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Abstract. We construct and study a continuous real-valued random
process, which is of a new type: It is self-interacting (self-repelling) but
only in a local sense: it only feels the self-repellance due to its occu-
pation-time measure density in the ‘immediate neighbourhood’ of the
point it is just visiting. We focus on the most natural process with
these properties that we call ‘true self-repelling motion’. This is the
continuous counterpart to the integer-valued ‘true’ self-avoiding walk,
which had been studied among others by the first author. One of the
striking properties of true self-repelling motion is that, although the
couple (X;, occupation-time measure of X at time ¢) is a continuous
Markov process, X is not driven by a stochastic differential equation
and is not a semi-martingale. It turns out, for instance, that it has a
finite variation of order 3/2, which contrasts with the finite quadratic
variation of semi-martingales. One of the key-tools in the construction
of X is a continuous system of coalescing Brownian motions similar to
those that have been constructed by Arratia [Al, A2]. We derive
various properties of X (existence and properties of the occupation
time densities L,(x), local variation, etc.) and an identity that shows
that the dynamics of X can be very loosely speaking described as
follows: —dX; is equal to the gradient (in space) of L,(x), in a gener-
alized sense, even though x — L,(x) is not differentiable.
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1. Introduction

1.1. General introduction

In the present paper, we construct and study a continuous real-valued
random process, which is of a new type: It is self-interacting (self-
repelling) but only in a local sense (we shall give a more precise
meaning to this later). We will focus on the most natural non-trivial
process with these properties that we call ‘true self-repelling motion’.
A more general approach to this class of processes will be developed in
a forthcoming paper.

One of the remarkable features of such processes and in particular
of ““true self-repelling motion” X, is that they are (in general) not semi-
martingales; for instance, we shall see that X has a finite variation of
order 3/2, which contrasts with the finite quadratic variation of a non-
degenerate semi-martingale.

True self-repelling motion is the continuous counterpart of certain
self-interacting walks (S,,n > 0) on Z, called ‘true self-avoiding walks’
(or sometimes also ‘myopic’ self-avoiding walk; see a more precise
definition later in this introduction). It had been conjectured (see
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Amit-Parisi-Peliti [APP], Peliti-Pietronero [PP], Madras-Slade [MS])
that the correct asymptotic scaling is n=%/3S, (i.e. S, is of order n*/?).
In To6th [T1], a limit theorem was proved in this scaling regime. We
believe that the true self-repelling motion constructed in the present
paper is the scaling limit of several other self-interacting walks or
processes (see for instance the example in Section 11, or the polymer
measure proposed by Durrett and Rogers in [DR]).

As we shall see, the true self-repelling motion (and our construction
will make this apparent) can be interpreted as the first coordinate of a
process that explores a certain continuous planar random ‘generalized
labyrinth’. This ‘labyrinth’ is in some sense the continuous limit of a
certain percolation in Z x IN; see Section 11, especially Figures 1 and
2, for this discrete analog.

We focus in the present paper on the construction and the basic
properties of the continuous process X, and we do not derive invari-
ance principles (stating for instance that X is the weak limit of rescaled
true self-avoiding walks) for which delicate tightness arguments are
needed, but we plan to do so in future work. However, we remark here
that convergence of all finite dimensional distributions of the true self-
avoiding walk to those of X constructed in the present work follows
from the arguments of [T1], where convergence of the one-dimen-
sional marginals is stated and proven. In Appendix B, we just give a
brief non-rigourous phenomenological motivation.

The asymptotic behaviour of various one-dimensional self-inter-
acting walks has been studied extensively. It has been shown that for
some ‘global’ models where the self-interaction is ‘very’ repulsive (such
as the Domb-Joyce model; see for instance [B,GH,K,MS] and the
references therein), the measure on self-repelling walks will asymp-
totically concentrate on ballistic motion (i.e. the continuous limit is a
linear function of time). On the other end of the spectrum, if the in-
teraction is ‘not too weakly’ self-attracting, self-attracting walks will
eventually be stuck at some point or at some edge (i.e. the continuous
limit is constant) (see e.g. [D1]). Some other ‘weakly self-interacting
walks’ do converge to semimartingales that can be constructed from
Brownian motion (for instance to perturbed Brownian motions, [D2,
W]). In all these cases, the dynamics of the limiting process after scaling
is either trivial or easy to understand; the self-interaction is either so
strong or so weak that the limiting process is ‘degenerate’. In the
present case, something completely different happens. The self-inter-
action ‘passes to the limit’ and gives rise to a completely new type of
process. The multi-dimensional problem is (as usual for this kind of
questions) much more difficult, and not treated here.
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1.2. Properties of the true self-repelling motion

We now give a brief summary of the properties of the true self-re-
pelling motion X that we construct in the present paper:

Continuity, recurrence. Almost surely, Xo =0, the process t+— X, is
continuous on [0,00) and for any x € R, {t > 0 : X; = x} is unbounded.
Scaling. For all a >0, (X,;,t>0) and (a**X,,t > 0) are identical in
law.

This scaling property shows that X is super-diffusive. The local
counterpart of this property is the finite variation of order 3/2 that we
have already mentioned:

Local variation. For all ¢ > 0, define by induction Oy := 0 and for all
n>l,

0, :=inf{t >0, | :|X;—Xyp_|=¢} . (1.1)
Then, for all t > 0,
2
P-lim ¢¥/? >0:0°<t}=—=t. 1.2
ime sup{n > © <t} NG (1.2)

Here and throughout in the paper P-lim stands for limit in probability.

Occupation-time density. A/most surely, for all t > 0, the occupation-
time measure u, of X on the time-interval [0,t], defined for all borelian
subset A of R by

t
(4) = /0 Ve ds (1.3)

has a bounded density with respect to the Lebesgue measure and this
density has a continuous version that we denote by L(-).

L is the analog for X of local times for a semi-martingale. In the
sequel by a slight abuse of terminology, we will call Z,(x) the local time
of X at time ¢ and level x (even if X is not a semi-martingale).

Markov property of (X;, i,). The process (X, Li(+)),s (or equivalently
the process (X, W) ,»¢) is a Markov process.

In other words, the future of X after ¢+ depends only on the occu-
pation-time measure at time 7 (i.e. 4,), and on the position of X at time
t. In this sense, this means that X is a self-interacting motion. So, the
process (X;,L;(-))~ can in fact be viewed as a continuous increasing
Markov process in the set of pointed continuous positive real-valued
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functions (that is in the set of pairs (x,f) where x € R and f is a
continuous positive real-valued function; see Section 10 for more on
this approach). The following property is crucial:

Locality. The self-interaction is local in the following sense: For all
t >0, the law of X just after t depends only on L, restricted to the
immediate neighbourhood of the point X,. More precisely, we define for
all open interval Q the process X (in short ‘X in Q) as follows: For all
u>0,

t

2= inf{t>0:/ ﬂ{XsGQ}ds>u} (1.4)
0

X=X (1.5)

(in plain words: X is obtained by glueing together the ‘excursions’ of X
in Q).

Then, if Q and Q' are two disjoint open intervals in R, X and X%
are independent.

Moreover, if we introduce the occupation-time density LE(-) of X©
(so that for all u>0 and x € Q, L(x) = Lyo(x)), then the process
(X2 L) — LX) =0 is a Markov process.

An alternative — maybe more enlightening — formulation of this
property can be found at the end of subsection 5.2.

In other words, the process X is ‘feeling’ only the self-interaction
due to its own past occupation-time measure at the points it is cur-
rently visiting. This could at first glance suggest that X is the solution
of some sort of ‘stochastic differential equation’ involving X; and
(formally) grad(L,(-))(X;): Loosely speaking, dX; does depend on the
‘variation’ of L, in the ‘immediate neighbourhood’ of X, (roughly: the
‘derivative’ of L, in the space-variable, at the point X).

The following result gives a more precise meaning to this state-
ment:

Dynamical driving mechanism. There exists a family of stopping times
T(x,h) indexed by the points of the halfplane, (x,h) € R x R, such
that almost surely the Lebesgue measure of [0,00)\ {T(x,h):
(x,h) € R x R} is 0, and such that for all (x,h) € R x R.:

T (x,h) _ .
bl Lo(X, + &) — Ly(X, — &)

ds
el0 Jo 2¢

1 .
:_XT(x’h)+Z< sup X;+ inf Xs> (1.6)

0<s<T(x,h) 0<s<T(x,h)
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Phenomenologically, this equation states that the motion is driven by
the negative gradient (in the space-variable) of the local time at the
actual position, as long as the moving point is in the interior of the
range swept in the past. This behaviour entitles us to call this process
‘truely self-repelling’. In addition, at the edges of this range an in-
stantaneous partial reflection (moving boundary condition) is felt.
Indeed: writing (1.6) formally in differential form we find:

dx, = — OL(X:) dt + ( boundary effects at sup X; and inf XS> .
ox 0<s<t

0<s<t
(1.7)

Strictly speaking, (1.7) does not make sense mathematically: the local
time process is so singular that a ‘differential equation’ involving its
gradient can not be rigorously defined (we shall see that L,(-) has the
same regularity properties as Brownian motion). Nevertheless, this
formal way of writing may help the intuition about the dynamics of
the process.

Before giving more details on X and its construction, we just
mention now that the flavour of some features of X recalls (even if
they are not really related) the results of Rogers-Walsh [RW1, RW2],
on certain functionals of linear Brownian motion B, involving the
local time of Brownian motion taken at time ¢ and level B,. Similarly,
let us mention that a special degenerate example of locally self-inter-
acting motions (which are of a different nature than true self-repelling
motion) is given by the so-called ‘perturbed Brownian motions’ that
only ‘feel’ the boundary effect (this is Brownian motion perturbed
only when it is at its past maximum or minimum; see Carmona-Petit-
Yor [CPY], Davis [D2] and Perman-Werner [PW]).

1.3. Idea of the construction and structure of the paper

The law of the occupation-time measures of X at suitable stopping
times can be described in a way that can recall the celebrated Ray-
Knight Theorems for the local times of Brownian motion. Our con-
struction of the process X is actually based upon this crucial property.
The present paper does not technically rely on the results of Téth [T1],
but it is conceptually strongly connected with that paper so that it is
relevant, before we explain how we construct X, to recall some results
on the so-called ‘true self-avoiding random walk’ on Z, defined as
follows: S; is a nearest neighbour walk on Z starting from the origin,
li(z) : i € N, z € Z is its local time on edges, i.e.
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li(z) =#{j€[0,i = 1] : {S;,Sj+1} = {z,z+ 1}} (1.8)

(note that we use a different notation than that used in Toth [T1] to
have here different symbols for the discrete walk and for the contin-
uous motion). The true self-avoiding walk is governed by the law

_ exp(—g1i(S))
exp(—g/i(Si)) + exp(—gli(Si — 1))
=1—P(Siy =S — 1[S,...,5) (1.9)

P(S[-H = Sl + 1’S07 s 7Si>

where ¢ is a positive constant. In plain words, S prefers to jump along
the neighbouring edge it has visited less often in the past. (For a wider
class of related self-interacting random walks and generalized Ray-
Knight theorems see also [T2, T3, T4].) The designation ‘true’ comes
from the fact that this is a true walk in contrast to the polymer models
that are also called self-avoiding walks (e.g. Edwards model, Domb-
Joyce model etc.; these do not define a consistent family of probability
measures). Define also for all z € Z and m € N, the stopping times
(inverse local times)

T =min{i > 0: [;(z) =m+ 1} | (1.10)
and the local time process stopped at the inverse local time 7.,

iz,m(') = Z’Cz"n(.) : (111)

The core of the results in Toth [T1] was a compound Ray-Knight type
theorem proved for the properly scaled process Z() Let x € R and
h €[0,00) be fixed. Denote by @ ;) (y) a Brownian motion in R
defined for y € [x,00) starting at ‘time’ x from level 4 obeying the
following boundary conditions at 0: in the time interval [x,x"] (here
and in the sequel, x™ = max{x,0}), ®()(-) is instantaneously re-
flected at 0 and in the time interval [x*, 00), @, (-) is absorbed at the
first hitting of 0. We shall call such a process reflected/absorbed
Brownian motion, abbreviated RAB. The compound Ray-Knight type
theorem states the following weak convergence: for any x € R and
h > 0 fixed,

L (v/on ([4Y])
20vVA

when 4 — oo, as process in the time parameter y (the constant ¢ is an
explicit function of g, see (1.23) of [T1]).

It is not explicitly stated, but the methods of the cited paper allow
for the proof of a more general, joint weak convergence: let finitely
many pairs of coordinates (xi, A1), ..., (x,,h,) € R x (0,00) be fixed,
then

= O (v),  y € [x,00) (1.12)
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ey aon (AD) Ly 1o, ([4p)]) :>(<D O By ))
20_\/2 ) ) 20_\/2 (x1,h1) g » (xp,hp) VP

gl E[xl,oo),...,ypé[xp,oo) (113)

when 4 — oo, where (D, 5,)(),---, P n,)(")) are independent co-

alescing Brownian motions reflected from 0 in the time intervals

bk, x], k=1,...,p and absorbed instanteneously at the first hitting

of 0 in the time-intervals [x;,00), k = 1,...,p, respectively (in other

words, independent coalescing RABs, or shortly CRABs; see the
begining of Section 2 for a precise formal definition of CRABs).
Our construction of the process is based upon the previous ob-
servation. In Section 2, we will construct a random map (x,%)
— A (-) on R x (0,00) that generalizes the finite family of inde-
pendent CRABs described above. Loosely speaking A is an infinite
family of independent CRABSs started from each point of R x (0, 00).
Analogous types of ‘continuous families’ of coalescing Brownian
motions or diffusions have been introduced by Arratia [A2] (see also
Arratia [Al] and Harris [H]). One of the important features of A, that
will be of importance in the construction of X is a certain ‘self-duality’
property, described in Section 2.2. This will allow to construct (de-
terministically from A) a natural ‘continuous family’ of continuous

functions (Aqn) () (merx(0.00) defined on R such that

1) Forall (x,h) € R x (0,00) and y > x, Ay (¥) = A ()

2) Forall (x,h) # (x',/') in R x (0, 00), the two curves y— A ()
and y A y)(y) never cross. _

3) The law of (x,h,y) — Ay (v) and that of (x,k,y) — A n(—=p)
are identical.

The complete proofs of the construction of A are postponed to Sec-
tions 8 and 9, in order to focus on the main point: the construction
and analysis of X.

We will see (in Section 3) that the non-crossing property implies
that this family of curves induces a (random) total ordering of the
halfplane R x (0,00). For any (x,4;) # (x2,h,) in R x (0, 00), either
Agy i) (¥2) < hy or Ag, ) (x1) < hy. In particular, if we define

+oo
T = [ R0, (1.14)
then T is injective from IR x (0,00) into [0,00), and its range is
almost surely of full Lebesgue measure in [0,00). When ¢ = T(x, /)
for some (x,4), we say that the position of X at time 7 is X; = x.
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The true self-repelling motion (X;,#>0) is then extended for all
t > 0 by continuity.

We then check (this is done in Section 4) that the family of curves
K(x,m indeed represents the family of occupation time densities of X.
More precisely, we will show that the density of the occupation time
measure of X at time ¢ has a continuous version (for all # > 0) that we
denote by L,(-) and that for all (x,4) € R x (0,00), T(x,%) corre-
sponds to the ‘inverse local time’, i.e. that

T(x,h) =inf{t > 0: L,(x) = h} (1.15)
and finally that for any (x,/#) € R x (0,00), for all y € R,

In Section 5, we derive the Markov property (and its local version)
of the process (X;,L;())~o-

Section 6 is devoted to the dynamical driving mechanism, i.e. to the
proof of (1.6).

In Section 7, we derive the local variation result (1.2) for X as well
as an approximation result for the ‘local times’ via upcrossings by the
process X. Also, some other pathwise properties of the process are
stated in that section.

Sections 8 and 9 are devoted to the complete proofs of the results
presented in Section 2 (respectively, the construction of the continu-
ous family of coalescing reflected/absorbed Brownian motions, and
the duality properties).

In Section 10, we make some brief comments on the stationary
limit of the process and on other self-avoiding motions.

Finally, in Section 11, we present a discrete counterpart to our
construction, together with some pictures that will hopefully help to
the understanding of the construction of X.

In Appendix A, we derive estimates of collision times by reflected/
absorbed Brownian motions that are used throughout the paper.
Appendix B is devoted to a non-rigorous phenomenological deriva-
tion of the invariance principle and the dynamical driving mechanism

(1.6).

1.4. Notation, preliminaries

D (resp. ID) denotes the set of dyadic rational numbers (resp. non-
negative dyadic rational numbers). We will use the notation IR’ =
R, \ {0} and D, =D, \ {0}. We also define

E=R xR, and E=DxD . (1.17)
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We also put
T ={(hy) eExR:y>x} (1.18)
and
F~ ={(x,h,y) e ExR:y<x} . (1.19)

B denotes a one-dimensional Brownian motion started from 4 € R
under the probability measure P,. For any x € IR, we define under the
probability measure P,

B*(y)=|B(y —x)| forall y>x (1.20)

and
7 = inf{y > max(x,0) : B*(y) =0} . (1.21)

We then say that the law of (R(y),y >x) defined by R(y) =
B*(min(y, 1)) is that of a reflected/absorbed Brownian motion (in the
sequel, we shall use the abreviation RAB) started from # at time x. In
plain words, R is a reflecting Brownian motion started from /4 at time x
and killed at its first positive hitting time of 0.

More generally, when & = (x,,4,),; is a (possibly finite) sequence
in E (where /=N or I ={0,...,p} for some p > 0), we define a
sequence (R{;),; of independent RABs such that for all n € 1, R{; i
started from h at time x,. We will drop the subscript (&) whenever
there is no possible confusion. Also, by a slight abuse of notation, and
in order to make some statement more explicit, we will sometime
denote R by R” )"

We W111 use several times in this paper estimates of hitting/collision
times probabilities for independent RABs. These estimates are stated
and derived in Appendix A, at the end of this paper.

