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Summary. Let (W, H, ) be an abstract Wiener space and let Tw =w + u(w),
where u is an H-valued random variable, be a measurable transformation on W.
A Sard type lemma and a degree theorem for this setup are presented and ap-
plied to derive existence of solutions to elliptic stochastic partial differential
equations.
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1. Introduction

Let T be a C' map from IR” to R” and proper (i.e. the inverse image of any
compact set is compact). The degree theorem for this map states that for any
bounded real valued function ¢(x), x € IR”, with compact support

JI@)e(Tx)dx=q [ @(x)dx, (1.1)

]R/I ]R/l
where ¢, the degree, is an integer and does not depend on ¢, J(x) is the
Jacobian of T: det([0T;(x)]/0x; )nxn-

The degree g satisfies
oT;
g= > signdet ( (v ) (1.2)
0Vi Juxn

yeT—{x} J

for almost all x € IR". The notion of degree was extended in several direc-
tions and in particular, applied to establishing the existence of a solution x to
equations of the type f(x)=ux. In 1934 the notion of degree was extended by
Leray and Schauder to a class of transformations on Banach space and applied
to the proof of existence of solutions to certain partial differential equations
cf. [2] or [5] and the references therein.
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The possibility of extending the theory of degree to Wiener space was
first pointed out by Eels and Elworthy in [7]. In 1986 E. Getzler [10] in-
troduced the notion of degree for the shift transformations 7w =w + u(w),
where u is an H-valued random variable. The results of [10] were improved
by Kusuoka [12] and Ustiinel and Zakai [17] and Theorem 5.1 of [18]. The
results derived in these papers were extensions of (1.1) and (1.2) under strong
integrability assumptions, (cf. Theorems 3.1-3.3 in Sect. 3). In this paper we
(a) extend the Leray—Schauder theorem and some results related to the exten-
sion of (1.1) and (1.2) to shift transformation on Wiener space under weaker
and what we believe to be perhaps more natural assumptions and (b) apply
our results to establish the existence of a (not necessarily unique) solution to
an elliptic stochastic partial differential equation. Along the way we also de-
rive a general form of Sard’s inequality and Sard’s lemma on Wiener space
which is believed to be of independent interest. In particular it avoids the need
to restrict our results to the set on which the Radon—Nikodym derivative is
non-zero.

In the next section we present some notation and notions of the Malliavin
calculus. In Sect. 3 we restate for later reference a recent version of the change
of variables formula, some results on degree theory derived in previous papers.
Next we prove, following some results of Kusuoka, a Sard inequality which
implies the Sard lemma on the Wiener space and finally a summary of the
Leray—Schauder degree and its properties. In Sect. 4 we state and prove the
main results of this paper. In Sect. 5 we consider the SPDE

— Ad(x) +9g(x, E(x)) =w(x), x€D, (1.3)

x€R?, n=1,2, or 3 and ¢|;p=0 and its extension to more general elliptic
operators. Existence and uniqueness of solutions to this equation was consid-
ered by Buckdahn and Pardoux [3], Dembo and Zeitouni [6] and Mayer-Wolf
and Zeitouni [14]. Applying the results of the previous section, the existence of
a (possibly nonunique) solution is established under assumptions which extend
in certain directions those imposed in the references cited above.

2. Notations and preliminaries

(W,H,u) denotes an abstract Wiener space, i.e., H is a separable Hilbert
space, identified with its continuous dual, /¥ is a Banach space into which
H is injected continuously and densely. p is the canonical Gaussian measure
on W whose reproducing kernel Hilbert space is H and we will call it as
the Cameron—Martin space. In the case of classical Wiener space we have
w=C([0,1]), H={h:[0,1]—>1R: h(t):foth(s)ds, 7|13 :f()1|}'z(s)|2 ds}. Let
X be a separable Hilbert space and a be an X-valued (smooth) polynomial
on W:

a(w)= Zmzl ni((h,w), ..o, (hy, W) X,
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with x; € X, h; € W* and n; € C;°(IR"). The Gross—Sobolev derivative of a is
defined as
Vaw)=>3" > 0mi((hi,w), ..., (hy, w))x; @ h;j ,
i=1j=1

and V¥a(w) is defined recursively. Thanks to the Cameron—Martin theorem,
all these operators are closable on all the L? spaces and the Sobolev spaces
D, «(X), p>1, k€N, can be defined as the completion of X-valued smooth
polynomials with respect to the norm:

k .
lallpe =2 IV allrgxemen
i=

From the Meyer inequalities, it is known that the ( p, k)-norm, defined above,
is equivalent to the following norm:

(7 + L)k/zaHU’(u;X) >

where L is the Ornstein—Uhlenbeck operator on W (cf. e.g. [16]) and we de-
note these two norms with the same notation. Since / + L is an invertible
operator, we can also define the norms for negative values of k which de-
scribe the dual spaces of the positively indexed Sobolev spaces. We denote
by ID(X) the intersection of the Sobolev spaces {ID,(X); p>1, keZ},
equipped with the intersection (i.e., projective limit) topology. The contin-
uous dual of ID(X) is denoted by ID’(X) and in case X =R we write sim-
ply D, s, ID,ID’ for D, x(IR), D(IR), D’(IR) respectively. Consequently, for any
p>1, k€Z, V:D,(X)— ]Dp,kfl(X®H) continuously, where X ® H de-
notes the completed Hilbert—Schmidt tensor product of X and H. Therefore
d=V* is a continuous operator from D, (X ® H) into D, ;_1(X) for any
p>1, keZ. We call § the divergence operator on W. Let us recall that, in
the case of classical Wiener space, ¢ coincides with the It stochastic inte-
gral on the adapted processes. Recall that, if /" is in D, (/) for some p>1,
then almost surely, VF is an Hilbert—Schmidt operator on A and if F is an
H-valued polynomial, then 6F can be written as

(o]

OF =3 [(F,ej)ude; — (V(F.,e)u,e)ul ,

i=1

where (e;; i € N) is any complete orthonormal basis in H.

