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1 Introduction

Let M be a complete Riemannian manifold. Let u 2 C1�R�M ; R� be
a solution to the wave equation on M , i.e.

@2

@t2
u�t; x� � Du�t; x�; �t; x� 2 R�M :

Let us de®ne the energy, =�u�, of u by

=�u� � 1

2

Z
M

@

@t
u

� �
�0; x�

���� ����2� ru�0; x�j j2
( )

l�dx� ;

and the energy, =�u; t;A�, of u in a Borel set A �A � M� at time t by

=�u; t;A� � 1

2

Z
A

@

@t
u

� �
�t; x�

���� ����2� ru�t; x�j j2
( )

l�dx� ;

where l�dx� denotes the Riemannian volume on the manifold M .
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Let us assume that 0 < =�u� <1. Let

A0 � �supp u�0; ��� [ supp
@

@t
u

� �
�0; ��

� �
;

and
A�r� � fx 2 M ; dis�x;A0� > rg; r > 0 :

Then it is well-known that the propagation speed of wave is one (c.f.
Chavel [3] p. 198), i.e. =�u; t;A�jtj�� � 0; t 2 R:

For each � 2 �0; 1� and t > 0, let

l�t; �; u� � inf r > 0;=�u; t;A�r�� < � � =�u�f g :
We call tÿ1l�t; �; u� the average speed of e�ective energy propagation.

The purpose of the present paper is to show that the average speed
of e�ective energy propagation of the waves satisfying long wave
length condition in some globally fractal-like manifolds is asymptot-
ically zero.

2 Main result

We say that �X;�� is a connected countable graph, if the following
conditions are satis®ed.

(1) X is a countable set.
(2) � is a relation in X satisfying

(i) x � x for any x 2 X,
(ii) if x � x0, then x0 � x,

and

(iii) for any x;x0 2 X; there are n � 1;xi; i � 1; . . . ; nÿ 1; such
that xiÿ1 � xi, i � 1; . . . ; n; where x0 � x and xn � x0:

For a conneced countable graph �X;��; we de®ne a metric func-
tion dX : X� X! �0;1� on X by

dX�x;x0� � minfn �0; xi 2 X; i � 0; . . . ; n;

x0 � x;xn � x0;xi � xiÿ1; i � 1; . . . ; ng :
for any x;x0 2 X.

De®nition 2.1 An �N ÿ 1�-dimensional Sierpinski Gasket graph, N �
2; is a connected countable graph �X;�� given by the following.

(1) X � f1; . . . ;NgZÿ, where Zÿ is the set of all nonpositive integers.
(2) x � x0 if there is an n � 0 such that xk � x0k; k � nÿ 1;

xk � x0n; k � n� 1; and x0k � xn; k � n� 1: Here x � fxkgk�0
and x0 � fx0kgk�0:
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De®nition 2.2 Let �X;�� be a conneced countable graph. Let M be a
complete Riemannian manifold, disM be its Riemannian distance, and l
be its Riemannian volume. We say that a complete Riemannian manifold
M is a globally �X; ��-like manifold, if there are a constant C0 > 0,
connected open sets Ux in M , probability measures qx on M and
/x 2 C10 �M ; R�, x 2 X, such that

(1) [x2XUx � M , diameter �Ux� � C0, l�Ux� � C0, x 2 X,

disM�Ux;Ux0 � � C0 � dX�x;x0�; x;x0 2 X ;

and

dX�x;x0� � C0�disM�Ux;Ux0 � � 1�; x;x0 2 X ;

(2) supp qx � Ux, x 2 X, and

Cÿ10 � l �
X
x2X

qx � C0 � l :

(3) supp /x � Ux, x 2 X, /x � 0,
R

M /xdl � Cÿ10 and jr/xj � C0, x
2 X, and X

x2X
/x � 1 ;

(4) for any x;x0 2 X with x � x0 and u 2 C1�M ;R�,Z
M

u dqx ÿ
Z

M
u dqx0

���� ����2� C0 �
Z

Ux[Ux0
jruj2 dl :

De®nition 2.3 A globally �N ÿ 1�-dim Sierpinski gasket like manifold is
a globally �X;��-like complete Riemannian manifold, where �X;�� is a
�N ÿ 1�-dimensinal Sierpinski gasket graph.

De®nition 2.4 We say that a complete Riemannian manifold M satis®es
uniform local Harnack inequality, if the following is satis®ed.

(ULH) For any R1 > R0 > 0, there is an e � e�R0;R1� > 0 such that
the following assertion holds. If x 2 M , u 2 C1�B�x; R1�; �0;1�� and
Du�y� � 0, y 2 B�x; R1�, then minfu�y�; y 2 B�x; R0�g � e �maxfu�y�;
y 2 B�x; R0�g.

Our main result is the following.

Theorem 2.5 Let M be an globally �N ÿ 1�-dim Sierpinski gasket like
Riemannian manifold satisfying uniform local Harnack inequality. Here
we assume that N � 2. Suppose that fung1n�0 � C1�R�M ; R� satis®es
the following three conditions.
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(1) un�t; �� 2 Dom �D�; t 2 R; t! un�t; �� 2 L2�M ; dx� is a C2-function
in t, and

@2

@t2
un�t; x� � Dun�t; x�; �t; x� 2 R�M ; n � 1; 2; . . . ;

(2) =�un� � 1; n � 1; 2; . . .,
(3) (long wave condition) limn!1 2ÿen log�1� kun�0�kL2� � 0 for any

e > 0, and there is a C > 0 such that

= @

@t
un

� �
� C � 2ÿ2n; n � 1; 2; . . .

Then for any a 2 �1; 2ÿ �2ÿ 2=dw�ÿ1�1ÿ 2=dw��,
lim

n!1 2
ÿn supfl�t; �; un�; t 2 �0; 2an�g � 0; 8� > 0 :

where dw � �log�N � 2�= log 2� > 2. In particular,

lim sup
n!1

2ÿnl�2n; e; un� � 0; e > 0 :

We give the proof of this theorem in Section 5.