For any real number x, |x| denotes the integer part of x and

[x] = |x] + L.
2. The system of forward and backward lines

2.1. Forward lines: systems of coalescing RABs

Let us fix for a while a (possibly finite) sequence ¢ := (x;,4;),; of
points in [E. Recall that (Ré )jer (we will drop the subscript () when it
is not necessary) denotes a farnlly of independent RABs such that for
each j € I, R/ is started from h; at time x; (in other words, R/(x) is
defined for x > x; and Rf(xj) = h ).

We now define C? 5 = R and by induction, for all j > 1 in I:

w; .—mf{xej.Rf( ) e{Ck),..., 07 (x)}} (2.1)
v;:=min{k € {0,...,j— 1} : Ri(w;) = C"(w))} (2.2)
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(2.3)

Cj( ) Rj(x) ifXJ'SXS(l)j
X) =
C"f'(x) if w; <x < oo

When 7 = {0,...,p}, we call ( Cf ) a finite family of inde-
pendent coalescing RABs star Zed rom (x0, 2:0), ooy (X, By)).

In the sequel, the abreviation FICRAB will stand for ‘family of
independent coalescing reflected-absorbed Brownian motions’.

Note that the law of {CO . Cf(” } is in fact independent of the
order in which we performed the coalescence More precisely, if o
denotes a permutation of {0,...,p}, and if (¢ o g) denotes the finite
sequence ((Xq(0); A(0)); - - - » (Xo(p)s (p))) then the law of (C o(0)

(éog)? " " * 3

C o) ) is identical to that of (C?é), cee C( 5 ): this can be viewed as a

(Eoa)
simple consequence of the strong Markov property of the process
(R:), -+ R

Note also that, if / =N, the family of processes (C{;),cn con-
structed in this way is such that for any finite set J C N, é&' csisa
finite FICRAB started from ((x;, %;)),.,. This leads us to the followmg

general definition:

JjeJ

Definition. [Infinite family of independent coalescing reflected/ab-
sorbed Brownian motions] For any non-empty set {(x,,h,): a € A}
C IE, we will say that the family (C%),., is a family of independent
coalescing reflected-absorbed Brownian motions (FICRAB) started
Srom ((xq,ha)),ey if and only if for any finite subset {a, ..., a,} of A,
the law of (C*,...,C%) is that of a FICRAB started from

((xayshay)y - - (xap, hap)).

The inductive procedure described in (2.1)—(2.3) (when £ is an in-
finite sequence) constructs a countable FICRAB (C{;)),, started
from ((x,,%,)),~o- Suppose now that ¢ is a bijection between N
and N, and define ¢ o 6 := (X4(s), #5(n)) sen- Then, the law of ( (c(oi))nzo
is identical to that of (CT, ))n>0 (as for all p>1, the law of
(C(gc(:i))ne (0,..p) 18 identical to that of (C:)),cqo,. p))- In other words,
the law of a countable FICRAB started from given points is unique,
and independent of the chosen order of coalescence (see Arratia [Al,
A2] for analogous statements and a more detailed discussion of this).

The following statement shows, loosely speaking, existence and
unicity of the law of a certain FICRAB started from ((x, %)) (v )
with certain regularity and monotonicity conditions. As [E is not
countable, this is not straightforward. Note also that the order of the
quantors becomes important (one cannot interchange ‘almost surely’

and ‘for all (x,n) € IE).
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Theorem 2.1. [Existence and unicity of the process of forward lines]

(i) There exists a random map F* 5 (x,h,y) — Appy(v) € Ry such
that:
(@1) (A(Xfl))(x,h)eIE is a FICRAB started from ((x, h))(xﬁ)em.
(i2) Almost surely, for all (x,h) € E, Ay (x) = h.
(13) Almost surely, for all (xi,hy), (x2,h2) inE andz > y > max{x;,x, }:

[A(Xl,hl)(y) < A(lelz)(y)] = [A(Xhhl)(z) < A(xz-,hz)(z)] . (24)

(i4) Almost surely, for all x <y, the mapping hi— A ) (v) is left-con-
tinuous on (0, 00).

() If A = (A’(x_’h))(x’h) o 18 another family with these properties, then
A and N are identical in law.

Note that combining (i2) and (i3) shows that almost surely, for all
x < y, the mapping & — A, ) (y) is non-decreasing on (0, c0).

A large part of the proof of this proposition is very close to that of
similar statements in Arratia [Al, A2]; we give in this subsection only
the fundamental ingredients of the construction of the process A(.(-)
— for a complete proof of Theorem 2.1 see Section 8.

Sketch of construction and proof of (i3), (i4). The process A (-) can
be explicitly defined as follows: Let ¢ := (X, /,),n denote an arbi-
trary fixed bijection between IN and IE (this bijection will be fixed and
used throughout the paper). We construct the countable FICRAB

(CTs )y started from ((¥4, ), by induction just as in (2.1)-(2.3).

During the rest of this paper, we will put
F,(x) == C&;)(x) (2.5)

for all n > 0 and x > X,. Loosely speaking (F,) is a ‘dense’ system of
independent CRABs. We then define, for all (x,4,y) € IF*

App () ==sup{F,(y): n>0, % <x and F,(x)<h} (2.6)

As we shall see in Section 8, it is easy to check that A is almost surely
well-defined for all (x, 4,y) € IF™ simultaneously, as almost surely, for
all x € R,

inf{F,(x): n>0 and X, <x}=0 . (2.7)

By this definition, the mapping &+ A(.;)(y) is monotone non-de-
creasing and left-continuous on (0,00) (for all fixed x < y), so (i4) is
indeed satisfied. The definition also implies almost immediately (i3): If
y > max(xy,x2) and A, p)(¥) < Apy)(v), then there exists n € N
such that X, < x2, F,(x2) < hp and

Fa(v) € (A 0)s Arn) )] - (2.8)
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The definition of A also implies that for all z > y, F,(z) < A, ) (2).
As the F,’s are coalescing continuous processes, this also 1mphes that
for any m such that F,,(y) < F,(y) (and therefore also for any m such
that X,, < x1 and F,,(y) < Ay, ,)(»)), one has

Fu(z) < Fu(2) (2.9)

for all z > y. Hence, as A, 4,)(2) is the supremum of a set bounded
above by F;(z), for all z > y,

A ) (2) S Fo(2) < Ay (2) (2.10)

This proves (i3). The proofs of (il), (i2) and (ii) can be found in
Section 8. . .
(Theorem 2.1 (i3), (i4)

From now on we shall refer to A as the system of forward lines.

Remark 1. Conditions (il), (i2) and (i3) essentially fix the process A,
but still leave some freedom of choosing a regularity property. There
are three natural choices:

(1) left-continuity in the variable /# (our choice so far).
(2) right-continuity in 4 (see remark 2 below).
(3) instead of (i4), requiring the following ‘perfect flow condition’:

(14*) Almost surely, for any (x,h) € Eand x <y <z

Apen(2) = Apag ) (2) (2.11)

and for all fixed x <y, h— A ) (v) is almost surely left-continuous (or,
alternatively, right-continuous).

Arratia [A1, A2] is interested in random flows and therefore chooses
this third option. All three versions could be constructed via F;’s: If,
we suppose for a moment that F,’s are independent coalescing
Brownian motions (no reflection nor absorbtion) started from a dense
subset of R?, then Arratia’s flow would correspond to the definition
(2.6) just replacing F,(x) < h by F,(x) < h

Remark 2: We will sometimes use the right-continuous version (i.e. the
second option mentioned above). For all (x,4) € [E and y > x (note
that 2 = 0 is allowed here), we define

Az;’h)(y) =1inf{F,(y): n>0, X, <x and F,(x) > h} (2.12)

Using the results that we will derive for A, it is then easy to see that A"
satisfies (il), (i2), (i3) and that almost surely, for all x < y, the map-
ping h— A x h)( ) is right-continuous on IR ;. Exactly as for A (i.e. in
Theorem 2.1-(ii)), one can see that the law of A" is the unique one
such that these four properties are almost surely satisfied.
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Remark 3: All four conditions (il)—(i4) are needed to ensure (ii):
Consider for instance a family A’ such that A = Aj,, for all
(x,h) € E except when x belongs to a random Poissonian set (of zero
Lebesgue measure) in which case we put Aj,, (v) = for all y > x.
Then A’ is also a FICRAB, it satisfies (il), (i2), (i4) but not (i3).

Next we are going to summarize the main properties of the process
A which will be used in the construction and analysis of true self-
repelling motion. Similar features also appear in [Al, A2, H] and the
proofs will be given in Section §; the main ingredients in these proofs
are meeting time estimates for independent RAB’s.

For any x < y in R, we define:

M(x,y) .= {Azpn() : (z,h) € E and z <x} . (2.13)

In plain words: M(x,y) denotes the trace at y of forward lines which
start before x. We also define

M(y) = M(y,y) . (2.14)

Proposition 2.2. [Some properties of the forward lines] The following
properties of the process A hold almost surely:
(1) For all x € R, M(x) is dense in R.
(i) For all x < y in R, the set M (x,y) is locally finite and unbounded.
(111) For all fixed x; < x5 in IR,
M(xl,)Q) = {A(xl,h)(XZ) che ]Di} . (215)
(iv) For all (x,h) € IE and for all ¢ > 0, there exists n > 0 such that
Xn < x, Fy(x) € (h—¢e,h), and for all y > x + &,

Aany () = Fa(y) - (2.16)
In particular, for all x < y,
M(x,y) ={F,(y) :n>0and X, < x} . (2.17)

(v) For all (x,h) € E, the mapping y— A, (v) is continuous on
[x, 00).

The essential feature (ii) shows for instance that all forward lines
that are born at time x between level 0 and % coalesce into finitely
many CRABS immediately after x; ‘there is not enough space’ for
infinitely many particles not to coalesce.

The results presented in the next subsection (the ‘topological
structure of the forward lines’) can be used to show that (iii) holds in
fact almost surely for all x; < x, in IR simultaneously, but we will not
need this stronger result.
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In other words, (iv) means that almost surely, for all (x,%) €
there exists a sequence y, decreasing to x and a sequence (m n))n>0 in

NN, such that
A(x,h) (y) = Fm(n) (y) (218)

forall y > y, and all n > 0. Loosely speaking, every forward line meets
one of the countably many lines F, ‘immediately’ after its birth (and it
then follows F;, after this meeting time).

2.2. Backward lines and topological structure

We define for all (x,h,y) € F~
AZ‘x,h)(y) = sup{h' > 0: Ay (x) < h} (2.19)

(with the notation sup @ := 0). Clearly, the process A can be recovered
from A* by a similar formula: for all (x,4,y) € F"

Awwy(v) = sup{h’ > 0: Aj, ;) (x) < h} . (2.20)

Given the definition (2.6) of the process A, and using Proposition 2.2-
(i), for all (x,h,y) € F~,

Apw) =sup{F(y):n>0, %<y and Fx)<h}. (221)

We shall refer to the process IF~ > (x,4,y) — A(, ,y(v) € Ry as the
system of backward lines.

We will see in Section 9 that this definition implies readily that
forward and backward lines never cross. The family of backward lines
is loosely speaking the generalization of a ‘dual graph’ of the family of
forward lines.

Theorem 2.3. [Duality of forward and backward lines.] The two pro-
cesses IF" > (x,h,p) = Ay (v) € Ry and T3 (x,h,y) = A{_, (=)
€ R are identical in law. '

For a complete proof of this result, see Section 9. See also Section
11 for an enlightening picture in a discrete case.

Let us stress here that, although these two processes are identical in
law, they are by no means independent as A* (resp. A) can be con-
structed deterministically from A (resp. A").

However, some independence results can be stated: Suppose for
instance that z € R is fixed. Define the sigma algebra %, generated by

{Aen() :x<y<z h>0} (2.22)
1e. by
{F,(p3)) :n>0, x, <y<z}. (2.23)
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The family (F,(-)),- inherits the Markov property from the family of
independent RABs. Consequently, we will see (and this is easy using
Proposition 2.2) that for any x > z, for all A > 0, A, ;)(-) is indepen-
dent of & ,. An immediate consequence of this is that, keeping z fixed,
the family

{ALn») iz<y<x, h>0} (2.24)

is independent from % .. We will denote %, the sigma field generated
by this family. In plain words: for z € R fixed %, respectively #, is
the sigma algebra generated by the information to the left, respectively
to the right, of the coordinate z.

For all n > 0, we define for any y <X,

F )= Ag 0 - (2.25)

Theorem 2.3 shows that the family of functions (y— F;(=y)),> is @

FICRAB starting from (—%,,%,),-,- Theorem 2.1 and Theorem 2.3
show that A* can be recovered from the family (F’) almost (just
reflecting the ‘time’-direction) as A has been defined from the F,’s.
Hence, 7 is in fact generated by

{FF() :n>0, z<y<Xx,} . (2.26)

The independence between %, and % then implies immediately that
for all n and #’ such that X, < z < X,s, the two random variables F,(z)
and F(z) are independent. As their laws have no atoms, this shows
the following useful fact: For any fixed z such that X, < z < X,

Fi(2) # Fy(2) (227)
almost surely.

For all (x,4) € E, we define the number /(x,%) of incoming for-
ward lines at (x, /) as follows:

1(x, h) :zlyiglsup#{pe]N: 31, /), .. (4, hy) € E such that
Vi=1,...,p:x <y, Ayp(x)=hand
V2 € 1,%), Apan(2) < - < Agi(3) }
= lyi%lxlsup#{p € N :dny,...,n, € N such that
Vi=1,...,p:% <y, F,(x)=h and
V2 € ), Fu(e) < < Fy(a)} (2.28)

In plain words, I(x,4) is the number of disjoint forward lines that
coalesce exactly at time x and level 4. Similarly, we define the number
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I*(x,h) of incoming (from the right) backward lines at (x,%). The
previous remark (2.27) implies that for all fixed x € R, almost surely,
for all & > 0, either I(x,#) =0 or I*(x,h) = 0.

For all (x, k) € E, the pair of integers [/ (x, ), I*(x, h)] will be called
the rype of (x,h) and the integer I(x, k) + I*(x, h) + 1 will be called its
multiplicity (for reasons that will become apparent later). The fol-
lowing result gives a more detailed description of the different possible
types of points.

Proposition 2.4. (i) Any fixed (x, h) € IE almost surely has multiplicity 1,
i.e. it is of type [0,0].
(i) Let x be fixed in R. Then almost surely, for any h > 0, the point
(x, h) has multiplicity at most 2, i.e. it is of type [0,0], [1,0] or [0, 1].
(iil) Almost surely, any point (x, h) € E has multiplicity at most 3, i.e.
it is of one of the following six types: [0,0], [1,0], [0,1], [2,0], [1,1],
[0,2].

The way we just presented these results seem to indicate that
Proposition 2.4 is a consequence of Theorem 2.3. In fact, we will first
prove Proposition 2.4—(iii), using collision times estimates for RABs
and then use this fact to derive Theorem 2.3. See Section 9, for the
complete proofs of these results.

Before proceeding to the actual construction of true self-repelling
motion, let us stress some facts: As we have already mentioned, the
two systems A and A" are not independent; one of the main ingredi-
ents in the forthcoming construction is that we will use both systems
simultaneously.

In particular, we now define for all (x,4) € [E and y € R,

y L A(x,h) (y) if (X,h,y) € F*
Awn () = { Aip() il (k) € F- (229)

Theorem 2.3 shows that the two processes [E x R > (x,h,y)+—
Awn() € Ry and E x R > (x,h,y) — A p(—y) € Ry are identical
in law.

When (x, /) € E is fixed, then using the independence between 7,
and 7, the law of A (-) can be easily described: Ay (-) and
A(, () are independent RABs (more precisely, A(, ;) is a ‘backward
RAB’).

The definition of forward and backward lines and the results pre-
sented in this section show that:

(1) Any two forward lines coalesce when they meet
(2) Any two backward lines coalesce when they meet
(3) Any forward line never crosses a backward line
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(1), (2) and (3) imply that for all (x, ) and (¥, #) in IE, the whole
curves A ;) and A ) never cross (they can collide and/or stick to-
gether). This will be a key-remark in the next section.

3. Construction and first properties of true self-repelling motion

For any (x,4) in [E, we define the set

D(x,h) = {(x',h") € E: h' < App(*)} (3.1)
It is straightforward to check that this is almost surely a bounded set
for any (x, ) € E.

Proposition 3.1. [Ordering of IE.] Almost surely, for all (x1,h) #
(x2,hy) in IE, exactly one of the following two events occurs:

o cither (x1,h) € D(x1,h1) C D(x2,h2), (x2,h2) € D(x1,h1) and
D(x2,h2) \ D(x1,h1) contains a non-empty open set.

e Or (XQ, hz) S D(Xz, hz) C D(xl,hl), (xl,hl) ¢D(XZ, hz) andD(xl,hl)\
D(x2, hy) contains a non-empty open set.

In particular, if we define the relation < on [E x E as follows:
[(xl,hl) < (XZ, hz)] — [(xl,hl) S D(XZ, hz)] , (32)
then < is a total ordering of IE.

Proof. Without loss of generality we may assume x; < x; and [x; = x;]
= [h; < hy]. There are two cases to be treated separately:
CASE 1:

x1 <x3 and /\(xhhl)(xz) < hy . (33)
(In particular, this case includes the possibility of x; = x; and /| < h3.)
By definition of the backward lines we have

(o) (X1) = Py (3.4)

The non-crossing property of the lines Ay, 4,)(-) and A, 4,)(-), com-
bined with (3.3) shows that D(x;,h;) C D(xa2,hy). Moreover, as
K(xl.hl)(XZ) < X(xz’hz)OCz), the continuity of X(x17h1) and K(xz,hz) shows
that D(x2,h2) \ D(x1, A1) contains a non-empty open set.

This implies the first alternative of the Proposition.
CASE 2:

x; <xp and A(xl,hl)(XZ) >hy . (35)

By left-continuity of 4+~ A, »)(x2) and local finiteness of M (x1,x;)
there is an ¢>0 such that for all %€ (h —eh| we have
A iy(¥2) = A n)(x2) > hy and thus, again by definition of the
backward lines we have
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*
A(x27h2

)(Xl) < hl . (36)

Then, combining (3.5), (3.6) with the non-crossing property and
continuity of the lines implies the second alternative.

