ey (dr) :/ t"u_(dt) +268 .
-1 —1

Let wo, ;1 be obtained from py by “expanding” associated with the sim-
ilarity transformation which maps [—1, 1] onto [—a(N), a(N)]: uo(A) =
pi (e (N)A), 11(A) = p_(a@~'(N)A), A C [a(N), a(N)]. The quan-
tities vy, v associated with our g, (1 (see (4.24)) clearly satisfy the relation

1
= vy = o () [ 1 ey = 250 ()
-1
and the associated bound (4.28) is

A,(N) > r'a(N)(se ™t = N7V/?) | (4.30)

2 being the Kullback distance between the marginal distributions Py o, Py 1
given by the priors ), 1. All we need is to evaluate €2.

Let us associate with a symmetric probability distribution v on [—1, 1]
and a real o the distribution F¥ on the axis with the density

1 1
pola,y) = f p(y —atv(dt) = ¢(y) f ch(aty) exp{—a’t*/2}v(dt) ,
- B 431)
so that

Puo(y) = pu. (@(N), y), Pu(¥) = pu_(@(N), y) . (4.32)

Note that (4.31) defines function p, (¢, y) for an arbitrary (not necessarily
nonnegative) symmetric measure v on [—1, 1].
Let

H (o) = / log(pu. (o, y)/pu_(ot, ) pu, (a, y)dy (4.33)

be the Kullback distance from p,, (c, -) to p, (a, -). Note that by (4.26)
and (4.32) it holds

Q=A(Pno, Pv1) = NA(puy» Puy) = NA(@(N)) . (4.34)
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Lemma 4.7 The function# («) is C* smooth and it has a zero of order at
least2r at the pointe = 0.

Proof. It is clearly seen that one may differentiate # () arbitrarily many
times and that

3l ,
A D) = f_oo 3o [log (%) Pu, (@, y)] dy

for all /. Note that
p,”(ot, )’) = p#—(av )’) + plt(“? )’) .

Let us first demonstrate that for all x

alpﬂ(av y)

P =0, [=0,1,...,r—1. (4.35)
o

a=0

)

1

1—i
5 (M) } )
dal—i

1
_ / Hao+ary + -+ ayH ) =0
-1

Indeed, one has

ol

a=0

(we have used (4.29)), as required in (4.35).
According to (4.35), p,(c, y) can be represented in the form

pule,y) =" w(a,y)

with smooth function w(-, -) (which, as it is easily seen, is a summable
function of y). Since ffooo pule, y)dy = 0 for all «, it also is the case for
w(a, y):

/ w(a, y)dy =0, Yo .

x
Now we have

Pu. (@, y) Pu. (@, y) Pu, (@, y)

v being a smooth function of y, «. Hence



246 O. Lepski et al.

#(@) = — / log (M) o, (@, y)dy
-0 Py (a,y)

= O[r / U)(Ol, y)dy + O[zr / U(av )’)pu+ (Ol, )’)dy

o] —00

= Olzr f U(O[, )’)plt+(0" y)dy

o0
and the assertion of Lemma follows.
The result of Lemma 4.7 says that for small positive o one has
A (o) < koo . (4.36)

In particular, for all large enough values of n (and thus — of N) we have

Q= NA(a(N)) [by (4.34)]
< k1oNa? (N) [by (4.36)]
<k N(Ln'2PN=B=1/2)2 [see (4.13)]
< K12 [see (4.9)]

Applying (4.30), we see that for n large enough it holds
As(N) = ki3a(N)

as required in Proposition 4.1. O

4.4. Proof of the lower bound in Theorem 2.2

Here we establish the lower bound from Theorem 2.2 for the case when r is
not an even integer. We follow the line of the proof of the lower bound from
Theorem 2.3; the only difference is in construction of the priors po and .

We start with translating the problem into the “sequence space” model
in exactly the same manner as in Section 4.3, with the only difference that
now we set

N = [(200LIg|)* D (nlogn)"/@#+V ] . (4.37)
Note that with this setup for all large enough values of n one has (see (4.13))

0.01
a(N) = L|gllvnN~F71? < s
J9og N
Relation (4.15) for #*(n) remains valid for our new setup as well, and
the required result is obtained from this relation and a lower bound on

(4.38)
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the worst case, over s € Sy, risk of recovering the functional F,(s) =
(N1 (s7+---+ sjr\,))l/’ via observations (4.14). The latter bound is given
by the following statement (which now plays the role of Proposition 4.1):

Proposition 4.2 For all large enough values of one has
Z,(N) = inf sup E,|F — F,(s)| = ko(log N) "a(N) (4.39)
F SGSN

wherexy > 0 depends om and S only.

