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Abstract. An evaluation of a stochastic oscillatory integral with quadratic
phase function and analytic amplitude function is given by using solutions
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Introduction

In [8], an explicit evaluation of stochastic oscillatory integrals with quadratic
phase function and analytic amplitude function was established with the help
of eigenfunction expansion of the associated Hilbert-Schmidt operator. The
evaluation was used in [10] to study a principle of stationary phase on a
real abstract Wiener space. In both cases the eigenfunction expansion is
indispensable, but such an expansion is a kind of detour when we have
a concrete quadratic Wiener functional like Lévy’s stochastic area. In this
paper, we shall establish another explicit evaluation of stochastic oscillatory
integrals with quadratic phase function and analytic amplitude function on
a standard Wiener space.

Letd € N, t > 0, #°; be a d-dimensional classical Wiener space on
[0, ],
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W, = {w 10, 7] — RY : continuous and w(0) = 0} ,

and . be the standard Wiener measure on it. The stochastic oscillatory
integral dealt with in the present paper is of the form

/ exp [%A{(V(t)w(t), dw(t))ge + (S(Ow(1), w(t))ge dr}]
.

X Y (w)p- (dw) 0.1)

where ¢ € C,y, 8 € C°([0, ]; R4 ®IRd), dw(t) stands for the It6 integral,
and ¥ : #; — IR is an analytic Wiener functional. For the definition
of analytic Wiener functionals, see Sect. 1 In the section, the evaluation
of the above integral will be given without proofs (Theorem 1.1). As an
application, we shall extend the evaluation of the integral (0.1) to the case
when

Y (w) = 8 (w(r)) ,

where the right hand side of the identity stands for Watanabe’s pullback of
Dirac’s delta function 8¢ concentrating at§ € IR? through the nondegenerate
mapping #; 3 w — w(r) € RY. See Corollary 1.1. The proofs will be
given in Sect. 3.

It will be seen that a linear transformation on %", determined by a Jacobi
equation and a holomoprhic prolongation play a key role in the evaluation
of such an oscillatory integral. The idea of using Jacobi (or Sturm-Liouville,
or Riccati) equations to evaluate Wiener integrals goes back to Cameron-
Martin’s work in 1945 [1], and was used by several authors (e.g. [4, 6, 9]).
We shall come to a Jacobi equation by revisiting Cameron-Martin’s idea
with recently developed change of variable formulas on # ;. For details,
see Sect. 2. It should be remarked that the quadratic functionals investigated
by the above mentioned authors were of harmonic oscillator type, that is,
ones with y = 0.

Some remarks on ¢’s for which the evaluation of the integral given in
(0.1) is possible will be given in Sect. 4.

1. Statements of results

Throughout the paper, R" ® R", n, m € N, (resp. C" ® C") denotes the
space of m x n-matrices A = (A;j)i<i<m,1<j<n With A;; € IR (resp.

C). The adjoint matrix of A = (A;;) is denoted by A*; (A*);; = A_],
(for A ¢ R" @ IR", A* is just a transporsed matrix). As usual, R" ®
R" c C"®C", R"®@R' = R”, and €" ® €' = C". For f =
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(fii<i<mi<j<n € C*([0,7]; €" @ €"), f' and f” are used to denote
the first and second derivatives of f; f'(1) = ((df;;/dD)(®)),_._,. _j=pand
1@ = (@ f/ADO) Ly 1o

To state our results, we review briefly on analytic functions on #";. Let
H; the Cameron-Martin subspace of #;;

h is absolutely continuous and has

Hr =1h Wy . . .
{ © a derivative 4’ in L%([0, t]; IRY)

H. is a real separable Hilbert space with inner product

(h, k) = /T(h’(t), K'(t))gedt, h,ke€H, ,
0

where (-, -)ge stands for the inner product on RY. For a real separable
Hilbert space G, IDX?(G) denotes the space of G-valued k-times differen-
tiable Wiener functionals F: #"; — G with p-th integrable derivatives of
orders up to k in the sense of the Malliavin calculus. Set D7 (G) =
(Mken. pedt.co) ID¥?(G). We shall use V and V* to denote the Malliavin gra-
dient and its adjoint operator, respectively; for F € D7 (G), VF is an
element of D7 (G ® H,), G ® H; being the Hilbert space of Hilbert-
Schmidt operators of G to H,. The n-th Malliavin derivative V" F is defined
successively. For details, see [12].