Let K be a Hilbert—Schmidt operator on A and let Kw denote the H-valued
divergence of K. More specifically let ¢;, i=1,2,... be a complete orthonormal
base on H and

w=>"0de; - e

(from a theorem of Ito-Nisio, cf. [11], the above sum converges almost surely
and in L?, for any p>1, in the norm topology of W) then

Kw=:0K=Y" e, - Ke, (2.1)
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Kw=:0K is an H-valued random variable and

Eklw . KQW = Z(Klei: Kse;)

= (K1,K2)H—s -

An X-valued random variable F is said to be in ]D}S]C(X ) for some p>1 if
there exists an increasing sequence of measurable subsets (,; n€N) of W
and (F,; n€N) C ID,;(X) such that |J, W, =W and F = F, on W, almost
surely.

Let K be a Hilbert—Schmidt operator on H and denote by (4;,i € N) its
eigenvalues according to their multiplicity. The Carleman—Fredholm determi-
nant of Iy + K is defined as

detz(ll_[ +K) = H (1 + Xi)e_)‘i .
i=1
Note that det,(/y + K) £ 0 if and only if (I[y + K) is invertible. For u €
]Dllf’f(H ), Ay(w) will be defined as

A, (w) = deta(Iy + Vu(w)) exp(—dou(w) — ;||u(w)||f,) . (2.2)

We conclude this section with some definitions regarding the behaviour of
u(w + h) as a function of h€ H.

Definition 2.1 Let u(w) be an H-valued random variable.

(a) u(w) is said to be an H — C map if, for almost all we W,h — u(w + h)
is a continuous function of he H.

(b) u(w) is said to be a “compact H — C map” or “H — C-compact” if u is
H — C and for almost all w, h — u(w + h) is a compact function on H. (A
map g : H — H is said to be compact if it maps bounded sets into relatively
compact sets).

(c) u(w) is said to be H — C" if it is H — C and for a.aw. h+— u(w + h) is
continuously Frechét differentiable on H.

(d) u(w) is said to be “locally H — C'” if there exists an almost surely strictly
positive random variable p such that h— u(w + h) is C' on the set {h€ H:
|| <p(w)}.

(e) u(w) is said to be “compact H — C" if it is H— C' and both h v
u(w+h) and h— (VNu)(w+ h) are compact functions on H for almost
all w.

(f) u(w) is said to be “representable by locally H — C'” functions if there
exists a sequence of measurable subsets of W, say B, such that p(|JBy) =1
and a sequence of “locally H — C"” H-valued random functions u,,(w) such
that

le(W)(M(W) - um(W)) =0 a.s.
Throughout the paper, Tw will denote
™w=w+u(w)

where u(w) is an H-valued random variable.
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3. Some preliminaries and previous results

In this section we, first, state a change of variables formula. Next some pre-
viously derived results on the degree theorem are presented and finally, the
degree theory of Leray and Schauder is summarized.

The following change of variables formula is proven in Theorem 4.1 of
[18]. In fact the first part of it is essential for the proof of the second.

Theorem 3.1 1. Suppose that uc D, (H) for some p>1. Assume also that
there are two positive constants ¢<1 and d with

[Vul|=e

and
[Vul=d,

almost surely, where the first norm is the operator norm and the second is the
Hilbert—Schmidt norm on H. Then the map w— Tw =w + u(w) is almost
surely a bijection of W, moreover, we have

E[F o T|A,|]] = E[F]
for any F € Cp,(W), where
A, = dety(Iyy + Vu)exp{—ou — }ul};} .

2. Let u(w)elD}f‘f(H ) for some p>1. Assume that u(w) is representable
by locally H — C" functions. Let M be the set {w : dety(Iy + Vu(w)) # 0}.

Then, for Tw = w + u(w):

(i) The cardinality of T~'{w} N M, denoted N(w,M) is at most countably
infinite.

(ii) For any positive measurable bounded real random variables p and g
and A, is defined by (2.1):

E[p(Tw)g(w)|Au(w)|] = E {P(W) > 9(9)} (3.1)
beT-"{w}nM
in the sense that if one side is finite so is the other and equality holds.

Remark. In the sequel, using the Sard lemma we shall prove that one can
omit to take into account the set of non-degeneracy M in the above formulas.

The first part of the following result is from [17] and presents an improved
version of results of [10] while the second part extends some results of [17].

Theorem 3.2 (a) If for some y>0, r>(1 +y)/y, u(w) € D, 2(H), A, € L' (),
ATy + Vu) - v € L' (u, H) for all non random v € H, then

Elp(Tw)A,(w)] = E[AJE[9] (3.2)

for all bounded and measurable .
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(b) Suppose that uc D, (H) for some p>1 and that
exp(—ou + 5| Vul2) € L ()
for some y>0, where || - ||2 denotes the Hilbert—Schmidt norm. Then
E[¢ o TN, = E[]
and in particular E[A,] = 1.