COProposition 3.1.

We now define
T(x.h) = |D(x,h)| = / Kooy )y - (3.7)

From the previous proposition it follows that 7': [E — R, is almost
surely injective.

Lemma 3.2. Almost surely, the range of the map T: IE — IR is dense in
R,.

Remark: More subtle properties of the map 7:E — R, will be
summarized in Propositions 4.1 and 4.4: It turns out that 7 is lower
semicontinuous (in particular Borel), it is (Lebesgue) measure pre-
serving and almost surjective, i.e. the complement of its range has zero
Lebesgue measure in R, .

Proof. Assume that for some o < o/ in R, T(IE) N («, o) = 0. Define
then B :=sup([0,4] N T(IE)) and B :=inf([o/,00) N T(E)) (B and B’
exist because almost surely limyo 7'(0, #) = 0 and limo 7'(0, 1) = 00).
Clearly, 0 < B < f < oo and there exist two sequences (x,,%,) and
(x/ A ) in [E such that

n)''n

lim T(x,,h,) =B and Lm T, h)=p" . (3.8)

nloo nfoo
By monotone convergence it is then immediate that the Lebesgue
measure of the Borel sets D := U,>0D(xy, h,) and D' := N,>oD(x, )
is f and f', respectively. Proposition 3.1 then also implies immediately
that D C D' and that the Lebesgue measure of D'\ D is B/ — f > 0.
Hence, D'\ D contains at least three different points in [E and for any
of these points, T(x,%) € [, f']. But as T is injective, this implies that
there exists (x,4) € D'\ D such that T(x,k) € (B, '), which contra-
dicts the definition of  and B'. Hence, T(IE) is dense in IR.

[JLemma 3.2.

We state and prove now a technical Lemma to be used in the proof
of the forthcoming statements.
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Lemma 3.3. Suppose that (x,h) # (X', k') are two different points in E
such that there exist two sequences (Xu,hy),~o and (x,,h,),~o in IE and
two real numbers t and t', such that

i a, ) = (1), (5, ) = (&) (3.9)
and
liTm T(xp, hy) =1, liTm T(x),hn)=1¢ . (3.10)
Then: t #t'.

Proof. Assume (3.9) and (3.10):

CASE I: If x =x" and h + ¢ < h' — ¢ then clearly there is an ny < oo
such that for any n>ng, (x4, h,) €D(x,h+¢) and (X, h)¢&

n’''’n

D(x,h' —¢), thus by Proposition 3.1 (x,# —¢) € D(x], /). Hence we
conclude that for n>ny T(xy,h,) <T(x,h+e) <T(x,h —¢)<
T(x/,h) and this implies 7 # ¢

CASE 2: Suppose x <r < q <4 <r <x' with r,q,q',7 € D} . We
assume (possibly choosing subsequences) that T'(x,, 4,) and T(x/,4’)
are monotone sequences and that x, < r and x/, > #/ for all » € N. As
T(xy, h,) and T (x], 4 ) are monotone, due to Proposition 3.1 so are the
sequences K(xmhﬂ)(y) and K(X;17h;>(y) for all y € R. In particular, as
M(r,q) and M*(¥,q’) are a.s. locally finite, using Proposition 2.2 this
implies that there exist ng > 0, £ > 0 and & > 0 such that X; < r and

Xy > 7 and that for all n > no,

Awh) ) = F(y), for yé€lg,00) , (3.11)
Al i) =Fi(v), for ye(—o0,q] . (3.12)

(2.27) implies that a.s. Fi(q) # F(¢q) (because this is true simulta-
neously for all g € ID, k and &’ in N such that x; < g < xp).

Suppose for instance that Fi(q) > F’(q) (the opposite case is
treated similarly). Using Proposition 3.1 once again, this implies that
for n > ng, D(x, i) C D(x,,h,), and that

n)"'n

T (X, hp) — T(x:nh;) :/ (K(xn,h,,)(J’) - A(x;,h;)(y)) dy

00
/

> [(E-mo @0 @)

This implies indeed ¢ = limyjoo T(Xp, hy) # limyo0 T(x), 1) = 1.

n)"'n

[JLemma 3.3.
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We are ready now to define the main object of the present paper:
the true self-repelling motion. For any ¢ > 0, we define the set

Pri=({(x,h) EE:T(x,h) € (t—e,t+e)} . (3.14)

>0

Lemma 3.4. Almost surely, for all t € [0,00), P, is a singleton.

Proof. Since P, is the intersection of a family of nested compact sets, it
contains at least one point. By definition (3.14) of P, for any (x, %) € P,
there exists a sequence (x,,%,) converging to (x,4) with lim,o T
(xn, hy) = t. Hence, by Lemma 3.3, P, can not contain more than one
point. [JLemma 3.4.

Definition. For all t > 0, we denote
P =:{(X;,H,)} (3.15)
and call R, 3 t— X; € R the true self-repelling motion.

Remark: As we shall soon see
H, = L(X,) (3.16)

where L,(x) is the occupation time density of X..
In the next Proposition we summarize the first important proper-
ties of true self-repelling motion:

Proposition 3.5. [First properties of X;]

(i) Almost surely, t+— (Xt,H,) is continuous on [0, 00) and (XO,HO)
=(0,0).

(i1) Almost surely, the set {t € Ry : X, = x} is unbounded for any
x € R.

(i) The processes t+— (X,,Ht) and t— ( —X,,H[) are identical in
law.

(iv) For any a >0, the processes t— (Xa,,Hm) and t— (a2/3X,,
a'*H,) are identical in law.

Proof. (i) Suppose that there exist two sequences (#,),cn and (#,),en
in IR;, both converging to >0 and that lim, (X,,H,) and
lim, ;o0 (X, Hy ) exist. Then, the definition of (X;, H,) implies that for
any n fixed there exist two sequences (X, fns)ien and (x), ) 1) e
such that

llciTm(xn’k7 hn,k) = ()(l‘nath)7 llcle T(xn,lm hn,k) =1y (317)

gg(x:z,kvh:z,k) = (X, Hy), ,1}& T i) =1, (3.18)
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Hence, by a ‘diagonal subsequence trick’ we find two sequences
(kn)yen and (ky,),cn so that

im(x,f,, Ang,) = lim (X;,, H,,), lLm(x,, K, ,)=1lim (X,,Hy),
nfoo nloo nloo ™ 0 o nloo " "

(3.19)
and
llTl’Il T(x,,,k”, hﬂ,kn) =t= lle T(x:z,k,,’h::,k,,) (320)
Using Lemma 3.3, this implies that
1iTm (X, H,) = liTm (Xy, Hy) . (3.21)

Hence, ¢t — (X,,H,) is almost surely continuous on [0, 00).

(i1) is a simple consequence of the fact that almost surely, for all
x € R, limp T(x, h) = 400, which can be easily derived and is safely
left to the reader. (iii) is a simple consequence of Proposition 2.2, and
(iv) follows immediately from the scaling property of Brownian mo-
tion (and hence that of A).

COProposition 3.5.

4. Occupation-time density

For all 7 € [0,00) we define the set

D, :=T7'([0,4) = {(x,h) € E: T(x,h) €[0,1]} . (4.1)
We clearly have almost surely for all (x,4) € IE
DT(x,h) = D(x,h) . (4.2)

Indeed: [(x’,h’) € DTW,)] < [T, W) <T(x,h)] < [(xX,K) € D(x,h).

We already know some simple regularity properties of the map
T:E — IR,: it is injective and its range is dense in IR, . Propositions
4.1 and 4.4 summarize the most important properties of 7'

Proposition 4.1. [Further properties of the map 7: IE — R, ]

The map T: E — R, almost surely has the following properties:

(i) T is injective; for all x € R, hw— T(x,h) is strictly increasing and
continuous from the left.

(1) T is lower semicontinuous; in particular, it is Borel.

(iii) T preserves Lebesgue measure, that is, for all t € R,

D=1 . (4.3)
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Proof. (i) follows immediately from Proposition 3.1 and from left-
continuity of ~+ Ay (v), for all x,y € RR.

The proof of (ii) and (iii) relies on Lemma 3.2:
(i1) We prove
D= () D(x,h)=:D; . (4.4)
T(x,h)>t
Since D(x,h) is closed for all (x,4) € IE (in the euclidean topology
restricted to IE), lower semicontinuity of T follows from (4.4). D, C D,
is straightforward. (x', ') € D(¢) if and only if T(x',#') < inf{T(x, ) :
T(x,h) > t}. Due to the density of T(IE) in R, (Lemma 3.2) this is
equivalent to T'(x',#") < t. Hence D, C D;.
(iii) Applying (4.4), the monotone class theorem and Lemma 3.2,
we get:
|D,| = inf{|D(x, h)| : T(x,h) >t}
=inf{T(x,h): T(x,h) >t} =1t . (4.5)
CJProposition 4.1.

Before stating the main results of the present section we have to
define some relevant quantities related to the ‘occupation time mea-
sure’ of X;: Beside T'(x,%) we shall need later also for all (x,%) € IE,

TH(x,h) = lilr(r)l T(x,h+e) . (4.6)

For all t > 0 and y € R, we now define

L(y) :==sup{h >0:T(y,h) <t} (4.7)
with the convention sup () = 0. Since almost surely, for all y € R,
h— T(y,h) is strictly increasing, t— L,(y) is necessarily continuous,

and of course, also monotone non-decreasing. In particular, for all
t>0and y e R,

L(y)=inf{h > 0: T(y,h) >t} . (4.8)
Inverting (4.7) and (4.8), we get:
T(x,h) =sup{t € [0,00) : L(y) < h} = inf{r € [0,00) : L,(x) > h}

(4.9)
and
T (x,h) =sup{r € [0,00) : L,(y) < h} =inf{r € [0,00) : L,(x) > h}
(4.10)

Note that the definition of L, implies that for all > 0,
Hy = LX) . (4.11)
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We define for all ¢+ > 0 the occupation-time measure g, as in the in-
troduction: For all Borel set 4 C IR,

t
ut(A) 2:/0 /H{XVEA}dS . (412)

The following statement shows that L,(-) is indeed the Radon-Niko-
dym derivative of the occupation time measure of yx, with respect the
Lebesgue measure, i.e. it is the ‘occupation-time density’.

Theorem 4.2. [Existence and continuity of occupation-time density.]

The following statements hold almost surely:

(1) For all t > 0, p, is absolutely continuous with respect to the Le-
besgue measure and its density is L,(-). In other words, for any mea-
surable, bounded, real-valued function f: R — IR

/ ) ds = [ romea (4.13)
0 —00

(1) More generally: for any measurable, bounded, real-valued func-
tion g: R, x R — IR and for any time t > 0,

/Otg(s,Xs) ds:/:{/otg(s,y) dsLs(y)}dy : (4.14)

(iti) The mapping t— L,(-) is non-decreasing continuous from [0, 0o)
into the space of continuous real-valued functions with compact support,
with topology induced by uniform convergence on compact intervals.

Proof. (1) We first check (4.13) in the case when f = y, is the indicator
function of an open set 4 C R. As X is continuous, [;(4) :=
{s € (0,1) : X; € A} is an open subset of (0,00). Hence, there exists a
finite or countable family of disjoint open intervals ((oc,-, ﬁi)) such

ieJ
that 1,(4) = U;es (o, f;). The definition of D, and [,(4) impliesethat
{(x,h) e E:xedand T(x,h) <t} = J(Dy \ D) - (4.15)
icJ

Hence, the Lebesgue area of these two sets are equal, so that almost
surely,

/XA(y)L,(y) dy = |{(x,h) € E:x € 4 and L,(x) > h}|

U(Dﬁi \D“i)

ieJ

(4.16)

But Proposition 3.1 implies that the sets Dg. \ D,, for i € J are disjoint
so that
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/ 1LY dy =3 1Dy \Dy

icJ
= Z(ﬁz — o)
icJ
t
:/ ﬂ{XcEA}dS . (417)
0

Using this result, it is then very easy derive (4.13) for arbitrary
bounded and measurable f.

(i) First note that (4.14) for g(s,y) = h(s)f(y), with & and f
measurable functions, follows directly from (4.13). For general,
measurable ¢(s,y) apply approximation by linear combination of
factorizable ones. This procedure is standard, we leave the details for
the reader. (See e.g. Exercise VI.1.15 in [RY])

(ii1) This is simply due to the fact that almost surely, L, is a non-
decreasing family of continuous functions with compact support, such
that for all y € R, ¢+ L,(y) is continuous.

[JTheorem 4.2.

L,(-) being identified as the occupation-time density, or local time
of our process, (4.9) and (4.10) show that T'(x, &), respectively, 7" (x, &)
are actually the left-continuous, respectively, right-continuous ver-
sions of the so-called inverse local time. This implies the general Ray-
Knight Theorem for the occupation-time density of X:

Theorem 4.3. [Ray-Knight theorems.]
(i) Almost surely, for all (x,h) € IE and y € R

Ly () = Ay () (4.18)
(ii) Almost surely, for all (x,h) € E and y € R
7_}'_ . J—
Ly () = M) = M Ay (v) (4.19)

Proof. These are direct consequences of the definition (4.7) of L,(+).
[JTheorem 4.3.

Remark 1. Let us stress here that (i) and (ii) are much ‘stronger’ than
the ‘usual’ Ray-Knight Theorems in the sense that we have a de-
scription of all Lr( ;) (respectively Lr+(.;) simultaneously for all
(x,h) € E.
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Remark 2: Note that in fact, it is easy to notice that for all fixed x € IR, if

7, = 1nf{r > 0 : X, = x} (4.20)

denotes the first hitting time of x by X then almost surely 1, =
T"(x,0), so that (ii) contains also a ‘Ray-Knight theorem’ at first
hitting times. But, of course, there exist infinitely many (random)
points such that t, # T (x,0) (for instance if x=sup{X,:t¢€

[0, 70, )1}).
Before proceeding to the next section, we complete the list of
properties of the function 7: IE — R :

Proposition 4.4. Almost surely the Lebesgue measure of the set
R\ T(E) is 0.

Proof. We will use Theorem 4.2: Clearly, if ¢ ¢ T(IE), then either H, = 0

or t # T'(X;,H,). In the second case, as ¢ € [T(X;,H;), T"(X;, H;)], it
implies that 77 (X;, H,) # T(X;, H,). Hence

/0 Uigr(ey) dt < /0 U gr,=0ydt + /0 Tpre )20+ 0L,y At -
(4.21)
But Theorem 4.2(ii) readily shows that

/ ﬂ{L,(X,):O} dt = / Ody =0 (4.22)
0 R
and that
/0 Toree.zx)#re (oo dt = /}E Vrnyer-gmy dy dh. (4.23)
But for all (y,4) € E, almost surely, 7(y,h) = T*(y, h). Hence,
/[E Vromzr .y dy dh =0 (4.24)
almost surely. Finally,

/0 ﬂ{téT(IE)} dt=0 (425)

almost surely.
COProposition 4.4.
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5. Markov properties
5.1. Markov property of (X, L(-))

In this subsection, we are going to derive the Markov property of the
process (X;,L(-)). We start with a Markov Property ‘in space’

We first need to put down some notation. Denote by Cj the space
of continuous functions with compact support 4: R — R,. For
A € Cy we define 4, (respectively .«7;) the sigma-algebra generated by
the data below (resp. above) the curve A. More precisely, for all n € N
and 1 € Cy we define the stopping time

Py = inf{x > X, : F(x) = A(x)} . (5.1)
Then,

B, :=0c({F(x):n>0, h, < M%) and xe¢ %, 050)}) (5.2)
A =a({F(x):n>0, h,>A%) and x€[F,p.,)}) . (53)

For all (x,h) € IE, we define the ‘past’ and ‘future’ algebras with res-
pect to T'(x,h) as follows (we use respectively the notation % and .o/
for ‘before/below’ and ‘after/above’):

'%(x,h) = {E € a(A) : VA€ Cy such that A(x) > A,

EN {K(x,h) < )L} S @,1} (5.4)
ﬂ(xﬁ) = {E € ad(A) : VA€ Cy such that A(x) < A,
EnN {K(x,h) > )L} S JZ(,{} (5.5)

One can easily check that %, ;) and ./, ;) are indeed sigma algebras.
B p (respectively /(. ;) contains the information below (respec-
tively, above) the (random) curve A ;. Note that A ;) and conse-
quently T'(x, h) are .o/ (, yy N Ay ) measurable.

Proposition 5.1. Let (x0,h0) € E and 1 € Cy be fixed. Then, given
Aoy no) = 4, the algebras By, p,) and A, j,) are independent.

Proof. This result is intuitively clear: The law of (X, 7 > T (xo,ho))
depends only on the lines ‘above’ K(mho) and the law of the system of
lines above this curve depends only on this curve as the forward lines
(resp. backward lines) coalesce with A ) (resp. Afx07h0>). To make
this more rigourous, it suffices ((xp,%9) being fixed) to define the
process X in the following way: Define first a family of coalescing
independent RAB’s (E,,n > 0) by induction just as the F,’s except
that it is started from (%, 4,),, where (%9, ho) = (xo, ) and (%,,h,) is
dense in [xg,00) x (0,00).
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Similarly, define a family (E,,n > 0) of backward lines started
from (&%), where (%),h}) = (xo,ho) and (¥, %) is dense in (—oo,
x0] X (0,00).

