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Summary. This paper presents some explicit lower bound estimates of log-
arithmic Sobolev constant for diffusion processes on a compact Riemannian
manifold with negative Ricci curvature. Let Ric= — K for some K > 0 and d,
D be respectively the dimension and the diameter of the manifold. If the bound-
ary of the manifold is either empty or convex, then the logarithmic Sobolev
constant for Brownian motion is not less than

d Y 1
“1 - (3d + 2)DK
max{<d+2> 2(d + 1yp2 S = Bd + DDK],

<d1>d1< —4D\/dK
d+1 exp[ 17 -

Next, the gradient estimates of heat semigroups (including the Neumann
heat semigroup and the Dirichlet one) are studied by using coupling method
together with a derivative formula modified from [11]. The resulting estimates
recover or improve those given in [7,21] for harmonic functions.

Mathematics Subject Classification (1991): 35S15, 60J60

1 Introduction

Let M be a complete connected Riemannian manifold with dimension
and boundary oM which may be empty. Let L = A + Z for some C'-vector
field Z. For the study of logarithmic Sobolev constant (LSC), we assume
that M is compact and Z = VA for some h€ C*(M) with u(dx) = e’dx being
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a probability measure. We call the logarithmic Sobolev inequality holds with
respect to u (or the L-diffusion process), if there exists a constant o > 0 such
that

[ u* logudu — fuzdulogfuzd,ugif|Vu|2dy (1.1)

holds for all u€ C'(M) N L?>(u). The so called LSC is the largest possible o,
denoted by a(h).

A lot of papers have studied the lower bound estimate of a(%), especially
for OM =0 (see [12] for detailed references). Some previous estimates are
sharp for positive Ricci curvature case, especially, the constant is known when
M =S and L= A (see [1,9]). But, to our knowledge, all the known explicit
estimates become ineffective if the lower bound of Ricci curvature is very
negative. On the other hand, it is well known that «(%) >0 for compact M.
The first aim of the paper is to present some explicit lower bound estimates
of a(h) for the negative curvature case.

For the first look, it seems hard to get an estimate which is meaningful for
any lower bound of Ricci curvature. The reason is that the traditional Bakry—
Emery’s argument arises trouble if the lower bound of Ricci curvature is very
negative (cf. [9]). Fortunately, some recent progress enables us to derive such
type of estimate. First, from [13,22] we have an explicit estimate of LSC for
Ornstein—Uhlenbeck process on M (see Lemma 3.1 below). Next, by using the
comparison argument of LSC with different potentials (see [9,6]), we obtain
a lower bound of «(%#) depending on c(¢) which is the constant of the following
Harnack inequality:

pt(xay)éc(t)pt(xaz)a x,y,zeM,

where p;(x, y) is the (Neumann) heat kernel of L, i.e., the transition probability
density of the L-diffusion process (with reflecting boundary if 0M = ). Finally,
from the Li—Yau’s type Harnack inequality for solutions to the heat equation
of L [19], we obtain some explicit estimates of ¢(¢#) which then provides the
desired lower bounds of a(#).

Another purpose of the paper is to study the gradient estimates of heat
semigroup P, for L. To this end, we first recall a derivative formula given
by Elworthy-Li [11]. Let M = () and rewrite L by >, X? + A4 for some
smooth vector fields X; (i<m) and C'-vector field 4. Let x, and W, solve the
following stochastic differential equations:

m .
dx, = V2 3. Xi(x,) o dbl 4+ A(x;)dt, xo=x,
i=1

ow; .
afv) = —Ric(Wi(v), ' + VigwZ, Wo(v) = veTM

where Ric(W,(v),-)* €T, M is defined as (Ric(W;(v),+)*,X) = Ric(W,(v),X)
for X € T, M. The solution W, : TM — TM is called the Ricci flows when Z = 0
(see [10,11]). If Ric(+,-) — (V-Z,-) is bounded from below, then

(VPu,v) = ! Eu(x,)f(Ws,X(xS)de, vel M, (1.2)
0

V2



Logarithmic Sobolev constant and gradient estimates 89

holds for all u€ C}(M). Since || is bounded for each ¢, from (1.2) we can
estimate the gradient of Pu. On the other hand, however, the right hand side of
(1.2) depends on the choice of X; which comes from a certain embedding map
of M into IR” for some m=d. In Sect. 4, we prove a more natural version
of (1.2) suggested in [10; Remark 1] which depends only on the geometry
of M and leads to the exact Bismut’s formula [2] for V log p,(-, y) (refer to
[10,11]). Moreover, the formula also holds for the Neumann heat semigroup
whenever oM.

