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Abstract. A spatial cuamulative distribution function I:”oo (say) is a random
distribution function that provides a statistical summary of random field over
a given region. This paper considers the empirical predictor of F based on
a finite set of observations from a region in IRY under a uniform sampling
design. A functional central limit theorem is proved for the predictor as a
random element of the space D[—o0, 00]. A striking feature of the result is
that the rate of convergence of the predictor to the predictand Fso depends
on the location of the data-sites specified by the sampling design. A precise
description of the dependence is given. Furthermore, a subsampling method
is proposed for integral-based functionals of random fields, which is then
used to construct large sample prediction bands for Fro.
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1. Introduction

Let Z(-) be a measurable random field (r.f.) on R?, d > 1, that serves as a
model for a spatially distributed univariate quantity of interest. For a given
region R in IR?,
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Foo(z; R)=|R|“/I(Z(S)§z)ds, zeR (1.1)
R

is called the spatial cumulative distribution function (CDF) of the process
Z(-) over the region R. Here, |R| denotes the volume of R and I(-) de-
notes the indicator function. Note that I:“oo(-; R) given by (1.1) is a random
CDF in the sense that it is a nondecreasing, right continuous function with
lim,_, ﬁm(z; R) = 1 and lim,_, o I:"oo(—z; R) = 0 for every realiza-
tion of {Z(S), S € R}. Thus, just as a probability distribution summarizes
important characteristics of a population, the spatial CDF Foo(z; R) quite
effectively summarizes the statistical information on the process Z(-) over
the region R. For example, if Z(S) represents the concentration of a pollu-
tant at site Sin the geographical region of interest R, one of the statistical
summaries that one might be interested in is the average concentration of
the pollutant over the region R, given by Z(R) = f R Z(S ds/|R|. This can
be very easily recovered from the knowledge of the spatial CDF Fo(z; R),
since Z(R) = f]deI:‘oo(z; R). If, on the other hand, one is interested in
the proportion of area within the region R where the concentration level of
the pollutant exceeds a prescribed safety level zy, say, the relevant quan-
tity is given by fR 1(Z(S) > zp) dS/|R| =1- oo(z(), R), which is again
summarized by the spatial CDF Foo( R). Because of its summarization
capability and visual appeal (cf. Majure, Cook, Cressie, Kaiser, Lahiri, and
Syamanzik, 1995), the spatial CDF ﬁoo(-; R) is a basic functional of the
underlying process Z(-) that is of interest in many applications involving
spatially distributed random processes. For an example of an application of
the spatial CDF in the context of ecological resource monitoring, see Labhiri,
Kaiser, Hsu, and Cressie (1999).

Note that the spatial CDF 1300(-; R), as defined above, depends on the
entire collection of random variables (r.v.s) Z(S), S € R and hence remains
unknown to the statistician. Typically, observations on the process Z(S) are
taken at finitely many data-sites in R and Fs is to be predicted from the
observed values. Suppose {Z(S)), . .., Z(Sy)} denote the available data, ob-
served at sampling sites Sy, . .., Sy € R. The most commonly used predictor
of Fy, is the empirical spatial CDF predictor given by

N

FyzR) =N"'Y 1(Z(s)<2)., zeR. (12)

i=1

In this paper, we address the problems of determining the asymptotic dis-
tribution of the centered spatial predictor Fy — Fx (with a suitable scaling
sequence) and of constructing large sample prediction bands for the under-
lying random CDF F~ based on Fy. For both the problems, the structure
of the sampling design plays a crucial role. The sampling structure we are
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going to assume is a combination of what are known as the “increasing do-
main” and the “infill” asymptotic structures (see Section 2 for more details
on these notions). The increasing domain component of it involves letting
the sampling region R = R, grow as the sample size N = N, increases,
while the other part requires “filling in” any given bounded subregion of
R, with an increasingly densely placed points from a uniform sampling
design. A similar formulation has been used by Hall and Patil (1994) in the
context of estimating the autocovariance function of a r.f. However, here
we work under a fixed design framework as compared to their stochastic
design formulation.

We allow the sampling region R, to have a fairly irregular shape. Es-
sentially, any subset of IR? that can be obtained by magnifying a member
of a large class of Borel subsets of (—1/2, 1/2]¢ (that contain the origin)
can serve as a sampling region (see Section 2 for details). This, in particu-
lar, covers polyhedrons, spheres, and many non-convex regions in IR?. The
magnification is achieved through scaling up the subset of (—1/2, 1/2]¢ by
a factor A, that tends to infinity with n and thus, makes the sampling region
grow with the sample size.

One of the main results of the paper is a Functional Central Limit The-
orem for the normalized predictor process

£y = by(Fy (s Ry) — Foo (3 Ry))

where b, is a scaling constant and where, for notational simplicity, we write
ﬁn (s Ry) = Fy,(:; Ry,). In deriving the asymptotic distributional result for
ﬁn (-; Ry), one of the issues that require some nontrivial consideration is the
determination of the right sequence {b,} of scaling constants that ensure
weak convergence of the process &, to a nondegenerate limit. To appreciate
why, consider the following analogous situation involving a deterministic

function f on an interval [a, b]. Lett, =a+i(b —a)/m,i =0,1,...,m
denote a partition of [a, b] by (m + 1) equispaced points, and let v; =
a-+[i(b—a)+c]/mbeapointintheinterval [#;, ;11],i =0,1,...,m—1,

where ¢ € (0, b—a). Then, the rate at which the partial sum ZT;()I f)b—
a)/m approximates fab f()dt depends on c. Indeed, if the function f is
sufficiently “well-behaved”, then using Taylor’s expansion, one can show
that the difference

m—1

b
Y Fdb —a)/m— / f()dt
i=0 a

goes to zero at the rate 0(m ") if ¢ # (b — a)/2, and it decays much faster,
viz., at the rate 0(m~2) when ¢ = (b — a) /2.
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A similar phenomenon occurs when we consider the rate of convergence
of the difference ﬁ',, (; Ry) — I:”oo(-; R,). However, unlike the simplistic
situation of a smoothand deterministidunction f over a fixedfinite interval
[a, b], for establishing weak convergence of the process &,, we have to deal
with some additional complications arising from

(i) the nonsmootitharacter of the indicator function defining E,(:R,) —
Foo (55 Ry);
(ii) the randomnessf the function 7 (Z(S) < z) involved;
and
(iii) the relative growthrate of the sampling region, compared to the rate of
‘infilling’ by the sampling design.

In Section 2, we show that depending on the starting point C, say, of the
cubic sampling grid (that determines our sampling design), the right choice
of the normalizing constant b,, can be

d/2y—1
by = A%h;
or
d/2y -2
b” = )‘n/ hn 4

where i, — 0 1is a sequence of constants specified by sampling design. The
larger normalizing constant, given by the second equation, is appropriate
only for a specific value of C that enjoys certain symmetry properties (like,
¢ = (b —a)/2 in the deterministic case). An important implication of this is
that the accuracy of the empirical spatial CDF predictor can be significantly
enhanced simply by choosing a single design parameter C suitably.

