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Abstract. We consider transition semigroups generated by stochastic partial differential
equations with dissipative nonlinear terms. We prove an integration by part formula and
a Logarithmic Sobolev inequality for the invariant measure. No symmetry or reversibility
assumptions are made. Furthemore we prove some compactness results on the transition
semigroup and on the embedding of the Sobolev spaces based on the invariant measure. We
use these results to derive asymptotic properties for a stochastic reaction—diffusion equation.

1. Introduction

The aim of this paper is to study asymptotic properties of a class of stochastic
dissipative systems governed by a stochastic differential equation

dX(t) = (AX(t) + F(X())dt + JCdW(t), t >0,
(1.1)
X(©0)=x € H,

where A : D(A) C H — H, is the infinitesimal generator of a linear strongly con-
tinuous semigroup (e’ A) ;-0 Of contraction type, W is a cylindrical Wiener process
on H, C is a symmetric positive linear operator on H bounded together with its
inverse C™!, and F : D(F) C H — H is a measurable mapping such that F — «
is m-dissipative for some real number k.

Under our assumptions, problem (1.1) has a unique mild solution X (¢, x). Then
the corresponding transition semigroup (P;),>, is defined on Cj (H), the space of
bounded and continuous functions on H, by
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Pip(x) = E[¢p(X (1, x))], ¢ € Co(H), 1 =0, (1.2)

where E means expectation.
We shall also assume that there exists a Borel probability measure v on H such
that

/H P (x)v(dx) = /H $()v(dx), ¢ € Cy(H).

The measure v is said to be an invariant measure for the transition semigroup
(Pr);>0- If the invariant measure exists then (P;),>( extends to a strongly continu-
ous semigroup of contractions on L2(H, v). Its generator will be denoted by N> and
its domain by D(N>). Several conditions ensuring existence of invariant measures
are known, see e.g. [1], [16], [18], [23] and the references therein.

A first new result of the paper is that D(N;) is included in the Sobolev space
WL2(H, v) and that the following identity holds

1 2
| swmpenian =3 [ |cPpsw] vax. oo 13

This identity is quite natural. In fact, the infinitesimal generator Ny of (P;);>¢ is
given formally by

1
Nap(x) = 3 Tr (CD*(x)) + (Ax + F(x). Do (). (14)

where Tr represents the trace. Now, by a formal computation, we have
2
N> (¢%) =20M20 + 2Dy,

and, taking into account the invariance of v, we find f u N (¢2) dv = 0, which
yields (1.3).

The difficulty to prove (1.3) is to find a core A for N; such that ¢>2 € D(Np)
for any ¢ € A. We prove that this can be done in a very general setting and derive
(1.3).

The identity (1.3) is the key point to prove that a Logarithmic Sobolev inequal-
ity holds, see section 4. As well known this implies exponential convergence to
equilibrium for (P;);>¢ and that N5 has a gap in its spectrum (see [2]).

Note that we have no information in general on the bilinear form

a(@,¥) = /Hx//(x)quS(x)v(dx), ¢. ¥ € D(N2),

so that N3 is not necessarily related to any Dirichlet form, see [22]. The mentionned
results were known in this case, see [3] and also [18],[20], [21], [32], but they seem
to be new in our general setting.

The second new result of the paper is that, under suitable assumptions, (P;);>0
is compact in L?(H, v) for any p > 1 and the embedding of the Sobolev space
Wl’p(H, v) into LP(H, v) is compact for any p > 2. To our knowledge, this is
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the first result of compactness for non trivial non gaussian measures in an infinite
dimensional space.

To prove this result we need two tools. First we assume that a Logarithmic
Sobolev inequality holds. Secondly that the invariant measure v has a density with
respect to the gaussian measure 1 invariant with respect to the linear equation - i.e.
with F = 01in (1.1) - and that this density has a logarithmic derivative in L? (H, v)
with p > 1. We note that this condition on the density of the invariant measure can
be obtained by the results in [5] for instance.

We recall that in the gaussian case, necessary and sufficient conditions for com-
pactness are known (see [9], [12], [26]). Results in the finite dimensional case have
been obtained in [25] for non gaussian measures, and more recently in [7] under
very weak assumptions. Such a compactness result is important since it allows to
study other equations thanks to perturbation arguments. In this way, many prop-
erties on the invariant measures can be obtained. This approach has been used in
many articles to treat perturbations of linear systems thanks to the previously known
compactness result in the gaussian case.

In section 6 we apply the obtained results to a Reaction-Diffusion equation with
a polynomial nonlinearity. We prove that the integration by parts formula (1.3) al-
ways holds. In the case of a general system of gradient type or of a strictly dissipative
system not necessarily gradient, we obtain that a Logarithmic Sobolev inequality
holds, that the transition semigroup is compact and that the above embedding of
Sobolev spaces is compact. In the general case, we prove exponential convergence
to equilibrium thanks a perturbation argument.

We note that the techniques used in this article are general and powerful. They
can be applied to other systems generated by stochastic partial differential equations
and could be used to get other results.

2. Assumptions and notations

We now set some notations, state our main assumptions, and recall some classical
results concerning existence, uniqueness and regularity for problem (1.1).

Let H be a Hilbert space. We denote by | - | its norm and by (-, -) its inner
product. Moreover L(H) (with norm || - ||) represents the Banach algebra of all
linear bounded operators from H into H endowed with its usual norm, and £ (H)
is the subspace of all trace class operators.

