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Summary. It is well-known that Brownian motion has no points of increase.
We show that an analogous statement for the Brownian sheet is false. More
precisely, for the standard Brownian sheet in the positive quadrant, we prove
that there exist monotone curves along which the sheet has a point of increase.
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1 Introduction

A famous result of Dvoretsky, Erdos and Kakutani [3] asserts that with prob-
ability one, sample paths of a Brownian motion have no points of increase.
More precisely, if (B(u), u€ R,) is a Brownian motion, then there does not
exist a continuous, monotone and injective function f :[—1,1] — R, such that
B(f(u)) <B(f(0))ifu<0and B(f(u)) > B(f(0)) if u > 0. This paper shows
that an analogous statement for the Brownian sheet is false.

The first result in this direction was obtained by Mountford [7]. Notice
that the result of [3] can be restated as follows: almost surely, for each
g€ R, no component of {u€R,: B(u)>gq} has an endpoint in common
with a component of {u € R;: B(u) <q}. In [7], Mountford proved that this
statement is false for the Brownian sheet, namely, with positive probabil-
ity, there exists a component of {r€[1,2]%: W(¢t)> 1} and a component of
{t€[1,2]% W(t) <1} with a common boundary point (if [1,2]? is replaced
by the positive quadrant, then this occurs with probability one).
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Since in the plane, a point ¢ in the boundary of a component is not neces-
sarily accessible along a curve with one endpoint at ¢ but otherwise contained
in that component, Mountford’s result left open the question of whether or not
there exist curves along which the Brownian sheet has points of increase. In this
paper, we use a variation on Mountford’s technique to prove this stronger state-
ment, and the main result of this paper is the following theorem.

Theorem 1. Let (W(t), t€R%) be a standard Brownian sheet defined on
a probability space (2, F,P). For each q € R, there exists a continuous non-
decreasing random function y:[—1,1] x Q — [1,2]? such that with positive
probability, W(y(u)) <q if u<0 and W(y(u)) >q if u>0.

In particular, the theorem asserts that the point y(0) is a point of increase
of the sheet along the curve (y(u#), —1 < u =< 1). One can ask whether there
exists a continuous monotone curve y along which u — W(y(u)) is increasing.
The answer is no, since y and W oy would be simultaneously differentiable
at infinitely many points, and the result of [1] shows that simultanecous differ-
entiability cannot occur even at a single point. The question of whether there
exist straight lines along which W has a point of increase remains open.

With little effort, Theorem 1 can be refined as follows: with positive
probability, there exists a continuous non-decreasing function y:[—1,1] —
[1,2]2 such that y(~1) = (L, 1), 3(1) = (2,2), W((~1D)<q, W) >q,
and W(y(u)) = q for exactly one element u € [—1,1] (see Remark 14).

A recommended first pass through the paper is as follows. First read Sect. 2.
Then browse through Sect. 3 to get some feel for the statements but without
checking the proofs. Go on to read the first part of the proof of Lemma 2
in Sect. 4, through the end of Sect. 4.2, referring back to the statements in
Sect. 3 as needed. Finally, go through the arguments in Sect.3 and complete
the verification of the proof of Lemma 2 in Sect. 4.3.

2 The basic estimates
The set R? is endowed with the (partial) order < defined by
s=(s,8)St=(ULh) & s <thands; S b,

A convenient norm on R? is |¢| = |t|| + |2|. An increasing curve is a to-
tally ordered and connected subset of IR3. A (canonically parameterized)
increasing path (resp. decreasing path) T' is a continuous function defined
on some interval of IR with values in ]R%r with the property that I'(u) <
D(v) (resp. T'(u) = T'(v)) when u < v and |I'(v) — '(v)| = |u — v|. Recall
[8, Theorem 2.7] that a set is an increasing curve if and only if it is the
image of an increasing path. Moreover, increasing paths are Lipschitz func-
tions, therefore, when equipped with the topology of uniform convergence, the
set of increasing paths defined on a compact interval with values in a compact
set is compact.
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Recall that a standard Brownian sheet is a mean-zero continuous Gaussian
process W = (W(t), t€R?), defined on some probability space (£, Z,P),
with the covariance

E(W(s)W(t)) = min(sy, t; ) min(sy, %) ,

for all s = (s1,52) and ¢t = (¢,%,) in ]Ri. It is well known [9] that the restriction
of W to horizontal or vertical lines yields a Brownian motion. More precisely,
W(t,-) (resp. W(-,t;)) is a Brownian motion with speed #; (resp. t;). In this
paper, we use the term Brownian motion to refer to any Brownian motion with
speed between ; and 3. Recall also that white noise is the vector-measure W
defined on the bounded Borel sets of IR? with values in L*(€2, Z, P) such that
W([0,4] x [0,62]) = W(t1,12), for all (#1,t,) € R2. A basic property of white
noise is that E(W(4A)W(B)) = m(4 N B), where m denotes Lebesgue measure.
Throughout this paper, ¢ € R is fixed and ¢ >0, up > 0 will be constants
whose values shall be determined later (see the beginning of Sect.4). For

u = 0, define
g(u)zcu3/4. (D)

For each ¢t = (#;,65)€[1,2]?> and n€N, we shall define in Sect.3 a ran-
dom increasing path (#, w) — I'(1, ) and a random decreasing path (u,w) —
f}”(u, w) on [0,ug] x €2, both with canonical parameterization and various other
properties and, in particular, such that

[70,.) =1"0,)=1¢, T'Q)=(t+2""10),
ﬁ;z(z—Zn) _ (tl _ 2_2n,t2) .

We will use these paths to define sets Fy(t,n), Fi(t,n), Fi(t,n), and F(t,n) so
that

Fo(t,n) = {W(I'Q27")) €lg+27"q + 27",

W@ ) elg -2 g - 27", (2)

F(tn) C{W(I () — WI"27") = g(u) — 27", for 27" < u < uo} ,
(3)
Ei(t,n) C {W (" (u)) — W(E"272) £ —g(u) +27", for 27" < u < uy},
(4)

F(t,n) = Fy(t,n) N F(t,n) N F\(t,n)

(the definition of the sets Fi(z,n) and F(¢,n) will be given in Sect. 4).

Let D,, be the set of points in [1,2]? for which both coordinates are
dyadic rationals of order 2n. For i,j € {0,...,n} with i < j, let E;; be the set
of couples (s,¢) of elements of D,, such that

2720UFD < inf(|s; — 1, |52 — t]) £ 27%  and

2720 < sup(|s1 — t1],]s2 — 2]) = 272
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In the case where i or j equals n, we replace 272"+D) by 0.
It will be shown that the definitions of I”(u,-) and I}*(u,-) are such that
the following lemma, analogous to Lemma 2.4 of [7], holds.

Lemma 2. Given g and the constants ¢ and uy as defined in (34), there exist
constants K >0 and o €10, 1[ (depending on q, c, and uy) such that for all
large n € N,

(a) P(Fi(1,n)) = K2-*" and P(F\(t,n)) = K2~°", for all 1 € [1,2]?;

(b) P(F(t,n)) = K2=U+2 for all t€[1,2]%;

(c) P(F(s,n)NF(t,n)) < K2~(H20mp=(n=0=2e0=1) " for il (s,t) € E;
0<i<j<n

This lemma, along with the construction of the paths I} and ft", are the
heart of the paper, for they easily lead to a proof of Theorem 1.

