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Summary. We study systems of reaction—diffusion equations of KPP-type with
the coefficients and nonlinear terms slowly varying in the space variables. The
long time behavior of the solution to such systems can be characterized by
the motion of wave fronts. We describe the wave front motion, using the
Feynman—Kac formula and the large deviation principle for the corresponding
diffusion—transmutation process. We give a geometrical description of the
motion in the examples and show some effects which appear in case of systems
but not in the single RDE’s.
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1 Introduction

An equation

2
(1.1) év(t,x):Déu
ot 2 0Ox?
is called KPP-equation (see [KPP]) if D >0 is a constant and f(v) = c(v)v,
where ¢(v) is continuous, c(v) >0 for v < 1, ¢(v) <0 for v > 1 and ¢ = ¢(0) =
maxo <, c(v).
It was proved in [KPP] that the solution of (1.1) with initial condition

+f(), t>0, xeR',

I, x£0,
0, x>0

v(0,x) = 1~ (x) = {

for large ¢ behaves as a running wave @(x — af). So the asymptotic behavior is
characterized by the shape ¢(z) and the speed o of the wave. If we replace (1.1)
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by an equation with space dependent coefficients then, in general, we can not
expect such a regular behavior of the solution as ¢t — co. But if the dependence
on x is slow, so that the diffusivity and the non-linear term actually depend on
ex, 0 < ¢ < 1, one can describe the asymptotic behavior of the solution for
£]0, t~e . Let v(t,x) be the solution of (1.1) with D and f(v) replaced
by D(ex) and f(ex,v) correspondingly, v(0,x) = x~(x). Then the equation for
u(t,x) = v(!,¥) will have the form

Out(t,x eD(x) 0%u® 1 X

) P ), w0 =1 ).

A theory of such kind of equations in R" as ¢ | 0 was developed in [F1,F2] and
[F4] by probabilistic methods. Then an analytic proof and some generalizations
of those results were given in [ES].

Generalizations of such results for PDE-systems of reaction-diffusion
equation (RDE) type are of interest. A class of spatially homogeneous RDE
systems which can be looked at as a generalization of KPP-equation was
considered in [F1,F3] using the probabilistic approach. In [BES] a sim-
ilar problem was considered for a wider class of spatially homogeneous
systems.

Here we study the non-homogeneous in space case. As it is known [F1]
even for one equation a number of new effects appear in the non-homogeneous
case such as, for example, jumps of the wave fronts or a non-Markovian law
of wave front propagation (see Example 1 in Sect. 4 of the present paper).

A Markov diffusion—transmutation process can be connected with PDE sys-
tems considered in this paper. If the system contains a small parameter, the
corresponding process also depends on that parameter. The asymptotic behavior
of the solutions of these systems is defined by a large deviation principle for
the family of corresponding processes.

We consider the RDE systems of the following form:

oup(t,x)

- 1 , .
(1.2) Liui(t,x) + SFk(x,uL), t>0,xeR, k=12,....n.

jj 02 -
Here Lj = SZ;/:I ail(x) ooy are elliptic operators, u® = (uj,...,u;), and
Fir(x,u), 1 <k =< n, are continuously differentiable in x and in u. The dif-

fusion coefficients a}/(x) are assumed to be Lipschitz continuous and

r r

4% Pt = > al(x)pip; < A4 b p;
L ]=

for some positive 4,4.

Three assumptions concerning the vector field u — F(x,u) = (Fi(x,u),...,
F,(x,u)) indexed by x € R" will be made.
(A1) There exists B >0 such that for every x € R" the vector field F(x,u)
points strictly inward from the boundary of the cube [0, B]", except at u = 0;
F(x,0) =0, and inf{Fy(x,u): 1 <k <n, u€[0,B]", x eR'} > —o0.
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(A2) Let cpp(x) = 0Fk(x,0)/0u,,; the n X n matrix (cg,(x)) is denoted by c(x).
Assume that cg,(x) are Lipschitz continuous and

[IA

sup{cim(x): 1 <k, m

inf{egpm(x): 1<k mZn xeR}=>0.

n x€ER} =<0,

Note that u =0 is an unstable equilibrium point for the field F(x,u) for
any x € R".
(A3) Fr(x,u) < anzlckm(x)um, 1<k<n xeR, uel0,B].

For every y > 0 there exists B’ = B/(y) > 0 (independent of x € R") such
that

n
Fe(uu) 2 37 (Con(x) = Pum, 1 Sk <n, ue[0,B]".
m=1

Remark 1 These assumptions are analogous to the KPP conditions in the single
equation case. Assumption (Al) is the counterpart of the assumption that the
nonlinear term in the KPP equation is negative for # > 1 and equal to zero at
u = 0. But there is also a difference: In the KPP case, the point # = 1 is a stable
attractor, and the solution converges to u = 1, a constant function, as ¢t — oo.
We do not assume that the vector field F(x,u) in [0,B]" has a stable equilib-
rium point. Correspondingly, the statement of the main result (Theorem 1) will
be weaker. The point is that in the case of systems an asymptotically stable
equilibrium point of the vector field F(x,u), as a rule, will not be an attractor
for the solution of the RDE-systems. Actually, a similar effect does not allow
to replace the cube [0,B]" by a general domain invariant for the dynamical
system du/dt = F(x,u), u € R", x € R" is a parameter.

Assumption (A3) is the counterpart of the assumption that in the KPP case
F(u)/u has it’s maximum at ¥ = 0. This condition is essential and can unlikely
be seriously weakened.

Assumption (A2) can be slightly weakened. At least, one can assume that
cjj(x) >0 just for distinct 7, j; ¢; ;(x) can be of any sign. One can also weaken
the uniformity in x condition.

A Markov process (X/,v?) in the state space R" x {l,...,n} can be con-
nected with the linear system (see [F1])

&

0 1 o
(13) avtk = Livp+ S eu@)(ei —t). 1Sk=n >0 xeR.
i=1

The process (X, v¢) can be uniquely characterized as follows:

dX; =¢'Pop(X))dW,, X§=x€R, >0,
where W, is a standqrd Wiener process in R, g,,(x), 1 < m = n, are such
that 6, (x)a(x) = (am(x)); and v¢ is {1,...,n}-valued right-continuous process
such that

P{Viia=m|X =y vi=1}= c’miy)A+o(A), AlO,

ILme{1,2,....,n}, I+m, vij=ke{l,...,n}.
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The solutions of the Cauchy problem and of some initial-boundary value prob-
lems for system (1.3) can be written as expectations of proper functionals of
the process (X, v}) (see [F1, Ch.5; EF]).

Let us define

t t
Zi = <le(Vﬁ)ds,...,an(Vﬁ)dS>a
O 0

where y; is the indicator function of the point k. To study wave front
propagation for system (1.2) we need the large deviation principle for the
family (X/,Z7),0 = ¢t = T, as ¢ | 0. The action functional S*ISOT(Q),,M) for
this family, in the uniform topology, was found in [FL]:

Jy 1(@ss by i) ds i @ and p are

absolutely continuous, > uf

are nondecreasing in 5, 1 < k

5, 0 <s T, and ut

n,

Sor(@, n) =

lIA

+o00 otherwise.

Here ¢ : [0,T] — R", p=(u',...,u") : [0,T] — R". The function 5(x,q, ) is
the Legendre transformation in p and o of the principal eigenvalue A(x, p,a)
of the matrix

é(x) +11(x, p,a)

where ¢(x) = (6;(x)), Cij(x) = cij(x) for i%j, cu(x)= fzﬁkckj(x) and
II(x, p,a) is the diagonal matrix with elements

1 ij
Oy = ZZakj(x)pipj—O—otk; k=1,...,n.
LJ

The function #(x, ¢, f) is non-negative; 1(x,q, f) < oo only for f=(f1,2,...,Pn)
such that §; = 0, Z’l’ﬂi =1;5(x;q,f) =0 only at ¢ =0 and f§ = f(x) equal
to the stationary distribution of the continuous time Markov chain with 7 states
{1,2,...,n} and transition intensity matrix ¢(x).