If E is a Banach space we denote by C;(H; E) the Banach space of all con-
tinuous and bounded mappings from H into E, endowed with the sup norm || - ||o.
Moreover, for any k € N, C’g(H ; E)) will represent the Banach space of all map-
pings from H into E which are continuous and bounded together with their Fréchet
derivatives of order less or equal to k endowed with their natural norm denoted by
I - llx. If E = R, we set Co(H; R) = Cp(H) and CE(H;R) = CF(H). Let
f : D(f) C H be a function such that D(f) is another Banach space. If f is
Gateau differentiable at a point x of D(f), we write Df for its Gateau derivative.

We consider two linear operators A and C on H and we assume that the fol-
lowing holds.
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Hypothesis 2.1. (i) A generates a Cy-semigroup (etA) on H and there exists

w > 0 such that

t>0

etA

bl

‘fe_wt t>0.

(ii) C € L(H) is invertible, C~' € L(H) and for all T > 0 we have
Tr [QO71] < o0, where

T
«
Orx = / eACe xds, x € H,
0

and Tr stands for the trace.

We shall denote by W a cylindrical Wiener process on H on a probability space
(2, F, P). By Hypothesis 2.1 it follows that the stochastic convolution

t
Z(@t) = / U4/ CAW (s),
0

is a well defined Gaussian process and the law of Z(¢) has mean 0 and covariance
operator Q. Moreover the equation

dZt) = AZ(t)dt + ~CdW (1),
ZO0)=x e H,t >0,

has a unique mild solution Z (-, x) that defines the so-called Ornstein—Uhlenbeck
process,

t
Z(t, x) = e'x +/ 1A/ CaAW (s), t > 0.
0

The corresponding transition semigroup,

Rip(x) = / P x + YN (0, Q1) dy), ¢ € Cy(H),
H
is not strongly continuous on Cp (H) in general, it belongs to the class of w—contin-
uous Markov semigroup, see [27]; roughly speaking it is continuous with respect

to the pointwise bounded convergence. Its infinitesimal generator L can be defined
through its resolvent by

+00
R\, L)p(x) = / e MRipx)dt, x e H, A >0, ¢ € Cp(H).
0

We shall denote by D (L) the domain of L. It can be shown, see [16], that (R;);>0
is strong Feller, D(L) C Cg(H) and

IRO., L)|| </7/x, > 0. @2.1)
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We also note that (R;);>0 admits a unique invariant measure u; it is gaussian
with covariance operator Q : u = N (0, Q), where

o0
Qx:f etACetA*xdt, x € H.
0

Before giving assumptions on F let us recall the notion of solution for (1.1).
By a mild solution to (1.1) we mean an adapted stochastic process X (-) = X (-, x)
such that X (0) = x € D(F), X(¢t,x) € D(F) forall ¢t € [0, T] and

t t
X(t, x) =e"Ax+/ e<f—S>AF(X(s,x))ds+/ eI/ CaW (s), t > 0.
0 0

If x € H then we say that X (-, x) is a generalized solution to (1.1) if it is mean-
square continuous on H and there is a sequence (x,), N in E converging to x in
H and such that

lim sup E|X (7, x,) — X(z,x)|* = 0.

n—00 g /T

We assume that the domain D(F) of F is a Banach spaceand F : D(F) - H
is Gateaux differentiable for any x € D(F). Moreover, given a mild solution of
(1.1), X(¢, x), t € [0, T], we consider the equation

h
DO _ 46y + DEX i (), 1> 0,

dt (2.2)
n"(0)=heH.

We define as above a mild or generalized solution of (2.2) and denote it by ", x).
We now state the assumptionson F' : D(F) C H — H.

Hypothesis 2.2. (i) D(F) is a Banach space and F : D(F) — H is Gateaux
differentiable. There exists k > 0 such that F — k is m—dissipative.

(ii) Problems(1.1) and (2.2) have unique generalized solutions. Moreover DX (t, x).
h = n"(-, x) for any x € D(F). Finally

Xo(t,x) —> X(t,x), nlhx(t,x) — nh(t,x), a.s. ,

where Xy (t, x) and 7’)2 are the solutions to (1.1) and (2.2) with F replaced by
the Yosida approximation :

Fo(x) = é (Ja(x) —x)+«l, x€e€H,

where Jy(x) is the unique solution of Jy(x) — a(F(Jy(x)) — kJy(x)) = x,
and 1 is the identity mapping.
(iii) There exists an invariant measure v for problem (1.1) and v(D(F)) = 1.
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These assumptions hold for a large class of Reaction-Diffusion systems (see [8]
and section 6).

Thanks to Hypothesis 2.2, we can define the transition semigroup (P);>0
associated to equation (1.1)

P (x) =E(@(X(t, x))), forp € Cp(H), x € H, andt > 0.

As R, the semigroup P; belongs to the class of w—continuous Markov semigroups.
Its infinitesimal generator N will be also defined through its resolvent by

+oo
R(L, N)p(x) =/ e MPox)dt, x e H, >0, ¢ € Cy(H).
0

We shall denote by D(N) the domain of N. Obviously, the operator N is an ex-
tension of N. Moreover it is easy to check that we have

I (t, x)| < e” @ h|, x € H, 1 > 0. (2.3)
This easily implies that, for ¢ € C,;(H) andr > 0, P¢ € C,}(H) and
IDPip(x)| < e” @™ P (| D) (x)). (2.4)

Using the above definition of R(A, N), it is then not difficult to verify that P,
maps R(X, N)(C;(H)) into itself for any A > 0 and r > 0. Moreover, R(A, N)
(CL(H)) C C}(H).

