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Abstract. Suppose K is a compact convex set in R? and X;, 1 <i <n,
is a random sample of points in the interior of K. Under general
assumptions on K and the distribution of the X; we study the as-
ymptotic properties of certain statistics of the convex hull of the
sample.
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1. Introduction

Consider a compact convex set K C R? and let X;, 1 <i<n, be a
random sample of points from K. Denote by K, the convex hull of the
points X;, 1 <i < n, namely the smallest convex set containing the X;.
In Rényi and Sulanke (1963, 1964), the expected area and perimeter of
K, were considered for the case where d = 2, K was either a polygon
or had a smooth boundary (referred to as polygonal and smooth cases
below) and the X; were assumed to be iid. uniform. In that vein, there
have been a series of papers since then investigating the various sta-
tistics of K, for a number of different settings. See Groeneboom (1988)
and references therein.
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In the present paper we assume d = 2 and that the X; are iid. with a
rather general distribution. Our goals are to investigate the means and
asymptotic distributions of the area and perimeter of K, in the two
cases of K mentioned in the previous paragraph. The first paper that
successfully treated the asymptotic distribution of a statistic of K, was
Groeneboom (1988), in which the number of vertices was shown to be
normally distributed. Hsing (1994) and Cabo and Groeneboom
(1994), respectively, derived the asymptotic distributions of the area of
K, for the disk and the polygonal cases. Briker, Hsing and Bingham
(1995) considered the asymptotic distribution of the Hausdorff dis-
tance between K and K, for both the smooth and the polygonal cases.

A novelty of this paper is the derivation and application of two
very simple but powerful integral representations in which the area
and perimeter of K, are written as the integrals of certain functions
defined on the boundary of K,. The development of the representa-
tions along with the introduction of notation are the topics of Section
2. Another novelty is the introduction of certain point processes which
describe the local behavior of sample points close to the boundary and
therefore whose limiting behavior is intimately linked to that of the
area and perimeter of K,,. This is done in Section 3. The advantages of
using these tools will be obvious. Our main results in Sections 4 and 5
either extend existing results to much more general settings or spe-
cifically improve upon them. Our primary setting of interest will be the
smooth case where the boundary of K has curvature bounded away
from 0 and oo. Under that and the assumption that the density of X;
changes at a geometric rate when approaching the boundary, we show
in Section 5 that the area and perimeter of K, are jointly normally
distributed. Moreover we derive the asymptotic behavior of the ex-
pected area and perimeter of K,,. We also consider the polygonal case
in section 4 where we derive the asymptotic distribution of the pe-
rimeter of K, and the asymptotic behavior of the mean of the pe-
rimeter of K,,. In particular, Theorem 5 in Section 4 gives an improved
rate of convergence for the expected perimeter over what was given by
Buchta (1984).

2. Preliminaries

Throughout, let L and A4, respectively, be the perimeter and area of the
bounded convex set K in IR? and let L, and A4,, be the corresponding
quantities of K,,, the convex hull of # iid. random points Xy,..., X, in
K. Also write 0K for the boundary of K. This section is primarily
devoted to the derivation of the identities (1), (5) and (8) below for
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L — L, and 4 — A4, which will be our basis for deriving the asymptotic
properties of the two quantities.

First we consider L — L,. For fixed p,0 € R let ¢(p,0) be the
straight line

xcosf + ysinf = p, x,ye R .

A classical result in integral geometry (cf. Santalé 1976, Chapter 1)
states that the perimeter of an arbitrary bounded convex set K can be

written as
L= / / dp do ,
0=0 J pelx(6)

where Ix(0) = {p: ¢(p,0) N K # 0}. For every fixed 0, the set K has
two supporting lines, ¢(p(6;K),0) and £(p2(6;K),0) say, for some
p1(0;K) < p2(0; K). See Fig. 1. Since for every p, 6 the lines ¢(p, ) and
{(—p,0+m) coincide, we have p;(0+mK)=—p(6;K) and
p2(0+ 1K) = —pi(0;K). Since K, is also convex, all of the above
applies and in fact one has

P1(0;K) < pi1(6;K,) < p2(0;K,) < p2(0;K) .

Therefore,

L—Ln:/ (/ dp—/ dp>d0
0=0 PElk(0) PElk, (0)

=/07r (22(0;K) = pi(6;K) — (72(0; Kn) = p1(6;K,,))) dO
:/07I (pl(BQKn) _pl(H;K) +p1(9—|— 7'C;K,,) —p1(9—|— n;K)) do

21
- /0 (p1(0:K,) — p1(0:K)) dO (1)

Actually, Efron (1965) used the same principle to compute EL, but, to
our knowledge, the approach has been overlooked since then. We also
note in passing that sup,(pi(0;K,) — p1(0;K)) is the HausdorfT dis-
tance between K and K, and this was used to study the asymptotic
distribution of that measure in Briker, Hsing and Bingham (1995) (cf.
Brozius and De Haan, 1987).

For the rest of this section assume that K has a smooth boundary
OK in the following sense. First parameterize 0K as

t— c(t),
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Fig. 1. {(p:(K;0),0),i=1,2

where ¢ measures the arc length from some starting point ¢(0) to ¢(¢)
counterclockwise. Assume that ¢ is twice continuously differentiable.
At c(¢) define the unit tangent vector e;(z) = ¢(¢) (- denotes d/dr)
and let e(z) be orthogonal to e;(¢) such that (e;(¢), ex(¢)) form a
positively orientated coordinate system. Assume without loss of gen-
erality that the starting point ¢(0) is such that e,(0) points to the
positive x-direction on the plane (cf. Fig. 1). By Frenet’s equations for
plane curves,

e (1) = x(t) ex(r), e (1) = —x(1) e(t) , (2)

where x(¢) is the curvature at ¢(¢). Note that k(z) > 0 for all 7 € [0, L)
by convexity and since ¢ is parameterized counterclockwise. Assume
that «(z) is bounded away from 0 and oco. Also let 0(¢) be the angle
between e;(0) and e;(¢). 0 and ¢ are related through the equation

0(r) = «(7) 3)

(cf. Klingenberg 1978, Chapter 1). Observe that the tangent at ¢(z) is
Up1(0(2);K),0(t)). For t € [0,L) and 1 <i <n let (X;(¢), Yi(¢)) be the
coordinates of the point X; with respect to the coordinate system
(e1(2), ex(2)) defined at c(¢), i.e.

Xi(t) = (Xi— c(t), ei(t)), Yi(t) = (Xi— ¢(t), e2()) (4

where (-,-) denotes inner product. Then clearly,
pr(0(0); K,) = pr(0(0):K) = \ Yilt) = M, (1)
i=1

Therefore by (1) and (3),
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L—1L,= /OLM,,(Z)K(t) dr (5)

Next we consider A — 4,,. As in Hsing (1994) we define
D,(t) =inf{s > 0: c(t) +s ex(t) € K,} .

