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Abstract. Stochastic Ising and voter models on Zd are natural examples
of Markov processes with compact state spaces. When the initial state is
chosen uniformly at random, can it happen that the distribution at time t has
multiple (subsequence) limits as t → ∞? Yesfor the d = 1 Voter Model
with Random Rates (VMRR) – which is the same as a d = 1 rate-disordered
stochastic Ising model at zero temperature – if the disorder distribution is
heavy-tailed. No (at least in a weak sense) for the VMRR when the tail is
light or d ≥ 2. These results are based on an analysis of the “localization”
properties of Random Walks with Random Rates.
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1. Introduction

The purpose of this paper is to initiate the study of a Markov process phe-
nomenon we call Chaotic Time Dependence(CTD), where the distribution
at time t has multiple subsequence limits as t → ∞. For many interacting
particle systems, such as stochastic Ising or voter models, it is not to hard
to produce CTD by careful choice of the initial state. But when the initial
state is chosen uniformly at random, it can be difficult to see whether or
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not CTD happens. We will demonstrate that CTD does occur in a certain
class of such interacting particle systems with disorder (i.e., with a random
environment).

These systems, (linear) Voter Models with Random Rates (VMRR’s)
on Zd , are somewhat special and CTD is shown to occur only for d = 1
(and heavy-tailed environments). Nevertheless, the results are of interest
for at least two distinct reasons. First, they raise the issue of whether CTD
occurs in other more physical spin systems with d ≥ 2 – both with and
without disorder – such as the Edwards–Anderson spin glass [1] and the
homogeneous Ising ferromagnet (see, e.g., [2]). Indeed, our original moti-
vation for considering CTD was as a dynamical analogue for the chaotic
sizedependence [3, 4, 5] of the finite-volume Gibbs measures that can occur
in such models. Second, the mechanism that leads to CTD in VMRR’s is
a dimension-dependent localization property of Random Walks with Ran-
dom Rates (RWRR’s) that is of independent interest. The reader should be
aware however that this mechanism is specific to VMRR’s and any possi-
ble CTD in the more physical spin sytems mentioned above (and discussed
immediately below) should arise differently. Thus our results about CTD
for VMRR’s shed little light on whether or not CTD occurs for these other
spin systems. We also note (in the context of nonergodic interacting particle
systems) that CTD is different than “local nonequilibration” [6] or “recur-
rence” [7]. The latter phenomena, which concern the subsequence limits of
the stateat time t rather than the distribution at time t , can and do occur
even in the absence of CTD.

The interacting particle systems for which we will discuss the occurrence
or non-occurrence of CTD may be called stochastic (nearest-neighbor) spin
systems. These are continuous time Markov processes σt with state space
S = {σ(i) : i ∈ Zd} = {−1, +1}Zd

and only transitions in which a single
spin σ(i) flips at a time, from θ to −θ , with time independent rates rθ

i

that depend on the state only through the nearest neighbor spins {σ(j) :
|j − i| = 1}. (Here | · | denotes Euclidean distance.) In stochastic Ising
models, the rates are chosen depending on a temperature parameter T ≥ 0 so
that the infinite volume Gibbs measures for that T are invariant distributions
for the process. Formally, these measures have densities (with respect to
the symmetric product Bernoulli measure) proportional to exp(−H(σ)/T ),
where the energyH(σ) is

H(σ) = −1

2

∑
{i,j}:|j−i|=1

J{i,j}σ(i)σ (j) . (1.1)

The transition rates are usually taken as explicit functions of the change in
energy,
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1Hθ
i (σ ) =

∑
j :|j−i|=1

J{i,j}θσ (j) . (1.2)

The coupling parametersJ{i,j} depend on the particular Ising model under
consideration.

The homogeneous ferromagnetcorresponds to J{i,j} ≡ +1, while
Edwards–Anderson (EA) spin glasses correspond to J{i,j}’s chosen as an
i.i.d. random sample from some symmetric distribution on R, such as stan-
dard normal. EA models are examples of disordered Ising models (i.e., Ising
models in a random environment) and ideally one wishes to obtain results
that are valid for almost every realization of the J{i,j}’s. In the case of spin
glasses, it is natural (and standard in the physics literature) to study the cor-
responding Markov process with an initial state σ0 = ξ , where ξ is itself a
random sample from a symmetric Bernoulli distribution. In the case of the
homogeneous ferromagnet, an alternative, but less interesting choice for σ0

is to take it as identically +1 or identically −1.
The homogeneous ferromagnet, for d ≥ 2 and T sufficiently small,

is known to have multiple Gibbs measures, and thus the corresponding
Markov processes have multiple invariant distributions. Two of these are the
measures µ+ and µ− which are the infinite volume limits of the finite volume
Gibbs measures with respectively plus or minus boundary conditions. The
distribution of σt when σ0 ≡ +1 or σ0 ≡ −1, denoted µ+

t or µ−
t , is known to

converge (in the natural sense) to respectively µ+ or µ− (see, e.g., Chapters
III and IV of [8]). Using that result, it is not difficult to construct a σ0 so
that µ

σ0
t has both µ+ and µ− among its subsequence limits. This can be

done by choosing radii Ri with Ri+1 − Ri → ∞ rapidly and taking σ0 to
be constant on the annuli centered at the origin betwen Ri and Ri+1, and
alternating in sign as i increases. What is an open problem however is the
large t behavior of µ

ξ
t for the uniformly random ξ : Does µ

ξ
t → 1

2µ+ + 1
2µ−

(for almost every ξ ) or does CTD occur with the set of subsequence limits
being {αµ+ +(1−α)µ− : α ∈ [0, 1]} or does . . . ? In a somewhat heuristic
sense, we would say in the first case that µ

ξ
t locally loses all memory of

the initial state ξ , while in the second case some memory (or predictability)
persists in the sense that µ

ξ
t ≈ α(t, ξ)µ+ + [1 − α(t, ξ)]µ−, with α(t, ξ)

depending nontrivially on ξ for arbitrarily large t’s.
An even more wide open set of problems concerns EA spin glasses.

Here, it is generally thought, but not proved, that for d sufficiently large and
T sufficiently small, there are again multiple Gibbs measures, but perhaps
“many more” than for the homogeneous ferromagnet (see [9] for a general
mathematical discussion of these and related issues). Thus, if CTD were to
occur for µ

ξ
t , the set of subsequence limits could require many more pa-

rameters for its description than a single α in [0, 1]. One motivation for this
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idea is based on an analogy to Chaotic SizeDependence (CSD) [3, 4, 5, 9].
CSD is the existence of many subsequence limits for finite volume Gibbs
measures ρL (on, say, the cube {−L, −L+1, . . . , L}d with periodic bound-
ary conditions) as L → ∞. For the homogeneous ferromagnet, there is no
CSD with periodic boundary conditions but there should be with random
boundary conditions [4]; there, the boundary conditions play the role of the
initial state ξ for CTD.

