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Summary. The description of the class of all functions f = (f(¢,x),
t >0,x €R) is given, for which the transformed process (f(¢, W;),t > 0)
(where W is a standard Wiener process) is a semimartingale.
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1. Introduction and the main results
1.1. Introduction

It is known (see [1] Cinlar, Jacod, Protter, Sharp; and the previous works [2]
of Brosamler and [3] of Wang) that the necessary and sufficient condition for
the substitution (f(%),t > 0) (of a Wiener process W) being a semimartin-
gale is the representability of the function /= (f(x),x € R) as a difference of
two convex functions. Below is given a generalization of this characterization
for functions depending on the time parameter.

To formulate the main statements let us introduce the following classes of
functions differentiable in generalized sense.

Introduce the measure y on the space (R; x R, B(R; X R)) (we write R
and R for [0,00) and (—o0, 00) respectively)

u(ds,dx) = p(s,x)dsdx ,

where p(s,x) = (27s) /% exp(—x2/2s).
Denote CB — the class of bounded continuous functions, C'2 — the class of
functions continuously differentiable in ¢ and twice continuously differen-
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tiable in x, C*™ — the class of infinitely differentiable functions and let Cy™ be
the class of infinitely differentiable functions with compact support. For
functions f € C'? the L operator is defined by

(LS )(s,%) = fi(s,%) + 1/2fux(s,%)
where f; and f,, are partial derivatives of the function f.

Definition 1. We shall say that a function f = (f(t,x),t > 0,x € R) admits a
generalized L-derivative (or belongs to the domain of definition of a generalized
L-operator) w.r.t. the measure u, if there exists a sequence of functions
(f",n > 1) from C"?* and a measurable locally p-integrable function (Lf) such
that
sup |f"(s,x) = f(s,x)| = 0, asn— o0 (1)
(sx)eD
for every compact set D € R, x R and for some sequence of functions
(hi(s,x),k > 1) with properties

1) 7 (0,x) =1 for each x € R, (s, x) < hyy1(s,x), he(s,x) T 1 — p-a.e.
2) o = inf{¢: ke (¢, W;) < A}, k > 1, are stopping times with o4 T oo P-a.s., for
some 0 < A< 1,

we have

// L") (5,2) — (LF) (5.0, x)u(ds dx) — 0, asn—o0  (2)

for each k > 1.

The generalized derivatives f;, f; and a second order derivative f;, (W.r.t.
the measure p) are defined similarly, but in the case of a first generalized
derivative in x we demand

[0 - P msoud@sd) — 0, n—o0o )

instead of (2).

Definition 2. We shall say that a function f = (f(¢,x),t > 0,x € R) admits a
generalized weak L-derivative (or belongs to the domain of definition of a weak
generalized L-operator) w.r.t. the measure u, if there exists a sequence of
functions (f",n>1) from C'? and a o-finite signed measure v on
(R4 X R,B(Ry % R)) (Which is not necessarily a-additive), such that relation (1)
is satisfied and for some sequence of functions (hy(s,x),k > 1) with the prop-
erties 1), 2) of Definition 1, we have for each k > 1

// W (s, x)Lf™ (s, x)hi (s, x) u(ds, dx) — // W (s, x)hi(s,x)v(ds,dx) as n — oo
(4)

for every bounded continuous function .

Weak Generalized derivatives v;, v, and a second order weak derivative
Vye W.I.t. the measure p are defined similarly.

Let
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I%f(loc) be a class of functions having a generalized weak L-derivative in
the sense of Definition 2,

VL(loc) be a class of functions having a generalized L-derivative in the
sense of Definition 1, i.e. this is a class of functions from VL(loc) for which
the measure vf is dbsolutely continuous w.r.t. the measure .

Denote further

V1 2(loc) a class of functions having a generalized weak derivative in t o))
and a second order weak derivative in x (/) w.r.t. the measure g,

V/} 2(loc) a class of functions having the generalized derivatives f;, fx, fix
w.r.t. the measure u.

The following relations are obvious

12 L oL 12 51,2 oL
Vv, ~(loc) C ¥,/ (loc) C ¥ (loc), ¥, ~(loc) C ¥, “(loc) C ¥, (loc) .

The L operator is extended on ¥,?(loc) naturally, i.c. if / € ¥/*(loc) then
(Lf)(s,x) = fuls,x) + (1/2) fra(s,%) (5)

with the generalized derivatives f;, fy..

Finally, let introduce the class 4D, which we define as a subclass of the
class Ajoc of processes with locally integrable variations for which increments
A; — A are measurable w.r.t. the o-algebra o(W,,s <u <) for each pair
s < t. (In other words the elements of ADj,. can be considered as additive
(nonhomogeneous) functionals of a Wiener process.)