Next, we know from [7,21] that the coupling method is powerful in the
study of the gradient estimate for harmonic functions. As a continuation, we
use this method to study the gradient estimate of heat semigroups. The result-
ing estimates recover those given in [21] and especially, the gradient estimate
for the Dirichlet semigroup presented in Sect.5 leads to an explicit gradi-
ent estimate of harmonic functions on a local domain. This can be consider
as an improvement of the previous one given in [7].

2 Harnack type inequality

Suppose that dM is either empty or convex. Let u(x,#)=0 solve the heat
equation of L:

u(x,t) = Lu(x, t), Viuloxo,00) =0 if OM=*D, 2.1

where u, = 0u/0t and V is the inward normal vector field of dM.

For the case Z =0, Li—Yau [16] studied the heat kernel by estimating
|Vul|/u. The resulting estimate then is improved by Davies [8] as follows: let
Ric= — K for some K =0, then

|Vul>  ow, _ do? Kt
— < 1 > 1 2.2
u? u = 2t + 20 —1))° * (2.2)

which implies the following parabolic Harnack type inequality

do/2 2
t doK.
u(x,t)§u(y,t+s)( J;S> exp {ap(z;y) +4(O:X_S1J , t,s>0, a>1,

(2.3)

where p is the Riemannian distance.
For the present operator L = A + Z, define

Rz = max{0, — inf{Ric(v,v) — (V,Z,v) — (Z,v)*: vETM, |v| = 1}}.

The proof of [19, Theorem 7] yields (see [18] for further discussion)

(d+1)2/2 2
t+s ap(x, o(d + 1)Rzs
u(x,t)Su(y,t +5) ( ; ) exp [ p(4sy) + (4(oc _)1)2 (2.4)

for ¢, s >0 and o > 1.
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Now, we go to estimate the heat kernel p,(x, y) characterized as the funda-
mental solution to (2.1): for u€ C{(M), u(x,t) := [ p(x, y)u(y)u(dy) solves
(2.1) for Z=Vh, w(dy) =" dy. The following result is a direct conse-
quence of (2.3) and (2.4).

Proposition 2.1 If D :=sup, ¢ p(x,y) < oo, choose h such that (M) = 1.
We have

pi(x,y)<  inf

s>0,0>1

<t+s>(d*”“/2 [azﬂ o(d + 1)Rwps
exp

t 4s 4o —1) ] ’ (2:3)

pi(x,y)=  sup
s€(0,1),0>1

t—s “”“”‘/ze aD?*  a(d + 1)Ryps
o | P
¢ P17 4 40— 1)

Next, let u(x,t) = Pu(x) for some nonnegative uc C(M), we have

} . (26)

t+ s)(dﬂ)“/z [och o(d + 1)Ryys
s exp

2s 2(— 1)
Finally, if h =0, the number “d + 17 in (2.5)—(2.7) can be replaced by “d”.

u(x,t)§u(y,l‘)xe(oirtl)fOQ1 ( s] . (2.7)

Proof. We simply denote the desired upper bound of p,(x, y) by c(¢). For fixed
y and large n€N, take o(n) >n""! such that u(B(y,a(n)))<(1+n""Hu(B
(y,n~1)). Choose u, € C>°(M) such that

0=u, =<1, un|B(y,n—‘) =1, un‘B(y,ac(n))C =0.

Let u,(x,t) = Pu,(x)/p(uy), then p(u,(+,¢)) = 1 and hence there exists x; such
that u,(x,,2)<1. By (2.4) we obtain

u(B(y, ()~ w(B(y,n~ ")) pnf, piln ) Sun(x )=o),

the desired upper bound then follows by letting n — oco. Similarly, we prove
the lower bound estimate. Similarly, the claimed estimates for the case 2 =0
follows from (2.3).

