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Abstract

The Gaussian elimination with partial pivoting (GEPP) is a classical algorithm for
solving systems of linear equations. Although in specific cases the loss of precision
in GEPP due to roundoff errors can be very significant, empirical evidence strongly
suggests that for a rypical square coefficient matrix, GEPP is numerically stable. We
obtain a (partial) theoretical justification of this phenomenon by showing that, given
the random n x n standard Gaussian coefficient matrix A, the growth factor of the
Gaussian elimination with partial pivoting is at most polynomially large in n with
probability close to one. This implies that with probability close to one the number
of bits of precision sufficient to solve Ax = b to m bits of accuracy using GEPP
is m + O (logn), which improves an earlier estimate m + 0(10g2 n) of Sankar, and
which we conjecture to be optimal by the order of magnitude. We further provide tail
estimates of the growth factor which can be used to support the empirical observation
that GEPP is more stable than the Gaussian Elimination with no pivoting.
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1 Introduction

The Gaussian Elimination is a classical algorithm for solving systems of linear
equations [6, Chapter 3], [7, Chapter 9]. The simplest form of the algorithm—the
Gaussian Elimination with no pivoting—solves a linear system (SLE) Ax = b
with a square coefficient matrix A by performing the LU—factorization: A is rep-
resented as the product LU where L and U are lower and upper triangular matrix,
respectively, and x is obtained by a combination of forward and back substitutions
y := L7'b, x := U~'y. A possible algorithmic representation of this well known
process is given below in Algorithm 1. The procedure produces a sequence of matrices
A .= A AD  AC=D —. U where for every k < n — 1, the k x k top left
submatrix of A*~1 is upper triangular. The elimination process with no pivoting fails
ifatany step k = 1, ..., n — 1, the k—th diagonal element of A®~1 is zero.
The computation of A®) from A*~1 can be represented in matrix form as

A® = (1d, — t®elHA*D,

where
n
k) ._ *)
= Z Tie),
j=k+1
and where ey, . . ., e, are standard unit basis vectors in R”. We also note that with this
notation
n—1
L=1d, + Z r(k)e,j.
k=1
The matrices Id, — t®e], k = 1,...,n — 1, are called the Gauss transformations.

When considering an implementation using the floating point arithmetic, a well
known issue of the Gaussian Elimination is its numerical instability. Recall that the
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Average-case analysis of the Gaussian elimination... 503

Algorithm 1 LU -factorization
Input: Ann x n matrix A
Output: LU-factorization A = LU if the algorithm succeeds, or Error if the algo-
rithm fails

1. AQ =4

2:fork=1,....,.n—1do

a0 if Al #£0

: then

4
5 Initialize A% as zero matrix
6. for i(k? k+ %k, iy n(?ol)
7 To= A Ak

8 for j=k+1,...,ndo

9 A(k) — A(k—l) _ A(k—l) .[(k)

: ije ij kj U
10: end for
11: end for
12:  else
13:  Output Error
14:  end if
15: end for
16: U := A®=D

17: Set L to be the unit lower triangular matrix with

Liy=t®, i=k+1,...,n, k=1,....n—1.

condition number k(A) of a square matrix A defined as the ratio of the largest and
smallest singular value of A. Even for some well-conditioned matrices (i.e having a
small condition number), solving SLE with help of the Gaussian Elimination with no
pivoting results in large relative errors of the computed solution vectors [6, Section 3.3].

Several modifications of the elimination procedure are commonly used in matrix
computations to address the instability issue [6, Chapter 3], [ 7, Chapter 9]. In particular,
the Gaussian Elimination with Partial Pivoting (GEPP) looks for a representation
PA = LU (called PLU-factorization), where, as before, L and U are lower and
upper triangular matrices, while P is a specially constructed permutation matrix. The
solution of a corresponding SLE can then be obtained by a combination of forward and
back substitutions, and a permutation of vector’s components (see Algorithm 2; for
better readability, we represent the formula for L in matrix rather than entry-wise form
there). The GEPP succeeds in exact arithmetic whenever A is non-singular (although
it may fail in floating point arithmetic).

A seminal result of Wilkinson [21] gives an upper bound on the backward error
during the Gaussian Elimination when the floating point computations are performed.
Define the unit roundoff

1
u:= 3 (the gap between 1 and the next floating point number),
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504 H. Huang, K. Tikhomirov

Algorithm 2 PLU-factorization

Input: Ann x n matrix A
Output: Matrices P, L, U satisfying PA = LU, or Error if the algorithm fails

1A =4

2:fork=1,...,n—1do

3:  Set yg tobe an index in {k, ..., n} corresponding to the largest (by the absolute
value) element among A](ckk_l), Al(c]:—_lll)c’ ey Ailkk_l) > We can assume any tie-breaking
rule here &1

4: if Ayk,k =0

5. then

6:  Output Error

7. else

8. Set P® to be the permutation matrix that swaps k—th and yx—th components:

k) _ pk) ._ k) . _ ;
Pk,yk _Pyk,k =1, P],] =1, J E[n]\{ykak}

9: Initialize A% as zero matrix
10 fori=k+1,...,ndo

1= (PRAGD), (PR AGD),

12: for j=k+1,...,ndo

13: A = (PO A=Y, (pB ARy, 7O

14: end for

15: end for > In matrix form, A® = 1d, - r(k)e;)P(k)A(k_l), where t®) = 27=k+1 r;.k)ej
16:  end if

17: end for

18: U := A~D

19: P:=[]jZ) P®

200 L = [[{Z) (1d, + (P®=D .. pEtDe®) Ty = 1d, + Y02 (POD

L P 0) T

so that for every real number x, its floating point representation fl(x) satisfies |x —
fl(x)| < u|x| as long as no underflow or overflow exception arise [6, Section 2.7]. Let
A be an invertible n x n matrix, assume that GEPP in floating point arithmetic with
no underflow and overflow exceptions is performed on the matrix fi(A), and assume
that no error occurs during the computation (i.e no zero pivots are encountered).
Let P, L, U be the computed matrices from the floating point GEPP of fl(A), with
lA]n, 2 # 0,andlet P, L, U be the P L U—factorization of A in exact arithmetic. Assume
that P = P. Further, let £ denote the computed solution corresponding to the exact
solution of the SLE Ax = b. Then

PA=LU+H , (A+ E)x =b (equalities hold in exact arithmetic),
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Average-case analysis of the Gaussian elimination... 505

where

IH|l = O(n*u (Al +nlU)).
and

IE| = 0(n*u (Al +n|U))

(see, in particular, [6, Theorem 3.3.1 and Theorem 3.3.2]). Define the growth factor
gGEPP as

A k=1)
maxr,i, je[n] |A,',j |

gGepp(A) = ) (D

max; je(n] |Ai,jl
where A®) . A®=D denote the computed (in the floating point arithmetic) matrices
AD s A@=D Then, under the above assumptions, the backward error estimate can

be written as
IE| = O(n*uggepp(A) max |A; ),
i,j€ln]

implying, under the additional assumption sy, (A) > 2|| E||, the forward error bound
for the computed solution

X — xll2
———— = 0(n" ux(A) gerrr(A)), 2)
Ix12
where k(A) = ||A|| ||[A~Y|| is the condition number of A. Similar error bounds are

available for other versions of the Gaussian Elimination (with no pivoting, with com-
plete or with rook pivoting). We refer, in particular, to Wilkinson’s paper [21] and to
modern accounts of the backward error analysis of the different forms of the Gaussian
Elimination in [6, Chapter 3], [7, Chapter 9], as well as [8].

It can be checked that gggpp(A) = O(2") for any n x n invertible matrix A,
and that this bound is attained. Thus, (2) provides a satisfactory worst-case estimate
only under the assumption u < 27", i.e when the unit roundoff is exponentially
small in the matrix dimension. At the same time, the accumulated empirical evidence
suggests that for a “typical” coefficient matrix the loss of precision is much smaller
than the worst-case prediction. Let us quote [6, p. 131]: “Although there is still more
to understand about [the growth factor], the consensus is that serious element growth
in Gaussian Elimination with Partial Pivoting is extremely rare. The method can be
used with confidence.”

In [18] Trefethen and Schreiber carried out an empirical study of the Gaussian Elim-
ination with Partial and with Complete Pivoting in the setting when the input coefficient
matrix A is random, having i.i.d standard Gaussian entries. Their experiments showed
that with high probability the growth factor in GEPP is only polynomially large in n.
Further numerical studies by Edelman suggest that gggpp(A) of an n x n standard
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Gaussian matrix A is of order O (n!/21°()) with probability close to one (see a remark
in [5, p. 182]).

An important step in improving theoretical understanding of numerical stability
of the Gaussian Elimination was made by Yeung and Chan [22]. Their result implies
(although that is not explicitly stated in the paper) that for the Gaussian Elimination
with no pivoting applied to the standard n x n Gaussian matrix, the relative error of
the solution vector can be bounded above by un?) with probability close to one.
A vast generalization of their estimate was obtained by Sankar ET AL. [15] in the
context of the smoothed analysis of algorithms. Let M be any non-random n X n
matrix, and let G be an n x n matrix with i.i.d N (O, 02) Gaussian entries. The main
result of [15] asserts that the expected number of bits of precision sufficient to solve
(M 4+ G)x = b to m bits of accuracy using Gaussian elimination without pivoting is at
most m + O (log (n -+ 221)). This provides a theoretical justification for the observed
performance of the GE with no pivoting for structured dense coefficient matrices.

The no-pivoting strategy is crucial for the proofs in [22] or [15]. With partial piv-
oting, the permutations of the rows after each elimination step introduce complex
dependencies to the model which require other arguments to handle. In the PhD thesis
[14], Sankar carried out smoothed analysis of GEPP based on certain recursive matrix
formula (to be discussed in some detail in the next section). Let A = M + G, where
G is the Gaussian random matrix with i.i.d N (0, o) entries, and M is a deterministic
matrix of spectral norm at most one. One of main results of [14] states that, with the

above notation,

t >0,

k—1
maxg,i, je[n] |A§j )| (O(nU_l _I_n3/2))1210gn
P J > <
I (ogn)/21 ]

max; je(n] |Ai,jl

k-1
maxg., i je(n] IAE,j )| _

so that in the mean zero setting M = 0, with high probability —— AT
1, JENn L]

n©0ogm Note that the quantity considered in [14] is not a growth factor as was defined
above but its “exact arithmetic” counterpart. The relation between matrices A%~ and
the corresponding computed matrices A%=D is not trivial and will be discussed later;

el

max;, jen] |Ai.{/|

and the growth factor gggpp(A) match and in view of (2), the result of Sankar implies
that with high probability GEPP results in at most O (log® n) lost bits of precision in
the obtained solution vector. This bound is worse than the O (logn) estimate for GE
with no pivoting implied by [22].

To summarize, whereas strong results on average-case stability of GE with no
pivoting has been obtained in the literature, the Gaussian Elimination with Partial Piv-
oting lacked matching theoretical guarantees, let alone justifying the common belief
that GEPP tends to be more stable than GE with no pivoting. In this work, we make
progress on this problem. To avoid any ambiguity, we recall all the imposed assump-
tions and notation:

. . . . . MaXg jeln] IAEk
at this point we note that assuming that the magnitudes of the ratio .

Theorem A There are universal constants C, C>landa Sfunctionn : [1,00) = N
with the following property. Let p > 1, and let n > n(p).
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Average-case analysis of the Gaussian elimination... 507

o Assume that the floating point computations with no underflow and overflow excep-
tions and with a unit roundoff u are being performed.

o Let A be the random n x n matrix with i.i.d standard Gaussian entries, (the real
Ginibre Ensemble). Assume that the floating point GEPP is performed on the
matrix fl(A).

Then with probability at least 1 —u'/8 né, the GEPP for fl(A) succeeds in floating point
arithmetic and the computed permutation matrix P agrees with the matrix P from the

P LU—factorization of A in exact arithmetic. Furthermore, assuming u'/3 n€ < 1/2,

IP’{gGEpp(A) >n' | GEPP succeeds in f.p. arithmetic and P = P} <407 n~ P!,
t> sz.

We do not attempt to compute the constant C in the above theorem explicitly and
leave the problem of finding an optimal (up to n°*(") multiple) estimate of the growth
factor ggepp (A) for future research (see Sect. 8). Further, we expect a much stronger
bound on the probability that GEPP succeeds in the floating point arithmetic and that
P=P.

In view of the aforementioned work of Wilkinson and well known estimates for
the condition number of the Gaussian matrix [4, 17], the theorem implies that with
probability close to one the number of bits of precision sufficient to solve Ax = b tom
bits of accuracy using GEPP is m 4 O (log n). We conjecture that this bound is optimal
in the sense that in the same setting m + €2 (log n) bits of precision are necessary with
probability close to one.

Let us further apply Theorem A to compare numerical stability of GEPP with that
of GE with no pivoting. As we mentioned at the beginning of the introduction, the
Gaussian Elimination with no pivoting can produce arbitrarily large relative error in
the floating point arithmetic even for well-conditioned coefficient matrices. As an
illustration, consider a 2 x 2 standard Gaussian matrix in floating point arithmetic,

=<ﬂ(g11) ﬂ(g12)>
fi(ga1) fl(g22) /)~

The Gaussian Elimination with no pivoting yields the computed L U—factorization of
M’

i ( 1 0) L= <ﬂ(g11) fi(g12) )
A(A(g20)/Agin) 1)° 0 fi(f(g) — f(g12) - fitg2)/Al(g11)) )

It can be checked that for every ¢ € (u, 1), with probability ® (¢) all of the following
holds:

e The matrix M is well-conditioned, say, x (M) < 100;

o [fl(giD)] < &, [f(gi2)], (g2, [l(g22)] € [1/2, 2];

o |fi(fl(g22) — fI(g12) - fl(gan)/Agi1)) — (f(g22) — fl(g12) - Al(gar)/A(g1)| =
Q) (i(g) — fi(g12) - fi(g21) /A(g11)).
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508 H. Huang, K. Tikhomirov

With the above conditions, the bottom right element of the product LU differs from

fl(g22) by a quantity of order Q(u) (fl(g22) — fl(g12) - fl(g21)/f(g11)). that is, the
normwise backward error satisfies

PUILU — M| > cu|[M||/e | k(M) < 100} > ce, &€ (u, 1),

for some universal constant ¢ > 0 (one may safely take ¢ = 1/100, say).

In sharp contrast with the above observation, in the case of GEPP the probability of
large deviations for the backward error is much smaller as Theorem A shows. Indeed,
with the notation from the theorem and in view of Wilkinson’s bound, arbitrary p > 1
and assuming r is sufficiently large, we have

P{ILU — PA| > Cun*||All/e} < 407¢? +unC, & € (0,n~ "],

for a universal constant C’ > 0. Thus, the tail of the distribution of the backward error
of GEPP decays superpolynomially. Informally, the “proportion” of well-conditioned
coefficient matrices yielding large backward errors is much smaller for GEPP than
for the Gaussian Elimination with no pivoting.