Theorem 2.1 and Proposition 2.2 show that if we define for all
V<x¥<xp<x<yand h >0,

A;Lh)(y) =sup{E,(y) : E,(x) <h, n>0and %, <x}  (5.6)
Afx,’h) () =sup{E () : E,(x') <h, n>0and &, >x'} (5.7)

then the law of A' (resp. A?) defined on IF! = {(x,4,y) € F' : x > x}
(resp. TIF? = {(x,h,y) € F~ :x < xo}) is identical to that of the re-
striction to this set of A (resp. A*). In particular, using the duality
property (and the independence between 7, and 7 ), there exists a
unique version of A (with the law described in Theorem 2.1) such that
A=A"and A" = A® on FF! and IF? respectively. Note that with this
construction, we can define first £, and E|, (i.e. A (xo,ho)) @nd then A(x A
for the other values of (x,%): We have explicitly the law of A condi-
tional on Ay, -

As (E,)’s (and (E;,)) are independent coalescing processes, it is clear
that the law of (E,:n>0and Eo(%,) < h,) (and that of
(E! :n >0 and Ey(x,) < /.,)) depends only on Ey (and Ej). In par-
ticular, conditionally on Ey and Ej, these processes are mdependent
from (E, :n >0 and Ey(%,) > h,) and (E, :n >0 and Ey(&)) > /).
But the definitions of A!, A*> and A show that

Bxoho) = 6({En :n >0 and Eo(%,) < o}

U{E, sn >0 and Eo(¥,) < }) (5.8)
A (xh0) = ({E,, n>0and Ey(%,) > h,}

U{E. :n>0and Ey(%)) > }) , (5.9)

Hence, conditionally on E; and E| (i.e. on K@tho)), the two sigma-
fields .7y, 4,) and Ay, 4, are independent.

JProposition 5.1

We now introduce the past and future algebras with respect to
deterministic time ¢ > 0:

B :={Eca(A) : V(x,h) € E, EN{T(x,h) > 1} € By}  (5.10)
ot ={E€a(A) : V(x,h) € E, EN{T(x,h) <t} € Ay} (5.11)



The true self-repelling motion 403

Proposition 5.2. Let t > 0 be fixed. Then
o({X;:0<s<t})C % (5.12)
o({X, L)) Va({Xs:s>1}) C o, . (5.13)
Proof. We prove (5.12), the proof of (5.13) is identical. Let 4 € C.
Then T'(x,h) >t and A, < A imply that
770, € {(x,h) €EE:h < A(x)} . (5.14)

Hence, given the construction (3.14) it follows that for any
0<s <---<s, <tand any intervals (a;,b;) CR (i € {1,...,p})

(X € @b)}n{Teh) 2} n{Awy <2} €2 (515)
ie{l,...p}
and this readily implies (5.12).
[(JProposition 5.2

Theorem 5.3. Let t > 0, x € R and A € Cy with

/OC Ay)dy =t (5.16)

be fixed. Then, conditionally on X; = x and L,(-) = A(-), the algebras %,
and </, are independent.

Proof. Denote

h = Alx) . (5.17)
For any (x,4) € E fixed we define the event
B(x,h) = {T(x,h) = T+(x,h)} . (518)
Similarly for ¢ > 0 fixed, we define the event
B, :={T(X;,H,)) =T"(X;,H,)} . (5.19)
These events are of full measure:
P(Bn) =1=P(B) (5.20)
and
{(X,=xand L, = 2} NB, = {App = A} N By - (5.21)

Note also that

{Aapm =4y CH{T(x,h) =t} ={T(x,h) >t} N{T(x,h) <t} (5.22)

Let E € #, and F € .o/, two arbitrary events. Then the following chain
of equalities holds
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=P(EN{T(x,h) > t}) N (FN{T(x,h) <t})[Appy =4)  (5.24)
) > tHA = 2)

=PEN{T(x,

P(F N {T(r k) < A = 2) (5.25)
= P(E[As) = DP(F[Asy = 4) (5.26)
—PEW, =x, L, = )PFIX, = x, L = 7) (5.27)

In (5.23) and (5.27) we use (5.20) and (5.21). In (5.24) and (5.26) we
use (5.22). Finally, in (5.25) we use Proposition 5.1 and the fact that
by definitions (5.10), respectively (5.11), of 4,, respectively .o7;:

EnN {T(X,h) > l} S g(x,h) s (528)
FnN {T(x,h) < t} S %(XM . (529)
[JTheorem 5.3

5.1. “Local Markov property’

In this subsection, we derive the locality property stated in the in-
troduction and some other related results.

We first introduce some new sigma-algebras: For all x < y in R, we
define

ap *
,NF: .

(5.30)

In plain words: 7 ,,) contains the data between the ‘times’ x and y;
the sigma algebras 7, and 7 defined in section 2 correspond res-
pectively to F (_o ) and F (.. This definition implies immediately
thatif Qy, ..., Q, are p disjoint open intervals in IR, then #q,,..., Zq,
are p independent sigma-fields.

Suppose now that Q C IR is an open interval. Define as in the
introduction, for all t > 0 and u > 0,

F (xy) = J({F,,(x') :n>0 and x<x, <x <y}> =7

t
A? = / Tix,eqids (5.31)
0
= inf{t > 0:4% > u} (5.32)
X7 =Xga . (5.33)

We say that X< is reflecting true self-repelling motion in the interval Q
started from X§%. Using Proposition 2.2, It is easy (and left to the



The true self-repelling motion 405

reader) to see that X can be described as follows: Introduce for all
xeQ h>0,

1) i= [ Rn)dy (5.34)
Q

and then define (X2, Hy}),, using 7% exactly as (X, H,),, has been
derived from 7. In partlcular this shows that the process X is %o
measurable. Hence, if Qy, ..., Q, are disjoint open intervals in IR, then
the processes (X, ..., X*%) are independent.

Suppose now that the open interval Q is fixed. Almost exactly as
for X, one can derive Markov properties for reflecting true self-re-
pelling motion X. Define first the occupation-time densities corre-
sponding to X**: For all # > 0 and x € Q,

L} (x) := La(x) (5.35)
(Theorem 4.2 implies that L is exactly the occupation-time density of
X9).
Proposition 5.4. (X, L?) is a Markov process.

The proof goes along exactly the same lines as that of Theorem 5.3
and we leave it to the reader. In fact, it is also immediate to notice that
if we define

DI2(x) = L2(x) — LAXD) (5.36)

then (X;*, DLY),-, is also a Markov process. Combining this with the
independence stated above yields the locality property stated in the
introduction.

Remark- As a byproduct of the proof, we also get the following
counterpart of Proposition 5.1:

Proposition 5.5. For all x € R and h > 0, conditionally on DL (i)
(X u < T%(x,h)) and (X u > T%(x,h)) are independent.

One could then use this and a similar proof as that of Theorem 5.3
to show that for all £y > 0 and ¢ > 0, if we define

to = 1inf{t >ty : | X, — X; | = ¢} , (5.37)

then the law of
(‘Xt _‘Xlovt < [l()vt(s)]) (5'38)

depends only on (L (X, +x) — L, (X)X € [—¢,¢]) .
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6. Dynamics

We derive the dynamical driving mechanism of true self repelling
motion. A non-rigorous, but still instructive phenomenological der-
ivation is presented in Appendix B. Consulting that argument before
reading the forthcoming rather technical proof might be illumi-
nating.

In this section, to avoid heavy notation, as there is no danger of
confusion, we will write A instead of A.

Theorem 6.1. For any (xo,ho) € IE fixed

Ty hg) —
P-lim o) Lo(Xy + &) — Ly(Xs — ¢€)

ds
el0 0 2e

1 .
:_XT(xo,ho)—i_Z( sup X;+ inf )XS> (6.1)

0<s<T{x 9 0<5<T{xy g

Proof of Theorem 6.1. Define

o= Uy py) = IDF{Y 1 Agyy ) (v) > 0} (6.2)
W = Oy hy) = SUP{Y : Ay ) (v) > 0F (6.3)
Clearly:
a=1inf{X;: 0 <5 < Ty} (6.4)
X0 = X1 40, (6.5)
=sup{X; : 0 < s < Tiony) } - (6.6)

From Theorem 4.2(ii) we know that almost surely for any bounded
Borel function R, x IR 3 (s,x) — f(s,x) the following identity holds:

/Otf(s,Xs) ds—/_i{/otf(s,y) dSLS(y)}dy : (6.7)

On the other hand, we know that almost surely and for almost all
(v,h) € IE (with respect to the Lebesgue measure in [E) T(y,h) =
T*(y,h), so that a change of variable yields that almost surely, for all
bounded Borel function f on R x IR

/ {/fsy ) dsLs(y }dy / { OLl(y)f(T(y,m,y)dh}dy. (6.8)

Applying (6.7)-(6.8) to f(s,x) := Ly(x £ ¢), due to Theorem 4.3 we
get:
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Tixg.hg) e L7 0h0) )
/ Li(X; £e)ds = / / Ly, (v xe)dh ;dy
0 —00 0

0 Aty ) )
:/ /0 Ay ) dh b dy

By use of (6.4)(6.6) and (6.9), (6.1) transforms to

o]

. 1 A(XU ) »)
P- lslf(?ﬂ /0 (Mg +€) = Ay —¢)) dh 3 dy

1
:Z(oc—i-w)—xo :

and this is what we are going to prove now.
We write the integral on the left hand side of (6.10) as

oo

where

X0 Ay ) )
[1 = / A (A(y,h) (y + 8) — A(y,h) (y — 8)) dh dy

407

(6.9)

(6.10)

00 Aty i) 0V)
/ / (A(%h)(y—l-&‘) — A(y,h)(y—e)) dhpdy=1+1L (6.11)
- 0

Xo Ay ) ) Ay ) (V—8)
_ / / A — &) dh /0 Ao () dh s dy

0
X0 A ig) V)
+ / A(y,h) (y + 8) dh dy
Xp0—¢ 0

® Ay i) )
/ /0 (A +8) = A (v — &) dh o dy
X0

]2:

(6.12)

® Ao o) (V) Ay ng) 0 F8)
= / / Ay (v +¢) dh — /O Ayyen(v) dh p dy

X0 0
xote Ay i) (V)
— / A(yq,h) (y — 8) dh dy
X0 0

The statement of the theorem will follow from

L1 1
P- 1;{1012 =1 (o0 —xp) — EmaX{O,xo}
I 1 I .
P- 13{512_25 = (@ —x0) — 5 min{0,x}

(6.13)

(6.14)

(6.15)
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We are going to prove (6.15), the proof of (6.14) is completely id-
entical due to the duality of the forward and backward lines.
The following simple observation is of crucial importance:

Lemma 6.2. For any (xo,hy) € E and z > y > xq

Axgig) ) Ay i (2)
/0 Agpy(2) dh — /0 Aew () dh

A(-"O o) (y)

1
=5 (Arosi)(@) = Ay ()42 /0 (A (z) — h) dh

1
+ 2A(x0 ho)( ) 2A(x0 ho) (Z) (616)

Proof. This proof is elementary. As M (y, z) (defined in (2.13)) is locally
finite, there almost surely exists an integer n» > 0, and two finite in-
creasing sequences 0=ay<ar <--<a,= Ny and
0=bo <by <---<by1=Ayn(2) such that for all i € {1,..., n}
and & € (a;_1,a;], we have A, ;)(z) = b;_1 and, on the other hand for
all i€ {l,...,n—1} and /' € (b;_1,b;] we have A y)(y) = a;. Ele-
mentary computations show that both sides of the equation (6.16) are
equal to

22 —a; )by — aybyy —a’)2 . (6.17)
[JLemma 6.2
Applying this identity, with z = y + &, to (6.13) we get:

1 (&)

L= 5 {A(X(»Jlo)(y + ?) - AXO ho } dy
x0

o (A ®)
+ 2/ /0 (A(y’h) (y + 8) — h) dh dy
X0
xo+¢ Aty i) )
SN A= = 58 0) p
X0

=: bhi+bhy—DI3 (6.18)

We easily get rid of the error term /> 3: by almost sure continuity of
v+ Ay (v), for all (x,h) € [E and a simple dominated convergence
argument we have indeed almost surely,
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1 ! X0+ Ay i) (V)
lime s = lime A o D dhd
P R T /x 0 /0 (v — &) dhdy

) . Xo+é 1 5
_ I:fgl & / 5 A(x(]sh()) (y) dy
X0

MMy (6.19)

Next we look at Ir: since Ay, (-) is a Brownian motion, from
standard arguments (for instance computing the first two moments of
L) we get:

. by 1
P-lim == =—(w — . 2
m =3 (620
It now remains to study />,. For (y,/) € IE and z > y we denote
E(Agn(2)) =t my(2) =t h+ g (2) (6.21)
A(y,h)(z) - m(yﬁh) (Z) = A(yyh)(z) (622)

Elementary computations show that (one could also use Tanaka’s
formula to estimate these quantities)

2= 22y $(8) (5 - y|_1/2h> dé if y <z <0

) &) =0 20/ i, $(0) (€ — ol ') e ify <0<z
0 if0<y<:z
(6.23)

Where ¢(&) = (2n)/?exp(—¢%/2). We write

» Ay i) ) _
1272 = 2/ / A(y,h) (y + 8) dh dy
X0 0
» Ai) (V)
+ 2/ / mo, (v +¢e)dh o dy
X0 0

=t ho1+5ho» (6.24)

First we deal with 7,5 ,:

0 00
hpo = 1]{xo<0}2/ {/ meym (v + &) dh} dy
X0 0
0 00
— ﬂ{X0<0}2/ / m(ym (y + 8) dh dy
X0 Apy i) )

=:12p21 — D222 (6.25)
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b5 1s deterministic and it is easy to compute. After an elementary
integration we get:

/ {\/ iy POE =) dé}dh =3 (620)

and hence
’ Do
im
el0 2¢e

—x0¢ — &2/2
2e

Next we estimate 12 222. Another elementary computation yields:
t
L[ e azhan < e o)
~1/2p,
and hence we get for any xp <y < 0:

B( [ i+ dn) < SE(exp{-A, 00/ (29)))

(o) )
& &
S 6.29
ol te (6.29)

Inserting this in the definition of /55,5, we get

E(}]zyzg_z‘) = E(12222 < ﬂ{Xo<0}‘L’/ m

. |
= Tjy<0} 13}51 = — Emm{O,xo} (6.27)

< W ip<0y 5 v/ ool (6.30)
Hence
IR EY)
P-1 = — () 6.31
glrgl 2e ( )

Finally, we turn to /5, defined in (6.24).

Lemma 6.3. Let (xo,ho) € E and x; > x be fixed. There is a constant
C = C(xo,ho) < 0o such that:

X1 A i) (V) 2
E / / Aopn(+e)dh s dy < Clxy —xoe*? (6.32)
X0 0

Remark: The constant C = C(xo, ko) can be chosen as C’(ho + 1, <0y
v/ |x0]), where C’ is an absolute constant.

Proof. Recall that 7, the g-algebra generated by (A (y) :x <y <z,
h > 0) and for the extent of this proof we introduce the shorthand
notation:

(8) A(xo.ho)(y) ~
(xo ho)( ) = /; A(%h)(y + 8) dh (6-33)
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Clearly ng) joyW) 18 F . ;-measurable and

E(T(,,0)]7,) =0 (6.34)

We express the left hand side of (6.32):

(L)

X1 (r+e)Axy © o /
N 2/va E(r(xo,ho)( )E<r (x0,h0) (y ) 7
x| (rte)Ax
= (e) (¢) , ,
= 2 /);0 {/y‘ E<F(x07h0)('y)r(x(),h0) (y )) dy } dy
X1 (v+e)Axy 1 s
¢)2 €)2
=2 / {/ E<rgx2)h0)(yl)) E (rgx?),ho) (y)) dyl} dy
X0 y

< 2w — xo| sup E(rgxzho)(y)) (6.35)

XSy

<

In the second line we use the fact that T'*) (v)is # .. measurable, in
. . (x0,h0) Vs
the third line we use (6.34).
Next we estimate the expectation on the right-hand side of (6.35).

(&
E (F(XO ho) "f )
"0 ho XO hO
/ / yh)(y+ &)y (v + g)) dhdl  (6.36)

We compute the right-hand side of (6.36). Let zr—>ng >(z) and
z+—>R ) be two independent (non-coalescing) RABs startmg at
‘time” y f)rom level Ay, respectively A;. Define their first collision time,
as in (A.2):

2 )
O-)(/;i)ll,hz = 1nf{z >y R(ly,hl)(z) = R(Zy,h2)(z)} -y (637)
Then

Céy,hl)(z) = R(ly,hl)(z)7 (6.38)

2 — p2 1 2
C(V-,hz) (2) = R(%hz)(z) + ﬂ{a,fflzl,hz <z—y} <R(y-,h1)(z) o R(yvhz) (Z)> (6.39)
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have the joint law of two CRABs. Using the strong Markov property
of (Réyh (), R%y,”)( )) we get, for any z >y (in the next displayed
equations, we shall simply write ¢ instead of 0(2,3 1, for obvious ty-
pographical reasons).

E((Agm) (@) = mm) (@) (M) (2) = mn)(2)))

)
= E((Rjy 1) (2) = myn) (2 )( bn) (2) = M3 (2)))
+E((R(yh (z) — m()’hl)(z))(R(yhl (2) _R%yhz (Z))ﬂ{a<z—y})
=E((R{)(2) — Myiorl, (r+0) (2 2) M oeyy)
<SE((z-y-0)ljcy)
<(z—yPle<z—y)
<2z —y| exp{_(‘fléi:f/;)z} . (6.40)

In the last step we used (A.15). From (6.36) and (6.40):
(¢)2
E(r, 0)7)
(x0:hg) (y) A(xo Jho) (y) P
<% / / exp{—(hs — )’/ (4e)} dhy dhs

L [E A i) ) e P A g () 5
— 9 / / exp{—(hy — h1)"/4} dhy dh,
0 0

, [ V2 Ay ) o0 5
< 2¢ / / CXp{—(hz — h]) /4} dh] dhz
0 —

= 4\/EA(xo,h0) (y)83/2 (641)

Inserting (6.41) in (6.35) yields (6.32) CJLemma 6.3

We are ready now to estimate /5, defined in (6.24). Let n > 0 be

fixed. For any x; > xo,
1l > Apg i) )
g/ /0 Ay (v -+ &) dh Say| > 1
X0

P(|(2¢) ' bl > n)
<Plw>x)+ P<
1 X Apgng) ) 2
SP(G)>X1)+WE / / A(yvh)(y—i—s)dh dy
X0 0
Cho + T xy<01/ X0l

<
- \/27r|x1|

+ C XO,ho)’xO xl‘n—281/2 (642)
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In the last step we used (6.32). Letting x; T co and ¢ | 0 from (6.42) it
follows that

. Doy

P-lim—===0 . 4

;g(I)l 2¢ 0 (6.43)
Putting together (6.18), (6.20), (6.27), (6.31) and (6.43) we get indeed
(6.15). As we already mentioned, (6.14) is derived by an identical
reasoning applied to the backward lines. (6.14) and (6.15) together

imply (6.10), or equivalently, (6.1).
ply ( ) q ¥ 6D [JTheorem 6.1.