Although there are no rigorous results about the presence or absence
of CTD for these models when T > 0 (and there are multiple invariant
distributions), there are some results when T = 0 and also some open
problems. Moreover, the T = 0 version of the stochastic Ising ferromagnet
is closely related to the linear voter models treated in this paper. The T = 0
stochastic Ising models we refer to are the ones where rθ

i is 1, 1/2 or 0
according to whether 1Hθ

i (σ ) is < 0, = 0 or > 0. The absence of CTD has
been proved for a large class of disordered Ising models when T = 0 as a
consequence of the much stronger result that the spin configuration σt itself
converges a.s. as t → ∞ [10]; the class of models this applies to include
those where the common distribution of the J{i,j}’s is continuous with finite
first moment for arbitrary d. For the homogeneous ferromagnet in d = 1,
it is not hard to prove absence of CTD, but it is still an open problem for
d ≥ 2. (It is known however that σt does not converge a.s. as t → ∞ for
d = 2 [10].) There is however no proof of the presence of CTD for any of
the stochastic Ising models so far described.

A main contribution of this paper is to prove CTD for certain d = 1
models that are modified versions of the T = 0 homogeneous ferromagnet
(albeit by a mechanism that is rather special to these modified models).
The modification is to introduce disorder, not via the J{i,j}’s, but rather
by multiplying the rate 1, 1/2 or 0 for a flip at location i by 1/τi , where
the τi’s are a random sample from some distribution on (0, ∞). (In fact
we take distributions on [1, ∞) to avoid uninteresting complications.) For
d = 1, this interacting particle system is exactly the same as the VMRR
(which we will define soon and then more precisely in the next section).
We will also consider the VMRR for d > 1, but that is not the same as
modifying the stochastic homogeneous ferromagnet by a local factor of
1/τi . For the VMRR on Zd , the rate for making a transition at i from θ

to −θ is 1/τi times the fraction of the 2d nearest neighbors j of i with
σ(j) 6= θ .

There are other instances in the literature where particle systems with
random rates are treated: In [11], survival in a biased voter model with a
random environment is the issue. In [12, 13, 14, 15, 16, 17], contact (and
percolation) processes in random environments are studied. References
[18, 19] consider the exclusion and zero range processes with random rates.
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Our results about CTD for VMRR’s concern both its presence and ab-
sence for a.e. ξ and a.e. τ (τ = {τi : i ∈ Zd}) and they require some
assumptions on the common distribution of the τi’s. Although some of the
results have weaker hypotheses, let us assume for simplicity in the rest of
this Introduction that the common distribution of the τi’s is such that for
some α > 0 and c, c′ ∈ (0, ∞), ct−α ≤ P(τ0 >t)≤c′t−α for all large t . The
main result of the paper is that CTD occurs (for a.e. ξ and τ ) when d = 1 and
α < 1 (see Theorem 1). Some heavy-tail assumption (like α < 1) is essen-
tial since we also show that for all d, CTD does not occur (for a.e. ξ and τ )
when α > 1 (see Theorem 2); i.e., µξ,τ

t converges as t → ∞ for a.e. ξ and τ

(we make explicit here the dependence of µ
ξ
t on τ ). Furthermore, even when

α < 1, CTD seems restricted to low d. Indeed, when d ≥ 3, CTD does not
occur (for a.e. ξ and τ ) for any α > 0 (see Theorem 5). We conjecture that
the same conclusion holds for d = 2, but have only proved a weaker result
(see Theorem 3) that µ

ξ,τ
t converges in probability as t → ∞; i.e., every

correlation E [σt(i1) . . . σt (in)|ξ, τ ], regarded as a random variable through
its dependence on ξ and τ , converges in probability as t → ∞.

Our main tool in obtaining these results is to use the relation between
time reversed linear voter models and coalescing random walks (see, e.g.,
[8]). Thus, for example, E[σt(0)|ξ, τ ] = ∑

i ξi P(Xt = i|τ), where Xt

is a (simple symmetric) continuous time random walk on Zd starting at
the origin with the rate for making steps from i (to one of its 2d nearest
neighbors) given by 1/τi . The absence or presence of CTD for σt is then
closely related to whether or not supi P(Xt = i|τ) → 0 as t → ∞ (and if
so, how fast): thus the mechanism for CTD in the VMRR is the occurrence
of a kind of localization in the RWRR.

Localization and related issues such as subdiffusive behavior for
RWRR’s and other such models are of independent interest. There is, in
particular, an extensive literature concerning both diffusion (see, e.g., [20])
and anomalous diffusion (see [21] for a review) in random media. Typically,
the anomalous diffusion exponent ζ is defined so that the distance from the
origin after time t scales like t ζ . Remark 3.1 below implies that when d = 1
and α < 1, at a time of order nγ (γ = 1

2α
+ 1

2 ), the distance is of order
n1/2 = (nγ )1/(2γ ); thus ζ = 1/(2γ ) = α

1+α
< 1/2 corresponding to subdif-

fusive behavior. But the localization phenomenon means that the distribu-
tion of Xt/tζ is also unusually singular so that there is a kind of localization
or spatial intermittency accompanying the subdiffusion. This issue will be
pursued in a future paper, but meanwhile we briefly discuss the dimension
dependence of anomalous subdiffusion and of localization/intermittency.
(We remark that certain random walk models without spatial disorder but
with a heavy-tailed waiting time distribution also exhibit subdiffusion (see,
e.g., [22]) – but presumably not localization. Since both our model and that
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of ref. [22] appear in the literature as toy models for transport in the same
kind of disordered media (see, e.g., [23]), but they give rise to different be-
havior, this issue deserves further investigation. We also remark that in [24],
a totally asymmetric RWRR is studied and a localization result similar to
Lemma 3.2 below is presented. The rates there are taken to have a common
marginal gamma distribution with a parameter corresponding to α < 1.)

When α > 1, for any d, there is ordinary diffusion with ζ = 1/2
(see, e.g., [20]). For α < 1 and d ≥ 2, one expects subdiffusion, but with
a different formula for ζ than α

1+α
. The fact that individual sites are not

visited so many times by an n-step simple symmetric random walk leads to
the replacement of the formula γ = 1

2α
+ 1

2 of Remark 3.1 with γ = 1
α

so
that one expects ζ = α/2 for α < 1 and d ≥ 2. Another difference between
d = 1 and d ≥ 2 is in the nature of localization. Our results suggest for
d = 2 and prove for d ≥ 3 that there is no localization for the RWRR
Xt starting at the origin and moving in all of Zd ; this type of localization
seems to be a strictly one-dimensional phenomenon. However, there is a
modified type of localization for the RWRR, which has appeared in the
physics literature [25], that occurs for any d when α < 1.

To explain it, consider an RWRR XL
t in the box 3L = {−L, −L +

1, . . . , L}d (with, say, reflecting boundary conditions). If we look at the
fraction of time up to t spent at site i, take the limit as L → ∞ then
as t → ∞, we are in the situation studied in this paper. The modified
localization studied in [25] corresponds to taking the limit in the opposite
order. Then the first limit results in the invariant distribution for XL

t , whose
discrete density is τi/

∑
j∈3L

τj , and the L → ∞ limit yields localization
for α < 1 and any d.

