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Summary. We study the stationary measures of an infinite Hamiltonian system
of interacting particles in IR subject to a stochastic local perturbation conserv-
ing energy and momentum. We prove that the translation invariant measures
that are stationary for the deterministic Hamiltonian dynamics, reversible for
the stochastic dynamics, and with finite entropy density, are convex combi-
nation of “Gibbs” states. This result implies hydrodynamic behavior for the
systems under consideration.
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Introduction

The ergodic problem in Hamiltonian dynamical systems is at the base of equi-
librium statistical mechanics. While, beginning with the celebrated Sinai’s paper
[Si], some results are known for finite systems (see [LW] for a general ap-
proach to ergodicity in Hamiltonian systems), very little is known concerning
infinite systems (some results are known for special systems with an arbitrary,
but finite, number of particles [BLPS]). By ergodicity of an infinite system we
mean that convex combinations of Gibbs measures are the only stationary and
translation invariant measures, within a reasonably “regular” class.

Furthermore, recent developments in non-equilibrium hydrodynamics (cf.
[OVY]) show that the ergodicity of an infinite systems is a main ingredient in
the rigorous derivation of Euler equations as a macroscopic description of the
conservation laws for the density, the momentum and the energy (at least in
the smooth regime of these equations).

Since no results in this direction are present for deterministic systems, it
is natural to ask if a stochastic perturbation may help in proving ergodicity.
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The stochastic perturbation should conserve the energy, the momentum and the
number of particles of the system, while destroying locally the other possible
invariant of the motion.

A stochastic perturbation of this type is introduced in [OVY]: any two parti-
cles exchange randomly momentum in such a way as to preserve only the total
momentum and energy of the two particles. The rate of exchange is assumed to
decrease when the distance between the two particles increases, but the range
of this random interaction is infinite. Accordingly, any particle is interacting
stochastically with any other and the corresponding diffusion on the momenta
space of any finite number of particles is elliptic. This permits to characterize
the distribution of the momenta of any finite number of particles conditioned
to the positions: it must be a uniform measure on the corresponding invariant
manifold in the momenta space. The equivalence of ensembles implies that the
distribution of the momenta conditioned on the position is a convex combi-
nation of “Maxwellians”. In addition, one can localize the invariance, under
the Hamiltonian dynamics, of the distribution, and prove that the distribution
of the positions satisfies the DLR equations with respect to the corresponding
interaction.

The purpose of the present paper is to extend the foregoing argument to
finite range stochastic interactions. Two difficulties arise immediately: one of
local and the other of global type.

Locally, restricting oneself to a finite “chain” (or cluster) of particles in-
teracting stochastically, the diffusion on the space of momenta is no longer
elliptic; it becomes then necessary to prove that it is, at least, hypoelliptic.
This is done quite easily with an inductive argument and in grand generality:
only the convexity of the kinetic energy is needed.

The global obstacle is of a more serious nature. The diffusion on the mo-
menta is hypoelliptic only when restricted to chains of interacting particles.
But, several clusters of particles, too far apart to interact stochastically, may
be present; hence, they could be at “different temperatures”. We need the help
of the deterministic Hamiltonian dynamics to “connect” distant clusters.

Taking commutators between the vector fields generating the stochastic dy-
namics and the Hamiltonian generator one obtains a Lie algebra of vector fields
large enough to generate all the tangent space to the energy-momentum mani-
fold on the phase space (i.e., position and momentum) of the cluster of the
interacting particles. This means that our system is invariant for the dynamics
generated by these vector fields (that turn out to be local) which enable, after
some work, to produce “cluster deformations” that connect any cluster with
the others. Proceeding in such a way we can obtain, in each sufficiently large
finite box, a “unique cluster” and consequently prove that the momenta are
uniformly distributed.

A further difficulty arises if the kinetic energy is quadratic (i.e., the usual
“Gaussian case”). In fact, in this case all the above mentioned dynamics pre-
serve also the center of mass of any finite cluster of particles. To complete the
argument in this case it would be necessary to perform cluster deformations
that conserve the center of mass, hence substantially complicating the above
argument. We believe that our program could be carried out for the Gaussian
case as well but we stop short of it also in view of the fact that its application
to hydrodynamics is unclear (see point (d) in the following discussion). As in
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[OVY] we consider only stationary measures having finite entropy density with
respect to a grancanonical Gibbs measure. This condition seems to characterize
a nice class of regular measures'. To complete our argument, various extra
assumptions are necessary:

(a) The range of the stochastic interaction is finite but must be strictly larger
than the one of the deterministic potential.

(b) The invariant measures considered must have sufficiently high particles den-
sity. More precisely, we need to be sure that, for almost any configuration,
any sufficiently large box contains at least two particles interacting stochas-
tically. The bound on the density we ask here is very rough, and we believe
it can be substantially improved by using a more refined argument. Alterna-
tively one can assume that the average potential energy is positive, which
implies that in a box large enough at last two particle interact determin-
istically, therefore stochastically. Unfortunately potential energy is not a
conserved quantity, so usually one does not have any information about its
average value, that is why we prefer a condition on the density, which is
stricter but easier to use.

(c) We assume that the measures considered are separately invariant for the
deterministic and the stochastic dynamics. Furthermore, they must be re-
versible for the stochastic dynamics alone. The reversibility with respect
to the global stochastic dynamics is a general condition which implies (cf.
Proposition 2.2) the conditions previously used to derive the hydrodynamic
limit: the invariance for each local stochastic dynamics (cf. [OVY]).

(d) In order to apply our results to obtain hydrodynamic limits following [OVY]
we consider kinetic energies that are not quadratic, since [OVY] does not
apply to the quadratic case. Nonetheless, we must assume a mild restriction
on the kinetic energy function: the local dynamics cannot have undesired
invariant (like the center of mass in the Gaussian case, see Lemma 2.5). We
provide examples of kinetic energy functions that satisfy both our condition
and the ones assumed in [OVY] (cf. Appendix 1).

As a consequence of our result, the hydrodynamic limit obtained in [OVY]? is

extended to the Hamiltonian dynamics with stochastic perturbation considered

in the present paper.

For lattice systems the problem of ergodicity is solved in [FFL] in a more
satisfactory way. In fact, there it is not needed condition (c), i.e., only the
invariance with respect to the total dynamics (deterministic + stochastic) is
required.

Concerning condition (c), notice that we could have asked the invariance
for the finite stochastic dynamic in each finite box. We prove indeed that this
is equivalent to the global reversibility (cf. Proposition 2.2). Proposition 2.2
has an interest in itself: it says that if a stochastic dynamics on a lattice in
finite dimension is hypoelliptic then for the corresponding infinite dynamics all
the reversible measures are given by Gibbs measures. This generalize a result
of M. Zhu (cf.[Z]) to the “hypoelliptic” situation.

The next section contains a more precise description of the results outlined
here, together with the plan of the paper.

! 1t is intended that we are always considering translation invariant measures
2 See Theorem 2.1 of [OVY]
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1. Notations and results

Sample space

A point of R?® x IR* will be denoted by (g, p) and the sample space Q will
consist of points ® = {(q,, px)}. Any bounded region B in R3 will contain
only a finite number of particles, with positions g,, in addition one can think
of p, as tags, and consider the corresponding finite configuration in B x IR3.

Interaction

We consider a radial repelling finite range smooth pair potential V' (g, — gp) #Z 0

such that:

i) Vx)=0 |x| >Ry (finite range)

il) V is superstable (i.e. it satisfies the superstability inequality: there exists
B > 0 and A > 0 such that for any finite box A and any configuration
we have:

A
Yo Vgn—ap) = |A|\wA|sz|wA| (L.1)

qa€A ggEN

((see [R])).

i)  (x, VF(x)) = Zf X; SJZ (x) <0 Vx €R® (repelling interaction)

The repelling condition (iii) is of a technical nature and it should be pos-
sible to remove it by a more accurate analysis. However, by removing or
weakening (iii), condition (ii) would become essential, while at present it is a
consequence of (i) and (iii). In fact, (i) and (iii) force ¥ = 0 and V(x) > 0
for each x in a neighborhood of 0, which implies a stronger inequality than
(1.1).

Kinetic energy

It is given by a convex function ¢ € C>°(IR?). One must distinguish between
two cases:
(G) ¢(p) is a quadratic function of p, which is the classical Gaussian case.
(NG) ¢(p) = Z?:l o(p') with ¢ a strictly convex smooth positive function
on R with
(i) @"(x) # 0 for each x € R3.

(ii) 3 ;;2(@”(3‘))2 = ¢"(x)’ + ¢"(x)¢"(x) #0 apart from, at most,
finitely many points.
In addition, we require the invariance for reflections, i.e. ¢(x) = @(—x).
We will refer to this case as the non-Gaussian case.
Notice that, if ;fz((p” (x))?* = 0 for each x the condition ¢(x) = ¢(—x) implies
¢"(x) =constant, i.e., we have the Gaussian case. This shows that, morally,
our classification covers all the possible cases; yet, it could be interesting to
carry out a more detailed investigation.
In this paper we will consider only the non-Gaussian case, yet some results
concerning the Gaussian case will be derived (Lemma 2.5, 2.6) in order to

3 This strengthened convexity will be needed only in the proof of Lemma 3.2 and could
be weakened, by adding some unpleasant estimates, to saying that ¢” can be zero only at
isolated points and its zeroes must have finite multiplicity
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enlighten the difficulties (due to a peculiar degeneration) arising in such a
case*.

As already mentioned, our main motivation to treat the case (NG) is to
apply the present results to the derivation of the hydrodynamic limit. To do
so, the kinetic energy function must satisfy the conditions:

0 P
op’ opiopt

which are clearly not satisfied by the classical case (G).

<

= >

<C” VYpeR’, (1.2)

Hamiltonian dynamics
The Hamiltonian is defined by the formal expression:
H () = Z $(pa) + Z; V(gx — qp)
( o

and the Liouville operator by

3
L= Zx:; [apé‘% Oqi, = Og, apé}} .

In this paper, we are not concerned with the existence of the dynamics gener-
ated by L or its stochastic perturbations. Our aim is simply to characterize the
probability measures on 2 that are ‘formally’ invariant (see Theorem 1.1). For
a more detailed description of the above objects see [AGGLM, Sect.2].

Stochastic perturbation of the dynamics

We will use the notation v, = ¢i(p,) = 61,; ¢. In the following, smooth

will mean always differentiable infinitely many times.
For each smooth function 1,5 : R® — R?, (i.e. 14 = Nup( Pss pp)) We de-
fine the vector field

X(Hap) = (Mg D ZmﬁD

where Dyg = 0p, — 0.
We are interested in vector fields with null divergence, i.e.,

div(X (1125)) = ( Dags Nap) ZDaﬂmﬁ =0. (1.3)

Furthermore, we ask that X (#,5) is tangent to the surfaces, in R3 x R3,

{ pitpy=c, i=123,
D(p2) + P(pp) = .

4 Actually, all what we do up to Lemma 2.5 holds for both cases
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This is insured by the orthogonality relation

(M1, Dap(P(pa) + d(pp))) =0 (1.4)

(equivalently, (#,p, Vs) = (#sp, Ug)), Which will imply the conservation of en-
ergy and momenta with respect to the stochastic dynamics.

In addition, we require a further “Condition on the Noise” that boils down
to a genericity condition and will be spelled out in detail in Sect. 2, before
Lemma 2.7°.