Note that it is possible that the line c¢(7) + s ex(¢),s > 0, does not
intersect K, at all, in which case D,(¢) = co. However, as we will show
below, this event becomes increasing unlikely as » increases. We wish
to express 4 — A, in terms of the process {D,(¢),z € [0,L)}. A crucial
issue here is whether we can represent each point in K \ K, uniquely by
c(t) + s ex(t) for some r€[0,L) and s € [0,D,(¢z)). The answer is
clearly negative in general, but we now illustrate how to construct an
event E, which has probability tending to 1 and on which such a one-
one correspondence is possible. Define the curve

cs(t) = c(t) + dex(t), te€l0,L) ,

for fixed 0 € (0, 1/Kk+), where ko, = max{k(¢) : t € [0,L)}, and choose
points 0 =1; < 1 < 75 < 13 <75 <--- such that the linear segment
connecting  ¢(t;) and ¢(7},,) is a tangent to ;. Let
k=sup{j>1:7; <L} and define 7} =12/ (1} —L). The fan-
shaped region between 0K and the linear segment connecting ¢(7;)
and c(t}) is denoted by R(t;, 7}). Illustrating graphically, the R(z;,7})’s
are the solid regions in Fig. 2.
Define the event

E.= ({X,-, 1gign}mR(fj,f;)7s@) . (6)

1<j<k

T5 )

Fig. 2. Construction of E,
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Observe that on E,, D,(t) <1/k. for all 1€[0,L) and if
P(X1 € R(1j,7;)) > 0 for all 1 < j <k, which we assume, then P(Ej)
tends to 0 exponentlally fast. It follows from Lemma 1 below that on
E, any two linear segments c¢(¢1)+s; ex(t;), s1 € [0,D,(t1)] and
c(ty) + 52 €x(tr), 52 € [0,D,(tp)] are disjoint, which implies that on the
event E, the transformation

(t,8) — x= c(t) +sext), te][0,L), s€[0,D,1))

is one-one. The Jacobian of this transformation is

% X % = (1 —k(2)s) e1(t) x ex(t)| =1—k(t)s, ™)
0<s<1/k(t) .
Therefore,

(4- AIE_/to/s (1 — «(t)s) ds dt 5

1 2
_/0 ()dt—z/o k(t)Dy(t) dt .

The fundamental identity (8) will be our basis for considering the
asymptotics of 4 — 4,. We now deal with the crucial juncture in the
above derivation.

Lemma 1. Let t1,1, € [0,L) with t; # t, and suppose

C(Z]) + 51 62(11) = C(tz) —+ 57 ez(lz) . (9)
Then
max(sy,s2) > 1/Kkx .

Proof. Assume that max(sy,s2) < 1/ks. Let

¢i(t) = c(t) +s;ex(t), t€[0,L), i=1,2,

be curves parallel to c¢. First we show that ¢; and c¢; are both convex.
Towards that we use the fact that a smooth closed curve with non-
negative curvature (¢) is convex if and only if

/OLK<Z) dt =2n

(cf. Klingenberg, 1978, Chapter 2). It is easy to see that the curvature
of the i-th curve at ¢;(¢) is

Ki(t)—#;)c(t), i=1,2, (10)
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which by assumption is nonnegative for all ¢ € [0, L). Moreover, de-
noting the arc length of the i-th curve from ¢;(0) to ¢;(¢) by u(t), we
have

u(L) L L
/ e (t(u)) dut = /0 at) 16:(0)| it = /0 k(0 (1 — syxe(t)) de

=0

:/LK(t)dt:2Tc. (11)
0

Now (10) and (11) imply that ¢; is convex.

In the next step we show that s; = s,. Assume s; # s, and without
loss of generality that s; < s,. For every fixed #, € [0, L) the tangent at
¢ () defines two half-planes. Convexity of ¢, and k() > 0 imply
that ¢, lies in the half-plane which does not contain ¢, (#). Since this
is true for every ¢ € [0,L), we conclude ¢; N ¢; = (), which contra-
dicts ¢ (1) = ca(t2). Therefore we must have s; = s, which implies
that ¢;(f) = ca(z) for all £ € [0,L), in particular

ci(t) = e(tr) = ei(t1)

by (9). Since ¢; is convex this equation can only hold if #; = #,, which
contradicts the assumption of the lemma. Thus we conclude
max(sy,s2) > 1/Ke. ]

3. Vertex and boundary point processes

In this section we consider the asymptotic behavior of certain point
processes which, together with (1), (5) and (8), provide the basis for
obtaining the asymptotic distributions of 4, and L,. For background
on point process theory, see Kallenberg (1983).

Suppose first that K is a closed convex polygon with vertices
v,...,0, and angles oy,...,0d,, ordered counterclockwise. By con-
vexity, ¢; € (0,7n) for each j. Assume also that K has area 4. For
convenience, we shall restrict ourselves to the case where the points X;
are sampled from the uniform distribution. Other situations are easily
adapted. For 1 <j<r, let C; be the cone {ii(vj—1 —v;) + A2(vj41
—v;) : 4; > 0,i = 1,2}, where v, is understood to be v; and vy as v,.
Let ./Z; be the space of locally finite counting measures on C;
endowed with the vague topology and the corresponding Borel
o-field. Define ¢,; to be the .#;-valued point process with points
\/E(X,'—Uj), 1 SZS}’Z
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Theorem 2.

Under the assumptions stated above, as n — oo,

(énlv---’énr) i> (éla"'aé}’)

in MMy x---x M., where &, ..., ¢E. are mutually independent homoge-
neous Poisson processes each with intensity A~".

Proof. Since the X; are independent and uniformly distributed, it
suffices (cf. Kallenberg (1983)) to prove that for all Borel sets B C C;
and all j,

E¢,(B) — EE(B) = |B|/4 asn— oo (12)
where |B| = area of B. For large n,
E¢,(B) =nP(X, € v;+n""?B) = |B|/4
where
v; + n'?B = {v; + (n_l/zx,n_l/zy) : (x,y) € B}
and hence (12) is obvious. O

We next consider the smooth case. With the notation introduced in
section 2 for the smooth case, assume now that K has a twice con-
tinuously differentiable boundary ¢(¢) with curvature () bounded
away from 0 and co. We will assume that the density of X; satisfies

i s |70 7 e20)
hl0 yefo,r) h*

—9()| =0 (13)

for some o > —1 and some continuous function g bounded away from
0 and co. This is a rather general assumption and, in particular, covers
the uniform case by o = 0.