Proof. We shall deal only with the proof of part (b): let (e,;n€N) be a
complete, orthonormal basis in H. Denote by ¥, the sigma algebra generated
by {dey,...,0e,} and by =, the orthogonal projection of H onto its subspace
spanned by {e,...,e,}. Let u, = E[Py),m,u|V,], where Py, is the Ornstein—
Uhlenbeck semigroup at ¢t = 1/n. Then, using the inequality |det,(Iy + 4)| <
exp 5 ||4||3 for the Hilbert-Schmidt operator 4, we obtain

A, | < Pl/,,E[exp{—el/”éu + e_z/”l/2||VuH§}|V,,] ,

hence there exists some nq such that for n=ng, we have
. 1+,
B0 < E e {1 - pu+ |7 vt

for some 0 <¢<y. Therefore the sequence (A, ;7 € IN) is uniformly integrable.
Now let us replace u, by tu,. Then from the Jensen inequality ¢ — E[A,,,] is
continuous on [0,1] (cf. Lemma 3.1 of [17]) and it is also an integer (this
follows from the finite dimensional considerations), hence it is equal to one,
which implies also that E[A,] =1 by the uniform integrability. The rest is
obvious from the part (a) and the uniform integrability.

Theorem 3.3 [13] Suppose that u(w) is compact H — C' and Vu is an
H — C' map. Suppose, moreover, that uc ) D, »(H) and for some
pE(l,00) and ¢>0,

p€E(l,00)

Elexp p(; (e + [|Vullzr-s5)* — ou— } JullF)] < oo,

then E[|A,]]< oo,
Elp o TAy] = E[A] El]

and
E[A]= > signdeta(Iy + Vu(0)), (3.3)
0eT—"{w}

almost surely.
Theorem 3.4 [18] If u(w) is locally H — C' and if it satisfies the assumptions

of part (a) of Theorem 3.2, then Eq. (3.3) holds provided that one replaces
in (3.3) the set on which the sum is taken by T~'{w}NM.

Remark. As a consequence of Lemma 3.2, we will see that, in fact, one can
remove the set M, by taking a modification of u.
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Note the similarity of (3.2) and (3.3) to Eqs. (1.1) and (1.2). The expo-
nential integrability conditions in Theorems 3.2-3.4 are quite difficult to verify
in the case of non adapted shifts and consequently the applicability of these
results is limited.

In the following pages of this work we shall need Sard’s lemma that we
prove in this section. First of all we settle the problem of measurability of
the forward images of the measurable sets in the following lemma which is of
independent interest:

Lemma 3.1 Suppose that u: W — H is a measurable map. Then for any mea-
surable ACW,(Iy +u)(A)=T(A) belongs to the universally completed (i.e.,
the universal) Borel sigma algebra of W.

Proof. Let t: W x H— H be defined as t(w,h)=h+ u(w + h). Then
T(A)={weW:t(w, )" 0}N(A —w)+0}.
Let T’ be the multifunction with values in the subsets of H, defined by

L(w) = t(w, - )"0} N —w).

Then
TA)={weW:T(w)+0}.

Let G(T") be the graph of I':
G(T) ={(h,w): heT(w)}.

Note that the projection of G(I') in W is exactly the set T(4). We have
G(T)={(h,w): t(w,h)=0,h +w € A}. Since the map (h,w)+—h+ w is mea-
surable on H x W, G(I") is measurable and H is Suslin, consequently 7(4) is
measurable with respect to the universally completed Borel sigma algebra of
W (cf. [4, p. 75, Theorem II1.23]).

The following result is the infinite dimensional version of the Sard inequal-
ity which implies the Sard lemma. In case u is compact H — C!, the validity of
the Sard lemma is indicated in [13]. Here we give the proof of the inequality
using the technique developed in [12], hence we will not enter too much into
technical details.

Lemma 3.2 Suppose that u:W — H is a measurable map in some D, (H)
such that there exists a non-negative random variable r, with W(Q) = u{r >0}
>0 and the map h— u(w + h) is continuously Fréchet differentiable on the
random open ball {h€ H : |h|y <r(w)}. Then we have, for any A€ B(W),

WTUNO) = [ |Adu.
ylate)
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Proof- Let (m,; n € NN) be a sequence of orthogonal projections of H increas-
ing to Iy. Define

8
Wom = {WG W || Vu(w + h) — Vu(w)|[2 < 3, for all |hy < m}

1
A {we W mtunl < g, SO = VU0

1

9
< m,r(w)> } ,
m

where || -|l» denotes the Hilbert-Schmidt norm. By the H — C! property,
(Wy.m;n,m e IN) covers almost surely Q (here, if necessary, we add a neg-
ligible set to have equality everywhere instead of almost everywhere but we
keep the same notation).

Let us denote the set ANW,,, by Q. Let po(w)=inf(|h|p:he (2 —
w)NH), note that |po(w + h) — pa(w)| < |h|y, hence |Vpo(w)|y < 1 almost
surely (cf., [18]). Define G(w) = g(w)m;-u(w), where g(w)= dp(mpo(w)). ¢ is
chosen as a smooth function from R to [0, 1], it is equal to one on [—6,6]
and zero outside the interval [—7,7]. Moreover, its derivative is supposed to
be bounded by two. Then ||VG(w)l||>» < 3/10. To see this, we have

VG = ¢'(mpa)mVpq @ wu + gn-Vu .