Postponing for the moment proof of Proposition, let us derive from this
statement Theorem 2.2. Indeed, we have

R*(n) = kga/N/nRs(N) [by (4.15)]
> Kkokgn/N /n(log N)"a(N) [by (4.39)]
> k1oL |gIN P (log N)~" [by (4.13)]

> i1 LY/ @D (nlog n) ~#/F+D (log n) " [by (4.37)]

with x1; depending on 8, r only, as required in Theorem 2.2.

Proof of Proposition 4.2 This differs from the one of Proposition 4.1 only

in how we define the measures (1. Let 2 be the space of polynomials of de-

gree < k, and let § (k) be the distance (in the uniform norm on [—1, 1]) from

the function |¢|" to the space 2. It is known (see, e.g., Timan A.F., Theory
of approximation of functions of real variab®oscow, 1960, p. 430) that

if k is a nonnegative integer, then

§(k) = K10k,
with k19 > 0 depending on r only. Let us set
k(N) = [logN| ,

with N given by (4.37); we assume 7 to be so large that N > 3. Same as
in the proof of Proposition 4.1, for our N there exists a symmetric measure
iy on [—1, 1] with variation 2 such that

1
/ tfund) =0, 1=0,1,...,2k(N) ,
-1 (4.40)

1
f 11" wn (dt) = 28(k(N)) = 2k10k™"(N)
-1
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and the positive and the negative components, (4, — (Uy = Uy — U—)
are symmetric probability distributions on [—1, 1].

Same as in Section 4.3, we define the measures g and @; on [—a(N),
a(N)] “expanding” the measures (4, thus coming to a pair of symmetric
probability distributions g, 1 on [—a(N), a(N)] satisfying the relations

a(N) a(N)
f fo(dr) = / dudn,  1=0,1,....2k(N) ;
—e (V) —e (V) (4.41)

a(N) a(N)
/ 11 po(dt) = / 11 11 (d1) + 28 k(N (N)
—a(N) —a(N)

Setting puno = Mév, UN1 = u{v and denoting by Py, Py,1 the marginal
distributions of observations (4.14) associated with the priors uw 0, Un.1,
we, same as in the proof of the lower bound in Theorem 2.3, come to the
inequality (cf. (4.30))

Rs(N) = r'a(N) (0.258(k(N))e ™ — N~'/2) | (4.42)

where €2 is the Kullback distance between the distributions Py g, Py 1:

Q=A(Pno, Pv1) = NAX(x(N)) ,

o (4.43)
H () = / log(pp, (o, y)/pu_(a, y)) pu, (@, y)dy

o0

with p,(«, -) given by (4.31).
For T > 0, let us set

Hr() = / log(pu, (o0, ¥)/pu_(ot, Y)) P, (a, y)dy . (4.44)
IYI=T
Lemma 4.8 For everyT > 0
d'x
dAr(@) —0,1=0,...,2k(N) .
do! a=0

Proof. We have
r p,u.(a’ )’)
%r(a)=/ log{ 1+ ———= ) pu_(a, y)dy ,
-T pu,, ((X, )’)

and the result is readily given by (4.35) (in view of the first relation in
(4.41), equality (4.35) is now valid for/ = 0, 1, ..., 2k(NN), see the proof
of (4.35)). O

The remaining part of the required information on #7(-) is given by
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Lemma 4.9 For everyT > 20 and alle € [—1, 1], one has
A (a) < exp{—(T — D2} + # () . (4.45)

The functionz'7(«) can be extended analytically into the cirdle| <
(107)~!, and in this circle

| A ()| =2/3 .

Proof. We clearly have

H () = A'r(a) + Rr(py, uo)

Rr(v,v") =f log(py (o, y)/pv (e, y))po(a, y)dy
lyl>T

v, v’ being probability distributions on [—1, 1]. Now, R7 (v, v') is a convex
functional of probability distributions v, v’; therefore its supremum, over all
pairs (even non-symmetric) probability distributions on [—1, 1] is the same
as its supremum over the set P2 of pairs of distributions on the same segment
with singleton supports. Indeed, every probability distribution v on [—1, 1]
can be approximated by a sequence {v;} of discrete distributions with finite
supports in the sense that [ g(x)v;(dx) — [ g(x)v(dx) for every continu-
ouson [—1, 1] function g. From this observation and the fact that Ry, as itis
easily seen, is lower semicontinuous (in fact even continuous) with respect
to the weak topology on the set P2 of pairs of probability distributions on
[—1, 1] we conclude that sup,, . p> Ry (v, V') = sup, ,np2 Rr (v, V'), P2
being the set of pairs of disrc):(rvé‘tjgi;obability distriblligi)gn)se Ic);ln [—1,1] witill
finite supports. Finally, every pair (v, V') € P7 is a convex combination of
pairs from P?2; since Ry is convex, its supremum over P; is the same as
the one over P}, whence sup,, ,,cp2 Rr(v, V) = Sup(, ,yep2 R (v, V'), as
claimed.