For any given ¢ € [0,L), both D, () and M,(t) are essentially de-
termined by points close to ¢(¢), and for distinct #,...,# € [0,L), the
point processes that describe the local behavior of points at
c(t1),...,c(t) are asymptotically independent and hence the random
vectors (D, (t1),M,(t1)),...,(Dn(ty), M,(t;)) are asymptotically inde-
pendent. Therefore the process {(D,(t),M,(t)),t € [0,L)} is weakly
dependent in some sense. The important thing is to find the correct
time and space scaling factors for the process.

Throughout the rest of this paper write for convenience

p=1/(3+2x) . (14)

For t€[0,L) and a € R, let the point process ¢,,, consist of the
points (7,;(t,a), Uy(t,a)),1 <i<n, where
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T(t,a) =n"\/x(t)/2X;(t + an™7),

U,(t,a) :nZVYl-(t+ an™”), 1<i<n.
For fixed ¢t € [0,L), the process {&,,,,a € R} describes the “local”
behavior of points close to ¢(f). By convexity the points
(Ti(t,a), Uy(t,a)),l <i<n, are in (—o00,00) x [0,00). We regard
¢niq as a random element in ./, the space of locally finite counting
measures on (—oo,00) X [0,00) with the o-field generated by the va-
gue topology. For r€[0,L), let &, be a Poisson process on
(—00,00) x [0,00) with intensity measure

1(B) = g(0) /2w (0) / / (= 2102 < ) dr dy,

B C (—O0,00) X [0,00) ’
and, denoting by (7;, U;), i > 1, the points of &, let ,, be the point
process with points

(T,. —a\/x(0)]2 , U — Ta\/2x(0) +a2K(t)/2), i>1,

for all @ € R. It is straightforward to verify that each &, , is .#-valued
and has the same distribution as &, .

Theorem 3. Assume that K has a smooth boundary which has a curva-
ture bounded away from 0 and co. Also, assume that (13) holds for some
o > —1 and continuous function g bounded away from 0 and co. Then,
as n — oo, for any t € [0,L) and ay,...,a; € R,
. d .
(in,t,a_p 1 < J < k) S (6[,(1/7 1 < J < k)

in the k-fold product space of M .

Proof. Consider first a = 0. Let 7 € [0, L) be fixed. Again, since the X;
are 1id., it 1s sufficient to show that

nlggc ES,:0(B) = w(B)
for arbitrary Borel sets B C (—o0,00) x [0,00). The joint density of
(T (2,0), Un (2,0)) is
n 32 /k(t)f (e(t) +n7\/2/x(t)x e1(t) +n Py ex(1)),
xeR, y>0.

In view of Lemma 1, for large n there exist unique u € [0,L) and v € R
such that

c(t) +n'\/2/Kk(t)x e1(t) +n~ "y ex(t) = c(t+u) +vex(t+u) .
(15)
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By a Taylor expansion of the right hand side (cf. (2)),
c(t) +n7'\/2/K(t)x e (t) +n >y ex(?)

= c(t) +ue(t) + (Pr(t)/2 +v) ex(t) + o(u?) + o(v),
where o(%) is a vector of length o(h). Therefore,

v~ (Y —uti(t))2) ~n T (y —xP) . (16)

Note that if v < 0, the left hand side of (15) represents a point outside
of K, where f = 0. Thus it follows from (13), (15) and (16) that

E,0(B) =n / / n I (e(t) + 2R () + Yy ea(1)) de dy
e ONEI0) / / - 2)1(E <) de dy

= ,(B) .
Let now a # 0. Since
(Thi(t,a), Uy(t,a)) = (Tm-(t +an™7,0)\/x(t) /x(t + an~7),
Uit +an™", 0)) )

it follows from the first part and the continuous mapping theorem that

d
5n,t,a I ét,O )

which has the same distribution as ¢, ,. Furthermore,
T(t,a) = n"(X;—c(t) —an"" e1(t) + o(n™"),
e1(t) +an"k(t) ex(t) +o(n 7))/ x(t)/2

= T,i(2,0) —a\/x(t)/2 4 0p(1)

and
Uni(t,a) = n®"(X; — e(t) —an™ e (t) — a*/2n"2k(t) ex(f) + o(n™%),
ex(t) —an""k(t) e1(t) + o(n™"))
= Up(,0) — Ti(t,0)ar/2k(t) + a*x(£) /2 + 0,(1) .

Since this representation holds simultaneously for finitely many a’s,

the theorem follows by another application of the continuous map-
ping theorem. O

4. Asymptotic properties of L-L,: polygonal case

Since the asymptotic distribution of 4 — 4, was already derived by
Cabo and Groeneboom (1994), we focus on the asymptotic distribu-
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tion of L — L, and the rate of convergence of E(L — L,). Moreover, as
in Section 3, we only consider the uniform case here and more general
cases can be treated with modifications.

Let C; and . be as defined in Section 3. For convenience assume
that the edge v; — v, points to the negative y-direction, i.e. it lies on the
straight line 4(p;(0;K),0). See section 2 for the definition of ¢ and p.
Split the interval [0,27) into subintervals [0;_1,0;), 1 < j <r, where
Op=0and 0; =0,y +n—0;, 1 <j<r. For0¢€l[0;_,0;) define the
mapping Zg : .4 ; — [0,00] by

Ep :n— inf{p:n(t(p,0)) - n(H(p, 0)) > 0} ,
where H;(p,0) and H,(p, 0) are the two half-planes defined by ¢(p, 0).

Theorem 4. Under the assumptions stated above in this section, we have

ValL-L) %Yz,
j=1

with
0;
z, :/ Z0(¢,) dO
0]‘,1
where &, ..., ¢, are mutually independent homogeneous Poisson pro-
cesses on Cy,...,C,, respectively, each with intensity A7

Proof. By (1) we have

where
0;
Wy = [ on(0:) ~ pu(0i5) do
0-1

By choice of the coordinate system, for 0 € [0,_1,0,),

with ¢,; as defined in Theorem 2. Hence

0;
/9 Zol&y) dO = /Wy

i1
The theorem now follows from Theorem 2 by applying the continuous
mapping theorem. ]

The following derives the rate of convergence of E(L — L,). See
Buchta (1984) and also Cabo and Groeneboom (1994).
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Theorem 5. Under the assumptions of this section, as n — oo,

(u+1/tand; )2
Vn(L — EL,) = \/nA/2 / 32 du

1/tand; u2—|—1)
+0(1/\f

Proof. We continue to use the notation developed in Section 3 and the
proof of Theorem 4. Fix j=1,...,r. For 0 € [0;_,0;), let

(17)

% (tan(m/2 — (0 — 0,-1)) + tan(6; — n/2+ 0 —0,_1)) .