Since V is a local operator (cf., [15]), on the set €, Vpg =0 almost surely.
Hence, for almost all w € €, we have VG(w) = g(w)m;- Vu(w), which implies
that |[VG(w)||2 < 3, on Q. For those w who fall outside €, the only contribu-
tion comes from the ones for which g(w) # 0. For this condition to be realized,
we should have mpqg(w) < 7. Then, by the very definition of pq, for any &£ > 0,
there exist 4 € H and z € (), such that z —w=h and |h|y < | +&< . Hence
the norm of the first term at the right hand side of VG can be bounded as

m| ' (mpa(w))|[Vpa(w)|u|my u(w)| g < 2m|myu(w)|p -
Since w=z — & and z € (), we have
[ty u(w)|y = |myu(z — )|

< |myu(z) — myu(z — by + [y u(2)|n
1

< |ntu(z) — ntu(z — h

< mu(z) — mru(z Ne + 120m

Moreover,

1
|mtu(z) — mhu(z — h)|g < I |Vt u(z — th)|y dt
0

IIA

1
JUNkm u(z — th) =N u(z) g + |V u(z)| ] dt
0

1éo|h‘H + 150|h|H = 610‘h|H >
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since |th|y < |h|y <8/m and since z € Q. Therefore we obtain

1 1 8 !
n <
|7 u(w)|y < 60|h|H + 120m = 60m + 120m°
consequently
17 17
, L <2 =
m|¢ (mpo(w)I VoWl lmy ulw)l < 2m 0= .

For the second term at the right hand side of VG(W'), we have
lgOw)m, Vu(w)ll2 < |7 Vu(z — b))z

< lmyVu(z — h) — 7, Vu(z)||2 + || Vu(z)||2

[IA

1 1 _ 1
120 7 120 = 60 -
Therefore, for w € Q°,

IVGWll2 < 65+ o0 = 1o

and for w e,

1
||VG(W)||2 < 120 »

hence
”VG(W)HZ = max{130, 1;()} = 130

for almost all we W. Consequently 7 =1y + G is almost surely bijective
(cf. [12, 16, 18]). Making exactly the same reasoning, we can see that || V(gu)||2
is essentially bounded. Set E =15(2), then E is measurable, and if pg(w)
<3/m, then po(T; '(w)) <5/m and (Iy + m-u)(T; '(w))=w for pp(w)
< 3/m. Let now k(w)=vy(mpp(w)), ¥ : IR —[0,1], || £2, y=1 on [—1,1],
and zero outside [—2,2]. Define K(w)=k(w)(—w + TG_I(W)). Then, as we
have done for VG above, we can show easily that ||VK|, <1/2 almost
surely.

After all these preparations, define Iy + S =T o Ty, where Tx =Iy + K.
We have Ag(w)=A,(Txw)Ax(w). Moreover S(w)=K(w)+ u(Tx(w)). If
pe(w) < 1/m (in particular if w € E), from above we have (I + nj-u)(TG_lw)
=w and TG_I(w):TK(w), hence

w= Uy + nj‘u)(TKw)
= w4 K(w) + t-u(Tew)
which gives K(w)= — m-u(Txw). Consequently
S(w) = K(w) + u(Txw)
= —nj‘u(TKw) + u(Txw)

= 7'l:nu(TKW) 5
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this means that for pg(w) < ,ln, S(w) belongs to the finite dimensional space
n,H. Let (e;) be a complete orthonormal basis in H corresponding to (7).
Define, for given we W, w; as ) ., dei(w)e; and wy =w — wy. Denote re-
spectively by u, and u;- the images of u under these two maps. From the
Fubini theorem, we have

H(TSE)) = [ g wi + w2k (dwi)p(dwa)

WL,

= [ (e + SOw1 + = NIE — wi) N m,HD-(dwy) -
WnL

Since wy — S(w; + wy) € m,H for those w, such that w; +w, € E, we can use
the Sard inequality in finite dimensions for Lipschitz maps (cf. [8], p. 243,
Theorem 3.2.3) to obtain

WISE) = [ pr(dw) [ [detUrs + VS(wi +w2)))|

W;Il (E—wi)Nm,H
x exp[—(S(w1 + wy),wy) 4 trace(VS(w; + wy))
—1/2[S(wi + w2) 3 1ita(dws)

[ owr@wr) [ [As(wi + wo)|pa(dws)
w-L (E—wi)Nn,H

T, H

lIA

J 1As|u(dw)
E

= JLEfIAM(TKW)IIAK(W)I#(&’W)-

Recall that TK:TG*1 on E. T(;1 can be written as TG*I(W)ZW—&-OC(W) for
some o €D, ((H) for any s > 1 (cf. [16]). From the locality of the operators
0 and V (cf. [15]) 0K = 6a and VK = Vu almost surely on E, hence Ax = A,
almost surely on E. Moreover, from the Ramer theorem for the contractive
case (cf. [18]), we have

E[foT; ' |AJ1=ELf],

for any positive, measurable function f/ on W. Consequently

WIS(E)) = [ |Ayo Tx||Ax| du
E
= [|Auo T | Ay] du
E
= [ (a|Au)) o T Ayl du
w

= f LofAy|dp .
w



Degree theory on Wiener space 269

On the other hand T3(E) =T o Ty(T5(Q)) =T o T; '(T5(2)) and T; ' o T(Q)
= () almost surely. We can add a null set O to have the everywhere equality:
Tx(T6(2)) = U O and we obtain:

HT@) £ W(T@UO)) = [Auldit.

