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Abstract. We study the continuous time integer valued process X,, ¢t > 0, which jumps to
each of its two nearest neighbors at the rate of one plus the total time the process has pre-
viously spent at that neighbor. We show that the proportion of the time before ¢ which this
process spends atintegers j converges to positive random variables V;, which sum to one, and
whose joint distribution is explicitly described. We also show lim,_, ., maxo<,<, X,/ logt =
2.768...

1. Introduction

This paper introduces and studies a continuous time right-continuous integer val-
ued stochastic process which jumps only to nearest neighbors. We call this process,
which was conceived by W. Werner, a vertex-reinforced jump process (VRIP)
and for now designate it by X;, r > 0. Given {X;,s < t, X; = j} and putting
A=1 —}—fot I(Xs=j—1dsand B =1+ [j I(X; = j + 1)ds, the probability
ofajumpto j — 1 (j + 1) atatime in (¢, f 4+ k] equals Ah + o(h) (respectively
Bh + o(h)), where both o(h) depend only on A and B. Thus the time elapsed after
¢ until the first jump from j has an exponential distribution with rate A + B, and
the probability the jump isto j — 1 is A/(A 4+ B). This determines VRIP in the
sense that the generator determines a Markov process, even though a VRJP is not
a Markov process, and as with Markov processes an initial distribution needs to
be specified to complete its description. It is easy to construct VRIJP, started, say,
at 0 from a sequence of i.i.d. exponential random variables of parameter 1. Other
graphs may be considered, but in this paper we will stick to the integers. We note
that the first use of exponential variables in connection with (discrete time) rein-
forced processes was made by Herman Rubin to couple a generalized Pélya urn
with a pure birth process (see Davis [3] and Sellke [8]).
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Of the discrete time reinforced random walks studied in the literature, the two
that seem most fundamental are the bond-reinforced random walk first studied
by Coppersmith and Diaconis in [2], the paper which originated the subject, and
the vertex-reinforced random walk first studied by Pemantle in [6], and later by
Pemantle and Volkov [7] and Volkov [10].

The Coppersmith-Diaconis walk on the integers starts with weight one on all
the “bonds” (i, i + 1), and between times n and n + 1 jumps to one of the two
nearest neighbors with probabilities summing to 1 and proportional to the weights
of the bonds connecting the current state with these neighbors. After a jump from i
toj (j =i—1ori+1),the weight of bond (i, j) is increased by one. Coppersmith
and Diaconis observed that these walks could be realized as coupled Pélya urns.
This approach proves almost sure recurrence on VA (see Davis [3]), which here
and elsewhere in this paper will mean that every integer is almost surely visited at
arbitrarily large times. Later, in a series of intricate papers, a remarkably complete
description of the limiting behavior of this and many related bond-reinforced walks
was provided by Téth (see [9]). Scaled properly (not /7, in the Coppersmith-Diac-
onis case) they converge to various previously unknown processes, some of them
quite wild. Pemantle’s vertex-reinforced random walk on the integers is the ver-
tex-reinforced analog of the walk just described. Each integer initially has weight
one, and this weight is augmented by one each time it is visited. This process
jumps to one of its two nearest neighbors between times n and n + 1, the relative
weights of the neighbors giving the probabilities of the jumps. Not only is this walk
not recurrent, but it was also proved in Pemantle and Volkov [7] that it eventually
gets stuck on a finite set of points, and with a positive probability in exactly five
states! This paragraph only scratches the surface of the subject of discrete time
reinforced walks. See Davis [4], Pemantle and Volkov [7], and Téth [9] for more,
including references to papers in biology and learning theory which use discrete
time reinforced walks as models, and a discussion of some processes which are
limits of reinforced walks which arose in other areas of probability. Both the walks
described above, and VRIJPs, are close in spirit to Pélya urns, although only for
the Coppersmith-Diaconis walk is the connection explicit. Reinforced Brownian
motions have also been studied. See [1] for references.

This paper began as an attempt to decide whether VRJP on the integers is re-
current. It is fairly easy to show that it does not get stuck in a finite number of
states, but to show recurrence is a different matter. In the following two theorems
X;,t > 0, will stand for VRJIP on the integers started at 0. We omit the qualification
a.s. when it clearly must hold.

Theorem 1.1. The limits V; := lim;_, % fot I (X = i)ds exist for each integer
i, and are positive and sum to 1. There are i.i.d. random variables U;, 0 < i < 0o
or —o0 < i < 0, each having the density f,(x) given by
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such that if we put W; equal to ]_[;;:1 U ifi > 0, equal to ]_[k_:]l Ur ifi <0, and
equal to 1 ifi =0, then V; = W;/ Y22 Wi

Theorem 1.2. Leta = 0.36. ... be the number explicitly given in equation (5.46).
Then lim,_, oo Maxg<s<; Xs/logt = a~! ~ 2.77.