Proof of Theorem 1. Let D, = D, N[5/4,7/4], and let X,(w) be the number
of elements ¢ € D), such that w € F(¢,n). We shall show that

E(X,) = K2872" and E(X?) < 2K22G720m (5)
Indeed, applying Lemma 2(b), we see that

E(Xn) _ Z P(F(t,n)) > (22n71)2K27(1+21)n :K2(37205)n )

ten;,

Moreover, noticing that the cardinality of E; ; is bounded by (22")222("=122(1=/),
we can apply Lemma 2(c) to get

E(X?)= Y. P(F(s,n)NF(t,n))
s,t€D)

_ K2—(2+4a)n i zn: 2i 22mj(22n )2 22(n—i) 22(n—j)

i=0 j=i

_ K64 2": o Z": 22001
-0 =

é 2K2(6—4oc)n )

In the last inequality, we have used the fact that o < 1. This proves the in-
equalities in (5).

From the lower bound on E(X,) in (5), we conclude in particular that
E(X?)>0 for each n. In addition, (5) implies that for some finite constant
C>0,

EX}) £ CE(X,) = CE(X, I1x,~0) - (6)

We can now use a standard argument which can be found for instance in
[4]: applying the Cauchy—Schwarz inequality to the right-hand side of (6), we
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conclude that E(X?) < CE(X?)P{X, >0}, and therefore P{X, >0} = 1/C,
for all » € N. By Fatou’s Lemma,

P (lim sup { X, > 0}) = limsup P{X, >0} = 1/C >0.

n—oo n—oo

Let G = limsup,_,, {X, >0} and fix w € G. There is a sequence n; T co
such that @ € {X,, > 0} for all k, that is, there exists a sequence #; € [5/4,7/4]
such that o € F(t,n;) for all k. Consider the sequence of paths (I}*(w), k €
N) and (f}f"(m), k€N). By taking a subsequence, we can assume that
(t;) converges to t€[5/4,7/4]%, and (I;*(w)) and (f}:k(w)) converge uni-
formly to paths I'(w) and f‘(w), respectively. For 0 < u < ug, let p(—u,w) =
f‘(u,w) and y(u,w) =T'(u,w) if v € G, and let y(-,w) be an arbitrary increas-
ing path if 0 € Q\G. Then |p(fu,w) —p(0,w)| =u for 0 < u < uy. From
(2)—(4) (with ¢ replaced by # and n by n;), we conclude that for w € G,
WO(—u,w),w) < qg—g(u) and W(y(u,w), ) = q+ g(u) for 0 <u = up. If
the range of y is not contained in [1,2]?, this can be achieved by truncating
its image and reparameterizing. This proves the theorem.

3 The construction of the paths I’ and f;"

Our task is now reduced to constructing the paths I” and f‘,” and proving
Lemma 2. The construction relies on several preliminaries.

For tGIRi, set #;, = a{W(s), s < t}. A random variable T with values
in R2 is a stopping point provided {T < t} € 7, for all 1€ R2. Given a
stopping point 7, %7 denotes the sigma-field {F e Z :FN{T < t} € #,, for
all te R%}.

An observation that appears in Kendall [5] and Dalang and Walsh [2] is
that in the neighborhood of an element # € R2, the Brownian sheet behaves
like the sum of two independent diffusions. More precisely, for all u,v = 0,

Wty +u,t, +v) = W(t)+ Bi(u) + B2(v) + &(u,v) , (7)

where (By(u)) and (B»(v)) are Brownian motions (with variance u and #v,
respectively), and (e(u,v)) is a Brownian sheet, and all three processes are
independent. When u and v are small, the term &(u,v) is of order (uv)'/?,
which is much smaller than the typical value of Bj(u)+ B>(v), which is of
order u'? + v!/2.

We use the following notation for simple curves that connect two points. If
s < t, we let (s,#)" denote the segment [s1,4] x {#,} if 52 = £, and the union
of the two segments {s1} X [s2,%,] and [s1,#] X {#,} if s, <1,. Similarly, (s, )"
denotes the segment {s1} X [s2,%] if s; = #; and the union of the two segments
[s1,21] X {s2} and {#;} X [s2,52] if 51 < #. {s,¢) stands for either of these two
paths.
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3.1 The probability of doubling the distance to g

If B=(B(u),ucR,) is a standard Brownian motion and if B(vy) = g + r for
some vy € IR, and r > 0, then the probability that B reaches level ¢ + 2r before
level g (after time vg) is 27'. Moreover, if » = 27", then the probability of
reaching level g + 1 before level g is 27",

Now suppose T is a stopping point and W (T') = g + r. What is the proba-
bility that there exists an increasing path I starting at 7" along which W reaches
level g + 2r before level ¢? We will show that this probability is = 27* for
some o €]0,1[, by constructing a particular path which achieves this bound.
The main idea is that either level ¢ + 2r is reached as we move horizontally
to the right away from 7, which occurs with probability 27!, or this occurs
as we move vertically up from 7, giving an additional opportunity of reaching
level g + 2r.

By repeating the construction from level g + 2r, we see that if r =277,
then the probability that there exists an increasing path starting at 7 along
which W reaches level g + 1 before level g is = 627*", for some 0 >0,
which is orders of magnitude larger than 27". This is the crucial observation
that led to the results of [7], and which is the intuitive reason behind the
difference in behavior of Brownian motions and Brownian sheets with regard
to points of increase: the Brownian sheet has a much higher chance of escaping
to a high level (along some increasing path) than does a Brownian motion.

Of course, some care must be taken to ensure that we reach level ¢ +
2r at a stopping point, and we also want to ensure that when this level is
reached, W has grown at a guaranteed rate. Therefore the actual construction is
somewhat more involved. To estimate the probability of reaching level ¢ + 2r
before level g, we introduce the following notation. Given a stopping point
T = (Ty,T») with values in [1/2,3]2, let

Wl (u)y=W(Ty +u,To)— W(T) and W, (v)= W(T\,T, +v)— W(T).

Recall [9] that these processes are conditionally independent, and conditionally
independent of 7, given T. More precisely, given T, WT (resp. W)) is a
Brownian motion with speed 7 (resp. 7). Since the stopping points we will
consider in this paper satisfy é < Ty £3 as. and é < T, £ 3 as., these
speeds are between ; and 3.

If S = T is also a stopping point, then we set

AW = W(S) — W(S1,T2) — W(Sy, T1) + W(T)..
For r€]0, 1[, let
SIT = ll’lf{u z 0: VVlr(u)e {—I" + 7’3/2,1"}} ,
r )0 it (ST =r,
2 inf{v = 0: Wl ()€ {—r+r22r — 323} if WI(ST) = —r+ 2.

Clearly, ST and S7 depend on r, even though the notation does not indicate
this explicitly. Notice that since W’ and W) are (time-changed) Brownian



Points of increase of the Brownian sheet 7

motions, the probability that they hit one level before another is the same as
for standard Brownian motion, and so for small 7,

PART(ST) =7} = (= rP)@r = PPy~ 3,

P{wy (S =2r = P2 WI(S]) = —r+ 172} = (r = P*?)/Br— 277 = | .
Also, given W(T) = q + r, if W' (ST) = r, which occurs with probability ~ ;,
then
W(T\ + ST, ) =W(T)+r=q+2r,
while if W1(ST) = —r + 1% and W) (ST) = 2r — r3/2, then
W(T + S, T+ ST = W(T)—r+r*+2r = =q+2r.
Therefore, for small » > 0, with probability approximately equal to
Lea-hi-2,

W reaches approximately level ¢ + 2r before g + 3/ along the path (T, (T} +
ST, T, + ST

Since W(T, + ST, T> + ST) is not exactly equal to g -+ 2r when ST >0,
one additional step is needed. Set

o(T) =inf{u = ST :W(Ty +u, T, +ST) - W(T)=r}

and

YI(Tr) = (T1 + ou(T), T2 +53).
Observe that ¢(T)=S! when ST = 0. Moreover, notice that y/(T,r) is
a stopping point and that given W (T') = g + r, with probability approximately
2/3, W(M(T,r)) = ¢+ 2r and along the path (T,y/(T,r))", W reaches level
q + 2r before q + /2.