1.2. Formulation of the main statements
Theorem 1. Let f = (f(t,x),t > 0,x € R) be a continuous function of two

variables. Then the process (f(t, W;),t > 0) is a semimartingale if and only if
fe VML(loc), and it admits the decomposition

t
110,90 = 1O 06) + [ flss vl ©)
0
where, A’ € AD\q. is uniquely determined by the relation
E / (s, W) dd! = / (s, 2V (ds, d) 7)
0

valid for each bounded continuous function \ (for which the integrals in (7) are

defined).

Remark. Note, that in (Follmer, Protter, and Shiryaev [5]) an alternative It6
formula (6) is given and in (Chitashvili and Mania [6]) the survey of different
generalizations of 1t6’s formula and, in particular, the different meanings of the
term AT are presented, for the general case of a random function f and a
semimartingale instead of the Wiener process.

Theorem 2. Let f = (f(¢t,x),t > 0,x €R) be a continuous function of two
variables. Then the process (f(t,W;),t > 0) is an Ité process if and only if
fe VHL(loc). Under this condition the decomposition
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16wy =10, + | ol ) s + / W wyds . @®)

takes place.
Corollary 1. a) The process (f(¢t, W,),t > 0) is a semimartingale of the form
SOW) =M +4, ME Mo, AE A ,
with
sup EM? < 0o, E(Vard)

S<tNT,
where 7, = inf{s : [;| > a}, if and only if f € V([0,T] x [~a,a]) for each
a € R,T >0, (i.e. one can take /y(s,x) = Ijg x)x[-k4 (5, x) in Definition 2).
b) The process (f (¢, W;),¢t > 0) is a semimartingale with the decomposi-
tion

ing, <00, foranya€eR,t>0, 9)

f(ta VV[) :A/[t +AtaM S Moc»A 6Aloc )

such that for each ¢t > 0

sup EM? < oo, E(Vard), < oo ,

s<t
if and only if f € I7ML([O, T} x R) for each T >0, (i.e. one can take
hic(s,x) = Ijo y & (s,x) in Definition 2).
Corollary 2. ([11, [3]) If f(t,x) = f(x) for all t > 0,x € R, then the process
(f(W;),t > 0) is a semimartingale if and only if there exists a second order

generalized weak derivative (w.r.t. the Lebesgue measure dx) vy, uniquely de-
fined by the equality

[t = [l (10)

valid for each yy € C* with compact support, or equivalently iff the function
f is representable as a difference of two convex functions on every compact
interval. Besides (see [4])

A{:/LW(I,X)V{x(dx) )

where L” (¢,x) is a local time of a Wiener process spent at the point x.
For a domain D € #(R x R) the space W,*(D),p > 1, is defined (see [7],
[8]) as a completion of C3°([0, T'] * D) in the norm

lullyp2 = sup u(t, x)| + |||

(Z‘X)GD L1;+Hux||Lp+Huxx||Lp .

Denote Wl}’z(loc) the class of functions defined on R, x R which belongs to
the class (D) for every bounded open domain D € Ry x R.

It follows from Hélder’s inequality and from the inequality
I, p*(s,x) dsdx < oo (which is valid for each bounded measurable domain
D) that for each p > 2
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w2 (loc) C ¥, *(loc) (11)

Corollary 3. ([7]). If £ € W2 (p) for some p > 2, then (f (1, W;),t > 0) will be

loc
an It6 process and the It6 formula

£y =100+ [ pismyams [t myds 5 [ pals. w0 as

is valid, with the generalized derivatives fy, f;, fxx-
The proof follows from Theorem 2 and relations (5), (11).

2. Some properties of regularizations by Gaussian kernel
Consider the sequence of functions

s+1/n
F(s.x) = / / Fluy)plu— s,y —x)dydu | (12)

where p(s,x) = (27s) /% exp{—(x?/25)} is a Gaussian kernel.
Here we give some properties of the function f”.

Proposition 1. a) If ff[o‘[]xR] (s, x)u(ds,dx) < oo for each ¢ > 0, then
[ 760~ £ 0 s, ) = 0n = 00,20
[0,4]xR

If /= (f(¢,x),t > 0,x € R) is a continuous function of two variables, then
b) for every compact D from R, x R

sup [f"(s,x) — f(s,x)] = 0, as n — o0 (13)
(sx)eD

¢) for every t > 0
sup|f”(s, VK)—f(s,VK)|—>0,n—>oo ) (14)
s<t

in probability.

Proof. The statements a) and b) can be proved in the same way as the similar
propositions in [8]). Assertion c) is an easy consequence of b).