Of course, symmetry gives the analog of Theorem 1.2 for minimum. Thus
VRRW on the integers started at 0 has range approximately a centered interval, for
all large ¢. Each of the two theorems just stated immediately implies that VRJPs
are recurrent.

2. Vertex-reinforced jump processes on {0, 1}

In exact analogy to the definition of X;, ¢ > 0, in the previous section, we can and
do define vertex-reinforced jump processes Y on any connected locally-finite graph,
with the initial weight of each vertex v a positive number a,,, perhaps different from
one, so that the weight of v at time ¢ is here L (¢, v) := a, + fot I(Yy =v)ds. We
still call such a process a vertex-reinforced jump process (VRIP).

In this section, we study only VRJP on {0, 1} started at 0, with initial weight a
at zero and b at one, and we use Z;, t > 0 to designate these processes. Where it
might be ambiguous which initial weights we are dealing with on {0, 1}, we will use
a, b as a superscript. The initial position is always 0 unless explicitly mentioned.
Especially P%? and E ** refer only to VRIJP started at 0. At times we will need to
consider random initial weights, and we will use a similar convention.

We now recall some classical results about discrete parameter martingales. Let
f1, f2, ... be a martingale with difference sequence di = f1,d; = fi — fi—1,
i > 1. Doob’s maximal inequalities ( [5] (p. 308)) say

P p
E (SUp|fn|> < (ﬁ) sup E|fu”, p > 1. 2.1

n>1 - n>1

If E fn2 < oo foreachn, thend;,i > 1, is an orthogonal series and thus E (fj,+x —
f)? = Z:’if 1 Ediz. In addition, the almost sure convergence of L2-bounded

and thus L'-bounded martingales, together with the fact that f,,;, i > 0, is a
martingale for each i, give with (2.1)

E sup(futk — foo)? = E supl(fusk — fu) — lim (fuix — fu)]?
k>0 k>0 k—o00

< Edsup|fusx — ful> <16 Ed;
k=0 k>0
=16 lim E (fusx — fu)*. (2.2)
k—o00

if sup,, Efn2 < 00, where f :=lim;_, o fi.

In the proof of the following lemma, and throughout the paper, we adopt the
usual convention that C, K etc. often stand for positive constants which may change
from line to line.



284 B. Davis, S. Volkov

Lemma 2.1. Let f1, fo,... fn be a martingale with differences d, ds, ..., d,
satisfying
max E (d;-‘|di, i< j) =y < 00, 2.3)

1<j<n

and let ¢ > 0. Then there is a constant K = K (y, €) such that

K
P( max |fil > en) < —.
1<j<n n

Proof. This proof, which is probably known, is a close cousin to the standard proof
of complete convergence of averages of i.i.d. variables with finite fourth moments.

. . 4,

We divide the n* terms of the expansion for (Z?:l di) into four groups, accord-
ing to the power to which the d; of the greatest i in that term is raised, and then
rearrange the sums of the terms in the groups.

So £ = (X di)" = (1) + (1) + (1) + (IV), where
3

n i—1
(=4 di|Y dj| .
i=1 j=1
n
an =6y d (> d;| .
i=1
n
arn =4 "d’ (> d; .

i=1 j=1

(avy=> d'
i=1

Now Ed,-(zj.;ll dj)® = E[EW;|dj, j <i)(}Xdj)*l=E0=0,s0 E(]) =
0. And by (2.3), E(d?|di,i < k) < C(y) = C, s0 Edl?(zlj;l1 dj)? =
EEW?|d;, j <)X dp)*) < CE(Xd)* < Ci —1) < Cn, and so we
get E(I1) < Cn?. ,

Since E(|d,'|3 |d;, j <i) < C(y) = Cby(2.3) wesimilarly get Edl.3 Z’j;lldj
<CE| le_:ll djl < CIE(dpA"/? = Cn'/? and so E(I11) < Cn’/2.

Finally, (2.3) implies Ea’f < C,andso E(IV) < Cn.

Thus E f,f < Cn?, which together with the p = 4 case of (2.1) and Markov’s
inequality, gives Lemma 2.1. I

We recall that, to keep our notation brief, all VRJPs on {0, 1} considered in this
section are started at 0. We put
&) =inf{s : L(s,0) =1},

so that under P*?, we have &(a) = 0.
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Lemma 2.2. Forallt > a, E“"L(&(1), 1) = 1.

a

A proof of this lemma is given via Laplace transforms in the appendix. We now
sketch a different proof.