As was seen in [10], if F € D°>°°~(IR) admits a p € (1, 0co) such that

X n
s
Z _‘”VnF”LP(M,) < oo foreverys > 0, (1.1)
=0 n!
then, choosing suitable u-versions of V* F,n =0, 1, .. ., we arrive at
0 s" 00 1
Z V"F(w)||gen < 00 and F(w + h) = Z —(V"F(w), h®")
n=0 n! ‘ n=0 n!

forany s € (0,00), we #,, he H, .(1.2)

We shall call F € ID**°™ (IR) analytic if it satisfies Eq. (1.1) (F € C®(#";)
in notation). In what follows, we always choose V" F'’s appropriately so that
every F' € C?(#;) enjoys the property stated in (1.2).

Write #, @ ~/—1 H, for w,; x H,, and w + «/—1 h for (w,h) €
W, x H, and think of %", @ +/—1 H, as a complexification of # ;. A
standard complexification H, x H, of H, is denoted by H, @ /—1 H,. For
analytic F : %", — R, its holomorphic prolongationto »", @ v/—1 H,
say F again, is defined by
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Fw+v=1h) =) */jn
n=0 ’

forw + ~v—1hew,®~—1H, .

(V"F(w), h®")

For F € C“(#";), by Eq. (1.2) and the definition of holomorphic prolon-
gation of F, it holds that

- 1 n n
F((w—i—h)—i-\/—_lk) :Z;a(v F(w), (h+v—=1k)®")

for every w € #°;, h,k € H,, (1.3)

where V" F (w) is extended to (H, & +/—1 H;)®" as a complex multi-linear
mapping (cf. [8, 10]).
We set

de=1{AeC*0,7]; €/ ®C?) : det A(t) #0 forany € [0, 7]}

For A € /¢, a transformation T4 : %', — H; & +/—1 H; is defined by
t
(Taw) (1) = —A(1) / (A7 (s)w(s) ds, (1.4)
0

where A~'(1) = A1), 1 € [0, 7].
Fix @ € C'([0, 7]; RY @ RY) and B € C°([0, ]; RY ® RY), and, for

;e Clet A € C2([0,7];: € @ C%) be a unique solution to a Jacobi

equation;

AL() — S(a(t) —a(®))AL (1) + $(B(1) — (1) A (1) =0, (1.5)

Ac(r) =1, AL(r) = ¢a(n). '

It should be emphasized that «(¢), B(¢) are real matrices. Define 2(«, 8) =
{ teC:A; e &/@}. It is easily seen that £2(«, ) is open and contains the
origin 0 € € (cf. Lemma 3.4). For w € C°([0, 7] : R¢ @ RY), define the
uniform norm of w by

ol = sup {lo®)&| : 1 €[0,7], &£ € RY, |&] < 1}

We denote by Qq(c, 8) the connected component containing 0 of an open
set consisting of ¢ € Q(«, B) satisfying that

1
RO Nl — @12, + 21NN B — & lloo < (1.6)

T2

We are now ready to state our results.
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Theorem 1.1. Leta € C'([0, 7]; R‘@R%) andp € C°([0, 7]; RY®RY).
Suppose that()* = —a(r) and B(r)* = B(¢) for everyr € [0, 7]. Take
¥ € C®(w ;) such that

o0

miy,s1=y_ %uv"wni,@ e L'(u,) foranys >0 . (1.7)
n=0 "

Then for every: € 2y(a, B8), it holds that
/CXPB/O {lrOw(@), dw(@®))ge + (SOw (@), w(t))ga dt}]w(w)ur(dw)
We

1 T
= exp|:§/0 tr {A/g(t)Ag_l(t)}dt} /ﬂ/_tﬁ(w%— Ta, w)p.(dw) , (1.8)

wherey (1) = a(t) — a(@)* andé(r) = B(t) — o' (2).