We add to (1.2) the initial conditions

(1.4) W(0,x) = gi(x) €[0,B], 1<k<n xck,

where gy are continuous; Go = |J;_, supp(gi). Here supp(gy) is the closure of
the set {x € R": gi(x) > 0}.
Denote by A(x, p) the principle eigenvalue of the matrix

c(x) + diag <;

p- ak(X)p>, p.XER",

which exists according to the Frobenius theorem. It is known that A(x,p) is
convex in p € R". Let

(1.5) {(x,q)=—sup [q-p—Alx,p)]l, x,q€R",
PER"

which is concave in gq.
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The following simple relation follows from the fact that the Legendre trans-
formation is an involution:

(16) C(x>q):ﬂséle [b(x)’ﬂ—n(X,C]=ﬁ)], x,qERn >

where b(x) = (X cm(x),. 20 Cam(x)); due to the properties of n(x,q,f5)
mentioned above, the supremum in (1.6) can be taken just over the set {f =

(ﬁla"'aﬁn): ﬁi Z 0, Z}fﬁl = 1}
Let

V(t,x) = sup{ Orgggt [ &5, ¢y)ds: @ is absolutely continuous,
Sast

(pO =X, (,D[EG()},

t > 0, x € R". Since one can take « = 0 we conclude that —oco < V(t,x) < 0.
The main result of this paper is the following.

Theorem 1 Assume that (A1)—(A3) hold. Then the following relations for
the solution u®(t,x) = (uj(t,x),...,ui(t,x)) of problem (12), (1.4) hold:
(1) lim—oui(t,x) =0 for 1 < k = n, uniformly in (t,x) from any compact
subset of {(t,x): t >0, x R, V(t,x) < 0},
(i) lim,_,qui(t,x) > 0 for 1 £ k < n, uniformly in (t,x) from any compact
subset of ({(t,x): t > 0, x € R", V(t,x) = 0}), where (4) means the interior
of the set A.

Moreover, the function V(t,x) is locally Lipschitz continuous in t > 0,
XER.

The remainder of this paper is organized into three sections. In Sect. 2 we
present some properties of the function V'(¢,x). In Sect. 3 we prove Theorem 1.
In Sect.4 we consider examples. We pay special attention to the geomet-
ric description of the motion of the wave fronts. In particular, under some
conditions we describe the motion by a Huygens principle (see Sect.4) in a
proper Riemannian or Finsler metric and provide example showing that such a
description is not always possible.

2 Properties of the function V

We prove some properties of the function { in Lemmas 2.1 and 2.2 and then use
them to show that the function V is locally Lipschitz continuous in Lemma 2.3.

Lemma 2.1 Let A, A be as in the uniform ellipticity condition in the

Introduction. Then _ _
() —lgP/A) + nf 2 U(vq) 2 ~|qP/(24) + B, x.q € R', where B and

are defined in (A2). ) )

(i1) There exists ¢ > 0, independent of x,q € R" such that

{(x,q) =— max [q-p—Ax, p)].
|plZclql
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(iii) there exists ¢ > 0, independent of x,q,q € R" such that

{(x,q) — L, q)| = e(lg| + gDl — 4l -
(iv) there exists ¢ > 0, independent of x,y,q € R such that

1L q) — )| < c(1+ |gP)lx — ¥

Proof. 1t is easy to see that for all x, p € R

4 4
AGe p) 2 5|l + A(0) 2 D1pf + 1B,

A A ~
Ax, p) < 2|1!7|2+A(x,0) < 2|p|2+nﬁ»

(1) then follows easily.
Since

A 2
g-p—Ax,p) = q-p-— "5' — A(x,0)

A
< 1ol (1ol = 191 + 140~ A0y,
which is less than [¢ -0 — A(x,0)] when |p| > j lg|, (ii) is true for ¢ = j
It follows from (ii) that there exists p* = p*(q) such that |p*| < ¢|g| and
{r,q)=—lg- p" — Alx, p)].
We then have
{(x,q) — Llxg) = — { max _[q-p— A(x,p)]} +lg-p* = Alx, p*)]

Ipl=clgl
S -[g-p = A p)l+1g-p" = A, p)l=(g—q)-p".
Exchange the roles of ¢ and ¢ to get
{xg) —Lxqg) = (@—9)- p*(q).
These two inequalities imply (iii).

Recall that we assume the functions cy,(x), ajcj(x) to be Lipschitz contin-
uous. This implies the existence of ¢; > 0 such that

A, p) = Ay, p)l £ i1+ |p)lx —y| forallx,y,peR .
Thus, by (ii) (renotate the constant ¢ by c¢;)
{(r,g)= min [—g-p+ A(x, p)]
|pl=c2lql

|=<

< min [—g-p+ Ay, p)l+ max [A(x, p) — A(y, p)]
[plZcrlql [p|Scrlql

{(y.q)+ (1 +3lgP)x — ¥l
< {g)+a(l+ )1+ |g)x =y

Because the roles of x and y can be exchanged, (iv) is proved with ¢ =
ci(1+ C‘% ).

[IA
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Lemma 2.2 Let ¢ be such that fOtC(q)S, ¢@,)ds=+ — oo. The following two prop-
erties hold.
(i) Let @* = @ps, 0 < s < b~ 't, b>0. Then

t/b t
lim | [ Lo, @) ds = [ Uos @) ds| = 0.
—lo 0

(ii) Let l(x,q) be defined as {(x,q) for functions c;j(x) replaced by ¢&;(x).
Then

t t
J Ups, p)ds — [ L@y, ¢,)ds as y = sup |Cij(x) — cij(x)| — 0.
0 0

XER', 1<i,j<n

Proof. A change of variable s = bs’ shows that

fb_lg((psa b(Pq)dS - L({C((psa (/.)S)dS
0

t/b t
[ b, 05y ds' — [Uos ¢y)ds
0 0
t
< b7 [ Uy, b ds — U(es, ¢,)| ds
0

+ b7 1]

{C(¢s, ¢)ds

It is clear that the second term in the righthand side tends to 0 as b — 1. The
first term in the righthand side is bounded, via Lemma 2.1(iii) and (i), by

t ot
b7le(b+ )b~ 1] [ |, ds < b7 c(b+ 1)|b— 124 [ (nf — Loy 6y)) ds ,
0 0

which again tends to 0 as » — 1. Statement (i) is proved.
Let A(x, p) be defined as A(x, p) for function c;;(x) replaced by ¢j;(x).
Then,

IA(x, p) — A(x, p)| < ny.

Hence,

A

i g) — ()| < ny
from which (ii) follows.

Lemma 2.3 The function V(t,x) is locally Lipschitz continuous in t >0,
X € R": For any compact subset F of {(t,x): t >0, x € R"} there exists K =
Kr such that |V(s,x) —V(t,y)| < K(|t —s| + |x — y|) for (s,x),(t, y) € F.

Proof. Throughout the proof ¢ means a constant which may vary from place
to place. The proof consists of two steps.

Step 1 For given t >0, x € R", there exist constants 4, > 0 such that

[V(T,z) = V(T,y)| £ Alz—y| for|y—x|<d, |z—x|<d and |T —¢ <.
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It follows from Lemma 2.1(i) that a constant M = M, , 5 exists such that

W(T.y) = sup min_ [{(¢s, @) ds
0

PECY. 9o=,97E€Gy 0=a=T

for x —y| <6, |T —t| <9, where
o
Cy = (NS C(),H_(;Z f ‘QDS| ds <M.
0

Let ¢s = ¢s[@] = @5+ (T —s5)q, = 1(z— y). Then ¢ =z, ¢7 = ¢r € Go
if oo =y, ¢r € Go, and
T

< sup [ 16, b)) — Upss )| ds

©€Cr,90=y,97€Gy 0

T . . .
é sup f‘(C(¢s¢v| - C((PS) ¢v) + (é/((ﬂsﬂ ¢v) - C((pb(Pv))‘ ds

©E€Cr,90=y,97€Gy 0

T T .
< sup JAelx =yl +clgl [ (o] + |ds) ds},
©E€Cr,00=y,97€Gy 0 0

where the last inequality uses Lemma 2.1(iii) and (iv). By the Schwartz

inequality
12

T T
[l ds < (Tf|¢s|2dS) < (TM)"”.
0 0

Using the same bound for fOT |p,[@]|ds and the fact that ¢ = }(z —y) we
derive step 1.