Proof of Lemma 2.2. We will show that y(¢) := E ”’bL(E (1), 1) satisfies the differ-
ential equation y’ = y/¢. Since y(a)=b, this implies Lemma 2.2. If A is a positive
number, L(§(t + A), 1) — L(&(¢), 1) is the time spent at 1 while the local time at
0 increases from ¢ to t + A. The probability of a jump from O to 1 in this time
interval, given L(£(¢), 1), is L(£(¢), 1)A 4+ 0o(A) as A — 0, and the duration of
the excursion to 1 between the times ¢ and ¢ + A resulting from this jump has an
exponential distribution with rate ¢

lim ELEC+A), D) —ELE®),) ELE®,D
A—0 A o t ’

and our differential equation is satisfied. It takes a little more work to show that
the expectation of the sum of the durations of all the excursions beyond the first is
o(A). This argument is omitted. 0O

a.b . .
We put m; = m?’b = w, if t > a, where the superscript means that we

are studying L(&(z), 1)/t under P42,

Corollary 2.3. The process m;, t > a, is a martingale with respect to its own
filtration.

Proof. This is immediate from Lemma 2.2 and the fact that given Z;, 0 < s <

&(t), the process Zy, y > 0, has the same distribution as VRJP on {0, 1} under
pt.LE®.D O

. . a.b
Corollary 2.4. Both the limits hmtﬁoom?’b, and hmtﬁooéa‘b—g’é; almost surely
exist and are equal and positive.

Proof. Note that the right continuity of the paths of Z;, t > 0, gives that if L(z, 0)
=g, then

LE. ) L&D _ . LE®.D _ . LE®. D

=< < 2.4)
N L(t,0) rils N rls r
Thus, since lim;_, oo, €Xists a.s.,
L@, 1)
exists a.s. (2.5)

im ———
=00 Lab(1,0)
To complete the proof we will show that the latter limit is strictly positive by show-

ing that

L“P @, 0)

im ———— exists a.s. 2.6
100 La:b(¢, 1) (2:6)

This is done by noting that if 7 is the time of the first jump to 1, then, conditioned
on {Z;, 0 <t < t}, the distribution of 1 — Z;,, t > 0, (i.e. we just relabel O as
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1 and 1 as 0), has the distribution of Z;, r > 0, under P?%17 so that (2.6) follows
from (2.5). 0

Our treatment of the following lemma parallels that of Lemma 2.2; it is proved
in the appendix, and a different proof is sketched in this section.

Lemma 2.5. Forallr > a

b2
B L), P = -2+ 2 ED2
a

a3

Proof. We have L(€(r+dr), 1) = L(&(r), 1)+vn, where v is Bernoulli (L(&(r), 1)
dr) and n is exponential (r), and v and n are independent given L(&(r), 1). Thus,
noting v2 = v, we have

ELEG +dr), 1)? = ELEW), D2+ 2E{LEW), DEW|LEF), 1)1 Ey
+En*EEW?|LE®T), 1)

ELE), D+ % E L), D)2dr + r% ELE@), Ddr

ELER), 1>+ % ELER), )2dr + z—”dr,
r

using Lemma 2.2 in the last line.
Thus E L(£(r), 1)? satisfies y' = 2y + 22, and y(a) = b?, and Lemma 2.5

follows. 0O

Lemma 2.5 immediately gives the L> norm of the martingale m?’b, t>a,lis
finite, since

2
b 2 ab +b b
E“?(m,)” = 2 a2

r>a. 2.7

The continuous version of (2.2) with m, playing the role of f;,, along with (2.7)
give, putting mq, := lim;_, soy,

b
E“? sup(my — moo)? < 16sup E (my — my)* = 16 sup(Em? —m?) < 16—,
s>a s>a s>a ' a
which, together with (2.4), gives
Eab Lt 1) 2<16b 28)
7 su —m . .
o \L(r,0) ") =043

Also, we have,

ab L. |*
Lemma 2.6. E“”sup,., ‘log L(y,O)‘ < C(a,b).
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Proof. Since (logx)* < x2, x > 1, (2.4) together with (2.7) and the continuous

version of (2.1) in the case p = 2 give, if ¥ = max(r, 0),

4
wb Ly, D\ " ab® +b
E“"sup | | log <4 . (2.9)

L(y,0) a’

L(y+7,0)
L(y+t,1)°

y > 0, under P+7.4 and from this and

Let t be the time of the first jump of Z; to 1. Then, given t, the process

y > 0, has the same distribution as ACR))

o L(y,0)° 7 =
(2.9) it is easy to conclude that
4
L(y,0\"
E®b sup (log o )) < C(a,b), (2.10)
)720 L()’,l)

since the interval 0 < y < t is easily handled. Together (2.9) and (2.10) give
Lemma 2.6. 0