By making the variable transformation u = tan(n/2 — (0 — 0,_1)), it is
readily seen that

0; 00 %1
/ / exp{—xzh(H)}dxdF):/ 3/ 0) do
0=0, 1 Jx=0 4
(u+ 1/tan5 N2
=\/nA/ / B du

1/ tang; + 1)

h(0) =

Also it is clear that

0/' o0
Vg, = [ [ pEi(ey) >x) deao
0:9/,1 x=0

and so it remains to show that

limsupnl/z/H ) /0 0(Ej) > x) — exp{—x*h(0)}| dx dO < oo .

(18)
Let A(x,0) be the intersection of K and the half-space defined by
{(x,0) that contains v; and denote its area by |A(x,0)|. Also write
w(0) = p2(0;K) — p1(0; K). Then for any 0 and x € (0, w(0)),
P(Eo(&y) > x) =P(&,(A(x,0) = 0) = (1 = |A(x/V/n, 0)|/4)"

Since fe I w0 Jexp{- —x*h(0)} dx dO tends to 0 exponentially
fast, (18) follows if we prove

limsupnl/z/ge /0 (1 —|A(x/+/n,0)|/4)"

n—oo

(19)
— exp{—x*h(0) ‘ dx di < oo .
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Let
x(0) =inf{x > 0: v, € {(p1(0;K) +x,0) or v;s; € £(p1(0;K) +x,0)}
=min(|v;_; — v;|sin(0 — 0,_1), |v;11 — v;]sin(0; — 0)) .
Observe that for x € (0,x(0)),
n|A(x/v/n,0)|/4 = x*h(0) .

Consequently,
0
nl/z/ / (1 |AGe/v/m, 0)1/4)" — exp{—h(0)} | dx dO
0=0;_y Jx=0
- Bn + Cn

where

_I’ll/2 —x n) —ex )C X
B, /“l/xo (1= 3h(0)/n)" — exp{—x*h(0)}| d dO .

cnznl/z/ﬁ ) / |(1—]A(x/v/n,0)|/4)"— exp{—x"h(0)}|dx dO .

It is easily seen that Bn = O(1) and, since both (1 — |A(x/v/n,0)|/4)"
and exp{—x?h(0)} are bounded by exp{—n|A(x/\/n,0)|/4} (as
X*h(0)/n > |A(x/+/n,0)| /A by convexity), (19) follows from proving

w(0)y/n
limsupnl/z/ / exp{nlAx/ v O)|/4} dv d0 < o0 . (20)
0=0;,_1 Jx=x(0)\/n

n—o0o

which we now do. Fix a small € > 0 and write
0; w(0)y/n
n1/2/ / exp{—n|A(x/v/n,0)|/A} dx dO = Cig +Cua+Cp3
0=0;_1 Jx=x(0)y/n
where

ji—1+€ 9)\/5
= nl/z/ exp{—n|A(x//n, 0)|/A} dx dO
0=0,-1 Jx=x(0)\/n

0,-76 w(0 n
Coo = nll2 / exp{—n|A(x/\/ﬁ, 0)|/4} dx db

029]—1 +€

>

Coz = n1/2/0 , / exp{—n|A(x/v/n,0)|/A} dx dO .
i+e Jx=x(0 n

Observe that if 0 € (0,_1 +¢€,0; — €), then x(0) is bounded away from
zero and hence
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ee[e,‘,llrf;a,—f] A/ vm, 0)] > 96[9j,11r41r£,9,—f] Ax(6),0)> 0 .
xe(x(0)y/aw(0)yn)
This implies that C,3 tends to zero exponentially fast. It remains to
consider C,; and C,,. The two can be handled in the same manner
and so we focus on C,;. Make the observation that if € is small
enough, then there exist by, b, > 0 such that for 0 € (0,_1,0,_; + ¢),

x(0) = |vj-1 — v;|sin(0 — 0;-1) > b1(0 — 0;-1)
and

. 2

££(£ OO |A(x/v/n, 0)] > |A(x(0),0)] = Ax*(0)h(0)
Lo = vj|*sin(0 — 0;_1) cos(0 — 0,_1)
= 2
>by(0—0;-1) .

These imply that

Oi1+e  pw(0)v/n

Cu1 < n1/2/ / exp{—nby(0 — 0;_1)/A} dx dO
0=0;-1 Jx=b1(0-0,-1)v/n

which is clearly bounded. This proves (20) and completes the proof.

[

Remark. Buchta (1984) also considered the remainder term in (17).
However, the rate he obtained was o(n~'/>*¢) for any € > 0, which is
less definitive than ours. Moreover, our proof appears to be consid-
erably simpler.

5. Asymptotic properties of A — 4, and L — L,: smooth case

With the notation introduced in Sections 2 and 3 for the smooth case,
we will be concerned here with the case where the convex set K has a
twice continuously differentiable boundary ¢(#) with curvature ()
bounded away from 0 and oco. Also we will assume a very weak reg-
ularity condition to start with on the distribution of the X}, i.e., that
(13) holds for some « > —1 and some continuous function g bounded
away from 0 and oco.
On the subspace

S = A{n € A :n((0,00) x [0,00)) - n((=00,0) x [0,00)) # 0} ,

define the mapping E = (8, E;), where E; maps 1 € % to the smallest
y-intercept of all lines connecting pairs of points of # whose x-coor-
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dinates have opposite signs and =, maps # to the smallest y-coordinate
of the points of #. Note that the mapping Z is finite and continuous at
each n € &, and moreover

E(¢nra) =0 (Dy(t +an™"),M,(t +an™?)), t€[0,L), acR . (21)

By definition, P(&,, € ) =0 forall £ € [0,L) and a € R, and hence
by (21) and the continuous mapping theorem we obtain

(P Dyt a™), Myt ™), 1< < B) = (2(E), 1</ <K)
(22)
for fixed r € [0,L) and ay,...,ar € R.

Theorem 6. Assume the conditions of Theorem 3 and let {¢,,} be as
defined there. As n — oo, the distribution of n*/*(4, — EA,,L, — EL,)
converges to the bivariate normal distribution with zero mean and co-
variance matrix X, where

L 00 o
L= / / K(t)’*’*zcov(Ei(ét_’O),Ej(fm)) dadt, i,j=1,2,
t=0 Ja=—o0
which are well-defined and finite.