In the next section we describe in detail the Voter Model with Random
Rates and our results concerning chaotic time dependence. Proofs are given
in subsequent sections.

2. The Voter Model with Random Rates

We call the following model a spin system, although it is a disordered version
of the well known and much studied (linear) voter model [8, 26], which is
usually described as a particle system.

Let S = {−1, +1}Zd

be the set of spin configurations in Zd . A point
of S, a configuration, will be denoted by σ = {σ(i), i ∈ Zd}. The sys-
tem evolves stochastically from an initial configuration as follows. Each
site i ∈ Zd has a Poisson clock that rings at times whose increments are
i.i.d exponential random variables with positive mean τi . The clocks for dif-
ferent sites are independent of each other. We denote by τ = {τi, i ∈ Zd}
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the family of means and by τ−1 = {τ−1
i , i ∈ Zd}, the family of rates of

the process. At each ring of the clock at i, its spin is updated, taking the
value of the spin at a site chosen uniformly at random among its 2d nearest
neighbors.

Since almost surely no two clocks ring simultaneously, the dynamics
is almost surely well defined locally. For the process to be almost surely
well defined globally for all times, one has to insure that the event that
infinitely many jumps occur in finite time (in the dual random walk process,
as discussed below) has probability zero. It suffices, for example, to take τ

uniformly positive. In the random version to be discussed below, the uniform
positivity is not necessary. Actually, in that case, it suffices to assume that
the (common) distribution of the i.i.d. τi’s has no atom at 0.

The formal generator of this continuous time Markov process, denoted
by {σt , t ≥ 0} or simply σt , can be given by

Gf (σ) =
∑
i∈Zd

1

τi

∑
j :|i−j |=1

1

2d
[f (σ ij ) − f (σ)] , (2.1)

where f is an arbitrary real function on S depending on finitely many
coordinates only, | · | is the L2 norm in Zd and σ ij denotes the modification
of σ at i, where it takes the spin σ(j), namely

σ ij (k) =
{

σ(k), if k 6= i,
σ(j), if k = i .

(2.2)

This is a nonhomogeous linear voter model.
We want to put random disorder in the rates, so τ will be taken as a family

of i.i.d. strictly positive random variables, independent of the dynamics. The
resulting process is almost surely well defined, since the probability for an
infinite number of jumps in finite time (in the dual random walk process)
is zero even without assuming uniform positivity of τ . Nevertheless, to
simplify the construction (and the analysis of other issues), we take

P(τ0 ≥ 1) = 1 . (2.3)

This will be called a Voter Model with Random Rates (VMRR).
We take uniformly random initial conditions for σt and thus introduce

another family ξ of i.i.d. random variables, which will be taken independent
of the rates and the dynamics. Let ξ = {ξi, i ∈ Zd}, with common symmet-
ric Bernoulli distribution, that is, we set P(ξ0 = +1) = P(ξ0 = −1) = 1/2.

ξ will be taken as the initial state of σt , that is , we set σ0 = ξ. We want to
investigate in this model the phenomenon of chaotic time dependence.

Definition 2.1. For given realizations of the initial configuration of spins
ξ and configuration of ratesτ , we say thatσt exhibitschaotic time depen-
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dence (CTD) if it doesnot converge weakly ast → ∞ (i.e., if some finite
dimensional distribution – or spatial correlationE [σt(i1) . . . σt (in)] – ofσt

does not converge to a single limit ast → ∞).

Remark 2.1. A similar notion of chaotic time dependence can be defined
for any stochastic dynamical system: presence of multiple weak limits along
different subsequences of time(for given choices of parameters and initial
distribution).

We now state our result on the presence of CTD. For this and our other
results no attempt has been made to obtain optimal hypotheses.

Theorem 1. For d = 1, if the distribution ofτ0 is such that there exist
constants0 < c, c′ < ∞ and0 < α < 1 for which

ct−α ≤ P(τ0 > t) ≤ c′t−α (2.4)

for all large t , then the VMRR exhibits chaotic time dependence for almost
everyξ andτ .

The following results are convergence theorems showing or suggesting
absence of CTD.

Theorem 2. For all d, if E(τα
0 ) < ∞ for someα > 1, then the VMRR

converges weakly for almost everyξ andτ .

Theorem 3. For d = 2, if the distribution ofτ0 satisfies(2.4) for some
α > 0 andc, c′ ∈ (0, ∞), then the VMRR converges weakly in probability
with respect toξ and τ (i.e., every spatial correlation ofσt converges in
probability with respect toξ andτ ).

Theorem 4. For d ≥ 3, for everyτ (with τi ≥ 1 for all i), the voter model
with inhomogeneous ratesτ converges weakly in probability with respect
to ξ .

We can strengthen the type of convergence in Theorem 4 but at the
expense of restricting the allowed τ ’s:

Theorem 5. For d ≥ 3, if τ0 satisfiesE(τα
0 ) < ∞ for someα > 0, then

the VMRR converges weakly for almost everyξ andτ .

The arguments for these results are based on the (well known) dual
representation of linear voter models as coalescing random walks [8, 26],
defined as follows. Consider a system of particles initially placed one on
each site of Zd evolving according to continuous-time simple symmetric
coalescing random walks with inhomogeneous rates τ−1. This means that



Chaotic time dependence in a disordered spin system 425

there is an exponential clock sitting at every site i ringing at rate τ−1
i . When

it does ring, if there is a particle at that site, it chooses a site uniformly at
random among its nearest neighbors and jumps there. Two particles at the
same site coalesce immediately into a single particle.

Let us denote this particle system by ηt and call it a Coalescing Random
Walk with Random Rates (CRWRR). It has state space S̃ = {0, 1}Zd

and
generator

G̃h(η) =
∑
i∈Zd

η(i)

τi

∑
j :|i−j |=1

1

2d
[h(ηij ) − h(η)] , (2.5)

where h is an arbitrary real function on S̃ depending on finitely many
coordinates only and ηij denotes the possible modification of η at i and j ,
where it takes the values 0 and 1 respectively, namely

ηij (k) =



η(k), if k 6= i and j ,
0, if k = i,
1, if k = j .

(2.6)

Let Xt(i) denote the position at time t of the tagged particle of η initially
at the site i.

Remark 2.2. We note, for use in the proofs below, that for a singlei

{Xt(i), t ≥ 0} is an ordinary simple symmetric random walk inZd (with in-
homogeneous rates). We will mostly denoteXt(0) more compactly byXt . We
will also consider the discrete-time random walk embedded inXt , denoted
by X̃n.