Remark 2.6 (Waves in Euclidean space). Let us think of waves on an
Euclidean space Rd . Let B�x; r� denote the set
fy 2 Rd ; jxÿ yj � rg; x 2 Rd ; r > 0. Let f 2 C10 �Rd ; R� be such that

f � 0; supp f � B�0; 1� and
Z

Rd
jf �x�j2 dx � 1 :

Then there is a unique solution v 2 C1�R�Rd ; R� such that

@2

@t2
v�t; x� � Dv�t; x�; �t; x� 2 R�Rd ;

v�0; �� � 0;
@

@t
v�0; ��� � f

(c.f. Petrovskii [7] Chapter 2). We have if d � 1

v�t; x� � 1

2

Z t

ÿt
f �s� x� ds; �t; x� 2 R�R ;

and if d � 2

v�t; x� � 1

�d ÿ 2�!
@dÿ2

@tdÿ2

Z t

0

I�x; r�r�t2 ÿ r2��dÿ3�=2 dr; �t; x� 2 R�Rd

where I�x; r� � C�d=2�
2pd=2

Z
jxÿyj�r

f �y�r1ÿn dSy

(c.f. John [4] p. 33). Then we can easily see that
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[
2<t<2�d

supp v�t; ��
 !

\ �RdnB�0; 3�� 6� ; 8d > 0 :

So again by the uniqueness of a solution we have

�supp v�2; ��� \ �Rd n B�0; 2�� 6� ; :
Also, we have =�v� � 1. Now let

un�t; x� � 2ÿ��d=2�ÿ1�nv�2ÿnt; 2ÿnx�; �t; x� 2 R�Rd ; n � 1; 2; . . .

Then we have

supp un�0;�� [ supp @

@t
un

� �
�0; �� � B�0; 2n�;

kun�0; ��k2L2 � 22nkvk2L2 ;
=�un� � =�v� � 1;

= @

@t
un

� �
� 2ÿ2n= @

@t
v

� �
;

and

=�un; 2 � 2n;Rd n B�2 � 2n; 0�� � =�v; 2;Rd n B�2; 0�� > 0 :

So we see that l�2 � 2n; e; un� � 2n if we choose e � =�v; Rdn
B�2; 0��=2. In particular we have

lim inf
n!1 �2 � 2

n�ÿ1l�2 � 2n; e; un� � 1=2 : �2:1�
So in the case of Euclidean space, even if we assume the long wave
condition, the average speed of e�ective energy propagation does not
converges to zero in general.

The frequency of un��; x� is 2ÿn times that of v��; x�. So the wave
length of un��; x� is 2n times that of v��; x�. This is the reason why we
call the condition (3) in Theorem 2.5 the long wave condition.

3 Basic results

Let �X;�� be an �N ÿ 1�-dim Sierpinski gasket graph. Let a � 2 and
I � f1; . . . ;Ng. For each n � 1; let @In � f�i; . . . ; i� 2 In;
i � 1; . . . ;Ng: Then it is obvious that @In 6� In; n � 2. Let q : X� X!
f0; 1g be given by

q�x;x0� � 1; if x � x0,
0; otherwise .

�
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Let E0 : Dom�E0� �Dom�E0� ! R be a bilinear form given by

Dom�E0� � f 2 C�X;R�;
X
x2X

f �x�2 <1;
(
X

x;x02X
q�x;x0��f �x� ÿ f �x0��2 <1

)

and

E0�f ; g� �
X

x;x02X
q�x;x0��f �x� ÿ f �x0���g�x� ÿ g�x0��;

f ; g 2 Dom�E0� :
For any ®nite subset A of X, let E0;A: Dom�E0� �Dom�E0� ! R be a
bilinear form given by

E0;A�f ; g� �
X

x;x02A

q�x;x0��f �x� ÿ f �x0���g�x� ÿ g�x0��;

f ; g 2 Dom�E0� :
For each n � 1 and x 2 X, let Bx;n � fx0 2 X; x0�k� � x�k�; k � ÿng
and Bn � fBx;n; x 2 Xg, n � 1. For each A;B 2 X, we denote A � B if
there are x 2 A and x0 2 B with x � x0. For each n � 1 and B 2 Bn,
we denote by @nB the set fx 2 B; �x�ÿn�;x�ÿ�nÿ 1��; . . . ;
x�ÿ1�� 2 @Ing. For each A � X and n � 1, let En�A� � [fB 2 Bn;
A � Bg. Let huiA denote ]�A�ÿ1 �Px2A u�x� for any u 2 C�A; R� and
subset A of X.

For each n � 1, let

kn � sup
X
x2B

�u�x� ÿ huiB�2; u 2 C�B; R�;E0;B�u; u� � 1;B 2 Bn

( )
:

For any B;B0 2 Bn with B � B0 and B 6� B0, let rn�B;B0� be given by

rn�B;B0� � sup
�

Nn�huiB ÿ huiB0 �2; :
u 2 C�B [ B0; R�;E0;B[B0 �u; u� � 1

	
:

Furthermore, let rn, n � 0, be given by

rn � supfr�B;B0�; B;B0 2 Bn;B � B0;B 6� B0g ;
and let k�D�n ; n � 1, be given by

k�D�n � supfNn � hui2B; u 2 C�B; R�;B 2 Bn; uj@nB � 0;E0;B�u; u� � 1g :
For any subsets A and B of In with A \ B � ;, let
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R�A;B� � minfE0�u; u�; u 2 Dom�E0�; ujA � 1; ujB � 0gÿ1 :
Here we used the convention that min ; � 1. For any n � 1, let

Rn � inffR�B;X n En�B��;B 2 Bng :
Then we have the following (c.f.[6]).

Proposition 3.1 Let q � N � 1. Then there are c0; c1 > 0 such that

(1) c0 � qn � rn � c1 � qn; n � 2,
(2) c0 � qqn � k�D�n � c1 � qn; n � 2,
(3) c0 � qn � kn � c1 � qn; n � 2,
(4) c0 � qnNÿn � Rn � c1 � qnNÿn, n � 2.

By [6] Theorem 7.2, we have the following.