Let X(n.3)* be the adjoint of X(#,s) with respect to the measures

(= (p2)—=d(pp))+2-(patpp) dp,dpg

for any A4 > 0 and A = (4, 42, 43), with the restriction that

/eXp(—/h(ﬁ(p) + /- p)dp < +oo.

We have, because the null divergence and the orthogonality property, that
X(’/]acﬂ)* = —X(%/s)~

We use the previous vector fields to define an operator of the second order
that will be the generator of the stochastic perturbation. Consider a finite num-
ber K = 3 of vectors {'72,;} with the properties above. We define the operator

K
- 1 N 1
Lyp=—, > Xy X(ly) = 5> X0y

0=1 0
Moreover, we require that, at each point, the linear combination of {112/;} spans
a two dimensional subspace of IR® (the maximum compatible with (1.4)),
eventually apart from a set fliﬂ consisting of the finite union of codimension—

two manifolds. Therefore, iaﬁ is selfadjoint, and elliptic outside i;ﬁ For later
purposes, we define

Sup = o U{(pa pp) | 02 = vg}, (1.5)

by convexity follows that ¥,z is the finite union of smooth manifold with
codimension two as well.

Let o(g) be a radial smooth function on R, such that ¢(g) > 0 for each
llgll < Ri, and o(g) =0 for each ||g|| > R; > 4Ro. Then we consider the
operator

L= Z o(qy — qﬁ)LAa/;.
op
Note that we can assume, without loss of generality, 1,5 = 1.

5 In Appendix I we show explicit examples that satisfy such condition, but we believe that
it is “generically” satisfied and hence very general
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In the following considerations it will be important that ¢ is strictly positive
for a radius R; strictly greater than 4Ry, i.e. that the range of the stochastic
interaction is larger than the one of the ‘deterministic’ interaction®.

Gibbs measures

Let A C R?. Each configuration w € €2 can be written as w = {w,, wxc } where

wp = {(gs P2) € 0] g, € A}.
Let IP be a probability measure on €. If the IP-conditional distribution of
wy, given the configuration outside wyc, is proportional to

n 3
1 .
! exp | Aon + E E AiDy — 2aH A u(0p, 0pc) |,

a=1 i=1

then IP is called Gibbs Measure (or grandcanonical Gibbs measure). In the
above expression n is the number of particles in A (that we will denote by
|wa]) and the local Hamiltonian is defined by

H pn(@p, 0pc)

=Y bty X Vet Y Ve g

GuEWA qpEW); 0Fp qpEWpC

Statement of the result

Let Q and P be two probability measures on 2, and let Oy and P, be their
restrictions on a finite box A. The relative entropy of Q4 with respect to Py
is defined by’

HA(QIP) = sup {EY(F)— log E"(exp(F))} (1.6)

FEF

where  , are the smooth functions localized in A. For the properties of H)y
see, for example, [OVY]. In the following Q will be the translation invariant
measure under consideration, while IP will be any grancanonical Gibbs measure
for the interaction V.

Lemma 1.1 . If there exists a constant C such that for each box A,
HA(Q|P) = ClA]

© The factor 4 is due to technical reasons, plays a role only in Sect. 4 and is certainly not
optimal

7 By IE¢ we mean the expectation with respect to the measure O



408 C. Liverani, S. Olla

then,
(i) EC (JA| 2w ) £ €1 < o,
() EC|AT D pdl | £ 6 <o

g €A

i) B [IAT D [d(p)+ D> Viga—ap)| | £ < oo,

qu€A qpE®

where C;, C,, C3 are constants independent on A.

Proof. The inequalities (ii) and (iii) are consequences of the following entropy
inequality:
1

p

which is valid for any local function F and any constant f > 0. Inequality
(1.7) follows directly from the definition (1.6). Then for sufficiently small f,
we have

EO(F) < ;mglE“’(exp(ﬂF)) + LH(QIP), (1.7)

_ 1 1 1
B2 (1A S Inal | = 5y loe B (ex0 (630 1l ) | + 40 5 o
anA IIozEA

In a similar way one can prove (iii).® While (i) follows by the same argument
and the superstability inequality (1.1).

Define
plw) = lim [A]™ oy
n(w) = lim |A]™! « = lim |A|7'T,
(@) = Jlim [A7' ) po = lim A7
ga €A
. _ 1
e(w) = lim (A7 o(p)+, D Vg dp)
[Almoe g€ | apeh; aAf
+ 3 V(ga— ap)

qpEA

= lim |A|7'E,.
[A|— o0

The above Lemma 1.1, and the translation invariance of Q, ensures that the
limits p(w), e(w), m(w) exist O-almost everywhere’.

8 Although the integrand (iii) is not localized in A, due to the compact support of V, it is
localized in a slightly larger volume, which is as well for our present purposes

® The case of e(w) is less obvious because of the presence of the boundary terms. Yet,
consider a small box A and Footnote 9 continued
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The aim of this paper is to prove the following:
Theorem 1.2 . Let Q be a translation invariant probability measure on 2, if

(i) There exists a constant C such that for each box A, Hy(Q|P) < C|A|,
(ii) Jpo > pu such that Q {w € Q | p(w) > po}) = 1, where p, = 3/(4R}n);
(iii) Q is invariant w.r.t. the dynamics generated by L (the deterministic

part), in the sense that, for any smooth local function Fy(wy),

E9(LFy) = 0;

(iv) O is reversible with respect to L (the stochastic perturbation), i.e., for
any two smooth local functions ¢ and \y holds

E°(yLp) = E2(oLy) ;
then Q belongs to the closed convex hull of the (gran canonical) Gibbs
Measures.

Remark 1.3. Condition (ii) on the density is a sufficient condition in order to
always find at least two particles interacting stochastically. Since the range of
the deterministic interaction is smaller than the one of the stochastic interaction,
this condition may be replaced by ensuring that the average potential energy
is strictly positive, i. e. if we define

lim A7) V(g.—gqp)

ww) = lim |A|7'U,
Al =00 A =00 "
qo4qp

then the condition reads

O{u(w) Zz e > 0}) = 1.

Unfortunately, this condition is not practical because u(w) does not correspond
to a conserved quantity. It would be of no use for the application to hydrody-
namics (cf.[OVY]), where we cannot have such information on Q.

The proof of Theorem 1.1 will be carried out in four parts. In the next
section we will construct a multitude of local dynamics that leave the finite
dimensional restrictions of the measure Q invariant. Section 3 is dedicated to

Ex=)ea [d’(l’u) +, D g as V= ap)| 5

then A can be obtained by space translations 7; of A (A =U;t;A), with ;ANTAC
O(t;A) U d(t;A) for i # j. If we introduce a box A’ concentrical to A but Ry larger than A,
we can obtain A’ as well from space translations of A. Then, thanks to the positivity of the
potential,

1 = 1 [A] [

a1 22 TES < 5 Ex Sy 207
where by Zj we mean a sum over the space translations necessary to cover A, while by
Z; the sum over the space translations needed to cover A’. Notice that if A is a box of
. . . A
size L, then |A| = L* while |A'| = (L +Ro)?, so limy|—co |‘A

obtained by ergodic limit, with respect to space translations, as well.

‘l = 1. Hence, e(w) can be
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the characterization of typical configurations for the class of measures Q under
consideration. In Sect. 4 we show that the above mentioned dynamics give a
local characterization of Q weaker than the one implied by DLR equations,
but sufficient to claim that the global distribution of the momenta, conditioned
to the positions, is given by a convex combination of “Maxwellian” (corres-
ponding to the proper ¢). We conclude the argument in Sect. 5, along the line
of [OVY], by proving that in the infinite limit the kinetic energy is “invari-
ant” for the deterministic dynamic generated by L. Thus, each component of
the convex combination is invariant for L. A classic argument (cf.[GV] and
[OV]) shows that invariant distributions for L that have distribution of the mo-
menta conditioned to the position given by a Maxwellian are canonical Gibbs
measures.

2. Clusters and local dynamics

Given a configuration m, we call “connected” two particles that are sufficiently
close to interact stochastically (o and f are connected if o(g, — gp) > 0, i.e.
lg. —gp| < Ri). We call “cluster” a set of particles such that any two can be
joined by a chain of connected ones. We call “isolated cluster” a cluster such
that the particles outside it are not connected to any particle in the cluster.

Any configuration @ can be grouped in many isolated clusters {I'; (w,)}.
These clusters may be finite or infinite. Also, the restriction of any configuration
to a finite region w, is grouped into finite clusters {F{‘(wq )}, where we have
overlooked the connections with the particles outside A.

To simplify notations, in this section we denote by E the expectation of Q
conditioned to a configuration of positions w,.
Consider a cluster T, and let n be the number of particles in it. Then

ir{\ = > o(qs— qﬁ)l:aﬁ is an operator on IR3 and it conserves the quantities
oc/fEI‘;.'\
1 2 3
Sk Dok D P D dpa)
qxel“l/.‘ anFf\ qxel“;.“ anFlA

Let us consider the corresponding connected hypersurfaces of dimension
3n—4:

Y. = {(pl,...,p,,)

2 1 _1§ 2722 3 _ 3
pa:CB p“—C, pot*c’
o o o

T=Z¢(pa)=c4}, 2.1)
and the sets
Y. = {(pl,...,pn) € EC|(p“, pp) € i“/; for some a, ff € {1,...,n}}

where iaﬁ has been defined by (1.5). Note that Y. is the finite union of smooth
submanifolds in Y. of codimension, at least, two; hence 3. \ . is connected.
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Lemma 2.1. L, is an hypoelliptic operator on Ec\ic, i.e., the Lie algebra

generated by
{X;)ﬂ | O(,ﬁ S Fl}

spans the tangent space of % at each point in ¥, \ ..

Proof. Let us fix our attention on an arbitrary point in Ec\ic.

We can represent a cluster of n particles by a graph ¥, with n vertices.
Each vertex of the graph corresponds to a particle; two vertices are joined by a
bond (edge) if and only if they correspond to particles close enough to interact
stochastically. In a cluster of n particles there are at least » — 1 bonds:

#H(.p)|o(gx—qp) < R} > n— 1

We consider then a minimal acyclical (i.e., the edges do not form any loop)
connected sub-graph 4, of ?n. This amounts to choose n — 1 bonds. We choose
a set of 2n — 2 linearly independent vector fields Xf/; i €{1,2}, (off) being a
bond in 9,,.

Two bonds are said to be contiguous if they have one vertex in common.
There are at least n — 2 couples of contiguous bonds. If we compute the com-
mutator between two contiguous bonds {«f} and {yf} we obtain

0 Ol _ /0 0;
|:XO‘/”’)(7/§:| - <’71ﬁ’ AG/D7/3> - <’7«/;;’ B('),'Da/)’>

where A4y, is the matrix whose element 4/ is given by D’;ﬁ(n%)l (that is, the
derivative, with respect to the k£ component of p, — pg, of the / component of
n%) and By, is the matrix Dﬁﬁ("%)l-

Let 9, k < n be a sequence of connected sub-graphs of %, containing &
vertices, 9%, C 911, and .o7; the Lie algebra generated by the vector fields
Xfé, (o, B) € 9. We will show by induction that .o7,, contains 3n — 4 linearly
independent vector fields.

The fact is clear for .o7,. Let us suppose that it is true for .o7; and let us
show that .7, contains three extra vector fields linearly independent from all
the previous ones.