There is then the following weak (or dual) representation of the VMRR
in terms of the CRWRR (see [8, 26] for the case with uniform rates). For
every fixed t ≥ 0, we have that

{σt(i), i ∈ Zd} = {σ0(Xt(i)), i ∈ Zd} (2.7)

in distribution.
In the proof of Theorem 1 in the next section, we use the representa-

tion (2.7) to show that the expected value of the spin at the origin at time
t , given τ and σ0, does not converge as t → ∞. As noted in Remark 2.2,
the object that comes into play is the random walk Xt . The quantity we will
study, already using the representation (2.7), is thus

E[σt(0)|τ, σ0 = ξ ] = E[ξXt
|τ, ξ ] =

∑
i∈Zd

ξi P(Xt = i|τ) , (2.8)

where τ refers to the rate configuration and ξ is the initial spin configuration
of the VMRR.
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The almost sure CTD of Theorem 1 follows from the facts, to be argued
below, that, for almost every τ ,

lim
t→∞ P(Xt = i|τ) = 0 (2.9)

for all i but lim supt→∞ supi P(Xt = i|τ) > 0. The mechanism behind
these facts, as we will show below, is the localization or concentration at
large times of P(Xt = ·|τ) in sites where τ is large. The confinement of Z1

makes it predictable (with probability bounded away from 0) which large τ

sites Xt is located in.
This concentration does not happen when E(τα

0 ) < ∞ for some α > 1.
Then, one has almost surely that supi P(Xt = i|τ) → 0 as t → ∞ at least
as fast as a fractional inverse power and this rapid dilution of the distribution
of Xt is the key to the convergence in Theorem 2, proved in Section 4. The
proofs of Theorems 3–5 are similar; these are given in Section 5.

Remark 2.3. A relevant point with respect to the weak limits of
Theorems2–5 (to be discussed below) and concerning the CRWRR is that
it can be shown without much difficulty that the behavior of the coalescing
random walk with uniform rates is inherited by the CRWRR. That is, in one
and two dimensions all random walks coalesce eventually(almost surely
with respect to the dynamics) for everyτ . In three and higher dimensions,
some walks will remain forever distinct(almost surely with respect to the
dynamics) for everyτ .

3. Chaotic time dependence ford = 1

In what follows we will express the time spent by Xt at a given site i between
jumps by τiT , where T is an exponential random variable with mean one. In
this way, we have three independent families of random variables involved
in Xt . The embedded walk X̃, τ and a sequence of i.i.d. exponentials of
mean one, T1, T2, . . .

Next we state a result about the scaling of the time spent by Xt in the
first n jumps, denoted Sn. We can write

Sn =
n∑

i=1

τX̃i
Ti . (3.1)

Let γ = 1

2α
+ 1

2
.

Lemma 3.1. For d = 1 and α < 1, suppose that the distribution ofτ0

satisfies the right hand side inequality of(2.4) for some finite constantc′
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and all large enought . ThenSn/n
γ is bounded in probability asn → ∞;

i.e., limB→∞ supn P (Sn > Bnγ ) = 0.

The proof of Lemma 3.1 is given later in this section. We next state an-
other lemma that will be used together with Lemma 3.1 to prove Theorem 1;
its proof is given at the end of the section.

Lemma 3.2. To prove Theorem1, it is sufficient to show that

P
(

lim sup
t→∞

sup
i

P(Xt = i|τ) > 0

)
= 1 . (3.2)

3.1. Proof of Theorem 1

Let I = I (n, τ ) be the leftmost integer i in [−√
n,

√
n] where τi achieves

its maximum. That is,

I = min{i : −√
n ≤ i ≤ √

n and τi = max
−√

n≤j≤√
n
τj } . (3.3)

Let B and ε be positive numbers. We will first show that

lim
B→∞

lim inf
ε→0

lim inf
n→∞ P

(
1

Bnγ

∫ Bnγ

0
1{Xs = I } ds > ε

)
= 1 (3.4)

and from this conclude that (3.2) holds.
The above probability is bounded from below by

P
(

1

nγ

∫ Sn

0
1{Xs = I } ds > Bε

)
− P (Sn > Bnγ ) . (3.5)

By Lemma 3.1, the last probability in (3.5) can be made arbitrarily small
uniformly in n by choosing B large. Thus

lim sup
B→∞

lim sup
ε→0

lim sup
n→∞

P (Sn > Bnγ ) = 0 . (3.6)

The left hand side of the expression inside the first probability in (3.5)
(which we will later denote by U ) equals

1

nγ
τIG(Ln,I ) , (3.7)

in distribution, where Ln,k denotes the local time of X̃ up to discrete time n

at site k, that is

Ln,k =
n∑

i=0

1{X̃i = k} , (3.8)
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and G(m) is a gamma random variable with mean and variance m. Now (3.7)
is the product of

τI

(
√

n )
1
α

and
G(Ln,I )√

n
, (3.9)

which are asymptotically strictly positive in probability (this is easy to check
for the former random variable from the left hand side inequality of (2.4);
for the latter, it follows from Theorems 9.13 and 10.1 in [27] and from the
right hand side inequality of (2.4)). Thus

lim inf
ε→0

lim inf
n→∞ P

(
1

nγ

∫ Sn

0
1{Xs = I } ds > Bε

)
= 1 (3.10)

for all B and (3.4) follows from (3.10) and (3.6) via (3.5).
Next it follows from (3.4) by fairly standard arguments that

lim
B→∞

lim inf
ε→0

lim inf
n→∞ P

(
1

Bnγ

∫ Bnγ

0
P(Xs = I |τ) ds > ε

)
= 1 . (3.11)

To see this, replace the ε in (3.4) by ε/(1 − √
δ) for some small δ and use

the fact that

P
(

U ≥ ε

1 − √
δ

)
≥ 1 − δ implies P (E[U |τ ] ≥ ε) ≥

√
δ .

The estimate (3.11) now implies that

lim
ε→0

lim inf
n→∞ P

(
1

n

∫ n

0
sup

i

P(Xs = i|τ) ds > ε

)
= 1 (3.12)

and thus that limε→0 limt→∞ P
(
sups>t supi P(Xs = i|τ) > ε

) = 1, which
implies the condition (3.2) of Lemma 3.2. �

It remains to prove Lemmas 3.1 and 3.2.