The construction of /"(T,r) privileges the horizontal direction. By exchang-
ing the roles of the coordinates and privileging the vertical direction, we define
analogously a stopping point Y*(T,r) with similar properties.

In order to make the statement “with probability approximately 2/3” pre-
cise, we introduce the following notation. Let B be a standard Brownian mo-
tion, and let U, , = inf{u = 0: B(u) € {a,b}}. Recall [6, Theorem 4.1.1] that
P{U_1 €u,u+ 1]} < tforall u>0and t>0. For M >0 and a > 0, define

pl(Mva) :P{UflJra,l € [I/M,M], B(UflJra,l) = 1} 5
Pz(M,a) :P{U—l+a,2—a S [I/M,M], B(U—H-a,Z—a) =2- a} 5
pM,a)= p1(M,a) + (1 — pi(M,a))p(M,a) .

Notice that limy—,cc,q10 pP(M,a) = g
Throughout this paper, we fix M > 0 and ayp > 0 so that

p(M,a)>1/2 for0 < a < ap

and we set
po = p(M,0). (8)
Constants whose existence is affirmed generally depend on M and ay.
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Lemma 3. Let T be a stopping point with values in [;,3]2. For r >0, set

2 M2
G(T,r):{ " o<sT < r}

MT, — T

P2 Mi? P2 2Mr?
Nn({{sf =0}u <sl < < o(7) £
<{2 } {MT1_2_T1’MT2_(P1()_ T })

AW ()= W(T)>—r + 7 on (TY"(T,r))"} .

Then G(T,r) is conditionally independent of Fr given T and there exists
C >0 and ro > 0 such that for all r €]0,r[,

IP(G(T,r)| r) = pol < Cr'f*.

Remark 4. The event G(T,r) describes the following situation. The process
W first hits —r 432 or r during the time interval [r?/(MTs), Mr?/T5]. If
it hits r first, then ST =0 and the third event in the definition of G(T,r)
necessarily occurs. However, if W hits —r + 732 first, then W’ must hit
2r — 32 or —r +r¥? during the time interval [r2/(MT,),Mr?/T;] and there
are similar constraints on ¢(7). In order that the third event in the definition
of G(T,r) occur, it must be the case that W,’ first hits 2r — 72, along the
segment ((Ty,T> + ST),(Ty + ST, Ty + SDH)Y, W(-)—W(T)>—r+ 732, and
along ((Ty + ST, Ty + ST, y"(T,r))", W(-) — W(T) hits r before —r + 32, In
particular, on G(T,r), W("(T,r)) = W(T) +r.

Proof of Lemma 3. Let

2 M2
H(T,r):{ "o<sT< ™ }

MT, = T
72 Mr?
SI=0 < ST <
m({z }U{MTI_ P }>

NS+ (S3) =r} .
Further, define
ST =inf{u = 0: W (u) € {~r,r}},

- |0 it mI(STy=r,
S2 = ~
inf{v = 0: W (v) e {-r2r}} it W (ST)=—r,

and let H(T,r) be defined in the same way as H(7,r) but with ST and S7
replaced by S I and §2T , respectively.

By Brownian scaling, observe that P(H(T,r) | T) = po. Also note that the
stopping times S/ are greater than or equal to S/ and that if 7(ST) takes
value 7, then so must ,7(ST). In addition, if W, (S]) = 2r — 32, then it is
highly probable that W, (S1) = 2r.
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To prove the lemma, we shall show that there is a constant C such that
|P(H(T,r) | T) — P(H(T,r) | T)| < Cr' )

and
\P(G(T,r) | T)— P(H(T,r) | T)| £ Cr'2. (10)

For this, we first check that H(T,r)\H(T,r) is contained in

2
{s7< sy ST MTSD =4 P% W GH=—}  an
U{wr( STy = —r+ 72, WISy =r (12)
1 1 1 1
2
U{SzTﬂérl < ST, WI(ST) =2 — 1P, WJ(SET):Z”} (1)

U{I(S) = —r + 77, W ($]) =2r} . (14)
Indeed, with obvious notations, we can write
H(T,r)=A1NAN4s,  H(r)=A4N4N4s,
and so H(T,r)\H(T,r) is the union of the three events
(A\A1) N 4y N 43, A1 N (A\A2) N 43, AN Ay N (ANA3) . (15)

On the first event in (15), ST <r2/(MTy) < ST, so W (ST)= —r+r?,
and therefore (11) or (12) occurs. On the second event in (15), ST >0,
so W(ST) = —r +r¥2. Moreover, either ST =0, in which case W(ST) =
r and (12) occurs, or S <r*/(MT;) < 81, in which case W (ST)= —r.
Because A3 occurs, WZT(§2T ) must equal 27, and so (13) or (14) occurs. On
the last event in (15), W' (ST) =r or W'(ST) = —r and W,/ (S}) = 2r, and
both W(ST) = —r+r*? and W (S]) = —r + 132 So either (12) or (14)
occurs.

We now use similar arguments to show that H(7,7)\H(T,r) is contained in

M .
{s1 ") <stomrsh=—rer2mish=-rL  ao
u{m (S = —r+r2, WS =r} (17)
T Mr? oT T/oT 3/2 T/oT
ussl < <8I wl(sTy=2r — 2, w1 (ST) =2r (18)
U{mI STy =2r — 72, w1 (ST)y = —r}. (19)

Indeed, with the notations above, H(T, ,r)\I:I(T ,r) is the union of the three
events

(A\A1) N Ay N A3, A1 N (A\A2) N 43, A NA; N (4A0\A3) . (20)



10 R.C. Dalang, T. Mountford

On the first of these events, ST < Mr?/Ty < ST, so W,T(ST) = —r + 32, and
therefore either (16) or (17) occurs. On the second event in (20), §ZT >0,
so WT(ST) = —r and thus W' (ST) = —r + r*/%. Because 43 occurs, W (ST)
must equal 2r — ¥, Since S! does not belong to [r2/(MT;),Mr*/T}] on
this event, ST < Mr?/T; <S’2T and therefore either (18) or (19) occurs. On
the last event in (20), both W,'(ST)= —r and W, (S])= —r. Therefore
WI(ST)y = —r + 3% and so W' (ST) = 2r — 132, Therefore the last event is
contained in (19).

To prove (9), note that the events in (12) and (14) are independent of T,
and by Brownian scaling and the strong Markov property, their probabilities
are equal to the probability that a standard Brownian motion B hits 2r — /2
(resp. 3r — r¥/?) before —r3/2, and therefore are bounded by Cr:. Likewise for
(17) and (19).