Proposition 3.2 There is a constant c2 2 �0;1� such that

ju�x� ÿ u�x0�j2 � c2�Nÿnqn�E0;B�u; u�; x;x0 2 B

for any u 2 C�B; R�, n � 1, and B 2 Bn.

The following result is easy.

Proposition 3.3 There are constants c3; c4; c5 2 �0;1� such that

1. dX�B;X n En�B�� � c3an; 8n � 1;B 2 Bn,
2. maxfdX�x;x0�; x;x0 2 Bg � c4an; 8n � 1;B 2 Bn,
3. c5an � minfdX�x;x0�; x 2 B;x0 2 X n En�B�g; 8n � 1; B 2 Bn.

Now let M be a globally �N ÿ 1�-dim Sierpinski gasket like Ri-
emannian manifold satisfying uniform local Harnack inequality. Let
us denote by D the self-adjoint extension of the Laplacian operator,
too. Let Dom�E� � Dom� �������ÿD

p � and E: Dom�E� �Dom�E� ! R be
given by

E�u; v� �
Z

M
ru � rv dl; u; v 2 Dom�E� :

Let T : C10 �M� ! C0�X� and S: C0�X� ! C10 �M� be linear operators
given by

�Tu��x� �
Z

M
u dqx; x 2 X; u 2 C10 �M� ;

and

�Sv��x� �
X
x2X

v�x�/x�x�; x 2 M ; v 2 C0�X� :

Let us denote U�A� � [x2AUx for any subset A of X.
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By De®nition 2.2 we have the following result.

Proposition 3.4 There is a constant C1 2 �0;1� such that

1. E�Sv; Sv� � C1 � E0�v; v�; v 2 C0�X�,
2. E0;B�Tu; Tu� � C1 �

R
U�B� jruj2; u 2 C10 �M�, for any n � 1 and

B 2 Bn.

By Proposition 3.3 and De®nition 2.2 (1), we have the following
result.

Proposition 3.5 There is an n0 � 1 such that

disM�U�X n En�B�;U�B�� > 2C0; 8B 2 Bn; n � n0 :

The following global Harnack inequality is the main result in this
section.

Theorem 3.6 There is an �1 > 0 such that the following assertion holds.
If n � n0, B 2 Bn, u 2 C1�U�E3

n�B��; �0;1�� and Du�y� � 0, y 2
U�E3

n�B��, thenminfu�x�; x 2 U�B�g � �1 �maxfu�x�; x 2 U�B�g,where
E1

n�B� � En�B�, and Ek
n�B� is de®ned iteratively by:

Ek
n�B� � En�Ekÿ1

n �B��; k � 2 :

Proof. By Proposition 3.1 (4), we see that for any n � 1 and B 2 Bn,
there is a nn;B 2 C0�X� such that E0�nn;B; nn;B� � M2

0 cÿ10 qÿnNn,
nn;B�x� � 1;x 2 En �B�, and nn;B�x� � 0;x 2 X n E2

n�B�. Let gn;B �
S�nn;B� 2 C10 �M ; R�. If n � n0, then by Proposition 3.5 and De®ni-
tion 2.2 (3), we see that gn;B�x� � 1; x 2 U�B�, and gn;B�x� � 0;
x 2 U�X n E3

n�B��. By Proposition 3.4 we can see that

E�gn;B; gn;B� � C1M2
0 cÿ10 qÿnNn :

Now let us assume u 2 �U�E3
n�B�; �0;1�� with Du � 0. Note that

U�X n E3
n�B�� [ U�E3

n�B�� � M . Then,Z
M

g2n;Bjr�log u�j2 dl � ÿ
Z

M
g2n;Bru � r 1

u

� �
dl

�
Z

M
g2n;B

1

u
Du dl�

Z
M
�gn;Br�log u� � rgn;B� dl

�
Z

M
g2n;Bjr�log u�j2 dl

� �1=2

E�gn;B; gn;B�1=2 ;

which implies thatZ
U�B�
jr�log u�j2 dl �

Z
M

g2n;Bjr�log u�j2 dl � C1M2
0 cÿ10 qÿnNn :
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By Proposition 3.4 we have

E0;B�T �log u�; T �log u�� � C2
1M2

0 cÿ10 qÿnNn :

Thus, by Proposition 3.2 we know that

jT �log u��x� ÿ T �log u��x0�j � c3C1M0c
ÿ1=2
0 ; x;x0 2 B :

By the assumption (ULH) and Proposition 3.5 we see that

minfu�x�; x 2 U�fxg�g � E�C0; 2C0�maxfu�x�; x 2 U�fxg�g; x 2 X :

Therefore,

j log u�x� ÿ log u�y�j � c3C1M0c
ÿ1=2
0 ÿ 2 logE�C0; 2C0�; x; y 2 U�B� :

This implies the desired result. (
Now let fPx; x 2 Mg be the family of probability measures on

C��0;1�; M� induced by the Brownian motion on M starting at the
point x 2 M . For any measurable set A in M , let rA : C��0;1�;
M� ! �0;1� be given by

rA�w� � infft > 0; w�t� 2 A;w 2 C��0;1�; M�g :
We have the following result.

Proposition 3.7 There are constants C2;C3 2 �0;1� such that for any
n � n0 and B 2 Bn,

C2q
n � EPx

�
rMnU�E4

n�B��
� � C3q

n; x 2 U�B� :
Proof. For any bounded open set G, let /G�x� � EPx �rMnG�; x 2 M .
Then we see that rG � rG0 , if G � G0. Moreover, if a bounded open set
G in M has a smooth boundary, then rG is the unique solution of the
PDE:

D/G�x� � ÿ1; x 2 G,

/G�y� � 0; y 2 M n G .