3.2. Proof of Lemma 3.1

We will argue that

lim
λ→0+

lim inf
n→∞ E

(
exp

{
− λ

nγ
Sn

})
= 1 . (3.13)

This immediately implies the desired result.
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We rewrite the expectation in (3.13) as E[E(exp{−λSn/nγ }|τ, X̃)].
From (3.1) and Jensen’s inequality, the expectation inside the brackets

can be bounded below by

exp

{
− λ

nγ

n∑
i=1

τX̃i

}
. (3.14)

The expectation of (3.14) can be expressed as

E

[
E

(
exp

{
− λ

nγ

∑
k

τkLn,k

}∣∣∣∣∣ X̃
)]

(3.15)

and the expectation inside brackets in (3.15) equals∏
k

{
1 − E

(
1 − exp{−`τ0}|X̃

)}
,

where ` = `(n, k) = λLn,k/nγ .
It follows from the right hand side inequality of (2.4) that there exists

a finite constant c′′ such that the last expectation can be bounded above by
c′′`α. Using the facts that given δ′ > 0, 1−xk ≥ exp{−(1+δ′)xk} for small
enough nonnegative xk and that

sup
k

Ln,k/nγ ≤
∑

k

Ln,k/nγ = n1−γ → 0 (3.16)

as n → ∞ (since γ > 1), we conclude that (3.15) is bounded below by

E

[
exp

{
−c′′′λα

nγα

∑
k

Lα
n,k

}]
, (3.17)

where c′′′ is a finite constant.
Now by the Law of the Iterated Logarithm for X̃ and the fact that Ln,k

can be approximated by the Brownian local time, denoted Ln,k, within a
margin of error of n1/4 ([27], Theorem 10.1), (3.17) becomes

E

[
exp

{
−c′′′λα

√
n

∑
k

(Ln,k/
√

n)α

}]
= E

[
exp

{
−c′′′λα

√
n

∑
k

Lα
1,k/

√
n

}]

(3.18)

plus an o(1) error term. (The identity in (3.18) follows by a simple change
of variables.) But 1√

n

∑
k L

α
1,k/

√
n

→ ∫
Lα

1,xdx < ∞ almost surely as
n → ∞, since L1,x is continuous and with bounded support almost surely.
(3.13) follows by dominated convergence. �
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Remark 3.1. Arguments like those in the proof of Lemma3.1 show that
under the assumption of the left hand side inequality of(2.4), limλ→∞
lim supn→∞ E (exp{−λSn/nγ }) = 0. This and(3.13) together imply that if
both sides of(2.4) are valid, then{Sn/nγ , n ≥ 1} is a tight sequence and
every weak limit is supported on(0, ∞). We further note that ifc and c′

can be taken arbitrarily close in(2.4) (that is, if tαP(τ0 > t) has a positive
finite limit ast → ∞), thenSn/nγ converges weakly asn → ∞.

3.3. Proof of Lemma 3.2

We will argue that (3.2) implies that for almost every τ and ξ , E[σt(0)|τ, ξ ]
does not converge as t → ∞. We begin by showing, through a renewal
theory argument, that (2.9) holds. It is sufficient to show that

lim
t→∞ P(Xt = i|X0 = i, τ ) = 0 . (3.19)

Indeed, denoting the first hitting time of i (starting from 0) by Hi , we have

P(Xt = i|τ) =
∫ t

0
P(Xt−s = i|X0 = i, τ )P(Hi ∈ ds) (3.20)

and (2.9) follows from (3.19) through (3.20).
Now the probability in (3.19), which we now denote by H(t), satisfies

the following renewal equation:

H(t) = P(τiT > t |τ) +
∫ t

0
H(t − s) dF (s) , (3.21)

where T is an exponential random variable with mean one and F is the
distribution function of the sum of the independent random variables τiT

and H′
i (conditional on τ ), the latter being the return time to i of Xt (after

leaving i).
We claim that E(H′

i |τ) = ∞ for all τ (with τi ≥ 1 for all i). This
can be argued by coupling (in the natural way) H′

i = H′
i(τ ) and H′

i(τ̃ ),
with τ̃ ≡ 1, so that H′

i(τ ) ≥ H′
i(τ̃ ). But H′

i is the return time in the
homogeneous continuous time simple symmetric random walk on Z which
is well known to have infinite mean. Going back to (3.21), since P(τiT >

t |τ) is (directly) Riemann integrable, the Renewal Theorem ([28], Chapter
XI) applies and (3.19) follows.

Returning now to E[σt(0)|τ, ξ ] and using the representation (2.7), we
have (as previously noted in (2.8)) that E[σt(0)|τ, ξ ] = ∑

i ξiP(Xt = i|τ).

(2.9) now implies that, for every τ , the convergence of E[σt(0)|τ, ξ ] is in
the tail sigma-field of the variables in ξ and thus, by the Kolmogorov 0-1
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Law, is a trivial event. In other words, if A1 = {E[σt(0)|τ, ξ ] converges},
then P(A1|τ) = 0 or 1 for every τ .

Now let A2 = {P(A1|τ) = 1}. Notice that A2 depends only on τ .
Our aim is to prove that as a consequence of (3.2), P(A2) = 0. On A2,
E[σt(0)|τ, ξ ] converges to a constant for almost every ξ , again by triviality.
The constant has to be 0, since E[σt(0)|τ, ξ ] is uniformly bounded (between
−1 and 1) and E[σt(0)1A2 |τ ] = 1A2E[σt(0)|τ ] = 0 for almost every τ .

The uniform boundedness now implies that on A2,

E
{
E2[σt(0)|τ, ξ ]

∣∣ τ} → 0 (3.22)

as t → ∞. But the left hand side of (3.22) equals
∑

i P
2(Xt = i|τ), which

is greater than or equal to supi P
2(Xt = i|τ). Thus (3.22) implies that on A2,

supi P(Xt = i|τ) → 0 as t → ∞ and hence (3.2) implies that P(A2) = 0,
as desired. �

4. Convergence for light-taileds

4.1. Proof of Theorem 2

We will argue only the d = 1 and 2 cases here since Theorem 5 includes the
result for d ≤ 3. Let us suppose, without loss of generality, that E(τ0) = 1.
We will first argue that

E[σt(0)|τ, ξ ] → 0 (4.1)

almost surely as t → ∞. The key step will be to show that there exists a
positive number δ such that almost surely

sup
i

P(Xt = i|τ) ≤ t−δ (4.2)

for all large enough t .
With (4.2) and the representation (2.7)–(2.8), the result will follow after

an argument on getting continuous time convergence from convergence
along certain discrete subsequences of times, to be presented below. The
key step in the argument is to prove a moderate deviations estimate for Sn.
We want to argue that there exist numbers ν < 1 and δ > 0 (depending on
α) such that for almost all τ

P(|Sn − n| > nν |τ) < n−δ (4.3)

for all large enough n. In Lemma 4.1 below, we show thatthis implies (4.2).
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For now, let us rewrite Sn − n as
n∑

i=1

τ̄X̃i
Ti +

n∑
i=1

T̄i , (4.4)

where bars denote centering by the mean and we have used that E(τ0) = 1.
We need only argue the analogue of (4.3) for the former sum, since the result
for the latter is well known (see for example Theorem 1.8.8 in [29], which
we note is the same as Exercise 1.8.2 in the first edition of [29]).

Let us now reexpress the first term in (4.4) as∑
k

τ̄k Gk(Ln,k) , (4.5)

whereGk(mk), k ∈ Z, are (conditional onLn,k = mk for each k) i.i.d. gamma
random variables with mean and variance mk, respectively, and Ln,k is the
discrete random walk local time.