The second problem considered in this paper is the construction of pre-
diction regions for the underlying spatial CDF Foo(3 Ry). Though, in prin-
ciple, the large sample distribution of the normalized predictor can be used
to get a prediction region, it may not be very convenient for practical ap-
plications. As follows from Theorem 2.1 below, the asymptotic covariance
function of &, is an integral of certain higher order partial derivatives of the
bivariate joint probability distribution functions of the Z(S)s, and is rather
awkward for direct estimation. Furthermore, that approach would call for
additional smoothness assumptions if the integrals of the derivatives are
estimated nonparametrically. Instead, we propose a generalization of the
standard subsampling method, used in the context of time-series and lat-
tice processes (cf. Possolo, 1991; Politis and Romano, 1994; Hall and Jing,
1996; and Sherman and Carlstein, 1994), to r.f.s with a continuous spatial
index. The basic idea is to construct smaller subregions within the given
sampling region R, that have similar shape as R, (cf. Sherman and Carl-
stein, 1994) and, then, use the sampling design to recreate the effects of a
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“sample” and the “population” at the level of the subregions. In Section 3, we
construct a large sample prediction band for Fso(; Ry) using the proposed
subsampling method and show that it attains the desired confidence level
asymptotically. This form of subsampling can also be used effectively in in-
ference problems concerning other integral-based functionals of r.f.s. Some
related recent works in this direction include Labhiri, Kaiser, Cressie, and
Hsu (1999), Bertail, Politis, and Rhomari (1996), and Politis, Paparoditis,
and Romano (1996).

The rest of the paper is organized as follows. Section 2 states the as-
sumptions and the main results on the asymptotic distribution of the spatial
CDF predictor. In Section 3, the subsampling method is introduced and is
applied to construct prediction bands for Fso(; Ry). Proofs of the results in
Sections 2 and 3 are given in Section 4.

2. Asymptotic distribution

This section is divided into three parts. In Section 2.1, we describe the
sampling design and the structure of the sampling region and, in Section 2.2,
we state the assumptions used in the paper. Asymptotic distributional results
on the spatial CDF predictor }7",1 are given in Section 2.3.

2.1. The sampling structure

There are essentially two basic sampling structures for studying asymptotic
properties of estimators and predictors based on spatial data. When all sam-
pling sites are separated by a fixed positive distance, and the sampling region
R, becomes unbounded as the sample size increases, the resulting structure
leads to what is known as the ‘increasing domain asymptotics’ (cf. Cressie,
1993). This is the most common framework used for asymptotics for spatial
data, and often leads to results similar to those obtained in time series. The
other form, known as the ‘infill asymptotic structure’ (cf. Cressie, 1993),
is inherently different and is more suitable for inference for continuous pa-
rameter r.f.s. observed on bounded regions. When an increasing number
of samples are collected from within a sampling region R, that does not
become unbounded with the sample size, we obtain the ‘infill’ structure.
However, for the purpose of our study, neither the ‘infill’ nor the ‘increas-
ing domain’ structure seems suitable. We assume a sampling scheme that
is a mixture of both in the sense that we let the sampling region R,, to grow,
and at the same time, allow ‘infilling’ of any fixed bounded subregion of
R,. This structure appears to be the natural one for this problem, because
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of the following reasons. Since F is defined in terms of an integralon R,,
Fso cannot be predicted consistently without infilling. On the other hand,
if the region R, remains bounded, then there is not enough information to
allow consistent estimation of population quantiles for constructing predic-
tion bands for ﬁoo (cf. Lahiri, 1996). A similar “mixed” structure has been
used by Hall and Patil (1994) in the context of nonparametric estimation
of the auto-covariance function of an r.f. However, unlike their stochastic
design, here we will consider a fixed sampling design.

To describe the sampling structure used in this paper, suppose that 2,
denotes a partition of IR? by equal-volume cubes with sides ,,, where 1, |, 0
as n — oo. We can identify 2, with the set:

Py = {(i+ Ao)hy, 1 i € 7%}

where Z denotes the set of all integers and Ay = (0, 11¢ denotes the unit

cube in IR?. Note that just as it partitions R¢, 2, also induces a simultaneous

partition of any given region R, C IR? by cubes of volume h?. We assume

that the sampling sites are selected on a regular grid such that there is exactly
one potential sampling site in each cube I'; = (i + Ag)h,. As mentioned in

the Introduction, the choice of starting point of the grid, or equivalently, the

choice of the sampling site within a I'; has a nontrivial effect on the rate of
convergence of the spatial CDF predictor F,. Asa consequence, we need

to specify exactly how these sites are selected. Let C be an arbitrary point in

the interior of the unit cube Ag. Then, the sampling sites within the region

R, are given by the points on the grid {(i +C)&, : i € 27} thatlie inside R,,.

To be more specific, let J(R,,) denote the set J(R,) = {i € 79 :s e R,),

where § = (i + C)h,. Then,

{s:ieJ(R,)}

gives the collection of sampling sites in R,. It is evident from the above
description that this yields a nonstochastic uniform sampling design where
the sampling sites are located on a grid whose “starting” point is an arbitrary
point in the cube (0, hale.

Next we specify the structure of the regions R,, which quantifies the
“increasing domain” component of our sampling structure. Here we adopt
a formulation similar to that of Sherman and Carlstein (1994) (see also Hall
and Patil, 1994). Let R, be a Borel subset of (—1/2, 1/2]¢ containing an
open neighbourhood of the origin such that for any sequence of positive
real numbers a, — 0, the number of cubes of the integer lattice a, 2" 4 that
intersect both Ry and R is O((a;)? 1) as n — oo. Also, let {%,} be a
sequence of real numbers that goes to infinity with n. Then, the sampling
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region R, is obtained by “inflating” the set R, by the scaling sequence A,,,
ie.,

R, =XARo .

Since the origin is assumed to lie inside Ry, the shape of the sampling region
is preserved for different values of n. Furthermore, the requirements on Ry
guarantee that the effect of the data points lying on the boundary of R, is
negligible compared to the totality of data values.

The formulation given above allows the sampling region R, to have a
fairly irregular shape. Some common examples of such regions are spheres,
ellipsoids, polyhedrons, and star-shaped regions (which can be non-convex
sets with irregular boundaries). Sherman and Carlstein (1994) considers
a rich subclass of such regions in the plane (i.e., for d = 2) where the
boundaries of the sets R; are delineated by simple rectifiable curves with
finite lengths.

Note that in our formulation A, acts as a commonscaling factor in all
directions. As a consequence, under the uniform sampling design described
above, the number of sampling sites N (R,), say, in R, satisfies the growth
condition:

N(R,) ~ |Ro| - 14/ hd

as n — 0o, where |Ry| denotes the volume of the set Ry, and for any two
sequences {r, } and {t,, } of positive real numbers, we write r,, ~ t,ifr,/t, —
1 as n — oc. Thus, with different choices of the factors A, /&, and the set
Ry, the sampling structure adopted here provides a flexible framework for
handling varying degrees of “infilling” of “increasing domains” that may
have a wide variety of shapes.

Next we state the assumptions used in the paper.

2.2. Assumptions

For stating the assumptions, we need to introduce some notation. For a vector
X=(x1,....,5) € RE(k = 1), let x| = X, x? and |x| = Y5, |x]
denote the (usual) Euclidean and the £' norms of X, respectively. We shall
use the notation | - | also in two other cases: for a countable set J, | J| would
denote the cardinality of the set J, and for an uncountable set A C IR¥, |A|
would refer to the volume (i.e., the Lebesgue measure) of A. Let 2 be the
set of all nonnegative integers. If f is a function from R¥ — IR, and x € RY
(g < k), then f(X;-) denotes the function from R¥"¢ — IR that takes
the value f((X,y")) aty € R4 Let D ; f denote the partial derivative
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of f with respect to its jth argument. For X = (xi,...,x;)’ € RF and
o= (ar,....o0) € RF (k= 1), write x* = [[5_, x7" ol = [T}_, e,
and D for the differential operator D{" - - - D{*.

