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Summary. This is a continuation of our previous work [6] on the
investigation of intermittency for the parabolic equation
(0/0t)u = #u on R, x Z associated with the Anderson Hamilto-
nian # = kA + &(-) for i.i.d. random potentials &(-). For the Cauchy
problem with nonnegative homogeneous initial condition we study the
second order asymptotics of the statistical moments (u(¢,0)”) and the
almost sure growth of u(¢,0) as + — oco. We point out the crucial role
of double exponential tails of £(0) for the formation of high inter-
mittent peaks of the solution u(z, -) with asymptotically finite size. The
challenging motivation is to achieve a better understanding of the
geometric structure of such high exceedances which in one or another
sense provide the essential contribution to the solution.
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0. Introduction
This paper is a natural continuation of our article [6]. The subject is

the same, asymptotic analysis as ¢t — oo of the parabolic Anderson
problem with homogeneous random potential &(-):
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% = kAu + é(x)u, (tax) € IR"" X Zd’ u(O,x) =1.

In [6] we used rather ‘soft’ qualitative arguments to prove intermit-
tency for the solution # under minimal conditions on the potential
&(+). For a general discussion of intermittency and further references
see the lectures [7].

Roughly speaking, intermittency means that, in contrast with ho-
mogenization, the spatial structure of u(¢,-) is highly irregular for
large ¢. In one or another sense the essential part of the solution is
believed to consist of islands of high peaks which are located far from
each other. The sizes of these islands as well as the heights and shapes
of the corresponding peaks (both of the potential £(-) and the solution
u(t,-)) are crucial for different asymptotic questions related to our
Anderson problem. A detailed understanding of the geometric struc-
ture of intermittent solutions would therefore be extremely useful.

Instead of directly investigating the spatial structure of u(¢,-), we
will study the second order asymptotics of the moments (u(z,x)"),
p=1,2,..., and the almost sure growth of u(#,x) as t — oo for fixed x.
We will restrict ourselves to the important case when the potential &(+)
consists of independent, identically distributed random variables un-
bounded from above. In this case the solution u(¢,-) is known to
develop an intermittent behavior as ¢ — oo, see [6]. Implicitly, our
results and their proofs will allow a rather detailed insight into the
geometry of the peaks. Let us remark that our method may be
modified to study the second order asymptotics of moments for a
rather large class of correlated random potentials.

In the i.i.d. case, a crucial role is played by double exponential tails
with parameter g, 0 < ¢ < oo:

Prob(¢(0) > r) = exp{—¢/?}, r— o0 .

Such tail behavior leads to islands of asymptotically finite size. In the
case of ‘heavier’ tails (corresponding to ¢ = oo and including Gauss-
ian potentials) the islands consist of isolated single lattice sites. On the
other hand, for ‘almost bounded’ potentials (with faster decaying tails
corresponding to ¢ = 0) the optimal peaks form very large flat islands.
Qualitatively, the last situation is similar to the picture presented by
A.-S. Sznitman in a series of papers on Brownian motion in a Pois-
sonian environment, see e.g. [8] and [9].
In Section 1 we will prove that

(u(t,0) = exp{H(pt) ~2diy (g) pt+ o(t)} (0.1)
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as t — oo, where H is the cumulant generating function of £(0) and
W) 1= (PO

is supposed to be finite for # > 0. The last condition guarantees the
existence of all statistical moments of the homogeneous and ergodic
solution u(z,-). The shapes of the high exceedances of the solution
determine the function y which may be expressed in terms of a vari-
ational problem. We will see that x(0)=0, 0< y(¢) <1 for
0 < ¢ < o0, and y(oco) = 1. In the latter case, the factor exp{—2dxpt}
in (0.1) may be easily explained by use of the Feynman-Kac formula

u(t,0) = I, exp{ /O [é(x(s))ds} , 02)

where x(7) is simple random walk on Z¢ with generator xA. Namely,
this factor will appear if the random walk is forced to stay at 0 until
time ¢. Indeed,

u(1,0) > Iy exp{ /0 t 5(x(s))ds}ﬂ(x(s) =0 for s € [0,1]) = <O~ 2xt

and therefore
<M(t’0)p> > eH(pl)*Zde[ .

Hence, for ¢ = co the random walk prefers to stay at one and the
same lattice site for almost all the time. This makes it plausible that in
this case the islands of high exceedances consist of single lattice sites
and that in general y(¢/x) is closely related to the size of these islands.
In fact, the solution to the mentioned variational problem, which is
given by a nonlinear difference equation, is expected to determine the
nonrandom shape of the relevant peaks. Note also that the simple
universal bounds

eH(pt)deKpt < <u(t70)p> < eH(pz)

are valid for arbitrary homogeneous potentials £(-) with finite cumu-
lant generating function H, see [6] for a proof of the upper bound.

In Section 2 we will show under reasonable regularity assumptions
that

u(t,0) = exp{tlp(a’ log?) — 2dzcx(%)t + o(t)} (0.3)

as t — oo for almost all realizations of the random potential &(-).
Thereby the function y is again fully determined by the tail behavior
of the distribution of £(0). In fact, y(d log¢) describes the almost sure
asymptotics of the maximum of the potential £(-) in a ball of radius ¢
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as t — oo. Note that, by symmetry, u(t,0) = > .z« v(¢,x), where v is
also a solution to our parabolic problem but with initial datum
v(0,x) =1 for x =0 and v(0,x) = 0 otherwise. Therefore the inter-
mittent peaks of v(z,-) are expected to determine the asymptotics (0.3).
For unbounded from above potentials the moments (u(z,0)”) grow
much faster than the solution u(¢,0) itself, which is one more mani-
festation of intermittency. Hence, the leading terms in the asymptotic
formulas (0.1) and (0.3) are totally different. But the second order
correction terms, which contain the essential information about the
geometry of the relevant peaks, coincide. This means that in both
cases the advantageous peaks have the same shape but different
heights.

Conceptionally, the above results are closely related to the spectral
analysis of the Anderson Hamiltonian 5. One may expect that the
high peaks of u(z, -) are generated by high exceedances of &(-) and that
the height and form of the peaks of u(¢, -) are asymptotically given by
the principal eigenvalue and the corresponding positive eigenfunction
of & in a neighborhood of the potential peak with Dirichlet boundary
conditions, respectively.

Let us finally explain how and why the double exponential tails
enter our picture in the i.i.d. case. The fundamental property of the
double exponential distribution is that

Prob(é(x) > h + ¢(x),|x| < R) = exp{ —e/ Z c?()/e
\

X|<R

This means that, independent of their common height 4, two local
peaks of the potential of the form 4 + ¢(-) and & + ¢(-) occur with the
same frequency if and only if

Z e?@/e — Z eP@/e

[x|<R [x|[<R
We conclude from this that, both for u(z,0) and (u(z,0)"), the shape
@(+) of the typical peaks (normalized by Y e?™/¢ = 1) maximizes the
principle eigenvalue A(p) of the operator kA + @(-) among all shapes

@(-) with
PCECES O (0.4)

The corresponding positive eigenfunction describes the nonrandom
shape of the advantageous peaks of the solution u(¢,-) near the rele-
vant local maxima of the potential. We will see in Section 2 that under
the constraint (0.4) the maximum of A(p) coincides with the term
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—2dky(e/x) in (0.1) and (0.3). For technical reasons, in Section 1 we

will describe y by means of a different, but equivalent, variational
problem.

1. Asymptotics of the statistical moments
1.1. Statement of the result

This section deals with the random Cauchy problem

w = xAu(t,x) + Ex)u(t,x), (t,x) € Ry x Z°,
u0,x)=1, xez’, (1.1)

for the Anderson tight binding Hamiltonian
Ho=kA+ () .

Thereby x denotes a positive diffusion constant and A is the lattice
Laplacian:

A= > UO0)-SW] xez’.
yily—x|=1
The potential £(-) is supposed to consist of i.i.d. random variables.
The underlying probability measure and expectation will be denoted
by Prob(:) and (-), respectively.
We will assume throughout that the cumulant generating function
H of our random variables is finite on the positive half-axis:

H(t) ==1log {(e“¥) < 00 for¢>0 .

This assumption guarantees that a.s. the Cauchy problem (1.1) admits
a unique nonnegative solution u. For each 7 > 0, u(z,-) is a spatially
homogeneous ergodic random field, and

0 < (u(t,x)’) < oo forp=1,2,... and (t,x) € R, x Z% .

The results stated below remain valid for nonnegative homogeneous
initial conditions u(-) which are independent of £(-) and satisfy

0 < (up(0)) <o forp=1,2,...

For technical details we refer to [6], Sections 2 and 3.

The objective of this section is to study the asymptotic behavior of
the moments (u(z,x)”), p=1,2,..., as t — oo under the following
regularity assumption on the cumulant generating function H.
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Assumption (H). There exists ¢, 0 < ¢ < oo, such that
Hct) — cH(t
i 160 =0

t—00

= gclogc (1.2)

for all ¢ € (0,1).