Proof. Some technical details of this proof are omitted since they
essentially reproduce those in Hsing (1994). The proof comprises two
parts. First is the computation of the asymptotic covariance matrix.
We will show the computation of X;, only and the same principle
applies for the other entries in X in an obvious way. Since

cov(d,,L,) = cov(A —A,,L— L,,)
- cov((A — A, L — L,,)
+cov((A — AN —1Iy).L —Ln> (23)

where E, is the event constructed in section 2, in view of (5) and (8) we
need to handle quantities such as

cov( [ mopi a / ey

/ /HL/Z 2(s)cov (D) (1), M, (s)) ds d
t=0 Js

t—L/2

Ln’/2
—(2(j+k) -‘rl)y/ / wz(t—i—an_y)
t=0 Ja=—Ln" /2

x cov(n* DI (), n”** M*(t + an™")) da dt
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for bounded continuous functions w;,w, and positive integers j, k&,
where w, w;, D, and M, are understood to be periodic functions with
period L. Now, by a standard uniform integrability argument (cf.
Hsing, 1994, Theorem 2.4) and (22), for arbitrary 7 € [0,L), ay, ..., ak
ceRand r,...,7,81,...,5 >0,

lim E(H{nz’D t+an )Y nP M,(t + a;n ')}Sj>

n—oo 1

= E(H{El(ét,aj)}kf{52(ét,aj)}sj> <00 .
Jj=1

By this and another uniform integrability argument (cf. Hsing 1994,
Lemma 3.5),

L L
lim nCUHR+Dicoy </ wi (¢)D(¢) dt,/ wa ()M (s) ds)
0 0

n—oo

/,O/Q__OO (N)cov({E1(&0)Y,s (E2(&.0)}) da dt < o .

So it follows from (23) and the fact that E(1 — I5,) — 0 exponentially
fast that the asymptotlc covariance of 4, and L, is obtained as that of
fo t) dt and fo V() dt.

The second step 1n the proof is to use a blocking argument. The
idea is to divide up the interval [0,L) into big and small 1ntervals in
such a way that the contribution of (D,(¢),M,(t)) to fo
fOL M, (t)k(t) dt) for ¢ in the small 1ntervals is asymptotlcally negl1g1ble
and the contributions of (D,(¢), ) to ( fo t) dt, fo Vic(2) dt)
for ¢ in distinct big intervals are asymptotlcally 1ndependent The
details of the proof of Theorem 4.1. in Hsing (1994) are readily
adapted in the present context and are not reproduced here to con-

S€rve space. ]

We now turn to the rates of convergence of the expectations. For
that we need to have more information about the convergence rate in
(13). To illustrate this, in the remaining part of this section assume
that there exist « > —1, n > 0 and a function g bounded away from 0
and oo such that the density of X; satisfies

limsup sup — L f(e(®) + 1 ex(1))
hl0 €0, L)h h*

—g(t)| < oo . (24)

Note that for the uniform case o = 0 and # may be chosen arbitrarily.
The results below extend the original results by Rényi and Sulanke.
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Theorem 7. Assume that (24) holds. Then

nZV(L _ELn) — c+0(n—7(1A217A(a+1))) as n— oo , (25)

where
Proof. Let
a(t) = B(1/2,0+ 1)g(2) K?t) |
By calculus,
L poo
o /,-o /X_O () exp{—2ya(t)} dx dt . -

On the other hand, by (5),

n?E(L —L,) = / ' E[n*' M, (1)]x(t) dx dt

=0
L 00
= / / P(M,(t) > n Zx)k(t) dxdt . (27)
=0 Jx=0
Let x, = (Blogn)® where B is a finite constant satisfying
2B(irt1fa(t)) 2> (1 A2 A (o + 1)) : (28)

By (26) and (27),
L

nE(L—L,) —c= [0 (Bui (t) + By (1)) (t) dt (29)
where
By (f) = /0 (P(M,,(t) > nx) — exp{—zya(z)xz%}> dx
and

Bua(t) = / OC(P(Mn(t) > n~%x) —exp{—zya(t)xz%}) dx .

We first analyze B, ; (). Let Y;(¢) be defined by (4). By Lemma 9 below,
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Xn

- :o[(l = P(Yi(1) < xn )"~ exp{~2ya(0)xt} | dv

_/xx:)[{l_zya(t)(x DE(1+ o em ) )

— exp{—Zya(t)lev}] dx

:/xx:)[exp{—2ya() <1+O(( 2y A"))JFO(”_I"%)}

- exp{—zya(z)xz%}} dx
and so

|B,1(2)] = ( V(20N (1)) ) uniformly in ¢ . (30)
Next we consider B, »(¢). By the inequality log(1 — 1) < —4,4 € (0, 1),

the fact that sup,sup,., P(Yi(t) >y) =0 for some yy < oo and the
derivations on B, (¢) above, we obtain

P
:/yon exp{nlog(1 — P(Y;(t) < xn~ /))}dx

yon!
< / exp{—nP(Y;(r) < xnn_zy)} dx
< yon*’ exp{—nP(Y; (1) < x,,nfzy)}
1
= yon*’ exp{—2ya(t)x,2{'(l + 0(1))} by Lemma 9 below

= o™’ exp{—2ya(t)B(logn)(1 + o(1))}

which tends to 0 faster than n—?(AtDA20) by (28). The same can
obviously be said for f exp{—2vya(t )x2 } dx and so

B, ( )| = < 1/\211/\(x+1))> uniformly in ¢ . (31)

The result therefore follows from (29), (30) and (31). O

Next we consider the expected area.
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Theorem 8. Assume that (24) holds. Then we have
n* (4 — EA,)
=27B(1/2,0+ 1) (1 +9)y T (2y)

2

V@)
~ dt+0 n—v(]/\Zn/\(oH—l)) )
L) o)

Proof. Let E, be the event defined in (6). By (8) and the fact that P(E,)
tends to 0 exponentially fast, it suffices to prove that uniformly for
te0,L),

WIED, (1) =21 B(1/2,+ 1) (1 +79)y 7T (2y)

<%()t)>2y+o( —y 1/\211/\(o<+1))) ’

which we now do. Fix ¢ € [0,L). Let zp > 0 and 60y > 0 be defined by
c(t) +zo0 ex(t) = c(t+6y) .
Clearly,
20
EDu(t) = / P(DA(1) > 2) de
z=0
Now, focus on the event (D,(¢) > z). For 0 < 6 < L, define the set
G(t,z,0) = KN the right half-plane determined by the directional
line from c¢(¢) +ze; to ¢c(r+0) .

Ignoring the probability zero event of having points on the line
{c(t) + u ex(t),—00 <u < 00}, D,(t) >z if and only if for some
0 €10,0,], G(t,z,0) contains none of X;,1 <i < n. Since G(t,z,0) is
monotone in 0, we can write

ED,,(t):/Zj P(DA(1) > = dz_/zo/g QP©O,(2) < 0) d=  (32)

where ©,(z) =sup{0 <0 <60 :G(t,z0) contains none of X;, 1<
i < n} (sup(null set) = oo). By (32), for any positive constant c,

‘ //9 <9+—§ “"<1°gn>“"> doP(©,(2) < 0) dz
/20/0 ( T‘>C” (log")’> dyP(0,(z) < 0) d=

S En,l + En,2 +En,3
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z _ ck(t)
0 4

n_"”(logn)v> doP(0®,(z) < 0) dz .