Now consider a pair of distributions (v4, v_) € Psz; let v; be concen-
trated at a point ¢ and v_ be concentrated at a point t (¢, 7 € [—1, 1]). In
this case we have

2 _ 2
Ry (v, v,):/ [_(y an” (v —ar) }
¥I>-T

2 2

(v —az)2} 1
2 V2

[a(t — )y +o?(t — 1) /2] p(y)dy

X exp{— dy

/{y<—T—at}U{y>T—at}
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= a(t — 1)(21) 2 [exp{—(T — at)?/2}
— exp{—(T +at)*/2}]
+202m) Y20 (t — T — D) Texp{—(T — 1)?/2}
< @n)"22+8(T — D™ exp{—(T — 1)*/2)
< exp(—(T — D*/2}

(we have taken into account that 7 > 20). Thus,

sup Ry (v,v") = sup Rr(v,v) < exp{—(T — 1)2/2} ,
p2 P2
and (4.45) follows.

Let us now look at the function #'y. Let y be a real with |y| < T,
and let ¢ be a real with |t| < 1. The absolute value of the derivative of
the function g(a) = exp{—a?t?/2}ch(aty) in the circle |a| < z < 1
clearly does not exceed (T + 1) exp{zT +z*/2}, and therefore |g(a) — 1| =
lg(a) — g(0)] < (zT + z) exp{zT + z>/2} in this circle. It follows that in
the circle || < z = (10T)~" we have

1
‘ / exp{—a’t?/2)ch(aty)v(dt) — 1‘
-1
< (zT + z2) exp{zT + z2/2} < 1/5exp{0.105} < 1/4 ,

both for v = w4 and for v = p_. Consequently, for the indicated z and
|| < z we have

‘pl.l.+(a’ y) _1

1/3 .
Pu_(a, y) ‘S /

We see that if y is real and |y| < T, then the function log(p,. (&, ¥)/p,._
(o, y)), regarded as a function of «, can be extended analytically from the
segment |o| < dy = (10T)~! of the real axis onto the circle |«| < dr in
the complex plane, and the absolute value of the extended function in this
circle does not exceed the quantity
1 1\"
dYo—(5) =1logB/2) .
m \3

m=1

By the same reasons, for real y with |y| < T and every « from the circle
|| < dr wehave |p, (o, y)| < 5/4¢(y), and we see that # "7 is an analytic
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functionin the circle || < dr with absolute value in the circle not exceeding
5/4log3/2 <2/3.

According to Lemma4.9, # 7 («) is an analytic function of « in the circle
lo| < dy = (10T)~! which is bounded in absolute value in this circle by
2/3; according to Lemma 4.7, 2# 1 (o) has zero of order at least 2k(N) + 1
at the origin, and since the function is even, the order of this zero is at least
2k(N) + 2. Consequently, the function d%k(NHz K7 (o)o=2MN=2 g analytic
in the circle |a| < dr and therefore the maximum of its absolute value in
the circle is equal to the one on the boundary of the circle, i.e., it does not
exceed 2/3. We conclude that

2 o2k N)+2

Hr(o) < gm, —dr <o <dr . (4.46)
T

Now let us set

T=T(N)=1+2logN

and let us look what (4.46) with this 7" implies for « = «(N). In view of
(4.38) for large enough values of n we have

a(N)

T(N)

= 10T (N)a(N) < 0.2 < exp{—1} ,

so that (4.46) indeed is applicable to ¢ = «(N) and results in
A1 (@(N)) < exp{—2k(N) =2} < N7
(see (4.4)). Applying (4.45) with« = a(N), T = T (N), we therefore get
H(@(N)) < N2 +exp{—(T(N) = 1)’/2} < N>+ N7,
so that (see (4.43))
Q=N#(N)<1+N".