We provide a detailed outline of the argument, as well as a comparison of our
techniques with the earlier approach of Sankar, in the next section.

The following notation will be used throughout the paper:

For positive integers m < n,

[n] istheset{1,2,3,...,n}
[m,n] istheset{m,m+1,...,n}

For an x m matrix M, indices i € [n], j € [m], and non-empty subsets [ C [n]
and J C [m],

M7y j is the submatrix of M formed by taking rows indexed over / and columns
indexed over J. When I = {i} or J = {;j}, we will use lighter notations M;_;
and Mj ; in place of My;) y and My (j
M; ; is the (i, j)th entry of M
sj(M) is the jth largest singular value of M
R! The |/|-dimensional Euclidean space with components indexed over /
dist(-, -) The Euclidean distance

2 Outline of the proof

Let A be an n x n standard Gaussian matrix, let A©Q = A, AD . A0=D pe
the sequence of matrices generated by GEPP process, and let PV ... PO~D pe
the corresponding permutation matrices (see Algorithm 2). It turns out that in our
probabilistic model, estimating the growth factor ggepp (A) can be reduced to bounding
the exact arithmetic counterpart of the quantity,

(k—1)
maxg,i jen] |A; ;|

max; jen) |Ai,jl
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Average-case analysis of the Gaussian elimination... 509

Our main focus is to derive Proposition 6.13, which is the exact arithmetic counterpart
of the main theorem, and then reduce the setting of floating-point arithmetic to exact
arithmetic. We provide a rigorous account of the reduction procedure in Sect.7, and
prefer to avoid discussing this technical matter here. We only note that comparison
of the matrices A%~D and A(k_l), 1 <k <n—1,is based on a well established
inductive argument somewhat similar to the one used to prove Wilkinson’s backward
error bound. From now on and till Sect. 7 we work in exact arithmetic unless explicitly
stated otherwise.

Define “unpermuted” matrices M® obtained at the kth elimination step, i.e
MO = A and

MO = (pO) (PO (PO)TTAB 1<k <n—1. 3)

Let Ip := ¥, and foreach 1 < k <n — 1 let Iy = I;(A) be the (random) subset of
[n] of row indices of A corresponding to the pivot elements used in the first k steps
of the “permutation-free” elimination process. Notice that within the kth column of
M®_ the components except those in I;_; and the kth pivot element, are all zeros.
Therefore, the set I; can be defined as

L= L Ui € n\iey 2 MY #£0), 1<k<n—1,

where {i € [n\Ix-1 : /\/ll(,]z) * 0} is a singleton. We will further denote by
ix = ix(A), 1 < k < n — 1, the elements in the singletons I;\I;_1, so that
Iy ={i1,i2,...,ix}, 1 <k <n-—1.

For1 <k <n—1andt € [k], the first f — 1 components of row;, (MP)y are
zeros, and ./\/lg;;\ Lk is the zero matrix; more specifically, foreach 1 <k <n — 1,
and j € [n]\ I,

(k)
row; (M1 g) =0 and

(k) -1
oW (M e t.n1) = 1O (Ap ik1.01) — 10W; (Ap, k) (Az. k1) Al ket 1l
4)

(see, in particular, [15, Formula 4.1] for GE with no pivoting, which can be adapted to
our setting). Thus, forO0 < k < n—1, the index iy is defined as the one corresponding
to the largest number among

-1 .
Ajir —Ajm(Anm) Anists J € [n\ L.

Due to strong concentration of Gaussian variables, the operator norms of matrices
Ag.5,1,J C [n], can be uniformly bounded from above by a polynomial in n. Thus,
the principal difficulty in obtaining satisfactory upper bounds on the growth factor
gcepp(A) is in estimating the norm of vectors rowj(A[n],[k])(AIk,[k])fl, Jj € [n\I.
The sets I are random and depend on A in a rather complicated way. At the same
time, the trivial upper bound
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510 H. Huang, K. Tikhomirov

max |lrow; (A[n],[k])(Alk,[k])_1 ||2 = [row; (A["],[k])(AJv[k])_l ”2

max
JelnN\I JCln), |J|=k; jeln]\J

which completely eliminates the randomness of I; from consideration, is vastly sub-
optimal.!

The first part of this section is devoted to the argument of Sankar from [14] which
yields a bound ggepp(A) = O (n€'°2") with high probability using certain recursive
matrix formula. In the second part, we discuss our approach.

2.1 Sankar’s argument

Consider a block matrix

B Bu Bu[ Bur
|:Xi| = | By | =|Bw Ber |,
X X, X,

where By, and By, are square non-singular matrices and X is a row vector. Then,
denoting B’ := Byx — By By, Byr and X' := X; — X¢ By, Bur,

[-xB~'1]=[-x"(B)""1]- [— [l}ﬂ . B} Id], 5)

where BJ is the right pseudoinverse of By (see [14, Chapter 3]).

The above formula is applied in [14] in a recursive manner. Assume for simplicity
of exposition that we are interested in bounding the Euclidean norm of the vector
Aj (A, /2. /2])_1 for some j € [n]\1,/2 (recall that, in view of (4) and standard
concentration estimates for the spectral norm of Gaussian matrices, this would imme-

diately imply an estimate on the components of ./\/lin[/nz)z +1.n))- Fix for a moment any

0<v<m<n/2 andlet B := MEZEQ\IU,[U+1,H/2] and X := Mj"jgv—&-l,n/Z]‘ We write

(v) (v)
B By Bu¢ Byr /\/il,sl\lv,[v—}-l,m] 'A/l(l,;l\]u,[m.l,_[,nﬂ]
v v
[X] = |Be|=1|Bee Ber | = Mln/z\lm,[v+1,m] Mln/z\lm,[m+1,n/2]
X X¢ X; MW MW
J.lv+1,m] j,Im+1,n/2]

1 1t can be checked, for example, that with a constant probability

-1
(A A
St 5, ey 170% A2 (A s 1) ™l

is greater than any predefined constant power of n. We expect that a much stronger lower bound can be
established.
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Average-case analysis of the Gaussian elimination... 511

It can be checked that with the above notation, B’ = MX’;)Z\ I [m41,n/2] and X' =

MS’"[LL +1.1/2) [14]. Relation (5) then implies

” [M;vgvﬂ n/2] (-Mln/z\lL [v+1,n/2] )_1 1] ”
= H[ ,m[)m+1 n/2] (M(;/)z\lm [m+1,n/2] )_1 1] ” :
H[ (In/2\1,,,)u{/} [v+1,n/2] (Mlm\l,, [v+1, n/2]) Idy /2 m+1] H
Now, assume that we have constructed a sequence of indices 0 = kg < k| < kp <

- kg <n/2,withky; =n/2 — 1 and k; > n/4. Applying the last relation recursively
s times, we obtain

I[Aj.n21(AL . in2D ™" 1]

(n/2—1) (n/2—1)y—1
—”[MM/Z (Mzn/zn/Z) I]H

(ke) T
1_[ H[ (ln/2\1k@+l)U{]} ket /21 M \n e +1./21) Idn/?—km“] , (0)
where by the definition of the partial pivoting, |M%52 ) (Ml(" //22n /12) )~ | < 1. There-
fore, the problem reduces to estimating the spectral norms of matrices
(ke) (ke) T
Mgi,, ottt Mg g keriagm) > 0= €<s. )
Sankar shows that as long asn/2 —ky (€ = 5,5 — 1,...,0) grow as a geometric

sequence (in which case s should be of order logarithmic in ), the norm of each matrix
can be bounded by a constant power of n with a large probability. We only sketch this
part of the argument. Fix any 0 < £ < s, and define Z := (Alkg,[kz+1,n/2])TA1kg,[kz]’

so that ZZT = 1d, and

(ke) ( (ke) )T
(T2 \ iy, DU e 1n/20 M\ Tk 1n 2]

(ke) (ke) f
(I’l/z\llirl YU{j},[ke+1,n/2] Z('/\/llkg_*_I \V/? ,[kg+1,n/2]Z) ’

where, in view of (4),

(ke) 7
(Inj2\ Ik VUL L T +1./2]

= AL\l V) The+1.n/2] (g, ko102 Ay k) = A\ Iy, U )The] 7'z

Since ZTZ is a projection and has unit norm, an upper bound on H (AI,%,[;%H,H/z])Jf ||

would provide a bound on H./\/l( Inj2\Tkg, UL L T+ L /2]Z H The key observation here
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512 H. Huang, K. Tikhomirov

is that A, J[ke+1,n/2] is equidistributed with the standard k; x (n/2 — k;) Gaussian
matrix, so that a satisfactory estimate on the norm of the pseudoinverse follows.

Bounding the operator norm of (M(IIZD VLT +1,1/2] Z)% is more involved. Note
o1 Vg LRET R

that, equivalently, it is sufficient to provide a good lower bound on the smallest singular
value of the matrix

(ke) T
(M1k£+1 \Ikl Jke+1,n/2] Z) .

We have

] (ke) T
Smm((Mj,[[k@-i-l,n/Z]Z) )’

®)

(ke) T :
Smin (M Z > min
mln(( Iy kg Tke+1.1/2] ) ) = Iy =k —ke

where, again in view of (4), for each admissible J,
k KN
M it =Z As i) = Z7ZA )" ©)

and where Z7Z is a ky x k; orthogonal projection matrix of rank /2 — k. Although
(AJ.k,) " is dependent on Z, it can be shown that ZTZ(A x,1) " behaves “almost”
like ZTZ applied to an independent tall rectangular k; x (k¢ — k¢) Gaussian matrix
(see [14, Section 3.7]). This allows to obtain probabilistic estimates on the smallest
singular value of the matrix in (9) which, under the assumption that the sequence
n/2—ke (£ =s,s—1,...,0)does not grow too fast, turn out to be strong enough to
survive the union bound in (8).

To summarize, the above argument gives a polynomial in n estimate for matrices in

(7), where s is logarithmic in n. Thus, (6) implies a bound || M;’?[/nz;zﬂ ] |2 = nOUogn)

J € [nI\1,/2, with high probability. An extension of this argument to all M®B 1 <
k <n—1,yields gggpp(A) = n0Uogn) - Ag Sankar notes in [14], a different choice of
s and of the sequence ko, k1, ..., ks, and a refined analysis for the operator norms of
matrices (7) may improve the upper estimate on the growth factor, but cannot achieve
a polynomial bound.

2.2 High-level structure of the proof of the main theorem

Returning to relation (4), a polynomial bound on the growth factor gggpp(A) will
follow as long as the norm (A, )~ ! isbounded by n? forevery I < r < n—1with
high probability. We obtain this estimate via analysis of the entire singular spectrum
of Ay, [ rather than attempting to directly bound the smallest singular value of the
matrix.

The strategy of the proof can be itemized as follows:
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e Obtaining estimates on the singular values of partially random block matrices.
More specifically, we consider matrices of the form

F M
B=|:W Q}, (10)

where F is a fixed square matrix with prescribed singular spectrum, and M, W, O
are independent Gaussian random matrices of compatible dimensions. Our goal
here is to derive lower bounds on the intermediate singular values of B in terms
of singular values of F.

e Applying the estimates on the intermediate singular values of partially random
block matrices in a recursive manner together with a union bound argument, derive
lower bounds on the “smallish” singular values of matrices Ay, |1. Our argument
at this step only allows to bound first to (r — C)th singular value of the matrix for
some large constant C.

e Use the bound on s,_c (A}, |r]) together with the information on the Euclidean
distances from row;, (A, [r]) to span {row; (A;, 1), 1 < j < €L €=1,...,r
that can be extracted from the partial pivoting rule, to obtain polynomial in n lower
bounds on smin(Ay, [r])-

Below, we discuss each component in more detail.

Singular spectrum of partially random block matrices The partially random block
matrices are treated in Sect.3 of the paper. Consider a block matrix B of type (10),
where F isafixed r x r matrix, M isr x x, Wisx xr, Q is x x x (withx < r), and the
entries of M, W, Q are mutually independent standard Gaussian variables. In view of
rotational invariance of the Gaussian distribution, we can “replace” F' with a diagonal
matrix D with the same singular spectrum, and with its singular values on the main
diagonal arranged in a non-decreasing order. We fix a small positive parameter € > 0
and an integer i > 1 such that £(1 4+ &)~/r > 2. Our goal at this point is to estimate
from below the singular value

SLA=(1+8) -1~ (r+x)) (B)-

Having chosen a certain small threshold ¢ > 0 (which is defined as a function of
i,r, &, the singular spectrum of D, and some other parameters which we are not
discussing here), our estimation strategy splits into two cases depending on whether
the number ¢;_ ; of the singular values of D less than 7 is “small” or “large”. In the
former case, the matrix D has a well controlled singular spectrum, and our goal is to
show that attaching to it x rows and columns of standard Gaussians cannot deteriorate
the singular values estimates. In the latter case, we show that by adding the Gaussian
rows and columns we actually improve the control of the singular values, using that
the top left £; ; x €; ; corner of B is essentially a zero matrix. The main result of
Sect. 3—Proposition 3.3—provides a probability estimate on the event that the ratio

S|(1-(1+8)~-1)(r+x)) (B)
T
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is small assuming certain additional relations between the parameters x, r, €.

A recursive argument to bound s,_c(Aj, [r]) The treatment of the partially non-
random block matrices allows us to solve the principal problem with estimating the
singular spectrum of A;, [}, namely, the complicated dependencies between A and the
index set /.. As we mentioned before, simply bounding the kth smallest singular value

of Ay, [r] by , [rr]lilr} | sr—k(Ay, [r]) produces an unsatisfactory estimate for small k.
Cln], =r

On the other hand, in view of strong concentration of intermediate singular values,
already for k >> /n polylog(n) (see Proposition 3.2) this straightforward union bound
argument does work. In order to boost the union bound argument to smaller k, we avoid
taking the union bound over all / C [r], |I| = r and instead condition on a realization
of I, for certain r’ < r, so that the union bound over all I,; C I C [n] of cardinality r
runs over only (;‘:;:) admissible subsets rather than (') subsets. The two main issues
with this approach are

o first, we must have estimates for the singular spectrum of A;, |,/ in order to apply
the results of Sect. 3 to obtain bounds for the singular values of A;, [, and,

e second, conditioning on a realization of [, inevitably destroys Gaussianity and
mutual independence of the entries of A7, [r]-

The first issue is resolved through the inductive argument, when estimates on the
spectrum of Ay, [,/ obtained at the last induction step are used to control the singular
spectrum of Aj, |- at the next step. Of course, in this argument we must make sure
that the total error accumulated throughout the induction process stays bounded by a
constant power of 7.