It is well known that P, can be uniquely extended to a contraction semigroup,
that we still denote by Py, in L (H,v), p > 1. Its infinitesimal generator will be
denoted by N),.

3. The integration by part formula

The aim of this section is to prove rigourously that (1.3) holds.

We will consider the linear span £4(H) of real parts of all exponential func-
tions ¢! " *) x € H, with h € D(A*). Functions in D(L) can be approximated by
functions in £4 (H) in the following sense. Given a 4—sequence (¢,),n+ indexed
by n = (n1, ny, n3.ng) € N*, we say that it converges in a generalized sense to ¢
if

lim ¢,(x):= lim Ilim lim lim ¢,(x) =¢(x), x € H.

n—00 11— 00 Ny —> 00 N3—> 00 N4—> 00
Itis proved in [13, Proposition 2.7] that for any ¢ € D(L) there exists a 4—sequence
(@n)pent in E4(H) such that

nli)rgo%(X) = ¢ (x), nli)rgo Den(x) = Do (x), x € H, nli)rgo Ly (x) = Lo (x)
3.1

and

|Lpn (x)]
sup [0 (x)] + [Dn(x)] + Toine | < +o0. (3.2)
NeN4 xeH + x|
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We start with the case when F is bounded on H. In this case, taking into account
(2.1), we see that D(N) = D(L) C Cé (H) and we have

N¢p =L+ (F,D¢), ¢ € D(L).

Lemma 3.1. Assume that F is bounded. Let f € Cy(H), and ¢ = R(1,N)f.
Then ¢* € D(N), and the following identities hold,
2

N (¢2) —26No + ‘cl/zm (3.3)

and
¢? = R, N) <2¢f - ‘C]/quﬁ‘z) . (3.4)

Proof. Let (¢n),en¢ C Ea(H) be a 4—sequence such that (3.1) and (3.2) hold, and
set f, = ¢, — N¢,,. Then we have

fotn = &5 — Nouthn. (3.5)
Since obviously
N(@p) =2¢uNén + |C'/2 Dy, %, (3.6)
we have, by (3.5),
20y — N($y) =2 futpn — |C'/> Do |*. 3.7)

Now, letting n tend to infinity in (3.6) and (3.7) gives (3.3) and (3.4) respectively.
O

‘We now consider the case of an unbounded F. Note first that the approximat-
ing mappings Fy, o > 0, introduced in Hypothesis 2.2 are Lipschitz continuous
on H. Therefore, we can choose a sequence (F”’O‘)neN in Cg (H; H) pointwise
convergent to Fy, on E and such that

I Faalt < IFulli, n €N, > 0.
Let us consider the problem
dX(t) = (AX(t) + Fyo(X (@) dt +/CAdW (1),
(3.8)
X0)=xeH1t=>0,
whose solution is denoted by X, (¢, x). We set

P"¢(x) =E(¢p(Xno(t,x)), n €N, a >0, ¢ € Cp(H), (3.9)

and denote by N, 4 the infinitesimal generator of (P;"*) _ .
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Lemma 3.2. Assume that Hypothesis 2.1 and 2.2 hold and moreover that ¢ €
R(1, N)(C}(H)). Then $* € D(N), and

N (¢2) — 26N + ’C1/2D¢’2 . (3.10)

Proof. Letp = R(1, N) f with f € C;(H), and set ¢, « = R(1, N, o) f. Then by

Lemma 3.1
2
> . (3.11)

On the other hand it is not difficult to prove that fort > 0, x € D(F)

Fna = R No) (2¢n,af —|c'2Dgy.q

Xn,a(tax)ﬁx(t»x)v DXn,a(tvx)_)DX(tax)»

P-a.s.
Consequently

PO f(x) — P f(x).

Also, since DP;"* f(x) = E ((DX,.a(t, x))* Df (Xpn,(t, x))), noting that (2.3)
holds also for the approximating differential and uniformly with respect to «, we
have

DP"* f(x) — DP, f(x).
It follows, using the definition of the resolvent,

$n.a(x) = R(L, No) f(x) = R(1, N) f(x),

D¢po(x) = DR(1, No) f(x) = DR(1, N) f (x).
Therefore, letting n — oo and « — 0 in (3.11), we find
2
#>(x) = R(2, N)2¢f — ‘cl/2p¢’ )(x), x € D(F).
Since, by Hypothesis 2.2, v(D(F)) = 1 we find that
2~ N§> =291 — |2 Dg| = 296 N9) [ g

and the conclusion follows. O

Proposition 3.3. Assume that Hypotheses 2.1 and 2.2 hold. Then for any ¢ €
R(1, N)(Cé(H)) we have

/qb(x)Nqb(x)u(dx):—% / ‘Cl/qub(x)‘zv(dx). (3.12)
H H
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Proof. Let¢p € R(1, N )(Cg(H )). Then, since the measure v is invariant for P;, by
Lemma 3.2

2
0=f N (¢) (x)v(dx>=/ <2¢<x>N¢>(x>+\c‘/2D¢(x>\ )v(dx),
H H
and we obtain (3.12). O

From (3.12) it follows a useful identity for u(t) = P;¢.