We use the superscript I17¢*P | to indicate we are starting VRIP on {0, 1} with
a random initial weight of 1 plus an exponential (1) random variable at one, and
1 at zero, so that the VRJP behaves like VRJP on {0, 1} with initial weights 1 at
both zero and one, started at one, after the first jump to zero. It is easy to conclude
from Lemma 2.6 and the concavity of log x that logm;, t > 0, is a supermartingale
under E 1P satisfying

sup E 1P 1og m, |4 < 0. 2.11)
t>0

Furthermore, we will calculate in the appendix the number o ~ (.36, defined by

o= ENIFPogm .. (2.12)

Now E 1FeP 1160, is non-increasing as ¢ increases, and (2.11) implies this

convergence is dominated, so that

ELMerllogm, | aast — oo. (2.13)

3. VRJP on the nonnegative integers

In this section, Y;, ¢t > 0, exclusively stands for VRIP on {0, 1, 2, .. .} started at O,
with initial weights all 1, and we use LY (¢, k) to denote 1 + fot I1(Yy; = k) ds, often
omitting the superscript. We let 7, = inf{z : Y; = n}. We will need the following,
which is immediate from the construction of VRIJP.

Restriction principle. VRJP observed only at the times when it stays on some
subset of consecutive integers A, behaves the same way as VRJP restricted to the
set A. Moreover, it is independent of either the path VRIJP to the right of A or the
path of VRIJP to the left of A.
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More precisely, let Wy, t > 0, be a VRIP (initial weights are 1) on any set of
consecutive integers, and let A be a subset of consecutive integers of those integers.
Let T = inf{r > 0: W; € A} be a stopping time, and k = Wr € A be the “port
of entry”. Put §4a) = sup{z : fot I(Ws € A)ds = a}. Then (Hy,a > 1) =
(Ws(@),a > 1) is a VRJP on A started at k. If B represents the states to the left or
to the right of A, then Wz ,), a > 0, is independent of Wya ), a > 0.

Lemma 3.1. Ifn > 0, P(T,, < 00) = 1.

Proof. Since Zin[L(t,i) — 1] = ¢, if P(T, < o0) < 1 there must be a j,
0 < j < n, such that P(L(o0, j) = 00, L(00, j + 1) < 00) > 0. Now we use the
restriction principle on {j, j + 1}, together with Corollary 2.4, with j relabeled as
zero and j + 1 relabeled as one, to get a contradiction. 0

Next we observe the following

Lemma 3.2. Let 1 < j < n. Then given L(T,,i), i > j + 1, the distribution of

L(Ty. j)/L(Ty. j + 1) is the distribution of m ;7 " |

Proof. Note that L(T'j 1, j) has the distribution 1+exp 1, while of course L (T y1.j+
1) = 1. The rest of the argument follows from the restriction principle applied
to {j, j + 1}, together with the observation that what happens on excursions of
Y; to the right of j + 1 is not influenced by what happens to Y, while it is on
{0,1,2,...,j+ 1} 0

The following proposition establishes the recurrence of VRJP on non-negative
integers.

Proposition 3.3. Forall j > 0, L(c0, j) = 00 a.s.

Proof. Suppose that P(L (o0, j) < 00) > 0 for some j. Then E1/L (o0, j) > 0.
By restriction principle applied to {j, j + 1, ...}, and Lemma 3.1, this expectation

must be the same for all j > 0.

We claim that E (m,l’l'ire)(pl)_1 < 1 for all t > 0. We know that (see the

appendix)
$ap() = E exp(—am{") = P IEF),
Since f;° exp(—im®?)dx = —L;, we have
ny

1 0
B reet = / D1 1+exp1 (M)A
m; 0

- /Oodx/ooexp(—u)du exp((u 4+ (1 — \/A2/12 4+ 21 + 1))
0 0

< /Oodkfooduexp(l — W+ D2+ 1)
0 0

B /00 exp(l — v2h + D, _
~J V2h+ 1 -

1.
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On the other hand, if P(L (o0, j) < 00) > 0,

E( 1 1 )
L(co,j—=1)  L(o0,))

1 1 .
=E [E (L(oo,j—n " L(co. )) 'L(oo”)ﬂ =0

since by restriction principle, after relabeling j — 1 as one and j as zero,

L(oco,j—=1)  L(o0, ) t L(E@), 1)

1 1
= ; (E—m}71+expl — 1) < O,

where t := L(o0, j), yielding a contradiction. O
Now let R} = L{‘t(ijr)]) and R!' := RT” The notational ambiguity will not cause

trouble. For i > 0 put Z; = llm,ﬁooRi. Recall that « is defined in (2.12) and
calculated in (5.46). Put both R?. yand Z_; equal to 1.