We start by noticing that %, is obtained by adding a particle (vertex),
say o, to %; and that such particle is connected with the rest of the graph
by only one bond. Let us call f the particle to which « is connected and y a
particle, in %, connected to f. .o/ is larger (or equal) than the set of vector

fields generated by all the vectors in o7, X f[’; and [Xfé, X}e’ ]. If our inductive

hypothesis is false, then there exist 4; € R, p;; € IR and Y;; € o7/} such that

0 0, 0; 0;
0= /X5 + 22X,5 + 1 [X,(/’; X//;} + Y

for each 7, j € {1,2}. To see that this is impossible we apply the above tangent
vector to p,
P 0 T 0;
0= Aty + Zam,p — 1 (By,) M-
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By multiplying this relation by D,gT, where T is the kinetic energy defined
inside (2.1), and by using the fact that, for points not in 3., D,zT # 0, follows:

9.
0= :uij<BQ,-Dac[j’To ’1y15>~

To simplify the previous expression we recall that, by definition, (172’/3, DyT) =
0 and applying the operator D,z to such an equality yields

0.
0 = By, DypT + Hgn,y,

where Hy is the matrix 0 pﬁﬁ pﬁT . It is essential to notice that the Hessian Hp

is positive definite, given the convexity of ¢.
By collecting the previous relations follows:

91' 0;
0= /“Lij<Hﬂno</£’ ﬂ7;f>'
To conclude the proof it is enough to show that at least one of the scalar

products (H[;ng;),, n??),) is different from zero. Notice that {ni’ﬂ} and {'7%} span

two two-dimensional planes in IR3. Such planes must intersect, at least, at a
line. Let { # 0 be a vector belonging to such a line. Clearly there exists t;
7, such that erm% ={ and Z,r;ngk = (. This yields to the contradiction
0 = (Hp(, (). That is, the vectors Xfﬁ‘, ng, ZU r,r Xlﬂ, X, f] are linearly inde-
pendent with respect to themselves and with respect to the ones in the algebra
A .

Proposition 2.2. The condition (iv) of reversibility of the measure Q implies
that, for any bond corresponding to connected particles b= {a,f} in the
configuration w, and any smooth local function ¢, we have

E9(Xf | o) = E (Xjyp) =0
provided that supp(¢) N Se = 0.

Proof. Let ¢ and { be arbitrary smooth local functions with support in a finite
region A’, and A a region containing A’ and so large that particles inside A’
cannot interact with particles outside A. Since the size of the support of a test
function can be assumed arbitrarily small, without loss of generality, we will
carry out a local argument; namely we will assume that the support of y is
contained in a conveniently small neighborhood of an arbitrary conﬁguratlon
not belonging to S, (i.e., the support must be so small as not to intersect D ¢)-
If the configuration w, does not contain any cluster in A, then the proposition
is obviously true. Next, we will assume that only one isolated cluster'® I'y is
present (the case in which several isolated clusters are present can be treated in
the same way, as we will remark at the end of the proof). The graph associated

10 Remember that an “isolated cluster” in A can still have interactions with particles
outside A
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to I'y is finite and it will contain M bonds. The reversibility condition (iv)

implies:
—E (yLo) = Y > o (Xy X)p)

beTy 0

where b = (o, ) is a generic bond in I'y, i.e., 65 = a(g, — gp) > 0. Note that
the operators X,z with g, or gg not in A do not appear in the right hand side
of the above equation, although it is possible that a(g, — qg) # 0; this is due
to the fact that, since the test functions depend only on the particles in A’, if
g, ¢ A and (g, — gp) # 0, then gg ¢ A’ which implies X, = 0 = X,50.

A technical obstacle to our proof is that, in general, the vector fields
{X,f)1 ,...,Xb(iu} are neither linearly independent nor their linear combinations
span all the Lie algebra that they generate. Typically, only L < KM such vec-
tor fields will be linearly independent!!, while the Lie algebra will be N > L
dimensional. To overcome such problem we choose, among {X; 0| . ,Xb(jw} and
their commutators, a subset of linearly independent vector fields {Xi,...,Xy}
that form a base of the Lie algebra!?. In addition, we require

x....xycix)....x
Thus, the original KM vector fields can be expressed as linear combinations
of the independent vector fields {X,...,X.}:

L
Xy = Vi X j=1,.. KM
i=1

Since,

0 0
[Xb ka]

j’

0 o’
[VﬂXl, "kpo}

{vfl(leZp)Xp — vgp(XPv?,)Xl + vf,vzp[Xl, Xp]}

Lp
Lp
it is clear that {Xj,...,X,} generates the complete Lie algebra under consider-

ation.
Let 4 be the L x L matrix with elements defined by

M
0.0
Gk =)D 0nVivi
j=1 0
then

L
YN aE (XY X)) = Y E(awXify Xeo).
k=1

1 KM is the cardinality of {X[f)l,...,X,?M}; remember that 0 € {1, .., K}
12 This is possible provided the support of s is sufficiently small
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It is easy to check that the matrix A is positive defined, and therefore
invertible.

According to Lemma 2.1 {Xj,...,Xy} span the tangent space of X. (the
surfaces associated to the cluster I'y). Since such surfaces foliate the phase
space of the particles contained in I'y, we can choose coordinates (¢, y) such
that the vector fields {Y;}), associated to the coordinates {y;}), generates the
tangent space of X, (i.e., for each ¢, {y} is a system of coordinates for %.).
This implies, Vi, j,

[Y[, Yj] =0 and Y,yj = 5,‘].

In addition, there exists an invertible N x N matrix A, such that

Let us choose as function ¢ a coordinate function y; multiplied by a smooth
function with value one on the support of v, which, consequently, can be
ignored. Applying L we have

£szz X awi Xi yj
i
= X ay Ay,
ki

where we have used

Xiy; = Z A Yy, = Ay
/

The reversibility relation then gives us:

- ZIE (¥ X (aw Ny)) = ZIE (ari Nij X W),
ki

ki

which is equivalent to

STE (X (¥ ay Ay)) = 0.

Let ¥V =A""RY Cc RV, then AA : V — R! is one to one and onto.
Which means that for each ¢ € R., f =(0,...,1,...,0), there exists of €
V c RY such that AAo* = ek, Moreover, in some small neighborhood of any
configuration, of will vary smoothly.

We can make the following L? different choices of ¥

U = ¢,

13 By RZ, here we mean {v € RY |v; =0Vi > L}.
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where ¢ is a function with sufficiently small support around the configuration
we are considering.
Summing over j we obtain

0= "E (X Ajau ) = E (Xie[d).

i),k k

that is to say
EX, ¢) = 0 Vhe{0,... L}

which implies our thesis.

The generalization to the situation where many clusters appear in the region
A is straightforward since, in the above argument, the coordinate functions y,
are localized on the particular cluster we are considering. Hence, the argument
simply factors over the different clusters.

Up to now we have seen that the measure is invariant with respect to vector
fields that generate the tangent space to the surfaces of the momenta of the
clusters I'* with constant kinetic energy and momentum. This was done only
by using the reversibility of the stochastic dynamics. If A contains a unique
cluster (like in the case with infinite range stochastic interaction), then this
would imply that the measure on the momenta conditioned on the position is
Microcanonical, i.e. we would have directly Lemma 5.1 below'*. Unfortunately,
in our case we cannot ignore the existence of isolated clusters. So what we can
conclude at this point is that, conditioned on the positions, the distribution of
the velocities in each cluster is Microcanonical. In order to attain the statement
of Lemma 5.1, we need to somehow exchange the particles between clusters.
The only way to do this is to generate, with the help of the Hamiltonian
dynamics, other dynamics for which the measure is invariant and that permit
such exchanges of particles among clusters. In the rest of the section we will
define these dynamics and prove their local properties, and in Sect. 4 we will
use them to move particles among clusters.

We start by studying the Lie algebra generated by {Xofi,f; [Xfﬁ, L]}%qﬂe A

Lemma 2.3. For each region A, and for each local smooth function ¢
localized in A, calling </ the Lie algebra generated by the operators
(X3 X L1} gqpen » we have
llgx—apll <Ry
EC (X | |was| = n; wpe) =0
for each X € of .

Proof. The difficulties arise because L does not conserve the number of particles
in a finite region. We need to use here the stationarity of Q with respect to L.

14 See the arguments after Proposition 4.1 for details
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Let x-(¢g) be a smooth function equal to one if ¢ € A, and equal to 0 if the
distance between ¢ and A is larger than €. We can then define N. = > x-(¢.)
to be an approximation of the number of particles in A. Clearly, when ¢ goes
to zero, N. tends to the number of particles contained in the closure of A,
which, since Q is locally absolutely continuous, equals almost everywhere the
number of particles contained in the interior.

Let & be a smooth function on R™ with compact support and ¢ any smooth
local function with support contained in the interior of A; in addition, we con-
sider arbitrary smooth functions 033 :IR® — R with support in A x A and we
use them to define the local operators X () = Z“ﬁu %Hﬁ(%a qp)o(qs. — q/;)XfB.
By definition all these operators are part of the Lie algebra .o7,; in ad-

dition, X (), [X(¥), L] generate ./,. Using the previous definitions, since
X()h(N:) =0, we have,

0 = E([L, X(Y)]ph(N:)) = E(h[L, X(¥)]¢) — E(X (Y)Lh).

Since Lh(N:) = h'(N:) > (py, Vy(q,)), we have that X(y)Lh =0. So we
yEAC
conclude that

0 = IE(A(N:)IL, X(¥)]9).

Letting ¢ — 0 proves that it is possible to condition with respect to the number
of particles in A; a similar computation shows that it is possible to condition
with respect to the configuration outside A as well.

Lemma 2.3 shows that .o/ has interesting local properties, these are further
clarified by the following Lemma. Consider configurations with n particles in
A and define 115, E, like in the equations above Theorem 1.2.

Lemma 2.4. The Lie Algebra </, is tangent to the surface 11, = constant,
E\ = constant, and acts only on observables depending on the coordinates of
the particles inside A.

Proof. Given two particles o, f € I' we have

Xjplly =0,
XiyEx =0,
oT
0 _ yb _
oAH OE oAH OFE
|:Xof)ﬁ’ L:|EA :Xaﬁﬁ Z s A - 5 A
—~ \dp, 0q agy” 0py
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Letting A=A —Ex=)_ ., d(p;) + ) D gh 2oqsgh; oz V(@ — q5), and

’12 ) . .
H, = 7%7) ) we can rewrite the last equation as
! aphop)

0N OE, N OE,
X0 LIEy = X0 —
{ o ] ! ” [Z <0Pv’ 5qv> <5‘1v’ apv>

Y

oA oA
=- H,n) Hynlly ) =
<6qx’ 7]1/}> " <5q/3’ lmaﬁ> N

since A does not depend on ¢, or gg.
Similarly, a direct computation shows that, if ¢, ¢ A, then

[Xf,;, L] ¢ =0,

[Xf[f’ L} py=0.

At this point we have to distinguish between the Gaussian and the non-
Gaussian case. The difference is that in the Gaussian case the center of mass
is always conserved. Define

®A = an'

qu€N

Lemma 2.5. If ¢ is quadratic, the Lie Algebra </ is tangent to the surface
II, = constant, £, = constant, and ©, = constant.

Proof. All we need to compute is

X0y =0,

a9
i L]on =X > o, = (e = Hyy =0,
yEA 7

since, in the present case, H, = Hg = constant.