Remark: A similar result can be proved for deterministic (fixed) times
t >0, too:

t p— pa—
poiim [ L (Xy +e) — Li(X; —¢)
elo Jo 2¢

1 .
ds:—)(t+—<sust+ inf Xv)

0<s<t 0<s<t
(6.44)

But the proof of (6.44) would require further extensive estimates
which we avoid here.

7. Upcrossings and local variation

We are now first going to state and derive an approximation theorem
for the occupation-time densities using upcrossings (in the same spirit
as those for the local times of semimartingales, see e.g. Revuz-Yor
[RY], Chapter VI).

For x € R and ¢ > 0, define by induction the sampling times

70(x,€) := 0, (7.1)
ou(x,€) == 1nf{t > 1,1 (x,¢) : X; = x}, n>1,
Tu(x,8) := inf{t > g,(x,&) : X; = x + ¢}, n>1. (7.3)

Then, the number of upcrossings from x to x + ¢ before time ¢ is
defined by

U = sup{n > 01 1,(x,¢) < 1} . (7.4)
Finally, for all (x,%) € [E, we put
& o xl(xte)
Ul = Urpwy - (7.5)
Clearly, the definition of X shows that almost surely, for all (x, %) € IE
Uiy = #{ Ay (x +&) = K €(0,h]} —1 . (7.6)
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We will derive the following result:

Lemma 7.1. (i) For all (x,h) € E,

h
VT
The convergence is uniform in compact subdomains of IE.

(i1) There exists a constant C < oo such that for all (x,h) € IE and
€ (0,1)

lgloi E(vVeU, ) = (7.7)

Var(VeU(, ) < Chv/e . (7.8)

By applying Chebyshev’s inequality, these estimates immediately im-
ply the following approximation result:

Proposition 7.2. For all (x,h) € E,

h
P-lim v/eU:, .
im Vel =7

Proof of Lemma 7.1. By scaling, it suffices to consider U} := U(sx N
only. Using (7.6) and monotonicity and left-continuity of hw—
Ay (x +¢), one has

(7.9)

U =lim U’ | (7.10)
ploo
where
271
Usr .= L{Apjpry(x+8) # Apginpn(x+e)} . (7.11)
j=0

For the extent of the present proof we introduce the following
shorthand notation: for p € N and j < ;' in N we denote the events
&{pjj’ = &ipjj’ (X, 8) = {A(x’jgfp) (x + 8) < A(x_j/z—p) (x + 8)} (712)

Ay o= Ay (% 6) = {Apprn(x &) = Apjonx+e)}  (7.13)

Note that for all x € R and &> 0 fixed, the sequence U/ is non-
decreasing with p, and (as it is integer-valued and bounded) it is sta-
tionary for large enough p. Hence,

E(U;) = mE(U;*) and E((U2)) = EmE((U7)) . (7.14)

Let n € (0,1) be fixed. Using (7.11) we write

[27n]

-1
E(UP) ZP pjt1) Z P(Apjj11) (7.15)

J=[21]
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Using (A.6) of Lemma A.1 we easily estimate the first sum on the right
hand side of (7.15):

[27n) 5
Y P(A ) Smy/ (7.16)
j=0 e

Next, using the uniform convergence of Lemma A.3. we get the limit
of the second sum on the right hand side of (7.15):

w1
. I—9
lim E P, ir]) = —— 7.17
pToon[zpﬂ ( p’“H) Ve ( )

Putting together (7.15), (7.16) and (7.17) and letting 5 | 0 after p T oo
we get exactly (7.7).
To derive (ii), note that

w_2 |

U = U +2) Y Wi N} (7.18)
=0 /=

and

(E(U))* > 2 Z P(Lpj i )P(A i) - (7.19)
Jj=0 j'=j+1

Hence,

-2 -1

Var(UpP) SEU) +23 0 > APyt N A pyya)
j=0 j=j+1

—P(A i) P(ALpyji1)} (7.20)
We claim that for all j < j/,
Pt i1 N py 1) — P(Apjji ) P(A pjrjri1)

< P(ﬂp%ﬁ_l mﬂ;,j-&-l,j’ ﬂ&fp,j/_’jq_l) . (721)
Indeed:
P(lpjjir N py i) = P(ALpjjr Nty iy N pyjn)
=P(Apjjr1 N pjiry NV pj i)
< P(Apjjr1)P(Apy 1) (7.22)

where, in the last step we use the fact that the forward lines involved
are independent as long as they do not meet and coalesce.
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Note that for all j > 0 and p fixed, there exists exactly one j/ > j
such that

Ap (inan (x + &) = A jor(x +8) < Aprnpn(x+e) . (7.23)
Hence, for all fixed p > 1 and j € {0,...,27 — 2},

2P —1

Yo Py Ny g N ppyat) SP(Spypn) - (1.24)
=

Finally, combining (7.20), (7.21) and (7.24) we get
Var(U?) < E(USP) + 2E(U) = 3(en) 2 4+ 0(e7'%) . (7.25)

Hence (7.8). OLemma 7.1

We are now going to deduce from Proposition 7.2 the approxi-
mation result for Z,(x) (where ¢ is a fixed time):

Proposition 7.3. For all fixed t > 0 and x € R,

P-lim vaU 0+ = L) 7.26
Proof. Suppose that # >0 and x € R are fixed. Suppose (4,), is a
dense deterministic sequence in [0, c0) with #; = 0, and for p > 1, put
S, ={h1,...,hy}. Then for all « >0 and n > 0, there exists p < oo
such that

P(S, N (Li(x) — o, Ly(x)] = 0 or S, N (Le(x), Li(x) +a) =0) <1 .
(7.27)

Let us now fix p in such a way that (7.27) holds. Proposition 7.2 then
implies that there exists g > 0 such that for all ¢ < gy and for all

je{l,...,p},

P(’\/EU&M - hj‘ > oc) <u/p . (7.28)
Hence, combining this with (7.27) and using the fact that ¢+ U*®+?

is non-decreasing, implies that
P(‘\/%U;‘“x“) - Lt(x)’ > 20c> <2 . (7.29)

This completes the proof of Proposition 7.3.
[JProposition 7.3.
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A similar method is used to derive the following results, that loosely
speaking state that X has a finite variation of order 3/2: Suppose
that for ¢ > 0 fixed we define by induction, the sequence of sampling
times

0, :== 0, 0) :=inf{r >0 _, :|X, _XGZJ =¢} . (7.30)
We also define, for all £ > 0,
N/ :=sup{n >0:0, <t} . (7.31)

Theorem 7.4.
(i) For all (x,h) € E,
2T (x, h)

P-lim & Nje = Y (7.32)
(1) For all t > 0,
. ‘ 32 b i 32876 2t
P- 1;{51 n<ZNC ‘X@; —X();_l ‘ = P- lslfong Nt = ﬁ . (733)

Proof. (i) Define the number of downcrossings D/~ from level x to
x — ¢ before time ¢ by X, analogously to the number of upcrossings.
Then,
3 3 1)e 1)elne
N = 2_{Upan + D" (7.34)
neZ

and, clearly, for all ¢ > 0 and ¢ > 0,
I ifne0,[x/e]]U[[x/e],0]

nel(n+1)e (n+1)elne|
Ur(x,h) B DT(x,h) - ) (735)
0 ifn &[0, [x/e]] U [[x/e], 0]
Hence
£ nel(n+1)e nel(n—1)e
Niew =2 D Uy =2 2 Dy
n>[x/¢] n<|x/¢]
<207 e x| (7.36)
But
Uiy ™" < min{ UREE 1k DL (137)

Now, clearly
max{x — |x/¢ele, [x/e]e —x} > ¢/2 (7.38)
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and, due to Lemma 7.1, (7.37) and (7.38) readily imply

P-lim &2U 5 = 0. (7.39)
el0

Obviously, we also have lim, | &*/2¢~'x = 0. So that it suffices to study
the asymptotic behaviour of

&2 Z Uﬁi%’l)g and that of &2 Z D'}'S(ifz)_l)g . (7.40)
n>[x/e] n<|x/e

Actually, it is sufficient to show that, for any fixed K > x

[K/¢) K
BT 3/2 nsT n—',—l)‘D —1/2
P 18%18 Z Uy / Ay (v) dy (7.41)
n=[x/] *
Then, letting K — oo (similarly to the argument in (6.42)) we get
3/2 mT n+1 _1/2
P-lime Z U / Awn () dy . (7.42)
n=[x/¢]
By symmetry we get a similar result for the other sum of the down-

crossings.

We are going to prove now (7.41): Recall that we denote by %, the
sigma algebra generated by {Aq (v ) x<y<z h>0}. Let n>
[x/¢] be fixed, then conditionally on ¥, the law of U "H is id-
entical to that of U(ng A (e

Let us now fix K > x. "llilen the previous observation combined
with the uniform convergence proved in Lemma 7.1-(i) shows that

[K/e)

. 1
e [Zx/ﬂ ) = 2 A ()

On the other hand, from Lemma 7.1-(ii) we get

K /e |K/e]

> var(@PUpli 7, ) < ST A ()

n=[x/¢] n=[x/¢]
< C(K —x)e sup Apw(y) . (7.44)

y=>x

=0  (743)

1/2 5 mel(n+1)e
E(e/ UT(x’h) 7

(7.43) and (7.44) imply
o e e &
P-limq ¢ _;] Ur i _ﬁn—%;ﬂ App(ne) =0 . (7.45)

But obviously, almost surely,
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K/ K
. & Z ~1)2
i3 Vet Ao re) =7 /x An()dy - (7:46)

Combining (7.45) and (7.46) yields (7.41) and, eventually, (7.32).

(i1) Suppose now that ¢ > 0 is fixed (the case # = 0 is trivial). The set
T (]E) is a.s. dense in IR, (this is a straightforward consequence of the
fact that for any (x,%),(x',#’) in E such that T(x,h) > T(X' i),
D(x, h)\D(x', i) contains an open set and therefore a point in IE). For
all p > 1, we now define

S, = {T&,h):j=12,....p} . (7.47)

The density of 7(IE) implies readily that for any o > 0 and 5 > 0, there
exists p > 1, such that

PS,N(t—at)=0orS,N(t,t+a)=0)<n . (7.48)

But if o, # and p are fixed, Theorem 7.4 (i) shows that there exists
¢ > 0 such that for all ¢ < ¢ and for all j € {1,...,p},

83/2\/EN;(;C[1) ~
P ‘f - T(xj,hj)( <o <n/p. (7.49)

Combining this with (7.48) and using the fact that #— N/ is a non-

decreasing function of ¢, implies readily (7.33).
[JTheorem 7.4.

Remark. [Further pathwise properties of X]

Using the Markov property (for instance at rational times), it is then
possible to make the link between exceptional times for X (times of
monotonicity for instance) and the points in IE of exceptional topo-
logical type (for the system of lines; see section 2.2). More precisely, if
we say that ¢ > 0 is a time of monotonicity for X if there exists ¢ > 0
such that either for all u € (0,¢), X;—, < X; < X;4, or for all u € (0,¢),
Xi—u > X; > X4, then the set of points (X;, H,) where ¢ is a time of
monotonicity for X corresponds to the set of points of topological type
[1, 1]. Similarly, points of topological type [0, 2] and [2, 0] correspond to
times of local extrema for X, and the points of multiplicity 2 correspond
to end-times of excursions away from a point. This can be used to show
existence of points of topological type [2,0], [1,1] and [0,2].

8. Construction and properties of A: proofs

In this section, we give detailed proofs of Theorem 2.1 and Proposi-
tion 2.2. As already mentioned, this construction of system of forward



420 B. Toth, W. Werner

lines is very similar to that of Arratia [A1, A2]. This section is divided
into two subsections: In subsection 8.1 we complete the proof of
Theorem 2.1, i.e. we prove in turn (il), (i2) and (ii) (recall that (i3) and
(i4) were proven in Section 2.1). In subsection 8.2, we complete the
proof of Proposition 2.2.

8.1. Proof of Theorem 2.1

Proof of Theorem 2.1 (il). Define the system of forward lines A ex-
actly as in Equation (2.6) (in section 2.1).

We first state and derive a useful Lemma:

Lemma 8.1. For all fixed (x,h) € IE, A (-) is almost surely well-de-
fined on [x,00), and

() There exists a deterministic sequence (n(k),k > 1) such that
Xn(ky < X, liMgpo0 Xpky = X, liMggo0 Ay) = h, and for all & > 0 there exists
a constant C = C(&) < oo such that for all k > 1

27k

P(A(x,,,)(y) = Fp() forall y>x+ g) 21-Ce o 8)

(i1) Almost surely for all ¢ > 0, there exists a integer ko = ko(€) such
that for all k > ko,

A(x,h)(y) = E,(k) (y) for all y>x+e. (82)

The random integer ko(e) is F y,+.-measurable.
(iii) Almost surely,

A () = m Ay (v) = . (8.3)

Remark: We will see in the next subsections that much more is true,
namely that these results have uniform generalisations almost surely,
to all (x,4) € [E simutaneously.

Proof. (i) We are going to squeeze (x, ) between two families of lines
Fux and Fy ) started before x, such that F,;) and F, ) have small
probability to have coalesced before x or not to coalesce before x + e.
More precisely, we choose two sequences of points (X,), fu(x));>; and
(¥m(k)» Pm@x) )g>1 0 IE in such a way that:
Xn(k) = xm(k) € (X - 57k7x) (84)
and
h=2-2  <hypy <h=2F<h<h+2*<hpp <h+2-27*
(8.5)
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for all £ > 1 and define the following three events:
Sy = {{Fug0) v € Fawox +5 T g =325 01} (8.6)
B i= {{Fun ) 1 € oo x + 5} ¢ hh 43279} (87)

Croi= {Fu (x +2) # Fugy (x +2) | - (8.8)

Elementary estimates on Brownian hitting times yield
k

5 sk
Using the upper bound (A.6) from Lemma A.1 we also find
4.27k

P(%.:) < C, 75

(8.10)

Now, clearly
{A(x’h)(y) # Fy(v) for some y>x+ s} C oA UB UG, (8.11)

and (8.9)—(8.11) imply (8.1).

(1) follows from (8.1) by a simple Borel-Cantelli argument. The fact
that the random integer ko(¢) is 7 ,+.-measurable also follows from
the proof of (8.1).

Remark: Note that this proof also shows the following useful fact: For
all n > 0, almost surely, for all y > X,

A, i) =F() (8.12)
(iii) Note that
(sup{|Aeny ) —h|:yerx+ 59} >3.2% c A U (8.13)

Applying again a Borel-Cantelli argument, from (8.13) and (8.9) we
conclude that almost surely there exists a (random) £; < oo such that
for all k > Kk

sup{|Awn() —h| 1y € r,x+ 54} <3274 . (8.14)
This implies (8.3).
JLemma 8.1.

Now we are ready to prove Theorem 2.1 (il): Let (x,h),...,
(xp, h,) be fixed points in IE.

From Lemma 8.1-(ii), it follows that for all¢ > 0, forall j € {1,...,
p}, almost surely [x; + ¢,00) 3 y+— A(, ) (») is continuous. Combin-
ing this with Lemma &.1-(iii) shows that almost surely for all
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JE€A{L,...,p} [xj,00) 3y Ay, ) (v) is continuous and that A, ) (x;)
= h;. So, it only remains to prove that the finite dimensional distri-
butions of (Ag, 4 (), .., A, (-)) are those of a finite FICRAB
starting from é(xj’hj))je{l....p}' ) .

Let us choose the sequences oy (k)> Pomy(k) Dis1 + -+ 5 oy )> Py (k) D1
as in Lemma 8.1 (i) (corresponding respectively to the points
()ﬁ,l’ll), SRR (xp>hp>)'

Fix an integer » > 1, a map j: {1,...,r} — {l,...,p}, r ‘time’-
variables y; > x;; and r intervals (a;,b;), i =1,...,r and define the
events

9 = {A(xl_(i)_h/_(l_))(y,-) clanb):i=1,... ,r} (8.15)
and

YDy = {F;,‘/([)(k)(yi) € (Cl,’,b,’) i=1,... ,I"} (816)

Note that due to Lemma 8.1 (iii) we do not need to consider the
possibility of y; = x;;) for some i = 1,...,r. Also, for a finitt FICRAB
(Corvn) (), -+ Ciapy (+)) starting from ((xy,h1), ..., (xp, hy)), define
the event

7 = { Cloyyn 1) € (aibi) 1= 1,7} (8.17)

Choose ¢ < min{y; —x;;) : i = 1,...,r} and denote

Ekp = {A(xhh/-) (v7) # Fy0)(v;) forsome j=1,...,pand y; >x;+ 8}

(8.18)
Then, from Lemma 8.1 (i) it follows that
—k
P(&r.) < Cp— . 8.19
(6ks) < Cp 7 (8.19)
Now, clearly
IP(Z) — P(2)| < |P(2) — P(Zy)| + |[P(Z) = P(Z)| . (8.20)
and
IP(Z) — P(Z))] < P(érs) - (8.21)
On the other hand, since limyoo (¥, (£) iln,-(k)) = (xj,h)),j=1,...,p,we

also have

lim P(%;) = P(2) . (8.22)

Letting £ T oo, (8.19)—(8.22) imply
P(Z)=P(2) . (8.23)
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That is: the finite dimensional distributions of (Ay,4)(),. .-,
Ap,n)(-)) are those of a finite FICRAB starting from ((x;,

hf je{l,...p}"
(JTheorem 2.1(il)

For convenience, we define for all x > 0,
M'(x) ={F,(x) :n>0and X, <x} . (8.24)

The next Lemma is used in the proof of the remaining parts of The-
orem 2.1:

Lemma 8.2. Almost surely, for all y € R, M'(y) is dense in R.