Lemma 3.4. The following hold.
i)Z;,i >0, areiid., ElogZ; = a, and the density on;l is the function f, (x)
given in the statement of Theorem 1.1.

i) Y po 0]_[1__12;1 < 00 a.s.
iii) E(logR;’|L(Tn,i), j+l<i<n)>a0<j<n

Proof. The independence of Z;’s follows from the restriction principle applied to
each pair (i, i + 1). Hence, the first two statements of i), and iii) follow from Lem-
ma 3.2, the definition of «, and, in the case of iii), (2.13). For the last statement of
i) see formula (5.45) in the appendix. And ii) follows almost immediately from 1)
and the SLLN, which enables the bounding of the terms of the sum by a geometric
series. 0

Next we state the main result of this section, the almost sure convergence, in
11, of the empirical occupational time distribution, Put

k=1 —
= izl z
- k=1 —1°
Z/?io 1_[1_71 Z !
Theorem 3.5. The following holds.
x| L k) -1 k)
lim —pk| =0as.
[—)OO

=0
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Before proving Theorem 3.5 we sketch for motivation a short proof of a weaker
result. We have

k—1
L(t, k) = L(t,0) ]_[ (R~ =T}, k= 0.
j=—1

Putting ©; = ]_[f;i VZ; ! the definition of Z; gives

t
Iy Ok

im —— = ——

1=ool O

as., k>0.

Now if n is fixed and a,’(, 0<k<n,t>0,and by, 0 < k < n are positive numbers
such that

then

which shows
. Lz, k) Ok
im — = .
t—00 Z?:O L(t,1) Z?:O O;
The last equality together with Proposition 3.3 implies thatif 0 <k <n
. L, k)—1 O
lim —; - = <n )
=00} W o(L(t, ) — 1) D10,
a junior version of Theorem 3.5, since Z?io(L(f, i)y—1)=t.

The following lemma is a more precise version of the simple fact about
sequences just used.

Lemma 3.6. Let a; and b;, 0 < i < n, be positive numbers, and let ¢ > 0. Put
A=Y" qajand B=Y"}_,b;. Then

~ lai — bil
Z% < g implies Z

i=0 ! i=0

Proof. The hypotheses imply |[A — B| < €A, and so

n n

Zﬂ_ﬁzz ai(B—A)+ (a; — bj)A §|B_A|_I_Z|bi_ai|
: A B 4 AB B B
i=0 i=0

& n £

l—e 1—¢
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Now since L(T,,n) = 1, we have, recalling RnT”_ ; is shortened to R)_,, that

log L(T,;,n — k) = Zfzolog R _..Put AT = E(logR)_. | RZ_,., 0<j<i),
1 <i <n,and D} =logR)_. — A”.(Sometimes we drop the superscript.) Then
Lemma 3.4 iii) implies

A >aas., 1 <i<n. (3.14)

and of course D?’ 1 <i < n,is a martingale difference sequence. Furthermore,
Lemma 3.2 and (2.11) imply E(|10gR,’1’7i|4 | R,';fj, 1<j<i)<C,1<i<n,
which in turn implies

EMDHR' ., 1<j<i)<C, 1<i<n,

n—j»

where the C is absolute, especially it does not depend on i or n.
Thus for any ¢ > 0, according to Lemma 2.1,

- C(e)
P Dil > en) < ==, (3.15)

i=1
which with (3.14) implies P(Q"7_, D; + A; < (@ — &)n) < C(g)/n?, or equiva-
lently,

C(e)

P(og L(T,,0) < (¢ —&)n) < 5
n

(3.16)

This inequality, Borel-Cantelli, and the fact that L(7,,0) — 1 < T,, imply

P(iminflog 7, /n > ) = 1, (3.17)
n—oo
or equivalently
X
lim sup MaXo<s<r A5 < a 'as. (3.18)
t—>00 logt

In the following, if @ < b are not necessarily integers, we use Zibza r; to des-
ignate the sum of those 7; for all i satisfyinga < i < b. We let 6 be a fixed number
between 0 and 1 satisfying 6 log2 < le which guarantees

2 (n+1)0

< 28" where B := flog2—3 (3.19)

The proof of Theorem 3.5 will be completed by establishing the following two
limits. We have

(19 Lt i) —1
sup

— Di
1-6 .
=1, o | e ) - 1)

— 0asn — o0 (3.20)
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and

n+1

L(Tpi1,i
3 % —0asn — oo. (3.21)
i=n(1-6) ¢

To see that (3.20) and (3.21) imply Theorem 3.5, observe that to prove Theo-
rem 3.5, it suffices to prove

Lk =1
sup

Ti<t<Tui g | X i2o(L(t, j) — 1)

since L(Ty41,k) = 1ifk > n+1,and Y jo px = 1. Now (3.20) obviously
implies

—pk| > 0asn — o0

e N
sup Z — pk| > 0asn — oo.

LsisTun foy | X0l (L@, ) = 1)

Furthermore, if n > 1,

’i‘ Lz, k) —
sup
Tst=hn 5 g | LG ) — 1)
n+1 n+1
L(t, k) — 1
< sup Pk
T, <t<T, 41 k:n;e) Zn+1(L(t /) ) k:,%:g)

S o LT, k) >
< dl )T + Z Dk-
n

k=n(1—8)

The second sum here clearly approaches 0 as n — oo, and since 7}, > ¢"/* for
large enough n, by (3.17) and (5.46), (3.21) gives that the first does also.