Under the stationarity assumption on the random field {Z(s), s € IR%},
let Fy denote the (common) marginal distribution of Z(S). Next define the
functions G and G, based on the bivariate joint distribution of Z(0) and
Z(S) by

G(z1,22;9) = P(Z(0) < z1, Z(S) < 22),

Gi(21,22;9 =P(z1 < Z(0) < 20,21 < Z(S) < 22) , 2.1

71,22 € Rand s e R?.
Let %/ (A) be the collection of all random variables with zero mean

and finite second moment that are measurable with respect to the o-field
generated by {Z(S) : S€ A}, A C RY. For A, B C R?, write

pi(A, B) = sup{|EEn|/(EED ' (EnH)'? 1 £ € #5(A), n € Z5(B)} .

Then, define the p-mixing co-efficient (cf. Doukhan, 1994) of ther.f. { Z(S), S
e R?} by

p(k;m) =sup{pi(A, B) : |A| <m,|B| <m,d(A, B) =k} (22

where d(A, B) denotes the distance between the sets A, B ¢ R? in the
| - |-norm, given by d(A, B) = inf{|]x — y| : x € A,y € B}. Letc, =
(%, R %)/ denote the midpoint of the unit cube A,. Define

k=2 if c#¢c, and =4 if c=¢c, . (2.3)

The following conditions will be assumed to be in effect in the rest of the
paper.
Assumptions:

(A.1) There exist positive real numbers C, 7, 6 satisfying t > 3d and
0d < t such that
plk:m) < Ck—"m? .

(A2) {Z(5):se R%)is stationary and Fy(-) is continuous on IR.
(A.3) Foreach z;,z, € R, G(z1, 22; ) has
(i) bounded and Lebesgue integrable partial derivatives of order «
on ]Rd, and
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(i1) for |¢| = K, there exist nonnegative integrable functions H,(z;,
z2; -) such that for all s, t € RY, |t|| <1,

ID“G (21, 22; S+ 1) — DG (21, 225 9| < |ItI|"Hy (21, 22, 9)

for some 1 > 0 (which does not depend on z1, 77).
(A.4) There exist constants C > 0, 1/2 < y < 1 such that

Y ID“Gi(z1, 22:9)| < C|Fo(22) — Fo(z)|”
|=2

forall z;,z2€ R and se R? .

(A.5) (BT A 4 (hyhy/logh,)™ — 0 as n — oo, where y is
as in (A.4) and « is given by (2.3).

Some comments about the assumptions are in order.

It is well known (cf. Bradley, 1989; Doukhan, 1994) that for a r.f. on
R? with d > 1, if the sizes of the sets A and B in the definition of the
p-mixing co-efficient in (2.2) are unrestricted, a p-mixing condition requir-
ing ‘limy_o p(k; 00) = 0 forces the r.f. to be m-dependent. Thus, to
ensure validity of our results for a large class of r.f.s, we adopt the standard
convention (see, for example, Doukhan, 1994) that for any fixed distance
k between two sets A and B of indices, the p-mixing co-efficient becomes
unbounded as the sizes of these sets tend to infinity.

Assumption (A.5) is a condition on the sampling design parameters A,
and &, which specifies a viable range of “infilling” and “increasing domain”
components of the spatial sampling design. Note that the growth condition
on both terms within parentheses in (A.5) restricts A, to take too small
values and thus rules out an arbitrary amount of infilling of the sampling
region.

Assumptions (A.3) (i) and (ii) are smoothness conditions on the bivariate
probability distribution functions P(Z(0) < z;, Z(S) < z»), considered
as a function of s € R? with (z1, z») fixed Note that these conditions are
almost minimal, since (cf. Theorem 2.1 below) the covariance function of the
asymptotic Gaussian process depends on the «-th order partial derivatives
of G(zi1, z2; -). Assumption (A.3) (ii) can also be viewed as a Lipschitz
condition of order n > 0 for the functions D*G(zy, z2; *), |@| = k, in the
L'(R%)-norm.

Assumption (A.4) is used exclusively in the context of proving tightness
of the process &, considered as a random element of the space of functions
D[—o00, oco]. Note that we can express the function G (-, -; S) in terms of
the function G(-, -; S) as
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Gi1(21,22;9) = G(22,22;9) — G(22, 2159 — G(21,22: 9 + G(21, 215 9)
(2.4)
forzi, zo € R,and s € RY. Write G (11, 12; S) = G(F; ' (1), Fy ' (t2); S for
t, 1 € (0, 1), where FO_I(-) denotes the inverse of the CDF Fj(-), defined
by Fofl(t) = inf{z : Fo(z) > t}, t € (0,1). Then, it is easy to check
that (A.4) holds if the functions D"‘G(tl, t;9), la| = 2,...,k satisfy a
Lipschitz condition of order y in each of ¢, and #,, for all S e RY,
For an example of a r.f., where the results of the paper are applicable,
consider the random process

Z(s) = g(e(9), seR’,

where g : R — IR is a Borel measurable function and {e(s) : s€ R%}isa
stationary Gaussian r.f. with E€(S) = 0, E(e(5))? = 1, and autocorrelation
function p(-). Then, the function G(-, -; -) can be written as

G(z1,22;9)
. — p(u
= (1= p» " (—” i )46@( ),
/g-1<—oo,z.1 [/g-w—oo,zz] g V1=p(s)? ! !

(2.5)

21,22 € R, s € RY, where ¢ and ® respectively denote the density and
the distribution function of a N (0, 1) random variable. Next, assume that
limg—o |p(S)| < 1and that p(S) has bounded, Lebesgue integrable partial
derivatives of order x 4+ 1 on IR?\{0}. Then, by straight-forward algebra,
it follows that the inequality in Assumption (A.3) (ii) holds with n = 1
for any z;,z0 € IR and for S;S+1 € ]Rd\{O}, lt]] < 1. At the points
S, s+t € {0}, the function G(z1, z2; -) is NOtnecessarily differentiable and
hence, the inequality in (A.3) (ii) can not be verified. However, the effect
of the violation of (A.3) (ii) at these points can be shown to be negligible
under (A.5), and hence, all the steps in the proofs of the results of the paper
go through under this weaker form of (A.3) (ii).

As for Assumption (A.4), in addition to the Conditions on p(-), suppose
further that the transformation g is piece-wise strictly monotone with a
piece-wise continuous derivative on IR. Then, the marginal distribution Fy
of the process Z(-) has a density. Using (2.4) and (2.5), and computing the
k-th order partial derivatives of the function G(z1, z2; S) at S O, one can
readily establish the inequality in (A.4) with y = 1, for all z;, z; € R and
for all s € RY\{0}. For s = 0, a comment similar to (A.3) (ii) applies. In
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summary, the results of the paper hold for the class of r.f.s Z(-) that are
instantaneous functions of a stationary Gaussian r.f., provided Assumption
(A.1),(A.5), and the conditions on p(-) and g (-) specified above are satisfied.