In order to explain the meaning of this assumption let us consider
the case when the potential is double exponentially distributed with
parameter g, 0 < ¢ < oo:

Prob(£(0) > r) = exp{—€/?} , reR .

Then H(t) =logI'(ot+ 1) = otlog(ot) — ot + o(¢), and (1.2) is ful-
filled. Therefore, roughly speaking, for 0 < ¢ < oo, Assumption (H)
tells us that the upper tail of the distribution of £(0) behaves like that
of a double exponential distribution. In the case ¢ = oo the tail is
‘heavier’, i.e. we are ‘beyond’ the double exponential situation. Fi-
nally, ¢ = 0 means that the tail decays faster than in the double ex-
ponential case, and we will say that the potential £(-) is ‘almost
bounded.’

Remark 1.1. a) If 0 <o < oo, then Assumption (H) says that the
function exp{H(¢)/t} is regularly varying with exponent .

b) If 0 < ¢ < o0, then the convergence in (1.2) is uniform on [0, 1].
For ¢ = oo, the convergence to —oo is uniform on each compact
subset of (0, 1). This follows from the observation that the function on
the left of (1.2) is convex in c.

By 2(Z) we will denote the space of probability measures on Z.
We next introduce the Donsker-Varadhan functional S:2(Z) — R,
and the entropy functional I: #(Z) — R, defined by

SG) =S (Ve T - Vem) . pe(@) .

x€Z

and

I(p) === _p(x)logp(x), pe?Z),
xeZ
respectively. Note that S(p) is nothing but the Dirichlet form of the
one-dimensional lattice Laplacian at ,/p.
Our result will be described in terms of the cumulant generating
function H and the function

fe)i=5 inf SG)+el() 0<e<oe. (13
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One easily checks that y is strictly increasing and concave and
0 < x < 1. Moreover, x(0) =0 and lim,_. z(¢) = 1. Set x(o0) := 1.
We are now ready to state the main result of this section.

Theorem 1.2. Let Assumption (H) be satisfied. Then

(u(t,0)") = exp{H(pt) _ 2d;<x<%> P+ o(t)} (1.4)
ast— oo forp=1,2,...

Remark 1.3. a) It will become obvious from the proof that the same
asymptotics holds true for (u(t,x1)...u(t,x,)), x1,...,x, € Z, as well
as for the moments of the fundamental solution g(¢,x,y) of our
Cauchy problem. One only has to check that the large deviation
principles of Lemma 1.5 below are also valid for the correspondingly
modified measures.

b) For 0 < ¢ < oo, the infimum in (1.3) is attained. A probability
measure on Z is a solution to this variational problem if and only if it
is of the form const v7, where v, is a positive solution of the nonlinear
difference equation

Av, +29v,logv, =0 on Z (1.5)
with minimal I>-norm ||v,||,. Moreover,
1(e) = elog|lv,ll; -

For sufficiently large o, the minimal /?>-solution of (1.5) is unique
modulo shifts. For small ¢ this is an open problem. As ¢ | 0,

0 1
N — Zlog=
x(0) 2108, + O(0)

and v, has an asymptotically Gaussian shape of width 1/,/o0. The
proof of these facts may be found in the forthcoming paper [5]. Note
also that a similar problem occurs in Bolthausen and Schmock [1] in
connection with the investigation of self-attracting random walks. Let
us further remark that, for 0 < ¢ < oo, the term 2dxy(¢/k) in the
expansion (1.4) is concave and strictly increasing as a function of the
diffusion constant . This is obvious from (1.3).

¢) A deeper analysis in the spirit of the almost sure considerations
in Section 2 indicates that the typical shapes of the above mentioned
high peaks of our solution are (time-dependent) multiples of
Vg/x R...Q® Ug /i

As a first step towards the proof of Theorem 1.2, we will express
the moments of u(z, 0) by means of local times of random walks on Z.
To this end, we exploit the Feynman-Kac representation
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u(t,x) = IExexp{ /O ti(x(s))ds} , (1.6)

where (x(f),IP,) denotes simple symmetric random walk on Z¢ with
generator kA and IE, stands for expectation with respect to IP,. Let
p € N be fixed until the end of the proof. Consider p independent
copies x| (1), ..., x,(t) of the random walk x(¢), and denote by IPj and
IE{, probability and expectation given x;(0) = - -- = x,(0) = 0, respec-
tively. Let

li(z) == /Otﬂ(x,-(s) =z)ds

be the local time of the i-th random walk spent at z € Z during the
time interval [0, 7], and introduce the total local time

(z) = 12 .
i=1

It then follows from (1.6) that

u(t,0) = ) exp{z lt(z)é(z)} :

zeZ?

Averaging over the random field &(-) leads to

(u(t,0Y) = EP exp{ZH(lt(z))} . (1.7)
We next note that the occupation time measures
1(-
L(-) = )
pt

satisfy the weak large deviation principle as ¢t — oo with rate function
being a d-dimensional analogue of the Donsker-Varadhan functional
S, cf. Donsker and Varadhan [3]. In the next subsection we will ex-
plain how to get appropriate upper and lower bounds for the expec-
tation on the right of (1.7) by ‘compactifying’ the state space of our
random walks and then applying the fu/l large deviation principle for
the corresponding occupation time measures. After that, in Section 3,
we will see how the variational expressions in these upper and lower
bounds fit together to arrive at (1.4).

1.2. Compactification and application of large deviations

Given R € N, let T% := {—R,...,R}" denote the centered lattice cube
of length 2R + 1. By introducing the periodic distance
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di(x,y):= min |x—y—z, x,yeT%
z€(2R+1)Z¢
we may consider T% as d-dimensional lattice torus.
Let »®™ and u®? denote the solutions to the initial-boundary value
problem for the equation

0
B_Ltl = KkAu+ E(x)u on R, x T

with periodic and zero boundary conditions, respectively, and initial
datum identically one. The following lemma enables us to reduce the
study of the moments to the consideration of a large finite box ]Ij’é.
This has the advantage that the probability laws of the associated
occupation time measures live on the compact state space @(]Ilde).

Lemma 1.4. Let u be the solution to the Cauchy problem (1.1). Then

W0(1,007) < {u(t,0)") < (u*™(1,0)) (1.8)
foral REN,t>0,andp=1,2,...

The derivation of these bounds relies on probabilistic formulas for
the moments and only works for i.i.d. potentials. Rather than directly
exploiting the bounds (1.8), we will use later on the corresponding
inequalities for their probabilistic representations. But Lemma 1.4
explains the idea in a more analytic language.

We consider the ‘periodized’ local times

R)= > ILlz+x), zeT§,
x€(2R+1)Z°¢

which may be regarded as total local times of p independent random
walks on ]Ij’{ with generator kA and periodic boundary conditions. Let

18() = 10

pt
be the associated occupation time measures on T4. Let further 75
denote the first time when one of the random walks x(¢),...,x,(¢)

exits T4.
We already know that the moments of the solution « to (1.1) admit
the representation (1.7). In analogy with this, we find that

(u0(1,007) = Efexpq > H(L(2)) p1(ch > 1) (1.9)

d
zeTy
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and

('™ (1,0") = Ehexpq > H(If(2) p . (1.10)

d
zeTy

Proof of Lemma 1.4. The lower bound for (u(z,0)") is obvious from
(1.7) and (1.9). Since the cumulant generating function H is convex
and H(0) =0, we have

D H(k) < H(Z ftk)
k=1 =1
for all n € N and 4;,...,4, € R,. Hence,
D OH(ULGE) <Y Hf()
zeZ? zE']Tz
Using this, we obtain the upper bound for (u(¢,0)”) from the proba-
bilistic representations (1.7) and (1.10). O

The main tools for deriving asymptotic formulas for the moments
(1.9) and (1.10) are large deviations for the occupation time measures
of p independent random walks on T% with zero and periodic boun-
dary conditions (Lemma 1.5 below). That is, we will consider large
deviations for the subprobability measures

10 (B) = PH(Li() € B,k > 1)
and the probability measures
W (B) = B (LA() € B)

on 2(T4%). In this context, we need the Donsker-Varadhan functionals
SH0 and S5 on 2(T4) defined by

P = Y (\/ S ) pePTY)
{xyycz’
r—yl=1

and

Z (\/ —\/p ) pEP(Te) ,
{xy} C']l'd
dg(x,y)=l
respectively, where, by convention, in the first formula p(x) := 0 for
x ¢ T4. Note that these expressions coincide with the Dirichlet form at
/P of the operator —A on (%) with either zero or periodic boun-
dary condition.
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We intend to apply the following finite dimensional large deviation
results which may be derived as particular cases from Donsker and
Varadhan [2] or Gértner [4].

Lemma 1.5. Given R € N, the following holds true as t — oo.

a) The subprobability measures ,uf’o satisfy the full large deviation
principle with scale pt and rate function KSg’O.
b) The probability measures uf’” satisfy the full large deviation
L. . . R,
principle with scale pt and rate function kS;".