Remark: This implies immediately (2.7) i.e. that Ay () is well-de-
fined for all (x,h,y) € IF™ simultaneously.

Proof of Lemma 8.2. 1t suffices to show that for any fixed dyadic
numbers K > 0 and 4 > o > 0, almost surely for all x € (—K, K],

Mx)N(h—o,h+o)#0 . (8.25)

Letusfix K >0and 2 >a>0inID,. Forallk > 1, j € Z, Ajjxr+ ) 18
a RAB, so that elementary estimates on Brownian hitting times yield
that for all integers —2F < j < 2%

_ 22k

o
P sup Ao m(y) —h| > §2exp{
(ye[/'KZ",(jJrl)KZ"]} () — A ) 2K

} (8.26)

Note that for all y € (—K,K] and j € Z such that jK27% <y <
(j+ 1)K27%,

Apjkaimy(v) € M'(p) (8.27)
as jK27% and h are dyadics. Hence, for any integer k > 1,

2k
PGy € (KK MO)N (- nh+5) =0) < K2 exp{ T2

(8.28)
Letting £ 1 oo shows that almost surely, M’(y) N (h — o, h + o) # () for

all y € (—K, K] and the result follows.
[JLemma 8.2

Proof of Theorem 2.1 (i2). Lemma 8.2 also implies immediately that
almost surely, for all (x, k) € E, A (x) = A.

OTheorem 2.1 (i2)
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Proof of Theorem 2.1 (ii). Assume that IF" > (x,h,y) — Al ;) (») is a
random map satisfying (il)—(i4).

Let us now define, for all n > 0,
FZ == A(.;C”,il”) 5 (8.29)

where (%,,%,),-, is the ordering of E introduced in Section 2. (il)
implies in particular that the law of (F/,n > 0) is identical to that of
(Fy,n > 0) (because the law of a countable FICRAB is unique).
Lemma 8.2 then implies that, almost surely, for all x € IR,
{F}(x) :n >0 and X, < x} is dense in R,. Hence, almost surely, for
all (x,h) € E, for all 0 < #” < i’ < h, there exists n; and n, such that
Xn, < X, Xp, < x and

B' <F, (x) <h <F, (x)<h . (8.30)
Combining this with (i3) implies that for all y > x,
Ny 0) S Fp (0) S Aoy 0) S FL0) < Ay ) - (8.31)
Consequently, almost surely, for all (x,4) € [, for all y > x,

%%%Azx,h’)(y) =sup{F,(y) :n >0, X, <xand F,(x) <h} . (8.32)
On the other hand, (i2), (i3) and (i4) imply that almost surely, for any
0 < x <y the mapping h»—>A’(x7h) (v) is non-decreasing and left-con-
tinuous. This implies in particular that almost surely, for all x < y and
h>0,
lim Al () = Ny 0) (833)
Hence, almost surely, for all x <y and & > 0

Azx.h)(J’) =sup{F,(y):n>0, X, <x and F,(x)<h} . (8.34)
This implies that A and A’ are identical in law (as random maps on
IF*) and concludes the proof of Theorem 2.1(ii).

OTheorem 2.1 (ii)

8.2. Proof of Proposition 2.2

This subsection contains the remaining proofs of the results stated in
Section 2.

Proof of Proposition 2.2 (i). This is another immediate consequence of
Lemma 8.2.
OProposition 2.2 (i)
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The following two Lemmas are of crucial importance in the proof
of the rest of Proposition 2.2:

Lemma 8.3. For any fixed (x,h) € E and X' > x, almost surely for all
y>x,
A(x,h) (y) = A(x’,/\(xv,,)(x’) (y) . (835)

Remark: This is the ‘flow property’ (2.11) stated for fixed (x,4) € IE.
As emphasized in Section 2, it does not hold simultaneously for all
(x,h) € E.

Proof. 1t suffices to define a sequence (x,,#h,) as follows: (xg, k) =
(x,h), x, =x' for all n > 1, and (h,),~, is dense in (0, c0). Then The-
orem 2.1-(il) shows that (A, u,)(-)),s is a countable FICRAB.
Hence, using the Markov property, A, ) (x') is independent of
(Ax,n)(*)),>1 and it is then easy to see (using a Borel-Cantelli argu-
ment) that, there almost surely exists an increasing sequence £, and
a decreasing sequence /) in {h,,n > 1} such that limgjo ) =
1imy o fmr) = Ay () and for all y > &/,

A(xlyhn(k))(y> = A(X’,hm(k))()/) (8.36)

for all large enough k. Combining this with (i3) and the monotonicity
of '+ A ) (-) implies Lemma 8.3.
[JLemma 8.3

Lemma 8.4. Suppose that x < x' are fixed in R, and that A and A" denote
two F . measurable countable dense subsets of R”.. Then, almost surely,

{A(x7h) (x’) the A} = {A(xyh)(x’) the A/} . (837)

Proof. Lemma 8.3, the Markov property and Theorem 2.1-(i) show
immediately that conditionally on #, the family (A (-)) ey, 1S @
countable FICRAB (defined for y > x). It is then straightforward to
see that almost surely, for all 4y € 4,

lm A () = Mg (') (8.38)
hed!

and this implies readily the Lemma.
[JLemmag&.4

Proof of Proposition 2.2-(ii). Recall the definition: For all x < y

M(x,y) = {Aew(¥) :h>0and z < x} . (8.39)
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We break up the proof into two steps:
STEP 1: Let us fix g < ¢’ in ID for the moment. We define
M'(q,q') =={Fx(¢') : n > 0 and X, = ¢}
={Aun(d):heD} . (8.40)

Lemma 8.4 and Lemma 8.2 immediately show that for all K > 0,
almost surely,

M(q,q') =M'(q,q') - (8.41)
We are now going to show that almost surely,
#{An(q) heDN(0,K]} <oo . (8.42)

As this is true for all K € N\{0}, this immediately implies that
M'(q,q) is locally finite. We define for all p > 1

K= (/2 je{1,... K2}, (8.43)
AX = {Agn(d) - h € IFY, (8.44)
= A, (8.45)

As A5 C 45 when p <p, NK is a non-decreasing function of p.
For any w € 45, we define

HPK( ) :==sup{h € I A (d) =w} . (8.46)
Note that
NY =#{h el HS (Agn(d)) =h} . (8.47)

Clearly, if h € If, then H(A((q')) = h if and only if one of the
following two events occur:
o h=K
e The two processes A, and Ay 42-») do not meet before ¢'.

As these two processes are independent RABs before their meeting
(i.e. coalescing) time, Lemma A.1 shows that for all # € IX,

2-P
/
W < '
P("(q,h)(CI) < Agnanlg )) = (8.48)
Hence,
K27
E(N)) =D P(H(Agpn(q) = j27)

=1

K27 —1

=1+ Z Ao (q) < Mg j+1)2-») (4))



The true self-repelling motion 427

2-p
<1+ K2C)——rn

Va4

KC,,
<l
vq —4q

In other words, E(NY) is bounded, uniformly in p € N. But (N}) . is
a non-decreasing sequence: Hence, there almost surely exists
po = po(K) such that for all p > py, N = NF_This means in particular
that the set

(8.49)

{A(%h) (q/) :heDN(0,K]} (8.50)

is almost surely finite.
Let us now fix a positive number K’. Clearly, there almost surely
exists an integer K > 0 such that A, x)(¢') > K’, so that

M(q,q')N[0,K') C {Aun(q) :h e (0,K]} . (8.51)
But we have seen that this set is in the closure of the set
{A(q,h)(q’) :heDn(0,K]} , (8.52)

which is almost surely finite; hence M(q,q') N[0,K’] is also almost
surely finite and

M(q,q') = {Ayn(d) heDi} . (8.53)
STEP 2: For any integer n > 1, we define, for all X, < x < y,
M"(x,y) :={heM(x,y) :h<F,(y)} . (8.54)

It is straightforward to see that almost surely,
lim F,(y) = 0o (8.55)

for all y € R, so that it suffices to check that M"(x,y) is almost surely
finite for all» > 0 and x < y in R x R in order to show that M(x,y) is
a.s. locally finite for all x < y.

Clearly, the definition of forward lines (and the fact that two F;’s
can not cross) implies that for all x < g < ¢’ <y, for all n > 0, such
that X, < x,

#M"(x,y) < #M"(q,4) - (8.56)
Hence, it is easy, using step 1, to conclude that almost surely, for all
x <y, M(x,y) is locally finite and that

M(x,y) ={F,(y) :n>0and X, <x} . (8.57)
This concludes the proof of Proposition 2.2(ii).
CJProposition 2.2 (ii)
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Proof of Proposition 2.2 (iii). This is a simple combination of Prop-
osition 2.2(ii) and Lemma 8.4.

[JProposition 2.2 (iii)

Proof of Proposition 2.2-(iv). Proposition 2.2-(ii) shows in particular
that almost surely, for all (x, %) € IE and ¢ > 0, there exists ny > 0 such
that x,, < x, F,,(x) < h and

Awn() =Fy(v),  Wr2x+e. (8.58)

Combining this with Lemma 8.2 shows that it is always possible to
choose ng in such a way that F, (x) € (h — ¢, ). Theorem 2.1-(i3) then
implies that almost surely, for all (x,4) € IE and ¢ > 0, there exists n
such that

Xny <X, Foy(x) € (h—e,h) and F,,(y) = A (V) (8.59)

for all y > x + &.This is exactly Proposition 2.2 (ii).
OProposition 2.2 (iv)
It now remains to prove Proposition 2.2 (v) i.e. that almost surely,

Ay is continuous on [x, +oo) for all (x, ) € IE. We first focus on the
continuity at x:

Lemma 8.5. Almost surely, for all (x,h) € E, lim, |, Ay, (y) = &
Proof. It suffices in fact to prove that almost surely, for any 0 < o < &
and K in D, and for all x € (—K,K), /" > h+oand ' < h — a,
h—o <lim Ap gy (y) < @A(x,h’)(y) <h+o . (8.60)
yix rix

Exactly as in the proof of Lemma 8.2, one can show that, almost
surely, for all large enough £, for all j € {—k,...,k— 1},

{A(jK/k,h)(y) 1ye []K/k, (]+2)K/k]} C (/’l — OC,h+OC) . (861)

In particular (combining this with Theorem 2.1 (i3)), this implies that
almost surely, for all large enough k: For all j € {—k, ...,k — 1}, for
all x € [jK/k,(j+ 1)K /k] and for all ¥ <h—a < h+a < k", for all
v e [+ K/K),

h—o < A(x,h”)(y) < A(x,h’) (y) < h~+o . (862)

This implies (8.60) and therefore completes the proof of the Lemma.
[JLemma8.5

Proof of Proposition 2.2-(v). Theorem 2.1-(ii)) and Lemma 8.5 imply
that almost surely, the mapping y+~ A ;) () is continuous at y = x,
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for all (x, ) € E. Proposition 2.2 (iv) implies that almost surely, for all
x<x'inRand A >0,y A (p) is continuous on [x', 00) (as all F,;’s
are continuous). Combining these two facts yields Proposition 2.2(v).

[(JProposition 2.2-(v)

9. Duality of the systems of lines: Proofs

This section is essentially devoted to the proof of Theorem 2.3 and
Proposition 2.4. We proceed in the following way:

(1) First we shall prove that almost surely, for all (x,%) € [E the
backward line (—o0,x] 2 y— A, ;) (v) is continuous and that, al-
most surely, the backward lines do not cross (Lemma 9.1).

(2) Next we prove that for any (x,4) € [E the process[—x,00) 3 y—
A(_ (=) is a RAB and that for any finite collection (xy,41),...,
(xp; hp) the processes Ay (), A 4 (-) are independent as
long as they stay apart (Lemma 9.3).

(3) Finally, we prove Proposition 2.4 (iii). From this it follows that
any two backward lines coalesce when they meet and this conse-
quence completes the proof of Theorem 2.3. Proposition 2.4 (i)
and (i) follow easily from Theorem 2.3. Altogether, Proposition
2.4 sheds light on the fine topological structure of the systems of
Sforward and backward lines. This is the most interesting part of the
present section.

(1) Note first of all that the definition (2.16) of the backward lines
and left-continuity of A in the A-variable implies that almost surely for
any (x,hn) € E and z<xand ¢ > 0,

A, @) X) <h <A, e (X) 9.1)

(with the notation A(.)(-) =0). Hence, almost surely, for all
(x,h) € E, for all z < y < x and ¢ > 0 (using Theorem 2.1-(i3) and the
definition of A"),

A, @) < Apn) (9-2)

On the other hand, if y € [z,x) and if /' := A(z,ij‘h>(z)+s)(J/)» then
Proposition 2.2 shows that there exists » >0 such that X, <y,
F,(y) <l and F,(x) = MG, @)+ (x) > h. In particular, A, ()
< F(y) < A(Z,Azxvh)(z)ﬁ) (v). Hence (combining this with (9.2)), almost
surely, for all (x,4) € E, for allz<y < x and ¢ > 0,

A, @) S Aen) < Aear, @) - (9.3)
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In plain words this means that forward lines and backward lines never
cross. This will be of crucial importance in the forthcoming proof.

Lemma 9.1. [Continuity and non-crossing of the backward lines] The
dual process = 3 (x,h,y)—A(, ) (v) € Ry defined in (2.16) almost
surely has the following properties:

(i) For all (x,h) € E, A{ ) (x) = h.

(i) For any x > y fixed the mapping R, > h— A, ;) (v) € Ry is left-
continuous and non-decreasing.

(iii) A™ has the non-crossing property (analogous to (i3) of Theorem
2.1, stated for the forward lines): for all (xi,hy), (x2,hy) in [E and
z <y < min{x;,x}:

A 0) < A0 = [Aba@ S ALwG)]  04)
(iv) For all (x,h) € E, (—o0,x] 3 y— A, (v) is continuous.

Proof. (1) and (ii) follow directly from the definition (2.16) of the
backward lines A* and the properties of A.

(iii) is also a rather simple consequence of the definition of A™:
Assume the contrary, namely that there are (xj, ), (x2,%,) € [E and
z <y <min{xj,x;} such that

Ay V) < Alimy() and AQ 4 (2) > A, 4, (2) (9.5)
Then, choosing ¢ > 0 small enough:
A, @+0(E) = Ay (2) +8 <A () = Acar, @)(@) - (9:6)
Applying (9.3), on the other hand we get:
Acai,, @+ 0) 2 Al 0) > Al a)0) = Acay @) - (9.7)

(9.6) and (9.7) contradicts (i3) of Theorem 2.1.
(iv) By (9.3) and continuity of the forward lines, almost surely for
any (x,h) € E,z<xand ¢ > 0:

Azx,h) (z) < %A?x,h) ) < lyiEAZFx,h) ) < AFx,h) (2) +e (9.8)

which proves continuity from right. Next, assume that there are
(x,h) € E, y <x, ¢ >0 and an increasing sequence y, | v, so that

inf Afy 0n) > Ay (0) +¢ 99)

By (9.3), for all n > 0,
Ay o0 ) < Ay () (9.10)
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Due to continuity and the non-crossing property ((i3) of Theorem 2.1)
of the forward lines:

M) N (Al ), A () +&) =0 (9-11)

Indeed: assume that for some z <y and &' > 0 Ai)(v) € (Al (),
A*x h>( ) +¢), then for simple topological reasons (9.3), (9.9) and
(9 10) imply that for sufficiently large n, Ag,.ar ) () would have to
cross Ay (-) and this contradicts (i2) of Tileorem 2.1. Hence we
conclude that almost surely, for any (x,4) € [E and y <x

By an identical argument we find also

12%1 A (@) = Ay ) (9.13)

(9.12) and (9.13) imply continuity from left.

[JLemma 9.1.

(2) Let A C IE be an open box of the form / x J where / and J are
two intervals. For all (x,4) € I x J we define

oy = 0> 25 A0) € 4) (9.14)
(xh) = Sup{y <x: Axh (y) ¢A} (915)

In plain words: w? ,, (respectively a)z”‘ ) 1s the first exit ‘time’ of the
forward line A, % ) (respectively, of the backward line A () from
the domain A. We also define the sigma algebra generated by the ‘data
inside the domain A4’

R(A) = J({Fn(y) >0, (Fphn) €A, yE [)?n,a)énﬁn))}) . (9.16)

It is clear from the definition of the F;’s that for any finite collection of
pairwise disjoint boxes 41, ...,4, C [E the sigma algebras #(4,), ...,
#(4,) are independent.

In particular, for any fixed xo, if 47 := (xo,00) x (0,+00) and
Ay = (—00,x0) x (0,+00), #(4) and 9?( .,) are independent (note
that these two o-fields are exactly F , and 7 *0 of Section 2.2; we will
keep here the notation #(4; ) to clearly distinguish between what is
already proved from what isn’t).

Note that for all x <xo and & >0, (Apn(»),y € [x,x0])is #(4,,)-
measurable, whereas by symmetry (this can be for instance deduced
from Lemma 8.4 and the definition of A™) for all x > xy and & > 0,
(Alem ), € [xo,x])is (4, )-measurable.
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Hence, it follows readily (using the definition of A* yet again) that
for all fixed xo, the two families (A(, ;) (v),» <x <xo,h>0) and
(Aem ), X0 <y <x,h > 0) are independent.

We now state the counterpart for A* of Lemma 8.1:

Lemma 9.2. For all fixed x > X' and h > 0, almost surely, for all y < X/,
Afxl,A;‘x_h)(x/))(Y) = Afx,h) ) - (9.17)

Proof. For all fixed # > 0, for all n > 0 such that X, < x’, almost
surely, F,(x') # K" (as the law of F,(x’) has no atoms). Hence, it is easy
to see (using the fact that all M(y,x’) are discrete) that almost surely,
for all y < x/,

A>(kx’7h’) (y) = 1813’)1 Az(x’,h’qLe) (y) (9 1 8)

Let us now fix (x,4) € [E with x > x". Then A, ;) (x') is Z(</7,)-mea-
surable, and therefore independent from (A ;m(v),y <x',h" > 0).
Combining this with (9.18) (for /4" := A(, ;) (x)) implies immediately
the Lemma.