Remark 1.1As we shall see in Sect. 3, both integrands in Eq. (1.8) are
integrable.

Corollary 1.1. Leta, 8, v, § beasin Theorerh.1. Thenthere exists an>
O suchthat ()U(e) = {¢ € C: [¢] < &} C 2o(a, B), (ii) R(detC,) > 0
forany¢ e U (), and (iii) it holds that for for everys € R¢ and¢ € U(e),

f exp[% fo [ty Ow@®), dw®))gs + (S(Ow @), w(t)) g dr}]

X8t (w(T)) o (dw)

1/f L ] 1 [ 1, ]

=exp|= [ r{ALOAT ()} dt|—————— exp|—=(C]'E, &)l ,

[2 A {A; A 0} 5 JdetiC. c, 7 \~e R
(1.9)

Wherefﬂ,/.t(. )8 (w(t))u- (dw) stands for the pairing oD>>°~ Wiener
functionals and Watanabe’s pullback of the Dirac measureia the non-
degenerate mapping, > w — w(r) € R? (cf.[7, 12]), and

_ T  _
C; =/0 (A7'(®) A7l (s)ds,
M7 being the transposed matrix f ¢ €" x C".

Remark 1.2As we shall see in Sect. 3,

exp [%fO{W(t)w(t), dw(@))re+(S(Hw(r), w(t))mdd;}} c ﬂ U D4

keNpe(l,00)
for ¢ as stated in the assertion. Hence the first generalized integration in the
left hand side of Eq. (1.9) is well-defined (cf. [12]).
Due to (ii), C¢_1 and (det C;)~'/? are both well-defined.



296 S. Taniguchi
2. How one comes to a Jacobi equation

In this section, we see how one comes to Jacobi equations to evaluate
stochastic oscillatory integrals with quadratic phase function. Throughout
this section, we fix@ € C'([0, 7]; R®@R?%) and B € C°([0, ]; R?@R?),
and assume that «(7)* = —a(t) and S(¢)* = B(t),t € [0, 7]. Let A € R.
We shall see how a Jacobi equation is involved in the evaluation of the
Wiener integral in Eq. (1.8) with £ = A.

Consider a continuous linear transformation K,: #°; — H;, and apply
a change of variable formula on #"; (cf. [1, 11]) to w + K, w. Under an
integrability condition thate™V X» ¢ | J pe(.oo) L7 (1), where, to apply V¥,
K; was thought of as an H,-valued Wiener functional, we obtain that

/ fdu= / fw+ Kyw)dets (I + (K;ln,))
", ",

% e‘v*K*(w)_((KAw’K*“’)/z)u(dw)

for any f € L (u,).

Assuming in addition that (K, w)’(¢) is adapted with respect to the stan-
dard filtering on %", and that exp[ || K, w ||, /2] € L'(i.), and applying Gir-
sanov’s and Novikov’s theorem, we can conclude that det,({ 4+ K, |g,) = 1
(cf. Lemma 3.3 or [13]). Thus our identity (1.8) will be verified once we
have found a K so that

A' T
—V*K; (w) — {K)w, Kw) = 5/0 {((a(t) — a(H)Hw(r), dw(l))]Rd
+((B() — & O)w(), w(t))y, dr} (2.1)

To find such a K, we compare the second Malliavin gradients of the both
sides of Eq. (2.1). We then have that

(—(Ky + K}) — K7 K,) b ) = 2 /0 {[(@@® = a@))h@), B (0))g

H{(BA) — ' @A), h(D))g, } dr. (2.2)
Suppose that there exists an X € C'([0, 7]; R? @ IRY) such that
(K)aw)(@) = —/ X(s)w(s)ds.
0