Step 2 There exist K, > 0 such that
\V(Ty,x)— V(T,x)| S K(T) = T) fort+6>Ty>T>1—3.

Let O =T, — T. Then

a
V(T\,x) £ sup{9<m<ir;+9fé(<ﬁs, ¢p,)ds: po=x, ¢r19 € Go, @ € CM}
Sa= 0

lIA

- 0 -
sup{nﬁe - [0 dsiad) + V(T

Qo =x, ¢r9 € Go, @ € CM} ,

where the last inequality uses Lemma 2.1(i). The result of step 1 guarantees

|V(T7(p0) - V(T’x)‘ é A|(/’0 _x| .



Diffusion—transmutation process 47

Combining these two estimates we derive

V(T\,x)— V(T,x)

[IA

- 6 -
nﬂO+sup{—f|</)5|2ds/(2A)+A|<P0 —x|: @go=x and ¢ € CM} )
0

Set u = |pg — x| = | foe ¢, ds| and apply the Schwartz inequality

0 2

[lofds =" .

0 9
Then,

V(T1,x) — V(T,x) < np0 + sup(du — u?/(240) = (nf + A*4/2)6 .

u=0

Step 2 is completed once we show that V(Ty,x) — V(T,x) =2 0 for T} = T

a
V(T,x) = sup{0<m<it;+6 JUops @5)ds: ps =x
=a= 0

for 0 < s £ 0 and (pT+g€Go}

1\

V(T,x),

where the last inequality uses Lemma 2.1(1).

We introduce two other functions, ¥y and V; which are more familiar
in the literature of wave front propagation cf. [ES,F3]. We shall prove that
V ="Vy="V; in Lemma 2.4. A functional 7: C([0,¢],R") — [0,¢] is called a
stopping time if t depends only on ¢, 0 < s < u, when restricted to {t < u}.
Let X, be the collection of all stopping times not greater than ¢. If F is a closed
subset of [0,¢] x R” and {0} x R" C F, then

1 =min{s: s =2 0 and (+ — s, ¢;) € F}

is clearly a stopping time not greater than 7. Let ©, be the collection of tr. Let
Vo(t,x) = Tiélgt {sup OfT {(ps, p;)ds: ¢ is absolutely continuous,

@9 =x and ¢, € GO} s
Vi(t,x) = riél(g, {sup J {(@s, ¢;)ds: @ is absolutely continuous,

Qo =x and (p,EGO}, t>0, xeR" .
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Due to (1.6), the functions V(z,x), Vo(t,x), Vi(t,x) can be expressed through
n(x,q, p) instead of {(x,q). For example,

n

()
Vilt,x) = inf sups [ | 3 cii(@)i — n(@s ¢y hiy)| ds: @ € Cor o = x,
€06, 0 k,j=1

o, € Go; py = (,uS',...,uf), (. are non-decreasing

n .
absolutely continuous functions on [0,7], > u: = s} .
i=1

This representation shows the connection between V(¢,x) and the action func-
tional for the family (X/,Z}).

The definition of Vj and V; differs only in the admissible set of stopping
times. It is easy to see that V' < Vy < V;. We prove

Lemma 2.4 The three functions V,Vy and V| are equal.

Proof. 1t suffices to prove that V; < V. Suppose that Vi(T,X) > V(T,X)
for some 7 >0, x € R". We shall produce a contradiction. Let F = {(s, ):
V(s,y)=0 or s=0}N{s < T}. Since V is (Lipschitz) continuous, the set
F is closed and 7 = tx € O7. The definition of V| guarantees the existence of
@: [0,T]—= R", o =X, @or € Gy such that

(o]
(2.1) [ Uosp)ds>V(T, X).

0

If 7[p] < T, the definition of 7 yields

(2.2) V(T — (@], ¢ryg) = 0,
and
(2.3) V(T —b,pp) <0 for 0 <D = 1][0] .

Equality (2.2) ensures that for any 6 > 0 there exists a reconstruction of ¢ in
the time interval (t[¢], T] such that for the new ¢

a (]
(2.4) JUos.g5)ds = [ Ups.¢)ds =0 fortlp] Sa<T
0 0
One then concludes from (2.3) that
b ] (] ]
(2.5) [l ¢)ds > [ Loy, p,)ds for 0 < b < 1[g].
0 0

Then (2.4) and (2.5) imply that V(T,X) = [1” (¢, ¢,)ds — 6, for any
0 > 0, which contradicts (2.1). If t[¢] = T, (2.3) still holds and implies that

a T
V(T,X) =z oin, Ofé(%,@s)ds = E)/’C((/)s,q)s)ds.

This contradicts (2.1) and completes the proof.
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Let
t
Vitx)y= sup [{(g,p,)ds, t>0, xR .
Po=x.9:€Go 0

This function takes a form simpler than V.
We say that condition (N) is fulfilled, if

t
(N) V*(t,x) = sup{f Ups,p)ds: oo =x, ¢, € Gy
0

and
V*(t —s,05) <0 for 0 <s < t}, whenever V*(¢,x) £ 0.

Condition (N) is fulfilled when, for example, afcj(x) and ¢y, (x) are constants.
Lemma 2.5 If (N) is fulfilled, then V(t,x) = min(V*(t,x),0).

Proof. In view of Lemma 2.4 it suffices to prove that (i) and (ii) hold:
(1) Vi(t,x) = V*(t,x) = V(t,x) when V*(t,x) < 0.
(i1) V(t,x) =0 when V*(z,x) > 0.

Statement (ii) follows from statement (i) and the monotonicity of V" and V'*
in ¢. The second inequality of (i) is obvious. Next, we prove the first inequality.
From the condition (N) and the definition of V*(#,x) one can conclude that
for any 6 > 0 there exists ¢; = f, 0<s =t ¢po=x, ¢ € Gy, such that

V(i) < OftC(¢s,<z5s)ds+5,

Vit —s,¢5)<0 for0<s <t.

Then we obtain

7[¢] . a .
Vitx) z inf [ Uds ¢)ds = inf [ (s, ) ds
T€0; 0 0<a=<t 0

= fg(d)m Qés)ds = V*(tx)—96,
0

where the equality follows from the fact that fot U s, d)s)ds <0for0<a<t
since V*(t — a,¢,) <0. Since 0 is an arbitrary positive number we conclude
that Vy(¢,x) = V*(¢,x).

Remark 1 Tt follows from Lemma 2.5 that {V(z,x) <0} = {V*(¢,x) <0} and
{V(t,x) =0}) = ({V*(t,x) = 0}), if (N) is fulfilled.

Remark 2 One should compare our condition (N) to that given in [F2], in
which n = 1 (one reaction—diffusion equation) is considered and

1

Vitx)y=sup | [c(po)ds = Sole)|,

o=x,91€Gy L0

(2.6)

1t . ,
Soe) =, { _Zl aij(9s) @ @] ds, (ay(x)) = (@’ (x))" .
Lj=
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Recall from (1.6) that

(rg)=  sup S @B | — e g, B)

Brz0,2"7 Br=t ’,1’;1

It is clear that our V* function reduces to (2.6) when n = 1.

3 Proof of Theorem 1

The proof goes according to the following plan: First, as shown in Lemma 2.4,
one can replace V' (t,x) by Vi(t,x). Then we prove in Lemma 3.1 a compari-
son result, which allows to reduce the proof of both statements of Theorem 1
to equations with simpler nonlinearities. In Lemma 3.2 we prove the first
statement of the Theorem by replacing in (1.2) the function Fj(x,u) by
Fi(x,u) = S0y ek j(0)u; + yu(l — ux/M") with proper p,M’ > 0. The solution
of problem (1.2), (1.4) with the nonlinear terms F(x,u) can be bounded from
above using the Feynman—Kac formula and the upper large deviation bound
for the Markov process corresponding to system (1.3).

The second statement of Theorem 1 follows from Lemmas 3.4 and 3.6.
Lemma 3.4 is proved using a comparison with a single KPP-type equation given
in Lemma 3.3. The proof of Lemma 3.6 is based on the lower large deviation
bound and the fact that Fy(x,u), for small |u|, not only can be bounded from
above but also can be approximated by X7, ck;j(x)u;. Lemma 3.5 contains a
simple auxiliary statement.