Remark 1.6. Since the formulation of a large deviation principle for
unnormalized measures may appear to be unconventional, let us re-
mark that assertion a) of Lemma 1.5 may be rephrased as follows.
The probability measures ,uf’o(‘) / ,uf’o(]ff?) satisfy the full large devia-

tion principle with scale pt and rate function KS§’0 - min(KSg’O) and

1
lim —tlog pfO(me) = — min(xkS5Y)
t—>:>op
We are now in a position to derive the desired asymptotic formulas for
(uR0(£,0)") and (uR™(¢,0)"). Passing from the description by local
times to the description by occupation time measures, we may rewrite
(1.10) in the form

(" (£,0)7) = " IEf expg pt H(Lf(z)pt)];Lf(z)H(pt) - (L11)

d
zeTy

Let us first consider the case when 0 < ¢ < co. Then Remark 1.1b) to
Assumption (H) implies that the expression under the last sum be-
comes uniformly close to oL (z) log LR (z) as t — oo, and we arrive at

(WP (2,00°) = OB exp{—prof® (LX)}, (1.12)
where I¥ is the entropy functional on 2(T%):

I(p) == plz)logp(z), peP(Ty) .

i
zeTy

We may now apply the Laplace-Varadhan method for the large de-
viation probabilities of Lemma 1.5 b) to see that

IE] exp{—ptglg(Lf(-))} = exp{—ptmin [ng’n + ng] + o(t)} . (1.13)

Combining (1.12) with (1.13), we arrive at assertion b) of the next
lemma.
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Lemma 1.7. Let Assumption (H) be satisfied. Then the following holds
true as t — oo for arbitrary R€ N andp=1,2,...

a) If 0 < g9 < o0, then
(uRO(2,0)7) > exp {H(pt) — ptmin [kS5" + oIX] +o(1)} .
b) If 0 < ¢ < o0, then
(uP™(1,0Y") < exp{H (pt) — ptmin[kSF™ + oI5| +0(1)} .
¢) If o = o, then
(u®0(2,0)") = exp{H (pt) — 2dxpt + o(t)} , (1.14)

and the same asymptotics is valid for (u®™(t,0)?).

The proof of assertion a) follows the same lines as that of b).
Instead of (1.10) and Lemma 1.5 b), one has to use (1.9) and Lem-
ma 1.5 a), respectively. To prove assertion ¢) assume that ¢ = co. The
expression on the right of (1.14) is a trivial lower bound for
(uR0(¢,0)") which is obtained from (1.9) by forcing all random walks
x1(t),...,x,(¢) to stay at 0 during the whole time interval [0, #]. In view
of Lemma 1.4, it now only remains to show that the expression on the
right of (1.14) may also serve as an upper bound for (1®7(¢,0)”). From
(1.11) and Remark 1.1 b) we conclude that

(W (2,0)7) < &0 [P (L(2) & (6,1 — &) for all z € Th) + o)

for any ¢ € (0, 1) and arbitrarily large y. Here we have also used that
the expression under the sum on the right of (1.11) is always non-
positive. But the large deviation principle for L&(-) (Lemma 1.5b))
tells us that the probability on the right behaves like

exp { — ptmin{xS5(p): p(z)¢(e, 1 —¢) for all z € Mg} + o() } .
Since the minimum in the exponent tends to 2dx as ¢ — 0, this yields
the correct upper bound.

A combination of Lemma 1.4 with Lemma 1.7 ¢) proves Theo-
rem 1.2 in the case when ¢ = co. To complete the proof for 0 < ¢ <
one has to show that the minima in the exponents on the right of the
assertions a) and b) of Lemma 1.7 converge to the same limit as
R — oo and that this limit equals 2dxy(¢/x). This final step will be
carried out in the next subsection in Lemma 1.10.

1.3. Properties of associated variational problems

We first consider the d-dimensional Donsker-Varadhan functional Sy
and the d-dimensional entropy functional I; defined by
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sw= Y (Ve - vib)) . per@) .

{xy}cz!
—yl=1

and
Li(p) ==Y _ px)logp(x), pe 2@,
xez?

respectively. Note that S| and I; coincide, respectively, with the
functionals S and 7 introduced in Section 1.1.

We claim that our d-dimensional variational problems split into
the sum of d one-dimensional problems.

Lemma 1.8. For 0 < g < o0,
inf [Sy + o) = dinf [S + oI] .

If 0 < g < oo, then the infimum on the left is attained at p € P(Z°) if
and only if p is a product measure,

d
r=Qp
i=1

and the infimum on the right is attained at all p; € #(Z),i=1,....d.
Proof. Given d > 1 and ¢ with 0 < ¢ < oo, abbreviate

Fp:=8Ss+0l; .
We will show that
infFy,, = infF; +infF . (1.15)
First observe that
Sa+1(pa @ p1) = Sa(pa) + S1(p1) (1.16)
and
Lisi(pa @ p1) = La(pa) +1i(p1) (1.17)

for all py € 2(Z%) and p, € 2(Z). This implies that the expression on
the left of (1.15) does not exceed that on the right. To obtain the
opposite inequality fix p € 2(Z*") arbitrarily. Denote by p; and p;
the marginals of the first d and the last component of p, respectively,
and consider the conditional laws

palxly) == ];ff(’yy)) and py (ylx) == pd(’xy) , () eZixZ .

Then
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Sar1(p) =Y p1)Sa(pa(-v) + D pa®)Si(pi (%))

yez xeZ¢
and
Lii(p) =Y prMLa(pa(-1p) + D pa) D (p1(-]x))
yez xeZ?
+2 E( pa(x|y) logpd(x|Y)) pa(x) logpd(x)] :
xezd LyeZ

Since the function xlogx, x > 0, is strictly convex, an application of
Jensen’s inequality shows that the expression in the square brackets is
nonnegative and vanishes identically if and only if p = p; ® p;. Hence,

Fraa(p) 2 Y pi0)Fa(pa(-) + Y pa@F (i (J) - (118)

YeL xezZ¢

This yields the desired lower bound. Moreover, if 0 < ¢ < oo, then in
(1.18) equality holds only if p = p; ® p1. Together with (1.16) and
(1.17), this shows that the infimum on the left of (1.15) is attained at p
if and only if p has the form p; ® p; and the infima on the right are
attained at p,; and p;, respectively. O

Remark 1.9. 1t is obvious from the above proof that assertions
analogous to Lemma 1.8 are valid for the functionals S + oI% and
SR 4 oI considered in Section 1.2.

Recall that the function y has been defined in (1.3). The next lemma
fills the outstanding gap in the proof of Theorem 1.2.

Lemma 1.10. For 0 < ¢ < oo and each R € N,

min[S* + oI%] < inf [S, + oI, < min [ij’o + Qlﬂ . (1.19)
Moreover,
lim min [S57 + off] = hm min {SRO + QIR}

R—o0

= inf [Sd + ols] = 2dy(o) . (1.20)

Proof. Because of Lemma 1.8 and Remark 1.9, it will be enough to
consider the case d = 1. For convenience, we will suppress the di-
mension index in our notation.

The right inequality in (1.19) is obvious. To derive the left in-
equality, we fix p € #(Z) arbitrarily and consider the ‘periodized’
measure
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pr(z) == E pz+x), zeTg .
x€(2R+1)Z
It will then be enough to check that

™7 (pr) < S(p) (1.21)

and

R(pr) < 1(p) . (1.22)

As a consequence of the Cauchy-Schwarz inequality, we have

(VPR()’)_\/IT(Z)YS > (x/p(y+x)—\/p(Z+X))2

x€R+1)Z
for all y,z € Tg. This yields (1.21). Inequality (1.22) follows from the
fact that the function ¢(x) := —xlogx, x > 0, is concave and ¢(0) =0

and therefore

e(r(2) < Y. o(pz+x))

x€Q2R+1)Z

for all z € T.

To prove (1.20), let p € T be a measure at which the minimum of
SR™ 4 oIR is attained. Because of shift invariance, we may assume
without loss of generality that

2
R+1

P(=R)+p(R) < 5

Then

SRO(p) — SR7(p) = 2\/]@\/P(_R) < 2R2+ 1

This implies that

min [S*0 + 7] — min [S*" + oIF] < RET

Together with (1.19), this proves the convergence relations in
(1.20). For d =1 the last equality on the right of (1.20) is the defini-
tion of y. ]

2. Almost sure asymptotics

2.1. Statement of the result

In this section we will study the almost sure behavior of the solution
u(t,x) to our basic Cauchy problem (1.1) as t — oo for fixed x € Z“.
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We will assume throughout that the potential &(-) consists of in-
dependent, identically distributed random variables with continuous
distribution function F satisfying F(r) < 1 for all » (i.e. ¢(-) is un-
bounded from above a.s.).

Let us introduce the non-decreasing function

1
(P(l") '_logl——F'<1/‘)7 reR s

and its left-continuous inverse
Y(s) :=min{r:o(r) > s}, s>0.

Note that y is strictly increasing and ¢(¥(s)) = s for all s > 0. The
function ¥ has been determined in such a way that the distribution of
the field &(-) coincides with that of ¥(5(-)), where #5(-) is a field of
independent, exponentially distributed random variables with mean 1.
Hence, we may and will assume without loss of generality that
E(-) =(n(+)). This will allow us to study the high peaks of £(-) by
investigating those of the ‘standard’ field #(-).