We bound the conditional probability given T of the set in (11) as follows.
It is less than

72 - ) 7312 - . 752
P <387 < PST —sT > :
{MTz_l_MT2+T2}+{1 l—Tz}

The first term is bounded by Cr!/? while the second term is bounded by

P{ inf  B(u) > —r3/2} < 't (21)
0<u<rs2
The probabilities of the events in (13), (16), and (18) can be bounded in a
similar way. This proves (9).

We now turn to (10). Let &r(u,0) = AyrrienW and T' = (T; + ST,
T + ST). Observe from the definitions that G(7,r) C H(T,r), and that H(T,7)\
G(T,r) can only occur because of an unfortunate behavior of W along
the horizontal half-line with left endpoint at (7),7, +S7). In particular,
H(T,r)\G(T,r) is contained in the union of two events:

(a) info<,<ppeym, er(u,ST) < =2r + 3% and ST < Mr?/Ty;

(b) ST < Mr*/T,, ST < Mr?/T, and starting from level W(T') — W(T) =
r+er(ST,ST), W(T/ +-,T)) — W(T) hits level —r + 732 before level r, or
takes at least time Mr2/T, to hit {—r + 32, r}.

Since ) < T; < 3 fori = 1,2, given 87 < Mr?/Ty, er(-,S7) is a Brownian
motion with speed at most Mr?/T; < 2Mr?, so the probability in (a) is bounded
by

1
2 . 3/2 1/2
P{ZMr oénufng(u) < -2r+r } < exp (—2 2r2> < Cr

for small ». As for the probability in (b), it is bounded by the probability
that a Brownian motion B started at level » + 2Mr?Z, where Z is a standard
Normal independent of B, hits level —r + /> before level r, or hits level r
first but ¢(T) = 2Mr?. This probability is bounded by the sum of two terms.
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For small r, the first term is less than

o0 IMriz

P{Z edz} < .
0f2r—r3/2 {Z edz} £ Cr

The second term is bounded by standard Brownian motion inequalities similar
to (21). This proves (10) and completes the proof of Lemma 3.

3.2 Defining the path I}
For ¢ € [1,2]? and » €]0, 1], set 7}0 =¢+(27%",0), and for i = 1, let

,[WhE 2 ) i s odd
YT 207 ) if i is even .

t

The alternation between even and odd is merely a simple way of ensuring that
both coordinates of 7, grow at the same rate.

Let I'(¢,7) be the union of the paths (7', T%)" if i is odd, (T'~', T7)* if
iis even, i = 1. We define I} as follows.

Definition. I} is the (canonically parameterized) increasing path whose image
is the union of (t,t +(272",0))" and T'(t,2").

In order to establish properties of this path, for ¢ € [1,2]> and k € N,
consider the set .
J(t,r,k) = N G(T},2'r) . (22)
i=0
Lemma 5. There exists an integer ko such that for all t € [1,2]%, r >0, and
je{,2}, if k = 1, then

(TF — 1), £ 2252 on J(t,rk — 1),
and if k = 2, then
(TF —t); =2 22652 on J(t,r,k — 1), provided 2**™ )2 < 1. (23)

Proof. Because of the constraints of the form ¢,(7) < 2Mr?/T, and similar
constraints on SZT , the maximum value on J(¢,7,k — 1) of (Z;k —1); is

k
> 2M(2'r) = §Mr2(4k+1 —1),
i=0
and this quantity is < 22*+%0);2 provided (essentially) ko is such that 4% >
8M/3.

Suppose that 22F+k0);2 < 1 When k > 2, given that either step k or
step k — 1 privileges direction j, j=1,2, (T* —1t); is at least equal to
(21?2 /(M(TF);). As we have just seen that (T¥); < ¢; +22k+h)y2 and
the right-hand side is < 3 by hypothesis, we conclude that (7* —¢); =
(2¥=17)?/(3M), and this quantity is = 22*—%)2 provided 4% > 12M.
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Remark 6. Let ky be as in Lemma 5, fix k&, = ko and suppose J(£,27",n —
ky) occurs. Then on (T°, '), W(-) — W(T°) > —27" 4+ 2732 and W(T') —
W(T%) = 27" Similarly, on (T, """, W(-) — W(T') > —27"+ 4 23(=n+D)2
and W(T*") — W(T') = 27"+, Therefore,

W(];l) _ W(];O) — 271’l+[71 4ot 27n — 277!4»[ _ 27n ,
and on (7, T,

W)= W) = W)= W)+ W) — W(T)
> _2—l’l+i 4 23(—n+i)/2 4 2—H+i L

_ 23(—n+i)/2 _on.

This implies that on J(¢,27",n — k), the process (W (L}'(u)) — W(L"(272")),
272 <y < |T"™]) has “risen” from level 0 to level 27% — 27" without
going below level —27", and in fact, has grown at a guaranteed rate. Indeed,
for small u > 0 (but large enough relative to 22", for instance u >27"), T* <
[7(u) occurs if 22¢+k)(2=1)2 < y, that is, if k < n — ko + log, u'/?. Therefore,
if k is the integer part of n — ko + log, u'/?, then

WL (u)) = W) = W) — W) + W(TF) = w7 2™)
g 727n+k + 23(7"4’1{)/2 + 27n+k N
Z 273(1{04’1)/2 u3/4 _ 27}1 .

The condition in (23) is satisfied when k = n — k; and » = 27", so for large n,
|7k —¢| > 220=2k)=21 — 2=4 by Lemma 5. In particular, the portion of
the path I}" with extremities ¢ and E"_kz is guaranteed to have length at least
2% and J(¢,27",n — ky) is contained in the event on the right-hand side of
(3) provided uy < 27*: and the constant ¢ that appears in (1) is < 273%+1/2

Proposition 7. Let py be as in (8) and let o. €10, 1[ be defined by the relation
2% = po. There exist positive contants 0 and © and an integer ki such that
Sor all t € [1,2)?, for all large n and all k € {0,...,n — ki },

027% < P(J(,27"k)) < ©@27% |

Proof. Let ry be as in Lemma 3 and k¢ be as in Lemma 5. By Lemma 35, if
22ktho—n) < 1 which is the case if k; = ko and k¥ < n — ky, then Y;k € [L,37%
Using Lemma 3 and repeated conditioning on 97th, i=k,...,0, as well as the
fact that J(¢,27",0) is independent of ,0/7T[o, we see that if 25" < ry, which is
the case if &y > —log,ry and k € {0,...,n — k; }, then

k ) k ‘
[T (po — C2U7%) < P(J(1,27",k)) < T (po+ C2074).
i=0 i=0



Points of increase of the Brownian sheet 13

The right-hand side is equal to

k

1 C imnya 1 ¢ i—n)/4
po IT (14 26y < ppexp So20mmiA
Po

i=0 Po i=0

and the sum in the exponential is < 30 for k& < n. The left-hand side is equal
to

g C inya ket C & i—nmya
po 11— "2 = pyexp > 2 .
i=0 Po 2po iz

We have used the elementary inequality 1 —x = e~/? for small positive x,
say 0 < x < xo. The last inequality is therefore justified provided (C/py).

20=m/2 < x, or provided i < n—k;, where k; is any integer greater than
—2 log, (x0 po/C).

3.3 Constructing the path f‘[’

The construction of I is similar to that of I". However, since I is decreasing,
there is less independence to be used than in the construction of I}, and
therefore this construction requires some additional effort.