We consider d = 1 first. Given ε > 0 (we will choose its value later,
depending on α and ν), we claim that

P(Ln,k = 0 for all |k| > n
1
2 +ε) ≥ 1 − n−δ′

(4.6)

and

P(Ln,k ≤ n
1
2 +ε for all |k| ≤ n

1
2 +ε) ≥ 1 − n−δ′

(4.7)

for some δ′ > 0 and all large n. (4.6) follows immediately from the Reflec-
tion Principle for X̃ and (4.7) follows from Chebyshev’s inequality once we
prove that, for all positive integers M and integers k, E(LM

n,k) ≤ cM nM/2,

where cM is constant in n and k. This in turn follows from

LM
n,k =

(
n∑

i=0

1{X̃i = k}
)M

≤ M!
∑

0≤i1≤···iM≤n

M∏
j=0

1{X̃ij = k} , (4.8)

and

∑
0≤i1≤···iM≤n

P(X̃i1 = k)

M∏
j=2

P(X̃ij = k|X̃ij−1 = k)

=
∑

0≤i1≤···iM≤n

P(X̃i1 = k)

M∏
j=2

P(X̃ij = 0|X̃ij−1 = 0)

=
∑

0≤i1≤···iM≤n

P(X̃i1 = k)

M∏
j=2

P(X̃ij −ij−1 = 0)
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≤
∑

0≤i1≤n

∑
0≤i2−i1≤n

· · ·
∑

0≤iM−iM−1≤n

P(X̃i1 = k)

M∏
j=2

P(X̃ij −ij−1 = 0)

=
∑

0≤i1≤n

P(X̃i1 = k)

M∏
j=2

∑
0≤ij −ij−1≤n

P(X̃ij −ij−1 = 0)

=
( ∑

0≤i≤n

P(X̃i = k)

)( ∑
0≤i≤n

P(X̃i = 0)

)M−1

(4.9)

and ∑
0≤i≤n

P(X̃i = k) ≤
∑

0≤i≤n

P(X̃i = 0) = O(n1/2) . (4.10)

The final inequality follows easily from conditioning on the first time
X̃i = k.

Returning to (4.5), by using (4.6) we now only need to be concerned with
the sum restricted to |k| ≤ n

1
2 +ε . Next, by using (4.7) and a large deviations

argument for Gk, we have that

P
(
Gk(Ln,k) ≤ 2n

1
2 +ε for all |k| ≤ n

1
2 +ε
)

≥ 1 − n−δ′
(4.11)

for some δ′ > 0 and all large n.
Now, writing the the sum in (4.5) (restricted to |k| ≤ n

1
2 +ε), divided

by nν , as
1

nν−1/2−ε

∑
|k|≤n1/2+ε

τ̄k

Gk(Ln,k)

n1/2+ε
, (4.12)

restricting attention to the event on the left hand side of (4.11) and following
the proof of Theorem 1.8.8 in [29], we have that, for ν close enough to 1
(depending on α), we may choose ε small enough (depending on α and ν)
so that for almost every τ and then for all n large enough, (4.12) is smaller
than 1 (say) and (4.3) follows for d = 1.

The argument for d = 2 is similar. (4.6) still holds (for essentially the
same reason). The analogue of (4.7) is P(Ln,k ≤ nε for all |k| ≤ n

1
2 +ε) ≥

1 − n−δ′
, which follows in the same way as did (4.7), upon noticing that

the middle expression of (4.10) is now O(log n). (4.11) takes the form
P
(
Gk(Ln,k) ≤ 2nε for all |k| ≤ n

1
2 +ε
)

≥ 1−n−δ′
. This follows again from

a large deviations argument. The analogue of (4.12) will then be

1

nν−ε

∑
|k|≤n1/2+ε

τ̄k

Gk(Ln,k)

nε
(4.13)



434 L.R.G. Fontes et al.

and a similar argument to the one following (4.12) implies (4.3) for
d = 2.

We next state and prove the lemma yielding (4.2) from (4.3) and after
that complete the proof of Theorem 2 (for d = 1 and 2).

Lemma 4.1. Suppose there exist finite positive constantsc1, c2, δ andν < 1
such that

P (|Sn − n| > c1n
ν |τ) ≤ c2n

−δ (4.14)

for all large enoughn. Then there exist finite positive constantsc3 and δ′

such that

sup
i

P (Xt = i|τ) ≤ c3t
−δ′

(4.15)

for all large enought .

Proof. Let Nt denote the number of jumps taken by X up to time t ; then we
can write Xt as a time-changed discrete time (homogeneous) random walk,
Xt = X̃Nt

. From (4.14), P (|Nt − t | > c4t
ν |τ) ≤ c5t

−δ because

Nt − t > c4t
ν H⇒ Nt >t + c4t

ν H⇒ Sbt+c4tνc < t (4.16)

and

Nt − t < −c4t
ν H⇒ Nt < t − c4t

ν H⇒ Sdt−c4tνe > t . (4.17)

Thus

P (Xt = i|τ) = P
(
X̃Nt

= i|τ
)

≤ P
(
X̃Nt

= i, |Nt − t | ≤ c4t
ν |τ
)

+ c5t
−δ , (4.18)

where c5 does not depend on i.
We first argue the case d = 1. The last probability in (4.18) is bounded

above by

P
(
X̃n = i for some n ∈ [t − c4t

ν, t + c4t
ν]
)

≤ P
(
X̃bt−c4tνc ∈ [i − tν

′
, i + tν

′
]
)

+P
(
|X̃m − X̃bt−c4tνc| ≥ tν

′
for some m ∈ [t − c4t

ν, t + c4t
ν]
)

≤ P
(
X̃bt−c4tνc ∈ [i − tν

′
, i + tν

′
]
)

+ P
(

max
1≤m′≤2c4tν+1

|X̃m′ | ≥ tν
′
)

,

(4.19)
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where ν ′ is chosen so that ν/2 < ν ′ < 1/2.
The first probability after the last inequality of (4.19) is then bounded

above by

∑
i−tν

′≤j≤i+tν
′
P
(
X̃bt−c4tνc = j

)
≤ c6

tν
′

√
t − c4tν

≤ c7t
ν ′−1/2 . (4.20)

and the second by

2P
(

max
1≤m′′≤2c4tν+1

X̃m′′ ≥ tν
′
)

≤ 4P
(
X̃b2c4tν+1c ≥ tν

′) ≤ c8
1

t δ
′′ (4.21)

for some δ′′ > 0, since ν ′ > ν/2 (see (4.6)). The first inequality in (4.21))
is due to the Reflection Principle. Then (4.21) and (4.19) (since ν ′ < 1/2)
together yield (4.15) for d = 1.