Proposition 2. For each ¢ > 0

1 s+e€
—;[ /Rf(uvy)p(u—svy—x)dydu

belongs to the class VL(loc) for every bounded continuous function f, and

(L) (s.x) = /(fs+6y S(sx)pley —x)dy . (15)

a) the function
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b) the process (f(¢, W;),t > 0) is an It6 process and its part of bounded
variation has the following form
1 t
A= [ B+ e = (5.0 /7T d (16)
0

€

Proof. a) Let
S (s,x) = / /fuy (u—s,y—x)dydu .
+1/n

Evidently /<" € C'? and f°" — f¢ uniformly on every compact (since f is
bounded). Using the equality p,(u — s,y —x) + (1/2)p,,(u — s,y —x) = 0 we
obtain that

(L))
([t enmter—nd— [ 6+ ymnotijnr-na)

and it is easy to see that by the continuity of the function f
[+ 1ot /ny = x)dy = fs.3), = o
R

and, consequently, Lf" — L [,(f(s 4+ €,y) — f(s,x))p(e,y — x) dy in the sense
of Definition 1.
b) Evidently 4° is of bounded variation for every ¢ > 0 and (Var4), < @
Since

s+1/n
175, %) :n/ E(f(u, W) /W = x)du |

by Markov property of W
M= f(t, W) — 4}
1 t+e
=2 [ B Y du / E(f(s+ e, Wore) — £ (s, W)/ ) ds
t

and it is easy to show that the martingale equality E(Mf — M/ F W) 0
holds. [

3. Condition U.T and the convergence of semimartingales

Let (Z",n>1) be a sequence of semimartingales given on some filtered
probability space (Q, #,(F,,t > 0), P) with the canonical decomposition

Z;q :A/[tn +A?7Mn S %100714” € Aloc )
We are interested when the convergence in probability (uniformly on every
compact) of the sequence (Z",n > 1) implies the semimartingality of a lim-

iting process, and, furthermore, when the martingale parts (M",n > 1)
converge to the martingale part of the limiting process.
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Denote # the set of all elementary predictable processes bounded by
unity.

Definition 3. (Stricker [9]). The sequence of processes ((Z]',t > 0),n > 1)
satisfies the condition U.T (uniform tightness) if for each t > 0 the set

t
(/H;de,HE%,nZl)
0

is stochastically bounded.

It was shown in (Jacubovski et al. [10]) that if ((Z,#>0),n>1) is a
sequence of martingales converging weakly to some process Z and the se-
quence (Z",n > 1) satisfies the condition U.T then the limiting process Z is
also a semimartingale. Further (in Memin and Slominski [11]) it was proved
that if the sequence of semimartingales (Z”,> 1) converges to the process Z
in probability (uniformly on every compact [0,¢]) then the U.T condition
guarantees the convergence of martingale terms (and hence of terms with
bounded variation) of Z" to the martingale part of Z. For continuous
semimartingales (which we consider) the U.T property is equivalent to the
stochastic boundedness of the sequence of random variables Var(4"),, (M"),
for each ¢ > 0; and if sup,, |Z! — Zj| — 0,n — oo, for each ¢ > 0 the U.T
property is satisfied if and only if the sequence Var(4"), is stochastically
bounded for each ¢ > 0. Thus the following assertion takes place

Proposition 3. 1f (Z",n > 1) is a sequence of continuous semimartingales and
Z is some process for which
sup|Z! —Z;| — 0, n— oo, (17)

s<t

in probability for every ¢ > 0, and
1i]1vnm,,P(Var(A")t >N)=0 (18)

for each ¢ > 0, then the process Z is also a semimartingale and
a) for each t > 0

(M" — M), — 0,sup |4y —A4,] -0, n— o0 . (19)
s<t

in probability,
b) there exists a subsequence of the sequence (Z”,n > 1) and a sequence
(tx,k > 1) of stopping times with 7, — oo such that
EM"—-M), —0, Esupld; -4, —0, n— oo (20)

K s<ty
for every £ > 1.

The proof of the assertion a) one can see in Mémin and Slominski [11]
(see also Lemma 2 in Chitashvili Mania [6]). The validity of b) follows from
a) and from the Proposition 1 of Emery [12].

Thus, to prove that the process (f (¢, W;),t > 0) is a semimartingale it is
sufficient to show that there exists a sequence of functions ((f”(s,x),s >
0,x € R),n > 1) from C'? for which
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sup|f”(s,Ws)—f(s,Ws)|—>0, n— oo
s<t

for each ¢t >0 and, besides, the sequence of semimartingales ((f"(s, W),
s> 0), n>1) satisfies the U.T condition. It would be noted here that the
approximations (12) have the property to define semimartingale (submar-
tingale, martingale) (f"(¢, W;),t > 0,n > 1), for the semimartingale (sub-
martingale, martingale) (f(¢, W;),t > 0); and, as it will be shown below, the
processes (" (¢, W;),t > 0) satisfy the condition (18) of Proposition 3.