2.3. Asymptotic Distribution

The main result of this section is a Functional Central Limit Theorem for
the normalized CDF predictor:

£:(2) = ba(Fu(z; Ry) — Foo(i Ry), z€R . (2.6)

Note that for each n,
P( lim S,,(z):O) =1.
|z]—>o00

Hence, &, (-) may be considered as arandom element of the space D[—o00, 00]
of all real valued functions on [—o0, oo] that are right continuous with left
hand limits. We equip D[—o0, oo] with the Skorohod metric and show that
under the assumptions of Section 2.2, &,(-) converges weakly to a contin-
uous Gaussian process W (-) on [—o0o, oo] with W(oco) = 0 = W(—00)
a.s.

The normalizing constant b,, and the covariance function of the limiting
process W (-) depend on the choice of the vector ¢ € Ay. Recall that
determines the starting point of the sampling grid of our uniform sampling
design. It turns out that when C # C,, the right choice of b, is given by
24 zh; ! while for ¢ = C,, b, should be taken as A%/ zh; 2. The covariance
functions of W (-) in these cases are, respectively, given by certain integrals
of the second and the fourth order partial derivatives of the function G (-, -; S),
defined in (2.1). To state the result formally, define

ala) = / {(X—9%—(X—0)*—(c—9)%}dxds, «ae ().
JAY AN

Then we have the following theorem.
Theorem 2.1. Suppose that Assumptio@s.1)—(A.5) hold. Letb, = e
hy,*'?, wherex is given by(2.3). Then

£.() = W()

where— ¢ denotes weak convergence and wh&re) is a zero mean Gaus-
sian process with the covariance function
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oz = IRl Y a@@)! [

D*G(z1,z2;9ds , 2.7
]Rd

loe|=x

z1, 22 € R. Moreover W (+o00) = W(—o0) = 0 a.s. andW (-) has contin-
uous sample paths with probability one.

Thus, Theorem 2.1 shows that with the proper choice of b,, the centered
spatial CDF predictor F,, does indeed have a nondegenerate limit distribu-
tion on D[—o0, oo]. For sums of random variables from r.f.s on the integer
lattice 2, Central Limit Theorems (CLTs) have been proved by Bolthausen
(1982), Bulinskii and Zhurbenko (1976), and Guyon and Richardson (1984)
under different sets of moment and mixing conditions. For r.f.s with a con-
tinuous spatial index, Ivanov and Leonenko (1989) obtains a CLT for certain
weighted integrals of the field, assuming a strong-mixing condition. Theo-
rem 2.1 takes a step towards proving functional CLTs for triangular arrays
of D[—o0, oo]-valued random elements generated by r.f.s. One of the main
technical problems that arise in proving Theorem 2.1 is to establish tight-
ness of the process &, in D[—o00, 0o]. In Section 4, we obtain some auxiliary
results in this context, which can be useful also for establishing similar func-
tional and finite dimensional limit theorems for estimators and predictors
based on finite samples from continuous parameter r.f.s.

Although Theorem 2.1 provides a very precise description of the right
normalizing constant b,, in practice, however, it may not always be clear
as to which of the two different rates should be used. This is because in
an application, given the locations of the sampling sites {S;, ..., Sy,} ona
regular grid and the sampling region R,,, there may not be a unique reference
point that can be identified as the origin, and hence, one may not be able
to discriminate between the cases C = C, and C # C, from this informa-
tion. An exceptional situation, where one can discriminate between these
two possibilities solely from the knowledge of the sampling sites and the
sampling region R,, occurs when the sampling region can be tessellatedy
cubes of side %, with centers either at the given sampling sites (leading to
the case C = C,) or at points other than the sampling sites (corresponding to
C # C,). In the following, we exploit this observation to formulate a variant
of Theorem 2.1 that can be used in practice for sampling regions that are
not tessellated exactly.

Suppose that {Sj, ..., Sy,} are the sampling sites within the sampling
region R,,, coming from a regular grid 2, for somec € A,. For s € R? and
C; € Ay, letI',(s; ¢;) denote the cube with sides of length £, and with center
at S+ (C; — C,)h,. Then, it follows that I',,(S;; C;) is a cube of volume hf
containing the sampling site S;, and has its center at §; if and only if ¢; = C,.
Next define the region R, (C;) = va:" I'n(Si; €1). (cf. Figure 1 below).
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Fig. 1. (Left) Sampling region R, with the sampling sites ;s denoted by solid circles;
(Right) The augmented region R, (C,) with its boundary shown in boldface dashed line, and
the squares I, (S;; C,) centered at the sampling sites S; with their boundaries in dashed lines.

Since the sampling sites {Sy, ..., Sy,} lie on the regular grid #, which
has an increment /,, in eachdirection, the cubes {I",,(Si; €1), i =1, ..., N,}
tessellater, (c;). Furthermore, since it is obtained from R, by an augmen-
tation of the cubes only at the boundarysampling sites, the region R, (C;)
differs from the original sampling region R, by a volume that is negligible
compared to the total volumes of both R, and R, (C;). As a result, one can
use the empirical predictor F,(-; R,) based on observations on the process
Z(-) at the sampling sites {S; : i = 1, ..., N,} C R,(Cy) also as a predictor
of the spatial CDF ﬁoo(-; R, (Cy)) over the augmented region R, (C;). Then,
the following version of Theorem 2.1 holds.

Theorem 21'. Assume that assumptiofs.1)-(A.5) hold and thaty;,, =
APh2if ¢ = c,, andby, = A2’k if ¢ # c,. Then

bin(Fu(; Ry) — Fao( Ru(C1))) =4 W(-; 1)

whereW(-; ¢;) is a zero mean Gaussian process having the covariance
function(2.7) with k = 4 if ¢, = ¢,, andx = 2 if ¢; # c,. Moreover

W (4o00; €;) = W(—o0;¢;) = 0 a.s. andW(-; ¢;) has continuous sample
paths with probability one.

Thus, given the sampling sites {S, ..., Sy,} from a regular grid, one
can choosea desired value for ¢; and apply Theorem 2.1’ with the corres-
pondingscaling constant by,. Hence, unlike the choice of b,, one can al-
waysdetermine the right scaling constant by, for predicting the spatial CDF
1300(-; R, (Cy)) over the region R, (Cy).
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Secondly, Theorem 2.1’ also shows that under Assumptions (A.1)—(A.5),
the empirical predictor F, achieves the higher level of accuracy for predict-
ing the spatial CDF Fo(:: R,(C,)) over the region R, (C,), irrespectiveof its
rate of convergence to the spatial CDF ﬁm(-; R,) over the original region
R,,. Consequently, inference procedures based on the empirical predictor E,
would be most accurate for the reglon R, (cy) if one chooses Ci = Co. In par-
ticular, prediction bands based on F,, would be narrower for Foo( R,(C,))
than for Foo( ; R,(Cy)) with ¢| £ C,.

Finally, it should be noted that for a sampling region R, that is not
tessellated by the cubes from the grid 2,,, Theorem 2.1’ yields a large sam-
ple result for the spatial CDFs only over the regions R,(C;),C; € Ao,
which are differentfrom the original sampling region R, . Though the vol-
ume of the symmetric difference RnAR,, (cy) is negligible compared to
the total volumes of R, and R,(C;) in RY, in general, we can not replace

Fool: Ry (1)) by Fo(: Ry i in Theorem 2. l’ This is because the scaleddif-
ference bl,,(Foo( R,(C))) — Oo( R,)) is not necessarily negligible when
the dimension d of the sampling region R, is 2 or more.