This means that, in the Gaussian case, the vector fields we are considering
preserve the center of mass, even if this is not conserved by L; accordingly,
the Lie Algebra generated by {XJ,, [X}y, L]}, for some o, € T (I being some
cluster in A), can be at most five dimensional'>. It is interesting to notice that
the algebra has indeed the largest possible dimension.

Lemma 2.6. If ¢ is quadratic, and o, € T are connected, then the Lie Al-
gebra generated by {Xfﬂ; [Xfﬁ, L)} is five dimensional.

15 Here and in the following, for dimension of a Lie Algebra we mean its minimal dimension
when restricted to the tangent spaces at different points
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Proof. Applying the vector fields to ¢, we have

{Xoceﬁ’ L:| 9o :HanZﬁ’

[Xaﬁﬁ, [Xfﬁ, LH’]“ —H,D, (112/;) 0.

This vectors span a three dimensional vector space and are linearly independent
with respect with the vectors Xfﬁ. To see this, it is sufficient to consider a

generic linear combination, equal it to 0, and multiply it by H, 'D,gE, then
0; 01,0
0 =" w Dl 1y ) + v{ Dy, D () ) (2.2)

Next, remember that (D,gE, n§ﬂ> = 0, differentiating such an expression by D,z
one gets

T
(Hy + Hﬂ)”lgﬁ + Dy (”gﬁ) DypE =0

and, multiplying it by 173/3,

<’7£ﬁ’ (H, +H/)’)112/;> = —(DypE, Dy (772/)’) Wgﬁ>-
Substituting the above equality in (2.2) we obtain
v<nglﬁ, (H, + Hﬁ)n2}3> =0
that is v = 0. From this follows u; = 0.

The existence of such an unexpected conserved quantity is the reason why
the Gaussian case is much harder to study than the non-Gaussian one. From
now on we will consider the non-Gaussian case only.

In the non-Gaussian case the center of mass is not conserved by the vector
fields we are considering, and we have no other obvious conserved quantity. We
need a condition on the noise to ensure that there are no (“hidden”) conserved
quantities, beside those considered in Lemma 2.4; this amounts to require the
analogous of Lemma 2.6. More precisely we require the following.

Condition on the Noise. For each two particles o, 5, interacting stochas-
tically, we require that the Lie algebra generated by the vectors Xfﬁ and
[Xfﬁ, L] is eighth dimensional at each point of every surface with fixed total
energy and total momentum except, at most, for the finite union of smooth
manifolds of codimension two f)%,;.

In Appendix I we show that if ¢ satisfies (NG) then there exists choices of
s for which the above condition is fulfilled (in fact, probably the condition
is fulfilled for almost all possible choices).
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We introduce a family of surfaces in R®",

2, IL E, o) = {(q, p) € R™

Zpoc:H;
o

S b+ 5 S Ve~ ap)

o

+Y > V(qx—q/;)=E}

% fEwc

and let Z be the union of the sets for which ( p,, Pp) € i(aﬂﬁ), for some o # .

By hypotheses Z has at least codimension two in Z, in additions it has zero
Lebesgue measure.

Lemma 2.7. For all n € N, for almost all 11, E, for each X € </, and any
local function ¢ with support contained in A and disjoint from =

EXop | oy € Z, wpe) = 0.

In addition, for configurations for which A contains a unique cluster the Lie
algebra </ \ spans all the tangent space of Z at each point of Z\E.

Proof. The first condition follows from Lemma 2.3 and Lemma 2.4. To address
the second part of the lemma we start an induction similar to the one used in
Lemma 2.1.'® We want to generate a 6n — 4 dimensional Lie algebra. Hence,
we need six new independent vector fields at each step of the argument (i.e.,
for every new particle o that we add to the cluster).

From the proof of Lemma 2.1 we have already three independent vector
fields generated by {Xf/;,X ﬂ"j }. All these are acting only in the direction of the
momenta, so all we need is to look at the action of the new vector fields on
the position directions to establish their linear independence.

Define
=0 0
L =[x 1],
()k()[ o (-)l "'Hk
Ly =[x L)
Applying these vector fields to g, we have:
=0 0 0
Lalquoc = X“/];ant = Ha”lxlfg

0,0 0 0, 4 r 0
La]/(fquoc = /Y/;lex"Ia,;j = H, (D[f”]a/}> Ngy-

It is then enough to prove that the vectors Xfé, [X:l’;, X‘/,H/';"], Z:’p, Zl.j f[jLz;f}’f ,
for some choice of &;;, and Y (where Y belongs to the lie algebra generated

16 Again, we can restrict ourselves to a local argument. In particular, we can assume that
the support of ¢ be so small that the cluster structure in it is constant
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by the vectors already considered during the induction procedure) are linearly
independent. Again we assume that it is not so, i.e.,

2 2
0 0 0 ~ 0,0
0= Ax + uy [Xxﬁ, XT/;} +3 ull 4o ekt 1,
k=1 k=1 kl

for some A;, pi;j, vi, T, Y. We apply the previous expression to, g, and obtain

2
0, o \T o
0=>" ek, + T > éut, (D/m“};) Mg
k=1 ki
If we multiply by H, 'D,4E, recalling the properties of 7, we obtain

0 0
0=r1 E §k1<HamI/§, '7;,,];>-
7

Which shows that, out of 3, it is always possible to choose &; such that the
sum is different from zero. This implies T = 0 and allows us to conclude the
proof in complete analogy with Lemma 2.1.

As promised, we have found a bundle of local dynamics preserving the
measure Q (or, more precisely, its local conditional measures), i.e. the dynamics
generated by the vector fields in the Lie algebra .o/ .

3. Conditioning to typical configurations

Using the entropy bound and large deviations estimates, we will show here that
certain configurations have probability 0 for any measure Q satisfying our hy-
potheses. We will need to exclude these configurations from the considerations
of the next section.

First of all, we want to disregard configurations with locally big barriers
of potential, so we are going to analyze those configurations displaying high
local density.

Lemma 3.1. Let A C R? and A C A be a box of size Ry, consider the fol-
lowing configurations

05 = {w|3A CA: |wa| = e VA2). (3.1)

If Q satisfies condition (i) of Theorem 1.2 (entropy bound), then there exists
C > 0 such that:
0(Q3) < ¢

Proof. By the entropy inequality

log2 + HA(Q|P)

o%) = log (14 P(Q5)~")



Ergodicity in infinite Hamiltonian systems 421

(which is a consequence of (1.7)), and condition (i) of Theorem 1.2, we need
only to prove that for a given grancanonical measure P

P(Q3) < C|Alexp(—Ci|Ale™?)

for some constants Cy,C; > 0 independent from ¢ and A.
Since the measure IP is translation invariant

C _ 1
PO < IAP{Joa] > <A,

, 3
for some fixed box A C A. Accordingly, (setting I' = [i5 e HHDEY L dipi
dp and

Va =320 Vg —a) + X, Dggenr, Vi = ap)"’

LN

> v
_ Z&l Z e On'I‘n / e—/14VA
n;5—1|j\|1/2 n: n
e AonTn “2|IA
—1 Z e e %A —1A (12 n
é ZA nl €Xp l:—)»4A |A| +)\,4B€ |A| ‘Al

nzg—llAll/z

2
< Ge G \A\’

where we have used the explicit form of the grand canonical measures, the
positivity and the superstability of the potential.

Another information needed in the following arguments is a bound on the
total kinetic energy shared by a large number of particles with respect to some
partition. In fact, in Sect. 4 we will construct explicitly a special way of group-
ing particles in sets, larger than the clusters given by the interaction, and we
will need that many of such groups have “enough” kinetic energy. The exact
formulation of the estimate needed is a bit technical and need some preliminary
notation. Let 2, be the collection of all possible partitions of the set {1, ..., n}.
Suppose that there exists 2 : Q) — U,en?, such that 2(wy) € glwle and
depends only on the positions of the particles (one such function is obtained
by associating to each configuration w, the partition in clusters; another one,
to which the following lemma will be applied, is constructed in Sect. 4). In
addition, suppose that it is defined'® Z(w,) C {P € P(wy) |#P = L/B} (re-
member that L is the linear size of the box A, while B > 0 is a fixed constant
that will be chosen before Definition 4.9), in other words we consider only the
elements that are sufficiently large. Set f’(coA) = Uﬁeyﬁ(w\)ﬁ Next, we want

17 The result presented here holds in much greater generality (cf. [R]) . Yet, using explicitly
the positivity of the potential, the proof boils down to the following three lines

'8 Here and in the following, given a set A4 by #4 we mean the cardinality of 4
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to consider

P, ={2?€P, |VP P if PNP(wy) =0 then P € P(wy);

if PN P(wy) # 0 then P C P(wy) and VP € P(wy)
either PNP = () or P C P}.

In essence, ‘@tm is the collection of all the partitions that agree with 2(w,)
on the “small” elements, while the “large” elements are obtained by joining
“large” elements of 2(w,). The following lemma claims that for each such
a partitions the probability that each “large” element has very little energy is
very low.

Lemma 3.2. Let a > 0, and € > 0 sufficiently small, A C R? and consider
the following configurations

a A ~
O =Sw| > #Pz gl V2 €, and VP € 2,P N P(wy) # 0,
PEP(wp)
Z d(ps) — 4p Zpﬁ < e#P
oaEP pepP

If O satisfies condition (i) of Theorem 2.1, then

1 Q5) =
lln})mlm o) =0.

Proof. We will use the same entropy inequality as in the previous lemma. In or-

der to simplify notations, we choose a grancanonical measure IP corresponding

to the parameters Ay = 4, = A3 = 0 and 74 such that ['y = [ e *#P)dp = 1.
Let us define

1 < 1 <
oo, 30
and observe that since ¢ is convex Y,, is non—negative. Then we have

Py <z Y ¢ 0/ ey I e

n=alA Pe?
‘ ‘ /E«@q PﬁP(mA)#@

where

g = / o4 2 B0 gy
Ym<e

Obviously the first step is to study J,, in the limit m — oo.
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Define m,, = | >, p; then

/ e ™ o, bpi) d"p
Ym<e

< / P! Z,m:l #(pi) d"p +/ e M Z;n:l $(pi) d" p.
Ym<5;‘7{m‘§h

|7Tm|§h

By standard Large Deviations (cf. [V]) for independent variables we have

1 9 m )
lim lim  log / e ML OB gy — o,
|7'5m|§h

h—o00 m—oo m

while for the first term we use the exponential Chebicheff inequality. For any
p >0

/ e ™ o o) d"p < eﬁsm/ e~ BYm o4 o e d" p.
Ym<5§‘ﬂm‘§h |T£m|§h
Hence, we need to estimate

lim ! log/ e*mEYmef;%Z;n:ld’(Pi)dmp
[m| <h
< s {B[otn - dw] - 1w},
wlal<h

where u(p) are probability densities on IR® (with respect to e *?dp),

fi= / pu(ple ™ dp,  P(u) = / d(pIu(pe ¢ dp

and
I(u) = / 1(p)log (u( p)) e ¥ Pdp .