(
Hence,Z

M
/G dl � sup

Z
M

u dl

� �2

; u 2 C10 �M ; R�; ujMnG � 0;E�u; u� � 1

( )
:

Using this we can show that

sup

Z
M

u dl

� �2

; u 2 C10 �M ; R�; ujMnU�En�B�� � 0;E�u; u� � 1

( )
�
Z

U�En�B��
/MnU�E4

n�B�� dl ; �3:1�
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andZ
U�E9

n�B��
/MnU�E4

n�B�� dl

� sup

Z
M

u dl

� �2

; u 2 C10 �M ; R�; ujMnU�E5
n�B�� � 0;E�u; u� � 1

( )
:

�3:2�
By Proposition 3.1 (2), we see that there is a function ~f 2 C�B; R� such
that ~f j@nB � 0;E0;B� ~f ; ~f � � 1, and Nnh f i2B � �c0=2�qn. Let
f 2 C0�X;R� be given by f jB � ~f and f jXnB � 0. By Proposition 3.4
and Proposition 3.5 we see that Sf jMnU�En�B�� � 0 and E�Sf ; Sf � � C1.
By De®nition 2.2 (3), we also haveZ

M
Sf dl

� �2

� Cÿ20 � N 2nh ~f i2B � �2C2
0�ÿ1c0 � Nnqn :

Thus,

�2C2
0C1�ÿ1c0 � Nnqn �

Z
U�En�B��

/MnU�E4
n�B�� dl : �3:3�

Let u 2 C10 �M ; R� satisfy: ujMnU�E5
n�B�� � 0 and E�u; u� � 1. Then we

have TujXnE6
n�B� � 0 and E�Tu; Tu� � C1. By De®nition 2.2 (2), we see

that
R

M u dl � C0 �
P

x2X�Su��x�. However, by Proposition 3.1 (1) we
see that

X
x2B0
�Su��x� ÿ

X
x2B00
�Su��x�

�����
����� � �c1Cÿ11 �1=2�Nnqn�1=2 �3:4�

or any B0;B00 2 Bn. Therefore, there is a constant C4 2 �0;1�, inde-
pendent on n � n0, B 2 Bn and u, such thatX

x2X
�Su��x�

�����
����� � C4�Nnqn�1=2 :

This implies thatZ
U�En�B��

/MnU�E4
n�B�� dl � �C0C4�2Nnqn : �3:5�

It is obvious that
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l�En�B�� � min
x2U�En�B��

/MnU�E4
n�B��

�
Z

U�En�B��
/MnU�E4

n�B�� dl

� l�En�B�� � max
x2U�En�B��

/MnU�E4
n�B�� : �3:6�

Thus we get the desired result from (3.3), (3.5), the assumpion (M-1)
(1) (3) and Theorem 3.6. This completes the proof. (

Proposition 3.8 There is a constant C5 2 �0;1� such that

EPx �rMnU�E4
n�B��� � C5 � qn; x 2 U�E4

n�B��
for any n � n0 and B 2 Bn.

Proof. As in the proof of Proposition 3.7, we can show that there is a
constant C6 2 �0;1� such that

EPx �rMnU�E9
n�B0��� � C6q

n; x 2 U�B0�
for any n � n0 and B0 2 Bn. Note that E4

n�B� � E9
n�B0� for any

B0 � E4
n�B�. Thus we have the desired assertion. (

We will use an idea due to Barlow-Bass (see the proofs of [1]
Proposition 4.4 and [2] Proposition 3.3) to prove a nice estimate for
hitting time.

The following lemma is due to Barlow-Bass [1] Lemma 1.1.

Lemma 3.9 Let X ; Y1; . . . ; Yn be non-negative random variables satis-
fying

X �
Xn

i�1
Yi;

P �Yi � sjYj; j � 1; . . . ; iÿ 1� � p � bs; i � 1; 2; . . . ; n; s � 0 ;

where 0 < p < 1 and b > 0. Then

P �X � s� � exp�2�bns=p�1=2 ÿ n � log 1=p�; s � 0 :

Proposition 3.10 There are constants p 2 �0; 1� and b > 0 such that

Px�rMnU�E4
n�B�� � qns� � ps� b; s � 0

for any x 2 U�B�;B 2 Bn and n � n0.

Proof. Note that

C3 � qn � EPx
�
rMnU�E4

n�B��
�

� qns� EPx
�
EPx�qns�

�
rMnU�E4

n�B��
�
; rMnU�E4

n�B�� > qns
�

� qns� C5 � qnÿ1ÿ P
ÿ
rMnU�E4

n�B�� � qns
��

:
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By letting p � 1ÿ Cÿ15 C3 and b � Cÿ15 , we have the desired result.(

Combining Lemma 3.9 with Proposition 3.10 we can get the fol-
lowing result.

Corollary 3.11 There are constants q 2 �0; 1� and b > 0 such that

Px
ÿ
rMnU�E5m

k �B�� � qks
� � exp

ÿ
2�bms=p�1=2 ÿ m � log 1=p

�
; s � 0

for any m � 1; x 2 U�B�;B 2 Bk and k � n0.

Now let dw � logqn log a, where dw is sometimes called the random
walk dimension.

Proposition 3.12 For any m 2 �1; dw�, there are c�m� > 0 and n�m� 2 N
such that

Px
ÿ
rMnU�En�B�� � amn� � exp

ÿÿ c�m� � a�dwÿ1�ÿ1�dwÿm�n�
for any x 2 U�B�;B 2 Bn and n � n�m�.
Proof. By Proposition 3.5 we see that there is a C7 2 �0;1� such that
E5m

k �B� � En�B� for any B 2 Bn; n � k � n0 and m � C7anÿk. By Cor-
ollary 3.11 we have

Px
ÿ
rMnU�En�B�� � amn�
� exp

ÿ
2
ÿ
bC7a

nÿk�mnÿkdw=p
�1=2 ÿ anÿk � log 1=p

�
� exp

ÿÿ a�nÿk�=2�a�nÿk�=2 log 1=p ÿ 2�bC7=p�1=2a�mnÿkdw�=2	� :
Let k � �dw ÿ 1�ÿ1�mÿ 1�n� r. If 1

2 �log 1
p�aÿr=2 � 2�bC7=p�1=2aÿrdw=2,

we have

Px
ÿ
rMnU�En�B�� � amn

� � exp
ÿÿ ��log 1=p�aÿr=2�a�dwÿm�=�dwÿ1�� :

This then completes the proof. (

4 Inverse of Laplace transform

In this section, we think of inverse of Laplace transform. The idea
here is due to Bernshtein's proof on Weierstrass' polynomial ap-
proximation theorem. Let Qx; x 2 �0; 1�, denote the probability mea-
sure on ~X � f0; 1gN such that Qx�~x�k� � 1� � x; k 2 N , and
~x�k�; k � 1; 2; . . ., are independent under Qx�d ~x�. Let pn : �0; 1� !
�0; 1�; n 2 N , be given by

pn�x� � Qx
1

n

Xn

k�1
~x�k� > 1

2

" #
; x 2 �0; 1� : �4:1�
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Then we have the following result.