3 Estimation of the logarithmic Sobolev constant

The main purpose of this section is to present some explicit estimates of o(/)
for K(Vh) <0, where

K(Z) = —inf{Ric(v,v) — (V,Z,0): veTM, |v| =1}}

for C'-vector field Z. The key idea is to compare a(k) with the LSC for the
absolute distribution of the L-diffusion process.

For the case M =0, an explicit lower bound estimate is presented in [22]
for the logarithmic Sobolev constant with respect to P, the distribution at
time ¢ of the L-diffusion process with initial point x. See also [13] for # = 0.
Here, we claim that the same result holds for M with convex boundary.
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Lemma 3.1 Let M be a complete Riemannian manifold with convex boundary
whenever OM=+0. If K(Vh) < co, we have

UK(VhY _
K(Vh)
for all ue C'(M) with Pu* < co. Here and in what follows, when K(Vh) = 0,

we take the coefficient of the right-hand side to be the Ilimit as
K(Vh)— 0.

P logu?) — (Pu?) log(Pu?) <2° P|Vul? (3.1)

Proof. (a) We first recall briefly the coupling by parallel displacement. Let
H :TM — TO(M) be the horizontal lift induced by the Riemannian connection.
Consider the stochastic differential equations:

d®, = He,®, o dM,

dM, = V2dB, + &' Z(x,)dt + &7 'V (x,)dL,, x, = n®,

where B; is a Brownian motion on R?, 7 is the natural projection of O(M)
onto M and L, is an increasing process called the local time of x, on 0M.
Then x; is the reflecting L-diffusion process on M with xq = nP.

Next, for given yo € M; we construct another reflecting L-diffusion process
y; as follows:

d\I/t = H\I/,\Ijt OdNt
dN; = V2dB, + U Z(y,)dt + 97 'V (y,)dL,

dgt = \Il:lpxhqu)t dBy, Ve = n®; ,

where L, is the local time of y, on the boundary, and Py T.M — T,M is the
parallel displacement along the unique shortest geodesic from x to y whenever
y¢C(x). As for the case y, € C(x,), we use Cranston’s trick [7] so that y, is
constructed for ever. We call (x;, y;) the coupling by displacement.
(b) Since the boundary is convex, we have [20,22] (see [7, 14] for original
arguments)
dp(xi, yi) =K(Vh)p(xe, yr)dt

where p(x, y) is the Riemannian distance between x and y. Then
Pt y1) = plx, y) exp[K(Vh)], t=0. (3.2)
Hence, for u € C}(M) we have
|Pu(x) — Pu(y)|
p(x, y)
By letting y — x (so y; — x;), we obtain

VPu| < B|Vu| exp[K(Vh)].

‘”(xt) - ”(yt)‘ )

< exp[K(Vh)IE®Y
< explK(vAyEs

Now, the remainder of the proof follows from Bakry’s argument (see
[13,22]).
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Corollary 3.2 Under the assumption of Lemma 3.1. If K(Vh) <0, we have
a(h) =2 —K(Vh).

Proof- Note that when K(Vh) <0, the L-diffusion process is ergodic. Then
the corollary follows from Lemma 3.1 by letting ¢ — oc.

For M = (), Corollary 3.2 is a simple consequence of Bakry—Emery cri-
terion. But, the estimate may fail if 0M is not convex. Actually, due to
a famous example by Calabi (see [3, p.342]), for any &> 0, there exists
a regular domain 2 C M such that the first Neumann eigenvalue of L on 2 is
less than e.

Note that Pu(x) = [ p,(x, y)u(y)e"”) dy, Lemma 3.1 yields

K(Vh)

o(h +log pi(x, <)) = 2KV xXeEM, t>0. (3.3)

1 b
From a comparison argument between logarithmic Sobolev constants with dif-
ferent potentials (see [6] or [9]), it follows that

K(VR) o pi(x,y)

a(h) = su
(h) 2 t>IO’ {ezmvtm — 1 yzeM py(x,z)

}, xeM. (3.4)

By combining this with Proposition 2.1, we obtain the following result.