By arguments similar to those in Lemma 9 below, for any € > 0 there
exists some ¢ € (0,00) such that

E,1 =o(nc) .

Applying Lemma 10 below, it is easy to verify that for any € > 0 there
exists some constant ¢ € (0,00) such that

E,2 < zgP" <X1 ¢ R(t,t + c2’ln’7(logn)")> =o(n™)

where R(-,-) was defined in Section 2. By Lemma 13 below and the
symmetry of the roles of 6§ and 6 defined there, we conclude in the
same way as for E,, that for any ¢ > 0 there exists some ¢ € (0, c0)
such that

E,3=o0(n") .
Also, observe that
dyP(@,(z) < 0) = P" ' (X| & G(t,z,0))ndpP(X| € H(t,z,0))
where
H(t,z,0) = G(t,z,0) N the right half-plane determined
by the normal of 0K at ¢(¢).

So for any e > 0 there exists some ¢ € (0, 00) such that

EDy(t) = / / 1<0 + %% < en(log n)"/>P"1(X1 ¢ G(t,2,0))
X ndpP(X € H(t,z,0)) dz+o(n" ) .

Changing variables from (z,0) to (x,u) in the integral on the right
hand side, where z(x) = n=?'x and 0(u) = n="\/2/K(t)u, we conclude
from the preceding line of discussions that there exists some ¢ > 0
such that



A random convex hull in a bounded convex set 537

n?’ED,(t // (u+x/u < c(logn) )P ' (X| & G,(t,x,u))

x nd,P(X € H,(t,x,u)) dx + O(n, (1/\2;1/\(oc+1))) (33)

where
G(t,x,u) =G(t,n 'x,n7\/2/x(t)u) ,
H,(t,x,u) =H(t,n x,n"\/2/x(t)u) .
Write
[ [ 1 xju < ctiogny)

x PN (X, & G,(t,x,u))nd,P(X € H,(t,x,u)) dx
= oon/2 [ [ [ esp(puxp 2
x (y(Lu_x)H—y)adydudx+An,1+An,2+An,3 (34)
where f = g(7) \/%ﬂl‘]/VB(l /2,0+ 1) and
A1 = / / I(u+x/u < c(logn)')P""\(X| & G,(t,x, u))nd,
x P(X\ € Hy(t,x,u)) dx — g(t)\/2/(1)

/x/u/ I(u+x/u < c(logn) )P ' (X| & G,(t,x,u))

2 _
Xy(u +X)<y(l/l x)+x_y2> dydudx

Anp =gt \/2/T/x/u/ u+x/u<c(logn)’)

2 o
x PN X, & G,(t,x,u Xy(u ) (Y =x) +x —y?) dydudx
u? u

— (t)\/W/x/u/y;l(u—l—x/uSc(logn)v)

2 2 x
x exp{—PB(u+ x/u)"/"} x y(uuj— %) (y(u . x) +x —yz) dydudx ,
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Mo = al02750 [ / -t x/u> cllogn))

x exp{— ﬁ(u—l—x/u)l/v} G —i—x)( (uu_x)+x—y2) dy du dx .

In view of Lemma 11, (33) and (34), it suffices to show that
A,; = O(n?"21AE+)) for j = 1,2, 3. The proof for i = 3 can be seen
from that of Lemma 11 and is therefore omitted. The proofs for i = 1
and { = 2 are given in Lemmas 16 and 15, respectively. O

The lemmas below provide some of the details required in the
proofs of Theorems 7 and 8. The assumptions and notations of the
theorems will therefore be assumed without further mention.

Lemma 9. Let Y\(t) be defined by (4). Uniformly for t € [0,L), the
density of Y(t) has the form

hy () = a(®)y* ' A(1+00"))  asy |0,

where

a(t) = B(1/2,004+ 1)g(t)\/2/k(¢)

" = min Latl
n = 2a 2 N .
Proof. Let Xi(¢), Y1(¢t) be defined by (4). Write X;(¢) = Zi(¢)
\/2Y1(#)/x(¢). Then the joint density of Y;(¢) and Z;(¢) is

v,z 2) = f(e(t) +2/2/K(1) e1(1) +y ex(1)) v/ 2v/x(t) -

Integrating z out gives

)
hYl(t)(y):/ hYl (1),Z (ya )d y

21

and

where z; = z;(y), i = 1,2 are defined through
c(t) +zi\/2y/x(t) e1(t) +y ex(t) € OK .
Write
e(t) + 2/ 20/(0) (1) +y €x(0)
=c(t+u)+veyt+u)
= c(t) + (u — uvi(t)) e (¢) + (Px(t) /2 + v) ey(t) + O’ + vu®) |
(35)
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where u = u(y,z) and v = v(y,z). Observe that
u~z/2/x(t)
which implies
u=0('"), (36)
uniformly in z. Therefore by assumption and since v < y,
hy0,20(7,2) = g(OV/2/k(0) (1 + O )y 2u(y,2)" (1 + 00M))
Hence the proof is complete upon showing

ya/uv(y,Z)“ dz=B(1/2,0+ 1)+ O + )02 . (37)

z1
From (35) we obtain
2y = x(t)/2 + O(u* + vu?),
y=?k(t)/2 + v+ O’ + vi?) .
Hence
(1-=2)y=v4+0’+v?) , (38)
which implies
o(y,z) = (1 =2 + A(y,2))y
with
A(y,z) =0('"?)

uniformly in z. Since v(y,z;) =0, i = 1,2, it is readily seen from (38)
and (36) that

1-22=00'%), i=1,2.

Now in (37) consider the range of integration z € [0,z;]. Write
Al(y) =min{A(y,z) : 0<z<z} and A(y)=max{A(y,z):0<
z < z}. Then

/zz/\\/ 1+A:1(»)

0

(1= 2+ A 0) e
< [a-2raeaya=y [T e
0 0

< /022(1 — 4+ A ()" dz (39)

First consider the upper bound in (39). Writing w =z/+/1 + Ax(y)
and using the fact that z; < /1 + Ay(y), we obtain
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/WU—Z+AA>Yﬁ
/zz/\/H—Az 1 n A2<y))o¢+l/2(1 i W2)o< dw
<

(1+0('?) /1(1 —wh)" dz

0
1
=5B(1/2,0+1) + oK' .

Next consider the lower bound in (39).