Notice that, forany G € C°([0, 7]; R‘@RY) with G(r) = G(t)*,1 € [0, 1],
and h € H,
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/T(G(t)h(t), h(t))ge dt = Zfr <</T G(s)ds) h(t), h’(r)> dr .
0 0 t R4

Since a(7)* = —a(7) and

B@) — o' ()h(1), h(t))pa = ﬂ(l)—M h(®),h(@))
( >]R 2
]Rd

Eq. (2.2) then implies that

/t <(X(t) — fT X($)* X (s) ds) h(t), h’(t)> dt
0 t R4
= A/T<<oz(t) + /rﬁ(s) ds) h(t), h’(t)> dt .
0 t RY

By Lemma A.1, X satisfies that

T T
X(t) — / X()*X(s)ds = ha(t) + )»/ B(s)ds foranyt €0, 7] .
' ' (2.3)
By virtue of Lemma A.2, the solution X (¢) gives a rise of Jacobi equation;

if we denote by A, € C?([0, 71; RY® IRd) a unique solution to an ordinary
differential equatiaon (ODE)

A =XMDOAM), A =1,

then A, solves the Jacobi equation (1.5) with { = A.

3. Proofs

We shall give proofs of Theorem 1.1 and Corollary 1.1. Throughout this
section, we fix & € C'([0, t]; R @ RY) and B € C°([0, 7];: RY @ RY)
such that a(7)* = —a(r) and B(t)* = B(¢) for any ¢t € [0, 7], and put
y(t) = a(t) — a(@)* and 5(t) = B(t) — o'(¢). We shall use the same
notation | - | to indicate any of Euclidean norms on R?, €, R” ® R", and
c" e C".

To emphasize that real matrices are dealt with, we introduce a family

dr={A€d¢:At) e RTQRY, 1€]0,1]}

On account of the observation in Sect. 2, for A € .o/, we define an operator
Ka: . — H; by

(Kaw)(1) = —f A A )wis)ds, tel0,1] .
0
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Lemma 3.1. Let A € ./r. ThenT, defined in Eqg. (1.4) and the abog,
are both continuous linear operators of ;. into itself and satisfy that

U+K)U+THw=U+Ty) U+ Ks)w=w foreveryw € # .

Proof. It is easily seen that K 4 and T, are both continuous linear mappings
of #"; to itself. Using integration by parts formulas, we can easily show that
the identity holds for 4 € H;. Since H. is dense in # ;, the desired identity
holds.

Lemma 3.2. Considek € C°([0, ]; R¢®@R?) such thak (¢) is symmetric
for anyz € [0, 7]. Then it holds that

/T (k(Dw(t), w(t))ge dt = 2/r <(/T K (s) ds) w(t), dw(t)>
0 0 t R4
—i—f <f tr;c(s)ds) dtr .
0 t

Moreover for ¢ € C!([0, 7]; RY ® RRY) with £(x)* = —&(r) andy €
C([0, 7]; RY @ R?), it holds that

T

/0 E@w@), dw(t))g +/0 (n(Ow(r), w())ga dt
1 T
= 5_/0 (E® —OMHW®), dw())pa

1 [° 1 [°
+ fo (00) + ()" = £ OO, WO} dit — 5 / wE(n dr .

0

Proof. The first assertion can be seen easily by applying Itd’s formula to

<(/T Kk (s) ds) w(t), w(t)>
t IRd

The second one follows from the first by using a decomposition of
&(¢t) into symmetric and skew symmetric parts; £(¢) = (§(t) + £(t)*)/2 +
(&) —&(@)")/2.

Lemma 3.3. Assume tha#A € .«/r solves the ODEI(5) with ¢ = 1 and
satisfies that

exp B /Or \A/(t)A_l(t)w(t)‘zdf} €L'(ur) . G.D
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Then it holds that

1 T
/ exp [5/0 {(yOw (@), dw(®))ge + SOw(@), w(1))ge dt}]
Wy

X f(w)p (dw)

0
for any bounded measurabje #', — R.