The second issue with probabilistic dependencies is resolved by observing that
the partial pivoting “cuts” a not too large set of admissible values for the elements
in Apg,.[) 1.6 We can continue treating them as independent Gaussians up to a
manageable loss in the resulting probability estimate after conditioning on a certain
event of not-too-small probability. This problem is formally treated by studying the
random polytopes K, (A) C R" defined in Sect.4 as

Ko(A) = {x e R" : Vs €[], [(vs(A), x)| < [{vs(A), (A1) DI}

where

T

vs(A) = ((AIX,I,[s—l])flAIS,l,s)T, 1, 0,...,0 ,os=1,2,....7r.
——

n—s components

By the nature of the partial pivoting process, any row of the submatrix Az (1)
necessarily lies within the polytope K, (A), and its distribution is a restriction of the
standard Gaussian measure in R” to K,/(A) (see Sect.4 for a rigorous description).
After showing that the Gaussian measure of K,/(A) is typically “not very small”, we
can work with the rows of Ap,\z/ (] as if they were standard Gaussian vectors, up to
conditioning on an event of a not very small probability. We remark here that Sankar’s
work [14] uses random polytopes related to our construction.
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Estimating the smallest singular value of Aj, ) To simplify the discussion, we
will only describe the idea of showing that with a “sufficiently high” probabil-
ity, (smin(A Ir,[,]))fl = n%D, without considering computation of the moments of
(smin (A 1,,[,])) ! . As acorollary of the lower bound on s, _¢ (A I, (1) obtained via the
recursive argument, we get that with high probability, the inverse of the smallest singu-
lar value of the rectangular matrix A 1,1 +2€) satisfies (smin (A 117 4+2C) )) -1 _ nO0M,
r' e [é +1,n— 2C ], for some integer constant C>0 (see Corollary 5.3). This corol-
lary is a quantitative version of a rather general observation that, by adding at least
£ + 1 independent Gaussian rows to a fixed square matrix with at most £ zero singular
values, we get a rectangular matrix with a strictly positive spin almost surely.

Once a satisfactory bound on smin(AI,/,[r/+2€])’ r' e [(:‘ +1,n— 2@], is obtained,
we rely on the simple deterministic relation between the smallest singular value and
distances to rowspaces: for every m x k matrix Q,

min dist(H; (Q), Qi.pm]) = Smin(Q ) = m™'/? min dist(H; (Q), Qi.m)
ie[m] ie[m]

where H;(Q) denotes the subspace spanned by row vectors Qj ) for j # i. In our
context, a strong probabilistic lower bound on dist(span {A;, -], 1 <t < s}, Ai, [r])
(s < r) guaranteed by the partial pivoting strategy, implies that with high probability
for every t € [r — 2C1,

dist(span {A;, [, s € [r — 20\ {1}, A 1r1)
< n?Wdist(span {A;, (1, s € [FI\{t}}, A, (1)

(see proof of Proposition 6.9), and via the above deterministic relation to the singular
values,

smin(A7_-.1r1) < n®Wdist(span {A;, 11, s € [FI\{1}}, Ai, 1)
This, combined with some auxiliary arguments, implies the lower bound on
Smin(Al,<,[r])~
3 Intermediate singular values of partially random block matrices
We start with a preparatory material to deal with norms and intermediate singular

values of random matrices. We first consider a standard deviation estimates for the
Hilbert—Schmidt norm of a Gaussian random matrix; see, for example, [1]:

Theorem 3.1 Let G be an u x t random matrix with i.i.d standard Gaussian entries.
Then

P{IGllus = Vut +s} < 2exp(—es?), s> 0,

where ¢ > 0 is a universal constant.
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The next proposition was proved in the special case of square random Gaussian
matrices by Szarek [17]. In a much more general setting, similar results were obtained
earlier by Nguyen [12]; his argument was later reused in [9] to get sharp small ball
probability estimates for the condition number of a random square matrix.

Proposition 3.2 (Singular values of random matrices with continuous distributions)
Let M be anu x t (t > u) random matrix with i.i.d. standard Gaussian entries. Then

2

P{su_i(m <2

} Sui/zsi2/32, 4<i<u-—1, se(0,1],

where ¢’ € (0, 1] is a universal constant.
We provide a proof of the above proposition in the “Appendix”.
This section deals with a large number of parameters satisfying multiple constraints;

we group those constraints into blocks for better readability. We have four “section-
wide” scalar parameters:

reN, £§€(0,1], i €N, suchthatz(l1+&)'r>2; xeN. (11)

The objective of the section is to study singular values of a block matrix of the form

F M
BZ[W Q]

where F is a fixed r x r matrix with prescribed singular values, M isr x x, Wisx xr,
Q is x X x, and the entries of M, W, Q are mutually independent standard Gaussians.
Let

0j =10 —0+8&Nrl, j=01,...,i.
Observe that the relation £(1 + &) ~/r > 2 from (11) yields, for j € [0,i — 1],

ojn1—0i > =0+ Hr—1-0-0+8Hr=1+8"7""r-1>0,
(12)

which in turn implies that the sequence (o j)i‘:o is strictly increasing.
Next, let g(+) : (rj) jei] — (0, 00) be a strictly positive growth function satisfying

glej) = 16g(0j+1), j=1,2,...,i—1;

(13)
g(0i) < Vx.
Now, we assume the matrix F' satisfies
so;(F) > g(ej), J €lil. (14)
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In this section, we deal with an arbitrary growth function satisfying the conditions; a
specific choice of g(-) will be made later in Sect. 5.
Our objective in this section is to derive the following proposition.

Proposition 3.3 There are universal constants ¢ € (0, 1], C > 1 with the following
property. Let
F M
s=|y o]

where F is a fixed r x r matrix, M isr x x, Wisx xr, Q is x X x, and the entries
of M, W, Q are mutually independent standard Gaussians. Assume that parameters
€ (0,11, h € (0,1], r, x, and i € N satisfy

r—oi<x<r, Ex>4 h=<2""()%,

3148 r—Q4+8r>x+1+118x, E1+8)"r>2,
where ¢’ € (0, 1] is the constant from Proposition 3.2. Further, assume (14) for the

singular values of F, for a positive function g(-) satisfying (13). Then with probability
at least

1 — 2452 @0 _ dexp (— cx?E/h2) — Cexp (— c82(1 + &) 'rx/h?)
we have

c'eh’ g(0i)
SLI-(48) =)+ (B) Z ——57—

Note that if F = UDYV is a singular values decomposition of F then, in view of
rotational invariance of the Gaussian distribution,

g_[Uubv M) _TU 0O D U'M|[v o0
w9l |0 1d.||wv! 0 0 Id|’

where U~'M, WV !, and Q have mutually independent standard Gaussian entries,
and where the singular spectrum of B coincides with that of

g._| D UM
“lwvt oo |

We can assume without loss of generality that the diagonal elements (the singular
values) of D are arranged in the non-decreasing order when moving from top left to
bottom right corner. We will work with the singular spectrum of B’ as it will allow to
somewhat simplify the computations.

The specific goal is to estimate from below the singular value

SL1—(148) -1 r+0] (B) = S| 1-(148)-i-1) () (B)
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in terms of g(p;). To have a better control on probability estimates, we introduce one
more scalar parameter 7 € (0, 1] which will allow us to balance the precision of the
estimate and the probability with which the estimate holds (the smaller 4 is, the less
precise the estimate is and the stronger are probability bounds). We set

vi=h*-glo), (15)

and let

¢;,; = the number of singular values of F strictly less than t; £/, :=r —o; — £/ ;.

(16)

Let us remark that E; 1 Sr—oi since, by the intermediate singular values assumption
(14) on F, we have s, (F) > 1.
Set

1= [r\[i ] (17

Our argument to control s _(j4z)-i-1)(-+x)) (B) splits into two parts depending on
whether ¢ 41 18 “small” or “large”. In the former case (see Lemma 3.4), the matrix F
(or D) has a well controlled singular spectrum, and our goal is to show that attaching
to it x rows and columns of standard Gaussians cannot deteriorate the singular values
estimates. In this setting, we completely ignore the first £ 41 rows of B’, and work
with the matrix B/, [r+x- In the latter case (see Lemma 3.5), we show that by adding
the Gaussian rows and columns we actually improve the control of the singular values.
The fact that the top right £ 41 X x corner of B’ is a standard Gaussian matrix, plays
a crucial role in this setting. The proof of Proposition 3.3 follows from Lemmas 3.4
and 3.5.

The high-level proof strategy for both Lemmas 3.4 and 3.5 is similar. We construct
a (random) subspace H of R"™ of dimension at least (1 — (1 + Y + x),
designed in such a way that, under appropriate assumptions on the singular spectra of
certain submatrices of U~'M, WV~ and Q, ||B'v|| is large for every unit vector
v € H. By the minimax formula for singular values,

s 2y i B') > inf B'v||>.
L= (14+8)-~ 1)) (B)) = verr M) 1B v|2

The “appropriate assumptions” on the singular spectra are encapsulated in a good
event Egpoq Which, as we show, has a very large probability. In what follows, it will
be convenient to use notation

Lj:=0j—0j-1,J €lil, Liy1:=r—o0. (18)
We remark that for every j = 1, 2, ..., i, by the same derivation as shown in (12),
G elE1+8)r—1L,EQA+8r+11. (19)
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Lemma 3.4 There exist universal constants ¢ € (0, 1], C > 1 with the following
property. Assume that i € N, € € (0, 1], h € (0, 1], r, and x satisfy the assumptions
of Proposition 3.3, and assume additionally that

i U+ 4 x) - 38x,
where E;H is defined in (16). Denote

c'ght
32

where ¢’ € (0, 1] is the constant from Proposition 3.2 and where t is defined by (15).
Then with probability at least

1 — 22 pE%/64 _ gexp (= ex?E/h?) — Cexp (— c&*(1 + &) rx/h?)
we have

S| =148 )(r0)) (B) = B-

Proof Construction of subspace H Denoteby X1, X2, ..., X, € R"™¥ an orthonor-

mal basis of the right singular vectors of the matrix B}X[r x> measurable w.rt the

o—field G(B}X[H—x])’ where X ; corresponds to sj(B}X[rH]), 1 <j<r+x,and

where [ is defined by (17). Note that by interlacing properties of the singular values
(see, for example [3]), we have

..........

. . ; .
in particular, s, _ o (B [r+x)) = T everywhere on the probability space.

Observe that, conditioned on U(B[/r]x[ 1) the x x £/, | matrix

r+x
Y@ = [wv-! Q] [mee,-” X,_z;H] —[wv-' Q] [XMI X,_Z;H]

has mutually independent standard Gaussian entries. Denote by e((]iH), 1 <q <

min([€x], €/, ), a random orthonormal system of right singular vectors of y+h
corresponding to min(|&x], E;/H) largest singular values of Y+D and let E¢+D
R+1 be the subspace

span {e{ "V, 1 <¢ < min(LéxJ,Eﬁ’Jrl)}l.

Similarly, forevery 1 < j < i and for £; given by (18), we define the x x £ ; matrix

Y(j) = [Wv_l Q] I:Xr+l—zi+l-£d e X”_Zif:jﬂzd:l

d=j
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=[wv-!Q] [Xo, 141 -+ Xo)]

(again, conditioned on o (BE ), Y) has mutually independent standard normal

i rlx[r+x]
entries). Denote by e;j )1 < g <min(|2/~"15x], ¢ ), arandom orthonormal system
of right singular vectors of ¥ /) corresponding to min(| 2/~ ~1&x ], ¢) largest singular
values of Y and let E¢) ¢ RY be the subspace

span {e;j), 1<gc< min(LZj_i_léxJ,Zj)}J‘.

Consider the random x x (£, , + x) matrix

i+1
Y = [WV_1 Q] [Xf“—f;ﬂ Xr+x:|.

Let ey, é2,...,e¢_|zx) be a random orthonormal set of right singular vectors of Y

corresponding to x — |&x | largest singular values of Y, and let E C R%17 be the
random subspace of dimension x — |&x| defined as

E :=span{ey, s, ..., x|z}
Now, we construct the (random) subspace H C R"*¥ as
H = span{ I:XH_[_e;H cee Xr+x] (E),

Xrt1—tigy -+ erél’-_H] (E(H_l));

[X-Qj—1+1 XQ,/] (ED), 1< J= i}'

Let us check that the constructed subspace satisfies the required lower bound on
dimension, that is, dim H > (1 — (1 + &)~ (r + x). In view of the assumptions on

/
£i+1,we have

i
dim H > x — [Ex| + ¢/, — 8x] + > (¢; — 1277 "ax))
j=1

27+X—£;+1—3§x

>r4x— (1485770 +0).
Defining a good event Denote by & the event

x| h

{H [(wv~! 0] v”2 > for every unit vector v € ([X:-Jrlfl,’-ﬂ Xr+x] (E))},
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where the constant ¢’ is taken from Proposition 3.2. According to our definition of the
subspace E, for every unit vector v as above we have

[ WV 0]v|, = semjz (P,

where the matrix ¥ is x x (x+ E; n 1) standard Gaussian, in view of the independence

of [WV~! Q] from the o—field a(B[’r]X[IH]).

Hence, by Proposition 3.2 applied to Y, we get
PE) > 1 _ ylExl2 plExp?/32
Further, let
UY=Ly )1 (YD) < Vx/h),
and forevery 1 < j <1i,let

ED = s poictiszy (VD) < 270177 /T /)

Since, by our assumptions, ~/&x/h > 2. /¢

i1 We have, according to Proposition 3.1,

P((ETHD)) = PUIY T llns = Va - VEx/h) < 2exp (— ex?§/h7),

for a universal constant ¢ > 0. Similarly, since for every j = 1,2,...,1,

V2IHT=iEx h = VEx [h > 2/x, we have
(D)) < P{IYD s = 21T /T -v/27~1+iEx /h)
< 2exp ( — cZiH*j@jx E/hz).
We define

i+1
Egood :=EN [ EV.
j=1

In view of the above,
P(Egood) = 1 — 2x V2 I3 _goxp (= ex?E/h?)
i
—2) exp(—c2 e xE/n?)
j=1

> 1 — 22 pEOO _ goxp (- cxE/h?)
— Cexp (—c&(1+8) 'rx/h?),
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for a universal constant C > 0.

Checking that H satisfies the required property conditioned on Egooq Assuming
the conditioning, pick any unit vector v € H. We represent v in terms of the basis
X1, Xryx as

r+x

v = Zaq Xq,
g=1

for some coefficients ay, ..., a, 1, with Z;‘Hi a’? = 1. Note that
r+x
/ 2 2 / 2
||BI><[r+x]U”2 = Zaq sq(BIx[r+x]) .
g=1

If the last expression is greater than A2 then we are done. Otherwise, we have
r+x
2 I 2 2
Zaq S (Bl xrx)” = B

g=1

and hence, in particular,
“ritl 2 2
h
o<l (20)

and forevery j =1,2,...,1,

Qj

2

§ a’ < p gh—-16f—f. 1)
q 2 162

g=0j-1+1 g(Qj)

Observe that the last conditions yield

r+x

2. 9

g=r+1-¢_,

v

TNy

In view of conditioning on &, this immediately implies

el 5 =G
q=r+1-£; 4/x

i+1
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Further, in view of conditioning on events £, ..., £G+D,
r—{;
i+1
B Vx
[vel X ax =75
27 1t h
q=r+1-{i4;

and forevery j =1,2,...,1,

9j

”[W 0] Z agXq

q=0j-1+1

2~ gle)) h
Thus, by the triangle inequality,

clEx] B VE s~ B 2TG

Wolvl|,> ——-————
H[ ] HZ 4\/} T h = g(Qj) h
- deJx B Jx 8B JEA+E)Tir
- 8 T h g(gi) h ’
where the last relation follows from our assumptions on parameters (19) and (13). The
assumption on 8 then implies the result. O

Lemma 3.5 There are universal constants ¢ € (0,1], C > 1 with the following prop-
erty. Assume thati € N, € € (0,1], h € (0, 1], r, and x satisfy the assumptions of
Proposition 3.3, and assume additionally that

Gy > 1+ +x) — 38x,
where KE-H is given in (16). Then with probability at least
1 — 20552 /64 exp (= c8(1 4+ 8)7rx/h%) — 2exp (— e x2E/h?)
we have

S|a-+8) =N+ (B) 2 T,

where t is defined by (15).