Zo A\ 1+A1(y)
/ (1= 24+ M) d=
0
z22/4/14+A1 (y)A1
:/ (14 A1) 21 = w?)* dw
0
1/2 1 : 2
=(1+0(y —Bl2,oc—i—1—/ 1 —w))* dw
(14+0(")(3B(1/2.2+1) ) )
1 5 z2 *
SB(1/2,04+1)40 1/2—'1—— S
=380/ ) +O0) 1+A() 1+ A1)
1

=5B(1/2,24+ 1)+ O+ y072)

By symmetry we also have

0
1
y_“/ v(y,2)" dZ=§B<1/2,oc—|— 1) +O(y‘/2+y(a+1)/2)

which concludes the proof. O]
Lemma 10. Let R(-,-) be as defined in Section 2. Then

where b(t)=B(1/2,a+ 1)yg
2n).

Proof. Let £ € (W,w) be such that e;(7) is parallel to ¢(w) — ¢(w'),
ie. - ~ -

c(w) = c(t) +yext)+pe(r)
for some y and p. Clearly, f — ¢t < w —w. By Lemma 9 we have

P(X| € RW,w)) = P(Y(D) < y) = 29a()y*(1 + O()) .



A random convex hull in a bounded convex set 541

Along similar lines as in Lemma 9 it is seen that w — 7 and 7 — w' can

both be written as
a(1+o()

and therefore
w—w =2 Kz(—yf)(l —i—O(yl/z)) )

From this we conclude
y =" w1+ 0w~ w)

and, since k and g have bounded derivatives,

POY; € ROV, w) = 200 () 0w =) 701+ O =)

(1+0((w—w)™))
= b(f)(w—w)""(1 +O(w—w) + O((w—w)*)).
O
Lemma 11. For each t € [0,L),

oV [ [ expteptucsan ) 20

02
2 o
X(M%—x—yz) dy du dx

2y
=2""%B(1/2,04 1) (1 + y)y12>’r(2y)< g’(ct()’)> .

Proof. Write

Then
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u 2 2 K
k/ y(u” +x) <u . xy+x—y2> &
0

2
w2 +x [ (1 +x\ 2 —x\7\
=k——— —(y— 2yd
2u? /0 ( 2u ) <y 2u ) >y
20+ 2\ ¢
u”+x 1 (u? —x)/(2u)
k 2yd
< > u o ( ( (> + %)/ (2u) re
2042 1 2 2
1 _
k( > —/ vz)“2<u +xv+u x)dv
U S ) x+u’) 2u 2u
2a+31 1
:k< —/ (1 —0v»)"20 dv
U J(x— u7)/x+u2)

2042 2
+k Wt / (1 —v*)*dv
2u W i )

ko w?+x e () (U + X .
- 4 ) (M X
a+1 22 u

uz—x

1
1 —v*)dv .
u? /I—Zuz/(x+u2) ( )

Write
L ol
x=0 Ju=0 Jy=0
2 2 o
X y(u 2+x) (y(u x) +x —y2> dy du dx
u u
= Il +]2 )
where

ot L ol s

xy(u +x) <y<u2—x>

u2

+x—y2> dy du dx

and

L= /}:;/L:oﬁ/y:)exp{—ﬁ(u+x/u)1/7’}

2 2 _ o
Xy(u +%) <y(uu x)+x—y2> dy du dx .

u2

Let s = u + x/u. Then
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u=1(stvs?—4x) and du=3(1+s/Vs*—4x)ds ,

where the — and + signs apply for /; and I, respectively. First we

compute [;.
I = exps — Sl/",‘ |: xOC+1
1 /x=0[=2ﬁ pi=hs) 20+ 1) g — /2 —4x
4 (23 o2 2s B 8x
s— V2 —dx (s — Vs —4x)?

1 /2
/ (1 —vz)“dv] (ITVS T ey

VA% /s Vs —4x

Now interchanging the order of the two integrations and writing

w = V2 — 4x, we obtain
k S2 _ W2 a+1
4o+ 1)S< 4 )

I :/ / exp{ — ps'’"}
s=0 =0
2 _ .2 1

+k2‘1/>'52°‘+2<s—s ld >/ (1 —vz)“dv] dw ds .

v=w/s

Similar calculations give
oo s k S2 _ W2 o1
= _ Rel/v
b= [ Lot e ()

s—=w
22 1
4 k2 Vrg2at2 <S_S +W >/ (1 _uz)“dv] dwds .
S w v

=—w/s

Combining the two gives

L+h= k21/}'</ / ! exp{—ps'/7 ¥ (1 —w? /s*) " dw ds
s=0 Jw=0 & + 1
—I-/ / ws™ 2 exp { — ps'/7}
s=0 =0
1 1
X {/ (1 —v*)*dv —/ (1— vz)“dv} dw ds) :
v=—w/s v=w/s

It is easy to check that

/S (1 —w?/s>) " aw = y(a+ 1)sB(1/2,0+ 1) .
w=0



544 H. Briker, T. Hsing

Moreover, by partial integration

s 1 s 1
/ / w(l —v*)* dv dw—/ / w(l —v*)* dv dw
w=0 Jov=—w/s w=0Jo

=w/s

2 K 2 2 “1
:%3(1/2,a+1)—/ W?<1—W—> Z aw

:“2—23(1/2,a+ (1 —7) .

Therefore,

N 1 -
L+5L = k2_1/YB(1/2,OC+ 1)<’V+Ty>

/ exp { — Bs"/7}s¥ ds

s=0

= k27VIB(1/2, 004+ D) (1 +9)pp 2T ((2x + 5)y)

2y
= 219B(1/2, 004 1)77(1 +9)9' 2T (2y) ( K(’))

For small positive 0 and z define 0 = 0(6,z) to be the point such
that c¢(t —0), c(t+0) and c¢(z) + z ex(¢) lie on the same line.

Lemma 12. Suppose 0 and z are positive and such that 0 + z/0 is small
enough. We have

—5<0(0.2) <—5 (40)

where kg = infk(t) and ko, = sup k(t), and moreover,

9(9,2):%%0((9%)2) . (41)



A random convex hull in a bounded convex set 545

Proof. Consider the parabola y = ax?>, where a > 0, and for given
positive x and z define x’ to be the point such that (x, ax'?), (x, ax?) and
(0,z) are on the same line. It is easy to show that

y=1Z (42)

ax

Now by Taylor expansion and (2),
(e(t+0) — c(t), er(r)) = 0+0(0%),
(el +0) — ef0), ext)) =W+ o) 3)

for small 0. Hence (40) follows at once from (42) and the fact that the
curve ¢ is sandwiched locally between the two parabolas
{(x, (ko/4)x*)} and {(x, koox?)}. Next, observe that

(c(t+0) — c(t—10), ex(t)) _ (e(t+0)— c(t), ext)) —z
(c(t+0)— c(t—0), ei(r)) (et +0)— c(), ()
By (43), this gives

007 — ) + O(F + 6°) _ g2 2+ 0(6°)