Proposition 3.4. Assume that Hypotheses 2.1 and 2.2 hold. Then for any ¢ €
R(1, N)(Cg(H)) we have

t
/|P,¢|2dv+/ f |C1/2DPS¢>|2dsdv:/ || >dv. (3.13)
H 0 JH H

Proof. For any ¢ € D(N) we have

d
7 Pip =NPip, t > 0. (3.14)

Multiplying both sides of (3.14) by P,¢, integrating in H with respect to v, and
taking into account (3.12), we find

d 2
— / |P,¢>(x)|2v(dx)=/ ‘CI/ZDPtqb(x) v(dx).
dt Jy H
Now the conclusion follows, integrating in 7. O

We are going now to prove (3.12) for any ¢ € D(N>). For this we need to intro-
duce the Sobolev space W!-2(H, v), and first to prove closability of the derivative
in L2(H, v).

Proposition 3.5. Assume that Hypotheses 2.1, 2.2 hold. Then D is closable in
L%(H,v).

Proof. Let (¢n),eny C R(1, N)C}(H) be such that
lim ¢, =0 and lim D¢, = v in L>(H, v).
n—oo n—oo

By assumption, for every ¢, and ¢t > 0

DP;y(x) =E[X:(t, x) Dy (X (1, x))] (3.15)

and by (3.13)

t
/ / |C'2D Py, |*dsdv =/ |¢n|2dv—/ | Pyl >dv — 0, as n — oo.
0 H H H
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Moreover

t
//lCl/zDPs¢n|2dsdv
0 JH
2

:/'/ ‘E[(C*1/2Xx(s,X)C1/2)*C1/2D¢n (X(s’x))]‘ b(dx)ds.
0 JH

and by (2.3)

- (/ot fH ‘E [(C_I/ZXX (s, X)Cl/z)* Cl2y (X (G, x))] ‘2 v(dx) dS>

1 12
< (f f e 205 Ucl/zmn (X (s, x)) — C2y (X (s, x)))(z] V(dx) ds)
0 H

— ([t/ e—Z(w—/()s
0 JH

by the invariance of v. By assumption, this goes to zero and we find that

5 1/2
v(dx) ds)

[ [ e[(c 0 2) ¢ 20g, x6.0)]

1/2

) 1/2
C'2Dg, (v) = v ()| v(dx) ds)

(3.16)

/ )E [(C*‘/zx,((z,x)cl/z)*‘cl/%zf(xa,x))](2 v(dx) = 0,
H
for a.e. r.

Let h € H, then

/ ‘E(CI/ZW(X(t,x)),C_l/sz(t,x)Cl/zh)‘z
H

- f ‘E((C_l/sz(t,x)Cl/z)*Cl/zl/f(X(t,x)), h))z v(dx) =0,

H

for a.e. ¢, and

f [B(C 2y (X (1, 0)), )| v(d)
H

5/ ‘E<C‘/21/f(X(z,x)),C*‘/zxx(t,x)c‘/zh—h) v(dx)
H

for a.e. t. By Cauchy-Schwarz inequality, (2.3), continuity of X, (¢, x) with re-
spect to ¢ and dominated convergence we deduce that the right hand side goes to
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zero. However, the left hand side is equal to f 1P ((C 1724 h))|v(dx) and since
(CY24, h) € L>(H, v) and P, is strongly continuous on L'(H, v) we have

P,((C'?y, h)) = [(CY?y, h)| ast — 0, in L'(H, v).

This implies
/H|P,<<cl/2w,h>>|v(dx)+/H|<cl/2w,h>|v(dx) ast — 0,
and
/l(C‘/zw,hnu(dx):o.
H

Thus forany h € H
(CYV249, h)y =0, v—as.

1/2

and, since H is separable and C '/~ invertible, the conclusion follows. O

We now define the spaces Wl'I’(H, v) for p > 1 as the completion of C;(H)
with respect to the norm

1/p
(f |¢|Pdv+/ |D¢|Pdu) .
H H

By Proposition 3.5, D is closable for p > 2 so that
WYP(H,v) C LP(H,v), p > 2.

For ¢ € wlP(H,v), p > 2, we write D¢ for its generalized derivative.
We are now in a position to prove the main result of this section.

Theorem 3.6. Assume that Hypotheses 2.1 and 2.2 hold. Then D(N2) C W1-2(H, v).
Moreover for all ¢ € D(N>) we have

/ () Nagp (x)0(d) = — / ‘Cl/qu)(x)‘zv(dx). (3.17)
H 2 Ju
Proof. Clearly R(1, N)(C;(H)) is a core for D(N3), since Cg(H) is dense in

L%(H,v). Thus for any ¢ € D(N,) there exists a sequence (¢,),eNn C R(1, N)
(C}(H)) such that

$n = &, Nagy — Nag, in L*(H, v).
By Proposition 3.3 we have

__l 1/2 2
$u(ONG, (@) = =3 [ |C2Dg, )| viax).
H H

This implies that (¢,),cn is Cauchy in W12(H, v) and the conclusion follows. O
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4. Logarithmic Sobolev inequality and spectral gap

We say that a Poincaré inequality holds if there exists a constant A > 0 such that
— 2
[t =8 van <2 [ [2ppw) van. 9D, @)
H H

where ¢ = [;; ¢ (x)v(dx).
We show now that in this case there is a gap in the spectrum of N; and that
the convergence of P; to the equilibrium is exponential. We shall use the notation

I$12 = [;; ¢dv.

‘We have in fact the well known result.