= exp [% /T tr{A/(t)A_l(t)}dt:| / fw+Taw)p.(dw) (3.2)
W

Proof. Set X (t) = A’(t)A~'(¢). Then, K 4, can be written as
t
Kia(w)(t) = —/ X(s)w(s)ds.
0
By Lemmas 3.2 and A.2, we obtain that

T 1 T
/0 X O, dwd)e — / (X (Ow(t), X(Ow() g di

0

1 T

1 T
——/ tr X(t)dr .
2 Jo

On account of Eq. (3.1), applying Girsanov’s and Novikov’s theorems, we
obtain from this that

1 T
f J(w)pe (dw) =/ J(w+ K w)exp [5/ {y (Ow(@), dw(®))ge
W e 0

+ (§()w(@), w(t))ge dt} — %/O tr X (¢) dt] e (dw)

for any bounded measurable f: #"; — IR. Substituting f o (I + T,) for
f in this identity, by virtue of Lemma 3.1, we come to Eq. (3.2).

Lemma 3.4. Let¢ € €. Consider a unique solutioA, € Cc2([0,7]; €' ®
€“) to the ODE (.5). Then the mapping, ¢) — A¢(t) is continuous on
[0, 7] x €, and¢ — A,(t) is holomorphic onC. Moreover there exists
aney > 0 such that (a)A; € /¢ for ¢ € U(gg), whereU(r) = {¢ € C:
|¢] < r}, and (b) there exish < M,, M| < oo such that

sup sup max {|A; (). |A; ). A7 @I (A7 O} <My . (33)
¢eU(eo) t€l0,7]

sup sup
ceUl(ey) tel0,7]

In particular, U(gp) C £2¢(c, B).

lA;(t) <M, . (3.4)
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Proof. The continuity and the holomorphy are elementary facts in the theory
of ODE’s. Since Ay(t) = I, we can find an gy > 0 such that (a) and the
estimation (3.3) holds. By (3.3), it follows from Eq. (1.5) that there exists
an M3 < oo such that

sup] ‘Ag(z)‘ < M;|¢| forany ¢ € Ul(g).

tel0,t

This implies that

AL (1)| = ‘Ag(r) _/, Al(s)ds

< [¢1(ee(D)] + M37),

t €[0,7], ¢ € U(gp),

which yields the second estimation (3.4).

Lemma 3.5. Lety € C“(#",) satisfy(1.7). Theny (x 4+ Tx*) € L' (u;)
for everyA € /.

Proof. By (1.3), we have that, for every N > 0,
1/2 1 2
¥ (w)| <= m[y, NI/“exp N”TAw” :

It is easily seen that | Tyw|?> < C SUP, [0, 7] |lw(t)|? for some C > 0, and
hence ¥ (w + T4 w) is integrable.
Lemma 3.6. Letey, My, M; > 0 be as in Lemma.4, and put

g1 = {tMoM,} ',

and taker € R with |A| < gy A &;. Then Eq. (1.8) holds withA instead
of .

Proof. By definition, A, obeys Eq. (1.5) with ¢ = A. Due to Lemma 3.4,
A, € o/Rr. Moreover, it follows from Eqgs. (3.3) and (3.4) that

/ AL AT Ow)|’ d < IAP(MoMy)*T sup [w(r) ]
0 tel0,7]

Remembering that exp [ p sup, o .1 [w(®)I*] € L' () if p < 1/(21), we
see that the condition (3.1) is fulfilled with A = A;,. As an application of
Lemma 3.3, we see that

)\4 T
exp [5/0 [ty Ow®), dw(®))ge + (S(Ow (), w(t))ga dt}} e L' (uo),
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1
where L' (u,) = Upe(l’oo) L? (), and

)\’ T
/W exp [5/0 {tr@Ow @), dw(®)ge + (O (@), w(t)) ga dt}}
X Yy (W) (dw)

1 T
= exp [5/0 tr{A’A(t)AA_I(t)} dt] /ﬂ Yy (w + Ty, w) . (dw),

where Yy = ((=N) V) AN.Since ¥ € L () = ﬂpe(l’oo) L?(uy),
by Lemma 3.5, applying the dominated convergence theorem, we obtain
the desired conclusion.