4. Some properties of the class .7 %), of additive (nonhomogeneous)
functionals of finite variation
Below we shall use the following property of processes from the class ADjoc

Lemma 1. If A € AD\o. then for every F" -adapted bounded cadlag process Z
such that E [|° |Z||dA4s| < oo we have

e[ zan—g | p@ma. (21)
0 0
where E(Z;/Ws),s >0, is a regular modification of the process
E(Z/Wy) = E(Z| F o)), with F{ ) = a(W, :u>s)
Proof. Let

t
A= [ By — a7 ds (22)
0

Applying the method used in Theorem 54 from Dellacherie [13] it can be
proved that for every bounded cadlag process Z

E/ ZSdA:,'HE/ ZS_dAS:E/ ZydA,, n— oo (23)
0 0 0
(the last equality is true, because 4 is continuous).
Since A € AD),. and W is a Markov process we have

E(dsiijn = A/ F ) = E(Agirjn — A5/ W) (24)

and therefore (taking into account (22) and Lemma 8.3 of [20])
E/ Z,dA" :E/ E(Z,/ W) dA" (25)
0 0

Evidently the relation (21) follows from (23) by passage to the limit in

25. 0O

Corollary 5. ([1] Cinlar et al.). Let 4,B € ADy. If for every bounded mea-
surable function (s, x)

(s, W;) dA; = 0(a.s) implies (s, W) dB; = 0 (a.s) , (26)

then dB; < dA, and there exists a measurable function ¢(s,x) such that
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B, :/0 g(s, W) dA; (a.s.)

in particular, if 4 € ADy,, and d4; < ds then there exists a measurable
function a(s,x) for which

A, = /O ta(s, W,)ds (a.s.)

Proof. Without loss of generality we can assume that A,B € AD. If
E fooc ZydA; = 0 for some bounded cadlag adapted process Z, then Lemma 1
implies that E [[° E(Z,/W;)dA; =0 and since there exists a measurable
function (s, x) for which (s, W) = E(Z;/W;) (a.s.) from (26) we have that
E fo (Z;/W;)dB; = 0. Therefore using again Lemma 1 we get that
E fo ZydB; = O and hence dB, < dA,. Thus there exists a predictable process
y such that B, = f ysdA and from Lemma 1 we obtain the equality
By = [y E(v/W,)dAs = [; (s, W;) dA, for some measurable function . []

The following statement for the construction of localizing moments for
additive functionals is similar in character to those used in [14] (Revuz), [1]
(Cinlar et al.) (Lemma 4.7) and [15] (H6hnle and Sturm).

Lemma 2. (localization lemma) Let A = (4;,t > 0) € ADyoc and (1, k > 1) be
the localizing sequence of stopping times of the process A (ie. 1 T oo and
E(vard), < oo for every k>1).

Let, for some 0 < 4 < 1,
hk(va) = E(I[s<rk]/VVs = x) :
Then the sequence of functions hi(s,x),k > 1) satisfies the conditions 1), 2) of
Definition 1 and for each k > 1

Tk
B[l < (/208 [ ts, il = /2 [ laal . @)
0 0
where
g = inf{t: hk(t, VV,) < /1} .
Proof. Evidently, h; < hiy, for every k > 1 and A, T 1, since 74 T oc.

Let us show that the random variables g4,k > 1, are stopping times, for
each k£ > 1, such that for every ¢

Ploy>1t) — 1,k — oo .

Consider the process /i (s, W) = E(Ijs<z,1/W;),s > 0. This process is a sub-
martingale with respect to the inverse flow of g-algebras (F[f_Voo),t >0). In
fact, by the Markovian property of the Wiener process W '

([[S<‘L'k /‘/ [v oc ) = E([[S<‘L'1L]/W$)

which gives that for s > ¢
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= E(lyer)/ T 4 o) 2 EUs<r) [ T [ noy) = (s, W)
The function Ehy (s, W;) = P(t > s) is right continuous in s and, hence, there
exists a right continuous modification of the submartingale (% (s, W;),s > 0).
It follows from this that the variable oy is a stopping time (for each £ > 1)
and from Doob’s inequality for supermartingales we have

P(op >1t) = P(isrghk(s, W) > A)
1 _p<sup(1 ~hels, ) > 1 —z) > 1 (/=P <) — 1,

since 1, — 0o as k — oo.
Let us show now the validity of (27).
Since (s < o) C (A(s, W5) > A), using Lemma 1 we have

o 00 00
/0 ddy = /0 TyeopldAs| < E /0 Ty |dAs|

1 o) 1 o) 1 Tk
<5 [ msmolatd = [ B /woidal =3 [ laa
£ Jo 2 Jo 2 Jo

and relation (27) is valid. []
Sometimes the following definition, equivalent to Definition 1, is useful.

Definition 1. 4 function f = (f(¢,x),t > 0,x € R) admits a generalized L-de-
rivative (w.r.t. the measure ), if there exists a sequence of functions
(f",n > 1) from C'?, satisfying the relation (1), and a measurable locally u-
integrable function (Lf) such that for some sequence of bounded measurable
domains (Dy,k > 1) with

1) (0,x) € Dy for each x € R, Dy C Dyy1,k > 1,UrDy = Ry X R, p-a.e.
2"y uy = inf{¢: (¢, W;) ¢ Dy} are stopping times with uy, T oo we have for each
k>1

/ [ 60 = LR d) =0, asn—o0 (28)

Proposition 4. Definition 1 and Definition 1’ are equivalent.