We next formulate our crucial restriction on the tail behavior of the
distribution function F.

Assumption (F). There exists ¢, 0 < ¢ < oo, such that

lim [ (es) — (s)] = gloge (2.1)

§—00

for all ¢ € (0,1). If ¢ = oo, then we demand in addition that
Tim (s + logs) — ()] =0 . (2.2)

Roughly speaking, if 0 < ¢ < oo, then assumption (2.1) requires that
the upper tail of F behaves like that of a double exponential distri-
bution with parameter ¢. The case ¢ =0 is that of an ‘almost
bounded’ potential. If ¢ = oo, then we are ‘beyond’ the double ex-
ponential tails, and (2.2) mainly restricts the tails to be not as ‘heavy’
as for exponentially distributed variables. In particular, problem (1.1)
admits a unique nonnegative solution u, and this solution is given by
the Feynman-Kac formula

u(t,0) = I, exp{ /0 tf(x(s))ds} , (2.3)

cf. [6], Sections 2 and 3. This sounds very similar to what was as-
sumed in the previous section. In fact, we will see later (Lemma 2.3
below) that Assumption (F) is slightly stronger than Assumption (H).
The latter was imposed on the cumulant generating function in Sec-
tion 1.1.
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Remark 2.1. The following assertions are easily verified.

a) For 0 < o < 00, (2.1) says that e” is regularly varying with
exponent .
b) Condition (2.2) is equivalent to

lim [y(s + clogs) —Y(s)] =0 forallce R .

If 0 < ¢ < o0, then (2.2) follows from (2.1). As a consequence of (2.2),

Y(s) = o(s/logs).
¢) Assumption (F) implies that

lim otr+p) =l forall pe R
r=o (r)

(with the obvious definition of ¢#/¢ for ¢ = 0 and ¢ = o0) and

@(r) +1ogo(r) < o(r+p)

for each > 0 and all sufficiently large r.
d) If 0 < ¢ < oo, then

Y(e(r)) =r+o(l) asr—oo .

The almost sure asymptotics of u(z,x) as t — oo will now be charac-
terized in terms of the function  and the function y which was in-
troduced in Section 1.1 by means of the Donsker-Varadhan
functional S and the entropy functional /.

Theorem 2.2. Let Assumption (F) be satisfied. If d = 1, suppose in
addition that (log(1 + £(0)7)) < co. Then almost surely

u(t,0) = exp{;b(d log )t — 2drcx<§>t + o(z)} ast— oo . (2.4)
The leading term in this asymptotic expansion is related to the max-
imum of the potential &(-) along those paths of the random walk x()
which give the main contribution to the Feynman-Kac formula (2.3).
As we will see,

I‘n‘ixé(x) =y(dlogt)+o(l) as .

x| <t
For ‘heavy’ tails violating assumption (2.2), this non-random as-
ymptotics breaks down and the second order term in (2.4) is expected
to be superimposed by random fluctuations.

Our proof of Theorem 2.2 indicates the following interpretation.
Assume that 0 < ¢ < oo and that the minimal /%-solution v, of
equation (1.5) is unique modulo shifts. Let the initial total mass
> u(0,x) be finite a.s. (instead of u(0,x) = 1). Then, as ¢ — oo, the
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main contribution to the total mass of u(z,-) will be given by widely
spaced high peaks the local shapes of which consist of (time-depen-
dent) multiples of v,/ ® ... ® v,/,. These peaks of u(t,-) correspond
to high exceedances of the potential £(-) of the form

W(dlogt) — 2dry(o/K) + 20 log(vQ/K ®...8 UQ/K) .

The proof of Theorem 2.2 will be broken down into several steps. In
the Sections 2.2-2.4 we will collect all the ingredients necessary for the
proof which will then be put together in Section 2.5.

We close this subsection by revealing without proof the relation-
ship between Assumption (F) and Assumption (H) from Section 1.1.
As before, assume that the distribution function F is continuous and
F(r) <1 for all r. Let H denote the associated cumulant generating
function.

Lemma 2.3.  Assume that H(t) < oo for all t >0 or, equivalently,
Y(s) =o(s)as s — oo. If 0 < ¢ < o0, then the following two conditions
are equivalent:

}Lnolo[tﬁ(cs) —y(s)] = gloge forall c €(0,1) (2.5)
and
tllrglo [# - }@] =gloge forall c€(0,1) . (2.6)

Moreover, either of them implies that

HT(t):lﬂ(t)Jr@logQ—@JrO(l) ast— 00 . 27)

2.2. Percolation bounds

In dimension d > 2, there is no need to impose any restrictions on the
lower tail of the distribution function F. As a consequence of a per-
colation effect, in the Feynman-Kac representation (2.3) the random
walk is able to bypass clusters of extremely negative peaks of the
potential &(-). This subsection contains the related notation and
auxiliary results.

Given x € Z% and r > 0, let B,(x) := {y € Z%:|y — x| <} denote
the closed ball in Z¢ with center x and radius . Here and in the sequel
| - | stands for the lattice norm on Z?. We will abbreviate B,(0) by B,.

Given a natural number R, we will say that x,y € Z¢ are R-neigh-
bors if |x — y| < R. A subset W of Z¢ will be called R-connected if any
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two sites x,y of W may be joined by a path x =zy —z; — ... — z,
= y of R-neighbors in #. The minimum of the lengths > |zx — z_;| of
all such paths will be denoted by d%(x,y). Hence, d%(x,y) measures
the distance of x and y inside the R-connected set . Each subset of Z¢
splits into R-connected components.
For each R € N, consider the random variables
Er(z) := min &(x), ze 2R+ 1)Z° .
XEBg(z)

Note that &z(-) is a field of i.i.d. random variables on the sublattice
(2R + 1)Z°. Define the level sets

AFR):={z€ QR+ 1)Z% () >0}, a€eR .

Lemma 2.4. Suppose that d > 2. Then, for each R € IN, one finds a level
o = g such that the following holds true.

a) A.s. there exists a unique infinite (2R + 1)-connected component
W+ =W (R) of A} (R), and Prob(0 € W) > 0.
b) There exists ¥g > 1 such that a.s.

dZR-H
limsup 22—~ (x,)

[y|—o0,yew+ ‘x _y|

< Vg

for all x e W+,

Proof. This repeats the proof given in [6], Section 2.4, with the ran-
dom field &(-) on Z¢ replaced by &(-) on the sublattice (2R + 1)Z¢. [J

We will assume from now on that, for each R € IN, a level « = oz
has been chosen as in Lemma 2.4 and the level set 4} (R) and the
infinite percolation cluster W (R) are defined accordingly.

As before, let (x(¢),IP,) denote random walk on Z“ with generator
kA. By 1, and 1(r) we denote the first hitting times of the site x € Z¢
and the complement of the ball B,, respectively.

Lemma 2.5. a) For arbitrary r > 0 and t > 0, we have

Py(z(r) < £) < 297! exp{—rlog% + r} :

b) Suppose that d > 2. Fix R € N arbitrarily. Then there exists
Ig > 1 such that for each t > 0 a.s.

E exp{/; ﬁ(x(s))ds}ﬂ(fx <'t) > exp{—vg|x|log|x|} (2.8)
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Jor all sufficiently large x € \U,cy+(g) Br(2). In dimension d =1, a cor-
responding estimate is valid a.s. for all sufficiently large |x| provided that
(log(1 +£(0)7)) < oc.

This is a slight modification of Lemma 4.3 in [6]. The proof of
part b) relies on the percolation bound in Lemma 2.4 b).

2.3. High exceedances of the random potential

In this subsection we consider random fields £(-) which satisfy As-
sumption (F) for some ¢ € [0, c0]. We will show that almost surely as
t — oo the high exceedances of the field £(+) in the ball B, are of order
Y(dlogt) and, for ¢ € (0, 00], form islands of bounded size which are
separated from each other by an arbitrarily large distance. After that
we will prove that almost surely the set of local peaks of the ‘vertically’
shifted potential &(-) — y(dlogt) in B, is asymptotically described by
the class of profiles 4(-) for which

Zeh(x)/g < 1.

Our results will first be formulated for the field #(-) of independent,
exponentially distributed random variables with mean 1. As a corol-
lary, we will then obtain the corresponding statements for the trans-
formed field &(-) = ¢¥(n(+)).

Let us begin with the almost sure behavior of the maxima of the
field 5(-).

Lemma 2.6. We have

max n(x) — log|B|

li ’ <1 as.
n,ri,sololp loglog |B;| - -

The proof of this classical result will be given for the sake of com-
pleteness only.

Proof of Lemma 2.6. Fix 6 > 1 and an increasing sequence (t,) of
positive numbers so that |B, | ~ 6" as n — oo. Since

log ‘Bthrl‘ —log|B,,| = o(loglog|B,,)

and

log log |Btn+l | ~ log log |Btn

)

it will be enough to prove the statement for the sequence (#,) instead
of t. For each ¢ > 1, we get
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Prob <m%x n(x) > log|B,,| + cloglog |Btn]>

XEDBy,

< |B,,|Prob(n(0) > log|B,,
1 1

= ~

(log|B,[)*  (nlog0)

)

+ cloglog |B,,

and

Prob (max (x) < log|B,,

XEB,

n

1 B c ‘Bf/z‘
_ (1 _ “’TBM) < exp{—(log|B,,
ty

— exp{—(nlog O)°(1 + o(1))} .