Proposition 4.1 (1) pn�x� � pn�y� for any x; y 2 �0; 1� with x < y.

(2) pn�x� �
Pn

l��n=2��1
n
l

� �
xl�1ÿ x�nÿl.

(3) pn�x� �
Pn

k��n=2��1 xk
ÿ n

k

��fPkÿ��n=2��1�
j�0

ÿ k
j

� �ÿ1�jg; x 2 �0; 1�;n 2 N .
Moreover,Xn

k��n=2��1

n
k

� � Xkÿ��n=2��1�

j�0

k
j

� �
�ÿ1�j

�����
����� � 3n; n 2 N :

(4) pn�x� � pn�1ÿ x� � 1; x 2 �0; 1�, if n is odd, and pn�x� � pn�1ÿ x� �
1ÿ �nn=2� � 2ÿn; x 2 �0; 1�; if n is even.

Proof. (1) Note that for x; y 2 �0; 1�, the law of f~x�k�~x0�k�g1k�1 under
Qx�d ~x� 
Qy�d ~x0� is the same as Qxy. Thus

pn�xy� � Qx 
 Qy
1

n

Xn

k�1
~x�k�~x0�k� > 1

2

" #
� pn�x� :

This proves the assertion (1).
The assertion (2) is obvious. The assertion (3) and (4) follow from

the assertion (2). This then completes the proof. (

Proposition 4.2 (1) pn�1=2� nÿ1=2x� ! g�x� as n!1 for any x 2 R,
where g�x� � R x

ÿ1�2=p�1=2 exp�ÿ2y2� dy; x 2 R.

(2) There are � > 0 and C > 0 such that

pn
ÿ
1
2ÿ nÿ1=2x

� � C � exp�ÿ� � x2�
for any n 2 N and x 2 �0; n1=2=2�.

(3) supn n1=2 � R 10 jxÿ 1
2 j � p0n�x� dx <1.

(4) supn n1=2fR 1=20 xÿ1pn�x� dx� R 11=2 xÿ1�1ÿ pn�x�� dxg <1.

Proof. (1) Let /n�n; x� � EQx �exp�n �Pn
k�1�~x�k� ÿ x���; n 2 R. Then

/n�n; x� � fx � exp�n�1ÿ x�� � �1ÿ x� � exp�ÿnx�gn

� f1� x � w�n�1ÿ x�� � �1ÿ x� � w�ÿnx�gn ;

where w�n� � en ÿ 1ÿ n; n 2 R. In particular,

/n

ÿ
nÿ1=2n; 12� nÿ1=2x

�! exp�n2=8� ;
as n!1. We remark thatZ

R
eÿnxg�x� dx � en2=8
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and

EQ
1=2�nÿ1=2x exp nÿ1=2n

Xn

k�1
~x�k� ÿ 1

2
� nÿ1=2x

� � ! !

� /n

ÿ
nÿ1=2n; 12� nÿ1=2x

�
:

Hence by the de®nition of pn�x�, we then know that

pn
ÿ
1
2� nÿ1=2x

�! g�x�
as n!1 for any x 2 R. This proves the assertion (1).

(2) Since there is a d 2 �0; 1� such that w�n� � n2; jnj < d, we see
that

/n

ÿ
nÿ1=2n; x

� � 1� n2=n
ÿ �n� exp n2

ÿ �
; jnj � dn1=2; 0 � x � 1 :

Hence,

pn
ÿ
1
2ÿ nÿ1=2x� � Q1=2ÿnÿ1=2x nÿ1=2

Xn

k�1
~x�k� ÿ 1

2
ÿ nÿ1=2x

� �� �( )
x

" #

� exp�ÿnx� � /n

�
ÿ nÿ1=2n; 12ÿ nÿ1=2x

�
� exp ÿn � x� n2

ÿ �
for 0 � 1

2ÿ nÿ1=2x � 1 and jnj 2 �0; dn1=2�. Therefore, by letting n � x
2,

we get

pn
1
2ÿ nÿ1=2x
ÿ � � exp�ÿx2=4�

if x 2 �0; dn1=2=2�.
By Cramer's large deviation theorey (c.f. Stroock [8]), we have

lim sup
n!1

nÿ1 log pn
1
2ÿ �=2
ÿ �

< 0; 8 � 2 �d; 1� :

Thus there are C > 0 and k > 0 such that

pn
ÿ
1
2ÿ �=2� � C � exp�ÿkn�; n 2 N ; � 2 �d; 1� :

From this we get that for x 2 �dn1=2=2; n1=2=2�,
pn

1
2ÿ nÿ1=2x
ÿ � � C � exp�ÿkn� � C � exp�ÿkx2� ;

which proves the assertion (2).
(3) Note that
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n1=2 �
Z 1

0

xÿ 1

2

���� ���� � p0n�x� dx

� 2n1=2 �
Z 1=2

0

xÿ 1

2

���� ���� � p0n�x� dx

� ÿ2 �
Z n1=2=2

0

x � d
dx

pn
1

2
ÿ nÿ1=2x

� �
dx

� 2 �
Z n1=2=2

0

pn
1

2
ÿ nÿ1=2x

� �
dx :

Thus the assertion (3) comes from the assertion (2).
(4) Note thatZ 1

1=2

�1ÿ pn�x�� dx �
Z 1

1=2

xÿ 1

2

� �
p0n�x� dx ;

and Z 1=2

0

pn�x� dx �
Z 1=2

0

1

2
ÿ x

� �
p0n�x� dx :