In order to construct the path f‘[’, given a random point 7 and r > 0, set

Wl(u)y=w()-W(T —uTy),  Wi@)=W(T)-W(,T,—v),
and let

ST =inf{u = 0: W] (u) € {-r+r"r}},
|0 if wlsh=r,
2T Yinf{v 2 0: WI(v) € {—r+r22r — P2} if WI(ST) = —r+732,

and
¢ (T)y=inf{u = ST : W(T)—W(T) —u, T, — STy =r}

and
YT,y = (T — ¢(T)., T - $3) .

Observe that ¢,(T') = §1T when S’ZT =0.

As in the definition of ", the construction of (T, r) privileges the hori-
zontal direction. By exchanging the roles of the coordinates and privileging the
vertical direction, we define analogously a random point 1/;”(T ,r) with similar
properties.

For t € [1,2]?, set fto =t— (2’2”,0), and for i = 1, let

t

Ny {lﬁh(f;'—',z”r) if i is odd ,

1
YT, 207 1) if i s even.
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Let I'(z,7) be the union of the paths (77, 7/=1)* if i is odd, (77, T;~')" if
iis even, i = 1. We define the path I} as follows.

Definition. f‘,” is the (canonically parameterized) decreasing path whose image
is T'(¢,27").

In order to establish estimates concerning fl", a decomposition of W (¢ —
u,ty — v) analogous to (7) is needed. We could use the decomposition given in
[2, Sect. 2], but for our purposes it is more convenient to proceed as follows.

Observe that

Wt —uty —v) = W(t) — Wiu) — Wiv) + é(u,v)

where &(u,v) = Apuy)W and R(u,v) =]t —u,t1]x ]t — v,2]. However, the
two processes /! and W} are not independent, which was one key feature of
the decomposition (7). Fix » > 0. A decomposition which does yield indepen-
dent terms is

Wt —uty —v) = W(t) = W) = X{(u) = W3(v) = X3(v) + &(u,0) ,
where
Wiu)=W(ti,t, — 4Mr*) — W(t) — u,t, — 4Mr?)
Wiv)=W(t; — 4Mr*,ty) — W(t, — 4Mr*, t, — v) ,
and
X{(u) = Ay —unix o —am2, ) Ws X3(0) = Ay —amvrt)x jo—v.) W -

The processes (Wi(u), 0 < u < 4Mr?) and (Wi(v), 0 < v < 4Mr?) are inde-
pendent, and the other processes are all comparatively small. More precisely,
by the scaling properties of Brownian motion and the Brownian sheet,

=23
Py s W@LROL GO 2 b= ke (<1 ).
{ 0<u,v<4Mr? ] : ' 32M?2
Of course, we need this type of decomposition at random times as well as
at fixed times. For (0,0) < s < ¢, define the sigma-field

G, = o{ArW, R C ([s1,11] X [0,2]) U ([0,11] X [52,2])} - (24)

Assume now that 7T is a random point such that 7 < ¢ a.s. and {T = s} € ¥/
for all 0 < s < t. Notice that in this case, W’(T ,7) is a random point with the
property {/(T,r) = s} € %', and that given W(T) = q — r, with probability
approximately 2/3, W(J/"(T,r)) = q — 2r and along (Y"(T,r),T)", W reaches
level g — 2r before ¢ — 32, To make this statement precise, we introduce the
following notation.

Consider the sigma-field
Gi={FeZ FN{T =ste¥}.
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Given r > 0, we set

W (u)=W(T), Ty — 4Mr*) — W(T) — u, Ty — 4Mr?),

Wy (v) =W (T — 4Mr*, T5) — W(T) — 4Mr*, T — v) .
Then the processes (W (1), 0 < u < 4Mr?) and (W) (v), 0 < v < 4Mr?)
are conditionally independent, and conditionally independent of ?}, given T.

More precisely, given T, WlT (resp. WzT ) is a Brownian motion with speed
T, — 4Mr?* (resp. Ty — 4M7?). In addition,

W(T) —u,Ts — v) = W(T) + W () + X[ () + 5 (0) + X5 (0) + 8r(u,0).
where X[, X and ér are such that
N =23
Py swp (15[ ] X5 )] [ér(u o)) 2 P [ 9 ¢ < Kexp (‘ 2) :
0= uw <4Mr? 32M
(25)

Note that the random points 77 all have the property that {7/ > s} € 4!
for s < ¢t.

Lemma 8. Let py be as in (8) and let T be a stopping point with values in
[1/2,3)%. For r >0, set

A(T,r) = {O< sup  (|X] )] 1X5 (0], [Er(u,0)]) < r5/3}>

v < 4Mr?

K[ =T —4Mr°, j =12,

and
. 2 . M2
G(T,r)z{ =St }
Mic; Ky
N r? A M2 p? 2Mr?
Nn({ST=0lU <ST'< , < ¢(T) <
({2 } {MKIT_ 2_K1T MKIT_q)l()_ K1T })

N{W(T) = W(-) > —r+r* on (J(T,r),T)"}.

Then G(T,r) is conditionally independent of {éT’ given T and there exists
C >0 and ry > 0 such that for all r €]0,r¢|,

\P(G(T,r) | 9§V A(T,r)) — po| < Cr'* on A(T,r). (26)

The proof of this lemma uses the following property of Brownian motion,
which provides a bound on the difference of hitting probabilities for a Brownian
motion B and a small perturbation of B.
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Lemma 9. Let B be a Brownian motion of speed at least 1/4. For r >0,
set Z(u) = B(u) + Y(u), where |Y(u)| £ 3. For X equal to Z or B and v’
equal to r or 2r — 132, set

T =inf{u = 0: X(u) € {—r+r"2 +}},
and for x € {—r + 132, ¥'}, let
AX,x) = {X(T¥)=x, T* > M}, NXx)={X(T*)=x, T < M}.
Then there exists a constant K such that for small v and x € {—r + 132, '},

P((A(B,x) A A(Z,x)) U (N (B,x) A N (Z,x))) < Kr*3. (27)

Proof. Each symmetric difference is the union of two terms, and therefore the
probability on the left-hand side of (27) is bounded by the sum of four terms.
We only bound one of them, namely, we show that

P((N'(BX)\N'(Z,x)) < K,

since the three other terms can be handled in a similar way. We also only
consider the case where x = r.

Observe that the event A’(B,r)\A'(Z,r) is contained in the union of the
three events

Ay ={T% € [M — B3, M]}
Mo ={T% < M =P, B(T?)=r, Z(T*) = —r + 17},
As={T8 <M -3 B(I®=r, 2(I*)=r, T > M}.
Now P(A;) £ Cr?? by [6, Theorem 4.1.1]. Also, writing Z in terms of B and

using the bound |Y(u)| < r°/3, we see that P(A,) is bounded by the probability

that a Brownian motion started at level 7 hits level —r(1 — 72 — r*3) before
level 7(1 +#2/3), which is < Cr?*3. Finally, P(A3) is bounded by

P{ max B(u) < r5/3} —P{ max B(u) < r4/3} < B,

0<u<r 0<u=zl

Proof of Lemma 8. The constant 7 will be chosen so that 16Mr3 < 1. For
0<r<ry, let

. 2 R M2
H(T,r)z{ Lo<8T < }
K

NS + W (ST =r}.
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Further, define §7 and SJ in the same way as S7 and SJ, but with /¥ replaced
by W, and let H(T,r) be defined in the same way as H(7,r), but with S
replaced by S and W by W. The speeds ij of the Brownian motions WJ
are at least 1/4 by the choice of ry. Moreover, on A(7,r), the difference Y;
between WjT and WjT satisfies the bound on Y in Lemma 9. From this lemma,
we conclude that for small r,

\P(H(T,r) | 9%V A(T,r)) — P(H(T,r) | 9=V A(T,r))| £ C** on A(T,r).
(28)
Let

ST =inf{u = 0: Wl (u) € {—rr}},
ST — 0 if WlT(SlT):’”»
P linf{o = 0: W (0) € {—rn2r} it WIS = —r.