Let us now cut and paste the sequence (€1, ,) to form a partition of 4 N Q
(we keep the same notation). Then

WTANQ)) = w(T(UQm))
H(UT (S, m))
DT (Qm))
=2 [ |Aufdu

Qo

= [ [Auldu.
ANQ

1A

Theorem 3.5 Suppose that u: W — H is as in Lemma 3.2 and let T = Iy + u.
For any positive, bounded, measurable functions f and g on W, we have

E[foT glg|AJ]=E

VDY g(y)]-

yeT={w}nQ

where A, = dety(Iy + Vu)exp[—ou — )|u|}]. Furthermore, if u is locally
H — C', then there exists a modification u' of u (i.e., u' =u almost surely),
such that T' =Ty + ' satisfies

E[foT'glA1=E

VDY g(y)]~

yeT =1 {w}

If H+ Q C Q, in particular when u is H — C', then T'(Q) C Q, hence we can
replace T' by the restriction of T to Q and look at (Q,H,u) as an abstract
Wiener space on which it holds that

w(T(4)) < {\Au\du,
for any A€ B(Q).

Proof. From Theorem 5.2 of [18], we have

E[foT glg|A|]=E

f )y g(y)] -

yer—{winMnQ

Therefore, if g=g¢' almost surely on Q then

> g(y)= > g'(»)

yeT—{winonm yeT—{winonm
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almost surely. Moreover, we have

E|f > 9(»)

yer—1{winMeng

=E lfl(T(MfﬂQ))’ > g9(»)

yer—{w}ing

and the first part of the corollary follows from Lemma 3.2. For the second
part, it suffices to remark that from the local H — C' property, we have Q=W
almost surely. Define u/(w) as u(w) on Q and zero elsewhere, then the corre-
sponding shift 7’ satisfies the claimed property.

Corollary 3.1 Suppose that u is locally H — C' and it satisfies the hypothesis
of part (a) of Theorem 3.2. Then the modification u' of u and the correspond-
ing shift T' satisfy the degree identity (3.3) of Theorem 3.3. Furthermore, if
uis H— C' then (3.3) holds also for u, i.e.,

E[Au] = E Sign Au(y) .
yeT—{w}

We have the following extension of Theorem 8.1 of [12]:

Lemma 3.3 Let u: W — H be as in the Lemma 3.2. Suppose that v is another
probability on W such that v|yng and p are mutually singular. Then there
exists a universally measurable set K with u(K)=0 and T*v(K) = v(Q). In
other words 1 and T*V are singular where ¥ is defined by

V(4N Q)
wQ)

If uis H— C' then one can replace Q with W.

W(A4) =

Proof. By the hypothesis, there exists a measurable set N C M N Q such that
w(N)=0 and v(N)=v(M N Q). From the Theorem 3.6, we have u(7(N U
(M°NQ))=0 and

T*W(T(N UM N Q)) = W(N UM NQ))
= Q).
To complete the proof it suffices to take K =T (N U (M N Q)).

Turning to the Leray—Schauder theory cf., e.g., [9] or [5] for a detailed
treatment: let X be a Banach space, D a bounded, open subset of X with
boundary 0D. Let

y=Ix+K,

where K is a (not necessarily linear) continuous, compact map on D.  is called
a compact perturbation of the identity. Then there exists a function deg(y, D, p)
defined for any pe€X, satisfying p¢y(0D) which possesses the follow-
ing properties. Furthermore, the first four properties determines deg( -, -, )
uniquely.
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(a) deg(y, D, p) is integer valued.
(b) deg(Ix,D, p)=1 for any p€D.
(¢) If Dy, D, are disjoint open subsets of D and p ¢y/(D — D UD;) then

deg(y, D, p)= deg(y, D1, p) + deg(y, Dz, p) .

(d) Invariance under homotopy: Let G:[0,1] x D—X be a compact map,
:[0,1]— X continuous and y(¢) ¢(Iy + G(¢, - ))(0D) for any ¢ € [0, 1], then
deg[(Ix + G(t, - )), D, y(¢)] is independent of ¢ € [0, 1].

(e) deg(y,D, p) # 0 implies ' {p} * 0.

(f) deg(y, D, p) is constant on every connected component of X — y(dD).
(g) deg(Ix +K1,D, p)= deg(Iy + K, D, p) whenever Ki|op =Ks|op.

(h) If  is one to one and p € Y(D), then d(y,D, p)= £ 1.

4. A degree theorem on Wiener space

Theorem 4.1 Let u(w) be an H-valued random variable, Tw=w + u(w).
Assume that

(1) for a.aw, h— u(w+h) is a compact map on H.
(2) for almost all w, for any hy € H

sup{|h|: ho=h+u(w+h)} <oco

(this condition is satisfied if, e.g., lim |h, +u(w + h,)|g = oo whenever |h,|
— 00).