Proposition 4.1. Assume, besides Hypothesis 2.1, 2.2 that (4.1) holds for some
A > 0. Then we have

o (N2)\{0} C {z eC: Re(z) < —%} .
Moreover
/H P () — §[2 v(dx) < e/ /H B Pr(dx). ¢ € D). (4.2)

Proof. The proof is an easy consequence of (3.17), see [2, Proposition 2.3]. We give
here the simple proof for the reader’s convenience. Let L(z)(H , V) be the closed sub-
space of L%(H, v) of all functions f such that 7 = 0. Since L%(H , V) is invariant
for (P;)s>0 it is enough to show that

1
(N2, @)y < —— 913, ¢ € Li(H.v) N D(NVy). 4.3)
Ifg e L%(H, v) we have in fact, taking into account (3.17) and (4.1),

1 1
(N2, 61 =~ / 2D (0 Puidx) < — IR, o
H

A sufficient condition in order that a Poincaré inequality holds is that N,
satisfies the Logarithmic Sobolev Inequality, that is if

/H 6 (017 log ¢ ()| Pv(dx) < c(p) (=Nagp, ¢p) + D1l log Bl (4.4)

for¢ € D(N,) and p > 1, where ¢, = sgn¢>|q>|f”’1 and c(p) < oo.If p = 2 then
in view of Theorem 3.6 inequality (4.4) takes the form

2 2
[ 190t tog poivian < <2 [P os | + 1ol oz 191, @)
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By the result of [29] inequality (4.5) implies the Poincaré inequality with the con-
stant %.

Also, similar arguments as in section 3 imply that for p > 2, (4.4) takes the
form

/HI¢(X)|”10g ¢ ()| Pv(dx)

1
P <) /H 16 ()P C 2D (x)Pv(dx) + llgllh. log lIpllh .. (4.6)

=

Moreover, since (P;);>o is strongly continuous on whr(H, v) (1), for arbitrary
¢ € WP (H, v) we have a sequence in D(Np) converging to ¢ in wLP(H, v).
This easily imply that (4.6) holds for ¢ € W17 (H, v).

Theorem 4.2. Assume, besides Hypotheses 2.1 and 2.2, that w —k > 0. Then (4.4)
holds with

w—K p?

Iciic="trp -1

c(p) =

Proof. In the proof we follow the method from [17] presented in the proof of
Theorem 6.2.42.

We start with the case p = 2.
Step 1. Letp € D(N) andlet ¢ > § > 0. Then

1 1 12 2
/ N¢ logp dv = —= / — |C“Do| dv. 4.7
H 2 Jug¢
Let us first assume that ¢ € Ci(H), D%¢ € Cp(H; Li(H)) and A*D¢ €
Cy(H; H) then we have
N¢ log¢ = —N(log$)¢ + N(¢log$) — (C'/>D¢, C'*D(log $)).  (4.8)
Moreover, since

1
C'?Dlog¢ = ac‘/zz)qs

and
1 1
(C1/2D)2 10g¢ = E(CI/ZD)Z(P _ ¢—2C1/2D¢ ® C1/2D¢,
we have
Niogg = <Ng— 5 [V Dg[
(0] = — - )
8O=570 T g

I This is proved in the next section.
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Substituting in (4.8) we find

_ Na 122
N¢ logg = N(¢logp) — N¢ 2% |IC/=De|".

Now (4.7) follows integrating over H and taking into account the invariance of
v. The general case is then obtained by approximating ¢ by smoother functions
satisfying the above assumptions.

Step 2 (Conclusion). Let ¢ € R(1, N)(CL(H)) and setu(t) = P,(¢?) log[ P, (¢?)],
where |¢| > § > 0. Then by Lemma 3.2 we have ¢> € D(N) and so u is differen-
tiable with respect to ¢ in L%(H, v) and it results

u'(t) = N P, (¢%) log[ Pi(¢*)] + N P (¢?).
It follows

u(t) — u(0) = P(¢?) log[ P, ()] — ¢* log(¢?)

t t
_ / N Py(¢?) logl Py (¢7)1ds + / N Py(@%)ds.
0 0

Integrating with respect to v, and taking into account (4.7), we find

fH PL(¢) log[ P, (@?)]dv — [H ¢ log(¢?)dv

t
_ / ds [ N Py(%) log[ Py (¢*)]dv 4.9)
0 H

L 1 1/2 2012
= /O dsfH s |CY2D Py(¢?)2dv.

Now, recalling (2.4) and using the Holder estimate, we find

DP@P <@ [p, (1D@A)]|
= 4e7 7 [Py (91| Dg| )T
= e 1 (¢)] . (1007
Therefore, since C and C~! are bounded,

1 —1 —2(w—
Py (O DR@II S 4ICIICT e m O, (Ic'2DgP).  @.10)
N
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Substituting (4.10) into (4.9) gives

/H PL(¢?) logl P, (#%)]dv — fH 62 log(¢?)dv

t
—4ci e / e ORI gg / ICY2Dg|2dy
0 H

2lc| et
_ ” ” ” ” (1—672(0)7’()[)/ |C1/2D¢|2dv (411)
H

w—K

Since we have assumed that w — x > 0, we know that P,q52 — (¢?) strongly (see
[16]). Therefore, letting + — oo, we find

o S 1
@ 1og[@9)] - [ #1oe@av = ~ATLL [ 1 2pgan,

which proves (4.5) for p = 2 and |¢| > § > O such that ¢ € D(N) N C;(H).
Approximating any ¢ € D(N,) with functions ¢, such that ¢, € D(N) N C;(H )
and |¢,| > 6 > 0, we prove (4.5) for any ¢ € D(N»).