Let A(T,r) be defined in the same way as H(7,r), but with S replaced by S
and W by W. As in (9) and (10), for small », we have

\P(H(T,r) | 9LV A(T,r)) — P(H(T,r) | 9LV A(T, )| < CFV*,  (29)

\P(G(T,r) | 9N A(T,r)) — P(H(T,r) | 9: V A(T,r))| < Cr'2 . (30)

To help the reader with the notation, we point out that (30) accounts for
the difference between the requested behavior of the sheet along the path
<1ﬁh(T ,r), T)" and its behavior on the horizontal and vertical lines through 7,
(28) replaces the actual increments along these lines by increments of inde-
pendent processes, and (29) replaces the hitting value —r + % by the value
—r, which makes it possible to use Brownian scaling.

Indeed, by Brownian scaling, P(H(T,r) | %t) = po and H(T,r) is indepen-
dent of A(7,r), so the conclusion follows by applying the triangle inequality
to (26) and using (28)—(30).

For t € [1,2]%, >0 and k € N, let
A k A~ A .
Jrk) = G(Ti,2r). 31)
i=0

Statements analogous to those of Lemma 5 and Remark 6 are again valid, as
we now show.

Lemma 10. There exists an integer ko such that for all t € [1,2]2, all large
nand all j € {1,2}, if k € {0,...,n — ko}, then

([ o Ttk)j < 22(k+k0*n) ,
and if k € {2,...,n —ko}, then

(t — Thy; = 220=k=m on J(t,27" k —1).
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Proof. Pick ko large enough so that 2% > 25M. Let «f = (TF), — 4M (2" )2,

Note that for n > ko, k) = 1 —4M27>" = 5 by the choice of k. Therefore,

from the bounds on §jT and ¢;(T) in Lemma 8, (1 — f"jl) < 2M277/(1/2),
and this quantity is < 22— because 2% > 4M.
Therefore, for n > ko, when k£ = 1, the inequalities

(t _ fvtk)j é 22(k+k0—n—1) and Kf—] g é (32)

are satisfied on J(1,27",k — 1). We proceed by induction on & to show that
(32) is valid on J(£,27",k — 1) for all k < n — k.

Suppose that (32) holds for £ and show that it holds for £ 4+ 1 (assuming
k+1 < n—ky). Using (32), we see that on J(£,27", k — 1),

Kjg — (f;k)j _ 4M22(k—n) g tj _ 22(k+k0—n—1) _ 4M2—2k0
>1-272-27>1.
From (32) and the bounds in Lemma 8, we now conclude that on J (t,27",k),
(=T = 15— (T + (T, = (TF,
< 22(k+ku—n—1) + 2M(2k+l—n)2/(1/2)
< 92ktho—n—1) | 92ko=3 p2(k+1-n)

< p2k+14ko—n—1)

This proves (32), which gives the first conclusion of the lemma.

To prove the second conclusion, observe that when & = 2, because either
step k or step k — 1 privileges direction j, j € {1,2}, (t — TF); is at least equal
on J(6,27" k — 1) to (2K-127")2/(Mx), where k < 2, so

(f _ ]"wtk)j g 22(k—n—1)/(2M) g 22(k—ko—n)
because 2% > 8M.

The analogue of Proposition 7 also remains valid, as we now show.

Proposition 11. Let py be as in (8) and let o €10, 1[ be such that 27* = p;.
There exist positive constants 0 and © and an integer k, such that for all
t € [1,2]%, for all large n and all k € {0,...,n — ki },

027 < P(J(1,27",k)) < ©@27%,
Proof. The proof is analogous to that of Proposition 7, with an added com-
plication due to the fact that the inequality in (26) is only valid on A(7,r).

Let 7 be as in Lemma 8. If 27 < rq, then for i < n — ki, the conclusion of
Lemma 8 applies to » = 2/=". In this case, for k < n — ky,

PUJ(t,27"k)) = P < r’ﬁ (G(T;,2~) nA(ff,zf"») :
i=1
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By repeated conditioning and use of independence, Lemma 8§ and (25) imply
that the right-hand side is

k (i—n)/4 27 2i=m)3 ok
éil;{)(Po—CZ )<l—exp<— 3202 )) =02

(the last inequality uses the bounds 1 —x = e~¥? and exp(—r—273/(32M?))
< r for small positive x and r).

In order to prove the upper bound, set ©(w) =inf{i = 0: w € Q\A(fj,
2i=m)}, and observe that since {t > k} = ﬂleA(f,i,Zi_”), Lemma 8 implies
that

P27 k)N {t > k}) £ ©@27%,

while for i =0,...,k,

P27 k)N {t=i}) £ PUJL27", )N {t=1i})

272(1‘7'1)/3 i (4
éKexp< 302 )ﬂ(po+cz )
=0

, 22(n—i)/3 5 )
<K'exp (- i
=5 ( 3202 )

Fix > a. For sufficiently large x € R, say x = xo, exp(—2>/3/(32M?)) <
27F% Assume that 275 <7y and that 226/3 > x,. Then for i € {0,...,k} and
k é n— kl,

exp(722(n7i)/3/(32M2))27ai < 2fﬁn+(ﬁfoc)i )

Summing over i = 0,...,k, we see that if £ < n — kj, then

PUJ(t,27" k)N {t £ k}) < K'27Pnplb=0k < grp—skp=bh < =%,

Lemma 12. Let ky be the largest of the integers so denoted in Lemmas 5
and 10. For all t € [1,2]2, all large n and all k € {1,...,n — ko},

2k+ky—n)
J(t,zin,k - 1) E {qt{:»(zz—zrx’(:]) (]7]) > (33)

and
N —2n
Je2"k-1)e 9 G2

22kt =m)(1 1) *

Proof. The event J(1,27",k — 1) is determined by increments of W in [¢ +
272 K] x [0, TS U [0, TF] X [t2, TX], therefore, by Lemma 5, (33) holds. The
proof of the statement concerning J(£,2~",k — 1) uses Lemma 10 and is
analogous.
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4 Proof of Lemma 2

This section is devoted to the proof of Lemma 2. The first two statements in
this lemma are simpler than the third.

Let M be as indicated just before Lemma 3 and define o as in Propositions
7 and 11. Let k, be such that &k, — 2 is the maximum of the integers denoted k
in Lemmas 5 and 10 and k; in Propositions 7 and 11. Let

c=273RFD2 and yy =27, (34)

Recall that the constant ¢ appears in the definition of the function ¢ in (1) and
uy appears in the sets on the right-hand sides of (3) and (4). Let 0 (resp. ©)
be positive constants smaller (resp. larger) than those denoted by the same
symbols in Propositions 7 and 11. Define J(¢,7,k) and J(t,r,k) as in (22) and
(31). Finally, as promised in the introduction, we define the two events Fi(z,n)
and F\(t,n) by

Fi(t,n)=J(t,2""\n—ky) and Fi(t,n)=J(t,27"n—k).