Theorem 3.3 Suppose that M is a compact connected Riemannian manifold
with convex boundary whenever M *+ (). We have

K(Vh) (t—s><"+”“/2 {wz o(d + 1)Rys
exp |—

h) = _
uh) = oo K1\ £ 4 2s 2 —1)

When h =0, the number “d + 1”7 can be replaced by “d”. Especially, take
o=2, s=D? t=(d+1)D? we obtain

0) 2 a N K [—1 —D%dK™]
M =\a42) exasnor exp '
Corollary 3.4 Under the assumption of Theorem 3.3. If K = 0, then

d

d
d+2) 2d + 1yp2 P 8(h) — (3d + 2)D*K] .

u(h) = (

Proof. The corollary follows from Theorem 3.3 together with the facts a(h) =
exp[—d(h)]x(0) and ¢* — 1 < Je* for A = 0.

Remark. Suppose that K >0 and /=0, by taking o =2, s = D/\/dK and
t= D\/d/\/K, Theorem 3.3 yields

d+1

As K — oo, this lower bound decays with the same order as that of the first
eigenvalue given in [5,20].

d
2(0) = (d ) K exp[—4DVdK] . (3.5)
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4 Gradient estimates of heat semigroups

We begin this section with a new version of (1.2) which is also valid for
manifold with boundary.

Given vy € Ty, M, let y} = exp[lvy] and (x,, y!) be the coupling by parallel
displacement. Define v, € T, M by

”(J’zl) —u(x;)
; .

It is proved in [13] that v, is just the Ricci flows when OM = () and Z = 0.
Then the following result leads to the exact Bismut’s formula given in [2,
Theorem 2.71] for heat kernel (refer to [10, p. 68]).

Theorem 4.1 For u € C}(M), we have

(1, V() = lim

1 t
<VP[M(X0), UO> = EM(X,) f <US3 (I)s st>s vy € T:‘coM
0

2
provided fé(vs,q)S dBy) is a martingale.

Proof. The proof is similar to that of [11, Theorem 2.1]. It follows from Itd0’s
formula that
dPtfsu(xs) = <VB,SM(XS), \/2(I)v dBv> .

By integrating over s from 0 to ¢, we obtain
t
u(x) = Pu(xo) + [ (VA—su(x,), V2%, dB) . (4.1)
0
Hence

! Eu(x[)ft (v, @5 dBy) = Ef (VP _gu(xs), vg) ds
V2 0 0

! P_u(y') — B_
— Ef 11m t su(ys) t su(xs)
[—0 /
0

o Pu(yl) — Pu(x
:f }m}) (o) l u(xo) _ t(VBu(xo),v()}.
0

Corollary 4.2 Suppose that OM is either convex or empty. If K(Z) < oo, we
have

IVPu(x)| < ((2n — 1)”)1/2"\/exp[2K(Z)t] 1

2 K(Z)
X (PtuZn/(an1)(x))(2n71)/2n’ neN.

Proof. Let R, = \/2f0t(us, ®; dB;). Note that (3.2) implies |vs| < exp[K(Z)s],
then R, is a martingale and Theorem 4.1 yields

1
|v13tu(x)| é ZI(PIMZn/(Zn—I)(x))(Zn—l)/Zn(ER?n)l/bt ) (42)
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By 1t6’s formula we obtain
dR™ < 2nR¥""dR, + 2n(2n — DRV exp[2K (Z)1] dt .

Hence
t
ER? < 2n(2n — 1) [ ER¥"™V exp[2K(Z)s] ds .
0

Now, the corollary follows from this and (4.2) by inducing in the num-
ber n.

Next, we go to study the gradient estimate by using coupling. The original
idea of the study is due to [7]. Let (x;, y;) be a coupling of the L-diffusion
process with reflecting boundary whenever M=), and let T={¢t = 0: x,= y,}
be the coupling time. We have

\Pu(x) — Pu(y)| _ |RPi—su(x) = RP_su(y)|
p(x, y) p(x,y)
|Pt—su(xs) - Pt—su(ys)‘
p(x, y)
P*¥(T >s)
px,y)

< EY

< O(P—_su) t>s5>0.