The case of general p can be treated similarly, taking u(t) = P;¢? log(P;¢?).
It can also be obtained from the case p = 2 using the result of [20]. O

The assumption w — k¥ > 0 in Theorem 4.2 is rather restrictive. To relax this
assumption in the application considered below, we will use the following well
known result.

Theorem 4.3. Let vy, vy be two probability measures on H such that v satis-
fies (4.4) and vo(dx) = r(x)vi(dx) withm < r(x) < M, m, M being positive
constants. Then v, satisfies also (4.4) with c(p) replaced by M‘(p ).

Proof. We use the same argument as in [17]. It is sufficient to consider a smooth ¢.
We rewrite (4.4) as

p —1
f|¢< )17 log 12 i) < 2 c<p>/H|¢<x)|”—2|cl/2D¢<x>|2v1(dx)

|¢||pv1
and write
lp(x)|P
Plo dx
/|¢< 7 tog [ v

= inf (/H(I¢>(X)|p10g [P — P ()P log t — ¢ (x)]” +t)VZ(dX)>

= M inf </H(I¢(x)l”10g lp)IP — lp(x)|” log t — I¢(X)|”+t)V1(dX)>
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¢ (0)[”

117,01

—M/ ¢ (x)|” log vi(dx)

—1
<m? S—c(p) /H 6 ()1P721C 2D (x) v (dx)

<Mr- lc(P)/ ¢ ()17 2ICY2 D (x)Pva(dx) -
m 2 H

Remark 4.4. As shown in [20], a Logarithmic Sobolev Inequality implies that
the transition semigroup (P;);>0 is hypercontractive.

5. Compact embedding of Sobolev spaces based on v

Our aim in this section is to derive a sufficient condition for the compactness of P;
in LP(H,v), p > 1, and of the embedding
WHP(H, v) C LP(H,v), p=2.

Our result is the following.
Theorem 5.1. Assume that Hypotheses 2.1, 2.2 hold and

(i) v satisfies a defective logarithmic Sobolev inequality:
Forany ¢ € WVP(H, v)

/H lo(x)]7 log | (x)|Pv(dx)

<c(p) / ()P 21C 2D (x)Pdv + ligll2 log 12 + AlglI2,
H

withp > 2, A > 0and c(p) > 0.
(ii) v has adensity with respect to i, v(dx) = p(x)u(dx), andlog pe W 1H3(H v),

withd > 1 and § > %.

Then the transition semigroup (Py);>0 is compact in L? (H, v) for any p > 1 and
the embedding

WP (H, v) C LP(H, v),
is compact for any p > 2.

Proof. For r > 0 we define
Brz{er: ,o(x)<%},

and we denotes by B¢ the complementary set of B,.. Clearly B, C B; if r > 7 and
v(B,) = /B,p(x)“(dx) =

so that v ([, BY) = 1.
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Let (¢,),en be a sequence in WLP(H, v) such that
1@nlwi7m,v) < 1,
and 6 a smooth positive function with compact support such that

=1, ifs <1
0(s)3 =0, ifs > 2,

< 1, otherwise.
We set forr > 1

6,(x) = 0 (_M>,

logr
and @, (x) = 6,(x)@,(x). Then
¢, (x) =0if x € By,

@h(x) = gp(x)if x € Bfﬁ.

Lete = a(ﬁr_alj% L, we are going to show that the sequence (¢/,),cn is bounded in

W1+ (H | ). (The definition of WP (H, 1) for any p > 1is classical.) We have
in fact

/ o O p(dx) = / |9 ()1 e (dx)
H B¢

IA

r / lon ()"0 (dx)
B

Ite

r( / |¢n(x>|"v(dx>) "<
H

Moreover it can be easily shown that ¢] € Wl1+e(H 1) and that the following
formula holds

A

Dy (x) =

2 o’ <_210g:0(x)

- ) Dlog p(x)@, (x) + 6,(x) Dy (x),
ogr logr

so that

fH | D@l ()| )

1+¢
1+ 1+ 1+
SC[W 61! €/B£|wn<x)| “|D log p|'** u(dx)

+ /B c |Dgan(x>|”8u(dx>].
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We majorize the two terms in the right side as follows

1+¢

9 1+8/ 14-¢ Dl 1+ d
(logr)H's 191, 5 [ ()] |IDlog p| ™" u(dx)

2l+8

< Gogryre 1ONr | tonol = 1D 1og ol vidx)

2l+8 - _ L‘T*;S
< — |60 € Pud
< Gogry 191 r(/H 0 ()P0 x))

1

X (/ |Dlogp(x)|‘+5u(dx)> "
H

and

J

1Den i) <7 [ 1Dg 1 viax)

c
r

It+e

<r ( f |D¢n(x>|f’v(dx)>”.
H

This proves that for any r > 0, the sequence (¢},), <N is bounded in wbhite(H, ).
Since the embedding of W44 (H, 1) in L'*¢(H, ) is compact, see [9], it has a
convergent subsequence in L'*¢(H, (). Thus we can extract a subsequence which
converges u almost surely, and by (ii) v almost surely on Bi'ﬁ.

Using a diagonal extraction, we are able to construct a subsequence (¢, )keN
which converges v—almost surely on any Bf, and thus on H.

We now use (i) to obtain that (|¢,, |7)reN is uniformly integrable and deduce
that (¢n, )ren converges in LP(H, v). The result is thus proved for p = p.