Lemma 3.7. Let D be a domain inC consisting of all; € C satisfying
Eq.(1.6) and set

(&5 w) = exp [%/o {trOw(@), dw(®)ge + (B@Ow (@), w(t))ga dl}] :

Them, ®(¢: %) € MNiex Upe(1,00) D7(O) for any¢ € D, and the map-
pings

DBCH/ Q(&; w)Y (W) (dw), / D(¢; w)e (w(T)) o (dw)
Wy a

T

are holomorphic.

Proof. By a standard exponential martingale argument, for any ¢ € D and
& > 0 such that (1 4+ )¢ € D, we obtain that

/ 10(c; )|, (dw)

T

1 2(Re)?
s{/exp[(wuyuio+(1+s)|é}t¢|||6||oo> sup |w<r>|2}

", 2 tel0,7]
1/2
X e (dw) } < 0.
Hence, for any compact K C D and k € IN, we can find p € (1, c0) such
that

sup [|@(Z; )| prr gy < OO.
tekK

Now the assertions follows as an application of the dominated convergence
theorem and [12,Th. 2.1]
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Lemma 3.8. Let V be an open set i€ satisfying thatA, € /¢ for any
¢ € V and that

M(R)= sup sup max{|A, ()], [A; (D], |A;' D], [(A;) D)} < 00
ceVNU(R) t€l0,7]
3.5

foranyR > 0. Thenfor anyy € C®(%",) satisfying (.7), the mappings

;r—>f Y(w+Ta, w)p(dw), exp B/ tr{A’g(t)Ac—l(t)}dt], C;
Wy 0
(3.6)

are all holomorphic onV and continuous on the closute.
In particular, the mappings

1 T
g“r—>/ Y(w+Ta, w)pu. (dw), exp [5/ tr{A;(t)Azl(t)}dt], C;
W, 0

are all holomorphic on2y(«, B).

Proof. Let R > 0. It suffices to show that the mappings given in (3.6) are
holomorphic on V N U (R) and continuous on V N U (R).
Due to Eq. (1.3), we have that

o0

1 "
¥ (w+ Taw) =Y —(V"¥(w), (Ta, w)™").

n=0
By (3.5), we can easily see that a mapping V N U(R) > ¢ +— (V' (w),
(T4, w)®") is holomorphic, and that

sup N Ta, wlly gu=rn, < M(R)*T sup |w(t)| foranyw € #-.
ceVNU(R) tef0,7]

Hence a mapping ¢ + ¥ (w + T4, w) is holomorphic on V N U(R) and
continuous on V N U (R), and

sup |1p (w + TA[U))| < m[y, N1"?exp
eVNU(R)

4.2
[M sup |w(z)|2}

te[0,1]

for any N € (0, c0). Applying Lebesgue’s theorem, we obtain that a map-
ping

¢ / Y (w + Taw) - (dw) € €
"

is holomorphic on V N U(R) and continuous on V N U (R).
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By Lebesgue’s theorem, the mappings

;Hfrtr(A;(z)A;I(z))dt, C;
0

are holomorphic on V N U(R) and continuous on V N U (R).

Proof of Theorem 1.IThe assertion is an immediate consequence of
Lemmas 3.6, 3.7, and 3.8

Proof of Corollary 1.1Let &, n € R and set

Vea(w) = exp [V=T (0, w(®) — &)w], we .

As is easily seen, ¢ , € C“(# ;) and fulfills the condition (1.7). Then, by
Theorem 1.1, Eq. (1.8) holds with ¢ = A and ¢ = ¢ , for A € R satisfying
the condition (1.6).