The constants k,, 0 and © have been chosen so that the conclusions of Proposi-
tions 7, 11 and Lemmas 5, 10 and 12 hold for all large n and with k = n — k.
Because n —ky + kg —n = —2, Lemmas 5 and 10, imply that for ¢ € [1,2]?
and k < n—ky,

R 3 7% .
TF € [1,3)* on Fi(t,n) and T} e [4,2] on Fi(t,n).

Secondly, by the last paragraph of Remark 6, on Fi(t,n) (resp. F\(t,n)), the
portion of the path I'} (resp. f;’) defined in Sect. 3.2 (resp. 3.3.) with extrem-
ities ¢ and 7"~ (resp. T fsz) has length at least ug, and the inclusions in (3)
and (4) are satisfied.

4.1 Proof of (a) and (b) of Lemma 2

By Proposition 7, for all ¢ € [1,2]% and for all large n,
P(Fi(t,n)) = PUJ(t,27",n — ky)) = 27 %n—k) = gprkp—on

A similar inequality is valid for P(Fi(t,n)) by Proposition 11. This proves (a).

By (24) and Lemma 12, Fi(z,n) is independent of Fy(¢,n) and Fi(t,n), so
by Proposition 7,

P(F(t,n)) Z P(F\(t,n) N Fo(t,n)) 027" ~%).

Letto = (3, 5), 1y = (b = 272", 12), Z, = W(1},) — W(t) and Z} = W(T}(27%"))
— W(t). Then Z, is measurable with respect to (éﬁg, Fi(t,n) € (52; (by
Lemma 12) and W(#y) and Z, are independent of this sigma-field. The probabil-
ity that W (#) is in a particular interval of length 27" contained in [¢g — 2,q + 2]
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is = k27", where k >0, and by Brownian scaling, the probability that Z is
in such an interval is = k’ > 0. Therefore P(Fi(t,n) N Fy(t,n)) is

> P(Fi(t,n) N {|Z,] < 130 {Z, +W(t) €lg— 27" g — 27"}
N{Zi+ W)+ Z, €lg+27",q+27"'[}
> ik’ 27" P(Fi(t,n) N {|Z,| £ 1}).

Now on Fi(t,n), {|Z,| £ 1} = {272 4+ W(T}™) - W(t)| < 1}, and this
last event is independent of F)(z,n) and has probability bounded below by
a positive constant (because the interval [—27% — 1, —27% 4 1] contains 0
and the variance of W(]A“,”_IQ) — W(ty) is = (1/4)%). It follows that

P(F(t,n)) = K'2™" (2*‘1(”*](2))2 — g~ (420
This proves (b).

4.2 Proof of (c) of Lemma 2 when s <t

Fix s < t. Then the event F(s,n) N F(t,n) is contained in the intersection of
six events, to which we will apply the estimates of Sect. 3. More precisely,
for n >k, + 2, assuming that 0 < i < j < n—k, — 2 (the case where n —
ky —2 < j £ n will be treated below), (s,2) € E;j and t, —so < t; — 51, it is
contained in

J(8,27"n — k) N Fo(s,n) NJ(s,27"n — j — ko — 2)
NJ(,27"n—j—k —2)NFo(t,n) NJ(,27"n — ky) . (35)

By Lemma 12, the last event is independent of the others and has probability
< ©27%"=k) by Proposition 7. Notice that n — j —ky — 1 + kg —n < —j — 2,
so by Lemma 12,
L —2i—4
J(s,27"n—j =k —2) € 45 "
and

. B . f— 2—271’0
J(t,2 "’n A ko — 2) S gt_g—z,f—4()1’1) .

Let ¢/ = (t; — 272",1,). From Fig. 4.2, it is easy to see that the variable W (z)
is equal to the sum of a random variable that is correlated with the first four
events in (35) and an independent Gaussian random variable (namely W ([s; +
2744 1) — 272741 x [0,1])) with mean 0 and variance at least 2720+ —
27%=3 > 27273 and therefore the conditional probability of Fy(z,n) given
the remaining four events is < 27"/27172, Also, s, +2 %% < t, — 2724
because (s,¢) € E; ;, so by Lemma 12, J(t,27",n — j — ky — 2) is independent
of the first three events in (35) and has probability < @27 *"—/—k=2) by
Proposition 11.
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Fig. 1. Disposition of 5 and # in Sect. 4.2

By writing W(s; —27%",5,) = W(,, 5) + Z and observing that W (3, ) is
independent of J(s,27",n — k), we bound the probability of the remaining
intersection of three events in a similar way, and we conclude that

P(F(s,n) N F(t,n)) < K'2~ (=D~ 2n—k)p=aln=j—ke=2))2p=n
K2~ (+20ny —(n—1)=2a(n—j) (36)

This proves (¢) fors S tand 0 < i < j =< n—hk —2.

Ifn—k -2 <j=<nandi < n—2, we omit the third and fourth events
in (35). The independent random variable used in the decomposition of W(z,)
is now W([s; +27%",t; —272"] x [0,1]), which has mean 0 and variance >
2720+ 2272 > 2723 by the assumption on i. Inequality (36) becomes

P(F(s,n) N F(t,n)) < K2~ (+20my=(=i) (37)

However, n — j < ky + 2, so 2724n=/)224k+2) > 1 and therefore we can in-
crease the constant K in (37) by a factor of 22%%2*2) to get the desired
inequality.

Ifn—1=<i=<j=<n, we omit the third, fourth and fifth events in (35).
Inequality (36) becomes

P(F(s,n) N F(t,n)) < K2~(1+20n

However, arguing as in the previous case, we can increase the constant K by
a factor of 22%%2+2) . 2 to get the desired inequality.
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Fig. 2. Disposition of s and ¢ in Sect. 4.3 (note that 5o — £, 2272(j+1))

4.3 End of the proof of part (c) of Lemma 2
It remains to consider the case where neither s < ¢ nor ¢ < s. Consider
n>k,+2. We assume without loss of generality that s, <¢;, s, ># and
that 27200 <5y —p < 27% and 2720+ < ) —5; < 27% where 0 < i <
j = n—ky—2 (the case where n—k; —2 <j < n is easily handled as in
Sect. 4.2). By definition,
P(F(s,n)NF(t,n)) £ PUJ(s,27"n— ko) NJ(5,27"n— j —kp — 2)
NJ(t,27"n—j—hky—2)NJ(,27"n — k)
NFy(s,n) N Fo(t,n)) . (38)
As in Sect. 4.2, from Fig. 2, we see that the variable W (¢) is equal to the sum
of a random variable that is correlated with the first five events in (38) and
an independent Gaussian random variable with mean 0 and variance at least
2723 and we conclude that the conditional probability of Fo(¢,n) given the
remaining five events is < 27"/27/~2. Similarly, the conditional probability
of Fy(s,n) given the remaining four events is < 27". Therefore, P(F(s,n) N
F(t,n)) is
<427 0P (5,27 n — k) NI (5,27 n — j — ky — 2)
NJ(t,27"n—j—k —2)NJ(,27" n— k). (39)
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In order to reduce the dependence between the remaining events in the
intersection above, we remove some of the events which define the J’s and J’s.
By Lemma 5, on J(£,27",n — ky), (T} /%), > 6 + 27912 > 5, 4+ 27%F],
and similarly, on J(s,27",n — k), (277%™, < 4, — 2%+ Therefore the
last probability above is