The latter relation, in view of (4.42), (4.4) and the lower bound for § (k(N))
from (4.41), implies (4.39). Proposition 4.2 is proved. O

References

1. Birgé, L., Massart, P.: Estimation of integral functionals of a density. Ann. Statist. 23,
11-29 (1995)

2. Bickel, P.J., Ritov, Y.: Estimating integrated squared density derivatives: sharp best order
of convergence estimates. Sankhya, 50, 381-393 (1988)



252

O. Lepski et al.

Donoho, D.L., Nussbaum, M.: Minimax quadratic estimation of a quadratic functional.
J. Complexity, 6, 290-323 (1990)

Donoho, D.L., Liu, R.C.: Geometrizing rate of convergence, III. Ann. Statist. 19, 668—
701 (1991)

Efroimovich, S., Low, M.: On Bickel and Ritov’s conjecture about adaptive estimation
of the integral of the square of density derivative. Ann. Statist. 24, 682-686 (1996)

6. Fan, J.: On the estimation of quadratic functionals. Ann. Statist., 19, 1273-1294 (1991)

10.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

Hall, P., Marron, J.S.: Estimation of integrated squared density derivatives. Statist. and

Prob. Letters, 6, 109-115 (1987)

Khasminski, R., Ibragimov, I.: On the nonparametric estimation of functionals. In Pro-

ceedings of the Second Prague Symp. on Asymptotic Statistics (P. Mandl and M.

Huskova eds.) North-Holland, Amsterdam, 41-51 (1979)

Ibragimov, 1., Khasminski, R.: Asymptotic Estimation Theory. (in Russian). Nauka.

Moscow. English translation: Statistical Estimation: Asymptotic Theory. (1981) Springer.
Berlin, Heidelberg, New York (1979)

Khasminski, R., Ibragimov, I.: Some estimation problems for stochastic differential

equations. Lecture Notes Control Inform. Sci. Springer, New York. 25, 1-12 (1980)

. Ibragimov, I.A., Khasminski, R.: On the estimation of distribution density. Zap. Nauch.

Sem. LOMLI, 98, 61-85 (1980)

Ibragimov, 1., Nemirovski, A., Khasminski, R.: Some problems on nonparametric esti-
mation in Gaussian white noise. Theory Probab. Appl., 31 391-406 (1986)
Ibragimov, I., Khasminski, R.: Estimation of linear functionals in Gaussian noise. The-
ory Probab. Appl., 32 30-39 (1987)

Ibragimov, I., Khasminski, R.: Asymptotic normal families of distributions and effective
estimation. Ann. Statist., 19, 1681-1724 (1991)

Ingster, Yu.l.: Minimax nonparametric detection of signals in white Gaussian noise.
Problems Inform. Transmission, 18, 130 — 140 (1982)

Ingster, Yu.l.: Asymptotically minimax hypothesis testing for nonparametric alterna-
tives. I-1II. Math. Methods of Statist. 2, (1993) 85— 114, 3, (1993) 171 — 189, 4, (1993)
249 - 268 (1993)

Kerkyacharian, J., Picard, D.: Estimating nonquadratic functionals of a density using
Haar basis. Ann: Statist., 24, 485-508 (1996)

Korostelev, A.P.: On the accuracy of estimation of non-smooth functionals of regression.
Theory Probab. Appl., 35, 768-770 (1990)

Korostelev, A.P., Tsybakov, A.B.: Minimax Theory of Image Reconstruction. Lecture
Notes in Statist. Springer, New York (1994)

Koshevnik, Yu., Levit, B. Ya.: On a nonparametric analogue of the information matrix.
Theory Probab. Appl., 21, 738-753 (1976)

Laurent, B.: Efficient estimation of integral functionals of a density. Ann: Statist., 24,
659-682 (1996)

Lehmann, E.L.: Testing Statistical Hypothesis Wiley, New York (1959)

Lepski, O., Spokoiny, V.: Minimax nonparametric hypothesis testing: the case of an
inhomogeneous alternative. Bernoulli, to appear (1998)

Levit, B.Ya.: On optimality of some statistical estimates. In Proceedings of the Prague
Symp. on Asymptotic Statistics (J. Hajek, ed.) Univ. Karlova, Prague. 2,215-238 (1974)
Levit, B.Ya.: Efficiency of a class of nonparametric estimates. Theory Probab. Appl.,
20, 738-754 (1975)



On estimation of the L, norm 253

26. Levit, B.Ya.: Asymptotically efficient estimation of nonlinear functionals. Problems
info. Transmission, 14, 65-72 (1978)

27. Spokoiny, V.: Adaptive hypothesis testing using wavelets. Annals of Statistics, 26, 2477—
2498 (1996)