Proof. If f is generalized L-differentiable in the sense of Definition 1, then,
evidently, the sequence Dy = {(s,x):/(s,x) > A < 1} possesses properties
1),2") (obviously w, = inf{¢: (¢, W;) ¢ Dy} = inf{z: b (2, W;) < A} = 0 T 00)
and for each £ > 1

/ [ 117 (5.3) = (L) 0t
<(1/2) / / (LA™Y (5,3) — (L) (5. ) I (5,3 )a(ds, ) — oo
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as n — 0o.

Conversely, let (Dg, k > 1) be a sequence with properties 1’),2'). Then the
sequence of functions /(s,x) = E(Ij,>s/Ws = x) satisfies conditions 1), 2) of
Definition 1, since according to Lemma 2 u; T oo implies that
or = inf{z: (¢, W;) < A} T oo and using Lemma 1 and equality /() <
Ip, (s, W) we have

/ / (L) (5:3) — (L) (5. ) g (5,3 (ds, i)
< / VL) (o0 = L0t ) . O

5. Proof of Theorem 1 and its corollaries

Proof of Theorem 1. Sufficiency. Let us show that if f € VNL(IOC) then the
process (f(¢, W;),t > 0) is a semimartingale with the decomposition (6).

Let (h(s,x),k > 1) be a localizing sequence of functions from Definition
2 of the class V;f(loc) and let (ox,k > 1) be corresponding stopping times
defined by

o =inf(t < k:h(t, W) <A< 1) .
Since o — oo, to prove that the process (f(¢,W;),t>0) is a semi-
martingale it is sufficient to show that the process (f(¢ A ok, Wirg,),t > 0)
is a semimartingale for every k > 1. For convenience we shall omit the
index k.

Let (f",n > 1) be the sequence of smooth functions from Definition 2.
Evidently, for every n > 1 the process Z" = (f"(¢t Ao, Wips),t > 0) is a
semimartingale with the decomposition

fn(t/\O', VVt/\U) :fn(07 VVO) +M[n +A;’ 9

where
NG 7%
= [ psmyam, 4= [ s mas
0 0
It follows from the relation (1) that for each ¢ > 0

sup /" (s Ao, Wons) — f(s Ao, Wyps)| — 0, n— o0 (29)

s<t

in probability and according to Proposition 3 it is sufficient to show that for
eachr >0

li]{/n supP((Vard"),,, > N) =0 . (30)
n

We have
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t\a

Bbard") g =B [0 )l < 38 [ s, WOl s
/ (L") s,20) [ (5, ) (s, )

/ (5,2 (LF™) (5, ) (5, ) (s, ) — / / (.3 e (5, X)) (ds, ), (31)

as n — oo, for all y € CB and, hence, for each k£ > 1
sup/ [(Lf™) (s, %) | (s, x) u(ds, dx) < oo . (32)

Therefore the process (f (¢ A ok, Wins, ), > 0) is a semimartingale for each
k > 1 and, consequently, the process (f (¢, W;),t > 0) is also a semimartingale.
Let us show now that the function f is generalized differentiable in x. Let

Z = f(t, W) = M, + 4, (33)

be the minimal decomposition of the semimartingale Z, = f(z, W), i.e.
M € Moe(F?), A € oo F7?).

Since the sequence of semimartingales ((f"(¢, W;),t > 0),n > 1) satisfies
the U.T condition and converges to the semimartingale (f (¢, W,),t > 0) in
probability uniformly on every compact, then it follows from Proposition
3.b) that there exists a subsequence of the sequence f” (for convenience we
use the same index n for the subsequence) and a sequence (t,k > 1), of
stopping times with 7; T oo, k& T oo such that, for every k£ > 1

EM"—M) — 0, Esup|dl —4,] -0, n— oo . (34)

S‘L’k

Tk

Let us define a new sequence of localizing functions (s, x) =
E(ljgr,)/Ws = x) and let Cy = ((s,x) : i (s,x) > 1) for some 0 < 4 < 1. Then
according to Lemma 2

Gr = inf{t: hy(t, W) < 2} = inf{r: (¢, W) ¢ Cp}, k> 1,

are stopping times with 6, T co. It follows from Lemma 1 and (34) that for
each k > 1

/ 260 = 125,30 Pt
</ | °6/R<ﬁ<s,x> — (5,)) (s, X)u(ds, )
— (1/1)15/0”(31(& W) — (s, W) ds — 0, n— o0, m—oo. (35)

Evidently, for each £ > 1, there exists a function fx(k> for which

/ C(fx"(s,X)—Jifk)(s,X)fu(dS’dX)—>0’ n— oo . (36)
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Since fx(r) = fék) on the set C; for all » > k, one can define the function f;
coinciding with % on the set C; such that