Proof Construction of subspace H Consider a refinement of the block representation
of B':

Dy 0 0 ... 077 M,

0 D/, 0 ... 0]||M,

B 0 0 Di ... 0 M;
0 0 0 ... D M

(W, W Wi Wi 0
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where
[ M1
M
U'M=| M | WVl =W, Wi W Wi
D, 0 0 0
0 D'y 0 0
D=| 0 0 D 0
L 0 0 0 D,

In particular, for every 1 < j < i, the matrix D; above is £; x £;, M is £; X x,
and W; is x x £, where £;’s are given by (18). Further, D;  is £; | x ; M’

l+l’ i+1
/ //
is £z+1 X x, and WJrl is x x ¢/ E the dimensions of Dz+1’ MJrl and WJrl are

defined accordingly. In this proof, we denote by P/ I R7+* — RY+1 the coordinate
projection onto first £; 41 coordinates, by Py : R T* — R* the coordinate projection
onto last x coordinates, and, for every 1 < j < i, denote by P; : R — RY the
coordinate projection onto £; components starting from 1 + Zilej 1t

Denote by e( i+ 1 <qg<t 41 — L&x], a random orthonormal system of right

singular vectors of Wl. 1 corresponding to L 41— L&x] largest singular values of w! 41
and let E C RY%+1 be the subspace

span {eg“)/, 1<q=<t, —|&x]}.

For every 1 < j < i, denote by e(j), 1 < g < min(|2/71&x], ¢; i)
a random orthonormal system of right singular vectors of W; corresponding to
min([2/ 71" 18x ], ¢; ;) largest singular values of W;, and let E Y ) C RY be the sub-
space

span {e;j), 1<qg< mill(LZj_i_lé)cJ,Zj)}L

Finally, we construct a random subspace E C R* as follows. Denote by eéQ), 1<

q < |&€x], arandom orthonormal system of right singular vectors of Q corresponding
to |£x] largest singular values of Q, and let E(@) ¢ R* be the subspace

span{e;Q), l1<qg< LéxJ}J'.

M - .
Further, let e( i+ ,1<¢g< K’ — |&x], be a random orthonormal system of right

singular vectors of M i correspondlng to /] 41— L&x] largest singular values of M e
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and let

/ M! -
EWMit) := span {e; ’“), l<g<t, — Lexj}.

For every 1 < j < i, let e((]Mj ), 1 <gq < |27 15x], be a random orthonormal
system of right singular vectors of M; corresponding to [2/ ~i=1gx | largest singular
values of M, and let

(M;)

EWM) .— span{eq , 1<g= sz_i_lgx”l C R

We then set
i
E:=EYi) 0 (EMD.
j=1
The subspace H is now defined as
H = {v e RTH . P/ ve E; Pl iv=0; Pjve EV 1<j<i; Pove E}

Let us check that H satisfies the required assumptions on the dimension. We have
dim H = €§+1 — |&x] + Z (Ej — min(LZ’f’fléxJ,Ej)) +dim E
Jj=1

i
>r— O —2%x+x—Fx— (x— L, + [Ex])) =) (277 Ex]
j=1
>r +2£;+1 —fiy] — Séx.

Next, we use the assumption on ¢; 1 and the assumptions on parameters to obtain

r+20, — i1 —5Ex > r 4201+ +x) — 1Ex — (1+8) 7 — 1
= (1= 1+5)7H +x).

Defining a good event Denote by & the event

p c&x|h ] .
|| Wl-_Hv”2 > T for every unit vector v € E ¢,

where the constant ¢’ is taken from Proposition 3.2. According to our definition of the
subspace E, for every unit vector v as above we have

W10l = s -t W
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Hence, by Proposition 3.2 applied to W/ 1

we get
P(é) > 1 _XLExj/ZhLész/SZ'
Further, forevery 1 < j <1, let
EV 1= s p-imrvine 1 (W)) < 27170 /€5/h).
Note that conditioned on £, we have
|Wjv|, <2177 /€;/h for every unit vector v € EV/),

Since forevery j =1,2,...,i, V2it1=/gx/h > ~/Ex/h > 2./x, we have

B((ED)) < P{IW;llus > 24170 /65 - 2mi= 1z )
<2exp(—c2 e x E/0?).

Finally, we define events corresponding to a “good” realization of E.Let& M, be
the event

"|Ex]h /
{”Ml.’Hsz > C L\/);J for every unit vector v € E(Mi+l)}.

Repeating the argument for £, we get
, U 1Ex]/2 1 [8x)?/32
P(gMi+l ) > 1 X h .

Similarly, adjusting the argument for £/) accordingly, we get that forevery 1 < j <,
the event

Eu; = {SLz—i—l+j§xJ+l(Mj) < 2i+17j,/€j/h}
has probability at least 1 — 2exp ( — ¢ 27/ ¢;x £/h?), and that the event
Eo = {s1ax)41(Q) < Vx/h}
has probability at least
1 —2exp ( —cx? é/hz).
We define
i i
Exood = EN (VEV NEy NEGN () Emy.
Jj=1 j=1

@ Springer



Average-case analysis of the Gaussian elimination... 527

In view of the above,

P(Egood) = 1 — 2x°%/2 pE0°/64 _ 4 Z exp (—c2 1 ;x5 /1?)
j=1
—2exp ( —cx? é/hz)
> 1 —2x5/? pE?/64 _ C exp ( —cB*(1+ 5)_irx/h2)
—2exp ( —cx? §/h2),
for a universal constant C > 1.

Checking that H satisfies the required property conditioned on Egooq Assuming the
conditioning, pick any unit vector v € H. First, we observe that

1D} Pl < 1Dl < T,
whereas, by the definition of E and the conditioning,
x| h

Vx
Thus, if || Pyv|2 > 2/t then ||B'v||> > ||M],, Pcvl|l2 — |D}, P!
, xUll2 = 2 Z M Fxvli2 i+17%i

c'ex]h i +1
we are done.
Otherwise, if

4
My Prvll2 = | Prvlla.

vl2 > 7, and

2/xt - 4t
c|lEx]h — C/E\/;h’

| Pxvll2 < (22)

then, in view of the conditioning (see the definition of £ Mj),

2i+l*j\/57j 2J/xT - 2i+3—j [€i]x T |-

M Pl < , .
IMjPevle = === T h = e =/ =

On the other hand, by our assumptions
ID;Pjvll2 > g(oj) IPjvll2, 1<j<i.

Thus, unless ||B[/r] ]v||2 > 7, we must have

x[r+x

2377 Jli/x T
8(0)) I1Pjvlla = —— X < ID; Pl = IM; Pl < v, 1= <i,
implying

2i%4=J [T /x ©
1Pl < 2 NURE (23)
J 1512
c'eh g(Qj)
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As a final step of the proof, we will show that for any unit vector v € H satisfying
conditions (22) and (23), one has ||B£rJrl ..... r+x}x[r+x]v||2 > 7. First, note that (22)
and (23) imply that

Az i 24T [ ]x T

C'E/xh = c'gh? g(o;)

i . . — — -
21— 28(1 + &)i—J
>1—4h*—h )y
j=1

4i=j

>1—1—4h> —64h > 1/2,

whence, in view of conditioning on &,

/ !
Wi Pl =

cExh - e (1 +8)"irh
4 - 4 '

Now, for every 1 < j < i, by the above and in view of conditioning on £/,
2i+17j /g] 2i+47j /Kj/.x T

h c/éhzg(gj)

- A2 (1 + &) Ir T/ (1 +8)ir

- ¢'161=7 h? g(0;)

IA

[WjPjvl2

whence

27 /(1 +8)"r t - 8V +8)"rh

i
W;P;
jX_;IIJ/UIIzS e S "

Similarly, in view of conditioning on £¢p, we get

4t Jx - 4h*/x _ & +8)"irh
16 ’

Poul2 < —_—
10wl = 2 mn™n = e
Thus,
i
1B t1rrxysireall = IW/ G PLolla = Y W Pjvlla — 1Q Prvll2
j=1

- & +8)7rh -

— 8 — 9
and the proof is complete. O
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4 Random polytopes, and distances to pivot rows

Let B be an n x m matrix with m > n, and assume that every square submatrix of
B is invertible. We define recursively the sequence of indices {i,(B)},c[n], vectors
{vr(B)}refn) in R™, and polytopes {K,(B)},¢c[n) in R™ as follows.

Set v1(B) := e1 and Ip(B) := @. For r from 1 to n,

ir (B) := argmax;cp 7, )| (vr (B), (Bipmp) "),

I, (B) := {i, (B)}Se[r],
T

v (B) = | —(Br,_,p—1) " 'B,_,.)", 1, 0,...,0 ,
N e’
m—r components

K, (B) :={x e R™ : ¥s € [r], [{vs(B), x)| < [{vs(B), (Biy(g),mm) )I}. (24

Observe that v, (B) is a null vector of By, [] such that v,(B) = 1, and that i (B)
can be viewed as the index of the r-th pivot row in the Gaussian Elimination with
Partial Pivoting with the [rectangular] input matrix B. Note also that our definition
of the sets I, (B) is consistent with that of the sets /, (A) discussed earlier. The above
construction does not provide any tie-breaking rules for the choice of the indices i, (B)
in case when respective expressions have multiple maximizers. In our setting, however
(when B is Gaussian), each pivot is unique with probability one, and hence the choice
of a tie-breaking rule is irrelevant. We have an immediate relation

K, (B) = Kr(B[n],[r]) x R™™" and om(Kr(B)) = Gr(Kr(B[n],[r]))’ re[m—1],
(25)

where oy, is the standard Gaussian measure for the corresponding dimension.

Suppose we have performed r steps of the GEPP algorithm on the n x n Gaussian
matrix A. Let I C [n] have size r, and condition on a realization of I, = I and Ay ],
which determines K, (A). Then, for every j € [n]\/, the jth row of A is a Gaussian
vector conditioned to stay within the polytope K, (A). Formally, for every I C [n] of
size r, every j € [n]\I, and every Borel subset 5 of R",

P{(Aj )" €B| AL}
_ o, (BN K, (A))

almost everywhere on the event {I,.(A) = I}.
on(Kr(A))

We will not directly use the above description of the conditional distribution of
(A j,[n])T given Ay [1; instead, we will apply a simple decoupling based on Lemma 4.1
which essentially establishes the same property. We provided the above formula only
to clarify our argument.

Lemma 4.1 Suppose B is an n x m random matrix such that its entries are i.i.d and
have continuous distribution. Then, for r € [n] and I C [n] with |I| = r, almost
surely the following assertions are equivalent:
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1. I,(B) =1,
2. Vs elrl], isg(B) = iS(BI,[m]), vs(B) = US(BI,[m])v and K¢(B) = KS(BI,[m])y
3. Vj en\I, (Bjpu) " € Ky (B pm)).

Proof We can assume without loss of generality that everywhere on the probability
space, all square submatrices of B are invertible, and forall1 <s <n—1land I’ C [n]
of size s, the expression

|Bi s+1 — Bits)(Br.is1) "' Br g1l

attains its maximum on i € [n]\I’ at a unique point. These conditions ensure that
the above algorithm for generating {i,(B)},e[n], {vr(B)}refn)s {Kr(B)}re[n) have a
uniquely determined output i.e no ambiguity in the choice of the indices i, (B) occurs.
Notice that the implication 2 = 3 is straightforward by the above definitions. We
will check the implications 1 = 2 and 3 = 1 below.
Implication 1 = 2. Condition on the event {/,(B) = [}. We have v|(B) =
Ul(BI) = e] and

i1(By (m)) = argmax; ; |(v1(B), (Bijm) )| = argmax; 1| (v1(B), (Bipm)) )| = i1(B).

Further, assume that k < r is such that Vs € [k], is(B) = is(By n])- Since I} (B) =
It (B m]), we also have vgy1(B) = vk+1(By,[m]), and thus,

k1 (B [m]) = argmaX;e p g (8, ) | (Vk+1(B1,[m1). BiT[,n])l
= argmax; cp,\ 7, (8) | {Vk+1(B), BiT,[m]H = ik+1(B).
Thus, by induction, is(B) = is(Br,[m]) for all s € [r], whence vg(B) = vs(Br,[m])-
Ks(B) = Ks(Bj,m)), and I4(B) = I;(By [m)) forall s € [r].

Implication 3 = 1. The argument is based on induction just as above. We assume
that Vj € [n]\I, (Bj,[m])T € K, (B1,[m)). First, v (B) = v1(By,m]) = e1, and since

Ky (Brmp) C {x € R™ = [(01(B,m)s X)| < 101 (Br.im)s (Biy 8y pup.im) )1}
we have
T i T
argmaxjew\ll(a, Bj,[m])l < I{e1, (Bn(B/,[m]),[m]) )
On the other hand, by the definition of i1 (B [)),
Ty _ T
[{e1, (Biy (B jy),(m1) )| = argmax; ¢ |{e1, (Bi,pm)) ).
As a consequence, i1(B) = i1(By,m]) € I, completing the base step of the induction.
Now, let k < r be an integer such that Vs € [k], is(B) = is(By, m]). Since vg+1(B) =
Vk+1(B1,[m]) by our construction, and since

Ky (Brm) C {x € R™ ¢ [(ugs1 (B, m))s X)| < 10k 1 (B i)y (Bipey By pup.fm)) )1}
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we get
argmax ;¢\ /| (Vk+1(B), (Bj,im) ) < [{ves1 (B, pm))s (Bim(Bz,[m])»lmJ)T)'
= argmax;. g l{€1, (Bi,pm) I,

which implies that i1 (B) = ix+1(By,m]) € I. Thus, we conclude by induction that
is(B) =is(By m)) € I forall s € [r], and the result follows. O

As the first main result of the section, we have a probability estimate for the event
that the Gaussian measure of the polytope K, (A) is below a given threshold:

Proposition 4.2 (Gaussian measure of K, (A)) Let A be an n x n Gaussian matrix.
Then foranyr € [n — 1] and any t > 2,

P{o, (K, (A) <n~"} < n 1 1/2,
Proof We start by writing

Ploa(Kr(A) <n )= Y P{I(A)=1ando,(K.(A)) <n™"}.
1C[n], |I|=r

For each summand, we apply Lemma 4.1 to get

P{I,(A) = I and 0,,(K+(A)) <n~"}
=P{I,(A) = I and 0, (K, (Ap,;n))) < n”'}

= P{on(K (A1) = ™" and Vi € 1N, (A" € Ke(Ar)]. (26)

Since K, (A, []) and (A,-,[n])T for i € [n]\I are independent, we get

(26) < P{Un (Kr(AI,[n])) = nit}
P{Vi € 1L (i) € Ko (Argap) | on (Ko (Ar) = "}

S 1. (n—t)n—r.