Let ¢ € C}(H), then we have (see [4], [19])

1 t
(DPip(x), h) = — E (ga(xa,x)fo (C2nn(s, %), dW(s))) ,

and, by Holder’s inequality

1 . 1 t q
(DPp(). )| < - E (7 (X(1.x)) " E ((/O <c—1/2nh<s,x>,dW<s>>) ) ,

=

where % % = 1. We now use the Burkholder inequality to derive

t q/2
E((/ |c‘/2m,<s,x>|2ds> )
0

1=
==

~

1 _
(DPpe. ) <~ (Plel ()
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Finally the boundedness of C —1/2 3nd (2.3) give

1 Y 1 172
I 7 712 2e-ht
(DR )] < = (Plel")" 1€ (—w_k (1-e )) Q

Therefore fort > 0

Sl=

IDPew)| =g (Pl )

for some function g(¢). By integration we deduce

)

IDPiol 15,0y < 8ON@lLrH vy

thanks to the invariance of v. By approximation this is true for any ¢ € LP(H,v).
Since P; is a contraction semigroup on L?(H, v), we deduce

|Pt<P|W1,F(H,v) <(®+ 1)|§0|Lﬁ(1-1,v),
which clearly implies that P; is compact on L? (H, v).

Moreover P, is bounded in L!(H, v) and on L®°(H, v) and, by interpolation,
we prove that P, is compact on L?(H, v) for any p € (1, 00).

Let us now take p > 2. In a similar way as in section 3, we can prove that for
any ¢ € D(Np)

Pigl? PP [ g2 D pgPdvds = Igl!
| l(p|LP(H,u)+T o H| 5@ | s@|"dv 5—|‘/’|LP(H,U)'

Let now assume only that ¢ € W17 (H, v). It is not difficult to see that (Py)=0 18

strongly continuous on WP (H, v) thus there exists a sequence (¢@n)yeN in D(Np)
which converges to ¢ in W7 (H, v). Then for any n € N :

pip=1 [’ _
Bl + 20 [ Pl IO R DR Padvds = 16t 1
H

Moreover Pig, — Proin LP(H, v) so that | Prg,|rr(m,v) = | Pr@lLea,v)-
It is easily checked that for any s

f|Ps¢n|f’—2|clf2DPs<on|2dv»/ |PoolP21C V2D Py Pab.
H H
Since

fH | Pygul P2 1C 2D Py Pdv < Kilgnlyyp g -

with K1 > 0, we deduce from the dominated convergence theorem that

t t
//|Ps¢n|P*2|C1/2DPS¢n|2dvds—>/ / | Pso|P~2|CV2 D Pyg|*dvds.
0 H 0 H

Then the above identity holds for any ¢ € W17 (H, v).
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Let (¢n),en be a bounded sequence in WLP(H, v). Since P, is compact, for
any ¢ there exists a subsequence of (P;¢y),eN Which converges in LP(H, v). By
diagonal extraction, we construct a subsequence (¢, )peN such that (P1/;¢n, ) heN
converges for any / € N. Let us write

|@n, — Pn;; |€p(H,u)

= |P1/l(§0nh - wn;,)|£P(H,u)

(p—1 [V .
+%/ /|Ps<¢nh—wn,;>|p 21C" 2D (g, — o) Pdvds
0 H

K

< 1P 1Pu, = P Loy + ]

P
Sup |(Pn| 1,p .
neN WhP(H,v)

This proves that (¢,, ) is a Cauchy sequence in L” (H, v) and is thus convergent. O

6. Application to equations of reaction-diffusion type
6.1. Preliminaries

In this section we consider a specific example of an equation of Reaction-Diffusion
type:

dX(t) = (AX(t) + F(X(t))dt + ~/CdW (¢),
6.1)
X(0)=xeHt>0.

We set H = L%(0, 1) with inner product denoted by (-, -). Then we consider the
realization A of an elliptic operator with Dirichlet boundary conditions:

32 d
Ax = 8_§2 (ax) ~|—b8—x +cx, x € D(A),

D(A) = H*(0, 1) N H} (0, 1)

where a € CL([0, 1]) and, b, ¢ are given continuous function on (0, 1) such that
there exist Ao > 0, A1 € R, A € R satisfying

Ao <a(g), b)) =i, M=c®), te(0,1)

and we assume?

w= (Aomr — AT + Xy > 0. (6.2)

2 This assumption is not optimal. For instance if b is constant we can assume instead
)\.07T2 =+ )\2 > 0
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It is not difficult to check, see [16], that the stochastic convolution
t
Z(@t) = / U4/ CAW (s),
0

is well defined and has continuous paths on [0, 1] x [0, o). Moreover, the cor-
responding Ornstein—Uhlenbeck transition semigroup is strong Feller. Finally for
any m € N there exists C;, > 0 such that

E (sup |Z(r)|§"2€,,(0,1)> < Cn. (6.3)

t>0

We consider a nonlinear term F given by a polynomial of odd degree with
strictly negative dominant coefficient :

2m—1
F(x) = Z ax®, x e R,
k=0
with
ayn—1 < 0.

It is elementary to check that there exists ¥ € R such that
(F(x) = FO)(x —y) <«lx =y, x,y eR.

Moreover, for any r € N there exist positive numbers ¢y, ¢2 , such that

_ azm—1 _ _
Fx+2)x¥ 1< % X222 ey, x,z€R. O (6.4)

Finally W is a cylindrical Wiener process on H = L?(0, 1) and C is a bounded
linear operator with bounded inverse on H.

Under these assumptions, (6.1) has aunique solution and Hypothesis 2.1,2.2 are
satisfied. Moreover, the invariant measure v is unique. This last statement is proved
by the strong Feller property and the irreducibilty of the transition semigroup.