/C (fl(s,x) —]"x(s,x))zu(ds,dx) —0, n—oo . (37)

Thus, taking into account Proposition 4, we can conclude that the function f
is locally generalized differentiable in x w.r.t. the measure u. Besides the
martingales (M;,¢t > 0) and (féfx(s7 W;),dWs,t > 0) are indistinguishable. In

fact, since
B [ sman— [ pmyan)) (38)
//C (f7(s,%) = fil(s,x)) pu(ds,dx) — 0, n— oo ,

from (34) we have that
0 -

and, consequently,

E< /0 fils, ) M>&m —0 (40)

for each k£ > 1. Now taking into account that 65 T 0o, 7, T oo we obtain the
indistinguishability of the processes M and [ f, dW.
Thus the semimartingale (f (¢, W;),¢ > 0) can be represented in the form

76wy = 0. + | sy a4l (41)

where f, is a generalized derivative in x w.r.t. the measure ¢ and, evidently,
AT € ADqc.

The proof of necessity. Let the process (f(¢,W;), t > 0)) be a continuous
semimartingale and let
Zt :f(t, VV[) :M1+At (42)
be its minimal decomposition.
We first assume that the semimartingale (f (¢, ;), ¢ > 0) is bounded, i.e.
sup [/, W) < C (43)
t

Let (74, k > 1) be a sequence of stopping times (with t; 1 oo, k — o) for
which

E(Vard), < oo, E(M), <oo (44)

Tk

for every k > 1.
Consider the sequence of functions (f”,n > 1)
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s+1/n
s =n [ [ ot —sy =) dye (45)

It follows from Proposition 2 that the process (f"(¢, W;),t > 0) is a semi-
martingale (for every n > 1) with the decomposition

S W) =M+ 4] (46)

where M" is a martingale and the part of bounded variation has the form

a7 = [ B+ VW) 16 ) b (@7)

According to Proposition 1c)
sup [/ (s, W) = f(s, W) = 0, n— o0 (48)

s<t

in probability for every ¢ > 0.

Let us show that the family of semimartingales (f"(¢,,),t > 0,n > 1)
satisfies the U.T condition. In fact, it is sufficient to prove that for every
k>1

sup E(Vard"),, < oo (49)
From (47) it follows that

(Vard"),, = n/ork ECf (s + 1/n, Wesajn) = S (s, W5) /7)) ds

w+1/n
—n / B (W) = f =V, W ) [ 7 )

Tk

tn / VB W) — £ = 1, W ) [ 7Y )]

n

7
< 2C—|—n/ |E(Au_Au71/n/97l:V—1/n)|du )
1

since sup, |f (¢, ;)| < C and
E(f(t. W) = f(s, W) F ) = E(d; = As) 7 )

s

on the set s < t < 74.
Therefore

Tk
E(Vard"), <2C+ nE/
1/n

Now using Fubini’s theorem

% ru % p(s+1/n)At
E/ / \dA,| du :E/ / du dA|
I/n Ju—1/n 0 sV1/n

and taking into account the inequality (s+1/n) At —sV1/n<1/n we
obtain that

Tk u
|Au—Au,1/n|du§2C+nE/ / | dAy| du
1/n Ju—1/n



Generalized 1t6’s formula 71

E(Vard"), <2C+ E(Vard) (50)

Tk

for every n > 1.

Thus the conditions of Proposition 3 are fulfilled and therefore there
exists a subsequence of the sequence (f”,n > 1) and a sequence (14, k > 1) of
stopping times with 7, — oo (for convenience we use the same indexeis for
this subsequence) such that

EM"—-M), —0, n— o (51)
Esup|dl —A4s| — 0, n— oo (52)
<1

for every k£ > 1.

Evidently the process (4/,¢ > 0) belongs to the class 4Dy, for each n and
it follows from the relation (52) that the process (4,,¢ > 0) also belongs to the
same class.

Define a measure v4(ds, dx) on the Borel sets from R, x R. For measur-
able positive function Y = (Y(s,x),s > 0,x € R) with E [[* y(s, W;)|dA4,| < o0
let

va(¥) :E/ (s, W) dA; (53)
0
The measure vy is o-finite on Z(R, * R), since for the sequence of domains
(Dysk > 1)
Dy = ((8,%) : E([yary)/We =x) > 2), 0 <A< 1,
we have that UgD; = R, X R and

oo

v4(Di) :E/o Ip, (s, Wy)ldAs| < (l/i)E/O E(ls<e)/ W) |dAs|

T
= (l/i)E/ |d4;| < o0
0

which follows from Lemma 1, since 4 € AD,c.