By Proposition 4.1 (2) we have

xÿ1pn�x� �
Xn

l��n=2��1

n
l

� �
xlÿ1�1ÿ x�nÿl � 2nx�n=2� :

Thus

n1=2
Z 1=2

0

xÿ1pn�x� dx�
Z 1

1=2

xÿ1�1ÿ pn�x�� dx

( )

� n1=2 � 2n8ÿ�n=2� � 8n1=2 �
Z 1

0

xÿ 1

2

���� ���� � p0n�x� dx :

The assertion (4) now follows from the assertion (3).
The proof is complete. (

Lemma 4.3 There is a universal constant C 2 �0;1� such that the fol-
lowing conclusion holds. For any Banach space E, n 2 N ; T > 0 and C1

function u : �0;1� ! E,

Tÿ1 �
Z 1
0

u�t� � p0n eÿt=T
� �

eÿt=T dt ÿ u�T � log 2�
 

E

� 4 � pn�1=4� � sup
t>0
ku�t�kE � Cnÿ1=2T � sup

t>0
ku0�t�kE ; �4:2�
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and Z 1
0

u�t� � pn�eÿt=T � dt ÿ
Z T log 2

0

u�t� dt

 
E

� C � nÿ1=2T � sup
t>0
ku�t�kE : �4:3�

Proof. Let v�x� � u�ÿT log x�; x 2 �0; 1�. Then,Z 1

0

v�x�xn dx � tÿ1 �
Z 1
0

u�t�eÿ�n�1�t=T dt :

Moreover,Z 1

0

v�x�p0n�x�dxÿ v�1=2�
 

E

�
Z 1=4

0

kv�x� ÿ v�1=2�kE � p0n�x� dx�
Z 1

3=4

kv�x� ÿ v�1=2�kE � p0n�x� dx

�
Z 3=4

1=4

kv�x� ÿ v�1=2�kE � p0n�x� dx

� 4
�
sup

x2�0;1�
kv�x�k

�
pn�1=4�

� nÿ1=2
�

sup
x2�1=4;3=4�

kv0�x�k
��

sup
n

n1=2
Z 1

0

xÿ 1

2

���� ���� � p0n�x� dx
�
:

Since v0�x� � ÿT � xÿ1u0�ÿT log x�, we get the ®rst assertion (i.e. (4.2))
from Proposition 4.2 (3).

Note that

Tÿ1
Z 1
0

u�t�pn
ÿ
eÿt=T � dt ÿ

Z T log 2

0

u�t� dt
� �

�
Z 1=2

0

v�x�xÿ1pn�x� dxÿ
Z 1

1=2

v�x�xÿ1�1ÿ pn�x�� dx :

We get the second assertion (4.3) from Proposition 4.2 (4).
The proof is now complete. (

Corollary 4.4 Let qn�x� � p0n�x� � p00n�x�x; x 2 �0; 1�; n 2 N , and C be the
constant given in Lemma 4.3. Let E be a Banach space and u : �0;1�
! E be a C2 function. Then
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Tÿ2 �
Z 1
0

u�t� � qn �eÿt=T �eÿt=T dt ÿ u0�T log 2�
 

E

� 4pn�1=4�
ÿ
sup
t>0
ku0�t�kE

�� Cnÿ1=2T
ÿ
sup
t>0
ku00�t�kE

�
for any T > 0 and n � 2.

Proof. By Proposition 4.1 (2) we know p0n�0� � 0; n � 2. If n � 2 and
supt>0�ku0�t�kE � ku00�t�kE� <1, we have

Tÿ1
Z 1
0

u0�t�p0n
ÿ
eÿt=T

�
eÿt=T dt � Tÿ2

Z 1
0

u�t�qn
ÿ
eÿt=T

�
eÿt=T dt :

Thus we get the desired result from (4.2). (

Proposition 4.5 There is a universal constant C 2 �0;1� such that the
following conclusion holds. For any f 2 L2�M ; dx� with f 2 Dom�D�
and open set A in M ,Z T log 2

0

vA � cos t
�������
ÿD
p� �

f dt

 
L2

�3g sup

Z 1
0

eÿktvA � cos
ÿ
t
�������
ÿD
p �

f dtkL2 ; k �gTÿ1=4
� �

� C � gÿ1=2Tkf kL2 ; �4:4�
vA � cos

ÿ
T log 2

�������
ÿD
p �

f
 

L2

� g3g sup

Z 1
0

eÿktvA � cos
ÿ
t
�������
ÿD
p �

f dt

 
L2

; k � gTÿ1=4
� �

� 4�3=4�g=2kf kL2 � Cgÿ1=2T � k
�������
ÿD
p

f kL2 ; �4:5�

and

vA � sin�T log 2
�������
ÿD
p

�
�������
ÿD
p

f
 

L2

� 2g23g sup

Z 1
0

eÿktvA � cos
ÿ
t
�������
ÿD
p �

f dt

 
L2

; k � gTÿ1=4
� �

� 4�3=4�g=2k
�������
ÿD
p

f kL2 � Cgÿ1=2TkDf kL2 ; �4:6�
for g � 4; T � 1.
Proof. Let n � �g� and u�t� � vA � cos�t

�������ÿD
p �f ; t > 0. Since pn�1=4� �

4ÿn Pn
l��n=2��1�nl �3nÿl � �3=4�n=2, our assertion follows from Proposit-

ion 4.1 (2), Lemma 4.3 and Corollary 4.4. (
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5 Proof of main theorem

Let Pt � exp�tD�; t � 0, and Kk �
R1
0 exp�ÿk2s=2�Ps ds; k > 0.

Proposition 5.1
R1
0 cos�t �������ÿD

p �eÿkt dt � �k=2�Kk; k > 0.