0+0+0(0° + ) 0+ 0(0%)
Using (40) and collecting terms give (41). O

Lemma 13. For large n and ¢ > 0,

inf{é(&z) 0<z< %(t)n_zy(log n)>,

z crc(t) _,
< — v > - .
0<0< 2n "(logn)” ,9 2" (logn )} Koo4n "(logn)” (44)

Proof. Fix z in (0, C"(t) ~2/(logn)*] and then observe that

~ o a ~ 4 n —
inf{@(@,z) :g> C"f)n—f(logn)*} > 9<z n’(log n) *,z> .

cK(t)

Since both z ()nf(logn) " and %ft)n*’/(log n)" are small for large n
and for z in the described set, the preceding right hand side is bounded
below by the right hand side of (44) according to Lemma 12. O

Lemma 14. If

U+ < c(logn)’ |
u
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then uniformly for t € [0,L),
posve o) <2 ()" (1ro([(+9)))

with v =min(1,o + 1,2n) and

(1) = <£>2b(t) = B(1/2,a+ 1)g(£)\/2/x(1)2' 717 .
Proof. Clearly

- 2 2
—Rli= =y -, = )
Gy(t,x,u) (t 0 <n K(t)u, n x> ,t+n K(t)u>
By (41) of Lemma 12,
n’ iu—i—O~ n’ iu,n’zyx
k(1) K(2)
2 X x\ 2
e I — —2’}) _
\/ K(t)n <u+u> o 0(<u+u> ) ’
The result now follows easily from Lemma 10. O
Lemma 15. Uniformly in t € [0,L),
oV [ [ [t wu < ctogny) (P 0x: ¢ Gtnx)
x Ju Jy=0
2 2 _ %
_eXp{_ﬁ(u—FX/u)l/y)y(u jx) (y(uu x)+x_y2> dydudx

u
-0 (nfy(l/\(a+l)/\2n)) )

Proof. The proof follows as a straightforward application of Lemma
14. O

Lemma 16. Uniformly in t € [0,L),
/](u +x/u < c(logn))P" ' (X| & G,(t,x,u))

X u

(n%P(Xl € Hy(t,x,u)) — g(6) /20

X/ﬂﬂﬁ+@¢@tﬁhﬁ_fy@)ww

0 u? u

_ O<n7y(l/\2n/\(a+1))) .
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Proof. Define /,(x,u,v) to be the length of the linear segment
{e(t+0)+qext+0):g>0}NH,(ux) |
1.€.
c(t+v) + Li(x,u,v) ex(t +0v) =z c(t +n"/2/k(t)u)
+ (1 =2)( e(t) +n?x ex(t))
for some z € [0, 1]. First, it is clear that (cf. (7))
P(Xl S Hn(t7x7u)>

(45)

n'\/2/x(t)u  p1,(xu0)
:/ / f(c(t+v)—|—qe2(t—|—v))(1—qK(H—v))dq dv
v q

=0 =0
and so
imXeHU )
du 1 n\l, X, U
n\/2/Kk(t)u o
v=0
(1 = 1,(x, u, v)x(t + v)) dv

o %ln(x‘?uav)(ln(x?uv U))

n'\/2/Kk(t)u o
—dﬁ/

(1 40w+ (I(x,u,v))"™) dv | (46)

where we used (24). Now solve (45) for /,(x, u,v). By Taylor expansion
with (2), we obtain

2

qg+@—hm@>q@+<%mg+h>@@+ow+h&)
= z(c(t) + 172/ k(t)u ey (t) + n~2"u? ey(t) + O(n3“"u3)>
+ (1 —2)(c(t) + n Tx ex(2)) ,
from which it follows
z=n' K(t)/2vu71(1 +0O(l, + n727u2))

and
2

3 K
Now let y = n”y/k(t)/2v. Then

() + 1L, +00* + 1,*) =zn 2 (u? —x) +n Px 4+ O(n ¥u?) .
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Li(x,u,n™7/2/Kk(t)y)
=n Y[y +z(u* —x) +x] + O(n Vi’ + n~*)%1,)
=n Y[y + y(u —x/u) +x] + n 7Ol + n~Tu?)
x (? —x) +O(n ¥ +n=y%1,) .

Observe that y <u and the expression in brackets is bounded by
(1 + x/u)* /4. Therefore

b,y /2Jk(0)y) = n Y [yl — x/u) = +x+R)]
where
Ry = O(n"(u+x/u)’) (47)
and similarly by differentiating (495),

8 —n —27 y(uz + x)
i Y el EA
” I, (x, u,n 2/k(t) y) =n < " + R, (48)

where
Ry =0(n"(u +x/u)2) . (49)
Combining (46) and (48), we obtain

—P(X) € Hy(t,x,u)) —g(t)y | —

y /y "y + x) (y(uzu— 0 yz>oc "

—0 u?

=g(1) - /"0<y(u2—|—x)+R2> y("’zT_x)+x—y2+R1>u

k(1) u?

><O n "y + L,(x,u,n”7 2/K(t) )"M)dy

f [ R n)
\/:)/y y(u? +x ((uzu—x)+x_y2+Rl>a
(=) >] dy

—-E1+E2+E3 .

By Lemma 14, it suffices to show that
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/ /I(u +x/u < c(logn)’) exp{—B(u +x/u)"""} E; du dx
X :uo(n_y(l/\Qq/\(Ot"Fl))) (50)

for i=1,2,3. For i = 1,2 this follows in a straightforward manner
using (47) and (49). For i = 3 we use a variable transformation similar
to the one in Lemma 9 Let R;; =min{R;:0<y<wu} and
Rip =max{R; : 0 <y <u}. Since R;(y=0)=0, it is clear that
Ry <0 < Ry, First we find an upper bound for F;. Let

uw? —x 4R 2 w? —x
_ " _
w(y) = - l+—— + .
()}) <y 21/! ) < (1/[ +X/u)2> 2“
Then
u 2 _ o
/ y(w—i-x—yz—i-ﬁ) dy
y=0 u
u 2 %
S/ y<y(ux)+x—y2+R12> dy
y=0 u
a+1/2
4R12 ’ / W(M) MZ — X
(u+x/u) w=w(0) 2u

(R 1/2+u2—x]<W(“2_x>_w2+x>adw (51)
(u+x/u)? 2u ! |

Observe that

ot

and so
w(0) = O(n"(u —|—x/u)2).

Also observe that w(u) < u. Hence (51) is bounded by

(1+0(n " (u +x/u)))</wu0w<w(uz_x) —w? +x>1dw

u

+0<n2>'<u+x/u>“x“>) |
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Similar calculations for the lower bound show that E5 has the same
order of magnitude as

n(u+x/u) /Ouw<w(u —x/u) —w? —|—x>adw+ n= (u + xfu) x5

which suffices to verify (50). O
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