We conclude this section with a result that will be used in the context of
obtaining large sample prediction bands for Fs in Section 3. Let w(-) be a
nonnegative integrable function on IR. Define the weighted L?-norm of an
element x € D[—o0, o0] by

00 1/p
lxll, = (/ lx(2)[Pw(z) dz)

for p € [1, 00). Also, corresponding p = oo, let
[xlloc = sup{|x(z)| : z € [-00, 0]} .

Then, the following result holds.

Theorem 2.2. Assume that the conditions of Theor2r hold. Then as
n — oQ,

I&all, =< IW I,
and
1512 (Fu (3 Ry) — Foo (5 Ru(@O I, =4 W (5 Dl
forall p € [1, oco].

3. Subsampling prediction band
In this section we consider the problem of constructing valid large sample

prediction bands for the underlying spatial CDF IAZOO. For simplicity of ex-
position, we restrict attention to the spatial CDF F,(-; R,,) corresponding
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to the sampling region R, . Prediction bands for ﬁoo(-; R, (cy)) can be con-
structed by straightforward modifications (cf. Remark 3.1 below). Hence,
unless explicitly mentioned, we write ﬁoo to denote the spatial CDF ﬁoo (; Ry)
over R,.

For 0 < a < 1, let g, denote the o quantile of ||W],. Then, by
Theorem 2.2 it follows that

Iy = {F : by|lFy, — Fll, < qu) (3.1)

is a prediction band for Fs that attains the nominal coverage level o
asymptotically. However, the difficulty with using (3.1) is that the quan-
tity g, depends on the bivariate population CDF G, and hence is unknown
in practice. In principle, it is possible to estimate the covariance func-
tion of the process W and use orthogonal decomposition (cf. Anderson,
1993) to obtain an estimator of g,. However, given the complex struc-
ture of the covariance function, this approach does not seem very con-
venient for practical applications. Instead, here we propose an extension
of the standard subsampling method, used in the context of purely “in-
creasing domain asymptotics” for time-series and lattice processes (cf. Pos-
solo, 1991; Politis and Romano, 1994; Hall and Jing, 1996; and Sher-
man and Carlstein, 1994), to allow “infill sampling” of continuous pa-
rameter r.f.s and apply it to construct valid large sample prediction sets
for ﬁoo.

The main idea behind the proposed subsampling method is to use several
smaller regions within R, of similar shape (cf. Sherman and Carlstein,
1994) and exploit the “infill” component of the sampling design to recreate
the effect of “sample” and “population™ at the level of the subsamples.
The modification is required for defining the subsample versions of the
sample based predictor F,, and the unobservable random predictand Fso
that depends on the “population” of the entire r.f. Z(z) over R,,.

First we define the subregions. Let /(= [,) be an integer such that
l/n — 0 asn — oo. Here [ determines the “window width” for the
subsamples. Let K| = K, denote the largest integer not exceeding A, /A;.
Then, (—X,, A,]% contains (2K;)? smaller cubes of the form (i + Ag)X;
where i € Z%. Let S|, ..., Sk denote the set of all such subcubes that lie
insidethe given region R,. Then, define the subsampling regions

R*17 ey R*K
by inscribing the translate of the region A; R, inside each one of the sub-

regions Si, ..., Sk such that the origin is mapped onto the midpoint of
the given subcube. (cf. Figure 2 below). Then, this gives us a collection
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Fig. 2. (Left) The sampling region R, with the subregions R,;s; (Right) A given subregion
R.; (magnified) with the finer and the coarser partitions, given respectively by the dotted
lines and the solid lines.
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of nonoverlapping subregions that are of the same shape as the original
sampling region R, and are contained in R,,.

Next we define a copy of F, and Fi, on each R,;. Note that corresponding
to [ and n, 2; and 2, induce partitions of R,;s at two levels of resolution.
We use the partition 2; to define the subsample version of ﬁ,, and 2, to
define that of }A?oo. Let {5 :j € N;} denote the (2,-level) sampling sites in
R.i, i =1,..., K. Next for simplicity, assume that / is such that s;/ h, is
an integer. Then, the sampling sites corresponding to #; and #,, are nested.
Let {S1 j € L;} denote the collection of - level sampling sites in Ry;, i =
1, ..., K. Then, define the versions of £, and Fs on Ry; respectively by

Fi@) = ILi|™" ) _1(Z(3) <2)
jeL;
and
Fi@=INI""Y 1(Z(g) <2) ,
jeN;
ze€R,i=1,...,K.Thus, F* plays the role of F,(-; R,) and F plays
the role of Fi,(-; R,) at the level of the subregion R,;. The version of the
process &, on R,; is given by
E7(2) =bi(F(2) — F2()), zeR .

Since the subregions R,;s are nonoverlapping, &, ..., s,fK behave like
“approximately independent” copies of the process &,. Hence, we define
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the subsampling estimator of the CDF H,,(-; p), say, of [|§,]|, by

K
Hyzp)=K 'Y 10E, <2), zeR .

i=1

The following theorem justifies the use of the proposed subsampling method
for constructing prediction bands for Fo..

Theorem 3.1. Suppose that conditions of Theor@m hold and that the
weight functionw is such that|W||, has a continuous distribution oR.

Alsq, let! be such thak,/h;, — 0 asn — oo, and AssumptioA.5) holds
with 2, replaced by,. Then for any p € [1, 0],

sup |H,(z; p) — H,(z; p)| — 0 in probability, as n — oo .
zelR

Thus, under the conditions of Theorem 3.1, the subsampling estimator of the
sampling distribution of ||, , provides a valid approximation. To construct
a100a% (0 < a < 1) prediction region for F based on the subsampling
method, let g, be the o quantile of PAIn(-; p). Define

I35 = {F :by|lFy(s Ry) — Fllp < Ga) -

Then, I5 gives the desired subsampling prediction band for the spatial CDF
F+. Note that by Theorem 3.1,

P(Fpeld)—a as n— oo .

Hence, the prediction region IS attains the target coverage probability «
asymptotically. In practice, implementation of the subsampling procedure
is quite simple. To find the quantile g,, note it is given by the (K «)-th order
statistic of the values ||$,;"i l,,i =1,..., K and hence, can be easily found
by arranging the ||| ,’s in an increasing order. Finite sample performance
of the method and the choice of the subsampling parameters can be found
in Kaiser, Hsu, Cressie, and Lahiri (1997). Also, for an application of the
subsampling method to a real data set and for overlapping versions of the
subsampling method, see Lahiri, Kaiser, Cressie, and Hsu (1999).

Remark 3.1.A variant of Theorem 3.1 also holds for the process &, =
bl,,(f?n(-; R, — ﬁoo(-; R, (cy))) considered in Theorem 2.1’, provided the
subsampling estimator is redefined appropriately. The main modification is
that on each subregion R,;, a copy the process &, is now defined as

M= by (FH () — FX (5 R.i(C)))
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where F:é (-; R4 (cy))) is the empirical distribution function of the obser-
vations located on the finer grid 2, in the augmentedubregion R,;(C;) =
User,inz,] I[';(s; ¢1). Thus, to define the subsample “copy” of &;,, on R,;, we
replace Foo( R,(c))) by F*’( R,;(Cy)), which is the right subsample ver-
sion of the spatial CDF Foo( ; R,(Cy)). The subsampling estimator of the
sampling distribution H,,(-; p), say, of 1,1l is then given by

IZuns Iy <

which provides a valid approximation to Hy,(-; p) under the conditions of
Theorem 3.1. Hence, one can construct valid prediction bands for the spatial
CDF ﬁoo(-; R,(cy)) as above.