Next,

sup {B[9(7) — d(w)| — 140} = sup {BC,()Var() — ()}
wlal <h wlal<h
where Var(p) = [(p — @)*u(p)e*??), and Cy(h) = inf|s <, ¢”(&) > 0 by hy-
pothesis.
The variational problem sup,, ;_, {pCy(h)Var(u) — I(u)} can be explicitly
solved and yields

o BCop(p=v)+2(1)p

u(p) = f e_ﬁc¢(h)(p—\x)2+z(\7)p—;»4d)(p) dp’

with z(0) = 0 (due to the symmetry of ¢) and

Lo
Z0)= ary T+ 2PCo):
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Substituting we obtain

sup {_Z( )i + log / o BCo p— V42D p—la () dp}
i

< / e~ FCoDP=id(p) g,

log/e_ﬁc(/’(h)’72 dp = ; log (

IA

)
BCy(h) )

Consequently,

| ! . Cylh)
s (pcln ) ) = - (1)

Finally, by choosing a sequence 4. — oo as € — 0 sufficiently slow so that
Cy(he)fe — 400, it follows

1
lim lim = log J, = —oc.
e—0m—oo m

Accordingly, since J,, is an increasing function of e, for each M > 0 there
exists Ag C IR? and gy > 0 such that for each A D Ay and € < &

Jm é e—mM

for each m = B~!L (L is the linear size of A). Thanks to such an estimate we
can conclude the Lemma:

~ nlo p ~
]P(Qj’\) é Z/:l Z en' / e—A4VAe—8M‘A‘#gq.

n=alA|

By construction HP 4 1s the number of different partitions of / = #@(q) =
nB/L elements. That is,

2 2
~ /! /!
= D, PP
q k. k.
A e =t T T it

IA

Zle Ji=t Zle Ji=t
B Z /) B // - (nB>nB/L
- (o, T = ’
Uiy iz0 [Tt 72 L
Zle =

where, in the last equality, we have used the Taylor expansion of (Zf: | Xi Y.
By the superstability it follows that there exist constants ¢; such that

OF 1 n? a - —eMIA
P(Q}) < >Z|A|n!exp [Cln—cz|A| — GMIAJ| nE[A] 5 oM,
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Hence,

1 ~_
lim lim Al log P(Q3)™" = +cc.
This last result implies the lemma, thanks to the same entropy inequality used
in Lemma 3.1.

4. Clustering

Before getting into the technicalities of the clusters deformations, let us pause
here to explain our strategy.

As we already mentioned in Sect. 2, from Lemma 2.1 and 2.2 and the
arguments after Proposition 4.1 will follow that the measure O on a box
Ay conditioned on the positions, on the total momentum and on total kinetic
energy:

QAO (dpl)“')dpn

ql,...,qn;Zpa,Zwa)) (4.1)
a=1 a=1

is Microcanonical only for the p’s corresponding to the particles in the same
cluster. In particular, this measure is symmetric for exchange of momentum be-
tween particles of the same cluster (by “exchange of momentum” we mean any
transfer of momentum among two particles that conserves the total momentum
and the total kinetic energy). If we could show that a measure is symmetric
for exchange of momentum between clusters, it would follow that such a mea-
sure is Microcanonical, i.e. Lemma 5.1 below. One way to achieve this could
be to find a transformation on the phase space, for which the measure Q is
invariant, that brings a particle o from a cluster I'; in “contact” to another
cluster I';, then exchanges the momenta with a particle  of I';, then brings
back o to the initial position in the cluster I';. We cannot do exactly this, but
we will exchange momenta between the clusters performing more complicated
transformations for which our measure Q is still invariant.

Given a box A¢ and a configuration w € €2, for each couple of label «, §
and n € R3, ||| =1, let T ;’ s the configuration obtained by exchanging mo-
menta between the particle o and particle  in the “direction” 7 respecting
the conservation laws (here o and f§ are two particles with position in Ag)'.
Observe that only momenta is exchanged while positions are unchanged. Fur-
thermore, such operation does not change the total momenta in II,,, nor the
total kinetic energy Ky, in the region Ao. As already mentioned, all we need
to prove, to show that O, is Microcanonical, is that

3 [F(T;f;;ﬁw)— F(w)| do(w) = 0 (4.2)

qo, 4qp EAO

19 That is, calling p’, p;} the new momenta in the configuration T ;%w, set pl, = ps + An and
Py = pp — An. Since we require p, + pg = py + pj and ¢(p.) + ¢(pp) = ¢(p,) + d(pp),
it follows that / is uniquely determined
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for any local smooth function F(w) and any arbitrary choice of the vectors 1,
(from now on we will set 7,3 = T:fl‘f ).

It is very easy to see why (4.2) implies the symmetry of the measure
on the momenta (4.1). Choose F(w) = Fi(pa,)F2(qay, ay, Ka,)- Since Typ
leaves invariant F,, one can condition the relation (4.2) on the quantities on
which F, depends and obtain

/ [Fi(Toppag) — Fi(pag)] dOCpay s Tag.Kny) = 0. (43)

i.e. that the measure defined by (4.1) is invariant for exchange of momenta
between particles.

What we already know is that (4.3) is true if o« and f are in the same
cluster (defined by the configuration g, on which we have conditioned).

By condition (ii)*® of our main theorem, we can choose @ > 0 such that
p(w) > p, + 2a with QO—probability 1. For any ¢ > 0 small enough, and A D
Ay large enough, with linear size L, define the set of good configurations

A ‘w/h‘ |wA|
_ _ < .
e = {w ’ ’ A p(w)|| £ a; A

- p(w>‘ < a} ) N (@)

where Ay is a box concentric to A and of linear size L/2. Then by Lemmas
3.1 and 3.2

lim lim Q((QA,E)C) — 0.

e—0|A|—o0

So it is enough to show that, for any ¢ > 0, we can find A large enough
such that

/A Y [F(Tp0)— F(w)] dO(w) = 0 (4.4)

Qe
¢ Ae qoc,‘I/)’GAO

for any bounded function F localized in Ay.

Let Zx(n, II, E, w.) C IR be the surface on which n particles have posi-
tions in A, total momentum II, and total energy £ (note that the total energy
inside A is affected by w.). Because of the boundaries w,, this surface may

have many different connected components E‘f\(n, IL E, w.) C R,

Proposition 4.1. For any € > 0 there exists A large enough such that the
measure Q restricted to =\ (n, IL, E, o) N QM is proportional to the Micro-
canonical measure?! for almost all 11, E and ..

20 1f, as noted in Remark 1.3, the condition is on the potential energy, just substitute the
definition of Q¢ with

O = {0 Uy, > alh,Uy > alAl}0(925) N (9235

and the rest of the argument of this section will remain essentially unchanged

2l To define the microcanonical measure consider that (A x R3)" is foliated by the surfaces
Z(E, IT) when varying E and II. Accordingly, it is possible to define the conditioning of
the Lebesgue measure on (A x IR?)” to almost all the above mentioned surfaces. Such a
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It is easy to see that (4.4), and therefore (4.2), follows from Proposition
4.1. In fact, o and T,pw belong always to the same connected component
(connected components can be distinguished only by the positions ¢’s), and
Microcanonical measures are invariant for exchanges of momenta between the
particles. The rest of the section is dedicated to the proof of Proposition 4.1.
The proof will be complete only at the very end of Sect. 4.

We now fix the box A, and we drop the index A when this will not create
confusion; moreover, in the rest of the paragraph we will drop the index ;j and
= will refer to a fixed connected component.

What we have proven in the previous section is that our Lie algebra .o/ gen-
erates the tangent space of Z(n, II, E, w,) only at those points corresponding
to a unique cluster.

Let us call duy, 11, £ w.(q. p) the measure Q conditioned on surface Z(n, II,
E, o) ie.

/ 7. PYdtin 115,00 (4. P)
2, ILE, oc)
=E? (f(wn) | loa| = n, Ta(w) =11, Ex(0) = E, o) .

Since all the quantities we have conditioned on, in the definition of y, are con-
served by the vector fields of the Lie subalgebra generated only by the particles
in A, the conditional measure du is invariant for such a subalgebra (Lemma
2.7); moreover, the subalgebra is composed by null divergence vector fields.
This implies that, in a sufficiently small neighborhood B of a point correspond-
ing to a configuration with a unique cluster, the measure du, is proportional to
the Microcanonical measure. More precisely consider an open set B C = with
a constant cluster structure and let y be the characteristic function of such a
set. If all the configurations in B have a unique cluster and v; # v; for every
i, j, it follows

/ 1(q> P)EN(G, P)dun 11, E 0.(q> P)
Z(n, IL E, ¢)

=ﬂmEEwQ/ 1@, PYFA(q, p)dM(q, p)
2(n,ILE, oc)

where dM is the microcanonical measure on = and Z is a normalization con-
stant. To see this, notice that the microcanonical measure is invariant with res-
pect to .o/. Moreover, there exists vector fields {¥;}?, from .o/, that span all
the tangent space of = at each point of B (provided B is chosen small enough).
Hence, du must be an invariant measure for the elliptic operator Y . Y;*Y;.
The claim follows since it is well known that such an elliptic operator has a
unique invariant measure.

If in the configurations in B are present several not interacting clusters

{T;} = f, then from Sect. 2 follows that the Lie algebra .o/, restricted to =,

conditional measure is exactly the Microcanonical measure on =. This Microcanonical mea-
sure is also the only one invariant for the action of every zero divergence vector field tangent
to the surfaces =. Notice that we use the name “Microcanonical” both for the measure just
described and for its conditional to the positions
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does not necessarily span all the tangent space. Yet, for each I'; € I', we can
consider the surface Z(I';) obtained by fixing the positions of the particles not
in T';/*2. From Sect. 2 follows then that the Lie Algebra o/, restricted to the
surface Z(I';) spans all its tangent space. Thus, the simple application of the
invariance with respect to the available vector fields yields the weaker result

/ 1(q, P)FA(q, p)dpn 1, j 0.(q, P)
Z2im 1L E, we)

=Z(n, IL E, j, o) x(q. p)Fa(g, p)dMz(q, p)
Zi(n, 1L E, o)

where
Mx(q, p)(- | (g)> p)) €T11) = Mr,((g, p) €T4)

Mr, being the microcanonical measure for the particles belonging to I';.

Yet, it is possible to use the dynamics generated by the vector fields in order
to get a better result. We will show that one can construct maps, connected
to cluster deformations, with the property of preserving both the measures dpu
and dM. To be more concrete we need to define precisely what is meant by
deforming a cluster.

Recall that =Z={(q, p) € 2| (pi p;) € ¥;; for some i, j}. Moreover,
given a partition 2 of the particles (i.e., UpepP = {1, ..., n} for each P, P, €
P, Py # P,, PyN P, =()) we will say that a measure is microcanonical with
respect to the partition £ if for each P € 2 conditioning the measure to all
the particles not in P one obtains the microcanonical measure for the particles
in P. (From now on, with an evident abuse of notations, we will use M5 to
designate any measure which is Microcanonical with respect to 2.)

Furthermore, by .&/s5 » we will mean the Lie algebra generated by the
vector fields associated to bonds in which the particles are closer than R; — J,
for some fixed 0 smaller than R; — Ry, and belongs to the same element of
the partition 2; finally, by .«/5 »({) we designate the restriction of .75 » at

T =3

Definition 4.2. By “allowed deformation” with respect to a partition 2 and
a tolerance 6 € R, we mean a piecewise smooth curve y : [0, 1] — Z\Z with
the property that, for each s € [0, 1], Y'(s) € 5 »(y(5)).

Note that, in a given configuration, the clusters form a partition.