Notice that

(w + Ty, w)(7) = / ' A) Vdw(s) (Itdintegral),  (3.7)
0

and hence it is an IR?-valued Gaussian random variable with covariance
matrix

C) = / (A7 ()" A (s) ds.
0

Since Cy = 11, for sufficiently small A’s, det C;, > 0, and hence we have
that

/ D (A; w)de (w()) - (dw)
W

= / / D(A; w)lﬁg ﬂ(w)ﬂr(dw)e_am\ /Zdn

s—>0 (27‘[)d
1[ Lo g1 ] [ - }
=exp|= [ triA,()A; (t)jdt|————exp|—=(C, &, &)re|,
[2 O] V@, L2

where @(A; w) is the Wiener functional defined in Lemma 3.7. By virtue of
Lemmas 3.7 and 3.8, prolongating holomorphically, we obtain the desired
assertion.

4. Qo(a, B)

It is interesting to see if £2(«, B) contains the complex axis /—1 IR. In this
section, we shall give three examples where /—1 IR C £2¢(«, B).
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Example 4.1.By a direct computation, we have that
(Aym) Aym) @ = V=12 (A7) @ = a)A ) ()
+24 (A, (),
which, in conjunction with the terminal condition, implies that

A\/fl)\(t)*A\/?])h(t)

-1 J—_lkf ds A /=1, ()" (@(s) — a(s)")A /=1, (5)

T T
+2/t ds/Y du A/\mx(”)*A:ﬁ,\(”)
Suppose now that « = 0. Then A /=, (1)*A /=1, (¢) — I is non-negative
definite, and hence /—11R C £2¢(«, B).

Example 4.2.Suppose that 8 = 0 and that = « for some skew-symmetric
oy € R @ R?. Then

Ay, (1) = % {1 +Exp [«/—T QA — r))ao]} ,

where Exp denotes the exponential mapping on €¢ ® €. Since the eigen-
values of oy are all purely imaginary, those of «/—1 g are real num-
bers. Hence Exp [\/ —1 QA — r))(xo] is non-negative definite, and hence

~v—1IR C 2y(a, B).
Example 4.3Letd =2,a € C'([0, t]; R), b € C°([0, 7]; IR), and put

B 0 —a@))/2 _[D(®) O
a(t)_<a(t)/2 0 ) ’3(”_(0 b(t))'

Denote by r; a unique solution to an ODE

2
rl + (%az—i—;“b) re =0, ri(r)=1, rj(x)=0.

It is straightforward to see that a unique solution to the ODE (1.5) is given
by

cos 6 () —sin 6, (1)
sinf (1) cos,(t)

Ap(t) = (1) ( ) ,  where 6, (1) = —% /Ta(s)ds.
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By a direct computation, we have that
2

A
(|rﬁx|2)” = Ea2|rﬁk|2 + 2|r:ﬁxlz

’

from which it follows that |r /=, |> > 1 and hence that /=1 IR C 2¢(cx, B).
In this case, it should be mentioned that

FL(6) /(1) —ha(t)/2 ) |

, N
AL (DA (t)—< ra(t)/2 ri(t)/r.(t)

Hence we have that
1 [t , _ 1
exp [5/0 tr(A; (DA, (1)) dt] = 0
which, in conjunction with Eq. (1.8), leads us to an identity
/ exp [% / {a@®) (w'(®) dw* (@) — w?(1) dw' (1)) + b(t)|w(t)|2dt}]
", 0
1
X dw) = o /, V(0 Taw) puedw)

for ¢ € 2y(a, B).

Remark 4.1The Wiener space %", has another complexification (more
standard one than our %, @ +/—1 H;) given by
#we={w:[0,7] > C? : w is continuous and w(0) = 0}.