Hence, the probabilities on the left of both inequalities are summable
over n for ¢ > 1, and our assertion follows by an application of the
Borel-Cantelli lemma. ]

— cloglog |Btn|)

)}

Taking into account Remark 2.1 b), we obtain the corresponding
result for the transformed field &(-).

Corollary 2.7. Let Assumption (F) be satisfied. Then almost surely

max E(x) =y(log|Bi) +0o(l) ast— oo .
XEb;

Remark 2.8. Since |B,| behaves like (2¢)?, we may replace in Lem-
ma 2.6, and therefore also in Corollary 2.7, log|B,| by dlogt. Corol-
lary 2.7 therefore explains the appearance of the term /(d log¢) in our
considerations.

Given y > 0 and ¢ > 0, consider the point process of high exceed-
ances

E! :={x € B;:n(x) > e "log|B|} .

We next want to show that almost surely for large ¢ the set E/ consists
of islands the size of which does not exceed e’. After that this result
will be reformulated in terms of the high exceedances of &(-).

Lemma 2.9. For eachy > 0 and each natural number R, the following is
true almost surely. There exists a random time ty = ty(y,R,n(-)) >0
such that for t > ty each R-connected component of E! consists of at
most €' elements.

Proof. Fixy > 0, R € N, and 0 > 1 arbitrarily. Consider an increasing
sequence (z,) such that |B, | ~ 0" as n — oco. Then
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e "logl|B,,, | = e 7tWlog|B,

, N —00 .

Because of this it will suffice to prove our lemma for the sequence (z,)
instead of z.

Fix a natural number m > ¢’ arbitrarily and denote by A4;" the
event that E/ contains an R-connected subset of m elements. By the
Borel-Cantelli lemma it will be enough to check that

> Prob(4)™) < oo . (2.9)

There are at most C,, |B;| R-connected subsets of B, consisting of m
elements, where G, ¢ is a positive constant which depends on m and R
only. For each of these sets the probability to be contained in E;
equals

exp{—me " log|B,|} = |B/ ™"
Therefore,
Prob(4]™) < Cuz|B,|' ™ ~ Cur™ " =0
Since me™" > 1, we arrive at (2.9). O

Given y > 0 and ¢ > 0, consider now the point process
E] = {x € B &(x) > n}gaxi — y} )

Corollary 2.10. Let Assumption (F) be satisfied for some ¢ € (0, 00].
Then for each y > 0 and each natural number R, the following is true
almost surely. There exists a random time ty = ty(y,R,E(+)) > 0 such
that for t > ty each R-connected component of E! consists of at most e/?
elements.

In other words, for 0 < ¢ < oo, the high exceedances of the po-
tential £(-) form islands of asymptotically bounded size which are
located far from each other. For ¢ = oo, these islands shrink to single
lattice sites as t — oo.

Proof of Corollary 2.10. Suppose first that 0 < ¢ < oo. Then in
Lemma 2.9 the point process £//¢ coincides in law with

{x € B E(x) > lp(e*v/@ log th|)}
and, by Assumption (F),

W (e 77/ og|B.|) = p(log|Bi|) =7 +o(1) -
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Combining this with Corollary 2.7, we arrive at the desired result. The
case ¢ = oo may be treated similarly. O

We now turn to the investigation of the typical shapes of high
peaks of the field n(-) (resp. £(+)) in a large ball around 0.

Lemma 2.11. For each R € IN and almost all realizations of the random

field n(-),

lim sup max =<2 1)

<1. 2.10
1m0 x€B,  log|B| ( )

Proof. Fix 0 > 1 arbitrarily and select an increasing sequence (#,) so
that |B, | ~ 0" as n — oo. It will be enough to prove (2.10) for the

sequence (¢,) instead of ¢. Fix further y > 1 arbitrarily. Then, applying
Chebyshev’s exponential inequality, we obtain

Prob max n(y) > y*log|B,|
XEBy, yEBR(x)

< |B,,|Prob <V_1 > nly) > ylog|B, |)
YEBR
< |B,|exp{—ylog|B, <exp{ > }>
YEBR

Y |Br| - Y |B| 1)
(1) B~ () gt
(V—1> B (V—1>

Hence, the above probabilities are summable over n, and our assertion
again follows from the Borel-Cantelli lemma. O]

Corollary 2.12. Let Assumption (F) be satisfied for some ¢ € (0,00).
Then for each R € N and almost all realizations of the random field &(-),

lim sup max > exp{[é(y) — y(log|B|)]/e} <1 .

=0 " yeBg(x)

Remark 2.13. The corresponding assertion for ¢ = oo is obvious from
Corollary 2.7 and Corollary 2.10. In this case, given y < 0 < J and
R € N, the following holds true a.s. for sufficiently large ¢. In each ball
Bg(x), x € By, the ‘vertically’ shifted potential £(-) — (log|B;|) exceeds
y at not more than one lattice site and does not exceed o at all.

Proof of Corollary 2.12. Since n(-) = ¢(&(+)), the assertion of Lem-
ma 2.11 may be rewritten in the form
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lim sup max T(é(y)) <1 as. (2.11)
oo wcB £t log |B/|

Assume that 0 < ¢ < co. It then follows from Remark 2.1 c) that
AT Tog Bl

for each f3,. Because of Corollary 2.7, a.s. the field &(-) — y/(log|B|) is
bounded from above on B,z uniformly for large 7. Taking this into
account, we conclude from (2.12) that a.s.

P — expl[c0) — pllog B2} + o(1)

uniformly in f < f3, (2.12)

uniformly in y € B,z as t — oo. Substituting this in (2.11), we arrive
at the desired result. O

We are now going to derive bounds on the profiles of high peaks
opposite to that given in Lemma 2.11 and Corollary 2.12. To this end
we will need to consider percolation clusters. Recall that, for each
R e N, we fixed a level @ =az as in Lemma 2.4 and denoted by
AT (R) = A} (R) and WT(R) the associated level set on the sublattice
(2R + I)Zj and its infinite (2R + 1)-connected component, respec-
tively. We will assume without loss of generality that the random field
&(+) admits a representation of the form

() = (1= L{(x))E-(0) +{()Es(x), xezZ’

where the random variables {(x), £_(x), £, (x) are mutually indepen-
dent, {(x) attains the values 0 and 1 with probability Prob(¢(x) < o)
and Prob(¢(x) > o), respectively, ¢ (x) <o < &, (x), and the distri-
butions of ¢_(x) and &, (x) coincide with the conditional laws of &(x)
given &(x) < o and &(x) > a, respectively. Note that {(x) =1 if and
only if &(x) exceeds the level o. Accordingly, the field n(-) = @(&(+))
admits the decomposition

n(x) = (1= L)n- () +Lx)n(x), xez’, (2.13)

where 17, (x) := ¢@(&1(x)). In particular, we have n_(x) < ¢(a) < n, (x)
and Prob(n, (x) > s) = exp{¢p(a) — s} for s > ¢(a).

Lemma 2.14. a) Suppose that d > 2. Given a natural number R and a
function h: Bg — R with

> hx) <1, (2.14)

XEBR
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the following holds true a.s. There exists a positive (random) time ty such

that for all t > ty one finds a (random) site zo € W (R) such that
BR(Z()) g B[ al’ld

n(zo +-) > h(-)log|B,| on Bg . (2.15)

b) With W*(R) replaced by A™(R), the above assertion is also true in
dimension d = 1.

Proof. a) Fix R€ N and h:Bp — R, satisfying (2.14) arbitrarily.

Suppose without loss of generality that /4 is strictly positive. Since

log |B,+1| ~ log|B,|, we may restrict ourselves to natural values of ¢.
For ¢t > R, define

Wt+(R) =W (R)NB,_z .
The balls Bg(z), z € W7 (R), are pairwise disjoint and contained in B,.
Recall that Prob(0 € W*(R)) > 0 (Lemma (2.4 a)). Hence, we con-
clude from Birkhoff’s ergodic theorem that there exists a positive
constant Cr such that a.s.

W " (R)| > Cg|B,| for sufficiently large ¢ . (2.16)
Consider the events
Eiz:={n(z+-) > h(:)log|B/| on Bg} ,
t € N,z € (2R 4 1)Z°. Using the decomposition (2.13) and taking into

account that {(x) =1 for all x € Bg(z) if z € W;*(R), the events E,.
coincide with

E/ = {n,(z+-) > h(-)log|B,| on By}

for z € W7 (R). Therefore an application of the Borel-Cantelli lemma
with respect to the conditional law given {(-) reduces the proof of
assertion a) to the verification of

,:ZR Prob (ﬂze o (E;LZ)C

Since the random cluster ;" (R) depends on {(-) only and the events
E/, are mutually independent and independent of {(-), we obtain a.s.