Finally, in view of the standard bound (," ) < n"~" for the number of subsets / C [n]
of size r, and by the union bound argument, the result follows. O

Lemma4.3 Let A be an n x n Gaussian matrix, and let r € [n] and T € (0, 1) be
parameters. Then, conditioned on the event {O’n (K, (A) >t },

dist(H , (A, ") = \/g T,

where H is the subspace of R" spanned by vectors (Ais,[,])T, selr—1]J
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Proof Let v := v, (A)/|lv,(A)|l2 and let P : R" — R’ be the orthogonal projection
onto the span of {es}s¢[]. From the definition of v, we have that Pv is a unit normal
to the hyperplane H in R". Then

dist(H, (A, 1) = [(Pv, (A, ;) D = (v, (Ai, ) ") = s.

It remains to note that, by the definition of K, (A), on the event {a,, (K, (A)) > r} we
have

T < 0,(K,(A)) < O'n({x eR": [{(v-(A), x)| < [{v,(A), (Ai,,[n])TH})

1
(B =)= [ o

N

exp(—r2/2)dr < —2o
= =

O

As a corollary, we obtain the following probabilistic bound on the distance between
(Air,[,])T and the span of “previous” rows (selected at previous steps of the GEPP
process) (Aix,[r])—r, ser—1I:

Corollary 4.4 Let A be an n x n Gaussian matrix. Fort > 2 and r € [n — 1], with
probability at least 1 — n~'""/2 ywe have

dist(H, (A, ;) ) > \/gnt,

where H is the random subspace of R" spanned by vectors (A,-M[r])T, sel[r—1]

Proof In view of Lemma 4.3, the statement would follow as long as ]P’{a,,(K r(A)) >
n_’} > 1 —n~'"=")/2_ The latter is verified in Proposition 4.2. O

5 A recursive argument

The goal of this section is to bound from below the intermediate singular values
s,—k(Ay, [r]) for every r greater than some absolute constant and for k of a constant
order. We will start with bounding the intermediate singular values in the bulk of the
singular spectrum first and then will recursively apply Proposition 3.3 to provide lower
bounds for smaller and smaller intermediate singular values.

As we mentioned in the overview of the proof, the intermediate singular values
sr—k(Ay, [r]) for k > rl/2 polylog(n) can be easily estimated from below with high
probability by taking the union bound over the estimates of s, (A 1) (see Propo-
sition 3.2) for I C [n] with [I| = r. To bound s,_¢ (A}, ) from below for smaller
values of k we apply the following strategy. We choose an appropriate positive integer
r’ < r, condition on a realization of I, and A 1,,.1r')> and, for any I with /,» C I C [n]
and || = r, apply Proposition 3.3 with B := A |, and F := Ay, ;). This way,
sr—k(Ay,[r]) is bounded below with high probability conditioned on an event that
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the intermediate singular values s, 4 (A, [,]) are well bounded for every k' slightly
bigger than k.

Definition 5.1 For an integer k € [n] and parameters p, 8 > 1, let Es(p, k, B) be the
event that

Vrelk+1,nl, s (Ag ) =n PO,
and &ec(p, k, B) be the event that
Vrelk+1,n—2k,  smin((Apprr20) ") = n P/

Note that although n is not mentioned explicitly in the list of parameters for
Eis(p, k, B), it clearly depends on the underlying matrix dimension.

The next proposition is the main result of this section:
Proposition 5.2 There is a universal constant C > 0 with the following property. Let
p > 1. Then there exist positive integers no := no(p), 120p < ko := ko(p) < Cp,
and a positive real number 300p < Bo := Bo(p) < Cp, so that for any n > ngy and
B = Bo,

P(Es(p, ko(p), B)°) < n2FFonh).
We remark that the lower bounds on ko(p) and Bo(p) in the assumptions of the

proposition are not required in the proof but will be needed later. As a corollary of the
proposition (proved in the end of this section), we have

Corollary 5.3 Forany p > 1, B > Bo(p),

P(Erec(p, ko(p), B)°) = n~2PFonD, 27)

Now, we present a technical version of the above proposition. We introduce several
“section-level” parameters. Let ¢ > 0 be a small constant and L be a large integer
to be determined later. The parameter £ will play the same role as in Proposition 3.3.
Next, let

mo = [L/&]

and let s; be the smallest integer such that 2'mq > n. Then we define the finite
sequence myp, ..., Mg 41, Where

Vs €lsi — 11, ms:=2mp and my 41 = n.
The main technical result in this section is the following
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Lemma5.4 Fix & € (0,1/100] and L > 1/&. Then there exists a positive integer ng
(depending on & and L) such that for any n > ng and s € [0, s; — 1], we have for
every o > 4:

P{Ir € [myi1. mesal 8.t 5,ror 51 (Ay, ) < n” €@} < pme@al (28)

where ¢(8) and C(8) are positive constants which depend on ¢, C from Proposition
3.3 and on &.

Proof of Proposition 5.2 Let & := 1/100. We can safely assume that the constants ¢(&)
and C (&) from Lemma 5.4 satisfy c¢(€) € (0, 1] and C(€) > 1. Choose

L := max (i, 80p C(ig)).
g c(g)

Let B := max{4c(¢)L,300p}, ko(p) := max{[9L/&], 120p}, and let B > Po.
Applying Lemma 5.4 with o > 4 satisfying 8/(40p) = C(8)x, we get

P{3 r = my st s,_jor/s1(Ap. 1) < n_ﬁ/(40")} < (51 + Dn=¢@®L < (5 + Hn= 2,
implying the result for large enough n. O
For the rest of the section, we fix s € [0, s1 — 1].

5.1 Choice of parameters and the growth function

Definition 5.5 (Definition of iy, imax, fi» i) For a given positive integer L and for
¢ € (0, 1/4], let iy, be the integer such that

(1 +8)"myg > Emy/10 > (1 4+ &)~y
and let ijp,x be the integer such that
(14 8)"mypy > L/E > (14 &) Iy (29)

Note that émg /10 > L /g, and hence i;;, < imax.
For every i € [ith, imax], we define a non-decreasing function

Ji(r) = L%J, reN. 30)
1+(1+8)"

Further, we define a collection of integers {r;};c[i,,..+1] inductively as follows. When-
ever i € [is;], we set r; := my. Further, assuming that r; has been defined for some
i € [ith, imax], We let ri11 be the smallest integer such that f;(r;+1) > r;. Note that
mg=7r1 <rp <: <Fitl-
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We recall our strategy: to bound the singular value s, ;_(j4z-i-1),] (Af,,[r]) from
below, we will select an appropriate integer r’ < r and apply Proposition 3.3 with
B:=A;jand F := A L[] taking the union bound over all subsets I C [n] with
I, C I and |I| = r. The function f; defined above, determines the choice of r/,
namely, we choose

= i),

for r; < r < msyo. The indices i, and ipax defined above, determine the range of
application for the inductive strategy; namely, imax marks the largest index i for which
our induction argument can be applied, and i, indicates a threshold value below which
the corresponding singular values s _ ;4 z)-i), (A1,,[]) concentrate very strongly and
can bounded directly with help of Proposition 3.2 and a simple union bound argument.

The goal of this subsection is to verify certain relations between the introduced
parameters, that need to be satisfied in order to apply the results on the singular values
established earlier. Since the results here are of purely computational nature, we present
the proofs in the Appendix.

Lemma 5.6 (Inequalities forimax) Let€ € (0, 1/4) and L > 1/&. Forr € [mg, mg42],
r— 11— +& ™| <9L/z 31)

Further,
imax < 2log(my)/e. (32)

Lemma 5.7 (Assumptions in Proposition 3.3) Let & € (0, 21—8) and L > 4. Fixi €
lith, imax] and assume that v satisfies riy1 < ¥ < mgyo. Letr := fi(F)andx :=F —r.
Then,

) 21 )
A+ =x < S50+8)7r (33)

Moreover, i, r, x, and € satisfy the assumptions in Proposition 3.3, specifically,

r—10—-04+8 "l <x<r, Ex > 4,

31487 —A+87r = x4+ 1+ 11éx, F14+8)"r > 2.

For a given i € [is;, imax], the number 7 satisfying the assumptions of the above
lemma can only be chosen if r;+; < m ;. In the next statement, we show that the
inequality is satisfied for every admissible i (and in fact verify a slightly stronger
bound):

Lemma 5.8 (Anupperboundonr; 1) Leté € (0,1/28)and L > 4. Then, r;,, +1 <
2mg = mgyq1.
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To construct the growth function g(-) from (13), we first define an auxiliary positive
function g, (-), and then set

g(La = A +87)r]) =g ()
for all admissible j. The formal definition of g(-) is given below.

Definition 5.9 Let o > 1 be a parameter. For i € [i;;], we set

c/

16" men™?, 34
SN mgn (34)

8s (l) =

where ¢’ is the constant from Proposition 3.2.
For i € [ith, imax], we apply a recursive definition:

g.&(l 1) . c32 ‘lA(l) gé(l)’
“heIe hA (l) 18 gl en b}

128« logn h}) (35)

hS(l) =exp ( — max {m,

and where C, > —log (2_“ (c )25) is a constant depending only c, C (from Proposi-
tion 3.3) and ¢’, and which we shall determine in Lemma 5.10.

The function &4 (i) corresponds to the parameter % in Proposition 3.3, and is con-
structed in such a way that certain union bound argument that we are going to apply
further works. The next lemma clarifies the choice of the constant C;, from the above

definition:

Lemma 5.10 The constant Cy, can be chosen so that the following holds. For i €
lith, imax] and 7 € [riy1, mg12), let r := f;(F) and x :=F — r. Then,

2 cEx/2 hs(i)(éx)2/64 +dexp (- cx? é/hs(i)z) + Cexp (- (1 + 5)_irx/hs(i)2)
< exp (— alog(n)x). (36)

In the next lemma we verify the crucial bound on the growth function which will
ultimately guarantee a polynomial in n bound on the intermediate singular values:

Lemma 5.11 There exists C(8) > 1 which depends on ¢', C from Proposition 3.3, on
Cy, and on &, such that

Va=1,  golimax+ 1) =n €@, (37)
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5.2 Good events, and probability estimates
Definition 5.12 Fori € [imax + 1] and r € [r;, n], let £(r, i) be the event that
SLa=148)~)r] (AI,,[r]) > gs(0),

where g (+) is given in Definition 5.9 and r;, i, are taken from Definition 5.5. Further,
we denote E(r, [i]) := ﬂjem Er, ).

Lemma5.13 Fore € (0,1/100], L > 4 and o > 4,

P( U €0 lim)°) < exp( - aLlogn). (38)

relms,msio]
Proof Fixi € [i) and r € [my, mgyp]. Letg :=r — [(1 — (1 +&)")r]. Then
q=0+87r=0+8"m; =16 "'m;. (39)
We recall that in view of the definition of m and i,j, necessarily ¢ < r; furthermore,
g>0+8)"mg> 048 "mg > 5mg/10 > Emo/10 > L/* > 32.  (40)

Foreach I C [n] with |I| =r,
/

c
2. /myg

/

c _
= IP){Sr—q(AI,[r]) < 751” a]

Pls—q (AL < 8O} =Pls,—q(Arpp) < 5167 myn ]

(by (39) and the definition of m, mgy2)
< exp (log(r)q/2 — log(n)ag®/32)  (by Proposition 3.2).

Applying (40), we conclude that

Plsr—q(Ar1r) < 8:(0)} < exp (log(n)g?/64 — log(n)ag?/32)
Emg\2
< exp ( - log(n)a<w) /64).
We complete the proof with the union bound argument. There are ('r') < (en/r)" <

exp(rlogn) subsets I C [n] with [I| = r. Asr < ms12 < 4my, and in view of the
definition of m; and our choice of &,

P{sy—q (As, 1) < &)} < P{3I C [n] with |1] = r such that s, (A7) < g5 ()}

< exp ( _ log(n)a(éfz)s )2 /128),
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By applying the union bound argument again over all i € [i;;,] and all ¥ € [my, mg42],
the statement of the lemma follows. O

Lemma 5.14 Assume ¢ € (0,1/100], L > 4 and a > 4. For i € [is, imax] and
F € [rig1, mgy2], setr := fi(r) and x ;=7 —r. Then

]P’(S(f, i+ DENEE D N{on (K, (A)) > n*“/z}) < exp ( - %alog(n)x)
I L
< exp ( — Za log(n)g),

where the random polytope K,(A) C R" was defined in (24), and where o, is the
standard Gaussian measure in R".

Proof We start by noting that the last inequality in the statement of the lemma follows
from the estimate x > (1 4 &) ~'maypng > L /€ (see Lemma 5.7 and the definition of

imax)~
We further partition the event in question so that

P(EG. i+ 1) NEC, 1D N (o (Ko (4) = n7/%))
= 2 IP>(<‘7(f, i+ DNEF, i) N{on (K, (A) = n 2} N {1 (A) = 1}),
I1C[n) | |=r
(41)
For each I C [n] with |I| = r, we define £(I) to be the event

Vjelil, S A=148)-)r] (Al,[r]) > gs(J),

and note that for each admissible 1, £(r, [i]) N {I,(A) =1} C E().
For I C [n]with |I| = rand J C [n]\] with |J| = x,let £(I, J) be the event that

S|a—(14+8) -1 (Arus,i7) = & + 1.
Denote K () := K,(Ay,[-)) C R". Then each term in (41) can be bounded as
P(EG. i + 1 N EG I N {oa(Kr(4) = n~ 2} 0 {1,(A) = 1Y)
= Y P(d.HTNED N {onK ) = a7 PN (14 = 1)),
JC[n\I, |J|=x

(42)

Now, assume that for every I C [rn] and J C [r]\] with |I| =r and |J| = x,

P(f;(l, DENED) | {on(K()) = n="2) A {1, (A) = 1}) < exp ( _ %a log(n)x).
(43)
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Clearly, for each I C [n] with |I| =r,

n—r en\x 1
HJ Cn\ : |J] = x)| = < ) < (—) < exp(log(n)x) < exp (-alog(n)x).
X X 4
Together with (42) and (43), this gives

1 1
@ns Y exp (Z(x 1og(n)x) exp ( ~ 5 10g(n)x> P{I,(A) = I}
IC[n],|=r
1
=exp ( - -« 10g(n)x>,
4
and the result follows.