Recently, Bertail, Politis, and Romano (1995) and Sherman and Carlstein
(1997) have developed methods for constructing confidence intervals for
population parameters of time series data, when the rates of convergence
of the corresponding estimators are unknown. Hence, as an alternative, one
may adaptthese methods to the present problem to construct prediction
bands for ﬁoo(-; R,) itself, if the choice of the scaling constant b, is not
obvious.

4. Proofs

For proving the theorems, we need a few lemmas. We will use C, C(-) to
denote generic positive constants that depend on their arguments (if any).
Also, unless otherwise specified, limits in order symbols are taken letting n
tend to infinity.

Lemma 4.1. LetB, = 1, BpandZ(i) = f fi(Z)1(se (i+A¢) N B,)ds,
ieJ,={iez’:i+ AgN B, # ¢} be random variables satisfying

EZ({) =0, |Z@{| <1 and

E|IZD))> <8, forall iedJ,,

wheret, — 0o, By is a Borel subset af—1/2, 1/2)? that satisfies the same
boundary condition as the s&y, and f; : R — IR is a Borel measurable
function such thak £, (Z(0))* < oo, i € J,. Thenunder assumptioM.1),

4

E(> Z0) | =c@.pO) [ +tds,]
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Proof . Clearly,

E ZZ(i)

i€,

4

<Cd) Y EZW' + Y IEZ()’Z(i)l + ) EZ(1)*Z(in)?

i€, i1 72 i1 #i2

+ ) |EZGZG)ZG) + Y EZ()Z(0)Z(3)Z)]
i1 A #l3 i1 A Fi37#is
=L+L+ L+ 1L+ Is,say .

By the p-mixing condition,

L+ L+ 1

<C@) (1 +Y Kok — 1 1)) Jnl8n + Y EZ(1)*EZ(i2)?
k=1 i1 #i2
<Cd, p)[tls, +178;]

Next we obtain bounds on /4 and Is. In both cases, the key step in applying
the mixing condition involves counting the number of different indices (viz.,
i1,ip,13for Iyandiy, iy, i3, i4 for I5) that correspond to a given maximal gap.
We consider the case I5 first. For iy £ i, # i3 # i4, write J = {iy, ia, i3, i4}.
Next define

di(J) =max{d(I, J\I) : 1 C J,|I|=j}, j=12.

Thus, d,(J) denotes the maximal distance between any two (out of six
possible) pairs of indices in J, while d;(J) gives the maximum distance of
a single index in J from the rest of the indices. Depending on the elements
in J, di(J) can be larger or smaller than d»(J). We claim that for given
integers 1 < dp1, dpy < |Jnl,

I :di(J) =do1 and dr(J) =dp}| < C(d)[(dor + do) |l
4.1)
To see this, fix any i; € J,, say, i; = O (for notational convenience), and
suppose that for J = {0, 1, ], k}, d.(J) = do,, ¥ = 1, 2. Then, there exists
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asetl C J,|I| =2 suchthatdy = d(I, J\I). Without loss of generality
(w.l.g.), assume that I = {0, j}, I° = {i, k}, and d (I, I¢) = |i|. This implies
li| = doa, K| = do, |j — i| = dp. By virtue of its definition, a bound on
dy(J) restricts the possible choices of at least one of j and k. Indeed,

if dopp=d(,I°, theneither |j| < 2dy, or |K| <2dy . 4.2)

To prove this, note that if |j| < 2dy,, then (4.2) is trivially true. Hence,
suppose that [j| > 2dy,. Then, it is easy to check that if |k| is also bigger
than 2dy, then for the set I} = {0, i} d (I, J\I}) > dy, contradicting the
maximality of dy,. Thus, dop, = d(I, I¢) = |i| implies at least two of the
indices i, j, k do not exceed 2d;.

In general, for a given value doy; alone, there can be as many as O (¢¢) pos-
sible choices for the third index. (For example, take k = 2i =
(2dpy, 0, ...,0), and let all components of j be less than —2dj,.) But if
the value of d;(J) is also specified, then the norm of the otherwise un-
controllable third index admits a bound in terms of d;(J) and d,(J). In-
deed, in the case when |j| > 2dy, and |K| < 2dg; in (4.2), we must have
lj| < 2dy+do;- This follows from the inequalities: dy; > d({j}, {0, 1, k}) =

min{[j[, [i — I, [ — K[}, ljl < i =]l +do and |j| < |k — | + 2dp. In
the other case, i.e. when [j| < 2d,, we get a similar bound for K. Since
fiez?: il <all=0@)and |{i € 2¢ : |i| = a}| = 0@@?") as

a — 00, this proves (4.1).
Now, writing Z(l) (2(2)) for the summation over all J = {i| # i, #
i3 #* is} with do(J) > di(J) (dr(J) < di(J), respectively), we get
@)
Is < C(d) Z{|EZ(1)EZ(IC)| + p(d2(J) — 1, 2)8,}

(2)
+Cd) Y pldi(J) = 1;3)3,

oo 2 oo
< Cd) { 1al’s; (1 + ok =1 1)) 118y ) K ok —1:2)

k=1 k=1

+ C(d)Jul8 YK p(k — 15 3)
k=1
< Cd, pO) {8, + 118}

where for any index-set A, Z(A) = [Tica Z().
Next, we consider I4. Define dz(J) = max{d({i»}, {i»}9), d({i3}, {i3}°)}
for any collection of indices J = {iy, i», i3} in I4. By an argument similar



Spatial CDF prediction 75

to the above, it can be shown that [{J : d3(J) = do3}| < C(d) dys " |l
Hence, it follows that

o0
I < C(d) (Z Kk — 1 2)) |18
k=1
< Cd, p(Ntes, .
Lemma 4.1 now follows combining the bounds for I, ..., Is.

Lemma 4.2. Suppose thaB, is a region inR,, satisfying the conditions of
Lemmad.1 and that assumptiofA.5) holds withai, replaced by,. If, in
addition, assumptiongA.1) and(A.3) hold, then for anyzy, z> € IR,

E[Y ni]|D r0

iEJ,, iEJn

= |Bo| 't h* Za(a)(a!)—lf DG (z1, z2; ) dx | (1 + o(1))
RY

lee]=x

whereJ, = {i € 2¢ : Iy N B, # ¢} (different from theJ, of Lemma
4.1)andY;(i) = fm’i)(l(Z(S) <z;)— I(Z(s) < z;))ds, withT'(1,i) =
rinB,, iedJ,,andj =1,2.

Proof . We consider the case ¢ = C, only. For C # C,, similar arguments
can be used to prove the conclusions of the lemma. By Taylor’s expansion,

I, = E(Z Yl(i)> (Z Yz(i))

ie-’n iEJ,,
ZZZf / [G(z1,22:§ —S) — G(z1,22; X — S)
5 Jraib Jrag

—G(z1,22;§ — 9 + G(z1, 22; X — 9] ds dx

4
B 2.:2]: /m,n /m,j) [ Z(D G2t 22§ = 8)/erd)

l|=2

x[-x-9" - -9"+(x-9 - (g —s)°]

+r,(,j; X, S) } dsdx ,
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where |r,,(i,j; X, 9| < C(@)(IX = §I"" + IS =S 1) X 414 Ha (21, 225
X —19).