We first prove (3.21), then (3.20). Using Lemma 3.2 and Corollary 2.3 we have,
for0 < j <n,

EL(T,. )= EEWLT, )IL(T, j+1)

E n ns 1 E . ns 1
Lnll, 7+ 1) (L(Tn,JH)'L(T It )>

EL(T,, j+ DEMFTP ;0 i)
= EL(T,, j+ HEVFPly = 2EL(T,, j + 1).

Together with E L(T},, n) = 1 this gives E L(T},, k) =2"%,0 <k <n.
Thus

+1
Z nz EL(Tn+1 k)
< 00,
en/4
n=1k=n(1-6)

using (3.19), and (3.21) follows.
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Next we prove (3.20). We observe

wp 2‘: L(t,i)—1 B L(t, i)
1, o | 2w -y Y L. )
- wp n(l—0)+2 322)

1-6 . ’
=1, Y50 )y =1

which follows immediately by putting the difference of the quotients on the LHS
of (3.22) over a common denominator. Since Z;’(zlo_ 2 L(t,j)— 1= Tra—-ey, if
t > T,, where [-] is the greatest integer function, (3.17) shows that that suprema to
the right of the inequality in (3.22) approaches 0 as n — 00, and thus the suprema
to the left does. This implies that the following assertion is equivalent to (3.20).

n(1-0)

L(t,i
sup % — pi| > 0asn — oo. (3.23)
=T, o Z" L(t, j)
To prove (3.23), we rewrite it as
n(1—6) N—1 k=1 -1
(R Z
sup Z Hl —1( ) _ 1_[1_—1 -0

1-6) 1-6
B e S D DAIPRLl ) FO:O RS Sl I e

as n — 0o, and we note that using Lemma 3.6, to prove (3.23) it suffices to prove

k—1 —1
Hz_—l(Rt) 1 Hi:—l Zi

n(1—0)

’—>Oasn—>oo

12Tn j—o Hi'{:ll Z; 1
which reduces to
supnaze)l—]ﬁ<l+zi_R£) — 0asn —> o0 (3.24)
g R . .

1=—

Now |1 — [TiLo(1 +ai)| < exp(X_i g lail) — 1 < 2X|a;| if a;| < 0.1, and so
(3.24) follows from

n(1-0)

n - sup
=Tn k=0

Zi —R!
t
Ri

— 0asn — oo, (3.25)

The initial z in (3.25) is an upper bound (if n is large) for the number of summands
kin (3.24),k =0,1,...,n(1 — 0). Now exactly as we proved (3.16), we have

On—1 C
P D; +A; <0.260 — 3.26
(Z i+ A < I’l()t) < 2 ( )

i=1
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Also, Lemma 2.1 and (3.14), or even the weaker version of (3.14) with « re-
placed by zero, imply

k
. C
P(, inf 29 Di+ A < ~0.16(1 —6)na) < —. (3.27)
1=0n

Together (3.26) and (3.27) give

k
. C
P(Qnillnffksn Z D+ Aj < 0.10ne) < —,
=l
or, equivalently,
. 0.10n«a . C
P(L(T,,i) > e 0=i=n(l-0)+1)>1-—. (3.28)
n

Let G; = G;’ ={L(T,,i) > eo'w"“}. Then (3.28) may be restated as

n(l1—-6)+1 C
Pl UJ &)< (3.29)
n
i=0

where the superscript ¢ denotes complement.

Now conditioned on L(T,,i) and L(T,,i + 1), the distribution of Y;, t > T,
restricted to {i, i + 1} has the distribution of the two state walk of Section 2, Z,,
t > 0, under PLTni+1).L(Tw.0) if we relabel i + 1 as 0 and i as 1. Thus (2.8) implies

E sup,.7, (Zi — R)*I1(Git1)

= EE (supay, (Zi — RO | LT i + D, LT D) 1Gis)) (330

£ _16L(T,. 1)

1(G; < 16 (¢~ 016na)2 E p1 — 32 —0.29na’
L(T,,i 4 13 (G = 10T ERE = 32¢

using Corollary 2.3 and the fact that R;’ has the distribution of m(r,,;+1) under
pl.i+expl ¢4 E R" = El,l-‘rexplm0 -2
) ; .
Thus,

t
i_Ri
t
i

E sup

t>T,

1
2
1(Gj41) < [E sup(Z; — Rf)ZI(GHl)}

t>T,

1
1 2
x| Esup——| < Ce 0M0ne (331
[ =0 (R,%)Z}
using (3.30). That E sup,. 7, (R! )2 is finite follows from the restriction principle

and the fact that sup,..o(R} )~! has the same distribution as Supy- ms under Pl
using the continuous version of Lemma 2.1 and the sentence which includes (2.7).
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Finally, to complete the proof of (3.25) and thus (3.20), we have, for large enough
n,

n(1-0) n(1-0)