Lemma 3.1 Assume that conditions (A1)—(A3) are fulfilled. Then the follow-
ing statements hold,

(i) The cube [0,B]" is an invariant region for problem (1.2), that is, if the
initial conditions (g1(x),...,¢g.,(x)) € [0,B]" for x € R" then u®(t,x) € [0,B]"
foranyt =20, x € R".

(ii) Let f(v), v € R, be continuously differentiable and f(v) = 0 for 0 <
v £ B. Define Fi(x;u) = oy c(uy + f(ui), and let 45(t,x) = (@{(4,x), ...,
ii(t,x)) be the solution of problem (1.2)—(1.4) with Fy(x,u) replaced by
Fe(ou), k=1,....n,

Then aj(t,x) = uj(t,x) for any t Z 0, x € R, k=1,...,n

(iii) Let f(z), z €R', be a continuously differentiable function such that

Fr(x;up,...,uy) = f(ur). Denote wi(t,x) the solution of the Cauchy problem

17 &

Ol 1
“tk =Lyl +  f@af), t>0,xeR",
0 P

1 (0,x) = gi(x) ,

where Lj is the same as in (1.2) and gi(x) is the same as in (1.4). Then
up(t,x) =z uf(t,x) fort 2 0, x € R".
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Proof. Statement (i) follows from Theorem 14.7 in [S].

To prove (ii) denote by uvi(f,x) the difference #@;(¢,x) — uj(t,x). From
the mean value theorem we derive that for given #/(¢,x) and uj(t,x) con-
tinuous functions ¢i(#,x), the dependence on & being omitted, exist such
that

S(x)) — f(up(t,x))
= (LX)t x) —ui(tx), k=1,...,n,t 20, x€R".

Let Ck(x):Z;‘lzl ij(x), ék(tax):ck(x) + Ek(t:x)a gk(tax)zﬁk(xaua) - Fk(xaug)'
The functions vx(t,x), k = 1,...,n, satisfy the equations

0 1 -
ftk =Lu+  [Fie(x,a®) — Fi(x,u®)] = Live
0 &

1
+
&

Zn:l cri(x)(v; — v ) + G(t,x)vg + gk(t>x)] ,
iz

1(0,x)=0, t>0, xeR', k=1,...,n.

Let (X7, v}) be the Markov process in R” x {1,...,n} corresponding to the sys-
tem (1.3). Then the functions v(z,x) can be represented by the Feynman—Kac
formula

1 t 1 N
oe(t,x) = Exx J 9ot — 5,X7) eXp{ . [ et —s1,X; )dS1} ds.
0 0

Since gi(t,x) = Fp(x,u®) — Fr(x,u®) = f(ui) Z 0 by (A3), statement (ii) fol-
lows from this representation and statement (i).

To prove (iii) put w(t,x) = u®(t,x) — itf(t,x). The function wy (¢, x) satisfies
the equation

0 1 1
= Liwct | [Fueu) = f@D]+ L) = 1)

1 1
= Liwi + . f1@gwe + . [Fr(x,u®) — f(up)],

wi(0,x) =0.
Here i1} = #(¢,x) is an intermediate point between i/ and uj. Since Fy(x,u) —
f(ur) = 0, we conclude from the maximum principle for linear parabolic equa-
tions that wi(z,x) = uj(t,x) — i (t,x) = 0.

Remark. Statements (ii) and (iii) are special cases of a more general com-
parison theorem for system (1.2). The general result also can be proved using
the probabilistic representation. One can derive it using an analytic approach
as well (see Theorem 4.4.1 in [LLV]).

Lemma 3.2 Let u®(t,x) be the solution of problem (1.2), (1.4), and ¢ be a
compact subset of the set {(t,x).t >0, x € R", Vi(t,x) <0}. Then

lilnoq up(t,x) = 0 uniformly in (t,x) € ¢, k=1,....n.
&
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Proof. Let

a(x) = 21 () |
2

Cc| = max Cr(X
| ‘ XER', 1Zk<n k( )’

Fie0) = o) = Sy e+ (o (1= 1))

where, y, M’ > 0. Consider the system

ové(t, 1 -
O(8:) =L+  Fi(x,0*), t>0, xeR",
(3.1) Ot €

v (0,x) =gi(x), 1=k=n
Let M’ > B; y will be chosen later. One can check that then

Fr(x,0) = Y ei(x)v;, ve[0,B]".
J

It follows from the statement (ii) of Lemma 3.1
(3.2) 0 S ui(tx) Svi(tx), t=20,xeR,1<k=<n.

Now to prove Lemma 3.2 it is enough to check that vj(#,x) — 0 as ¢ | 0
uniformly in (z,x) € ¢.

System (3.1) is of the same type as system (1.2), (1.4). One can introduce
the function Fi(z,x) for the system (3 1) in the same way as the function
Vi(t,x) was introduced for (1.2). It is easy to check that the vector field
F(x,v) = (F\(x,v),...,E,(x,0)) satisfies condition (Al) with B replaced by

MM (\;’|+/) + B, and then

02 p(t,x) M forallt 20, xeR, 1 <k <n

Since

OF(x,0)
av’ v=0

Cri(x) = =cu(x) for ki and Eu(x)=cu(x)+7y,

it follows from (1.6), the definition of V(z,x) and Lemma 2.4, that
(33) Pi(t,x) £ Vi(tx) + 1.
Since V(¢,x) is continuous (see Lemmas 2.3 and 2.4),

max{V(t,x): (t,x) € ¢} =—F<0.

Let
T = max{¢: (t,x) € ¢ for some x € R"},



Diffusion—transmutation process 53

T < oo because of compactness of ¢. It follows from (3.3) that y > 0 can be
chosen so small that Vj(,x) < fg for (t,x) € ¢.

Let (X/,v!) be the Markov process in the state space R” x {1,...,n} such
that its generator 4 acts on a smooth function A(x,k) as follows:

. 12
Ah(x,k) = Lih(x, k) + . 231 ki (X)(h(x, j) — h(x, k)) .
j=

Such a process exists and is unique (see, for example, [F1,Sk]). Using the
Feynman—Kac formula one can write the following relation for the solution of
problem (3.1)

' | B .
(34) U]i(tax) = Ex,kvsﬁ(t - TaX:) exp{ fﬁ\f,;(X:’ vg(t - S:)(;))ds} [}
T e 0o ¥

where &/ (x,v) = (y + cx(x))(1 — }¥), and 7 is any stopping time for the process
(X7, v8) such that Py, x{t < t} = 1. We conclude from (3.4) that
X % . . '
0 < vi(t,x) < ME, i 1,6, exp{ f(c:"x()(;,yﬁ(t — s,)(sﬂ))ds} = Di(t,x),
€ s

(3.5)

where %, g, is the indicator function of the complement of the set {t=1,X¢Gy},
Go={x e R T} gi(x)>0}

Now, since Vj(t,x) < —/; for (t,x) € ¢, the definition of ¥} in Sect.2
implies that there exist a closed set ' and the corresponding stopping time
% = 1r € ©; such that

sup{f [H (;c;c(%)ﬂf) - n(ws,%ﬂs)}dst Qo =x, ¢; € Go} < —g

0

Denote y; the indicator of the set

.
S,:{’(l )gr*<’l}, I=1,...m.
m m

Then taking into account that c;(x) = 0, we can write:

m 1 tl/m
Di(t,x) £ M Y Ecirii6, eXP{ . K¢ +cv;(Xf))dS}
=1 0

1 t
(3.6) + MEy k) = )16, eXp{ . SO+ Cvf(ng)ds}~
0

Notice that the set {¢: ¢o =x, ¢; € Gy, ¢ € S} is contained in

Ti={¢: po=x, ¢; € Go, (t —s,¢(s)) € F for some (I—1)t/m < s < It/m},
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which is closed with respect to the supremum norm. Using the large deviation
principle, we get

tl/m
l}f{} eIn Ex 11746, exp{ . f (e (XP) + “/)ds}
g 0

tl/m
(3.7) < sup { S (“/ +2 Ck(q)s)!lf>ds = So,um(@, 1) ¢ € T/} :
0 k
Note that the supremum in the righthand side of (3.7) is bounded from above by

sup { T |:(y + Z Cl((ps):uls‘) - W((Psa ([)s’ :us‘):| dS: d) S Tl}

0 i
t t(y+

(338) + Ll s <P 0D

m 2
for /=1,...,m and p as in (3.7). Now choosing m >‘;j’ v+ |c|) we derive
from (3.7) and (3.8) that

. LS 8
(3.9) lim elnEy k.6, expy [ cop(X)dspy < ="

£]0 €0 S0 4
A similar bound holds for the last term in the righthand side of (3.6):

: 1 ‘ & ﬂ

(3.10) 181?(;1 eI Ey j)er = 171,G, €XP . g’cv;:()(s)ds < 4

The statement of Lemma 3.2 follows from (3.2), (3.5)—(3.10).