Next define a,(i, j; @) = fF(Li) fF(l,j){_(X —-5)*—(§—9*+(x—
S) —(§ —s)*tdsdx, Ji, = {i € J, : TiN B, # ¢, N B # ¢} and
Jan = Ju\Jin. Also, for |a| = 2, let B and y € 2% be such that |B| =
|yl = 1and B + y = «. Then it follows that for |«| =2 and i, ] € Jo,,
an(i.j: o) =/ {(x—9)(s5 —9" +(x—9)"(s —9}dsdx
r Jr
= n22[(1/2 = P —1/2) + (172 — ) (? - 1/2)]
= —2r2"*2(c, —0)* .

Hence, for ¢ = ¢,, terms corresponding to || = 2 vanish for all i, | € J,.
Next we turn to the cases |a| = 3, 4. Note that for i, | € J,,,

an(i, j; &) = hpt / [—(X = C)* — (¢, —9“ + (x — 9)*} dxds
A J A

= 2 () .

It is easy to check that a(«) = 0 for all |&| = 3 and a(«) # O for |a| = 4.
Next write Z(l) for summation over all i € J;, and 2(2) foralli € J,,.
Then, noting that |Jy,| = O(z‘j_lh,]l_d), we have

2 @

L= @)™ > Y DGz, 22:8 — §)an(ii.j; @)
j

la|=4 i
= |Boltdhy » a(a) (@)™ U D“G(zl,zZ;sms} (140(1)) ,
la|=4 R
4.3)
and
Iy = / / a2 %, 9| dx ds
Z,:XJ: r(Li) JT (L))
< i Y [ Huerzi9ds (4.4)

la|=4

Next note that for any i, € J,,
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S-S e{x—y:xelj yelj}
={(+X)h, = ( +Y)h, - X,y € Ao}
C (i =)+ ADh,
where A; = (—1, l)d. Then, for any p, g € {1, 2},
Jogn =1k € 7% :k=i—] forsome i€ Jy,je€ )
Clkez?: |kl <C@itin, )
and for any kK € J g,
A, 1) € Jpn X Jgn 11 =] =k}
< min{|Jpul, [Jgnl} -
Hence, by (4.3) and (4.4), it follows that
|1y — Tin — Ionl
4 (OS] 1 @ 2 M

=12 ZZ+Z}Z+Z; DUG(s; — s)an(i, j; @)

lel=2 \ i ]

4
coy (Y ey ey

or|=2 keJii, keli, kel
|1l sup{|D*G(z1, z2: X)| : X € (K + Ap)h,}

A

< Cd, DGt .

Therefore, in view of condition (A.5) (with A, = ¢,), Lemma 4.2 is proved.

Lemma 4.3. Let Ry, = (ain, b1,) X -+ X (agn, ban) be a rectangle with
[Ri,] = ¢ > O0forall n,andR;, "R, # ¢. Alsa let J3, = {i € 29 :
I'i N Ry, N R, # ¢}. Then under Assumption&.1), (A.2), and(A.3) (1),
forany—oco < z1 < 75 < 00,

2

E[Y v ]| <CW@ p(), Gz, 225 AR

i€J3n

whereY;(i) = [r,;(1(z1 < Z(8) < 22) — l(z1 < Z(9) < 22))ds and
rae, I) =TiNRy,, "R, fori e J3,.
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Proof . Lemma 4.3 can be proved using arguments similar to the proof of
Lemma 4.2. We omit the details.

Lemma 4.4. Assume that the conditions of Theorgmhold. Then for any
real numbersi, ..., a, andzy, ...,z (r > 1),

Zaisn(zi) -4 N |o, Z a;a;jo(zi, ;)
i=1 [ j

i=1 j=1
whereo (z;, z;) is as in the statement of Theorém.

Proof . Let {A;,} and {A,,} be two sequences of positive numbers (to be
specified later) such that Ay, / h, € Z, X,/ h, € Z, and that

A A Ao/ An/An > 0 as n—> o0 . (45)

Here we employ the “blocking” method of Bernstein (1944), with A;,, defin-
ing the “big” blocks (cubes) and X,, defining the “little” blocks (paral-
lelepipeds). To define the blocks, we use a grid along each axis defined by the
points s;; = i3y, S = 81 + A, i =0, 1, ... where Az, = A1, + Aoy.
Let I'(1,i) = [s1;, 82:), 1 (2,0) = [s2i, s1;41) and 1 (i) = [sy;, s1:41). Next
define the parallelepipeds in IR? using the points sy;, s»; as

Au(i;0) = (i + Ap)Az,

Ay(i5€) =1(ep,iy) x -+ x I(€q,iq)

fori € #%ande € {1,2}? = ©.Notethatforanyi, A,(i; 0) = UecoA,(i; €),
and that corresponding to the 2¢€’s in ®, we get 2¢ “types” of parallelepipeds
A, (+; €)s. Furthermore, the volume of a parallelepiped of type € € O is
given by |A,(i; €)| = A‘fnkg;q whereg =q(e) =|{1 < j <d:¢; =1}
Hence, foralle # €, = (1,...,1),and forall i € ¢,

|1An (5 €)l = o(|Au(is €)]) as n— o0 . (4.6)

We shall consider the cubes A, (i; €,) as defining our big “blocks” and
the rest as little “blocks”. Let Z(l) denote summation over all i € Jg, =
{ie 27 : A,(i;0) C R,}, and Z(z) extend over alli € J;, = {i € 27 :
A, (i;00NR, # ¢and A, (i; O)NRS # ¢}. Next define the random variables

Yi = (Nnh,f)—lanaj/ (1(Z(s) < z))-1(Z(9) < z))ds, i€ 29,
j=1 INR,

Y(ie)= Y Y, i€Jo €€O®
j:TjCAL G5 €)
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and
Y(i;0) = > Y, i€ .
j:ijanArz(i;o)7é¢
Then it follows that
(D 2 r

Yoait @)=Y Y Yo+ Y Y0+ > a((NhD™ = [Ry|™)
i=1

€EcO | i i=1

xbn / (1(Z(9) < 2) — Folz))ds . @.7)
R,

ByLemma 1.8.1 of Ivanov and Leonenko (1989) and the boundary condition
on Ry, the third term goes to zero in L. We now show that the second term
and the terms corresponding to € # €, in the first summation also tend to
zero in L. Using the p-mixing condition and Lemma 4.3, and noting that
Kz = |J7] < C(d)(hn/33)?~", we get

@ 2
E (Z Y(i;O))
II(Q—l
< Y UG ] € S li =1 = KHp((k — DAz A9,)
k=0

xmax{EY(i;0)%:i € J3,,}

K>
< C(d, p(-), 1) /33)" ! (1 + 3 K9 p (ki A‘i,,)) TSN N
k=1

< Cd, p(-), )AL Aan/An) - (4.8)

By similar arguments, noting that the distance between A(i; €) and A(j; €)
is (Ji —j| — DAzn + A2y, we get

(1 : (0 2
E[> >vie| < 222 Y E (Z Y (i e))

€#€, i €#€,

< CW, p(-),r) {1 + > kd1p<kx3n+xzn;xf;lxzn)} (Rn/Aan)

1<k<L
x (M A hE b2,

n-n""n

< C(d, p(-), 1) On/23) P 2907 Gz 2n)? (M [ A3n) (4.9)
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where L = | Jg,|. Next note that by the p-mixing condition

Y]
|[Eexp it Y Y(ie) | — [ | EexplitY (i €,))]
j je-lﬁn

< C@)a/230)! p Gz [RaD) < C(@)Cen /AT 250057 . (4.10)
Now choose {A;,} and {A,,} such that
Mn ™~ kn(logkn)_l, and
Aop ™~ kﬁg/f log A, .