Hence
P»Y(T > )

p(x, )
Now, the next step is to estimate the distribution of the coupling time.

Let (x;, ;) be the coupling by reflection [7, 14], if M is either convex or
empty, we have (see [5,20])

dp(x;, y1) = 2\/2 db; + y(p(xs, yi)) dt (4.4)

IVPu(x)| < 8(P_u)lim , t>s5>0. (4.3)
y—x

where b; is an one-dimensional Brownian motion and
y(r) = min {K(Z)r,Z\/K+(d —1)tanh B VK /(d — 1)}

“2y/K~(d — 1)tan [; VK- /(d — 1)} + a(r)}
with a(r) € C(R,) so that

a(r) 2 Sup (Zp(-, y)x) + Zp(x, - )(¥)), r>0.
plx,y)=r

Set D = sup, ;¢ p(x,y) and define

1 1 r
C(r) = exp [4 ‘of y(u)du} , () :of Clu) du, g(r) = { C(u)du,

Fy(r) = Ofr C(s) dsf C(u)du, N,r€[0,D].
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Lemma 4.3 Suppose that OM is either convex or empty. For the coupling by
reflection, we have

PYY(T>t) < inf
Nelp(x, ),D]

. LEN(p( ), a0 o1, S(p(x )
{Ae[o,4lFI}vf<N)l>4—iFN(N)(e —hT S(N) }

Especially, if Fp(D) < oo (it is the case when D < c0), we have

L Fp(p(x, )
I€[0,4Fp(D)~1) 4 — AFp(D)

Proof. (a) For given N € [p(x, y),D], (4.4) yields

P*Y(T >1) < @' -7 >0.

dFn(p(xi, 1)) < 2V2F(p(xs, y,)) db, — 4dt .

Take G (t,r)=e*'Fy(r), 2€[0,4Fy(N)™"). Let Sy =inf{¢ = 0: p(x;, v,) = N}.
We have

dGy(t, p(x1, y1)) < dM, + (he" Fy(p(xp, 1)) — 4e*') dt
for some martingale ;. Then

0 < EYGi(t NT NSy, p(XATASys VIATASY))

INT NSy
=E*Y [ dG(s, p(xs, ¥5)) + Gi(0, p(x, y))
0
< JT'(AFN(N) — 4)ESY ("N — 1) + Fy(p(x, »)) -
By letting t — oo we obtain

~ FN(p(x, )
5y TASY) _ 1y < N
E>e D=y irm) -

Hence

)LF
P*Y(TASy>t) < inf (Pt 7))

! A1) >0, (45
JE[0,4Fy(N)~1) 4 — AFN(N) (e ) ()

(b) Note that (4.4) vields df (x;, 1) < 2v2f"(p(x., 1)) db,, we have

Sp(x, ) 2 E* f(p(xinrasys Yintasy)) 2 f(N)PH (AT z Sy) .

Then P**(T = Sy) = f(p(x,»))/f(N). By combining this with (4.5), we
obtain

PY(T>t) =P (T>t Sy>t)+ P (T >t Sy <t)
SPY(T NSy >t)+ P (T = Sy)

< inf iFN(p(x,y))(ez, s S(p(x, y))

= J€[0.4Fy(N)1) 4 — AFN(N) f(N)
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Finally, if D < oo, the second estimate follows from (a) by replacing ¢ A
T ASy with ¢t AT. Next, if D= 00, we have Sy — oo as N — oo for the
non-explosion of the process, the second estimate then follows from (4.5) by
letting N — oo.

Remark. The argument of (a) was used by Y.Z. Wang to study the exponential
convergence in total variation norm for diffusions on compact manifolds. Let
0P, be the distribution at time ¢ of the L-diffusion process with initial point x,
then

||5th - 5yPtHvar é 2Px’y(T > t) .
So Lemma 4.3 provides a rate for the process to converge in total variation

norm. This improves the main results of [17] in which this topic was studied
for Brownian motion on a convex polyhedron of spheres and torus.

By combining (4.3) with Lemma 4.3, we obtain the following result.