Consider an auxiliary problem

wi(tx) & Ly o*u’ 1 .
a2 ,.,jzzla COPWPWRIACY
.1 X .
=celu'+ f@w®), t>0, x€GCR, u’(t,x) =0,
& xX€0G
(3.11) u®(0,x) =¢g°(x) =2 0, ¢>0.

We assume that L is an elliptic operator with bounded smooth enough coeffi-
cients, g°(x) is bounded and continuous except on maybe a finite number
of smooth manifolds of dimension » — 1, where it has simple discontinities:
lim g®(x) exists when x approaches a point on the discontinuity manifold from
one side and equal to a continuous function on the manifold. The nonlinear
term in (3.11) is assumed to be of KPP type: there exists u >0 such that
f(u) = c(u)u, where c(u) is Lipschitz continuous, c(u) >0 for 0 <u <y,
c(u) =0, ¢ =c(0) = max,>o c(u), c(u) <0 for u> pu. One can check that
0 < u¥(t,x) < max(y,sup, g(x)) (see [F3]). Denote p( -, -) the Riemannian
metric in R corresponding to the form X}, a;;(x) dx’ dx/, (a;;(x))=(a¥(x))~".
Let G =G, ={x€R", p(x,0)<h}, h>0, and let G be a smooth (r — 1)-
dimensional manifold.
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Lemma 3.3 Assume that for any 6 >0 there exists & > 0 such that g°(x) >
e % for |x| < e 2" and ¢ € (0,¢).
Then

lim u’(t,x) =
Slﬁ)lu(x) 7

for the points (t,x) such that p(x,0) <min(t\/2c,h). The convergence is uni-
Sform in (t,x) from any compact subset of {(t,x): t >0, x € R" and p(x,0) <
min(zv/2c, h)}.

Proof. Let )

e %% for x| < e

0, for |x| >e™20/%

—20/¢
b

95(x) = {

The solution of problem (3.11) with g®(x) = g§(x) is denoted u§(# x). It follows
from Theorem 6.2.2 of [F1] that

(3.12) lim uj(t.x) =0 if p(x,0)> 2e,
E—

uniformly in any compact subset of {(£,x): >0, &> p(x,0) > t+/2c}.
Now, let us prove that

(3.13) lim elnuf(2,x) > —60
€l0

if p=(x,0) = tv/2c < h. Using the Feynman—Kac formula we get

1 t
(3.14) u§(t,x) = Ey g5(X7) exp { . f c(uf(t — s,X;‘))ds} Lot s
0

where X is the diffusion process in R" governed by the operator &L,
t=min{¢: X ¢ G} and y,, is the indicator function of the set {t > ¢}. Let
¢,0 < s < t, be the minimal geodesic in the metric p connecting points x
and 0; ¢, =x, ¢, =0, p(x,0) < h, with the parametrization proportional to
the Riemannian length. Let x > 0 be so small that

2 2 2 0.0
Y (O,X) _ Y (O,X) < 5’ p( )(P[73K) < 5’

3.15 3 o
(.15) ¢k <9 t — 3k ¢ K

and p; >0 be such that the transition density p°(t,x,y) of the process X/
satisfies the inequality

. 0
(3.16) Pl x, y) >exp{8} for |x| < wi, |y| < w1 .
The existence of such u; follows, for example, from the Varadhan’s result [V]:

_Py)

lim ¢ 1n pi(¢ =
im & n p*(4,x, y) o
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Consider the function ¢, 0 < s < t — K, defined as follows:

x if0<s=x,
o = Py ifk =s=1-2k,
Py_oayy -2k Ss=St—x,

where @, is the minimal geodesic connecting points ¢,_;, and 0 in time [0, k]
with the parameter proportional to the Riemannian length. The function ¢,
0 < s Zt—k, starts at x and ends at 0. Denote

fo = max _[@ — @, po=min(u, 1) .

K<s<t—2k

Note that the closure of the Euclidean p-neighborhood I}, of the curve
(t—s,0,), k =5 =< t—2x, belongs to the set {(¢,x): p(x,0) > t\/gc}. Thus,
due to (3.12), there exists g >0 such that c(u’(t — s,x)) >c—‘t’ for (¢t —

s,¢,) €I, € < g. Denote Xf;; the indicator of I',. Then we have from (3.14)
and the large deviation principle for ¢ > 0 small enough

1 —K
ug(t,x) = Exug(15,X° )1 exp{ I e(us(t —S,Xf)dS}
€0

(3.17) = E, min uj(k, y)exp { ! [e(t —x)—S§,_ (@) — 5]} ,
BAEYZ & ’

where iS(*)T(q')) is the action functional for the process X¢ as ¢ | 0. As shown
in [F1, Sect. 6.2]

S;,t—x(@) =

We conclude from (3.15) that

pz(x: (ﬁt—:;x) pz((ﬁz—}mo)
2(t — 3k) 2K ’

2
(3.18) (@) <’ (th,()) 45,

One can derive from (3.14) and (3.16) that
(3.19) ul(16,x) > e 3% for x| < u.

Gathering bounds (3.17)—(3.19), we derive (3.13).
Since g°(x) = g5(x) we conclude that

W(t,x) = e %% if p(x,0) = tvV2¢ < h
and ¢ is small enough. Taking into account that 6 > 0 is arbitrary we get
(3.20) 1%1 elnu’(t,x) =0,
if p(x,0)=1v2c < h. The statement of Lemma 3.3 follows from (3.20),

(3.14) and the strong Markov property by standard arguments (see Sect. 6.2 in
[F1] or [F2]), and we omit them.
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Let y
Kix = {(t,x): t>1ty, |x —xo| < A(t — 1)},

D

oo = 1(6X):0 <t <o, |xo—x| <Aty —1)}.

Lemma 3.4 Assume that for some ko € {1,...,n}, 1o = 0, xg € R"

lim elnuf (t9,x9) =0 .
i i (10,%0)

Then there exists A >0 such that

lim uj (¢,x) >0,
el0

uniformly in (t,x) from any compact subset of K’,‘é,xO and any k € {1,...,n}.

Proof. Let f be as in condition (A2), B’ = B’(g) < B as in condition (A3).
Let —M be the infimum in (Al). Let f(u) be a continuously differentiable
function on [0,00) such that

B 2u : B’
flu) = s ru(l—3) if0=su=s?,
-M ifu>F8

and let f(u) decreases on (B/,B’).
Consider the following system of uncoupled equations:

ov},
ot

v (0,x) = uf (to,x), k=1,...,n.

1
=Liv; + Sf(vZ), t>0,xcR",

Because of conditions (A1)—(A3)
Fi(x,u) = f(u), x€R, uel0,B]", k=1,...,n.

It is readily checked that the vector field f satisfies (A1)—(A3). Thus, accord-
ing to Lemma 3.1(i) and (iii),

(3.21) up(to+t,x) 2 vi(t,x), t=20,xeR, 1 <k=<n.
Note that if functions u§(#,x),...,u} (¢, x) satisty (1.2), (1.4), then i/ (t,x) =
ui (et,ex), k =1,...,n, satisfy equations
aﬁlﬁ 1z ij 621’71:% - ~¢
o =2 i’jZ::l a; (ax)axiaxj + Fr(ex; af,...,u0),

t>0, xeR, k=1,....n,

and according to Lemma 3.1(i), 0 =< u#/(t,x) = B. Taking into account that
the equations for i are parabolic uniformly in ¢ € (0,1] and have bounded
coefficients and their first derivatives, we conclude from the standard apriori



58 M.I. Freidlin, T.-Y. Lee

bounds for the solutions of (linear) parabolic equations (see, for example,
[Fri, Theorem 4 in Ch.7]) that |V, (f,x)| < const. < co uniformly in ¢ €
(0,1]. Thus |Viui(t,x)| < const.¢~!. The last bound implies, that if
lim, o eln u,ﬁo (to,x0) = 0 then for any 6 > 0 there exists g such that

dle —20/¢

uzo(to,x)>e* for |x — x| < e ,0<e<eg.
Then we derive from Lemma 3.3, that there exists 4 > 0 such that for any

compact subset K of the cone K{)‘qxo

L B . .
lslﬁ)l vg, (LX) = 5 uniformly in (t,x) € K .