Let D, denote an increasing sequence of bounded, open subsets of H, D,, /" H
as n—oo. Then, as n goes to +0oo

deg(T(w+h) —w,Dy, ho) —q (4.1)

almost surely, where q is a non random constant. If ¢ + 0, then {v: T(v)=w}
is a.s. non empty and the equation for v:v+u(v)=w has a measurable
solution v(w).

If (2) is replaced by (2)':

2) for a.a. w, luw+h)|g=o0(|hlg) as |h|lg — oo, then (2) is also satisfied
and q=1.

Proof. Note first that if v;(w), vo(w) are two measurable solutions to w=
T(vi)=vi+u(v;), i=1,2 on (W,H, n) then vi — v, € H and in order to consider
solutions to w=v+u(v) we have to consider solutions Ay € H to the equation
0="A+u(w + h) and then v=w + hy. Setting g(h) =h+ u(w + h) and fixing w,
by the Leray—Schauder theorem and our assumptions deg(g, Dy, p) is a well
defined integer for every p € H. Moreover by assumption (2), for p fixed and
some kp which may depend on w, there is no solution to p=g(#) on dD; for
all k£ = k. Consequently, by property (c), we may define deg(g, H, p) as

deg(g7 Dka p) k—> deg(g7H7 p) a.s. (42)
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Again by assumption (2) and property (d) with G independent of #, the limit
is independent of p. Moreover, for any Ay, hy,hs € H

khm deg(g+ hy, D+ hs, p+hy) = klim deg(g, D + h3, p+hy — hy)
= lim deg(g, Dy +h3, p)
= klim deg(g, Dy, p) . (4.3)

Let dy(w) denote this limit and note that d,(w)=d,(w + k). Consequently let
A={w: dy(w) € [a,b]} note that 4 is shift invariant (4=4 + H) and conse-
quently the probability of A is zero or one. Therefore d,(w) is a.s. a (deter-
ministic) constant, say d,(w)=gq and by property (e) of the Leray—Schauder
degree, if ¢ + 0 then {v: Tv=w} is non-empty.

Assuming now that (2) is satisfied, set g?(h)=h+ pu(w+h), 0 < p <1,
then by the invariance of the degree under homotopy, g=d(g)=d(g")=
d(¢")=1.

Finally, to show the existence of a measurable solution v(w) to the equa-
tion w=v+4u(v), let (W, %) be a measurable space and X a topological space.
Let F(w), we W, take values in the class of non-empty subsets of X. The
Kuratowski and Ryll-Nardzewski theorem (cf. e.g. [4]) states that if X is
Polish, for all we W, F(w) is closed and for all open set U in X,

{w: Fw)NU £ ¢} €A, (4.4)

then there exists a measurable selection i.e., there exists a measurable func-
tion f(w), from (W, %) to X such that f(w) e F(w) for all we W. In our case
X=H, Tw=w+u(w) and F(w)={h: h+u(w+ h)=0}. Evidently,

Fw)yNU={heU: h+u(w+h)=0}.

Since H is separable and U is open, there exists a sequence (/;; i = 1) which
is dense in U. Let U, ={hy,hy,...,h,}. Set

hn€U,

Then p,(w) is a random variable, p,(w) \, poo(w) hence p.o(w) is also a ran-
dom variable and {w: p.o(w)=0} is a measurable set.
Since u(w+ h) is continuous in /4, it follows that

{2 poc(w) =0} = {w: Fw)NU + ¢}, (4.6)

therefore F is a measurable multivalued map. This proves the existence of
a measurable selection and completes the proof of Theorem 4.1.

The following extends Theorem 8.2 of [12]:

Theorem 4.2 Assume that u:W — H is H — C-compact and locally H — C!
with Q+H C Q (cf. Theorem 3.5). Suppose also that sup (|h|p: h+u(w+h)
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=ho)<oo almost surely for any given ho € H and that the degree of
T =1y +u is nonzero. Let M ={w e W: dety(Iy + Vu(w)) % 0}. Then

L. = T*(uly) with

m 1
(w)=
dT* plm yeT—'Z{:W}mQ [Au(p)

2. Let S be the right inverse of T whose existence is proved in Theorem 4.1.
Then S*u < u|ly. Moreover we have the following Girsanov-type identity:

E[f o T 1son)|Aull=E[f],
for any f € Cy(W). This identity, combined with the absolute continuity
of S*u implies that
dS*u
w)=|A,(w)|1 w).
ditlar (W) =[Au(W)[Ls0wy(w)

Proof. Define T’ as T on Q and as being equal to Iy otherwise. Note that
T =T’ outside a slim set. We have, from Theorem 3.5, for any 4 € (W),

w(T'(4)) = { Al dpt .

Let S be the right inverse of T, since O +H C Q, S is also the right inverse
of T’. We have

W(T'(S(4)))

J 1A du
S(4)

= fleT|AM|d,u,

hence we have u<<T*(uls). We know already that 7 u|y < u (cf. [12,18]),
hence the first part of (1) follows. The expression for the density is an im-
mediate consequence of the equivalence of these two measures and of the
following formula which is proven in [18, Theorem 5.2], combined with
Theorem 3.5 (Theorem 3.5 permits us to get rid of the dependence on the
set of non-degeneracy of 7'):

dT* (ulw) i
(w)= .
du yET*%w}ﬁQ [Au(p)

W)

[IA

A

To prove the second part, since, S™!(4) C T'(4), we have
WS £ [ A du,
4

hence S* < ulps.
From Theorem 3.5, we have, for any f € C, (W),

E[foTlsum|AJl=E | f > Lsary (V)| -
yeT—{w}ino



274 A.S. Ustiinel, M. Zakai

It is easy to see that
> Lon()=1p(Sw)=1
yeT-{w}nQ

u-almost surely by S*u<u. Therefore we obtain
E[f o Tlsr)|Aul]=ELf].