Now for the case d = 2. The sup over i of the last probability in (4.18)
is bounded above by

∑t+c4t
ν

j=t−c4tν
supi P(X̃j = i) and the 1/j decay of

supi P(X̃j = i) in d = 2 (a well known fact) yields the desired result
since ν < 1. �

4.2. Completion of Proof of Theorem 2

The arguments so far can be used to establish (4.1) along a subsequence of
times going to infinity and getting dense as it grows, as follows. For t =
1, 2, . . ., letAt = {i/t, i = 0, 1, . . . , btc}. Now defineT = ∪∞

t=1{t+At}.
We argue now, from (4.2), that (4.1) holds along T. First notice that, given
a positive integer K , using (2.8)

E
{
E2K [σt(0)|τ, ξ ]

∣∣ τ} =
∑

l1,...,l2K

2K∏
j=1

P(Xt = lj |τ)

≤ MK

∑
i1,...,iK

K∏
j=1

P2(Xt = ij |τ)

= MK

(∑
i

P2(Xt = ij |τ)

)K

≤ MK

(
sup

i

P(Xt = i|τ)

)K

≤ MKt−Kδ (4.22)

for almost every τ and then all large t . Here
∑′ is the sum over l1, . . . , l2K

such that the li’s agree in pairs and MK is a combinatorial coefficient.
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Given ε > 0,

P

(
sup

s∈t+At

E[σs(0)|τ, ξ ] > ε

∣∣∣∣∣ τ
)

≤ t sup
s∈t+At

P (E[σs(0)|τ, ξ ] > ε| τ)

≤ MKε−2Kt−Kδ+1 (4.23)

for almost every τ and then for large t , with the last inequality due to
Chebyshev and (4.22). Now (4.1) along T follows by Borel-Cantelli upon
choosing K big enough.

To fill up the gaps, we note (see (2.5) and (2.3)) that for every i∣∣∣∣ d

dt
P(Xt = i|τ)

∣∣∣∣ ≤ P(Xt = i|τ) + 1

2d

∑
j :|i−j |=1

P(Xt = j |τ) (4.24)

for all τ (with τi ≥ 1 for all i), which, from (2.8), implies that∣∣∣∣ d

dt
E[σt(0)|τ, ξ ]

∣∣∣∣ ≤ 2 (4.25)

for all τ . Since E[σt(0)|τ, ξ ] → 0 as t → ∞ along T, (4.25) implies
convergence along all of R.

The argument for convergence of higher correlations is similar. We
present the case for the two-point correlation. By (2.7), we have

E[σt(0)σt (x)|τ, ξ ] =
∑
i,j

ξiξjP(Xt(0) = i, Xt(x) = j |τ)

= P(Xt(0) = Xt(x)|τ)

+
∑
i 6=j

ξiξjP(Xt(0) = i, Xt(x) = j |τ) . (4.26)

The first term in the last expression converges in t for everyτ by the monon-
icity in t of the events {Xt(0) = Xt(x)} for coalescing random walks.

As for the second term, raising it to the K-th power, for an arbitrary
positive integer K , taking the expectation with respect to ξ , and using the
fact that for i 6= j

P(Xt(0) = i, Xt(x) = j |τ) ≤ P(Xt(0) = i|τ)P(Xt(x) = j |τ),

we get exactly the same bound as in (4.22), namely

∑
l1,...,l2K

2K∏
j=1

P(Xt = lj |τ) ≤ MK

(
sup

i

P(Xt = i|τ)

)K

(4.27)

and we proceed as with E[σt(0)|τ, ξ ] to get almost sure convergence
to 0. �
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Remark 4.1. From the almost sure coalescence of every pair of random
walks of the CRWRR ford = 1 and2 (see Remark2.3), it is clear that the
weak limit of the distribution ofσt is a fair mixture of the point measures
on the two invariant configurationsσ+ ≡ +1 andσ− ≡ −1 for almost all
rates and initial configurations.

5. Convergence for two and higher dimensions

We prove Theorems 4, 5 and 3, in that order.

5.1. Proof of Theorem 4

Two properties of X̃ for d ≥ 3 related to its transience are∑
n

P(X̃n = i) < ∞ (5.1)

for all i ∈ Zd and

lim
|i|→∞

∑
n

P(X̃n = i) = 0 . (5.2)

Let 2i = max{j : X̃j = i}, that is, the last time X̃ visits i (with
max ∅ = −1). Then (5.1) implies that

2i < ∞ (5.3)

almost surely.
We have (with Nt as defined in the proof of Lemma 4.1) that Xt = i H⇒

2i ≥ Nt and, since for every τ , Nt → ∞ as t → ∞ almost surely, from
this and (5.3)

P(Xt = i|τ) → 0 (5.4)

as t → ∞ for each i. By (5.2), given ε > 0, there exists M (depending on
τ ) such that

sup
t

sup
|i|>M

P(Xt = i|τ) < ε . (5.5)

This is because

P(Xt = i|τ) ≤ P(Xs = i for some s|τ)

= P(X̃n = i for some n) ≤
∑

n

P(X̃n = i) .
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Now, by (5.4) and (5.5),

lim sup
t→∞

sup
i

P(Xt = i|τ) ≤ lim sup
t→∞

sup
|i|≤M

P(Xt = i|τ) ∨ ε = ε (5.6)

and, since ε is arbitrary, it follows that lim supt→∞ supi P(Xt = i|τ) = 0
for every τ and the convergence (to zero) of E[σt(0)|τ, ξ ] in L2 (and hence
in probability) with respect to ξ then follows from Chebyshev’s inequality
and

E
{
E2[σt(0)|τ, ξ ]

∣∣ τ} =
∑

i

P2(Xt = i|τ) ≤ sup
i

P(Xt = i|τ) . (5.7)

The convergence of higher order correlations is done as in the proof of
Theorem 2. �

Remark 5.1. From Remark2.3, we conclude that the weak limit ofσt (in
probability) is non-trivial(in the sense of not being a mixture of the invariant
configurationsσ+ ≡ +1 andσ− ≡ −1). In fact, it is not difficult to to see
that it is the distribution of an i.i.d. assignment of+1 and−1 with equal
probabilities to the components of a random partition ofZd . Two sites of
Zd belong to the same component if the walks in the CRWRR starting at
those sites eventually coalesce.

We will need the following result for the proof of Theorem 5; its proof
is given below.

Lemma 5.1. Under the same hypotheses as Theorem5, there exist positive
numbersδ andδ′ such that, for almost everyτ , P

(
Nt < tδ|τ) < t−δ′

for all
large t .

5.2. Proof of Theorem 5

We will argue that there exists a positive number δ such that for almost
every τ

sup
i

P(Xt = i|τ) ≤ t−δ (5.8)

for all large enough t . As in the proof of Theorem 2, this is the key step;
the result then follows in the same way as did Theorem 2 for d = 2. To
obtain (5.8), note that

P(Xt = i|τ) =
∑

k

P(X̃k = i, Nt = k|τ)

≤ P(Nt < tδ|τ) +
∑
k≥t δ

P(X̃k = i) (5.9)
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so the left hand side in (5.8) is bounded by

P(Nt < tδ|τ) +
∑
k≥t δ

sup
i

P(X̃k = i) . (5.10)

It is well known that as k → ∞ the expression inside the sum in (5.10)
decays as 1/kd/2, which is summable if d ≥ 3. This and Lemma 5.1
yield (5.8). �

5.3. Proof of Lemma 5.1

It is enough to show (by arguments like those of (4.16)–(4.17)) that there
exist positive finite constants δ and M such that for almost every τ

P
(
Sn > nM |τ) ≤ cn−δ , (5.11)

where c < ∞ does not depend on n (but may depend on τ ). Bound
the probability on the left hand side as follows. P(n−MSn > 1|τ) ≤
c′(1 − E[exp{−n−MSn}|τ ]), where c′ is a constant (= (1 − exp{−1})−1).