Thus due to (3.21)

lim u} (t,x) = ,
e—0 0 2
uniformly in (#,x) from any compact subset of the cone K?on-

To finish the proof of Lemma 3.4 we need to show that for all k = 1,2,...,n
and some k >0

(3.22) lim o (4,x) = K,

e—0

uniformly in any compact subset of K;‘,x .
It follows from (A1)—(A3) and the mean value theorem that

Fr(xu)= > cjxu)u;, 1<k <nxeR,uck",
j=1

where c¢;(x,u) are continuous and bounded and c;(x,u) = 0 for x € R, |u| <
Kk for some x; > 0. Let =% = (¢, X{,v5) be the Markov process in the state

space R! x R" x {1,...,n} governed by the generator A4:

Oh |
Ah(s,x,k) = - Os + Lsh + e Z] ij(x: MS(S,X))(h(S,x,j) - h(S,X,k)) >
j=

where u°(s,x) is the solution of problem (1.2), (1.4). The process = is defined
at least in the domain {(s,x,k): |u(s,x)| < K1}; t; =t — s.

Suppose (3.22) is not true: there exist kj, a compact K € K4

o, xp° K2, 0<

Ky < ;min(Kl,B’ ), and a sequence (t*’/,x*:,) € K, such that
: POy 1 . /
Brl% up, (£,x°) < Ky < jmin(x;,B").
Denote . )

A :{(say:k):uli(say) < ZKQ}'

/

I ;min((tsl - to), min{s: (tS,Xf/,vﬁl) ¢A8/}) .
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Taking into account that c,‘il(s,x) = Z;?:lckj(;c, uﬁ/(s,x)) >0 in AY we conclude
from the Feynman—Kac formula that

(3.23) wp (%) 2 By i, /(ﬁ' — X%

The difference - to is bounded from below by a positive constant since

all (t‘g x¢ )6 K C KA v laking into account the positivity of the jumping
intensities ¢, ;(x, u) and the result for uy, (1,x) we can conclude that

P (¥ < M —m)} =1 asé L0,
and thus
(3.24) Pyt (s (10 =7 X50) 2 20} =1 as e | 0.

From (3.23) and (3.24) we conclude that
hm0 uk (¢ /,x‘“'/) > K.
This contradiction proves (3.22).
Denote
&) — {(t,x): t>0, x € R, lim u,i/(t,x) = 0 for some k = l,...,n}.
¢ —0

Here (¢’) is a sequence such that ¢’ >0, ¢ — 0.

Lemma 3.5 (i) If (t0,x0) € &€ then there exists A> 0 such that

/
lim &' Inuj (t,x) < 0
&' 0

for any point (t,x) € DX and any k=1,...,n

10>X0
(i1) For any compact K contained in the interior (é"(sl)) of the set &)

lim uf (,x) =0,
lim i (4,x)

uniformly in (t,x) € K and 1 < k < n.
(iii) &) [(6"(6/))], where [D] means the closure of the set D. If (t,x) € c«?“/),
then (1 — h,x) € (D) for 0 < h < t.

Proof. The first statement follows immediately from Lemma 3.4. To prove the

second statement note that K can be covered by a finite number of cones D;‘:{ Y

with vertices (#,x;) € (é”("/))\K . The uniformity follows from the uniformity
of the bound in Lemma 3.4. The last statement follows from (i) and (ii).
Denote
M ={(t,x):t>0, x € R",Vi(t,x) =0} ;

(M) means the interior of M.
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Lemma 3.6 Let K be compact, K C (M). Then for any k =1,2,...,n.

lim ¢ 1n u =
gllr{)lsnuk(t,x) 0

uniformly in (t,x) € K.

Proof. The proof of this lemma is similar to the proof of Lemma 4 of [F3].
Assume that for a point (¢,x) € (M) and for some k = 1,...,n there exists a
sequence &' | 0 such that lim, |, &' In u};/(t,x) = —f < 0. Then lim,/ |, u}é/ (t,x) =
0, that is, (¢t,x) € &), Without loss of generality we can assume that (¢,x) €
(6@)). If this is not true, one can take a point (# — k,x) with small enough

h > 0. This new point belongs to (ﬁ(g,)) due to Lemma 3.5(iii) and belongs
to (M) since (M) is open.
Define the stopping time t corresponding to the complement of the set
(6)):
©=1(t,p) = min{s : (1 — 5,p,) ¢ (6)}.

It is clear that 1 < ¢ a.s.
Since (t,x) e M

sup{fé(ws,@)ds: Po =X, € Go} =0,
0

where Gy is the support of >7 ,g,(x). Therefore for any 6 >0 there exists

=

s =2, 0 <5 £ 1, o =x, ¢; € Go, such that

0

RO,I(CD) = f C(QDSs ¢s)ds 2 74 5
0

(t—5,05) € (6) for 0 <5 < 1(1,0),
(t = T(t, ), Prirgy) € 06 .

Now we define a reconstruction of ¢, such that the new function @, 0 < s
T, spends most of the time in (£¢"), ends outside of the closure [6¢")] of
! . - S
&) and satisfies Ry 7(¢) = —3.
Let 41, 4, be small positive numbers, 7 = (¢, ¢). Define

IIA

X for s €[0,4],

- l],/’»z _

O, =@ Ps—i W T—i)(T—=22)  for s €[4, T —A],

OT— i +(s—T+i)(1—=4p) For s€[T — A1, T — Aid],

The function ¢, is defined for s € [0,7 — A4142], @7 = @r =z, where T =
T — .
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According to Lemma 2.2(i) one can choose the numbers 4y, 4, > 0 so small
that
_ s 0 T _ - )
é((psa(ps)ds g _2: f C((ps,(ps)ds < 8 5
T—2(i1+42)

S =~

(3.25)
(1 +2)A+p) < g ,

B is as in (A2). Note that since (s — L4 )T — LW )T —24)"' < s, for s <
T - i19

(t—s,@) € (69), 0<s<T—4.

Since (¢ —T,z) ¢(§(3/)) and T < T we conclude from Lemma 3.4 that
(t—T,z) ¢[£(¢')]. Thus there exists a subsequence {&"} of {¢'} and o,k >0
such that

(3.26) 1,1/%u;;"(t—f,x)g k>0, 1<k<n|x—z| <a.
Let ¢ij(x) = cj(x) —7,0<y< g . Denote f(x,q) the function defined

by (1.5) for {c;j(x)}] replaced by {é;(x)}]. Let y>0 be so small that if
SUPycrr 1<, j<n |cij(x) — €;(x)| <, then

T . T . 5
(3.27) {C((ﬁAg,@s)ds - bfé(é‘v(ﬁs)ds <g-

Such y > 0 exists according to Lemma 2.2(ii). Let B’ = B’(y) be chosen as in
condition (A3), and o € (0,%9) be so small that

Gy, ={(t —5,x): 0S5 <1 —24, |x— @ <20} € (6°),
(3.28) ) ) 5
2 165(x) = ¢(»)] < 8 for |x — y| <.
2y

Consider the Markov process (X, 7°) in the state space R” x {1,...,n} corre-

sponding to the generator A4,
~ )
Ah(x, k) = Lih(x, k) + . > Cii(x) (h(x, j) — h(x, k)) .
j=1

Denote .
of = min{s: (t —s5,X{) €G,},
o5 = min{s: uf?(t — s,)?;’) = ; min(x,B")},
¢® = min(a$, 05) .