Thus, it remains to show (43). By Lemma 4.1, almost everywhere on the probability
space we have

L y=n = Lyjemn . (AT ek (Ar )t = Wvjelnh\I, (Aj T ek ()
Hence,
P(EU, D NEW (oK) = n™R) 1 {1:(4) = 1))

p(g(z, DENED) N{op(KWD) = n~*yn{V)j e [n\I U J), (A1) € K(I)})

P(lor(K (D) = n=«2} N {¥) € 1\, (A1) € K(D))

(44)

In view of the joint independence of the entries of A, we obtain

P(S(I, DENEWD) N {on (K1) = n 2y {¥j e MNT U ), (Aj )| € K(I)})

=Earn [ls(lm{ar(K(I))zn*a/z} PlEd, | Arp)

P{Vj e\ UJ), (Aj)' € K(D)| AI,[rJ}]’ (45)

where the outer expectation is with respect to Ay [,].
For each realization of Ay [, such that the event £ (/) holds, we apply Proposition
3.3 with

FEM| _ AL ALr+1ra]
W Ol [Aspl AJlr+lr+x
to bound P(E(1, J)° | Ar 7). Let g(-) be a growth function satistying
vielil, gl(—+8)r) =g,
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where g, (-) is given in Definition 5.9. Since 16 g;(j + 1) < gs(j) for j € [i — 1] and
gs(j) < 1for j € [i], the function g(-) defined this way satisfies (13). Recall that on
the event £(7) we have

Sl - Arp) = (L= A+ 7Hr]), jelil.
We apply Proposition 3.3 with g(¢) and with & := h;(i) (see Definition 5.9) so that

CER g(L(1— (1+8)7)r))
32

=g +1)
(observe that our parameters r, x satisfy the assumption of the proposition due to

Lemma 5.7, and that & satisfies the assumption & < 2-11(¢")2% in view of the assump-
tions on the constant Cj, in Definition 5.9). We get

P(EUI, D) |Arn) = P<SL(17(1+§)_[_1)(r+x)J (Ao ) = &G+ 1) | AI,[r])
> 1 — 2xY/2 pEN /64 _ 4dexp ( — cx? Z:/hz)
-C exp ( —cB* (1 + 5)_irx/h2).

In view of Lemma 5.10, this implies
P(EU, J)° | Arr) < exp (— alog(n)x).

Combining the last inequality with (45), we obtain

]P’(S(I, DEAEN) N o (K1) = n Y0 {¥j € [nNT U T), (Aj )" € K(I)})
< exp ( —o log(n)x)
P({or (K (1) = 0™ 0 {¥) € I\ U D). (A7) € K(DY). (46)

Next, we will treat the denominator in the estimate (44). By Fubini’s theorem,
B((oy (K (1) = n™) 0 {¥j € [\1. (A" € K(D})
= Earpm [l{or(Ku))zw/?} P(Yj e, (A" € K(D)]ALp)-
P(Yj e n\NT U T, (Aj )" € K(D) yA,,[,])].
Almost everywhere on the event {0, (K (I)) > n=%/ 2} we have
P(Vjeld, (Ajp)' € KU |Ary) =n /2
whence

B({or (K(1) =m0 {¥j € 1\, (A" € K(D})
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= n~ P B(lop (K (1) = 0™} 01 {¥) € NI U D). (A" € K(D}).

Together with (46) and (44), this yields
¢ —a/2 1
IE”(S(I, NHENEW) ( (o, (K(I)) > n~ %2} N {I,(A) = 1}) < exp ( - 5ozlog(n)x),

and the proof of (43) is complete. O
At this point, we are ready to prove the main lemma in this section.

Proof of Lemma 5.4 First, recall that in view of Lemma 5.8, Fipa+1 < Mg41, and that
in view of (31) we have r — [9/&] < | (1 — (1 4+ &) ~'maxt1) | whence

U {s—9a A1) < gslimx + D}

rélmsyi,msyo]

C U {SL(l_(]J,_g)*imaerl)rJ (Ar D) < &s(imax + 1)}
r€lFimax+1:.Ms+2]

= U 5C(r’imax+ 1),

7 €lTimax+1:Ms+2]

where we used the definition of the events £(r, i) (Definition 5.12). To estimate the
probability of the union of the events in the last line, we shall embed it into a specially
structured collection.

Letr' := fi, .. (mgy2), where f.(-) was defined in (30). We have

U Eeim+Dc J (oK (A) <n

7 E[Timax +1-Ms+2] relmg,r']
U U (Eeimr D0 () o) = nm?)).
7 E[Timax+1-Ms+2] re[mg,r’]

To be able to apply a recursive bound from the last lemma, we use the bounds r; <
Ji(F) < mgyo, 7 € [rig1, mgq2l, i € [izn + 1, imax], to write

U <Ec(r, imax + 1) N ( () {on(Kr(A) = 'f“/z}))

r€lFimax+1,.Ms+21 relmyg,r’]

cly U €

i€lip] relms,mgya]

v U U (ei+nnedE@n

i€lign,imax] FElriy1.my42]

N( N tonKo ) = n72)).

relmg,r']
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Thus, using that f; (7) < r' fori € [i;y + 1, imax] and that myyp —r’ > L, we get

P U Eimn+D)

r€lFimax+1.15+42]

< Y Plon(K () <n P+ Y Y PE, D)

relmg,r’) i€lisp] relms,msi2]

+ 2 ) P(gf(?,i—i—1)ﬂé’(ﬁ(?),[i])ﬂ{a([(ﬁ(;))zn—a/z}>

i€lith,imax] FE[riq1,msq2]
—alL/4 +n? exp ( —alL log(n))
by Proposition 4.2 by Lemma 5.13

< n-n

1 L (3
+n%exp ( — Za log(n)g> < pc®al 47)

by Lemma 5.14

for some c(&) > 0. It remains to note that in view of Lemma 5.11, gs(imax + 1) >
n= @ for some C(8). O

Proof of Corollary 5.3 For brevity, we denote kg := ko(p). We fixr € [ko+ 1, n —2ko]
and let F, C R’ be the right singular subspace of the matrix (A Ir,[,])T corresponding
to ko smallest singular values of (A, ;1) " (since almost everywhere on the probability
space I, is unambiguously determined, and the singular values of (A, [r])T are distinct
for every I C [n] with |I| = r, F, is uniquely defined). Now, let us define the event
&-(B) that

smin((AI,,[r+l‘r+2k0])T‘Fr) > n =P/ and ” (AI,,[r+l,r+2k0])T‘FrL H < 3\//%,
(48)

where (AI,,[r+1,r+2ko])T |F~ and (AI,,[r+1,r+2ko])T |FJ- are linear operators obtained by

restricting the domain of (A, [r+1,2k0])T to Frand F, rL, respectively. Then, conditioned
on the intersection &, (8) N Eis(p, ko, B), for any v € RIV\{O},

(AT )

Tl —
(AL frs2) " ]|, = H <(A1,,[r+1,r+zko])Tv

2
= max /) | Pyl w0 | By, o], — 3B | Py ]

where P, and Py are orthogonal projections onto F, and F;-, respectively. Consider
two cases.

—B/(40p)
o Suppose || Pravll2 = 35 7z || PF vll2. Then,
\/ T a2 <P 1o (LaPlaon o2
vil2 = vl + Lull5 < v +<——)
vl I PrLvlly + PRIy < I[PpLvll2 1 3
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1
< O(/B)nP/OP T3 | pp vy,
which implies
n B/ | priyly = 0(B7 ) n B/ S0P/ =2 | Pyl = 0B/ COP) |y,

where the last inequality holds because 8 > Bo(p) > 300p and since n is suffi-

ciently large depending on p.
1 n—B/40p)
o In the case I Ppivll2 < Z%W”PEUHL we have

n= Pl P vlly = 3y/Bn| Priv], = %n*ﬂ/(“OP)HPFrU”z = 0B/ |y

Since the above gstimate holds for all v € ]RI’\{O}, we conclude that everywhere on
the intersection &, (8) N Eis(p, ko, B),

Smin (A, r4260) 1) = n~P/30P),

Therefore, for p > 1 and B > Bo(p),

Gk N ) EB)CEeclpiko. B,
relko+1,n—2ko]

and thus

P(Ec(p.ko. B)) < P(E(p.ko ) + D PEPB.

relko+1,n—2ko]

Since in view of Proposition 5.2, P(&is(p, ko, B)¢) < n=2FTon()the corollary will
follow if we show that P(E,(8)¢) < n=2f~1+on(D)

From now on, we fix r € [kg+ 1, n — 2ko] and condition on a realization of A[,j (/]
such that the set /, and the space F are uniquely determined. We will write Pand E
to denote the corresponding conditional probability and conditional expectation.

The independence of the entries of the matrix A implies that Q := (A, |+ 1,r+2k0])T

F,
and W .= (A 1,,[r+1,r+2k0])T | FL are (standard) Gaussian linear operators from F; to
R?%0 and from FrL to R?K0, respectively. For the purpose of estimating the operator
norm and least singular values, we can view W and Q as matrices with i.i.d N (0, 1)
entries of dimensions 2ky x (r — ko) and 2kq X ko, respectively; more specifically, we
can define standard Gaussian matrices W and Q of dimensions 2kg x (r — ko) and
2ko X ko such that everywhere on the probability space the singular spectrum of W
and W, and of Q and Q, agree.

It is well known that the expected operator norm of any standard Gaussian matrix
is no more than the sum of square roots of its dimensions (see, for example, [20,
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Section 7.3]). Hence,
E W =E|W| < v2ko+r —ko <

Since the spectral norm is 1-Lipschitz, the standard Gaussian concentration inequality
(see, for example, [20, Section 5.2]) implies

P{IW| = 3y/Bn} < P{IW|l = E|W| + v/Bn} < 2exp
= 2exp(—pn/2). 49)

)2
(-

Next, we derive an estimate for smin(Q) = smin(Q). Fori € [ko], let P; : Rk — Rko
be the orthogonal projection to the subspace which is orthogonal to the columns vectors
Opio1.j for j € [kol\{i}. Then,

Smin(Q) = min ||QU|| > mm max IP;Qvl> = min max 1 P; (Opakor,i) 1213
vesko vesko—lielko vesSko—lielko

- min jefiy) | P (Qpakor. ) 12

- Vko

Since P; and Q [2ko],j are independent, the norm || P; (Q [2ko1,j) ll2 18 equidistributed
with that of a2ky— (ko — 1) = (ko + 1)—dimensional standard Gaussian vector. Since
the probability density function of a (kg 4+ 1)—dimensional Gaussian vector is bounded
above by (277)~%0+D/2 we obtain

- < 1 \kotl pglot!
BlIP; Qg )l < 1} = (=) 1BY 1 1> 0,
{ 7\ 2kol, j } m
where |Bk°+1| is the Lebesgue measure of the unit Euclidean ball Bk"+1 in Rko+1,
g

Therefore, in view of the previous computations,

Plsmin(Q) <1} <k . t>0.

Applying the bound (| Bk0+] pl/ko+th = o (ky 172 ), we get that there exists a universal
constant Cp, > 1 so that

P{smin(Q) <t} < (Co)*, > 0.
Now, setting ¢ := n~P/40D) e get
I?’[smin(Q) < n—ﬁ/(40p)} < = (=0n()Bko/(A0P) _ =2p=1ton(D) (50
where the last inequality holds since ko = ko(p) > 120p.
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As a final step of the proof, rewriting (49) and (50) on the entire probability space,
we get

P{IWI = 3y/Bn | A} < 2exp(—Bn/2) a.s;
p{smm(Q) < nBI@0p) | A[n],[r]} < n 2140 () ¢

We conclude that P(E,(8)¢) < n=2#~1+on(1) and the result follows. O

6 The smallest singular value and the growth factor in exact
arithmetic

6.1 Distance to subspaces

Recall that by i; = i;(A), 1 <t < n, we denote the indices of the pivot rows in the
GEPP process (see Sect.4).

Definition 6.1 (Subspaces generated by row vectors of submatrices of A) For x,r €
[n]with]l <x <r,let

H, » C R be the random subspace spanned by (Ait,[r])—r fort € [x],
and let H, o := {0}. Additionally, for s € [x], let
H, x.s C R" be the random subspace spanned by (Ai[,[r])T for t € [x]\{s},

where we set H, 1,1 := {0}.

Definition 6.2 For 8 > 0, let &y (r, B) be the event that

dist((Ai, () Ty Hrpo1) = y/2/m n 74007 and Ayl < Wi+ 3y/Blog(n) (51)

and set

EowB) = () Eowlr.B).

refn—1]
Further, let Egis: (B) be the event that
Vr,k,se[n—1]withs <r —k <r,
dist((Ai (1) Hr—s.s) < exp (6k(1+ n%) logn)dist((Ai, )" Hy.r,s)-
The goal in this section is to prove
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Proposition 6.3 There exists Bs3 > 2 so that the following holds. For B > Bs.3, we
have Egist(B) D Erow(B), and

P(Eist(B)) < P(Erow(B)) < n™P.

The statement is obtained as a combination of Lemmas 6.6 and 6.7 below. First,
we consider two simple facts from Euclidean geometry.

Lemma6.4 Letu € R" and let H C R" be a subspace. Then for any orthogonal
projection P in R", we have

dist(u, H) > dist(Pu, PH).
Proof The statement follows immediately by observing that P is a contraction. O
Lemma 6.5 Let F be a subspace of R¥, and let vy, vy € R¥ be vectors such that
dim span (F, v, v2) = dim(F) + 2.
Fori € [2], let F; be the linear span of F and v;. Then,

dist(vy, F2) [lv2ll2

dist(v, F) < .
dist(vo, F1)

Proof For any subspace E, we let Pg be the orthogonal projection onto E. Let u; :=

Pp1v;
F
TP, orla Observe that,
dist(v2, F1) = | Pprvalla = [ Pprva — (Pprva, un)uilz
= [[Prrvalla lluz — (uz, u)uillz,
whence
dist(vo, F1) dist(vp, F1)
luz — (w2, ur)uyllzs = > .
| Prrvzll lv21l2
On the other hand,

s — (uz, ur)urlly = /1 — (ua, ur)? = lluy — (uy, uz)usll2,

and therefore

| Ppivilla luy — (ui,uzduzlla — dist(vy, F2)

lur — (ur, uz)uz|l2  luy = (ur, u2)uzln

dist(vy, F) = |Privi]l2 =

- dist(vy, F2) [lvall2
dist(vy, F1)

@ Springer



Average-case analysis of the Gaussian elimination... 547

Lemma 6.6 Lets,k,r € [n — 1] suchthats <r — k < r. Fix a realization of A such
that the event Eow (B) holds. Then,

. B .
dist((Ai )T Hrpios) < exp <6k<1 n E> 1og(n)> dist((As, )T Hys)-
Thus, Eqist(B) D Erow(B).
Proof First, we note that for every ¢ € [2, ],
Hi -1 = P(Hy-1)

where P; : R” — R’ is the coordinate projection onto the first f components. Applying
Lemma 6.4 for every 2 <t < r, we obtain

dist((Ai,r) "y Hro—1) = dist((Ai i) ' Hrm1) > /2/7n 4P/ 0=0)

where in the last inequality we used the definition of &4y (8). Further, for t € [r —
k + 1, r], we will apply Lemma 6.5 with

F:=H 15, vi:=(A ), andvy:= (A, ),

so that Fi = H,;_; and F» = H,;s, and from the previous inequality and the
definition of &y (8) we have

dist(va, F1) > v/2/m n= 2 FP/O=0) and v lla < [|Ai, pll2 < /1 + 34/Blogn.