22 To be more precise, suppose that I'; consists of m particles. Fix the position and ve-
locities of all the particles in A not belonging to I'; and call their total energy E; and
their total momentum II;. Then, Z(T';) is the surface in R™ defined by Za er, P2 = I -

1_Il =1I' and Zyeri d)(P'f) + ; Za,[fer, V(qo( - q/))) + ZOLGF,',[XQF, V(fh - qﬂ) =E— El =
E’. Notice that we are not writing explicitly the dependence on E’ and I, since this does
not create ambiguities

B Clearly /5 »(&) is a linear subspace of 7 :=
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Definition 4.3. Given a set B € = we call “P(B)” the coarsest partition of
{1, .., n} finer than (or equal to) the partitions produced by the isolated
clusters at each ¢ in B.

The cornerstone of our approach is given by the following proposition.

Proposition 4.4. Given a configuration ¢ = (q, p) € E\E let

r= sup |gs— gyl
wf: lqu—qpl <Ry

and 6 £ R, —r, suppose that there exists a neighborhood B of & in which the
measure u is microcanonical with respect to some partition & (coarser than
P({¢&})) and an allowed deformation with respect to P and § connecting & to

some other configuration & € E\E then there exists a neighborhood By C B
of & such that**

1s, = Mpapce s, -

The proof of Proposition 4.4 is the content of Subsection 4.1.

Proposition 4.4. shows how we can prove that the measure is microcanon-
ical with respect to coarser and coarser partitions. Hence, we can have the
wanted result, provided we can generate enough allowed deformation. In Sub-
sect. 4.2, we will prove the existence of enough cluster deformations, more
precisely we will prove Proposition 4.1.

4.1 Cluster deformation
Proof of Proposition 4.4. The following is a useful auxiliary lemma.

Lemma 4.5. If a measure is microcanonical with respect to a partition 2
and, at the same time, with respect to a partition 2,, then it is microcanonical
with respect to the partition ?| \ P,.

Proof. Start with the following observation: let P and G two element respec-
tively of 2, and 2, such that P N Q # (). Then since the measure is invariant
for exchanges of momenta between particles inside P and inside Q, then it
is invariant for exchanges in P U Q%. This implies that it is microcanonical
in PU Q. By definition of 2| A &,, it follows that it is microcanonical with
respect to this coarser partition.

We start by constructing explicitly a map Y that leaves invariant y and
such that Y(&) = ¢&,. The idea is to define a one parameter family of vector

24 Given two partitions 2, #, by 2 A %, we mean the finest partition coarser than both
2, and 2,

25 Since P U Q has less constraints than P and Q separately (namely, only the total mo-
menta and energy in P U Q), the last sentence is not completely obvious. The proof is a
simplification of the one found in Appendix II. The argument in Appendix II is complicated
by the necessity to realize the exchange of momenta via allowed deformations, which it is
irrelevant in the present context
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fields in a neighborhood of the allowed deformation y; the wanted map will
be obtained by integrating such a family in a neighborhood of the curve y?°.

We parameterize y by arc-length. By definition, y C Z\=. Let L = length(y)
then y(0) = & and y(L) = &,. Moreover, for each s € [0, L], y'(s) can be written
as > a;i(s)X; where g;(s) are smooth functions depending only on s and X;
are vector fields, in the Lie algebra .o7;5 »(y(s)), that leave Q invariant®’; here
m is some integer depending only on y. Then we define a time dependent
vector field by

V(g p.s) =Y _ ai(s)Xi(q, p)

i=1

and the corresponding flow ® by?®

d
ds ®(q, p, s) = V(P(g, p, s), )
®(q, p, 0) =(q, p).

By continuity there exists € such that for each s € [0, 1], setting y(s) =
(Q(S)a P(S))» if 6 € An? ? € IR}n, ||qu - %(S)H <g, then V(,qj ﬁ? S) € '9{0,9’
((g, p)). By choosing the initial conditions in a sufficiently small neighborhood
By of £, we can ensure that the solutions of the differential equations, with ini-
tial conditions in By, are closer than ; to the curve y.

We define T on By by

T(&) = @ L).

Since V' is always tangent to = it follows that YT is a well defined function
from By C E\Z to E\=.

T(&) = & follows immediately from the construction (y(s) is a solution
of the differential equation). In addition, for each smooth function F, with
suppF C By, E2(F o ¢ ') = [EQ(F); that is u is invariant with respect to Y.

Next, it is easy to check that the vector fields X; have zero divergence and
are tangent to the surfaces of constant momentum and energy of the various
elements in 2. Accordingly, any measure that is microcanonical with respect
to a partition coarser than 2 will be left invariant by the flow; that is My is
invariant with respect to Y.

We are now able to state a first helpful result.

Lemma 4.6. Given a configuration ¢ = (q, p) € E\E suppose that there exists
a neighborhood B of & in which the measure u is Microcanonical with respect

26 Here we will consider only the case in which 7y is smooth, the generalization to piecewise
smooth being trivial

27 The fact that the a; can be chosen smooth follows from our requirement that y’ € .oZ;5(7),
and is indeed the reason of such a requirement

28 Here we are abusing notations and using the same symbol to designate both the vector
field and its coordinates with respect to the basis {04, 9,}
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to some partition P (coarser than P({£})) and an allowed deformation with

respect to P connecting & to some other configuration &, € E\E then there
exists a neighborhood B, of & such that

s, = My|s,.
Proof. Choose a neighborhood By C By of ¢ such that 2(TB;) is equal to

P({&1}). Let y be the characteristic function of YB; and F, a smooth local
function with support disjoint from =.

/ 1(q, PYFA(q, p)dpn 1, E w.(q> P)
Z2(n, 1L E, o¢)

:/ 70 X4 PIFr© TG, pYdtinm5.n(ds P)
2(n,ILE, o¢)

/ 10Y(q. pYFsoT(g, p)dMp(g, p)

Z(n,IL E, w¢)

= / x(q, P)FA(q, p)dM4(q, p).
2(n,ILE, o¢)

Since M»(=) =0, for each partition 2, and p, 11 £, 1S absolutely continuous
with respect to M for almost all I, £, ., the equality holds true for each F.
Note that we have used the invariance, with respect to the map Y, both of the
measure i and of the microcanonical measures M.

The consequence of the above chain of equalities is that u, restricted to
TB;, must be microcanonical with respect to Z.

Let us conclude the proof of Proposition 4.4. According to Lemma 4.6 p is
microcanonical with respect to 2 in a neighborhood of ¢&;. In addition, we know
from the considerations after proposition 4.1 that ;¢ must be microcanonical with
respect to 2({&,}) as well. Hence, by Lemma 4.5, it must be microcanonical
with respect to 2 A 2({¢,}) in TBy. Using again Lemma 4.6 (in the opposite
direction) the result follows.

Now that Proposition 4.4 is proven, let us put it to work. Our condition on
the density insures that in the box A there is, at least, a two particle cluster.
If all the clusters in a given configuration could be connected, via an allowed
deformation, to each nearby cluster, the argument would be easily concluded.
Unfortunately, this is not always possible. The obstacle is that, in order to
extract two particles from a cluster, may be needed more energy than it is
available in the cluster itself?. Such clusters are “locked” and, in principle, it
may be impossible to remove them.

It is then painfully clear that our argument can be concluded only via a
discussion of such a pathological behavior; this the task of the next section.

2 E.g., think of a cluster at a corner with a concave shape and zero kinetic energy; in
addition the boundary condition may prevent the cluster from sliding along a side of the box
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4.2 Killing locked clusters

This section is dedicated to concluding the proof of Proposition 4.1.

Let & € (E\E) . -, consider a neighborhood By C =\Z, contained in a
ball of sufficiently small radius 6 such that 2y = 2({&y}) is equal to 2(By).
Our task will be to show that there is an allowed deformation that, together with
Proposition 4.4, can be used to show that u is microcanonical in a neighborhood
of &, contained in Bj.

We will start by showing that u is microcanonical with respect to partitions
coarser than 2.

Choose any element containing more than one particle, consider its convex
hull and choose a particle o situated at an extremal point but further away
than R; from the boundary (if such a particle exists). The chosen particle o
can clearly be brought at a distance larger than R, but less than R;, from the
other particles in the cluster in such a way that along the deformation the total
potential energy decreases (here we are using in an essential way the repellent
nature of the potential). Since along an allowed deformation the total energy
of the element must be conserved, one must change the kinetic energy of the
particles to compensate the change in potential energy?°.

Select then the extremal particle in the convex hull of the element (with «
removed), closest to o. Such a particle can be extracted as well to a distance
larger than Ry, but less than R;. The two particles can now be brought to
a distance less than R;, but larger than R, if they are not so already. This
constitutes a two particle cluster that can be moved to touch another element?!.

Of course, it could happen that a new element is touched by one of the
two particles before the above process is completed; this would be as good,
since our goal is to join different elements. In addition, if the touched element
consists of only one particle, it is allowed to use such a particle to create a
new two particle cluster (hence, disregarding one of the previous two) that can
be moved to touch other elements.

In force of Proposition 4.4, this allows to show that, in a neighborhood of
£o, u must be microcanonical with respect to coarser partitions than the one in
cluster.

We can iterate the above strategy until we get the coarsest possible partition
P,. Such a partition depends only on the positions in the configuration &, and
is uniquely determined by them.

The partition 2, is the partition 2(&y) that we will use to apply Lemma
3.2.

As we have seen, to carry out the above scheme we need to exchange
freely the momenta among particles in the same element?. More precisely,

30 E.g., choose any two particles o, f/, with momenta p,s, ppr» belonging to the element
and change their momenta to p, + A, pp — Ay, where n € R, ||| = 1, and 7 is chosen
to ensure energy conservation

31 By “touch” we always mean “closer than R; but further away than R,”

32 In reality, up to now it suffices the already discussed possibility to exchange freely
momenta inside the same cluster (by properly choosing the particles in which to store the
excess of energy), but in the future the extra freedom discussed below will be essential
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given a configuration & = (¢, p) and a partition Z let us define

(S, 2) = {(q’, PIEEE|q =q: VPP

Spi=d 0> b= ¢(p})}.

JjeP JjEP JjEP JEP

We will call -complete a configuration ¢ that can be connected via an allowed
deformation with respect to Z to each configuration in II(¢, 2)*. In other
words, if £ is 2 complete, then any transformation 7,4 (cf. (4.2)), in which o,
belong to the same element of 2, can be realized by allowed transformations.
By construction, &, is Zy-complete.

Let us show that &; is 2.-complete. This is done by exhibiting allowed
deformations relative to £, that connect &, to any other configuration in
I1(&y, 2.). We construct explicitly the needed deformations. To each defor-
mation used to construct 2, one can associate the following: transfer to the
two particles in question any needed amount of energy and momentum com-
patible with the conservation of total energy and momentum in the cluster.
Extract the two particles from the cluster (the excess of energy so created is
stored in extra kinetic energy of the other particles in the cluster) and move
the two particles to touch the same neighbor cluster as before (without interact-
ing deterministically); at this point energy and momentum can be exchanged.
Finally, move back the two particles to their original position.

By eventually repeating such a procedure, we can exchange any amount
of moments, compatible with the conservation laws, between the two clusters.
Playing this game with all the various deformations used to construct 2, it
follows that &y is 2.-complete. Although this last fact seems quite intuitive
the proof is not immediate (due to the limitations on the momentum that can
be exchanged conserving the kinetic energy) and can be found in Appendix II.