From now on we will write superscript ¢ in place of ¢”. Since G, C (@@ (6/)) and
u'(t — T,x)> % for |x —z| <o and & small enough,

(3.29) Pi{T>05>(T —2/) or i <as} =1.

for ¢ small enough, |x —z| <a.
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Using the Feynman—Kac formula one can write:

. 1o .
up(t,x) = Ey il (t — 0%, X.:)exp { f c};(X;‘)ds}
gt & 0 s

&

1 g ~ ~ n ~ ~
B [ (R = 5. 80) = X G (ROuie s,X;>]
0 j=1
13
(3.30) X exp { . ngj(X:)ds}ds ,
>0

where Ek(x)zz;.’zlékj(x). Since Fi(x,u)—X;Cr(x)u; 2 0 for u; < B,1<j<n,
the second term in the righthand side of (3.30) is positive. Taking into account
the definition of ¢§ we derive from (3.30):

1%
(331)  u(tx) Z S min(cB)Ey s - s oxp { L 5ﬁé§(x;)ds} ,
>0

where Aoi>o is the indicator function of the set {¢% > d5}. It follows from
(3.29) and (3.31) that

| 724 .
up(t,x) = ; min(;c,B')Ex,an{;>T— exp { . Ik Egse(X;)ds} ,
0
and because of (3.25) and (3.28)

. /2% 1 T—2/ . S
(332)  up(tx) Z e T E a2, exp{s J C\Z§‘(Xs)ds_5}a
0

for ¢ > 0 small enough.
One can derive from the lower bound for probabilities of large deviations
for process (X7, V7) that

NEA
1 T—24 . T—2)y .
(3-33)  eInExiioi>r-21 €XP Y [ én(X)dsp = [ UPypy)ds — 0
£ 0 0
if ¢ is small enough. From (3.25),(3.27),(3.32) and (3.33) we conclude that
there exists ¢y > 0 such that
u(t,x) = e 100 g

Since ¢ is an arbitrary positive number, the last inequality contradicts to the
assumption that lim, (¢’ In uzl(t,x) = —f <0, and thus

(3.34) lifneln up(t,x) =2 0.
el0
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On the other hand, it follows from Lemma 3.1(i) that

(3.35) lifl()qsln up(t,x) < 0.

We derive from (3.34) and (3.35) that

limelnui(t,x) =0, (t,x)e(M).

e—0

To finish the proof of the lemma we need to show that the convergence is
uniform in (¢,x) € K. The compact K can be covered by a finite number of
cones K;’,/ii, i =1,...,N, with the vertices (4,x;) € (M)\K, where the constant
4 is defined as in Lemma 3.4. It was proved that lim;)o¢lnuj(#,x;) = 0 for
1 <i=<N and 1 £k < n. Now the uniformity of the convergence follows from
Lemma 3.4.

Proof of Theorem 1.1. The first statement follows from Lemmas 2.4 and 3.2.
The second statement follows from Lemmas 2.4,3.4, and 3.6.

4 Geometric description of wave fronts: Some examples

Suppose the space R” is provided with a Riemannian metric ds* = ] ai(x)
dx' dx’.

We say that domains G; C R”, t =0, grow according to the Huygens prin-
ciple with a velocity field v(x, p), x, p € R", if

o /Saendie!
G, =qYyER" inf

. . ds <t —ty
?0EG1y. 91=Y | U((Psa QDS)/|§D.9|

for any 0 <ty <t <oo. The infimum here is taken over all smooth ¢y,
0 <s <1, with values in R", connecting points of G,, and y € R".

It is well known that many asymptotic problems for hyperbolic differential
equations describing wave processes lead to a Huygens principle. It was proved
in [F1] that the asymptotic behavior of the solution of problem (1.2),(1.4) as
¢ | 0 for a single equation (n = 1) also can be described by a Huygens principle
if ¢(x) = 0F(x, u)/0ul,—o = ¢ independent of x € R". Namely, it was shown
that domains G, = {x: V*(¢,x) > 0} grow according to the Huygens principle,
and the corresponding velocity field v(x, p) is homogeneous and isotropic if
calculated in Riemannian metric with (a;;(x)) = (a”(x))~!, where (a”(x)) is
the diffusion matrix; v(x, p) = v/2c in this metric.

If c¢(x) = 0F(x,u)/0ul,—o depends on x, then there exists no universal
(independent of the initial data) Huygens principle, describing the motion of
the interface between areas where u°(¢,x) tends to zero as ¢ | 0 and where
lim,_,, u*(t,x) > 0. Moreover, the motion of the interface (wave front) can be
non-Markovian: for a given position of the interface at time s, the future motion
can depend on the behavior of the front before time s (see example 2 in [F2]).
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In the case of systems it was noticed in [F2] that if all the operators L}
are the same: Lj = 557, a¥(x)0*/dx'dx/ and ci;(x) = cy; are positive con-
stants, then the front also propagates according to the Huygens principle. In
the Riemannian metric with (a;;(x)) = (a” (x))~! the velocity is equal to v/24,
where 4 is the principle eigenvalue of the matrix (c;;).

In a number of asymptotic problems for RDE’s (see [F1] chap. 7, [F3]) the
motion of the front can be described by a Huygens principle, but the velocity
field has the simplest form not in a Riemannian but in a Finsler metric (The
Finsler metric is a generalization of the Riemannian metric, when the unit
spheres in the tangent spaces are not ellipsoids but any convex sets (see [R]).
If the unit spheres are the same at all points x € R", such a metric is called
the Minkovskii metric.)

We present here four examples to demonstrate some possible motion of

wave fronts in geometric terms. Some new effects are pointed out that are
possible in a system of RDE but not in a single equation.
1. As it was mentioned above, for the case » =1 (no transmutations) if
c(x) = c is a constant, then wave fronts propagate according to a Huygens
principle related to the diffusion matrix (¢} (x)) and the constant ¢. In what
follows we show by example that an analogy for n = 2 does not hold. In our
example n = 2, cpu(x) = cp for k,m € (1,2), ci1+cn=c=cy+cn, r=1
and assumptions (A1)—(A3) are satisfied. We show that the Huygens principle
does not hold.

Let g[A4] denote the maximal eigenvalue of matrix A and let 0 be a fixed
positive number. Define

1.2
p-—10 9}}
4.1 = su —g|? .
4.1) B peg{p [0 ey
Note that
P 0 2
(4.2) sups p—o 4 5 :sup{p_p}:ﬁ‘
pER 0 r—0 pER 4p

Consider the system of RDE with small parameter e.

ous 1 %ut _ c . . .

6tl =5 Sal(x)zaxé + e B (1 — ) + 0 — u)]

6148 1 aZue _ e & & &

Otz = gaz(x)zaxg + e [Bus(1 —u) + 0w — u5)], t>0, xER,

ui(0,x) = u5(0,x) = 1~ (x) ,

where the functions a;(x) and a,(x) are continuously differentiable positive
functions such that

I, x=Z1, 2, x=1,
aj(x) = 1 ar(x) = 1
28> xéZ 28> x§2
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Note that assumption (A1) is satisfied with B = 1. Assumptions (A2) and (A3)
are satisfied since cyu(x) = cpy are constants and w(l —u) <u, u € [0,1].
Let us define

ay(x) 2
ox(p) =0 R 9 ]
0 az();)p2 +B—0
_pog4 @ET OO o (a0 axx)2pt)
4 8
It can be checked that
dO'] dGz
4.4
(44) i PV (D)

when o1(p) = g2(p) and p > 0.
Also recall from (1.5) the definition of {(x,¢):

(4.5) (i(q) = U(x,q) = — sup[gp — ax(p)]
PER
We claim
dly di,
(4.6) dq (H)=* dq (1).