SPUG2 " n—j—k—2)NJ(s,27"n—j—ky —2)
NJ(t,27"n—j—hk —2)NJ (27" n—j —ky — 2)
N{(Pr7Hhtly, < g — 272 A {17,y 2 s 27
NIt p=G=h=h) G kg — Tk — 1)
ﬂJ(T:*jJrkoJrl’zf(jfkofl),j _ kO _ kz _ 1)) )
Given the two events on the third line of the right-hand side, the last two
events are conditionally independent of the previous ones, and therefore, by

a slight extension of Propositions 7 and 11 to appropriate random times, the
right-hand side above is
< @227 2Ukh=h=Dpj(s. 27" n—j—k —2)NJ(,27"n— j—kr — 2)
NJt,2"n—j—k —2)NJ(t,27"n—j—hk —2)). (40)
The four remaining events are still not quite independent. For instance, for
k < n—j—k, — 2, the event G(T¥,2F=") enters into the definition of J(s,27",
n—j—k,—2), and G(TF,2¥=") enters into the definition of J(£,27",n — j —
ky — 2). These events involve increments of W over non-disjoint regions (see
Fig. 3), the area of their intersection being bounded by C2**¥="+2 The key
observation is that the contributions of the increments of W over this inter-
section is small, typically of order 22*=™_ while W (T*) and W(T¥) are much
larger, of order 2¢—".
To make this observation precise, we must introduce several sigma-fields.
If T is a random point with the property that {T < u} € 9% for all u = ¢,
then we set
gl ={(FeF :Fn{T S u} c9"'}.
Other sigma-fields of interest are
Tk A Tk ~
G =9y V gsﬂ VGV g’ff ,
TIH»I . T/c A
Hy =9 V gsfﬁﬂ VG,V %tff .
Define the rectangles

RE(u) = (T (TE) + ul < [(TF)a, (TF)a],
R u) = (T — u, (T % [(T§)2, (TF 2],
O (0) = [(TF), (TF ) 1 % [(TF)a, (TF )y + 0],

OF(v) = [(T¥™) 1, (T < [(TF)y — 0,(TH)a],
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and the processes
Yi(u) = Apey W, Yi(u) = AgeuyWs
H©)=AguW. D) = Ay, W
Consider the events

A (k)= {3u, u' €[0,4M2°* =] sup(Y'(«') — Y'(u),
V') =Y w) 2 24P},

A*(k)={3v, v’ € [0,4M2°* ] - sup(Y*(v') — Y (v)
P20 - PP(0)) = 2F")P).

Since the maximal variance of an increment appearing in the definition of
A'(k) and A%(k) is (4M22*=m)2 and the typical increment is of order 22—,
a standard calculation (increments are bounded by max Y’ — min Y') shows
that

P(A*(k)|%)) = exp(=C(2"*)*P) on A2(k — 1),

PA' (k)| A k1) < exp(—=C(2" 7)) on A'(k —1)°. @D

Lemma 13. There exists a constant C such that
IP(G(T.27") [9h) — pol = CQ2")* on A'(k)*
and
IP(G(T}, 2 ") | A1) — po| < CREMYEon A2k .
The same inequalities hold if G is replaced by G, T by 7%, and T by f"f‘

8§
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Proof. We only prove the first inequality since the others are similar. Also,
we assume that k is even, so that TKt! = y/(Tk 2k="); indeed, the other

~ k ~
case is analogous. Set B(u) = WITS — Y'(u) and observe that B(-) is inde-
pendent of ¥; and its distribution is that of a Brownian motion. Moreover,
|Y'(u)| < (257")*3 on A'(k), so we can apply Lemma 9 to see that condi-

tional hitting probabilities for er‘k(~) given ¥, differ from the same hitting
probabilities for B by no more than C(2¥~")?3. The same occurs with the
remaining hitting probabilities. Together with Lemma 3, we get the desired
estimate.

We now continue the calculation started in (38) and (40). According to
these and the definition of the events J(-,-, ), the probability on the right-hand
side of (40) is bounded by

P(G(T°, 27"y N G(T), 27"y - A G(Fr— =2 p=i—h=2)
NG(TY, 27"y N G(T!, 27"y (- A G(Tr k=2 pi—h=2)
NG, 27" N G(T!, 27"y N . G(Fr 72 2i—h2)

NG(TY, 27N G(T!, 27"y - N GI 02, 277~k =2)) | (42)

We have to distinguish whether or not one of the events A'(k) occurs. Set
() =inf{k = 0:w € A'(k)UA*(k)}. The set {t > n—j —k, — 2} is pre-
cisely the set | J{— " 7*(4" (k) U 4%(k))°, and on this set, the probability of the
intersection in (42) can be bounded by iterated conditioning using Lemma 13,
yielding the bound K2~*"=/)_ Following the estimate used in the proof of
Proposition 11, consider > a. For / =0,...,n—j—ky —2, on {t =1}, we
remove in (42) all events after column / and we use Lemma 13 and (41) to

get the bound
2—4al exp(_C22(Vl—1)/3) < 2—4ﬁn+4([3—o€)l )

Summing over 0 < / £ n—j —ky —2 yields the bound K'274"=/)  This
bound, together with (39) and (40), yields that

P(F(s,n) N F(t,n)) < K272~ (==l ~ko=ho=lp=4atn=))
_ Kz—(l+23<)n2—(n—i)2—2a(n—j) ,

which completes the proof of Lemma 2.

Remark 14. A variation on Theorem 1 would be the following statement: with
positive probability, there exists a continuous non-decreasing random function
7 :[=1,1]1 x Q — [1,2]? such that p(—1) = (1,1), y(1) = (2,2), W(p(—1)) <
q, W(y(1)) > g, and W(y(u)) = q for exactly one element u € [—1, 1]. To see
why this statement is true, extend the path I'} from I'/(ug) to (2,2) = I'/(vo)
by one vertical segment followed by one horizontal segment, and similarly,
extend f;’ from f;’(uo) to (1,1) = f’t’(ﬁo) (note that vy = [(2,2) — ¢| and ¥y =
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|t — (1,1)]). There are subsets G;(t,n) and Gi(t,n) of Fi(t,n) and F\(1,n),
respectively, such that

Gi(t,n) C {W (I (u)) — W(IH(27")

gu) —27", for 27" <
Gi(t,n) C {W(I"(u)) — W72~ "

) =
) = —g(u)+27", for 27

u
<u =< b}

(the right-hand sides of the inclusions are similar to (3) and (4), except that u is
in the interval [27",vy] instead of [27",ug]). Let G(¢,n) = Fo(t,n) N G1(t,n) N
Gl(t,n). Since on Fi(t,n), W(I'}(up)) = g(ug) > 0, given that F(¢,n) occurs,
the probability that G(z, n) occurs is just the probability that the sheet restricted
to I'f does not hit zero during [ug,v9], which is greater than the probability
that a Brownian motion started at g(ug) does not hit 0 before time vy — uy, and
is therefore bounded below by a positive constant that does not depend on ¢
or n. In particular, Lemma 2(a) and (b) remain valid with F(¢,n) replaced by
Gi(t,n) and F(t,n) by G(t,n). Lemma 2(c) also clearly remains valid, since
G(s,n)N G(t,n) C F(s,n) N F(t,n). Therefore the proof of Theorem 1 carries
over to prove the claimed statement.

Acknowledgement. The authors thank an anonymous referee for a detailed reading of the
first version of this paper that uncovered numerous small errors and led to significant im-
provements in the exposition.
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