The expression inside the parentheses on the right hand side is bounded,
using Jensen’s inequality, by 1 − E[exp{−n−M

∑
k τkLn,k}|τ ]. Now the

sum in the above expression is bounded (crudely) by n max|k|≤n τk, since∑
k Ln,k = n. But if M ′ is a sufficiently large number, then n−M ′

max|k|≤n τk

converges to 0 as n → ∞ for almost every τ . (5.11) follows upon choosing
M = M ′ + 1 + δ. �

5.4. Proof of Theorem 3

We will treat the case 0 < α ≤ 1 only; the case α > 1 follows from
Theorem 2. The following analogue of Lemma 3.1 (see also Remark 3.1)
will be needed.

Lemma 5.2. LetSn be as in(3.1). Under the hypotheses of Theorem3 with
α ≤ 1 and for any0 < ε < 1/α, we have thatSn/nβ → 0 or ∞ in
probability asn → ∞, depending on whetherβ = 1/α + ε or 1/α − ε,
respectively.

5.5. Proof of Lemma 5.2

We first argue that Sn/nβ → 0 in probability as n → ∞ with β = 1/α + ε.
For that, we will show that

lim
n→∞ E

(
exp{−Sn/nβ}) = 1 . (5.12)
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Arguing as in the proof of Lemma 3.1, we get the following lower bound
for the expectation in (5.12):

E

(
exp

{
− 1

nβ

n∑
i=1

τX̃i

})
. (5.13)

Following that proof and using (3.16) with β replacing γ and the right hand
side inequality of (2.4), we get the lower bound

E

(
exp

{
− c′

nβα

∑
k

Lα
n,k

})
(5.14)

for (5.13), where c′ is a positive constant. (5.12) follows because βα > 1
and

∑
k Lα

n,k ≤ n, since α ≤ 1 and
∑

k Ln,k = n.
Next, we want to show that

Sn/nβ → ∞ (5.15)

in probability as n → ∞ when β = 1/α−ε. Let Rn be the range of X̃ up to
time n, that is, Rn = {k : Ln,k > 0}, and set Rn = |Rn|, the cardinality of
Rn. Let τ̃n denote the max of τ over the range Rn. That is, τ̃n = maxk∈Rn

τk.

It is clear that Sn is stochastically bounded below by τ̃n times an exponential
random variable of mean one independent of τ̃n. Now, Theorem 20.1 in
[27] implies that Rn/n1−δ → ∞ in probability as n → ∞ for any δ > 0.
This together with standard results on the asymptotics of the maxima of
independent copies of τ0 (which are easy to derive) implies, using the left
hand side inequality of (2.4), that τ̃n/n1/α−ε → ∞ in probability as n → ∞
for any ε > 0 and (5.15) follows. �

5.6. Completion of Proof of Theorem 3 for 0< α ≤1.

Arguing as in the beginning of the proof of Lemma 4.1, from Lemma 5.2 we
get that for 0 < α ≤ 1 and then for ε > 0 sufficiently small P

(
tα−ε ≤ Nt

≤ tα+ε
) → 1 as t → ∞, where Nt is again the number of jumps by X up

to time t . This implies that

P
(
tα−ε ≤ Nt ≤ tα+ε

∣∣ τ) → 1 (5.16)

as n → ∞, in probability (with respect to τ ).
We proceed with an argument similar to that of (the rest of) the proof of

Lemma 4.1. By (5.16)

P(Xt = i|τ) = P(X̃Nt
= i|τ)
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≤ P
(
X̃Nt

= i, tα−ε ≤ Nt ≤ tα+ε
∣∣∣ τ)+ o(1) , (5.17)

where o(1) denotes a random variable (with respect to τ ) tending to 0 in
probability. Let Bα = Bα(i, t) denote the ball {j ∈ Z2 : |j − i| ≤ tα/2−ε}
and let Hα denote the hitting time of Bα by X̃ after time tα−ε . That is,
Hα = min{n ≥ tα−ε : |X̃n − i| ≤ tα/2−ε}. The last probability in (5.17) is
then seen to be bounded above by

P
(
|X̃btα−εc − i| ≤ tα/2−ε

)
+ P

(
|X̃btα−εc − i| > tα/2−ε, L∗

tα+ε , i > 0
)

(5.18)

where L∗
·,· is the local time of X̃ from Hα on, that is, for n ≤ Hα, L∗

n,k = 0
and, for n > Hα, L∗

n,k = ∑n
m=Hα+1 1{X̃m = k}.

By the 1/n decay of the max over i of P(X̃n = i) (a well known result,
see Lemma 16.4 in [27]), the sup over i of the first probability in (5.18) goes
to 0 as n → ∞. By the strong Markov property of X̃, the second probability
in (5.18) can be written as

∑
j :||i−j ||>tα/2−ε

btα+εc∑
l=btα−εc+1

∑
k∈∂Bα

P
(
X̃btα−εc = j, Hα = l, X̃l = k

)
×P

(
Lbtα+εc−l, i−k > 0

)
,

where ∂Bα is an appropriately defined boundary of Bα. The sup over i of
the above sum is thus bounded above by

sup
i,j :||i−j ||>tα/2−ε

sup
btα−εc<l≤btα+εc

sup
k∈∂Bα(i,t)

P
(
Lbtα+εc−l, i−k > 0

)
≤ sup

k∈∂Bα(0,t)

P
(
Lbtα+εc−btα−εc, k > 0

)
. (5.19)

Now, Theorem 19.3 in [27] tells us that the lim sup of (5.19) as t →
∞ is O(ε). Since ε is arbitrary, it follows that supi P(Xt = i|τ) → 0
in probability. Then, as in the proof of Theorem 4 (compare with (5.7)),
E[σt(0)|τ, ξ ] → 0 in L2 and hence in probability (with respect to τ and
ξ ). The convergence of higher order correlations is obtained as in the proof
of Theorem 2 or by using the almost sure coalescence of random walks for
d = 2 (see Remark 5.2). �

Remark 5.2. From the almost sure coalescence of all random walks of the
CRWRR ford = 2 (see Remark2.3), it is clear that the weak limit of the
distribution ofσt (in probability with respect toτ andξ ) is a fair mixture



442 L.R.G. Fontes et al.

of the point measures on the two invariant configurationsσ+ ≡ +1 and
σ− ≡ −1. This means that the correlations ofσt converge in probability
with respect toτ andξ to those of12δσ+ + 1

2δσ− , whereδσ ′ is the degenerate
probability measure supported on the single stateσ ′.
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