We give however the proof of the existence of an invariant measure v since it
also gives as a byproduct, an estimate for f gl F (x)lzv(dx) needed later. For this
we need a lemma.

Lemma 6.1. Let X (-, x) be the solution to equation (6.1). Then for any r € N and
forany x € L¥ (0, 1), there exists an increasing positive function g such that

X (0, 017 0.1y < 8 (1ZD2r01))s 12 0. (6.5)
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Proof. Setting Y (t) = X (¢, x) — Z(t) problem (6.1) reduces to
Y =AY + F(Y + 2),
Y(0) = x.

Multiplying both sides by Y% ~! and integrating on (0, 1) we obtain

1 d 2r ! 0 0 2r—2

1 9 1 1
+/ b(—Y) Y”*‘d;+/ Cerdé'-i-/ F(Y+2Z)Y> ldr =0.
0 a¢ 0 0

Now the conclusion follows taking into account (6.4), (6.2) and using standard

arguments. O

Proposition 6.2. There exists an invariant measure v for (6.1) and we have
/ |F (x))?v(dx) < o0. (6.6)
H

Proof. Let x € L0, 1), and let € < 4—1‘. Then we have

t
(—AX(t,x) = (—A) e x +/ (—A)e"™AF (X (s, x))ds 4+ (—A) Z(1).
0
By Lemma 6.1 it follows that there exists a positive constant C such that
E[(-A)*X(. 0 1<C. 120
This implies tightness of the sequence (L(X (¢, x))) of the laws of X (¢, x), and by
the Krylov—-Bogoliubov theorem the existence of an invariant measure v.
It remains to prove (6.6). Note first that by (6.5) there exists C1(x) > 0 such
that
E[|F(X(t, x)]"] < C1(x), t > 0.
Let now x be fixed and let t, — oo be such that (L(X (%, x))),en is weakly

convergent to v.
Then we have

E|F (X (ty, x)|*] = /H |F(0IPLX (ty, X)) (dy) — /H |F(»)*v(dy),

and the conclusion follows. O
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6.2. The strictly dissipative case

All the results of section 3 hold without any further assumptions. To apply the other
results, we need stonger assumptions. In this section, we assume

w—k >0 6.7)

then Theorem 4.2 applies and v satisfies a Logarithmic Sobolev inequality.

We also assume that the Ornstein-Uhlenbeck semigroup (R;);>0 is Symmetric.
Since W1-2(H, n) is compactly embedded in L2(H, p), then Proposition 6.2 and
the result in [5] imply that the invariant measure v has a density p with respect to
w such that log p € WY2(H, v).

We can therefore deduce from Theorem 5.1 that (P;);>0 is compactin L” (H, v)
forany p > 1and W7 (H, v) C L?(H, v) for p > 2 with compact embedding.

6.3. The general case

We now treat the general case - i.e. without assuming (6.7) - by pertubation. We
however still assume that the Ornstein-Uhlenbeck semigroup is symmetric.
It is not difficult to see that there exists r; > O such that

F'(x) <0, if [x| > ry.

Using elementary arguments, we then construct two C! functions F| and F; such
that

Fi(x) = F(x), |x| = ra,
F{(x) <0, x € R,

F=F+F

where ro > 0. The function F> is compactly supported, it is also possible to
construct it in such a way that

rn
/ F,(x)dx =0
—r
so that it has a globally bounded antiderivative U,.

The stochastic equation where F is replaced by F} satisfies all the assumptions
of section 6.2. Let us denote by (Ptl),zo the corresponding transition semigroup
with generator N and invariant measure v;.

Then, we can define

N¢ = N1¢ + (F2, D¢)

for ¢ € D(Ny). Since F; is bounded and (P,l)tzo is compact, we can apply the
same arguments as in [9], [15] and prove that N generates a C 0 semigroup (Pr);>0
in L2(H, vy). This semigroup is the transition semigroup associated to (6.1). It has
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a unique invariant measure v with a density r € LP(H, vy), for any p > 1, with
respect to vy. Furthermore (P;);> is also compact in L? (H, v;), for any p > 1.

Finally, applying the result in [11], we prove that there exist« > O and M > 1
such that

Remark 6.3. Note that we could generalize our results in many directions. Indeed,
the compactness of (P,1 )r>0 1s a very powerful tool. For instance, as in [9], we could
consider a perturbation which is only Borel and bounded.

—ot
< Me™ g1l -
P.v1

Pz¢—f ¢ (x)v(dx)
H

6.4. The gradient case

In this section, we show that in the case of a system of gradient type we can con-
siderably strengthen the above result.

We assume that C = Id and that A is self-adjoint. Then (6.1) is a of gradient
type and it is well known that in this case the invariant measure v has a density p
with respect to the gaussian measure p which is given by

px) = Kem2U®

where U is an antiderivative of F and K is a constant.
We use again the decomposition introduced in section 6.3 and set Uy = U — U,
so that
p(x) =r(x)p1(x)

where p1 is the density of v with respect to u and r(x) = K e_%Uz(x). We clearly

have 1 |
Ke 2102l <r@) < Ke2Uz2lle

where [|U2 |00 = sup,cyr [U2(x)].
We are in position to apply Theorem 4.3 and we obtain that v satisfies the
Logarithmic Sobolev Inequality (4.4) for any p > 1.
We argue as in section 6.2 and obtain exactly the same results as in the strictly
dissipative case.

Remark 6.4. Again, as in section 6.3, we could consider perturbations by Borel
and bounded functions.
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