Prob([),_,,. o (E)|C0)) = (1 - Prob(E;O))'W(R)‘
< exp{—\Wt+(R)|Prob(Etf0)}

c(-)) <o as. (2.17)

= exp{ —|W*(R) |e\BR\f/)(a) B, Z.@R h(x) }

< eXp{—éR!Btll_Z‘EBRh(X)}
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for sufficiently large ¢, where Cy denotes a positive constant. On the
bottom line we have used the bound (2.16). Because of assump-
tion (2.14), this proves (2.17).

b) With several simplifications, the proof of part b) goes along the
same lines as that of part a). O

Corollary 2.15. Suppose that d > 2. Let Assumption (F) be satisfied for
some ¢ € [0,00). Fix R € N arbitrarily. Then the following is valid for
almost all realizations of the random field &(-).

a) If o = 0, then for each 6 > 0 there exists a positive (random) time
to such that for every t > ty one finds a (random) site zo € W (R) such
that Bg(zo) C B, and

E(zo+-) > Y(log|By) — 0 on Bg .
b) If 0 < ¢ < o0, then for each function h: Bg — IR with

D e < (2.18)

XEBR

there exists a positive (random) time ty such that for every t > ty one
finds a (random) site zy € W (R) such that Bg(z9) C B, and

E(zo + ) > Y(log|By|) + h(-) on Bg .

c) With W*(R) replaced by A" (R), the above assertions are also true
in dimension d = 1.

For ¢ = 0, assertion a) tells us that the size of the islands of high
exceedances of the potential £(-) grows unboundedly as 1 — oc.

Proof of Corollary 2.15. Since £(-) = ¥(n(-)), assertion (2.15) implies
that

E(zo+ ) > W(h(-)log|B,]) on Bg . (2.19)
But, if ¢ = 0, then
Y (h()log|B,|) = y(log|Bi|) + o(1)

independent of the specific choice of 4: B — IR, provided that 4 is
strictly positive. This yields assertion a).

To prove b) we remark that assumption (2.18) is the same as (2.14)
with £(-) replaced by ¢"()/¢. Hence, instead of (2.19) we obtain

Ezo++) > ("2 log|B.[) on By .
But, since 0 < ¢ < oo, Assumption (F) yields

W ("¢ log |B.[) = v(log |B.|) + h(-) +o(1) on By ,
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and we are done.
To prove c), one has to use assertion b) of Lemma 2.14 instead

of a). O]
2.4. Related spectral problems

Given R > 0 and 4:Bg — IR, let us denote by Az(h(-)) the principal
eigenvalue of the operator kA + A(-) in I?(Bg) with Dirichlet boundary
condition. In particular, 4,(&(-)) is the principal eigenvalue of the
Anderson Hamiltonian

H = kA + ()

in /?(B;) with zero boundary condition. The aim of this subsection is
to prove the following theorem on the almost sure asymptotics of

)vt(é('))'

Theorem 2.16. Let Assumption (F) be satisfied for some ¢ € [0, 0.
Then almost surely

ﬂu,(f(')):r,b(log|B,|)—2drcx(§)+0(1) ast—oo . (2.20)

Before carrying out the details, let us briefly explain the origin of
formula (2.20) in the case when 0 < ¢ < co. We have seen in Sec-
tion 2.3 that almost surely the high peaks of &(-) in B; are of the form

Y(log|Bi|) +A(-)
where 4: B — IR runs through the class of functions satisfying

D e < (2.21)

XEBR

and R is arbitrarily large. Since the islands of these peaks are located
far from each other, the upper part of the spectrum of # in [*(B,) is
expected to split into the union of the spectra on the single islands.
Hence, as t — oo, 4,(&(+)) will be close to the upper boundary of

Ar(W(log |Bi[) + h(-)) = Y (log |By[) + Zr(h())

taken over all profiles /#: Bg — IR satisfying (2.21) for arbitrarily large
R. The next lemma shows that this variational expression equals
Y(log|By|) — 2dky(9/x). It therefore makes plausible formula (2.20).
Let Sy denote the Donsker-Varadhan functional on 2(Bg) with
Dirichlet boundary condition, and let /z be the corresponding entropy
functional. These functionals are defined in the same way as the
functionals Sg’o and IX considered in the Sections 1.2 and 1.3 with the
only difference that they are now given on #(By) instead of 2(T%).



44 J. Gértner, S.A. Molchanov
Lemma 2.17. If 0 < ¢ < oo, then

sup  Ag(h()) = — min [kSR + olg]
erBR ehx)/e 2(Br)

for each R € N. Moreover,
I SO+ oly] = 2d < ) .
Jim %% [kSp + olr] = 2dxy

Proof. Let us first note that
sup Ar(h()) = sup Ir(h(-)) . (2.22)
ZXEB eh /0<1 erBR ehm/g:l

This follows e.g. from the observation that Az(4(:) +¢) = Az(h(-)) + ¢
for each constant c¢. According to the variational principle for the
largest eigenvalue

Ar(h(:)) = sup Z (kAv(x x)v(x))v(x) ,
HDH27 XEBR
where, by convention, v(x) = 0 for x¢Bg. Since it is enough to take the
supremum over positive v, we may use the substitution v> =: p to
rewrite it in the form

PEP(Br)

Ia(h()) = sup [Zhu)p(x)—xsg(p)] .

In other words, Az is the Legendre transform of KSg. Using this, we
find that the supremum on the right of (2.22) equals

sup sup [Z h(x)p(x) — glog Y @/ @] — 15Sp(p)

Now observe that the expression in the square brackets does not
change by adding a constant to 4. Therefore the inner supremum may
be taken over all 4:Bgp — IR, and a straightforward computation
shows that it coincides with —g/lz(p). In this way we arrived at the first
assertion of our lemma. Since each ball By may be embedded in be-
tween two tori T%, and T4,, the second assertion is a straightforward
consequence of Lemma 1.10. O]

It may be seen from the above proof that the maximum of Az(A(-))

over all 4 with
> Wl =1 (2.23)

XEBR
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is attained at % if and only if the square of the normalized positive
eigenfunction of xA+h(-) in [*(Bg) minimizes the functional
KSS + olg, i.e. if

A
h:—w+const ,

where p € 2(T%) is a minimizer of xS 4 oIz and the constant adjusts
h to fulfill (2.23). Now let R — oo and take into account Re-
mark 1.3 b) and Lemma 1.10. Then one finds that the relevant shapes
of the potential should be of the form

h=2010g(vy/x @ ... ® v,) — 2drcy(0/x) .

This is in accordance with our claims after Theorem 2.2.

We are now going to prove that the principal eigenvalue 4,(&(+))
indeed may be approached by the maximum of the principal eigen-
values on the islands of high peaks provided that these islands are
located far from each other. Since primarily this does not have to do
anything with randomness, we will formulate the result in a nonran-
dom setting, although the proof will heavily rely on probabilistic ar-
guments.

Let B be a finite connected subset of Z¢. Fix x > 0 and a potential
V:B — R arbitrarily. We want to estimate the principal eigenvalue 1*
of the Hamiltonian

4 =xA+V in[*B)

with Dirichlet boundary condition by comparing it with the maximum
of the principal eigenvalues of ¢ on the ‘islands of high peaks’ of V.
To this end, let G;, i = 1,...,m, denote connected subsets of B such
that dist(G;, G;) > 1 for i # j, where dist(-,-) denotes the lattice dis-
tance between subsets of Z¢. For i =1,...,m, let g; be a (not neces-
sarily connected) non-empty subset of G;. Think of the g;’s as the sites
of high exceedances of /' on some islands G; in a surrounding ocean B.
Let 4; denote the principal eigenvalue of % in [?(G;) with Dirichlet
boundary condition, and set

Jmax ‘= mlaX/lia g::Ugia G:= UGz .
i i

Lemma 2.18. (Cluster expansion) Suppose that

max ¥V < Amax - (2.24)
B\g

Then the principal eigenvalue 2% of 4 in I*(B) satisfies
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Jinax < A7 < Y
for all y > Amax for which

dist(8\G,9)
- /lmax - ﬂvmax
Y [(HV ) —1] S>max |G| . (2.25)

2dk 2dk

Proof. Since the principal eigenvalue 2 depends on the potential ¥
monotonically, the lower bound 7 > Amax 18 obvious from replacing
V' by —oo outside of G. To prove the upper bound, we will apply some
sort of cluster expansion of the resolvent %, associated with 4. We
will show that, under (2.24) and (2.25), y belongs to the resolvent set
of 4. Using the probabilistic representation of the resolvent and
taking into account that B is finite, it will be enough to check that

AA() = E, /0 ndtexp{ /0 sV (x(s)) — y]} < oo (2.26)

for all x € B. Here, as before, (x(¢),P,) denotes symmetric random
walk on Z9 with generator kA, and # is the first exit time from B:

n = inf{r > 0:x(¢)¢B} .