To calculate the Radon—Nikodym density, we have, from Theorem 3.5,

E[f1sor|Aull = E > f(y)IS(W)()’)l

| yET-H{w}NQ

=E 2 f(SW)IS(W)(J’)]

_yET*I{w}ﬂQ

=E|f(Sw) % IS(W)(J/)]

yeT-{w}no

= E[f(Sw)lg(Sw)]
= E[f(Sw)],
which completes the proof.

Remark. 1f we suppose that u is H — C! then the hypothesis Q + H C Q is
automatically satisfied. Moreover, if we make the aesthetical convention that
QO =W, then we can replace everywhere above the set O with .

In the sequel we shall use the notations N*(w),N~(w),N(w) defined as
following

N*(w)=The cardinality of {v: 7v=w and dety(Iy + Vu(v)) >0},
N~ (w)=The cardinality of {v: Tv=w and det,({y + Vu(v)) <0},
Nw)=NT(w)+ N~ (w).

In the following theorem the convention sign(0)=0 is used:

Theorem 4.3 Assume that conditions (1), (2) of Theorem 4.1 are satisfied.
Further assume that u is locally H — C'. Then for any f € Cr(w)

Jim EL(f1y<)o TA = gELy<oo ] (47)
and if u{w: N(w) <oo}+0 then for almost all w in {w: N(w) < oo}
g=N"(w)—=N"(w),
namely,

g= Y. signA,0). (4.8)

0eT—"{w}
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If moreover, for some positive, bounded, measurable function f on W, we
have E[ f o T|A,|]=E[fN] < oo, then

E[foTAJ=qE[f].

Proof. From Theorem 3.1, we have

E[(fTinziy) o TIAJI=E[fliy<iyN] < 0,

moreover, replacing g by sign A, there, we obtain

E[(fl{Ngk})o TAu]:E[fl{zvgk}(N+ —-N7)].

From Theorem 4.1 and the definition of the Leray—Schauder degree, with the
notations of the proof of Theorem 4.1, we have

qr = > signdety(Iy + Vu(w + 1)),
hED htu(w+h)=0

and g — g stationarily, hence we should have ¢=N* — N, which is almost
surely a constant. Consequently

E[(flin<kp)oTA) = E[fIiy<y(NT = N7)]
=qE[f1n<iy] -

If ¢ =0, there is nothing to prove, if not, dividing both sides of the above equa-
tion by ¢ we obtain positive functionals, hence we can pass to monotone limit
which proves the first claim. From the argument above, the second claim is ob-
vious. To prove the last claim, remark that, from the hypothesis E[ fN] < oo,
hence f should be zero almost surely on the set {N =oo}. Therefore,

E[f(NT =N =E[f(N* —N7")I{N < o0o}]
= qE[ fl{n<oo}]
=qE[f].

5. An application

We start with the following corollary to Theorem 4.1.

Corollary 5.1 Let K be a linear Hilbert—Schmidt operator on H and G(h)
a continuous function from H to itself such that |G(h)|g=o(|h|ly) as
|| — 0o. Then the equation for y:

v+ KG(y)=Kw, (5.1)

where K is as defined by Eq. (2.1), possesses a measurable H-valued solution.
If we suppose further that G is Fréchet differentiable, then the law of y(w)
is absolutely continuous with respect to the law of K(w) and we have

E[F(y(w))]=E[F(Kw)| A1,
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where
Ax(w)=dety(I;y + KDG(Kw))exp —(GoK) — 1/2|Go K| .
Proof. Consider the shift:
Tw=w+ G(Kw) . (5.2)

Since K is compact, G(Kw) satisfies the requirements on u(w) in Theorem 4.1.
Therefore the equation 7v=w has a measurable solution, say v="T7""'w. Re-
placing w with T='w in (5.2) and operating with K yields

Rw = K(T 'w+ G(KT'w))
=KT'w+KGKT 'w)

comparing with (5.1) yields that y=KT~'w solves (5.1). The expression for
the law of y(w) follows from Theorem 4.2.

Let & be a bounded domain in IR?, w a white noise on R? and H, will
denote the Hilbert space of real valued functions L?(Z). Let g(x,7), x € Z, be
real valued and such that for any f € H,, g(x, f(x)), xR is a continuous
and bounded transformation from H, to itself satisfying the assumption on G
imposed in Corollary 5.1 with H replaced by H,. We want to consider the
stochastic partial differential equation

7Aé(x)+g(x>é(x))zws xeb@a (53)
where A is the Laplace operator on & with the boundary condition
¢loz =0. (5.4)

We restrict d to be 1,2 or 3 since, as shown by Buckdahn and Pardoux [3],
K =(—A)"" subject to the boundary condition (5.4) is a strictly positive
Hilbert-Schmidt kernel and this is needed later. Egs. (5.3), (5.4) can, therefore,
be written as