Zi — R!
{n sup le ! e U G
=T = i i=0
n(1-6) z —
U U fsup I(G,+1)>n 3 (3.32)
i=0 t>T,

And

t

R; -3
S| 1(Gig1) > n

n(1-6) 7.
P U :sup l ;

i—o =T i

n(1-0)
< Z P sup I(Gl+1>>n :
t>T,
n(1— 0) , c
< ’E su 1(Giy1) < Cnie 010 o —
Z n l>£ (Gi1) < Cn'e =

using (3.31). And this inequality, together with (3.29) and (3.32) and Borel-Cantelli,
establish (3.25).
The next theorem is a one-sided version of Theorem 1.2.

Theorem 3.7. The following holds.

X
lim SX0=s=t 25 _ (=1 g (3.33)
t—00 logt

Proof. We will show that given ¢ > 0, there is a constant C(¢) such that

C
P (Tn > e"(“""s)) < n(—zg) n>1. (3.34)

This inequality together with Borel-Cantelli shows limsup,_, . logT,/n < «,
which implies

lim inf WA%0ss= Xs 1
t—00 ]()g[

and which, with (3.18), gives (3.33).
We know E 171100, decreases to a. Let K = E P liogm. Let
y > 0, and let the integer N satisfy

ELFePliog myoiy < (14 y)a. (3.35)

Here and below we use the notation of the proof of Theorem 3.5.
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Now (3.35) for n > N implies A; 1(Gi+1) < (1 4+ y)o, 0 < i < n, which,
with A; < K and

n n(1-0) n n(1-6)

YoAi= Y A+ Y A= Y A+Kon

i=1 i=1 i=n(1-6)+1 i=1
gives that
n(1-60)+1

ar| () Gi| =1d-0n+10+y)a+Kon  (3.36)
i=1

i=1

cnf(0,y),

where f(0,y) = K0 + (1 —0)(1 + y)a+ O(1/n).
Lemma 2.1 gives

k
C
P(sup E D,->yn>< (;/),
n
1

1<k=<n i—

and so

k n(1-60)+1 C()/)
Pl sup ZDi+Ai>nf(9,y)+ny, m Gil < 3

I<k=n; n

i=1
when n > N. Together with (3.29), this gives thatif n > N,
k C
P(ZDi—}-Ai <nf@,y)+ny, 1§k§n> >1- =,
n
i=1

so that

C
P(log L(T,,i) <nf@,y)+ny, 0<i<n)>1-— —-
n

Since Y "2 (L(Ty,, i) — 1) = T, we get

: C
P (Tn < Clne"[f(g’)'”y]) >1-— —,n=N.
n

Now if we choose 6 and y so small that (0, y) +y < «a + ¢, this implies (3.34).
O
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4. VRJP on the integers

We begin this section by describing the random variables V; of Theorem 1.1. Then
we prove Theorem 1.1 and use it and Theorem 3.7 to prove Theorem 1.2. Let
X = X;,t > 0, be a VRIP on the integers started at 0. Let Xj, s > 0,be X
restricted to the nonnegative integers, and let X, s > 0, be X restricted to the
non-positive integers. Then both X and (—X ™) are VRIP’s on the nonnegative
integers. Let Zl.+, i > 0 be the variables defined for X exactly as the variables Z;
were defined for Yy, 7 > 0, in Section 3, and let Z,” be the analogous variables for
X~ . Then by Theorem 3.5 {Z;’, 1<i<oo, Z7,1=<i < oo}areiid. random
variables, each having the density function given in the statement of Theorem 1.1,
as shown in the appendix.
Put

[Tz k>0,
We=11, k=0,
M, zH=" k<o,
and put W = Z?i_oo Wi, and Vy, = W;/W. We now prove Theorem 1.1, with V;
as just constructed.
Let8(1) = [y (X, = 0)ds, n(t) = [y [(Xs > 0)ds, and pu(t) = [y (X, <
0)ds. Then

8@ +n@)+u@) =t, 4.37)

and using the restriction principle we get both

t .
(X, =))d W;
im f() (X Jj)ds _ ooj ,j> 0, (4.38)
t—oo q(t) +8(1) iz Wi
and
t .
1 (X, =))d W
lim J0 /X5 = Dds _ <o, (4.39)
t—>oo  u(t) + (1) Doimo Wi

Let 8(t), 7j(¢), and fi(r) stand for 8(¢)/t, n(t)/t, and uu(t)/t respectively. Then
(4.37) and the versions of (4.38) and (4.39) for j = 0 give the following three
equations:

§() +n@) +p@) =1,

. 5(1) Wo
] - < — = ’
B T W17 S
2o Wi
= (4.40)
1imt—>oo- S(t) — WO

s+ &
W
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Thus _
lim; 06 (2) = Wo/ W,
o0

limyoofi(t) = Y Wi/W,
ool ; (4.41)

oo
limy oo fu(1) = ) W—i/W.
i=l1

The equations (4.38), (4.39), and (4.41) imply Theorem 1.1.