We next introduce stopping times 0 < gy < 79 < 61 < 71... of suc-
cessive visits of the sets g and G° by our random walk:

oo := inf{t > 0:x(¢) € g},
7, := inf{t > 6;:x(¢)¢G},
oiv1 :=1inf{t > 1:x(t) € g}, i=0,1,2,...

We will use these stopping time cycles to estimate the resolvent from
above by a geometric series. First, we may rewrite (2.26) in the form

i =8 [ aeof [[aree) -]

0

: f;m [ aexo{ [ {7 (x(s)) o] SEED

i

Since x(s) € B\ g for 0 < s < g9 A n and because of (2.24), we have

IE, /an/\n dtexp{/otds[V(x(s)) - y]}

00 i 1
0 Y= Amax

for all x € B. Using the strong Markov property together with (2.24)
and Apax < 7, we find for i =0,1,2,... that
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IE, / MA" dtexp{ /0 sV (x(s)) — y]}

—E,exp{ [ a1V 66) <1 (e <)
<y exp{ [y (o) -1 it <)

< Eyy) /0 " dtexp{ /0 sV (x(s)) — y]}

< <maXIEy exp{/oaI ds[V (x(s)) — “/}}1](01 < ﬂ))i

Yeyg

x maxE, /0 o dtexp{ / sV (a(s)) —y]} L (229)

yeyg 0

Combining (2.27) with (2.28) and (2.29), we see that it will be enough
to show that, under the assumptions (2.24) and (2.25),

E, exp{/og1 ds[V(x(s)) — y}}ﬂ(al <n) <l (2.30)

IEX/OW dtexp{/tds[V(x(s)) - y}} <o (2.31)

0

and

for all x € g.
Let us first prove assertion (2.30). Applying the strong Markov
property, we obtain for x € g:

Eeexp{ [ aslra(9) = il <)
—E,exp{ [V (x6) ~ 1 <)
% Eyny exp{ /O " s (x(s)) — y]}ﬂ(o‘o <n) . (232)

To derive an appropriate bound for the last expectation, note that
x(19) € B\G and x(s) € B\g for 0 < s < g¢. But, by assumption (2.24),
V —79 < dmax — 7 < 0 outside of g. Moreover, gy may be estimated
from below by the sum of dist(B\G,g) independent exponentially
distributed random variables with mean (2dx)'. Hence, IP;-a.s.

ao
v exp{ [ a(6) =1 10 < 1) < By

( 2di >dist(B\G,g)

T 2.
2dK + Y — Amax (2.33)
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Note that, IP,-a.s. for x € g;, 19 coincides with the first exit time from
G;. Thus, fori € {1,...,m} and x € g,

uto) o= Eeexp{ [ Vet -1 (234)

coincides with the solution to the boundary value problem
(KA+V —yu=0 in G,
u=1 onGj .
With the substitution u =: 1 + v, this turns into
(KA+V —y)v=y—V in G,
v=20 on Gj .
For y > J;, the solution exists and is given by
v=20V -7) ,

where Z{) denotes the resolvent of % in 1*(G;) with Dirichlet boun-
dary condition. Since V < A; + 2dx < y + 2dx on G;, and because of
the positivity of the resolvent, we obtain

o(x) < 2dkA M (x) < 2d;c(%§f>ﬂ,ﬂ) . x€G,
where (-, ) is the inner product in /?(G;). Using the spectral repre-
sentation of the resolvent (i.e. its Fourier expansion with respect to the
orthonormal basis of eigenfunctions of % in /%>(G;)), we find that

. Gi|
20 < Gl
(Jfy ﬂ,ﬂ)Gi_ i
This means that
2d
ux) < 1+ _;;'|G,~|, X€G; . (2.35)

Combining (2.32) with (2.33), (2.34), and (2.35), we arrive at

Eenp{ [ alrx) ~ 1o <)

2dic Y — Amax —dist(B\G,g)
< (1 G; 1
- ( +y_}vmaxmlax\ ‘) ( + 2dx )

for x € g. But the expression on the right is less than 1 if and only if
(2.25) is fulfilled. This proves (2.30).

It remains to verify (2.31). Given i € {l,...,m} and x € g;, an
application of the strong Markov property and (2.28) yields
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m/dtp{/ Y s(5) -1}
—w (4 [ oo [ atrioen )

= #010) + Erexp{ [ aslvia(o) =1 i <)

% Eyo) /O " dtexp{ /0 sV (a(s)) — y]}
<0160+ —— B [ v -}

Since y > 4;, e%,gi)ﬂ(x) is finite. The finiteness of the expectation on
the right of the last estimate was shown before, see (2.34) and (2.35).
Hence, we arrived at (2.31). This completes the proof of our lemma.

[
We have now collected all the auxiliary material for the proof of
our theorem.

Proof of Theorem 2.16. a) Lower bound. Let us first assume that
0 <9< oo. Fix Re N and A: Bp — R with

Z eh®/e

xE€BR

arbitrarily. Corollary 2.15 b) (resp. ¢) in dimension one) tells us that
a.s. for sufficiently large ¢ there exists a site zy such that Bg(zg) C B;
and

¢(zo ++) > y(log|Bi) +h(-) onBg .
This implies that
M(E()) > Y(log|B,|) + Zr(h(-)) -
From this we conclude that

liminf [7,(¢() — w(log B > _ sup  Ja(h()) as.
o 3, S

Together with Lemma 2.17, this yields the lower bound.
In the case ¢ = 0, using Corollary 2.15 a) (resp. c¢)), we obtain

timinf [2,(¢()) — ¥ (log |B])] > /x(0) -
But 2z(0) — 0 as R — oo, and we are done.

For ¢ = oo, the lower bound follows from Corollary 2.7 and the
fact that
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4(&(+)) = max & — 2dxc
t

The latter is obvious from the observation that, for each x € B,,
Z+(&(+)) may be estimated from below by the principal eigenvalue of J#
on the set {x} with zero boundary condition which equals &(x) — 2dk.

b) Upper bound. We first treat the case 0 < ¢ < co. Fix 6 > 0 ar-
bitrarily and choose R € IN so large that

Ka
2dk

0 2dx
_ — /0

We know from Corollary 2.10 that a.s. for sufficiently large ¢ the level
set

E = {x € By: &(x) > n}gaxé — 2d;c}

splits into (2R + 1)-connected clusters of size not exceeding /¢,
Given x € E,, denote by g, the (2R + 1)-connected component of E;

which contains x, and let
Gy = | Br(») N B,
YEYx

denote its R-neighborhood in B;. By construction, the sets G, are
connected. Moreover, any two of these sets either coincide or have a
distance larger than one. Let A, denote the principal eigenvalue of #
in />(G,) with Dirichlet boundary condition. Since

Ay > mGaxé —2dx, x€E;,

and the potential in B, does not exceed maxg ¢ — 2dx outside of
E, =, 9x, we find that

Amax = maxA, > max ¢ .

xeE, 31\ ek, Jx

Hence, we are in a situation where we may apply Lemma 2.18 to
estimate /,(¢(+)) from above. In our case g = |,z 9r» G = U,eg, Grs

dist(B, \ G,g) > R, and max |Gy| < e/2|By| .
XEL;

Because of (2.36), this means that condition (2.25) is fulfilled for y =
Amax + 0. Thus, we conclude from Lemma 2.18 that a.s. for large ¢,

L(E(0)) < max Jx+0 . (2.37)

Now observe that each of the sets G, is contained in a ball of radius
R’ := e?¥/¢R. But, according to Corollary 2.12, we have
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max > exp{[E(y) - y(log|B|)]} < e/ (2.38)

YEBg (x)

a.s. for large ¢. Since the principal eigenvalue depends on the potential
monotonically, we conclude from (2.37) and (2.38) that

4(C()) — Y(log |B/[) < max dp (S(x + ) — Y(log|Bi[)) + 0

< sup g (h) + 0
ZyeBR/ th’)/Q <e‘7/£’

= sup Ar(h) + 20

R

a.s. for large ¢. Hence, for each ¢ > 0 and all sufficiently large R,
lim sup[4,(&(+)) — Y (log|B,|)] < sup Jr(h)+20 as.

{—00 e eh/e<]
Combining this with Lemma 2.17, we arrive at the desired upper
bound.

The proof for ¢ = oo is similar. Given é > 0, one has to choose R
so large that (2.36) holds with e2?*/¢ replaced by 1. A.s. for sufficiently
large ¢, the (2R + 1)-connected components of the level set E, consist
of single lattice sites. In particular, G, = Bg(x), x € E;. Choose y < 0
arbitrarily. According to Remark 2.13, a.s. for large ¢, the ‘vertically’
shifted potential &(-) — (log|B;|) does not exceed y on Bg(x)\{x} and
does not exceed ¢ at site x for each x € E;. Hence, applying Lem-
ma 2.18, we find that

liltn sup[4,(&(+)) — y(log|B:])] < Ag(hs,) + 0 as. ,
where 45,(0) = d and hs,(x) = y for x € Bp\{0}. But Az(hs,) tends to
0 — 2dx as y — —oo. Since 0 > 0 may be chosen arbitrarily small, this
implies the desired bound.

The proof in the case ¢ = 0 is a straightforward consequence of
Corollary 2.7 and the observation that

A(E(1)) <max¢ .