Proof. This comes from the following fact:Z 1
0

cos�tz�eÿkt dt � Re

Z 1
0

eitzÿkt dt
� �

� k k2 � z2
ÿ �ÿ1

� �k=2�
Z 1
0

exp�ÿk2s=2� exp ÿk2s=2
ÿ �

ds; 8z 2 R :

We also have the following result. (

Proposition 5.2 For any open sets A;B in M , T > 0; k > 0, and
p 2 �1;1�,

vAKkvBk kLp!Lp
� 2kÿ2 eÿk2T=2 � sup

x2A
Px sB � T� � � sup

x2B
Px sA � T� �

� �
:

Proof. For any f 2 L1�M ; R; dl�, we have

�vAKkvBf ��x�

� vA�x� � EPx exp ÿk2rB
ÿ � Z 1

0

eÿk2s=2f �x�rB � s�� ds
� �

� sup
x2A

EPx exp ÿk2sB
ÿ �� �� �2kÿ2�kf kL1

� 2kÿ2 eÿk2T=2 � sup
x2A

Px sB � T� �
� �

kf kL1 :

Thus, the assertion is valid for p � 1. By the duality we see that the
assertion is valid for p � 1. Then our assertion follows from the in-
terpolation theory. (

Corollary 5.3 For any n 2 �0; dw=2�, there are constants C; c 2 �0;1�
such that the following conclusion holds. For any n 2 N and open sets
A;B in M with dis�A;B� � an,

sup

Z 1
0

�vA cos
ÿ
t
�������
ÿD
p �

vB�eÿkt dt

 
L2!L2

; k � aÿnn
� �
� C exp

ÿÿ c � a�1ÿ2n=dw�n� :
Proof. Let m � 1� 2n�1ÿ dÿ1w �. Then we see that m 2 �1; dw�; mÿ 2n
� 1ÿ 2dÿ1w n and �dw ÿ 1�ÿ1�dw ÿ m� � 1ÿ 2n=dw. Thus our assertion
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comes from Proposition 3.12, Proposition 5.1 and Proposition 5.2.
(

Proposition 5.4 Let a 2 �1; dw=2� and b 2 �1=2; dw=2�, and assume that

b < a <
dw � 2�dw ÿ 2�b

2�dw ÿ 1� : �5:1�

Then there are constants C; c 2 �0;1� such that the following conclu-
sions hold for all n 2 N , open sets A;B in M with dis�A;B� � an, and
f 2 Dom�D� with supp f � B,

sup
� Z T

0

vA � cos
ÿ
s
�������
ÿD
p �

f ds


L2 ; T 2 �0; aan�	
� C

�
exp

ÿÿ c � a�1ÿ2�2bÿa�=dw�n�kf kL2 � abnkf kL2
	
;

sup
�vA � cos

ÿ
T
�������
ÿD
p �

f


L2 ; T 2 �0; aan�	
� C

�
exp

ÿÿ c � a�1ÿ2�2bÿa�=dw�n�kf kL2

� exp
ÿÿ ca2�aÿb�n�kf kL2 � abn

 �������
ÿD
p

f


L2
	
;

and

sup
�vA � sin

ÿ
T
�������
ÿD
p � �������

ÿD
p

f


L2 ; T 2 �0; aan�	
� C

�
exp�ÿc � a�1ÿ2�2bÿa�=dw�n�kf kL2

� exp
ÿÿ ca2�aÿb�n� �������

ÿD
p

f


L2 � abnkDf kL2
	
:

Proof. Note that

a <
2dwb� 2�dw ÿ 2�b

2�dw ÿ 1� � 2b :

Let g � a2�aÿb�n and n � 2bÿ a. Then n 2 �0; dw=2�, and
1ÿ 2n=dw ÿ 2�aÿ b� � dÿ1w fdw ÿ 2�dw ÿ 1�a� 2�dw ÿ 2�bg > 0 :

This shows that g� a�1ÿ2n=dw�n as n!1. If T 2 �0; aan�, then
gTÿ1 � aÿnn and gÿ1=2T � abn. Thus we get the desired result from
Proposition 4.5 and Corollary 5.3. (

Now we are ready to give a proof of Theorem 2.5.

Proof of Theorem. Let fn � un�0� and gn � @
@t un�0�. Then it is easy to

see that

un�t� � cos
ÿ
t
�������
ÿD
p �

fn �
Z t

0

cos
ÿ
s
�������
ÿD
p �

gn ds; t > 0 : �5:2�
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This implies that

@

@t
un�t� � sin

ÿ
t
�������
ÿD
p � �������

ÿD
p

fn � cos
ÿ
t
�������
ÿD
p �

gn; t > 0 ; �5:3�

=�un� �
 �������
ÿD
p

fn


L2�dl� � kgnkL2�dl� ; �5:4�
and

=ÿ @
@t

un
� � Dfn

2
L2�dl� �

 �������
ÿD
p

gn
2

L2�dl� : �5:5�
Note that

2jÿ �2ÿ 2=dw�ÿ1�1ÿ 2j=dw� < dw ÿ �2ÿ 2=dw�ÿ1�dw ÿ 1� � dw=2 ;

and

2jÿ �2ÿ 2=dw�ÿ1�1ÿ 2j=dw� > 2jÿ �2ÿ 2=dw�ÿ1�2jÿ 2j=dw� � j :

Then, for any a 2 �j; 2jÿ �2ÿ 2=dw�ÿ1�1ÿ 2j=dw�� there are
a; b 2 �1=2;j� such that (5.1) holds. Let

An � x 2 M ; disM

�
x;
nÿ
supp un�0; ��

� [ ÿsupp @

@t
un�0; ��

�o�
> 2an

� �
;

and

A0n �
�

x 2 M ;disM�x; supp �fn� [ �supp gn�� > an	;
and let d � f2�aÿ b�g ^ f1ÿ 2�2bÿ a�=dwg > 0. Then, by Proposi-
tion 5.4 we know that there are C0; c0 2 �0;1� such that

sup

Z
A0n

jun�t�j2 dl

 !1=2

; t 2 �0; aan�
8<:

9=;
� C0 exp ÿc0adnÿ �� �kun�0�kL2 �=�un�1=2g � abn=�un�1=2�
� O�abn� ; �5:6�

as n!1, and

sup

Z
A0n

@

@t
un�t�

���� ����2dl

 !1=2

; t 2 �0; aan�
8<:

9=;
� C0

�
exp ÿc0adnÿ ��kun�0�kL2 �=�un�1=2 �= @

@t
un

� �1=2�
� abn=�un�1=2

�
� O

ÿ
aÿ�jÿb�n� ; �5:7�
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as n!1.
Now let /n: M ! R be given by

/n�x� � f�aÿndisM�x; �supp fn� [ �supp gn�� ÿ 1� _ 0g^; x 2 M :

Then we have jr/nj � aÿn, a.e. x 2 M . Note thatZ
An

jrun�t�j2dl

�
Z

M
/njrun�t�j2 dl

� ÿ
Z

M
/nun�t�Dun�t� dl�

Z
M

unr/n � run dl

�
Z

A0n

jun�t�j2 dl

( )1=2 Z
M

@2

@t2
un�t�

���� ����2 dl

( )1=2

� aÿn
Z

A0n

jun�t�j2 dl

( )1=2

k
�������
ÿD
p

un�t�kL2�dl�

�
Z

A0n

jun�t�j2 dl

( )1=2

= @

@t
un

� �1=2

�aÿn=�un�1=2
( )

:

Thus, by (5.6) we have

sup

Z
An

jrun�t�j2dl; t 2 �0; aan�
� �

� O aÿ�jÿb�n
� �

; �5:8�

as n!1. By (5.7) and (5.8) we then have

lim sup
n!1

�2an�ÿ1 supfl�t; �; un�; t 2 �0; aan�g � 1; � > 0

for any a 2 �1; 2jÿ �2ÿ 2=dw�ÿ1�1ÿ 2j=dw��. This implies the de-
sired result.

The proof of Theorem 2.5 is complete.

6 Remark on general recurrent fractals

So far we think of Sierpinski gasket graph. However, our method
works on more general fractals.

Let a > 1 and I � f1; . . . ;Ng. Let fwi; i 2 Ig be a family of a-si-
militudes in RD, i.e. wi's are maps on RD satisfying
jwi�x� ÿ wi�y�j � aÿ1jxÿ yj for any x; y 2 RD. Then it is well-known
that there is a unique non-void compact set E in RD satisfying
E � [i2Iwi�E�. Let us assume the following.
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(A-1) (the open set condition) There exists a non-void open set V such
that [i2Iwi�V � � V , and wi�V � \ wj�V � � ; for any i; j 2 I with i 6� j.

Then wi's, i 2 I, have distinct ®xed points, and the Hausdor� di-
mension of the set E is df , where df � �log a�ÿ1�logN�.

Now let Zÿ � fl 2 Z; l � ÿ1g and let X � fx : Zÿ ! I ; x�ÿk� � 1;
k � n for some n � 1g. We regard X as a topological space with dis-
crete topology. It is easy to see that for each x 2 X there is a map
~wx : RD ! RD given by

~wx�x� � lim
n!1wÿn

1 wx�ÿn�wx�ÿn�1� � � �wx�ÿ1��x�; x 2 RD :

Let us take a d0 2 �0; df � and ®x it throughout this section. We in-
troduce a relation � on X by the following.

x � x0 if the Hausdor� dimension of ~wx�E� \ ~wx0 �E� is greater
than or equal to d0

For each n � 1; we de®ne @In to be the set of n 2 In such that there
are x;x0 2 X for which ~wx�E� \ ~wx0 �E� 6� ;; x�k� 6� x0�k� for some
k � ÿnÿ 1 and that fx�ÿk�gn

k�1 � n:
We also assume the following.

(A-2) There is an n � 1 such that @In 6� In.
Let q : X� X! f0; 1g be given by

q�x;x0� � 1; if x � x0,
0; otherwise .

�
Now we de®ne kn; rn; k�D�n ; Rn; n � 1 as similar as in Section 3.
We now make the following strong assumptions.

(A-3) There are q > N and c0; c1 > 0 such that

(1) c0 � qn � rn � c1 � qn; n � 1,
(2) c0 � qn � k�D�n � c1 � qn; n � 1,
(3) c0 � qn � kn � c1 � qn; n � 1,
(4) c0 � qnNÿn � Rn � c1 � qnNÿn; n � 1.

Remark 6.1 (1) The assmption that q > N is related to the recurrence
property.

(2) By [6] Theorem 7.16 and the discussions given in [6] Section 7, we
see that if the assumptions (R), (KM), (LS) and (B-1) in [6] are
satis®ed, then the assumption (A-3) is satis®ed.

Finally, we assume the following.
(A-4) There are constants c4; c5 2 �0;1� and c 2 �1;1� such that

(1) maxfdX�x;x0�; x;x0 2 Bg � c4acn; 8n � 1; B 2 Bn,
(2) c5acn � minfdX�x;x0�; x 2 B;x0 2 X n En�B�g;8n � 1; B 2 Bn.
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Remark 6.2 Kumagai [5] proved that the assumption (A-6) is satis®ed
for any nested fractals. The assumption (A-6) is a geometrical as-
sumption, and so is easy to check for each fractal.

Then we can regard �X;�� as a connected countable graph. We can
prove the following similarly to Theorem 2.5.

Theorem 6.3 Let M be an �X;��-like manifold satisfying uniform local
Harnack inequality. Suppose that un: R�M ! R; n � 1; 2; . . ., satisfy
the following conditions.

(1) un�t; �� 2 Dom�D�; t 2 R; t! un�t; �� 2 L2�M ; dx� is a C2-function
in t and

@2

@t2
un�t; x� � Dn�t; x�; �t; x� 2 R�M ; n � 1; 2; . . . ;

(2) =�un� � 1; n � 1; 2; . . . ;
(3) (long wave length condition) limn!1 aÿ�n log�1� kun�0�kL2� � 0

for any � > 0, and there are C 2 �0;1� and j 2 �1; c�dw=2�� such
that

= @

@t
un

� �
� C � aÿ2jn; n � 1; 2; . . .

Then for any a 2 �1; 2jÿ �2ÿ 2=dw�ÿ1�1ÿ 2j=dw��,
lim

n!1 aÿcn supfl�t; �; un�; t 2 �0; aan�g � 0; 8� > 0 :
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