Theorem 4.4 Suppose that OM is either convex or empty. For nonnegative
u € CH(M), we have

IV Pul|s . { . N) 1 }
< inf inf e —1 +
|1P—stlloc = Ne(.D) | ic[0,4Fy(N)~") 4 — )vFN(N)( ) f(N)
or all t >s>0. If in addition Fp(D) < oo, then
S
bl D A
VPt oo < [|1Pst]| o D) s s s

in
1€[0,4Fp(D)~") 4 — AFp(D)

Remark. Suppose that ¥ = 0 is L-harmonic, i.e., Lu = 0. Then Pu = u for
all ¢. By letting first # T co then N T oo, Theorem 4.4 yields

Villoo = fJulloo/f(50)

which is exactly the main estimate of [21] and hence improves the correspond-
ing one given in [7].

Corollary 4.5 Suppose that M is compact with convex boundary whenever
OM=). We have

|VPu(x)| £ c(t)Pu(x), ucC' (M), t>0
with

. 2g(D)(1 — §)~¢@+D D*  (d+ 1)Rz6t
t) = f -
<) 56(0,1),161%(1),4FD(D)*1) (4 — AFp(D))(e* —1) exp 20t + 2

Proof. The corollary follows from (2.4) and Theorem 4.4 by taking o = 2 and
s = ot.
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Remark. Under the assumption of Corollary 4.5, we have

|VPt('a)’)(x)| é c(t)pt(xay)a x’yeM'
Actually, for given y, let uy(x) = py(x, y), s€(0,¢). Then p,(x,y) = P,—_sus(x)
and the above estimate follows from Corollary 4.5 by letting s — 0.

Before ending this section, we consider the exponential convergence for
the gradient of heat semigroup. Theorem 4.4 shows that, when Fp(D) < oo,
IVPiu|| goes to zero exponmentially fast as ¢ — oco. But the condition
F(00) < 00 is usually too strong for noncompact manifolds. We present here
another sufficient condition.

Theorem 4.6 Under the assumption of Theorem 4.4. If D= oo and
limsup,_, . y(r)/r <O, then there exists c,0 >0 such that

IVPulloo < ullccce™
holds for all nonnegative ue Cy(M) and large t.
Proof. (a) By taking t =s =1, N =1 and 4 =0, Theorem 4.4 yields
1Pl < Jlullocg(1)/4+ f(1)71). (4.6)
Next, let (x;, y;) be the coupling by reflection. For # > 1 we have
|Pr(x) = Pu(y)| _ E57[Pru(xi—1) — Pru(yi-1))

p(x, ) - p(x, »)
E*Y _ _
é ||VP1M||<><> p(xt 1, Vt 1) )
p(x, y)

Hence
g(1) . E*p(xi—1, yi-1)
VPu(x)| = ||ullco ( + ) lim sup .
VPOl = e {747 pry ) e px, )
(b) Since limsup,_, . y(r)/r <0, there exist ry, 09 > 0 such that y(r) < —dor
for ¥ = ry. Define

(4.7

17
5, = exp {—4 [ [dos + y(s)]* ds} ,
0

G(r) = f exp {—l fs [Bot + p()]" dt} ds, r>0.
0 0

Then
lim G(r)/r =1 and r = G(r) = o 'r. (4.8)

Next, by (4.4) we obtain
dG(p(xi, y)) = dM; — 0001p(xs, i) = dM; — 6001G(p(x1, ye))
for some martingale M,. Then
E* p(x, y1) £ 67 ES'G(p(xi, 1)) = 07 G(p(x, y))e™™, 12 0.
The proof is completed by combining this with (4.7) and (4.8).
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5 Gradient estimates of Dirichlet heat semigroup

Suppose that M=) and |Z| < b. Let x, be the L-diffusion process and 7 =
inf{t = 0: x, €M} be the exit time. The Dirichlet heat semigroup is de-
fined as

PPu(x) = E*u(x;n-), t =0, xéM, ucC(M).