Proof of Theorem 1.2. From (3.33) and the restriction principle we have

X
lim MaXoss=r s a las. 4.42)
1—00 log[8(z) + n(1)]
Equations (4.41) together with (4.42) prove Theorem 1.2. 0

5. Appendix

To describe the distribution of L(£(¢), 1), defined in Section 2 immediately before
Lemma 2.2, we will calculate its Laplace transform ¢?(1, 1) = E®Pe*LED.D,
A > 0. Further we will omit the superscript “? unless it makes our arguments
ambiguous.

Denote w(t) := L(&(t), 1) and observe that

w(t +dt) =w(t)+ vy

where v is a Bernoulli (w(¢)dt) random variable and 7 is an exponential (#) random
variable, which, given w and ¢, are independent of each other. Hence

O t+dt) = E(* ™) = E [e ™ E (e |w)] (5.43)
The inner conditional expectation is easy to compute:

E(e™"|w)=(0—wdt) x 1 +wdt x E(e™*"

t A
=0 —-wdt dt =1—-—wdt——
( wdt) +w X)»+t w P

Plugging this into (5.43) yields

GOt +dD) — 0. 1) = ——— E (we™ ) di
E) £ - )\’ +t we 9
whence, since E (w(t)e @ | 1) = —3¢ (1, 1)/0A,

bp x99

at A+t In

The natural boundary conditions are

p(h,a) =e ™,
$(0,) = 1.
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Solving this (see Section 5.1) we obtain

(a—«/)\2+2)»t+a2)

4o = (5.44)

Though we are not able to invert Laplace transform (5.44) for every ¢, it still gives
us Lemmas 2.2 and 2.5

b
E%lw(t) = = -1,
a

»  b(t* —a* +t2ab)

E“’ [w(t)] -

a

by differentiating ¢%?(, ) once and twice at A = 0.

Next, we want to calculate explicitly the distribution of y := mébl = lim; oo 2 [(t)
which exists by Corollary 2.4. By interchanging the integration and the limit we
obtain

EMe™ = lim ¢ Gu/1,1) = ol TV
—00
Using Laplace transform, we can, for example, compute moments of y:
Ey=1, Ey?>=2 Ey’=7 Ey*=37, Ey’ =266,

The inversion of E'!e=*” requires an integration on a complex plane. We omit
these calculations, presenting only the result. The density of the distribution of
y =m}>’o1 forx > Ois

+oo %(x-i—x’l)

1-
- ; e
61 v, 21A+le iAx I

=g IC

(one can quite easily verify that its Laplace transform coincides with e! =vV1+24),

This density is also the density of mé’ol texp 1, and is the density f;, of Theorem 1.1.

Moreover, we can present the formula for c.d.f. of y:

Fy(x)z1—@(%—\/)_6>+62|:1—<D<%+\/;)i|, x>0

where @ (-) is a c.d.f. of a normal zero-one distribution.
To calculate « in (2.12) observe that mé;)HeXp ! has the same distribution as

1/ mébl = 1/y. Consequently,

1

00 00 exp(l — 5 — 5=
o= f log(x) f1/y dx = / log x - de =0.3613... (5.46)
0 0 21X
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5.1. Solution of the equation (—x)¢; + (x + y)¢y, =0

This equation is a linear PDE to which we can apply a standard technique. We will
look for a solution in the area where x > 0 and y > 1 with a boundary condition

¢(x,a) = e bx

Let v(x, y) = (—y, x + y) be a column vector, then the equation is equivalent
to

v-V¢ =0,

where - denotes a scalar product and V¢ is a gradient of ¢. Thus, ¢ (x, y) must be
constant along the solutions of the equation z = v, where z = (x, y). Solving the

system
X =—x
{ y=x+y

we obtain x (1) = Cie™’, y(t) = Cre’ — %Cle_’. Hence, 2C1Cy = x(x +2y), and
any solution ¢ (x, y) to the PDE must be a function of one argument x (x + 2y).

If this curve (x (), y(¢)) intersects the horizontal line y = a at point X > 0, then
x(x+2y) = %¥(X+2a)and ¥ = —a++/x(x + 2y) + a? (we took a positive sign at
the square root since X must be non-negative). On the other hand, ¢ (x, a) = b s
therefore

b, y) = $(F, a) = P VreFT)
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