Check that with this choice of A, and A, (4.5) holds and that, the expres-
sions in the final steps of the inequalities (4.8), (4.9) and (4.10) tend to zero
as n — oo. Hence, from (4.8)—(4.10), it follows that

2
1

E Zajén(Zj)—ZY(i;ég) —0 as n— o0 . (4.11)
Jj=1 i

Thus, Y '_, a;&,(z;) has the same limiting distribution as Zj(l) X (), where
X (j)’s are iid random variables with X (j) =¢ Y (j; €,). Since by Lemmas
4.1-43, EX()*/(EX(j)*)* = O(1), it now follows that X (j)’s satisfy the
Lyapounov’s Condition. Hence, in view of (4.11) and Lemma 4.2, Lemma
4.4 is proved.

Proof of Theorem 2.1Since Fy is continuous, by standard arguments, it is
enough to show that the time-scaled process én (1) = Sn(FO_l(t)), t €10, 1]
converges in distribution to W(Fo_l(t)) as random elements of D[O0, 1],
where D0, 1] is the space of all right continuous functions on [0, 1] with
left hand limits, equipped with the Skorohod metric. Note that by Lemma
4.4, the finite dimensional distributions of &,(-) converge weakly to those
of W(Fo_l(-)). Hence, it remains to establish the tightness of the sequence
{én ,n > 1} and the almost sure continuity of the sample paths of W(FO*1 ).
By Theorem 15.5 and the proof of Theorem 22.1 (cf. pages 198-199) of
Billingsley (1968), both assertions would follow if we showed that for every
€ > 0,n > 0, there exists a0 < § < 1 such that for all sufficiently large #,

P(sup{[&,(t) —&,()| :s St < (s+8) A1} =€) <nd (4.12)

where 0 < s < 1, and for two real numbers a, b, a A b denotes the minimum
of a and b. Fix s € [0,1], and 0 < €, < 1. Using the monotonicity
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Qf ﬁ,, angl ﬁoo, it is easy to shgw that for any 0 <n <t =<h= 1,
En(t) < §u(12) + by(Foo(t2) — Foo(11)) and &,(1) = &,(t1) + bn(Foo(t1) —
Foo(12)) where Foo(u) = FOO(FO_I(M)), ue[0,1]. Let p = p(n,e,n) =
C (e, n)(A2h*)~1/7 and for a positive integer m (to be determined later), let
8 = mp. Then, it follows that

P(sup{|&,(t) —&,(s)| :s <t < (s +8) A1} > €)
< P(max{|&,(s +ip) — &:(s)| : 1 <i <m} > €/6)
+ P(max{|b, (Fao(s +ip)— Foo(s + (i—=1)p))| : 1<i <m} > €/2),

(4.13)

where we set s + ip = 1, if it exceeds 1. Next using Lemma 4.1 (with
B, = I{n), Lemma 4.3 (with Ry, = j 4+ Ayp), assumption (A.4), and the fact
that EF(t) =1,0 <t <1, we get
E(, (1) — & (1))
< Cd, p(). Xy Dol |t — 0|7 + Abhi | — 1]

<CW,p(), )|t =17, if |b—tl>p (4.14)

and

E{b,[(Fao(t2) — Fo(t1)) — E(Fao(t2) — Foo (1)1}

< CW, p(), 1OX 2 h 2 W2t — 1) + A — 1)) (4.15)

for 0 < 11,1, < 1. Next by Assumption (A.5) and (4.15), it follows that
there exists n; = nj(e, n) > 1 such that for all n > n;,

bup = (XZ(V_z)h;K(2+V))1/2y
— (()\ih512y+l)/()()\ghz)l—y)—l/Zy
< ()\Zh’(12y+1)l<)*(2*)/)/27/

<€/4 (4.16)

and
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P(max{|b,(Fao(s +ip) — Foo(s +( — Dp))| : 1 <i <m} > €/2)

<Y PbulFo(s +ip) — Feo(s +ip — p) — p| > €/4)

-

i=1
< CWd, p(), ) ma, > h, > 2 p* + 1l p]

< Cd, p(-), K)e mp)(AGhGT V7 + dhy17")

n-n

<182 . 4.17)

Next, using Theorem 12.2 of Billingsley (1968) and inequality (4.14) above,
we get

P(max{|&,(s +ip) — &, (s)| : 1 <i < m} > €/6)

< Cd, p(-), k) *(mp)*" . (4.18)

Now, let § = §(n, €) > 0 be such that for the constant C(d, p(-), k) ap-
pearing in the last inequality, C(d, p(-), k)e *8**~! < /2, and §/p is an
integer. (This is possible, since by assumption, 2y —1 > 0.) Therefore, tak-
ing m = §/p, (4.12) follows from (4.13)—(4.18). This completes the proof
of Theorem 2.1.

Proof of Theoren2.1’. Similar to the proof of Theorem 2.1.

Proof of Theorem 2.2Jse the Continuous Mapping Theorem (cf. Theorem
15.1, Billingsley (1968) and Theorem 4.2.12, Pollard (1984)).

Proof of Theorem 3.Fori =1, ..., K, define
EX(2) = bi(F)(2) — Foo(z; Rw)), z€R

and

K
Hiz,p) =K' Y 1UE, <2, zeR.
i=1
Then, by the stationarity of Z(-)s and the p-mixing condition,

E(H,(z, p) — H,(z, p))*

< C(d)K‘sz( > kd—lp(kxl;,\;f)) —~0 as n— 00 . (4.19)
k<2dK,



Spatial CDF prediction 83

Let € > 0 be given. Since the CDF H(-; p), say, of |W||, is (uniformly)
continuous on IR, there exists a n > 0 such that sup{|H (z +n; p) — H(z —
n; p)| : z € R} < €. Hence, using (4.19) and the monotonicity of ﬁn and
ﬁn, it can be shown that

Tim P(|Hy(z, p) — Ha(z, p)| > 4€)

< lim P(H,z+n. p) = Hi@ = n. p)| > 3€)

K

. -1 *i e

+ lim P (K El LANE Ny — 18, N p1 > ) > €
i=

< Ce? nILIEO[E(ﬁ”(Z +n; p) — Ho(z + 13 p))?
+ E(H,(z — 1 p) — Hy(z — 15 p))°]
+ lim Pyl F3 — Foos ROl > 1)/€
—0.

In the last step, we have used the fact that under the assumed conditions on /,

Afl/zh;"/z- (F;“O1 ) — I:“oo(-; R;)) converges weakly to W(-) on D[—o00, 00].

This follows from Theorem 2.1 by replacing the sequence {A,} by {A¢,}.
Therefore, it follows that for all z € IR,

H,(z, p) — Hy(z, p) =, 0

as n — 00. Since || W||,, has a continuous distribution on R and H,(z, p)
converges in distribution to it, an argument similar to (the proof of) Polya’s
Theorem can now be used to complete the proof of Theorem 3.1.
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