This can be proved as follows. If (4.6) is not true, then we have

iy, di
dg (1) = dq
(1) =&(1),

where the last equality follows from (4.1) and (4.2). Let p, be the maximizer
in (4.5) for ¢ = 1, that is, p, be such that

(1,

do,
4. “(py) =1, R.
(4.7) dp (px) x e

It then follows from the properties of the Legendre transform that
pr=pr=p: >0,

01(p+) — psx = 02(Ps) — Ps, thus a1(ps) = 02(ps)

From (4.4) one can obtain

dO‘l

dGz
ap PF g ()

which contradicts (4.7).
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Next we shall show that if

dig, d{,
d (1) > dq (1),

then the Huygens principle does not hold for the RDE system (4.3). It follows
from (4.1) and (4.2) that

{(x,q) =0 for x € (=00, 1]U[2,00), |g| =1,

Therefore, should the Huygens principle hold, the position x = 1 would become
excited at time 1 (it means that uj(#,1) tends to 0 as ¢ | 0 for r < 1 and
tends to 1 for £ > 1). The position x = 2 would become excited at time 1 + 7,
7 being a certain positive number and the position x =3 at time 1 + 7+ 1 =
7+ 2. We shall show that V(7,3) =0 for some T less than 7+ 2, thus the
Huygens principle can NOT hold. The idea is to look at ¢, o =3 such
that [¢,| = 1/(1+8) < 1 when ¢, = 2 (thus {(g,, @) > 0), || = 1/(1 — 8)
when ¢, = 1 (thus {(¢s, ¢,) < 0) and {(¢s, ¢,) = 0 when 1 < ¢, < 2. Notice
that @125 =2, Q1o50r = 1, @20 = Q1154-+1—6 = 0 and take into consideration
that {5(1) = 0 = {;(1), then

2+r ) 1 1
bfC(<Ps,<Ps)dS=(1+5)§2(l+5)+T-0+(1—5)C1 (1_5)

= {dCl(l) - dCz(l)] S+0(d) asd—0,

dq dq
The positivity of [(d{i/dg)(1) — (d{/dq)(1)] guarantees the existence of T <
7+ 2 such that V(7,3) =0 for some 6 > 0.

Now, if the difference [(d{/dq)(1) — (d{3/dq)(1)] is not positive, in view
of (4.6), it must be negative. Then the Huygens principle does not hold for
the new system of the same form as (4.3) but with the functions a;(x),a(x)
replaced by a;(3 —x), az(3 — x) correspondingly. This can be proved by the
same arguments.

Let t(a,b) be the first time the position x = b, b > a, is excited when
the initial data is the indicator function of (—oo,a]. This example actually
shows that

1(0,1) 4 (1,2) + ©(2,3) £1(0,3) .

Thus the excited region at the present does not determine the motion of wave
front in the future. We refer to this behavior as a non-Markovian law, which
is a stronger statement than that no Huygens principle can hold.
2. Suppose that the RDE system (1.2) is space-homogeneous, that is,

ag(x) = a'}j and  c¢pu(x) = cpy are constants

for i,j € {1,...,r} and k,m € {1,...,n}. Suppose also that assumptions (Al)—
(A3) are satisfied. Then, in (1.5), {(x,q) = {(q), and from the concavity of
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it follows that

_ Lt o y—x
V(t,x)—sup{orgrétofé((ps)ds. Qs =x+s o yEGo}
= sup min <O, tC(y_x>>
y€Gy !
= tmin [ 0, supé(y_x) .
Y€Gy t

This result was obtained in [BES] under assumptions on the vector field similar
to (Al)—(A3). A special case was considered in [F1,F2]. It implies that the

wave front propagates according to the Huygens principles, and its speed is 1
with respect to the Minkovskii metric associated with the unit ball H:

H={qeR" Uq) 2 0}.

In the particular case of n =1 this metric is always Riemannian [F1]. For
n = 2 this metric is in general not Riemannian.
3. Consider the RDE system like (1.2) but with two parameters, ¢ and 6,

O“uf(’e(t,x)

(4.8) o

1
Liut? + SF,f(uF"”), t>0,xeR, 1<k <n,

where F,f(u) = fr(ug) + QZm#kam(um — Uy ), Cp are positive numbers and Lj
are independent of x. We assume f;(v) to be of KPP type, i.e., fi(v) < 0 for
v € (—00,0)U(1,00), fi(v) > 0 for v e (0,1), and f/(0) =sup,., fi(v)/v.
Assumptions (A1)—(A3) are satisfied for each § > 0. The RDE system (4.8)
is space-homogeneous. Let (’(¢), A%g) be as in (1.5) (now depending on 0
and not on x). It follows from example 2, that the wave front, formed as ¢ — 0,
propagates according to the Huygens principle with speed 1 with respect to the
Minkovskii metric with unit ball A’

H'={qeR": {%gq) = 0}.

Denote by conv[w( - )] the largest convex function which is no greater than
the function w: R” — R. Denote by y = (y1,...,7,) the invariant distribution
associated with transmutation intensities c¢y,, k=+m, i.c.,

M:

vk > 0, w=1,

k=1

( > ykckm> — Vm ( > cm1> =0 forme{l,...,n}.
k+m l#+m

The action function L’(B), B € R" for the occupation time Z¢, ¢t = 1, as & — 0
is strictly positive except at § =y where it is 0. A simple scaling argument
shows that, in fact, L! = L'. This follows, for example, from Sect. 4 of Chap. 7
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in [FW]. Moreover, the functions L’, A’ are conjugate with respect to the
Legendre transform. This implies that

n

(4.9) A(p) = sup | 3 Bi(paxp/2 + £(0)) — OL' ()| -
BER" L k=1

Thus,

Tim A'(p) = 5 34 pixp/2 + £{(0))

Note also that
lim A°(p) = A’(p) = max(pasp/2 + {(0))

By the last two identities and straightforward calculation we see that (’ has
the following limits as 8 | 0 and as 6 T co.

. 0 _ . o . /
lim {(q) = psg]g {q p 121?2,1(” akp/2+fk(0))}

= —conv [] min (q-a;'q/2 = f}!(O))] :
n -1 n
Jim (q)=— [q- (Z Vm) q/2— % ka’(O)] :
—oo k=1 k=1

The order of the lim and sup can be exchanged because for each g the sup
occurs in a bounded set of p (depending on ¢, but not on 6) and because
the principal eigenvalue depends on the entries of the matrix continuously.
Correspondingly, the set H? has the limits

H =1limH"={g: i ca g2 — f! <
lim {q conVLgllggn(q a; q/ fk(O))} = 0} ,

n —1 n
H> = ()l_i,rEoHO = {q e (kzl “/kak) q/2 < kZlefk/(O)} :
Note that H*° corresponds to a Riemannian metric while H 00 >0 =0 are
in general not Riemannian. Comparing this result with the » = 1 case one finds
that frequent transmutation (0 — co) makes the wave front behave like coming
from a single RDE with average diffusion and multiplication coefficients.

4. Consider (4.8) with one space variable. It is instructive to compare the speed
¥ of wave front for the system with the speeds of decoupled single RDE’s as
0 = 0. The latter speeds are

b=\ 2af{(0), 1k =n.
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The speeds should be considered with respect to the Euclidean metric. The
following simple bounds of v are readily checked

\/2 (ml?xak) (m]?xfk’(O)) > ;Il%ml?x<ak2p n fk’;O))

(4.10) 2\/2(2Vkak)(2“/kf;!(0)) = ];l“/kvk .

Y
1\
QQ:

The first inequality is obtained by replacing ay, f{(0) with their maximum
over k. The second inequality follows from the simple fact that

A’(p) < max[a;p*/2 + f{(0)]

and a simple calculation. The third inequality holds once we show that
Ap) 2 3 wlap’/2+ fiO].
=1

which is obtained using f =0 in (4.9). The last inequality follows from the
fact that the function (a,b) — (ab)"?,a,b > 0 is concave. As the coupling
intensity 0 vanishes, the lower bound in strengthened (see (4.9)) into

: 0 > A !
lim ! max{mngk, ¢2(2ykak)<z/kfk(0>)} .

The following RDE system demonstrates that the speed of system can be
arbitrarily larger than that of each decoupled RDE,

. & 0%t 1 . . .
ou(ex)for = o o 5+ LAWD + iy — ],
& ep 821/13 1 & & &
ous(t,x)/0t = 5 oy + ep [o(u5)+ (U] —u5)], t>0, xeR,

up(0,x) =7 —(x), k=12, x€eR,

where f; are of KPP type and f{(0) =1, f5(0)= 1/p. According to (4.10)
the speed v satisfies

02 20 Sna) (S fo) = \/1 S())

p

The righthand side tends to co as p — oo or p — 0 while the speed \/ 2a; £ (0)
of each decoupled equation is /2 for k = 1,2 (compare with [F3], Sect.4).
The increase of the speed of the front in the system, roughly speaking, is due
to the fact, that the particles can use one type for multiplication and the other
type for motion.

Acknowledgements. We thank the referees for their useful comments.
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