If at this point we have obtained the trivial partition we are done. But
sometimes elements may be separated by large clusters with little kinetic en-
ergy. At this point it is necessary to use the properties of the configurations in
..

We intend to produce a sequence of configurations &; and coarser and
coarser partitions 2;, where ¢&; is connected to &;,1 by an allowed deformation
with respect to ;. Proposition 4.4 will be used to show that u= My, in
some neighborhood of &;. From this it will follow that u = My, also in some
neighborhood of &y (by Lemma 4.6).

We will also ensure that the configurations ¢; that we are going to construct

are all #;-complete and that & € Q..

The general strategy to produce the wanted deformations will be the fol-
lowing: first we will see that £, contains many particles belonging to “large”
elements, then we will repeatedly apply Lemma 3.2 to show that there is al-
ways at least one element with enough energy to allow the extraction of a two

33 The reason why we are interested in this concept is that, in some sense, it is a gener-
alization of hypoelliticity; in fact, thanks to Proposition 4.4, it allows to conclude that the
measure, restricted to II(&, 2) is microcanonical with respect to 2
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particle cluster. We will so obtain a partition with only one “large” element,
and Lemma 3.2 will imply that we can create a “free two particles cluster.”
That is, two particles with so much energy that can be moved anywhere in

the box A (remember that &, € Q, ., so it enjoys a maximal local density in
A, hence there is a maximal potential barrier to moving a particle that grows
only like |A[Y?).

Let us start by secing that indeed the creation of a “free two particles
cluster” would conclude the argument.

Definition 4.7. We will call “free two particle cluster” any two particles at
a distance less than R, such that their “available kinetic energy”* is larger
than = '|A|V21y.

The justification of the name lies in the proof of the following Lemma.

Lemma 4.8. If a configuration ¢ € EﬂﬁA) . contains a free two particles
cluster, then, in a neighborhood of &, u is microcanonical.

Proof. Since & € Q. it follows that a free two particles cluster has enough
available energy to be moved anywhere in the box A. Accordingly we can
produce allowed deformations that bring the free two particle cluster in contact
with any given particle in A and the result follows from the repeated use of
Proposition 4.4.

We are left with the task of producing a free two particle cluster. As already
mentioned we will do so by repeated use of Lemma 3.2.

To make the above considerations precise a little geometry is needed, the
geometric ingredient will take the form of a sequence of concentrical boxes.
Consider a sequence of concentrical boxes Ay, £ > 1, such that Ay ; D Ay and
(B — 1)R, <dist(0A;, dAy,1) < BR; for some fixed B large enough®. Without
loss of generality, we can assume that there exists a constant C such that
Acp = A

Definition 4.9. Given a partition %, we will call an element “large” if it
contains at least one particle belonging to Aci\Acr—1 (i.e., it touches the
boundary) and one belonging to A;.

We now choose ,2](50) to be exactly the set of large elements of 2, (2
(&o)). For the application of Lemma 3.2 it is essential to know how many

particles belong to 57’(60) (if they are less than §|A|, then Lemma 3.2 is empty).

34 By “available energy” of a group of m particles, with total momentum II, we mean the

maximal amount of kinetic energy that can be liberated and transferred to other particles or
. . . 1

converted in potential energy, i.e. Zv P(py) — mp( ) D)

35 For example B > 6R, would do: it allows to move a two particle cluster in the corridor
between two consecutive boxes being sure that the two particles do no interact deterministi-
cally with the ones outside the corridor. As we will see shortly this is exactly what we will
need to do
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This is easily estimated since, as a result of our previous construction, we
can restrict ourselves to a situation in which all the particles belonging to A
(in the configuration &y) must either be part of a large element of the final
partition 2, or constitute a one particle cluster.

In order to see this, suppose that there is an element, not large, containing
more than two particles, with one particle in A;. For it is not large, it does
not touch the boundary: so it is possible to extract a two particle cluster from
its convex hull. Since we have already played this game to exhaustion it must
be that there are no particles outside the convex hull of the element, otherwise
one could obtain a coarser partition by using the above mentioned strategy.
Accordingly, any other particle must be contained in the convex hull of such
an element. Suppose now that there exists another element containing more
than one particle in A;. Such an element cannot touch JA, otherwise it would
have particles outside the convex hull of the element previously considered.
By the same argument as before all the particles must be contained in the
convex hull of the new element. Hence, the convex hull of this two elements
are the same. Therefore the extremal points must be in common contrary to
the assumption that the two elements are different.

The only alternative is that all the other elements consist of only one par-
ticle, but our bound on the density would imply that our element contains
at least a(%)* particles, and therefore (provided L > (8a~'Voe~")*?) enough
available kinetic energy to form a free two particle cluster (see Lemma 3.2).

Therefore, we need consider only the configurations &, for which all the
elements containing more than one particle, of whose at least one in A, are
large in 2(&y). Hence, at least a(é )* of the particles belong to large elements,

ie. to @(éo), (the other /0*(5)3 particles belonging to A; may be isolated one
particles clusters). In other words, all the configurations that we are left to
study satisfy the first condition of 5.

Another interesting property of large elements is that we can assume that
they contain at least one particle in each region Ay = A\ A4_;. Otherwise, one
can extract a two particle cluster from the element restricted to A;_; (more
precisely the extremal particles closer to A;) and move the two particles into
the region Ay. Since the partition is already the coarsest obtainable with such
deformations it is not possible that the two particles can be brought in contact
with a new particle, i.e. no particle can be contained in Aj. This implies
immediately that no other cluster with more than two particles can be present in
Aj_1 (again, if this would not be the case, one could extract two particles from
the other element and move them to the element into consideration). Hence,
such an element would contain at least a(é )® particles and have enough energy
to create a free two particle cluster.

According to Lemma 3.2, there must be at least one (large) element P

of 2(&) such that 32, p[h(ps) — ¢ X pep Pp)] > e#P. Let us consider
such an element. Clearly, there must be a region A; in which it has less
than (B#P)/L particles. We can assume, without loss of generality, that in
such a region there is a two particle cluster (if not it can be created by an
allowed deformation). Since we can always choose L > e~ 1BV, it follows
that the element can transfer to the two particle cluster enough energy to let it
move anywhere in the region {{ € Ay | dist({, 0A;) = Ry} in order to touch
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another element. If the two particle cluster cannot enter in contact with any
other element, then it would be the only large element, hence, by Lemma 3.2,
it would have at least ca(L/2)* available energy, enough to create a free two
particle cluster.

For the remaining configurations we have obtained a new partition 2 €
/J.?\/éo coarser than 2,.; yet & could not be 2;-complete*®. To overcome this we
consider a slightly different configuration &; € Q4. that is 2;-complete. Simply
move the two particles cluster in the region {& € Ay | dist(&, 0A;) > Ry} at
a distance larger than Ry from the other particles in the same element. This
new configuration £; has lower local density, the same density in A and in Ay,
higher available energy, and the same large elements; finally, by the arguments
already mentioned it is 2, complete.

We can then apply Lemma 3.2 to £?; and obtain a new large element from
which, in the configuration &;, can be extracted a two particle cluster, whereby
obtaining a new, coarser, partition %, € P % and a new configuration & € Q.
that is 2,-complete.

This process will stop only with the creation of a free two particle cluster
or when it will be left just one large element. Since such an element, again by
Lemma 3.2, will have enough energy to create a free two particle cluster we
have shown that p is Microcanonical in some neighborhood of &.

Conclusion of the proof of Proposition 4.1

Up to now, we have shown that for each &€ (E\E)N, . there exists a
neighborhood B C = of &, such that p|z = M.

To prove this we have used Proposition 4.4 to show that, if we can construct
allowed deformations that bring particles of different clusters together, then in
a neighborhood of ¢, u must be microcanonical with respect to a partition
coarser than the one in clusters. The technical obstacle to this program has
been the possibility of very low energy clusters from which no particle can be
extracted’’. To overcome such an obstacle we have shown that, if we consider
only elements that contain at least one particle close to the center of the box,

then some locked element must be fairly large and therefore, since & € (1, .,
must contain sufficient energy to extract a particle. We continue the process
until we are able to extract two particles with so much energy that they can
be brought into contact with any other particle.

It suffices then to apply the previous discussion to each point in (E\é) N

Q Ae- Accordingly, in the neighborhood of each point, u is proportional to the
microcanonical measure. This implies immediately that ¢ is proportional to the

3 Think of the case in which the goal is to transfer all the available energy of the element,
to which the two particles belong, to the other element (the one that the two particles are
brought into contact with). It could easily happen that not enough energy is left in the
original element to take the two particles back to their original position

37 Indeed, we extract first all the particles that can be extracted without paying any energy;
after that, if more than one element is still present, we need to worry about how much energy
is at our disposal.
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microcanonical measure on all =N, .. Hence, it follows (4.4) and we can
assert that Oy, is microcanonical.

5. Proof of Theorem 1
The conclusion of the previous section is summarized by the following lemma:

Lemma 5.1. For almost every configuration of the positions w, and any A,
the conditional measure Q on py, given w, and

Z ¢(p;) = const

g; €A
E pj = const
g; €A

is the microcanonical measure on the corresponding surface.

At this point we are in the same situation as in [OVY] (after Lemma 4.5
there). In fact, as a consequence of the previous lemma, the distribution of the
momentum conditioned on the positions is given by a convex combination of
measures of the form?®

n(dp|A) =]

o

exp [0, Pl — Jad(py)]

dp,.
Normalization Pa

Lemma 5.2. For any configuration o = {(qq, ps)}, let Z(w) be the density,
momenta and kinetic energy associated with the configuration defined by

0 1 0 _1: 3
) = lim 2) () = 1im 5 >~ 1(3q,),

qu €W
1 n 1 3 1 _
2 () = lim 2 () = lim 6 ze:x(éq“)pg(a)), w=1,2,3,
qu €W
4 — Tim o4 — Tim 53
) = lim 2 () = lim & q%x(éqaw(p“) :

Here y is a cutoff function of total integral one, z"(w) exist almost every-
where and are independent of the cutoff y. Furthermore, zZ(w) are constants
of the motion for L in the sense that

/ h(Z(w)) LF(0)dQ = 0,

for all local smooth functions F and all smooth functions h with compact
Support.

Proof. This was proven in [OVY] for bounded ¢’. For completeness, we
present here the proof for unbounded ¢'.

38 This is a consequence of the Hewitt-Savage law, cf. [HS]
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By the same argument used immediately after Lemma (1.1) these limits
clearly exist and are independent of the cutoff y.
By condition (iii) in Theorem (1.1)

0= /L(Fh(zi"é(w)))dQ
= /(LF)h(zf/i(s(w))dQJr /FLh(zf;,é(w))dQ.