<(x) + Kg(x, &(x)) =Kw . (5.5)
Let RY denote {y: y; <x;, Vi £d}. Define the Cameron-Martin space H in-
duced by H, as follows:

nx)y= [ &ydy, (m,n2))n =), - (5.6)
RINZ

Set

(G )= [ gy &y)dy, (5.7)
RING

and

Kimx)= [ [K(y,y2)E(y2)dy2dy: . (5.8)
RING 7

Then Eq. (5.5) is equivalent to:
n+KiGi(n)=Kw (5.9)

and the existence of a measurable solution to (5.9) follows from Corollary 5.1.
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In order to extend the application of the degree theorem to more general
elliptic stochastic partial differential equations, we first reformulate
Corollary 5.1 as follows. Let & denote a bounded domain in R?. For
a multi-index o, D* denotes the corresponding partial differentiation. For
Ee C™(D),|&]|m,2 denotes the norm

12
||f|m,2=< > ||D°‘§||§> )

0<a<m

We define now, H!" and IEIO’" as follows. Set H" to be the completion of
{&e C™(2)} with respect to the || - ||,,.» norm and H” the completion on the
elements of C"(Z) with compact support in 9. Let H™ and H™ denote the
Cameron—Martin subspaces associated with H" and Ifl(’)" respectively,

H" = {n(x), xe R: n(x) = [ &y)dy, E€H"} (5.10)

9NRY
with ||#][zn = ||€||m2; H™ is defined similarly by (5.10) but with H” replaced
by H”.
The superscript m will be dropped whenever m = 0.

Corollary 5.2 Let Ky be a bounded linear operator from H to H",m = 1
and assume that embedding of H™ into H is Hilbert—Schmidt, the operator
from H to H induced by K; will also be denoted K. Further assume that
G(z) is a continuous function from H™ to H and that |G(z)|g = o(|z|gn) as
|z|gm — oco. Then the equation

y+KG()=Kw. (5.11)
possesses an H"-valued solution.

Proof. Note that K;w as defined by Eq.(2.1) is an H”-valued random vari-
able. The rest of the proof is the same as that of Corollary 5.1 and therefore
omitted.

Consider, now, the elliptic differential operator on Z:

P= > B x)D*, x€9

0= o] <2m

also consider g(x,u,...0%u...) where g is a function of x€ Z and u and its
partial derivatives up to the order . We want to consider the SPDE

Pu+g(-u,...0% .. )=w (5.12)

subject to zero Dirichlet Boundary Conditions. For this purpose we list the
following restrictions. & will be assumed to be a bounded open set.

a) Assume that the coefficients f,(x) are in C1*1=" for m < || <2m. Then
(5.12) can be written as

Pu= Y (=DDrar Doy . (5.13)

0|pl,[of=m
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Further assume that P is uniformly strongly elliptic on &: Vx € &
ST xPafx’ = Ey- |x[*", Ep>0 (5.14)

lpl=|a|=m

b) a’?(x) are uniformly continuous on Z for |o| = |p| = m.
¢) a’(x) is bounded and measurable for |o| + || < 2m.
d) For u,ve C§°(2), set

B(v,u) = (v, Pu)

where (g,h) = f 5 9(x)h(x) dx, and assume that for all ¢ EI-QI;”
B(p, ) = Cllol,, -

e) The function g(x,u,...,0%u,...),|p| £ m— 1, uc H", takes values in H,
and

19|, = o(llz

Theorem 5.1 Let & be a bounded domain and P and g satisfy assumptions
a)—e). Assume then 09 possesses the finite cone property (there exists a finite
cone C such that every x € 9 is the vertex of a finite cone C, congruent to
C) and m>d/2. Then there exists an Iilg“-valued r.v. which solves

(Pu)(x) + g(x,u,..., 0%y =w, xe€D. (5.15)

) -

Proof. Under the above assumptions K = P~! is a bounded linear transfor-
mation from Hj to Ifl(ﬁ" (cf. [2, Theorem 8.2, p. 101]). Moreover, since &
was assumed to possess the finite cone property, it follows from Maurin’s
theorem ([1, Theorem 6.53]), that the embedding from H” to H is Hilbert—
Schmidt. Consequently K when considered as a transformation from H to H
is the product of a bounded operator and an H-S operator. Consequently K is
Hilbert—Schmidt. Eq. (5.15) together with the homogeneous Dirichlet boundary
condition is equivalent to u + K o g = Kw, or by Eq. (5.6)—(5.8), (5.10) it is
equivalent to y
n+KiGi(n) =Kw

and the result follows from Corollary 5.2.

The restriction m >d/2 of Theorem 5.1, can be improved if some conditions
of smoothness are imposed on 0% and on the coefficients a”’:

Theorem 5.2 Assume that conditions a), ¢) and d) are satisfied. Assume also
that condition (e) is satisfied with m and replaced by 2m. Further assume
f) D is of class C*" (in the sense defined in [2, p. 128]);
g) the coefficients a’® are bounded and measurable on 9 and a*° € C!* for
all o) >0.

Then, for all 2m > d/2, there exists an ﬁgm-valued random variable which
solves Eq. (5.9).

Proof. Applying Theorems 8.2 and 9.8 of [2], it follows that P~! is a bounded
linear transformation from H, to H>". The rest is the same as in the proof of
Theorem 5.1.
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