In the study of a principle of stationary phase on #7; in [10], one of key
facts is that a Wiener functional (I — 24/—1 AA)~Y/2w with values in % '(TE
converges to 0 in probability in the space, where A is a Hilbert-Schmidt
operator on H; uniquely determined from the considered quadratic Wiener
functional. For details, see [10]. (I —2+/—1 L A)~ /2w comes from a change
of coordinate system on # ", based on the eigenfunction expansion. Thus
it is natural to ask if our change of coordinate w + T ., w has a similar
asymptotic as (I — 2+/—11A)~"/?w. The answer is negative in general.
Namely, as in the case of Example 4.3, letd = 2,andtakea = 1 and b = 0.
Then, we have that

At —1) cosh (“’T_’)> —/=T sinh <A(t2—r))
A 1, (t)=cosh| ———= N e
2 +/—1 sinh ( 5 ) cosh (T)
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Hence
(w + TAﬁxw) (7)

/T 1 +/—1 tanh (@)
o \ =v=T tanh (252) I

(cf. Eq. (3.7)). This implies that

dw(t)

wl(t) FV/—1Tw(7)

A— x in |
wz(r):l:«/—_lwl(t)> as A — oo inlaw

(w + TAﬁAw) () — (

Thus w + T4 -, w does not converge to 0 in law on T as A — +oo.
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A. Appendix
LemmaA.1l. LetG € C°([0, 7]; RY ® RY). If

/OT(G(t)h(t), K (t))gedt =0 foreveryh € H,, (A1)
thenG = 0.

Proof. We shall show the assertion by induction on the dimension d of #.
Ifd =1, (A.1) implies that

/r (/ G(s)ds) (h(t))>dt =0 forany h € H,.
0 t

Thus the assertion holds for d = 1.

Suppose that the assertion holds for d — 1. By the hypothesis of in-
duction, we see that G;;(t) = 0if (i, j) ¢ {(1,d),(d, 1)}. Consider
g € C'([0, 7]; R) and h(¢) of the form A () = (¢(¢),0,...,0, g(¢)). Then,
Eq. (A.1) leads us to

/0 (f {Gra(t) + Gdl(l)}> (g(t)*dt =0,

from which we can then conclude that

Gia(t) +G4(t) =0 foreveryt € [0, T]. (A.2)
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Now consider 4 of the form h(t) = (g(¢),0,...,0, k(¢)). By virtue of
Eq. (A.2), Eq. (A.1) reads as

f (gk" —kg") () G14(t) dt = 0.
0

Due to the arbitrariness of g, k, we see that
Gu(t)=0, te€l0,r],
which completes the proof.

Lemma A.2. Leta, 8, v, be as in Theoren.1. Suppose that € .«/y
obeys the Jacobi equatigi.5) with ¢ = 1. SetX (r) = A'(r)A~!(¢). Then
it holds that

X(t)—/r X($)'X(s)ds = a(t)+fr B(s)ds foranytr € [0, t]. (A.3)
t '
Converselyif X € C!([0, 7]; RY ® R?) obeys Eq(A.3), then a unique
solutionA to an ODE

Aty =XAM®), A() =1,
belongs tawr and enjoy Eq(1.5) with¢ = 1.
Proof. It is easily seen that

X' =y0X(t)—81t)—X@®)?* tel[0,7] and X(r)=a(r).
(A4)

Putting S(¢) = X (t) — (y(¢)/2), by a straightforward computation, we see
that S obeys the ODE

S'() =L (y()S(1) — SOy ) + L2
—B®) + 1 (/) + /(1)) —S®)?, tel0,t], (AD)
S(t) =0.

Since y (¢) is skew symmetric and §(¢) is symmetric, it holds that S(¢) =
S(@)*, t € [0, t], which implies that

X@®)— X@®)*=y@) foranyt e [0, 1] (A.6)
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In conjunction with Eq. (A.4), this implies that
X' )+ X0 X(t) =—8(1) =a'(t) — B(1).

Integrating both side over [¢, T] and substituting X () = «(7), we obtain
Eq. (A.3). Thus the first assertion has been verified.

In the second assertion, it is obvious that det A(¢) # O for any ¢ € [0, 7]
and that A’(t) = a(t). Since Eq. (A.3) implies that X' + X*X = o’ — 8
and X — X* = o — «*, the Jacobi equation can be also derived easily by
noting that

ATAT = (AAT) 4+ (AA71
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