Since the function f™(s,x) belongs to the domain of definition of L op-
erator for each n > 1 (Proposition 2a), the assertion of the sufficiency part of
this theorem implies that the semimartingale (f"(¢, W;),¢ > 0) admits the
decomposition

e =rom)+ [ myan s [wrs a6y

Therefore, it follows from (46), (54) and from the uniqueness of the canonical
decomposition of semimartingales that

t
4= [ mds . (55)
0
Since from (50), (52) we have that, for every k£ > 1,

E / Sy — £ [ ws,w) da (56)
0 0
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for every bounded continuous function ¢ and according to equality (55) and
Lemma 1

E/Ork W(s, Ws)dAZ-'=/ W (s, %) (L") (s, %) b (s, X) u(ds, dx) -, (57)

we obtain that, for each £ > 1,

— / / (s, (L) 5.5 e s ) (s, ) — E /0 Cusmydd, (58)

for every bounded continuous function . Thus, for every k > 1 J/'(y) is a
sequence of linear bounded functionals on CB which converges for each
Y € CB. Therefore (see e.g. Th. 1. II.1 of [16]) the functional J; defined by
Ji(¥) = lim, . J}' () is also linear bounded functional on CB and, hence, it
is representable in the form (see e.g. Th. 2. Ch. IV.6 of [17])

5 = [ [ wisxas,a) (59)

where V¥ is a finite measure on Z(R, x R).
Evidently the relations (56)—(59) imply the equality

: = S, X Vk AY
E/ wis, ), = [ [ w0 @s, ) (60)

and, hence measure V* is dbsolutely continuous with respect to the measure
V|4 which is defined by vy (¥ Efo (s, W;) dVar(4),. Therefore, it follows
from the definition of the measure 7 that Vi (ds, dx) = hy(s,x)v4(ds,dx) and
from relations (58), (60) we obtain that, for each k£ > 1,

/ (5, %) (LF™) (5, %) e (5, ) (s, ) — / / U (s, )i (5, x)va(ds, ) (61)

for every bounded continuous function .
Since
sup |f"(s,x) = f(s,x) = 0, n— o0 (62)
(s,x)eD
on every compact D € R, x R (Proposition 1) and f” itself belongs to the
class VL(loc) for every n > 1, then it is easy to prove (using the diagonal
sequence) the existence of a sequence of functions from C'? with the same
properties ((61), (62)), hence, [ € VHL(loc) and the measure v A(ds dx) is a
generalized weak L-derivative of the function f, i.e. v{ = vf,.
Evidently the relations (56), (61) imply the equality

E /0 s ) dd, = / (s ) v (ds, ) (63)

valid for every bounded continuous function .
Let us show that this equality uniquely determines the process 4 € .o/ Zjqc.
Let some B € .o/ %), also satisfies the relation (63). Then we have that
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£ [Cwman — [Cysomas, (64)

for every bounded continuous function .

If y(z,x) is a bounded function such that the composite process
(Y (¢, W), ¢t > 0) is right-continuous, then we can approximate this function
by bounded continuous functions in the sense of Proposition 1c¢) and,
therefore, one can conclude that the equality (64) is valid for every bounded
function  for which the process (¢, W;) is right-continuous.

Since for each cadlag process Y there exists a cadlag modification of the
process Y(t, W;) = E(Y,/W;) = E(Y,/]F [,Oo) (M. Rao [18]), (i.e. for such a
function VY(s,x) = E(Y;/W, =x) the equality (64) is true) and since
A,B € Do it follows from Lemma 1 and equality (64) that for every
adapted bounded cadlag process X

Tk 00
E/ X, dA, :E/ E(Iy<ep X/ W;) dA
0 0

o] Tk
= E/ E(Ijsee X/ W) dBs = E/ X, dB,
0 0

which implies that the processes 4 and B are indistinguishable.

Thus, it was proved that if the process (f (¢, W), > 0) is a bounded
continuous semimartingale, then the function f belongs to the class Kf(loc).
To get rid of the assumption of boundedness of (f(z, W;),¢ > 0), consider the
family of functions fc = min(max((—C),f(z,x)),C). Obviously, since
(f (¢, w,),t > 0) is a continuous semimartingale, the process (fc (¢, W;),t > 0)
is a continuous bounded semimartingale for every C and the function

s+1/n
f2(s,x) = n / Fe (i, y)P(s, %, u,dy) d
K R

belongs to the class VL(loc) for each n > 1,C > 0. Hence, the function f¢
belongs to the class VL(loc) for every C > 0 and, consequently (since f¢
converges to f unlformly on every compact), the function f belongs to the
same class. []

Remark. It follows from the proof of this theorem that if f admits a generalized
weak L-derivative then there exists a generalized first derivative in x of the

function f.

Proof of Theorem 2. Sufficiency. Let f € VML(loc). Then f € Vlf(loc), v{(ds, dx)
< i(ds, dx) and from Theorem 1 we have that the process (f (¢, W;),t > 0) isa
semimartingale with the decomposition

S, W) = £(0, W) /fx ) dW, + 4] (65)

and the process 4/ € AD,. is uniquely determined by the relation
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” S f: vaf A)
e [utsmaa] = [ [wtsaniiasan (66)

valid for every bounded continuous .