Lemma 6.5 implies

dist((Ai, (1) "y Hyi—1,5) < //2n* P10 (/i +3,/Blogn) dist((Ai, () T Hy 1)

(it is easy to see that in the case dim span {F, vi, v2} < dim(F) 4 2 when the lemma
cannot be applied, the above inequality holds as well). Together with the inequality

Vi +3/Blogn < 2n' /=0 for g > 0,

. B .
dlSt(Hr,tfl,S, (Ai_v,[rJ)T) < exp ((1 + m>610gl’l dlSt(Hr,t,m (Aix,[r])T):

telr—k+1,r].
Finally, applying the above inequality inductively for ¢ from r — k + 1 to r we obtain
dist(Hr,r_k,S, (A,'s,[,])T) <exp (6k(l + %) log n) dist(H,’,,S, (Ais,[,])T).
O
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Lemma 6.7 For B > 2 and 1 <r < n, the following probability estimate holds:
P(Eow(r, £)) < (1 + 0,(D)n ™
and
P(Erow(B)) <P
Proof First, in view of Corollary 4.4, we have
P{dist((Ai,,[,])T, Hypi) < \/§n4(l+ﬁ/(nr))} < p 2048/ (=) (n=r)
— 20— +B) < =28,

Next, for each i € [n], applying the standard concentration inequality for Lipschitz
functions of Gaussian variables,

P{IAimll2 = EllAiull2 + 1} < 2exp(—=12/2), > 0.
With E[| A (n1ll2 < ENA; 011152 < /n, by taking ¢ := 3/Blogn we have

PLIIA; nyll2 > /5 +3y/Blogn} <2072,

Taking the union bound over i € [n] and taking into account the condition 8 > 2, we
get the first assertion of the lemma.
The second assertion follows from another application of the union bound. O

6.2 The smallest singular value of A, [

Definition 6.8 For k € [n], B, p > 1, let &q(p, k, B) be the event that
Vrelk,n—kl, s-(Ap. ) =n P06,

Proposition 6.9 There is a universal constant C > 0 with the following property. For

any p > 1, there exist no(p), ki(p) < Cp* and B,, < Bi1(p) < Cp* such that for

n >no(p), B = B1(p), and ki (p) we have

5sq(p» ki(p), B) D Eow(B) N Erec(p, ko(p), B),

where ko(p) is taken from Proposition 5.2, B,; is defined in Proposition 6.3, and Erec(+)
is taken from Definition 5.1. Moreover,

P(Eq(p. ki(p), B)) < 2n~".
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Proof Note that if the events’ inclusion above holds then the second assertion of the
proposition follows immediately by combining the bounds P(E.ec (p, ko(p), B)¢) <
n~=2A+on() from Corollary 5.3 and P(Eow(B)¢) < n~# from Lemma 6.7. Thus, we
can focus on proving the first assertion.

Let k1 (p) = B1(p) = 400ko(p) p where ko(p) is taken from Proposition 5.2.

Consider an argument by contradiction. Fix any realization of A such that both
Erow(B) and Eec(p, ko(p), B) hold, and such that for some r € [ki(p),n — ki (p)],
sr(AL ) < n—P/©P) that is, there exists a unit vector u € R’ such that

(AL ) Tully < nP/6P)

(we assume here that the column of the matrix (A I,Y[r])T are indexed over the set /).
Since |lull> = 1, there is an index s € [r] such that |u; | > r~Y2 > =12 whence

AL Tul = | D2 A T

telr]

5 > n_1/2 diSt((Ai,-,[r])Tv Hr,r,s)~

Thus, our realization of A and our choice of s satisfy

dist((Aj, () " Hr.r.s) < exp(—Blog(n)/(6p) + log(n)/2). (52)
Set k := min{2 ko(p), r — s}.

Assume first that s < r,i.e k > 0. In view of the inclusion Eow (8) C Edist(B) (see
Proposition 6.3), we get

dist((As, (1) " Hy.r—s) <exp ( — Blogn/6p) + log(n)/2 + 6k<1 + n’%) logn>.

Sincen —r > ki(p) and B > B1(p) = k1(p) = 400ko(p) p = 200kp, we have

%+6k<1+ P )§7k(1+ P )57-k‘(”)<1+ ﬂ)

n—r n—r 200p n—r
L hw BB
-~ 200p 200p — 12p
whence
dist((Aig,;r) " Hyrk,s) < n=B/020), (53)

Further, in the situation when & = 0, the inequality (53) is still true as can be
immediately seen from (52).

Next, we will show that (53) leads to contradiction. The argument depends on
whether k = r — s or not.

Case I k = r — s. By the definition of the event &, (8), we have

dist((Ai, 1) "5 Hyss) = dist((Ai, 15D T Hys.s) = dist((Ai, i) ' Hy 1)
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B
> /2/ =)

> \/2/m n—4=B/S0ko(p)p) ,

where we used thatn —s > n —r > k1(p) > 200ko(p) p. In view of the condition
B = 200ko(p) p = 400p,

/2] =4Ik (D)P) 5 =5=B/(0P) > =B/@5p) o =B/(12p)

which contradicts (53).

Case 2k = 2ko(p) < r—s.Inthis case, (A,-S,[r])T is a column vector of (A,r_k,[r])T
and H, ,_ s is the span of every other column vector (Air,’[r])T fors’ € [r — k]\{s}.
Hence, in view of (53), ’

smin (A1, p) ") < dist((Ai ;) T, Hypis) < n”P/12P.
However, this contradicts the definition of the event E(p, ko(p), B):
Vr' € [ko(p) + 1,1 — 2kol. smin((A1, (r42u0) ") = n~P/20P).

The result follows. O

The next simple lemma will be used to show that with high probability indices of
the pivot rows obtained in exact arithmetic coincide with the results of the floating
point computations.

Lemma 6.10 There is a universal constant C > 0 and a number nog € N such that,
assuming n > no,

]P{Smin(AI,,[r]) < tn_Cforsome l1<r<n- l} <t, t>0.

Proof In view of Proposition 6.9 (say, applied with p = 1), there are constants
C1, no > 0 such that, assuming n > ny,

P{Smin(AI,,[r]) < tn~C for some ki(l)<r<n-— kl(l)} <t, t>0.
For indices r < k1 (1), we use the trivial union bound:

P{smm(AIr’[r]) <t forsomel <r < kl(l)}

< Z ]P’{Smin(Al,nu]) < t} <nf1 W 1>,
I1C[n], 1= | <k (1)

where in the last line we used the standard bound on the smallest singular value of a
square Gaussian random matrix [4, 17]. Similarly, we get

P{smin(A,“[,]) <t forsomen —kj(1) <r <n-— 1} <nf Wy >0,

Combining the three estimates above, we get the result. O
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6.3 Estimating the growth factor in exact arithmetic

Definition 6.11 For 8 > 1, let £.1(B) be the event that

Vj € [nl, |Am,jll2 < /n+3y/Blogn) (54)
and for 7 > 1, let Epyy(7) be the event that

max |A; j| > n°t. (55)
i,j€ln]

Lemma 6.12 For any > 2, we have
P&l (B)) =n~F;

furthermore, for every T > 1,
]P(gentry(f)c) = n—rnz'

Proof The upper bound on P(E.,1(B)€) can be derived exactly the same way as in the
argument for Eow (B) (see the proof of Lemma 6.7), so we skip the discussion.
To estimate the complement of Eepyy (7), We write

2

P(Eeniry (1)) < P{|A; j| <n~ " foralli, j} <n™ ™",

where in the last inequality we used that the probability density function of the standard
Gaussian random variable is bounded by ﬁ O

At this point, we are ready to prove the “exact arithmetic” counterpart of the main
statement of the paper:

Proposition 6.13 There is a universal constant C > 1 and a functionn : [1, c0) — N
with the following property. Let p > 1, and let n > n(p). Then
0
max; j ¢ |A;
{Mznt}isn_Pt’ tZsz.
maxl-,j |Ai,j|
Proof Recall that the parameter ki (p) = O( pz) was defined in Proposition 6.9. We
can take a universal constant C; > 0 large enough so that C; p> > 600p k (p) for all
p > 1.Fixg > C1p3, set T := B/(100p), and assume n > /100p. In view of the
assertions of Lemma 6.7, Proposition 6.9, and Lemma 6.12, in order to show that
- )
{maxl,/,e 14; . nﬁ/@p)} < 5pP
max,"j |Ai,j|
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(which would imply the statement), it is sufficient to verify that everywhere on the
intersection

Eentry(f) N Erow(B) N Eeot(B) N Esq(pa ki(p), B),
we have

NG
maxij.e |4l siam

max,-,j |Ai,j|

In what follows, we use the notation introduced at the beginning of Sect. 2; in particular,
we work with matrices M©, 0 < ¢ < n — 1, defined in (3).
Recall that

r)
max;_; |M§’j|

Vren), —2 T 0 oo
) 1 =
max; ; IMg’rj )I

(56)

For r € [k1(p)], we simply use the bound above to get

MmO
Dy Ml i), e o,
max;, j |A,"j|

Further, for r € (k1(p), n — k1(p)], we write

(s—=1) (r)

(r) max |M: max M

max;, ; [ M; ] se[r],jzs| isj | ie[n]\1,,j>,| il
max,-,j |A,"j| max,-,j |A,‘,j| ’ max,',j |Ai,j|

In view of formula (4) and our conditioning on the event Eq(p, k1(p), B), for s €
[k1(p),n —ki(p)],i € [n]\I; and j > s, we have

M < 1401+ 1A 2 1Ags1.5112

Smin (A1, [s7)

< Vn+3y/Blogn+ (Vn+3/Blogn)n?/ P (/n +3,/plogn)
< 2nP/OP) (/0 + 3,/Blogn)?,

and thus
~ max IMl(rj)I
ie[n\I,j>r <2nﬂ/(6p)+ﬂ/(100p)(ﬁ+3 /ﬂlogn)z,
max; j |A; ;| T
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and for every s € [r] with s > k1 (p),

(s—1)
maxl./\/lix’j |

I T opBlOPHBIA0D) (/i 4 3 [Blogn)?.
max;, j [Aij|

By our earlier observation,

max |M(X71)|

selk1(p)].j=s fs.J < oki(p),

I’IlaXl"j |Ai’j|
Combining the estimates together, we conclude that for all r € [n — k1 (p)],

max; ; |M(r)<|

LJ < max (2k1(l7)’ znﬂ/(ﬁp)-i-ﬁ/(loop)(ﬁ +3,/Blog n)2)
maxi,j |Ai,j|

For the “last” k1 (p) admissible values of r, we rely on (56) again to get

—k
max; IMl(rJ)I max; I/\/ll(’nj 1(‘"))I

2ki(p)

Vr e (n—ki(p),nl, <
max; ; |A; ;| max; ; |A; j|

In the end, we make use of our bound 8/(6p) > 100k (p) to conclude that for all
large n,

() (r)
max; j¢|A; j| max, ; ;j |[M; jl B
. = 2 5 n3l7
max,;j |A,',j| maxi,j |A,',j|
This completes the proof. O

7 GEPP in floating point arithmetic

In this section we transfer the statement of Proposition 6.13 into the proper context
of the floating point arithmetic. We expect a part of the argument in this section
(specifically, in the proof of Lemma 7.2) to be rather standard for experts in numerical
analysis. Still, we prefer to provide all the details to make the paper self-contained.

Lemma 7.1 Let A be ann x n Gaussian matrixand A = MO, MDD MO=D pe
the sequence of matrices generated by the GEPP in exact arithmetic (see (3)). Then,
foreveryl <k <n—1,

vs >0, P{(1-sMD) < max IMEDI) <8 —k +1).
, max |M;,
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Proof Fix any 1 < k € n— 1. With the vector vi(A) defined at the beginning of Sect. 4
and in view of (4), for every i ¢ I;_1(A) we have

MV = [we(A), M NI

Fix any subset / C [n] of cardinality k — 1 and any (k — 1) x k matrix M, and
condition on the realizations ly_j(A) = I and Aj_, ) = M. In what follows, we

denote the conditional probability measure by [P. Under this conditioning, vk (A) and
the polytope K := Kj_1(A) (see Sect.4; here we adopt the convention Ky(A) := R")
are fixed. Fori ¢ I, let

X; == [(ue(A), (Ai ) -

By Lemma 4.1, under the conditioning the vectors A; [, fori ¢ I are i.i.d., with the
probability density function

exp(—Ily[3/2) -
Jx exp(=11y'13/2) dy"”

p(y) =1k (y)

which is symmetric and log-concave (i.e y + log(p(y)) is a concave func-
tion). Since log-concavity is preserved under taking marginals, the random variable
(%, (Ai,[,,])T) is also log-concave and symmetric under the conditioning. This
implies, in particular, that the probability density function px of X;’s (i ¢ I) is non-
increasing on the positive semi-axis.

Now, since X;, = max;¢; X;, we have

5 T ra-or ek
Bl - 8)X,, zr%e}xxi}z(n—kﬂ)/(/ px(®di)  px()dr,
1
k 0 0
whereas

p
0

o0
n—k
n—k+1) / (/ px (1) d;) ox (M dr = 1.
0
Combining the two identities and using the monotonicity of py, we get

oo n—k
(5" oxtwydr) px(rydr
0

e ¢]

- n—k
J (5 pxar) " px(ryar

0
>(1=8)"% >1-86(n—k+1).

)

The result follows by applying Fubini’s theorem. O
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Lemma7.2 Let M an n x n invertible matrix and M = fiM). Let PM = LU
be the P LU -factorization of M in exact arithmetic, assume that P = 1d,, and let
M=MD MO MDD = U pe the sequence of matrices obtained during the
elimination process. Let § € (u, 1/3) be a parameter and assume that the matrix M
and the unit roundoff u satisfy

1 smin (M, ) 8
12 | M| 3’

P
I
—
S
I
—_

8n” u max |Mi@| <
ij.t J

and

k—1
maXie[k+1,n]|M,~(,k )|
-1
IMP

Vk € [n —1], <1-34. (57)

Then GEPP in floating point arithmetic succeeds for M; the computed permutation
matrix P = 1d,, and, denoting by M = MO, MD ... M"=D the sequence of
matrices obtained during the elimination process, for everyk =0,1,...,n — 1,

max |1\;Ii(k.)| < 2 max |Ml.(0|.
i\j I ij.e "

Proof We will prove the statement by induction. Fix any k € [n — 1]. Assume that all
of the following holds

(a) The computed matrix M*=D has been produced by taking indices of the first k — 1
pivot rowstobe 1,2,...,k — 1, and |]\;I,§,f,:1)| > Max;e[k+1,n] |Mi(ﬁ{_l)|, so that
the index of the k-th computed pivot row is k.