We also use the coupling method developed in [7]. Let (x;, ;) be the
coupling by reflection with coupling time 7', denote by 7, and 7, respectively
the exit times of the two marginal processes. For u = 0, we have

|PPux) = PP(0)] = E*Y|u(ing,) = w(yine,)| < |lul|ooP™ (T >1 AT Ay

Hence

|VPPu(x)| < ||ul|oo lim sup P*Y(T >t A1, A 7,)/p(x, ) . (5.1)

y—x
Next, let o, = dist(x, 0M ). For any 6 €(0,0,], define
rﬁ = inf{z = 0: p(x,x;) = 6}, Tj = inf{z = 0: p(x,y,) = 6}
and let 7 = T AT A ri. Then

PN(T>tN1 A1y)

[IA

PSY(T >t AT A ‘ci)

IA

PY(0 > 1)+ PYN(T > 12 A1)

lIA

PYY(1° > 1)+ P57V (p(x,x) = 0)
+ P (p(x, yi0) 2 0). (5.2)

Note that (4.4) holds up to T A 7, A 7y, (see [7]), by replacing t AT A Sy with
t A7°, the proof of Lemma 4.3 gives

. AFs(p(x, ), 5 -
peY 5>t < f g | 1, t>0. 53
Gz ) = ).6[0,41F1215(25)’1) 4— /le&(25)(€ ) )

Finally, define

sin(ry/—K/(d — 1)) if K <0,
jr)y=<r if K=0,
sinh(r\/K/(d — 1)) if K>0.

J(r)= fj(s)dflefbs ds fj(u)dfleb” du, re[0,D].
0 0

We have the following result.
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Lemma 5.1 For 6€(0,0,) and p(x,y) <d, we have

Fas(p(x, y))

PR ptoxe) 20) <7, 5050

Fas(p(x, ) +4J (p(x, ¥))

PEY(p(x, y) Z 0) < 4J(9)

Proof. By Laplacian comparison theorem we have

Ap(x, - )(¥) = (d = 1)j'(p(x, ))/j(p(x, ¥)) ,
then (see [15])

dp(x,x1) £ V2db; +[(d — 1) (p(x,x))/j(p(x,x)) + bl dt ,
where b; is an one-dimensional Brownian motion. By It6’s formula we obtain
dJ(p(x,x,)) £ V2J'(p(x,x;))db, + dt

which implies E5?J(p(x,x)) < ESV10.
Next, by replacing 7'A Sy with 7° and taking A =0 in the proof of
Lemma 4.3, we obtain E%V10 < ing(p(x,y)). Therefore

EXJ(p(x,x0)) _ Fas(p(x, y)

P (p(x,x) = 0) < J(9) = 4J(9)

Finally, the proof of the second inequality is similar, the only difference is that
ESJ(p(x, y)) £ EWT 4 J(p(x, ) -

By (5.1), (5.2), (5.3) and Lemma 5.1, we obtain the following result im-
mediately.

Theorem 5.2 Let u = 0, then

VPPu()| < [u]lo inf {A nt 00 (i 1y
€

5<6, 0,4F55(20)~1) 4 — AF,5(20)

9(20)
2J00) [

Proof. Simply note that lim,_,oJ(r)/r = 0.

Corollary 5.3 If u = 0 and Lu = 0, then

V)] < flufloo inf ICO

< +(d — —1
60, 2J(8) = 2demax{\/K*(d — 1)+ 20,7 }|u] -

Proof. Note that PPu = u, then the first estimate follows from Theorem 5.2
by letting # — oo. Next, since Ric = —K™*, we assume that K = 0.
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Note that y(r) < 2[\/K(d — 1) + b], then

20
g(20) < [ exp [ ;(\/K(d — 1)+ b)} dr < 20 exp[d(+/K(d — 1) +b)] .
0

On the other hand,

J(d) = fe’”{sinh[r\/K/(d — D ]’e’”{sinh[s\/K/(d — D]} 'ds
0 0

J r 52
> e—béfrl—d de_l ds = e—bé )
s s 2d

Then the proof is completed by taking 6 = 6, A (y/K(d — 1) +2b)~" in the
first inequality.

Recall that for K = 0, it is proved in [7] that there exists c¢(K,d,b) such
that
Vul £ e(K,d,b)(1 + 0, )lull

holds for all # = 0 with Lu = 0. Hence, Corollary 5.3 can be considered as
an improvement of this result.
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