[]Lemma 9.2.

Let us now fix (x1,%1),. .., (xp, h,) in [E such that x; <--- <x,. We
also fix xp € R and define j:=sup{i <p:x; <xo}. The previous
Lemma combined with the independence stated above shows in par-
ticular that conditionally on

(A?x,-ﬂ,hjﬂ)(xo)a e aAfxp,h,,) (x0)) (9.19)
the two families of functions
k0. +00) 3 3 (N ) 0+ Al iy 0) (9.20)
and
(=00,%0] 2 yi= (Al sy W)+ 5 Al 1, 0) (9:21)
are independent (with for instance the notation A*x’h) = —oo if y > x).
This shows that y— (Aj, ;) (=), .. yATx,,,h,,)(_)’S) is a (inhomoge-

neous) Markov process.

It is easy to identify the transition probabilities of the Markov
process [—x,00) 3y A" (—x,h)(—y) € Ry: let (x,h), (X', 7)), (x", ")
€ [E be given, with x >x' > x", then by construction (2.16) of
thebackward lines, left-continuity in the 4 variable of the forward
lines and independence of the sigma algebras %(4/,) and #(4;) we
have
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P(Af (") <Ay () = 1) = P(Ago () > 1) (9.22)

P(Alny (") = WAy () = H') = P(Aw ) (x) < H) (9.23)
Since P (A ) (x') = k') = 0, these inequalities imply

PNy () < WAL () = H) = P(A (@) > ) (924)

Thus, [—x,00) 2 y— A*(—x,h)(—y) € R, is a Markov process with
transition probabilities given in (9.24) and a.s. continuous sample
path. These properties imply easily that given (x,4) € E fixed
[—x,00) 2 y— A"(—x,h)(—y) € R, is a RAB: Indeed, if we define a
linear Brownian motion B started from /4 at time 0 under the proba-
bility measure Pj, and if 4 denotes the absorbed Brownian motion
obtained by killing B at its first hitting time of 0, then for all positive
real numbers x, sy and h»,

Py, (A(x) > hy) = Py, (B(x) > hy) — Py, (B(x) < —hy)
=Py, (B(x) > hy) — Py, (B(x) > 2k + hy)
= Po(B(x) € [hy — h1,hy + h1))
=P, (|B(x)[ <) . (9.25)

Next we prove that, given finitely many (xi,%1),..., (xp,4,) € E, the
processes A, 5,)(); - A(x ) () are independent as long as they stay
apart. We prove this for p= 2 The general case is treated identically,
only the notation becomes more complicated. Because of Lemma 9.2,
and the independence between Z(4] ) and #(4; ), it suffices to con-
sider the case where x; = x, = x. We build up the two processes
A p() and  Af () in small steps of ‘time span’
x—5"k<y<x-— 5 (k — 1), in the following way. Let us use the
shorthand notation:

Xpp i=x— 57"k, n=12...; k=0,1,2,... (9.26)
Define
Afll)k = (X1, X0 4] X (Afx,h,-)(x —5"k) 27", A)(kx;hi) (x=5"k)+2™"),
i=1,2,n=12,...; k=0,1,... (9.27)

and the stopping times
uﬁl") =1inf{y > —x: —y € [xpp+1, %0 and AZ‘Lh[)(—y) ¢ Afll)k (9.28)
v =x—min{5"%: 4) N 4T} # 0} (9.29)

By independence of the sigma algebras #(4;) for pairwise disjoint
domains A;, and using Lemma 9.2, it is clear that the two processes
[—x,00) 2y AQ,(—») and y— A, ;) (—y) are independent till
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—y = min{u{"V,u? v,} (9.30)

Since A(, () and A, ;) (") are RABs (this was already proved in the
previous paragraphs), by a Borel-Cantelli argument it is easy to see
that

lim u?) = oo, almost surely, i = 1,2. (9.31)

nfoo

On the other hand, v, > v, and
fim o, = inf{—y: Af) (V) = Al )} (9.32)

From these arguments indeed it follows that the law A, ,,(-) and
A*x ) (-) are independent as long as they stay apart (i.e. the law of
these two processes up to their first meeting time is that of two in-
dependent ‘backwards’ RAB’s up to their first meeting time). Sum-

marizing, we get the following

Lemma 9.3. Given finitely many (x1,h1),...,(x,,h,) € IE the processes
[—x;,00) 2 y+— A(x w)(=¥), j=1,....p, are RABs and they are inde-
pendent as long as Z/;ey stay apart.

(3) It remains to be proven that the backward lines coalesce when
they meet. In order to do this we need the refined topological picture
of the system of lines stated in Proposition 2.4. For (x,4) € E, let
I(x, h) be the number of disjoint forward lines coalescing at (x, ) and
O(x,h) the number of disjoint forward lines going out from the
immediate vecinity of (x, 4). The precise definition of /(x, #) was given
in (2.28) and

O(x,h) == hmhm #{Aww)(v) : (X h) € (x,x+¢)

ylx €|0
x (h—¢h+e)}
= limlim #{A. ;. (v): (F, /) € (x,x+ ¢
imn gw#{ @) (X, h) € (x,x+¢)

x (h—eh+e)NE)} . (9.33)

Note that #{...} on the right hand side of (9.33) is monotone non-
increasing with decreasing ¢ and monotone nondecreasing with de-
creasing y. In the second equality of (9.33) we use (ii) of Proposition
2.2.

Similarly, we define /*(x, #) and O*(x, /) as the number of disjoint
backward lines coming from the right of x and meeting at (x, %), re-
spctively as the number of disjoint backward lines going out from the
immediate vecinity of (x, A):



The true self-repelling motion 435
I*(x,h) == lifnsup#{p € N: 3(x1,m),...,(xp,h,) € E such that
yix

Vi=1,...,p: xi >y, Athho(x) = h and
Vz e (x,y], Ay < < AZ‘MP)(z)} )

(9.34)
O (x.h) := limlim #{A?x,ﬁ,)(y) S ) € (x—e,x) X (h— &, h+ g))} .
(9.35)

It is clear that for all (x,/) € E: I(x,h), I*(x,h) € {0,1,2,...,00} and
O(x,h), O*(x,h) € {1,2,...,00}. Also, from the definition (2.16) of
backward lines and (9.3), it follows immediately that for all (x, %) € IE

(e, h) = O0(x,h) — 1,  O*(x,h) =1(x,h) + 1 (9.36)

We will first prove Proposition 2.4 (iii) and Theorem 2.3 simulta-
neously. We then derive Proposition 2.4 (i)—(ii) as immediate conse-
quences of Theorem 2.3.

Proof of Proposition 2.4 (iii) and Theorem 2.3. First note that, with
probability one, no three (or more) forward lines starting from distinct
points (%;,4:),(%,,h;), (%, hx) in IE will coalesce at the same point
(x,h) € [E. Hence, by (ii) of Proposition 2.2, we conclude that almost
surely, for all (x,4) € [E

0<I(x,h)<2 . (9.37)

Further we proceed in the following way: First we prove that almost
surely for all (x,4) € [E

O(x,h) >3 =1(x,h) =0 (9.38)
By (9.36) this implies that the backward lines are coalescing:
I"(x,h) > 2= O (x,h) =1 (9.39)

and this is what we need to complete the proof of Theorem 2.3.
Further on: Theorem 2.3 and (9.36)—(9.39) imply that almost surely
for all (x, /) € E, I*(x,h) <2 so that

1 <O(x,h) <3 (9.40)
and

I(x,h) =2 = O(x,h) < 1 (9.41)

Finally, (9.37), (9.38), (9.40) and (9.41) imply (iii) of Proposition 2.4.
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The proof of (9.38) relies on the following:

Lemma 9.4. There exists a constant C" < oo such that for all (x,h) € E,
v>0and o> 0:
P<3(h1,h2, h3) € [l + 0]+ Apep)(x + 1) < Aoy (x +0)

< Ay (x + v)) < (%)3 . (9.42)

Proof. From Lemma A.l. we know that for any v >0, 6 > 0 and
(x,h) € E

25\’
P(A(xyh)(x + U) < A(x7h+(3) (x + U) < A(x7h+25) (x + U)) < Cg <7E> .

(9.43)
Left continuity of &+ A (x + v) implies that
{El(hl Jhy h3)elh,h+ 0] Ao (X +0) <Ay (x +0) <Ay (x + v)}
c {apz 1, 3j€{0,...,2" —2}:
Axiirspr) (X +0) < Apeprs(irnz») (X +0) < Apprsjr2)2») (X + U)}

(9.44)

From the last two relations it follows that
P<3(h17h2, h3) € [hyh+ 0]« A (x +0) < Ay (x +0)

< A(x7h3)(x + U))

<> G (255;)3(2”— 1)

p>1

<" <5>3 (9.45)

NG

with C" := 8C}/3 (OLemma 9.4.
We are ready now to prove (9.38). We want to prove that a.s, for
all (x,h) € E, I(x,h) > 1 implies that O(x,/) < 2. It is sufficient to
prove that for all fixed » > 0, # > 0 and M < oo, almost surely, for all

X € [Xp, Xy + M],
O'(x,F,(x)) <2, (9.46)
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where
O'"(x,h) = ing#{A(x,}h/) (x+n): (X H)e(x,x+e)x(h—eh+e)} .
&>
(9.47)

For m > 1, we divide the interval [X,,X, + M| into 5" equal parts: We
define for all j > 0,

Xjm =X, +jMS5™™ and  hj, = Fy(xjm) - (9.48)
Form > 0and j=1,2,...,5" let us define the events

A mj = {[A(xjfl‘m,h,-flﬁz*m)(xj,m) >hjm+2-27"] or

[A(Xj—l‘m,hj—l.mfzfm) (x]m) < hj—l,m - 2 ' 27m:| } (949)
A simple Brownian estimate shows that
Sm
P(A, ) < exp{— 2M4’"} (9.50)

But, if 5™ < /2, then for all j > 1,
{3x € [xjm1mxjm] 1 O"(x, Fy(x)) =3} N Ay (9.51)
C {31, hayh3) € (Bjmim — 227" By +2- 27" NRY)
A(X/'.mshl)(xjvm + 17/2) < A(xi.mahZ)(xj:m + ’7/2)
< Ay ) (X +1/2) § (9.49)
Thus, by (9.42)
P({ax € [t Xjm] 1 O(x, iy (x)) > 31 1 ﬂ;w.) < C)27 (9.52)
where C(n) = C"4°/2n~'/2. Now, combining (9.50) and (9.52) we
conclude

P(Elx € [fny Tny &+ M] - O"(x, Fyy (x)) > 3)

< 5m (exp{— 21\542»1} + c(n)2—3'"> . (9.53)

Letting m | oo this implies (9.46).
OProposition 2.4(iii) and Theorem 2.3

Proofs of Proposition 2.4 (i)—-(ii). These results are almost immediate,
using Theorem 2.3: When (x, /) € E is fixed, then for all n > 0 such
that X, < x, F,(x) # h almost surely. Similarly, for all » > 0 such that
Xp >x, EY(x)# h almost surely. This shows that almost surely,
I(x,h) =TI*(x,h) = 0, and this implies Proposition 2.4 (i).
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Suppose now that x € R is fixed. For all » > 0 and »’ > 0 such that
X, < x and X, < x, the meeting ‘time’ of F,, and F,, is almost surely not
equal to x: Hence, almost surely, for all 2 > 0, I(x,/#) < 1. Similarly
(by symmetry), almost surely, for all 2 > 0, I*(x, ) < 1. This implies
Proposition 2.4 (ii).

10. Remarks

The stationary limit- Suppose now that we define a process X using
exactly the same procedure as for X except that the forward lines (F,)
are not RAB’s, but Brownian motions that are reflected/absorbed on
another independent Brownian motion passing through (0,0) that
replaces the line {# = 0}. Then, the process X has very similar prop-
erties to those of X and some of them are even simpler.

A more precise definition of X can be the following: Define first a
countable family of independent coalescing Brownian motions
(without any reflection nor absorbtion) (U,),-, started from a dense
sequence (X, h,),5o in R x R, with (xo,h9) = 0.Then define for all
(x,h) € R x R and y > x,

Ve (v) == sup{U,(y) : n >0, x, <x and U,(x) < h} . (10.1)

Then, almost exactly as in Sections 8 and 9, one can notice that the
law of V defined in this way is unique in a certain sense, and that J has
the same self-duality property as A: If we define for all (x,4) € R x R
and y < x,

Viw W) =sup{U,(») :n >0, x, <y and U,(x) < h} (10.2)

then (x, 4, y) — Vi (v) and (x,h,y) — V(.m(—y) are identical in law.
In particular, if we define V(.5 (y) for all y € IR, by

V(x,h) (y) =1 {y>x} V(x,h) (y) + 1 {y<x} V(;h) (y) ) (103)

then the law of 7(070) is that of a linear Brownian motion defined on IR
with 7 90)(0) = 0. We then define the set

Eo:= {(x,h) € R x R : Vg0)(x) <} . (10.4)
Then, for all (x,4) € IEy, we put
T(x,h) = /]Rdy (Ve @) = Vi0.0)())- (10.5)

The two-dimensional process (X,H) is then defined exactly like
(X,H), just replacing T by 7. In particular, for almost all # > 0,

t =T, H) . (10.6)
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The process X defined in this way, satisfies all the properties of X
enumerated in the introduction; the only difference is that the right-
hand side of (1.6) has to be replaced by —X7 (the perturbation at the
boundary of the range disappears). The process (X;, ¢ > 0) will have
stationary increments and can be viewed as the weak limit of
(Xig+t — Xppy t>0), as ty T oo.

Universality of the 3/2 variation- More general self-interacting
processes can be defined using other independent coalescing time-
homogeneous diffusions than Brownian motion. For example, if we
start with a system of independent coalescing powers of Brownian
motions (or of Bessel processes), then the same procedure as that
described in this paper, would define a self-repelling motion Y with a
different scaling behaviour than that of X. More precisely, if we start
with independent coalescing processes which each have the law of
reflected/absorbed Bessel processes (of dimension v € (0,2)) at some
power a > 0, then the corresponding self-repelling motion Y satisfies
the following scaling property: (Y, ¢ > 0) and (a®/?*9Y,,t > 0) are
identical in law. But (as for powers of Bessel processes themselves that
are diffusions, and therefore have finite quadratic variation), the local
behaviour of Y is similar to that of X i.e. Y satisfies the same type of
local variation property as X (with finite variation of order 3/2). This
3/2 variation is in some sense universal for this type of self-interacting
processes. The limit theorems proved in [T2] suggest that these pro-
cesses arise as scaling limits for ‘generalized true self avoiding random
walks’, with subexponentially self-repelling weights.

11. A discrete construction

We now briefly describe a discrete model that is very similar to true
self-repelling motion. Its definition is a little bit more complicated
than that of true self-avoiding walk mentioned in the introduction,
but it has the advantage that many features (the lines of local times as
coalescing random walks, duality of forward and backward lines,
definition of the process from the family of coalescing random walks
etc) become apparent on a picture. In particular, it can be defined in
several different ways: It can be viewed (this will be our third defini-
tion) as a self-interacting nearest-neighbour walk in Z; it can also be
defined using a family of coalescing reflected/absorbed simple random
walks in N.

Before giving a formal definition of this discrete random walk, let
us give a first appealing intuitive description that vaguely recalls the
totally asymmetric exclusion process in Z: Suppose that at time zero,
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each site z € Z is occupied by a particle if z is an even positive or an
odd negative integer; suppose that each odd positive and each even
negative site is occupied at time zero by an anti-particle, and that site 0
is (doubly) occupied by both a particle and an anti-particle. The dy-
namics is the following: particles can move only to the right and anti-
particles can move only to the left. At any time », there is a unique site
which is doubly occupied (by two particles, or by a particle and an
anti-particle, or by two anti-particles). Toss a fair coin to decide which
one of the two will move, and then move it to the right (if a particle is
chosen) or to the left (if an anti-particle is chosen). Start the same
procedure again at time n + 1 with this new configuration. It is an easy
exercise (that we safely leave to the reader) to check that if S, denotes
the position of the unique doubly occupied site at time n, then
(Sy,n > 0) is precisely the random walk that we are going to describe
in this section.

A second (equivalent) definition of this random walk can be ob-
tained using a family of coalescing random walks (see figure 2 later in
this section): This equivalence between the third definition of
(Sy,n > 0) (the one we are going to describe in the next paragraphs)
and the definition via a family of coalescing random walks is very
instructive. The construction of true self-repelling motion developed
in the present paper can be interpreted as follows: We construct the
continuous analog of (S,,n > 0) using a natural generalization/scaling
limit of this second definition of (S,,n > 0) (replacing the family of
coalescing random walks by a continuous family of coalescing
Brownian motions).