Evidently the process fo Lf)(s, W)ds t > 0) also satisfies (66) and,
hence, the processes (4/,7>0) and ( fo Lf)(s, W;)ds,t > 0) are indistin-
guishable.

Necessity. Let f(t,W,) be an It6 process. Then from Theorem 1
fe VL(loc) the process f(¢, W;) admits the decomposition (65) and the
process A/ € ADjoc is uniquely determined by the relation (66). Since
dA/ < ds, by the corollary of Lemma 1, a measurable function g(s,x) exists
such that Af fo- s, W) ds.

Therefore from the relation (66) we have that

SfoS = OOS . S ) as = S. X S. X S. X A}
/w,)L(d,dx) E/0 Wis, W)g(s, %) d /w<,>g<7>p<,>ddx

for every y € CB which implies that v7 (ds,dx) < u(ds,dx) and, hence,
feVkloc). O

Proof of Corollary 1. Since in this case the localizing sequence of stopping
times (t,k > 1) has the form

o =inf{t: |[W| >k} Ak | (67)

using the formula (see e.g. [19]) for the common distribution function of
Supy<,<, |W;| and W;

{sup|W|<aW€ cd} / Z—l (¢,2ia — x) dx

0<s<t L ——
for a > 0,[c,d] € [—a,a], it is easy to see that
hk(s,x) = E(I(rkzs)/VVS = x)

A <s,x>P( sup |1 < /W, = )

0<u<s
= Tjo jx[—kk] (5, X) Z exp{—4ik(x — ik)} (68)
i=—00

and, hence, /;(s,x) is a bounded continuous function, which is zero if
(s,x) ¢ (0,k) x (—k,k) and is strictly positive if (s,x) € (0,k) x (—k, k).
Therefore it follows from Theorem 1 that if the process f (¢, W) is a semi-
martingale of the form (9) then there exists a sequence of functions (f",n > 1)
from C'? converging (uniformly on every compact) to f and a signed measure
vr, finite on every compact (hence v, (ds,dx) will be a o-additive measure
according to Theorem 3 (Ch. IV.6) of [17]), such that for every &£ > 1

[ v isoutas.a) — [ [ wsxmias.a
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for every bounded continuous function  finite on [0, k] x [—k, k], which is
equivalent to /€ V([0, T] x [~a,a]) forany T > 0 and a > 0. It follows from
the proof of the sufficiency part of Theorem 1 that if /' € V/([0, 7] x [~a, a])
forany 7 > 0 and a > 0 then f'(¢, W;) will be a semimartingale of the form (9).
Proof of the assertion b), evidently, follows from a). []

Proof of Corollary 2. If f(t,x) = f(x) for every ¢t > 0 and if the process
(f(W;),t >0) is a continuous semimartingale, then, evidently
(f = f(x),x € R) will be a continuous function (really, let (a,,n > 1) be a
sequence of real numbers converging to some ay € R and let
7, = inf{¢ : W; = a,},n > 0. Obviously, 7, — 19, W;, = a, for every n > 0 and
the continuity of the process (f(W,),t>0) implies that
Flan) = FO,) = F(W,) = f(ao),n — ).

Therefore for the regularizations

sx=n [ T [r0ptas.y =) v
- [0 ( / "y x)du> dy = f"(x)

sup [f"(x) = f(x)| = 0, n— o0

xeD

we have that

on every compact D € R and besides
(Lf") (s, %) = [ (x) -
Since in this case, according to [1], the localizing sequence of stopping times

(tk,k > 1) of the semimartingale /(W;) has the form (67), it follows from (68)
that

hk(S,X)p(S,X) = I[O,k]x[—kvk] (Sax)pk(s7x) 3
where p,(s,x) =Y 0 p(s,x — 2ik).

[ wxwrm s omis. s, ) = [ Zfﬁx(X) (wx) / pe(s.) ds) dx

and (f(f p(s,x) ds,x € R) is continuous function finite on [—k, k|, which is
strictly positive on (—k, k). Therefore, it follows from Theorem 1 that for
every continuous function ¢ which is finite on [k, k] there exists a limit

lim [ 77 (x) p(x) dx

n—o0
and, hence, there exists a signed measure v,,, bounded on every compact
(therefore the restriction of v, (dx) on every compact is a g-additive measure
according to Theorem 3 (Ch. IV.6) of [17]), such that
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Jraot) s~ [otoma(a

for every continuous function ¢ with compact support, which is equivalent to
(15) and to the representability of the function f as a difference of two
convex functions on every compact interval [—k,k]. Finally note that the
process

A{':/LW(t,x)vxx(dx) ,

R
evidently, satisfies the relation (7). [
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