The first term converges to [ A(zy(w))LF dQ as § — 0. We only have to show

that the second term converges to zero as 0 — 0. Clearly, it suffices to show
that as 6 — 0

/\Lz;5|dQ—>o, £=0,...,4 (5.1)

This is easy to show for u =0,1,2,3 (as in [OVY p. 544]).
For 4 =4 we have

+EC (107> D #(002) il pa) Vilasx — ap)
A

e (st -

Pk Z Xi((sqa() ¢i(Po¢) d’(pot)

Only the second term of the right end side present difficulties. Let w;(z") and
6:(Z’) denote the expectation and variance of ¢;(p,) with respect to Q condi-
tioned on z. These can be computed explicitly by using the characterization of
the conditional measure given w, and z. We can bound the second term of the
RHS of the above expression by

EC [ 6° ) 280, il p2) Vigx — qp)|
i o

=E2 ([0 1(8g.) [$ips) — wi) > Vilgs — qp)|
i o pFa

+IEQ ‘532 Z/(&h) Vi(%c_q[f)wi|
oaFf 1
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The second term of the RHS (third line above) can be bounded as before.
Using the Schwarz inequality the first term can be bounded by

2 12
D OECEL |60 n(0q.0)[bi(pa) —wi] Y Vilas —ap)| | Z
i o B#o

12

=3 EC [ Vau@)F EC [ D 2(5¢.) (D Vilgs — a)’| 7

i o B
1/2
< STEC(E) PEEL [ 3 16002 (S Vitas — ap))
i o PFo

By the condition on ¢ and the entropy argument we have that IE9(,(2)) is
finite. To bound the second expectation, let us divide the set {x||x| < 26~'}
into boxes of size 2Ry (Ry is the range of V7). Let ¢ index the boxes and let
N, be the number of particles in the ¢ box.

12

2 12
S EL Y x6q.) | Vilgs — ap) < const. & IE? <Z N3> .
i o B 4

By convexity and the inequality (>, N2)'3? < (35, N2)!? we see that the

above expression is bounded by
3/4
EC (Z Nﬁ)] :

By Lemma (1.2)(i) and the translation invariance, IE¢(}", NZ2) is bounded by
073; hence, the quantity under consideration is bounded by const. 54, This
concludes the proof of the Lemma 4.2.

const. O°[E2 const. &°

lIA

3/4
zNaﬂ

By the previous lemma Q conditioned on z'(w) is still invariant for L. Since
we assume that Q is translation invariant, we can apply Lemma 4.10 in [OVY]
and obtain that these conditioned distributions are given by grancanonical Gibbs
measures, concluding our proof.

Appendix 1

To show that our conditions on the noise (in particular the one imposed in
Sect. 2) and the kinetic energy in the non-Gaussian case are far from empty,
we give here an example of stochastic perturbation that satisfies such condition.
This is the only point where we use our requirement on the form of the kinetic

energy ¢.
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Lemma A.l. If {ng/}} = {ei ADyE, ey ND,gE, e3 NDyyE} and ¢(p,) =

S o(pl), with (") + ¢¢" =0 at most at finitely many points, then
condition on the noise is satisfied.

Proof. A simple computation shows
{ 5 L: 4x =H g,
[ w L: qp = — Hyny,
[XA{ﬁ’ [ ofﬁ’ L q; :(’72/3>1(77;/;> IH;” + Hy (ei A (H, +H/5)’7;/3)

i j |
o i1

[E——

l 9
qp :(Wiﬁ>l(’7i<ﬁ> IH/zu — Hpu (ei N (H, +H/3)11i/;)1,
where H,;; stand for the element // of the diagonal matrix H,. The matrix H]
is the derivative of the matrix H,; (-); stands for the /th component of the

corresponding vectors. Now, let us take the six vectors obtained by letting i, j
vary only in {1, 2}. We define the vectors w” by

W;j - ("é‘/}) / (Wi,;) I

Let us consider
2

2
Z,u,[ Oiﬁ’ L:| =+ Z V,’j |:Xo{ﬁ’ |:Xoi/3’ Lj|:| = 0
i=1

ij=1

Applying the above vector fields to ¢,, gg, we have

2 2
0=>" wHyly+> vy [H;ij 1+ H, (ei A (Hy + H,;)n;ﬁ)} ,

i=1 ij=1
2 2 )
i=1 ij=1

If we multiply the first by (H,)~', the second by (Hp)~', and add one to the

other, then we get
2
0= Z Vl'jAWij,
ij=1

where 4 = 1/2{H.H,! —|—H[5Hl;1}. Notice that 4 is invertible out of a set of
codimension 1 (see later for more details), consequently

2
i
0= E Vijo,

ij=1

2 2
0= Z ,Lt,i/];/; + Z v,-jei A\ (Hx + Hﬂ)’/’é/j

i=1 ij=1
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To conclude we need an explicit representations of the vectors involved in the
previous equations. Let D;ﬁE = {;, hi = H,;; + Hpg;, then a direct computation
yields

’71 = (O: _C3s (:2)9

= (0.0, (1),

wi = (0,3, 8),

w? =w = (0,0, (&),

w2 = (3, 0,8,

e' N (Hy + Hp)nyy = (0, —Lohs, —(3hy),

e' N (Hy + Hp)nyg = (0, (iks, 0),

& N (Hy + Hp)nyg = (Lhs, 0, 0),

e A (Hy + Hy)noy = (=Cihs, 0, =C3hy).

Immediately follows vy, = vi; =0 and vj; = —v,;, which, substituted in the
remaining equations, yields

3
Q H2 =0.

Vi2

For some matrix Q with det(2) = {;{2{3(hy + h3). Since the determinant is
equal zero on a set of codimension one, we have that the vector are linearly
independent, out of a set of codimension one.

This set of codimension one consists of U;{ p | ¢”'(p.)e"(p,) = —(p”’(p;;)
@"(p})}, where the matrix 4 is not invertible®, and U;{pi, = Pjy}, where the
matrix 2 is not invertible. To get codimension two we have to analyze all
the different cases one by one, since they are treated all in the same way we
will consider only the points on the set {pl = p};}, and we will leave the
rest to the skeptical reader. We can clearly ignore points of the above set that
also belong to some other singular set: they belong to a set of codimension
two. For points in the set under consider we will have {; = 0, while all the
other components will be different from zero. This implies that w'? = w?! =
e' A (H, —FH/;)nf(/f =0, we need then to produce more vectors, i.e., compute
more commutators. It turns out to be sufficient to compute

x2, [x), [x2, 2] | g, = Hoor + Hs,

12 [ i 2] o = e

_XZ’ X _X;/;,L qx = Hyv2,

X2\ X0 (X L] | |qp = Hpa,

3 The condition of the hypothesis ensure that such set is a smooth codimension one manifold
unless ¢ (p},)* + ¢"(py)0" (P}) = @' (P})* + ¢"(py)e" (pjy) = 0, which can happen only
on a set of codimension two
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where vy = (0, {3h1h3, 0), and v; = (0, 0, —{2{141). We have then to study the
linear combination

2 2
> ]+ 0 v X [ 1] | +e [X2 [ (X3 2]]]
i=1 i j=1
te, {Xz, [Xfﬁ, [X;ﬁ, Lm —0

where vi;, v7; are taken to be zero since the corresponding commutators, when
restricted to the g,, gg space, would not contribute anything of interest. As
before, we apply the vectors to the coordinates ¢, g, we multiply by H, !
and H 5 ! and add the corresponding equations, in so doing we obtain

2

> w4 (g1 + e2)v2 =0
i,j=1

from this follows immediately vi; = vy, = 0, &; = —&,. Substituting in the orig-

inal equation we get
2

0= Z uinné(ﬁ + e1H,v,
i=1

which implies y; = ¢; = 0 on a set of codimension two.

Appendix II

We will prove here that if ¢ is #—complete, and two particle can be extracted
from an element P; to join P, (or viceversa), then & is complete for the
partition £, obtained from £ joining P; and P;.
Choose n € TI(&, 2,). Call a, i the two particles that are allowed to move
along 7.

The rough idea is to transfer energy and momentum between the elements*
P, and P, by using the particles «, f. Unfortunately, there are limits to how
much momentum or energy we can transfer to the particles, due to the neces-
sity to conserve the total energy and momentum of the clusters. To overcome
this we will show that each n € II(£, 2.) can be deformed into the special
configuration { € TI(¢, 2.,.) defined by,*!

(& PrUP)

g — v ] 9
P 4P, U Py) o ¢ {a, B}
(&, PrUPy)
= )“ y
Px= e upy T
_ W& PUP)
PE= wpupy 0

40 Note that {a, B} C Py and that in the configuration ¢ P; still form an element

41 For each P C {1, ..., n}, by n(& P) and K(&, P) we mean, respectively, the total mo-
mentum and kinetic energy, in the configuration &, of the particles belonging to P; by #P
we mean, as usual, the cardinality of the set P
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with some fixed v € IR?, ||v|| = 1, and 4 determined by

TC(&, Pl UPZ)

K(&, PLUP,) = [#(P1UP,) —2]¢ ( #(Py U Py)

) + ¢(pa) + P pp)-

The desired allowed transformation will then be obtained by deforming ¢ into
{ and then by running backward the allowed transformation that connects #
to { (since the reverse of an allowed transformation it is still an allowed
transformation).
Since, by convexity,
TC( é, P 1 U P 2)
K(S, PrUP,y) 2 #(P1 UPy)¢ ( #(P, U Py) ) ;

if A=0 then II(&, 2,), restricted to the particles in Py UP, consists of
only the point ¢ and we have nothing to prove. Otherwise we proceed
as follows: we make an allowed deformation that set all the moments in
Pi\{a, B} equal to (#P1)~'n(& Py) while p, = (#P))~'n(& Py) +viv and
DB = #P))"'n(&, Py) +viv, and v, is determined by the conservation of
K(&, Py). Then we move the coordinates of the particles o, f accordingly to
y but without changing their momenta. Once they get in touch with P, we
change the momenta of the particles in P, to

p. (&P + g 7(E PO

THp, 42

apart from p, = p. + vv and pg = p. — v, again v, is determined by the
conservation of the kinetic energy of the new cluster P, U {o, f}. Finally, we
move back the particles «,  to their original position in the configuration &
and share again their momentum among all the particles in P; as we have
done at the beginning. Let us call £;; the configuration reached in such a way.
Calling 69 = (1/#P)n(&, Pr) — (1/#P2)n(E, P2) and 0y = (1/#P)n(C1y, Pr) —
(1/#Py)n(&y 1, P2) a direct computation shows that

si—(1- 2#(P1 U P,) s
' #P(HP, +2))

If we iterate further the procedure just described we see that the difference
between the average momentum in P; and P, goes to zero, this shows that
we are getting closer and closer to the configuration {; unfortunately only
asymptotically. Nevertheless, after a finite number of iterations we will get to
a configuration {y for which

26 (ﬂ(Co, Py (#P = 2)n(S, Py UPz))
2 24(P, U Py)

n(¢, Py UP,)

TP - 2) < #(P1 UP,)

) < K(Lo, P1). (A2.1)
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Let ps(n7) be the momentum of the particle ¢ in the configuration . We
deform {; into {; defined by

P UP
Ps(C1) :n;fpl IULjDz)z) for ¢ € P\{a, B},
_n(faPIUPZ) 1 ﬁ(é,PlUPz)
pa(l1) = #(Py U Py) , n(lo, P1) — #P 5P, U Py) + v,

pp(l1) =pa(Ly) — 2w,

where v is defined by K((;, P1) = K({o, P1). All this is possible provided
(A2.1) is satisfied; in fact, (A2.1) express simply that there is sufficient en-
ergy to deform the momenta of the particles in P; to the above values. After
achieving the configuration {;, to obtain the configuration ( it suffices to take
the particles o, f to P,, adjust the momenta of the particles of P, to the
value (&, Py U Py)/#(P1 U P,), which will make all the momenta agree with
the ones in the configuration { and take {co, S} back to their original position
in &,
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