B,

O

We close this subsection with a modification of Theorem 2.16
which takes into account the percolation effect explained in Sec-
tion 2.2. Recall that 47 (R) and W' (R) denote, respectively, the level
set in the sublattice (2R 4 1)Z¢ and its infinite (2R + 1)-connected
component considered in Lemma 2.4. For d > 2, define
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wrR) = ] B2 .
ZEWF(R)NB—g

This is the R-neighborhood of the part of the infinite percolation

cluster W*(R) in the ball B,_g. If d = 1, then we define " (R) by the

same formula but with W*(R) replaced by the level set AT (R). We

denote by i%(&(+)) the principal eigenvalue of our random Hamilto-
+

N

nian # in (W7 (R)) with Dirichlet boundary condition. Note that
2 (E()) < AlE())-

Corollary 2.19. Let Assumption (F) be satisfied for some ¢ € [0,c].
Then almost surely

lim inf lim inf[%(£()) — y(log|B,))] > —2d;cx(%> .

R—o00 t—00

This means that the principal eigenvalue 4,(&(-)) is essentially ‘gen-
erated’ by those islands of high peaks of the potential £(-) which are
located in the R-neighborhood of the cluster W*(R) for large R.

Proof of Corollary 2.19. For 0 < ¢ < oo and also for ¢ = 0, this re-
peats part a) of the proof of Theorem 2.16. Namely, according to
Corollary 2.15, in the proof the lattice site zyp may be assumed to
belong to W (R). If ¢ = oo, then one has to replace Corollary 2.7 by
the asymptotic formula

erEl%}%)r(wB,_R E(x) =y(log|Bs|) +0(1) as.ast— oo
which holds in dimension d > 2 and the corresponding formula with
W*(R) replaced by A" (R) in dimension d = 1. To understand how to
treat such a restriction to the cluster W*(R), we refer to the proof of
Lemma 2.14 where a similar problem had been considered. The de-
tails are left to the reader. ]

2.5. Completion of the proof

We are now finally in a position to complete the proof of Theo-
rem 2.2. Roughly speaking, we will show by an application of the
Feynman-Kac formula and the spectral representation theorem that
u(t,0) behaves like e”(¢()) as. as t — co. This combined with our
asymptotic formula for the principal eigenvalue 4,(&(-)) will then yield
the desired asymptotics of u(¢,0).

To be precise, fix ¢ > 0 arbitrarily and set
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= m and F(f) = t(log t)1+£ .

We want to show that under the assumptions of Theorem 2.2,

exp{ (1 = 1)25,(£()) +0(0) } < u(1,0) < exp{tiz(E()) + 0(1)}
(2.39)

a.s. as t — oo for each R € N. We may then apply the asymptotic
formulas for the principal eigenvalues Zz,(&(-)) and /lf([)(é(-)) ob-
tained in Theorem 2.16 and Corollary 2.19, respectively. Substituting
them in (2.39) and taking into account that

¥ (log|B,|) = y(dlogr) + o(1),
¥ (log|Bsy|) = y(dlogr) +o(1) |

and Y(dlogt) = o(¢), we arrive at the desired asymptotics (2.4). The
above properties of i are obvious from Remark 2.1 b).

It now only remains to prove (2.39) by exploiting the Feynman-
Kac representation (2.3) of u(#,0). To derive the lower bound for
u(t,0), fix R € N arbitrarily. Recall that Wr(t (R) is the R-neighbor-
hood of the part of the infinite percolation_cfuster W*(R) (resp. the
level set A*(R) if d = 1) which is contained in the ball B,(;_z. Let ef
denote the normalized positive eigenfunction corresponding to the
principal eigenvalue /1( (&(-)) of the random Hamiltonian # in
lz(Wr(t)( )) with Dlrlchlet boundary condltlon Let zo € W, o )( ) be a
random site (dependlng ont and R) at Wthh ek attalns its maximum.
Then |z9| < r(z) and (eR(z))* > |W. (R ) > \B )| 7" Let o denote

the first exit time of the random walk x(¢) from W7, (R). As before, let
oy . rn)
7, be the first hitting time of z,. Repeatedly applying the strong

Markov property to the Feynman-Kac representation of u(z,0), we
find that

u(t,0) > exp{ /0 5(x(u))du}ﬂ(rzo <1
x IE,, exp{/otl 5(x(u))du}ﬂ (6f >t —1,x(t—1) =z)

x inf E, exp{ /O ) 5(x(u))du} . (2.40)

In other words, we have forced the random walk to hit z, until time 1
and then to stay in VAVr(t) (R) during a time period of length 7 — 1 at the
end of which it has to return to zy. The remaining time the random
walk is allowed to move freely. The expression on the last line of (2.40)
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is independent of ¢ and strictly positive a.s. Since |zg| < r(t) =
t/(log t)HS, an application of Lemma 2.5 b) shows that a.s. the first
expectation on the right is of order e’ as t — co. The main asymp-
totics is therefore hidden in the second expectation. But this is the
probabilistic representation of the fundamental solution of # in
IZ(W;J(;) (R)) with zero boundary condition considered at time ¢ — 1
with starting point and end point equal to z,. The spectral represen-
tation of the fundamental solution shows that the considered expec-
tation may be estimated from below by

e(tfl);”ﬁ(r)@(')) (ef(ZO))Z > e(tfl)/.{f(t)(a')qBK(t) |_1 .

In this way we arrive at the lower bound in (2.39).

To derive the upper bound, set R,(t) := n7(t) for n € N and 7 > 0.
As before, let 7(R,(¢)) denote the first exit time from the ball Bg .
Then, using the Feynman-Kac formula, we obtain

u(t,0) < IE exp{/o f(x(u))du}ﬂ(r(?(t)) > t)
i ;;IEO exp{ / ’ «:(x(u))du}ﬂu(zen(r)) <1< Rt (1) -

(2.41)

We will show that the first term on the right provides the correct
asymptotics and the remaining sum tends to zero as ¢t — oo a.s. First
note that

v(s,x) := [, exp{/os i(x(u))du}ﬂ(r(?(t)) >5),  (s,x) € Ry X By

is the solution of the initial-boundary value problem for the parabolic

equation
ov
&:%U on IR+ XB;(t)

with initial datum v(0,x) =1 and Dirichlet boundary condition.
Using the spectral representation of v(¢,-) (i.e. its Fourier expansion
with respect to the eigenfunctions of # in /*(By), we find that

o(t,0) < > o(t,x) < 0By |

x€By;)

Consequently,

IEy exp{/ot é(x(u))du}ﬂ(r(?(t)) > 1) < exp{thz (E()) +o(t) }
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a.s. as t — oo. This is the desired upper bound. It remains to check
that the sum on the right of (2.41) tends to zero a.s. We obtain

S Epeso [ etnaif 1R <1 < <R (0)

< Zexp t max & pPy(t(R,(2)) <) . (2.42)

B n+]()

Using Corollary 2.7 and taking into account that y(s) = o(s) by Re-
mark 2.1 b), we find that a.s.

max ¢ = y(log|Bg,.,|) + o(1) = o(logR,11(7))

n+]()

as t — oo uniformly in n. According to Lemma 2.5 a),

Po(s(R,(0) <) < 2 exp{ R, (o 20 + R, (0 }

Using these estimates and remembering that R, (1) = nz(logt)' ", one

easily checks that the sum on the right of (2.42) tends to zero a.s. as
t — o0.
The proof of Theorem 2.2 is now complete.

References

1. Bolthausen, E., Schmock, U.: On self-attracting d-dimensional random walks.
Ann. Probab. 25, 531-572 (1997)

2. Donsker, M. D., Varadhan, S. R. S.: Asymptotic evaluation of certain Markov
process expectations for large time, [. Commun. Pure Appl. Math. 28, 1-47 (1975)

3. Donsker, M. D., Varadhan, S. R. S.: Asymptotic evaluation of certain Markov
process expectations for large time, III. Commun. Pure Appl. Math. 29, 389—461
(1976)

4. Girtner, J.: On large deviations from the invariant measure. Theory Probab.
Appl. 22, 24-39 (1977)

5. Girtner, J., den Hollander, F.: Correlation structure of intermittency in the
parabolic Anderson model. Submitted

6. Girtner J., Molchanov, S. A.: Parabolic Problems for the Anderson Model. 1.
Intermittency and related topics. Commun. Math. Phys. 132, 613-655 (1990)

7. Molchanov, S. A.: Lectures on random media. In: D. Bakry R.D. Gill, and S.A.
Molchanov, Lectures on Probability Theory, Ecole d’Eté de Probabilités de Saint-
Flour XXII-1992 Lect. Notes in Math. 1581, pp. 242-411. Berlin: Springer 1994

8. Sznitman, A.-S.: Brownian confinement and pinning in a Poissonian potential. I.
Probab. Theory Relat. Fields 105, 1-29 (1996)

9. Sznitman, A.-S.: Brownian confinement and pinning in a Poissonian potential. II.
Probab. Theory Relat. Fields 105, 31-56 (1996)