We now finally give the third definition of this nearest-neighbour
(i.e. |Sys1 — Syl = 1) walk (S,,n > 0) defined on Z and started from
So = 0. Before describing its transition probabilities, we introduce
some notation: define its local time on edges just as for the true self-
avoiding walk in the introduction: For all i € N and z € Z,

i2) = # € 0i—1]:{S,Sm} ={zz+ 1)} (I1L1)

(in plain words: /(i,z) denotes the number of jumps along the edge
located to the right of z before step i) and we will also sometimes use
the local time on sites:

Mi,z) =#{j€[0,i]:S; =z} . (11.2)

We will also use the following function a(z) defined for all z € Z
by:

a(z) = 1+sgn(zj;1/2)(—l) (11.3)
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(e. a(0)=1, a(l)=0, a(2)=1 etc. and a(—1)=1, a(-2) =0,
a(—3) = 1 etc). To define the transition probabilities, we will use ¢(i, z)
rather than /(i,z) where we define ¢ for all i € N and z € Z as follows:

0i,z) == 1(i,z) + a(z). (11.4)

a(z) can be interpretated as the initial data of the local times on edges.
It is straightforward to see by induction that for all i > 0 and z € Z,

. . 22, S)) if z=3§;
E(z,z)—i—f(l,z—l)—{2}v(i72)+1 it z2S (11.5)

In particular, for all i > 0, 4(i,S;) — £(i,S; — 1) is even.
We now define the law of S as follows: For all i > 0,
P(S,-+1 — S+ 1‘30,...,5,-) —1 —P<Si+l — S5 - 1’50,...,&-)
=< 1/2 if (i, S;) =¢(i,S; — 1)
This definition (combined with (11.5)) implies immediately that for all
i >0, for all z € Z\{S:},
iz) —L(i,z—1) e {-1,1} (11.7)
and that
0(i,8;) — (i, S; — 1) € {-2,0,2} . (11.8)
A simple parity argument shows that for all i > 0, (i, S;) + S; is odd.
In particular, if £(i,S;) = £(i,S; — 1) for some i > 0 then S; + 4(i, S;) is
odd and £(i, S;) + 1 > 2. This implies that for all i > 0,
Suppose for a moment that for some i > 0, S; + A(i,S;) is odd, and
that |£(i,S;) — £(i, S; — 1)| = 2. Combining this with (11.5) implies that

0(i,S;) + S; is even, which contradicts the previous statement.
We are therefore led to define the sets

Gt :={(z,h) €Z x N :h+zis odd and h > 2} (11.10)
G ={(z,h) €eZxXN:h+zisevenand h > 2} . (11.11)

We will also need the corresponding bottom ‘lines’ G and G, de-
fined as follows

Gy ={(z,h) € Z x {0,1} : h+z is odd} \ {(—1,0)} (11.12)
G, :={(z,h) € Z x{0,1} : h+ziseven} \ {(0,0)} . (11.13)
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We now define a family ((z, k), (z,h) € G*) of independent random
variables with

P(é(z,h) - 1) :P<5(z,h) - —1> =12 . (11.14)

The definition of the law of S and (11.8) shows that .S can be defined as
follows: For all i > 0,

1 it 0(i,8) = 0(,8—1) =2
S,'_H - S,' == é(S, - 1,6(1, S,) + 1) lf E(l, S,) == Z(l, S,' - 1)
~1 it 0(i,8) = (i,8— 1) +2
(11.15)

This construction of § turns out to be very convenient: We are now
going to see that the local times of S can be described in terms of the
random variables ¢ and more precisely, in terms of a family of co-
alescing random walks derived from the family &.

We first define deterministically &(z, h) when (z, k) € Gy as follows:

=1 ifz>0
é(z,l)—{l ifz< 2 (11.16)
and
1 ifz>1
f(z,O)—{_l ifz< 3 (11.17)

(recall that (—1,0) ¢ G).
We define the family of independent coalescing random walks L
as follows: For all (z,4) € G", we define a random walk y+— L, ()

defined for y > z by induction: L?;.h) (z) = h and for all y > z,

Len+1) =LEy0) + <0 LE,00)) - (11.18)

Then, as the random variables ((.;)). e+ are independent iden-
tically distributed, L is a family of coalescing independent simple
random walks in N \ {1,0}. The ‘boundary conditions’ on the bottom
line G{ can be loosely speaking described as follows: L™ is reflected
from the bottom line when z < 0 and absorbed by the bottom line as
soon as z > (. This is exactly the discrete counterpart of the system A
constructed in Sections 2 and 8.

The corresponding dual system is easy to define: For all
(z,h) € G, we define a ‘backwards’ running random walk L(‘Z_’h)(-)
defined for all y < z as follows: L, (z) = h and for all y <z,

Loy =1) =Ly — é(y - 17L(;h)(y)> . (11.19)
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Then L~ forms a family of independent coalescing ‘backwards’ ran-
dom walks reflected from the bottom line G, ‘before’ 0 and absorbed
‘after’ 0. Note that the definitions of L™ and L~ show that for all
(z,h) € G,

L@ = LonmG+ 1) == (LEnGE+1) = Li,() - (1120

In particular, this shows that the forward walks and the backward
walks never cross. Another formulation of this is to say that the trace
of the family of backward lines is exactly the (Whitney, topological)
dual graph of the trace of the family of forward lines (this can be
easily observed on the picture); For instance, for all (z,#) € G*, the
bond (z+ 1,h) < (z,h + 1) is occupied (in the graph corresponding to
G) if and only if (z,/4) < (z+ 1,h+ 1) is not occupied (in the graph
corresponding to G™).

It is easy to notice that in fact the law of L™ and of L* are very
similar: Define for all (z,h) € G~ UG,,,

&(z,h) = =&z~ 1,h) . (11.21)

Then, the two families(é(z,h))(z,h)erGg and (&'(—1 — Z7h))(z,h)eG+uGg
are identical in law. This implies that the mapping (z,4,y)—
Ly, (=1—y)is identical in law to L" as for all (z,h) € G,

Loy py(=l=y=1) =L ,(-1-y)
==y = LLizp (=1 =)
:L(ilfz,h)(_l -)
+ (1 =y L py(=1—-y)  (11.22)

This type of ‘self-duality’ for discrete families of coalescing simple
random walks had been discovered and exploited by Arratia [Al, A2].
The following figure shows the two families of coalescing random
walks.

Note that the two families L™ and L~ create a random maze, with
one single connected component (this is a simple consequence of the
coalescing property). One single possible path starting at the middle of
the ‘entrance gate’ [(—1,1),(0,1)], i.e. from the point of coordinates
(—1/2,1), explores this maze. (See Fig. 2.) The random walk (S;),~,
can then easily be deterministically constructed from this random
maze. More precisely, we define a continuous function (S’,, H;) on R
with Sy = —1 /2 and Hy = 1, that explores the maze, at constant speed
(the speed is v/2; in other words, for almost all 7 > 0, S]] = |H!| = 1),
as shown on the picture. Note that at all integer times i, S; + 1/2€Z
and H; € N\ {0} (these points are dotted on the picture).
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/

-15 -10

Fig. 1. The ‘forward” and the ‘backward’ systems (resp. in black and grey)

It is then easy to see that the definitions of L* and of S in terms of
the family (&(z, h))(z_’h)e@ imply that for all i > 0,

S, =8 +1/)2 (11.23)
H; = 1(i,S;) . (11.24)

In order to derive (11.24) and (11.23), it suffices for example to con-
sider the different possible patterns of the maze near the point (S;, H;)
and check that in all possible cases, S;;1 — S; can indeed be expressed
as in (11.15); we safely leave this to the reader.

Note also that at any integer time 7, the local times (£(i,y)), 5 (and
therefore also (4(7,)),cz using (11.5)) can be described in terms of the
forward and backward lines L™ and L~.

More precisely: Suppose that i € N is fixed. Then, define S;" and S
in {S; —1,S;} such that S;" + H; is odd and S; + H; is even. This
definition implies that

0, 8) = L+ 1) (S) (11.25)
0,8 = 1) = Lis (S = 1) (11.26)
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Fig. 2. The maze and the path of (S‘,,H,). The points (§i7Hi) are circled

(it suffices again to consider the different possible patterns of the maze
near (S;, H;) and check that this holds in all cases). Then, for all y > §;,

0(i,y) = Lis: ) () (11.27)
and for all y < §; — 1,

0iy) = Lis 1)) - (11.28)

Loosely speaking, the forward and backward lines started near the
point (S;, H;) are exactly the local times of S at time i. Let us now
briefly derive (11.27) ((11.28) then follows by symmetry); (11.25)
shows that (11.27) holds when y = S;. Suppose now that y > S; is
fixed, that (11.27) holds and that £(i,y) >2 (the case where
(»,£(i,y)) € G is obvious). (11.7) shows that £(i,y + 1) € {£(i,y) — 1,
0(i,y)+1}. In particular (using (11.5)), A(i,y+1) > £(i,y) — 1.
Hence, there exists j < i such that

Sj=y+land A(j,y+1) =L(i,y) -1 . (11.29)

Using (11.10) and (11.9) (note that A(j,S;) +S; = £(i,y) +y is odd),
this implies that

S;=y+1and £(,S;) = (.S, — 1) = £(i,y) — | (11.30)
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It is then easy to notice that if &(y,£(i,y)) = +1 (ie. if S;p1 =8+ 1)
then necessarily 4(i,y + 1) = £(i,y) + 1 (S has to jump a second time
on the edge y+ | <> y+ 2 to go to the left of y + 1 before step i), and
that if £(y, £(i,y)) = —1 (i.e. if S;y1 =), then £(i,y+ 1) =£(i,y) — 1
(as S can not jump again on the edge y < y + 1 before ). Finally, this
shows that indeed

i,y +1) =i, y) = Sy (11.31)
and combining this with (11.18) implies (11.27).

Remark: Note that it is also possible, using a similar method, to
construct the discrete counterpart of the process X presented in Sec-
tion 10.

Appendix A: Preliminary estimates for RAB-s

In the present appendix we collect some a priori estimates on hitting
probabilities of Brownian motions and reflected/absorbed Brownian
motions. These estimates are used throughout the paper.

Recall the definition of RAB’s from the notation section. In this
subsection only estimates on independent (non-coalescing) Brownian
motions and RABs will be presented.

For any fixed £ > 2 (later on we will only use £ =2 and &k = 3),
xeR and 0<h <---<h, we define k& independent RAB’s

R%x B ,R’(‘x‘hk) (respectively & independent Brownian motions
B, ,...,B} ) started from (x,hy),..., (x, k) (respectively from levels

hy,.. hk) We then define the following random variables (stopping
times for Brownian motions, respectively RABs):

r,glf)hk =inf{y >0: B (y) = B{;j(y) forsome 1 <i<j<k} (A.l)
k . i i
Gy(c;l)zl ,,,,, g =0y >0 R, (v +x) = R'fx,h,) v +x)
for some 1 <i<j <k} (A.2)

(Note the slight abuse of notation: actually ® o =T5(B},....B})

.....

and o) e = TRy Rg)- TS known that for any v > 0,
and h] < hz < hy

1 hy —h hy —h
P('cfl?hz > u) f 2\/_ 1_. Cy 2\/1_) 1 (A.3)
(3) hy — i\’
P(e) > 0) §c3< v ) . (A4)

Indeed, (A.3) is a straightforward classroom exercise, and (A.4) can be
viewed as the hitting time of a wedge of angle n/6 by the two-
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dimensional Brownian motion ((B> —B')/v/2,(2B> — B> — B')//6)
for which such estimates are well-known (using the skew-product
decomposition of planar Brownian motion; see for instance Lemma
2.2 in Mountford [M]).

Remark I A slightly weaker version of (A.4) with 3 — ¢ in the expo-
nent, rather than 3 follows from Theorem 2 of Spitzer [S].

Remark 2: Actually there is a stronger recent result of Grabiner [G],
that in particular implies that for any k£ > 2 there is a finite constant Cy,
such that for any v > 0 and 2 < --- < Iy,

. B — hy\ K612
P(e) > v) < ck< v (A.5)
but in the present paper we will not use more than (A.3) and (A.4).

We need estimates similar to (A.3) and (A.4) for the stopping times
c? and ¢®rather than 1@ and 0.

Lemma A.1. Forallv >0, x € R and 0 < h; < hy, < b3

hy — hy
NG
hy — h\*
P(o*f,zhhm > v) < C§< 3\/5 1> . (A7)
with Cé = \/ZCZ and Cg = 33/2C3

Proof. Note first that absorbtion at 0 delays the first collision times
o®) (compared to reflection) so that for any £ > 2, x € R and 0 < k;
<<y

k k k
P(ol s >0) <P(olh s >0) <P(olh, s >v)  (AB)

P(afc;zlzhhz > v) <

We prove (A.6) by a simple coupling argument. Let B, (-) and Bj (-)
be two independent Brownian motions started from 4; and 4, and
assume that R%o,ho and R%()’hz).are exactly B}ll and B;, stopped at their
first hitting time of zero. Beside the stopping time ¢ we define:

2 .
0\, ==inf{y > 0:B} (v) =0 or B} (v) = B, (»)} . (A.9)
Note that 0221?,,2 < aé?,)”_’hz. We also define
~2 2 2 2
05’]5’2 = 05’!1?/’12 + 2(6(();211,/12 - 0/(11?/12) : (Alo)

Note that this definition implies that

~(2 2
Ggll?hz 2 O-(();})zl,hz : (A.ll)
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We then define, for all y > 0,

: (2
u(y) == 5 s . 3 (A.12)
{ 2(y - Hgll)hz) + 05!]?}12 lf y Z 9](71?}!2

and
B) = Bj, (u(y)) = Rigs,)(u(y)) - (4.13)
Using the strong Markov property it is straightforward to check that

B/+/2 is a linear Brownian motion started from (h, — h;)/+/2 and that

5}3?,,2 is exactly the hitting time of 0 by . Hence, combining this with

(A.11) yields (A.6).

The proof of (A.7) is based on exactly the same idea: This time, one
can use a coupling with three independent absorbed Brownian mo-
tions. This is safely left to the reader.

[JLemma A.1.
Another straightforward estimate, opposite to (A.3) is the following:

P(efr), <v) < et/ (A.14)

Again, we shall need a similar estimate for the first collision time of
two RABs rather than two BMs.

Lemma A.2. For allv>0,x € R and 0 < hy < hy

P<0(2> n < v) < Qe (h=h)*/(v) (A.15)

x;hy

Proof. Recall from (A.8) that

P(Jflzhhz < v) < P(()'(_Zz;hl,h2 < v) (A.16)
But a simple reflection argument shows that
p(agzg;hhhz < u) < 2P(r§j?h2 < v) (A.17)

and, using (A.15), the Lemma follows.

[0 LemmaA.2.
Beside (A.3) and (A.14), the reflection principle yields also the precise
asymptotics

mo1p (2 _ L
lim o P(rhh+5>u)_m. (A.18)

Again, we formulate the analogous statement for RABs:
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Lemma A.3. Forallx e R, h >0 and v > 0

IS | © _ |
1;%15 P(Jx;h’hﬂ3 > U) = Tm (A.19)
The convergence is uniform in (x,h,v) € (—00,00) X [hy, 00) X [vg, 00)
for any hy > 0 and vy > 0 fixed.

The proof of this statement is left for the reader.

Appendix B: Phenomenological derivation of the driving mechanism

As mentioned in the Introduction, in To6th [T1] a limit theorem was
proved, essentially for the distribution of n=2/3S, as n | co, but the
natural question of the asymptotics of the process

XM =4S, teR, (B.1)

in the limit 4 T oo remained open. In the following paragraphs we
argue that, if the sequence of processes 1+— X,/ converges in distri-
bution to a process t|—>X,(°O), as 4 T oo, then the limit process is driven
by the gradient of its local time, as claimed in (1.6). We warn the
reader that the forthcoming argument is based on a somewhat formal
computation and it is by no means mathematically rigorous, but we
hope, it provides a convincing motivation for the construction of a
process with the prescribed properties.

Beside the scaled position process t|—>Xt(A) defined in (B.1) we de-
fine the properly scaled local time process of the true self-avoiding
random walk

LY (%) = A4l (1475]), teRy, xeR (B.2)

and we assume that the sequences of processes X“) and LU (.,.)
converge jointly weakly:

(x0,L90)) = (x,259()) (B.3)

where (z,x) '—>L§°°) (x) is assumed to be the local time of the process
t—X,>. Let #, be the g-algebra generated by (Sp,...,S,), then

E(Sy1 =Sy

y&:-m@@mwﬁ—ux_n» (B.4)

Var<Sn+l - Sn 97%) = COSh_z(g(ln(Sn) - ln(Sn - 1))) (BS)

So:

n—1

S+ Ztanh(g(lk(sk) — Li(Sk — 1))
=0

i M, (B.6)

where M, is a martingale with quadratic variation process
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Zcosh g(1I(Sk) — L(Se — 1)) < n (B.7)

Our object of study is the scaled form of (B.6):
[41]-1
A72/3S[At] +A72/3 Z tanh(g(lk(Sk) — lk(Sk — 1))) = A72/3M[At]
kf

(B.8)

The first term on the left-hand side of (B.8) is just Xt(A). From (B.7) in
particular it follows that for any T < oo

- hm( sup |4~ 2/3M[A,]‘> =0 (B.9)
AToo \o<i<T

so that the right hand-side of (B.8) is asymptotically negligible. A formal
computation of the second term on the left-hand side of (B.8) follows:
the first two steps are straightforward transformations using the defi-
nitions (B.1) and (B.2) of the scaled process and scaled local time:

[41]-1
A2 Z tanh(g(/c(Sk) — Lk(Sk — 1))

[41]-1

=4 ZA1/3tanh< (LGP0 = Lagga (422X = 1)) )
At]il
— 47 z 4 tanh (94" (L) (x4 - 20 () - 4727)))

(B.10)
The next step is the formal, non-rigorous one: we treat formally

LEA)(x) as a smooth function and replace L( )( )—L( )( — 0x) by

“)
aL’a—x(x)éx and get

2/3Ztanh (Ie(Sk) — Le(Sk — 1))

=0 Ox

Af]—1 (A)( (A)>
n=ra [Z]: A" tanh (QA1/3A2/3 —aLk/A Xk/A )
o (7))
_ k/a\ k)4 B
“:”A 1 R @(A 1/3)
S
FOLY) (X[

) ds (B.11)

(X3 j 29
g 0 Ox
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With the quotation marks *“---” we intend to emphasize that these
last equalities and convergence should not be taken too seriously.
Inserting (B.1), (B.9) and (B.11) into (B.8) we get

t L) ( x (o)
X 4 const. / LI b (B.12)
0 ax

which is indeed somewhat reminiscent of (1.6). The effect of ‘pushing
the boundaries of the range’ and the right constant in front of the
gradient term can not be recovered on this level of formal computa-
tions. We repeat again: this computation is nothing like rigorous, but
on the phenomenological level it is convincing.

The same reasoning (on the same level of ‘rigour’) can be applied to
the ‘polymer model’ proposed by Durrett and Rogers in [DR]:

X, :Bt—l—/tds/sduf(XS ~X,) (B.13)
0 0

where f: R — R is a smooth function of compact sup})ort and sat-
isfies f(—x) = —f(x) and sgn f(x) = sgn x. Defining xY = 4728x,,,
in the limit 4 — oo f transforms into & and the same dynamical
driving mechanism is found.
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