(b) M*=D = Gi—1--Gi(M + E(k_l)), where G; is the Gauss transformation to
eliminate i-th row of MG —D 1 < < k — 1, and where the error matrix E®*=D
satisfies

|E®=D| < 8knu max |Ml.(€.)|.
i j.L +J

(c) max |AA4.(U.)| < 2 max |M.@| forallO0 <v <k-—1.
ij hJ ij.e b

Note that, by the assumptions on the matrix M, the induction hypothesis for the base
case k — 1 = 0 is satisfied.
Let G, = 1d,, — & e,;r be the Gauss transformation which eliminates entries

A;Il.(kk_l), i=k+1,...,n,sothatin exact arithmetic we have

#e
fi(k) = ﬁ (GyM* D) =0, i=k+1,...,n.
My

@ Springer



556 H. Huang, K. Tikhomirov

The computed matrix M® can be explicitly written as

0, if ielk+1,n]landj =k,
or(k—1)
o (k) o (k—1) M ~(k—1) e .
n® = a(n —ﬂ(ﬂ(M’E{fl))Mk’j ). it ijelk+1nl,
M i(f{j_ D , otherwise

(note that we “force” I\;Ii(]? to be 0 for i € [k + 1, n] whereas the f.p. expression

mEDS a1y . -
ﬂ(ﬂ(M;i',f;_])) M ,Ekk 1)) is not necessarily equal to Mi(ﬁc l)). Denote

E® .y _ GkM(k_l).

Since the first k rows of E® are 0, for every i € [k] we have G; E® = E® o M®
can be expressed in the form

M® =G (M*V + Gy - GLEW).
Applying the above equality together with the induction hypothesis, we obtain
M® = G Gi_y -G (M + E®), (58)
where E® := E*=D 4 E®_Note that non-zero entries of E®) are all contained

within the bottom right (n —k) x (n —k) submatrix of E® and foreveryi, j € [k+1, n]
we have

oy (k—1) o (k=1)

M: M.

(k) ~(k—1) ik ~(k—1) ~(k—1) ik ~(k—1)
|Ei.|=‘ﬂ(M4. —ﬁ<ﬂ(A )M ; ))—(M.. L i )‘
J i,j (k—1) k,j i,j (k—1) "k, j

My Mk,k
(k—1)
~ (k—1 i k ~(k—1
<3(u+ 0(u2)) max {'Mi(,j )|, Al(k_l)M,E)j ) }
k.k

~(k—1 ~(k—1
§4umax{|Ml.(,j )|,|M,E’j 1)

~(k—1 14
< 4umax|M.(, y )| < 8u max |M.(, )~/I,
i/,j/ ] i/,j/,i ]

)]

. . . . |M; | .

since there are 3 floating point operations and m < 1, and where in the last
k,k

inequality we used the induction assumption (c). Thus,
IEON < IEXD 1+ 1 EW| < 8knumax |M7)] + nmax | EL7)]
l’.] ’ ’ l’] ’

< 8(k + 1)numax |Mi(o|,
ij.e i
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confirming condition (b) on the kth step. Moreover, in view of the assumptions on M
we then have

IE®| < 8n? umax IM(K)I < L minisysn- Smin (Mo, (01)” §
- 12 ||M||2 3

(59)

Further, by the assumptions on Smin(M[k],(k]) and in view of the bound on the norm
of E®, the matrix (M + E®)() ] is invertible. Hence, for every i € [k + 1, n] there
is a unique linear combination L; of the first k rows of M + E® such that the vector
row; (M + E &)y — L; has first k components equal zero. We conclude that necessarily
the matrices G1, G, ..., G} are Gauss transformations for M + E &), whence for
every j € [k + 1, n] we have

k ~ ~ d —1
MJ( [)k+1 n = M+ E®); 1 — (M + E(k))j,[k]((M + E(k))[k],[k])
(M + EO)pig it s (60)
whereas
m® =M, — Mj (M)~ M 61)
Julk+1,n) = M k+1n] J IV k], K] [k],[k+1,n]-

We will rely on formulas (60) and (61) to show that M® and M® are sufficiently
close entry-wise.
In view of (60) and (61), for every j € [k + 1, n] we have

k k k ~, ~ —1
1Sty = Ml < NES g+ 2DEQ T IMI ] (M A+ ED) g ) ™|

HE®PZ (M + EP)gu)
HIMIP (M + E®)pg i)™ = (M) -

Note that

M+ E® o (M) = (M) EL (M + E® -
(M +Em) = (Mugn) = = M) Egg g (M + E®)pp )
and that the bound 2[| E®|| < syin (Mg, (1)) implies

(M + EOyp i)™ | = 2] My e ™"

Thus, applying (59), forevery i =k + 1, ..., n we get

k
”Ml( [;c+1 n] — k+1 n] ”
_ —12 &
< ||E<[k+1,,]|| +OIED M | My~ | +20M 17 [ (Mpiw) ™ [~ 1E@]
_ 1 minicyg Smin(M[u),[v])° §( 6| M| 2| M |? )
T 12 M| 3 Smin(Mik1, k1) Smin (M, (x1)?
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< (8/3) min lsmin(M[v],[v])- (62)

l<v<n—
Immediately we have

oy (k) (k) )
max M| < max M| 4+ smin (M, < 2max |M:"|.
i,je[k+],n]| il = i,je[k+1,n]| i, |+ Smin(Mp, ) < max |M; 1

By the nature of the Gaussian Elimination process, the first k rows of M® coincide
with those of M*~D and the bottom left (n — k) x k submatrix of M® is zero. And
thus

max M| < 2max MY,
ij +J i .0 )

confirming the condition (c) for the kth step.

It remains to check the condition (a). Note that we only need to consider the case
k < n — 2. Using the definition of vectors v (-) from the beginning of Sect.4, we can
write

k -1
IM;EJF)L;(HI = M 1.k+1 = M1, 10 Mg g Mik) k1
= [(vk (M), MkT+1,[k+1])|

= llor(M) 12 - dist(H, M1 gr) = 1 Smin (M), 1)

where H C R¥*! is the subspace spanned by the first k rows of M, [k+1],[k+1]- Applying
(62) and (57), we conclude that

~ (k k k k
|M/§+)1,k+1| > (1= 5/3)|M1£+)1,k+1| = iewfi‘n] |Mi(,k)+1| + (8/3)|Ml§—:1,k+1|
(k) o (k)
> ma M: 8/3)Smin (M > ma M. ,
= ie[k—i—in] | z,k+1| =+ (8/3)Smin ( [k+1],[k+l]) = ie[k+fn] | z,k+1|
and the result follows. O

Proof of Theorem A In view of Lemma 6.10, there are C’, ng > 0 such that, assuming
n = no,

P{smin(Az, ;) <tn~C forsomel <r <n—1} <z, 1>0.

On the other hand, standard concentration estimates for the spectral norm of Gaussian
matrices (see, for example, [20, Chapter 4]) implies that, assuming # is sufficiently
large,

(Al = C"Vn} <27".
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Let § € (u, 1/3) be a parameter to be chosen later, and define the events

1 Smin(A 38
1) i= fsntull? < o A2, k:L“”n—q,
max | A
&(8) = ””—511—1/2},
IA]
(k—1)
max;¢r, (M.
£3(8) o= | T FI Tk L <y s, kzLuwn—l}
M ol

The above observations on the spectral norm and the smallest singular values imply
P(E(8) = 127" —nC - (7C"n/0u!/0571/3),
Further, Proposition 6.13 (applied, say, with p = 2) yields for all sufficiently large n,
P(&(8) = 1 —n"u
for some universal constant C”” > 0. Finally, in view of Lemma 7.1, we have
P(E5(8)) > 1 — 8 n°.
Thus, the intersection of the events £1(5) N £ (8) N £3(8) has probability at least
1—27" =€ . (7C"n"/%uV/05713) — n"u — s 2.
Taking 8 := u'/8, we get that for any large enough 7,
P(E@'®) N &) N E@/B) = 1 —nCul/b,

where C > 0 is a universal constant. It remains to note that, in view of Lemma 7.2,
everywhere on the intersection £ (u'/8) N & !/%) N & (u'/®) the GEPP in float-
ing point arithmetic succeeds for A© = fi(A); the computed permutation matrix P
coincides with the matrix P from the P LU—factorization of A in exact arithmetic,
and

4 ©
max |A:
ij,Z' iJ|

geepp(A) < ———.
max |A; |
ij

A second application of Proposition 6.13, now to bound ggepp(A) conditioned on the
intersection & (u'/8) N & !/8) N & (u!/?), completes the proof. O
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8 Further questions

In this section, we mention some open questions related to the probabilistic analysis
of the Gaussian Elimination with Partial Pivoting.

Sharp estimate of the growth factor Our main result shows that with probability
close to one, the growth factor of GEPP is at most polynomial in the matrix dimension,
ggepp(A) < n€. Our analysis leaves the constant C > 0 unspecified, and it would
be of interest to obtain an estimate with a reasonable (single digit) explicit constant.
Furthermore, as we mentioned in the introduction, it was suggested in [5] based on
numerical simulations that for large n, gggpp(A) = omnY 2+”"(1)) with probability
close to one. The problem of finding the optimal constant power of n in the growth
factor estimate seems to require essential new ideas. At the same time, it is natural to
expect that recurrent estimates of the singular spectrum of submatrices obtained in the
GEPP process should remain a key element of the future refinements of our result.

The probability that the Gaussian Elimination with Partial Pivoting succeeds in
the floating point arithmetic Our main result states that, under the assumption that the
dimension n is sufficiently large, with probability at least 1 —u'/% n€ the GEPP in f.p.
arithmetic succeeds for fl(A), and the computed permutation matrix agrees with that
obtained in exact arithmetic. We expect the probability estimate to be much stronger,
perhaps of the form 1 —u!' () n€ and leave this as an open problem.

Smoothed analysis of the growth factor Our proof does not extend to the smoothed
analysis setting without incurring significant losses in the upper estimate for the growth
factor. In fact, our treatment of the partially random block matrices B in Sect. 3 heavily
relies on the assumption that the norm of a submatrix within the “random part” of B
is typically of the same order as the square root of that submatrix’ larger dimension.
Establishing a polynomial upper bound on the growth factor in the presence of a
non-random shift (of polynomial operator norm) is an interesting and challenging
problem.

A Proof of Proposition 3.2

In this section, we provide a proof of Proposition 3.2 which is based on the restricted
invertibility argument of Nguyen [12].

The classical restricted invertibility theorem was derived by Bourgain—Tzafriri [2];
see, in particular, [11, 16, 19] for extensions and a comprehensive discussion. In what
follows, we will use the estimate from paper [16]:

Theorem A.1 [16] Let B be an u x t (t > u) matrix. Then for any ¢ € (0, 1) with
11Bl1%s
I1BI1?

> 1 there exists a subset J C [t] such that

(A —9o)lBllus

NG

2 2
B
|]|> \‘—8 ” ”HS

||B||2 J and SlJ\(B[u]xJ) >
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Further, we recall an anti-concentration estimate for orthogonal projections of ran-
dom vectors with independent components of bounded density, obtained in [13] (see
also [10] for improved constants).

Theorem A.2 [13] Let X be a random vector in R® with independent components
having the distribution densities uniformly bounded by p > 0. Then for every d < £
and every d-dimensional subspace H C R, the distribution density of the orthogonal
projection of X onto H is bounded above by (Cp)?, where C > 0 is a universal
constant.

Now, we are ready to prove Proposition 3.2. Although the proof essentially repeats
the one in [12], we provide the full argument for completeness. The argument works for
matrices M with i.i.d entries with continuous distribution density uniformly bounded
above by p > 0.

Proof of Proposition 3.2 In view of the interlacing properties of singular values (see,
for example, [3, Theorem 1.4]), we can assume without loss of generality that r = u.
We fix anindex 1 <i <u — 1,and s € (0, 1]. Denote by £ the event

{su_xM) < Ci—s},
NG

where ¢ = ¢(p) > 0 will be chosen later. Let ZT bethe u x i random orthogonal
matrix measurable w.r.t (M) and such that ||Mcolj(ZT)||2 < %1 <j<i,

= W?
everywhere on £ (one may take Z " as the matrix whose columns are the normalized
right singular vectors of M corresponding to i smallest singular values of M).

In view of Theorem A.1, there is a (random) subset J C [u] such that
I =1i/2] and  s5(Zigxs) = (1 -27Y2)i/u

everywhere on the probability space.
In particular, since s)7/(Z[i1xs) > 0, there exists an i x |J| matrix Y such that

(Z[i]XJ)TY = [; and hence | Y| < (1 — 2_1/2)_1«/14/1' everywhere.
Define a subspace
Hj = span{col;(M)}jcje,
and let P be the orthogonal projection onto H j‘ We then have

PMZ" = P(Muxs(Zinxs) " + Mugxse(Ziinxse) ') = PMugxs (Ziinxs) |

whence on the event &£,

. 2
SfcLs —1/2\-2 4 Ty 2

> |PMZY |5
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= |PMpgx |3

= > dist*(col ; (M), Hy).
jelJ

So, we can write

PE) < > PL Y " dist? (col j (M), Hy) < (cis)*-(1 ,2—1/2)72}
iclul: [1|=Lij2] Il

2 _
< > 5 P{distz(colj(M), Hp) < = (cis)* - (1-2712)72 je 1’}.
oy 7 |1}
[Clul: [1|=Li/2] I'CL1'1=111/2

To estimate the probabilities on the right hand side of the inequality, we apply Theo-
rem A.2. Observe that, in view of Theorem A.2,

P{dist(col ; (M), Hy) < v/8(cv/is) - (1 =273 7"} < (C'eps)!,
for some universal constant C’ > 0. Thus,
PE) < (2M)Ll'/2J (C/Cps)(Li/ZJ)Z/ZI

The result follows by choosing a sufficiently small ¢ = c(p). O

B Proofs of the auxiliary results in Sect. 5.1

Proof of Lemma 5.6 As a verification of (31), we have

r= 0= A+HTm ) < (14 BTl 41

N —ia—1 9L
<4 ™" .dm;+1 < —.
~—— £
by (29)
For the upper bound of ipax, we have
(14 &) imapm > F(1 4 &) momy > [ > 1,
which implies
- . 2log(m
imax log(1 + &) < log(ms) = imax < #s
where we used that log(1 + 1) > % forO <t < 41'1' O
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Proof of Lemma 5.7 First, from the definition of f; and since r = f; () we have

r <F/(l+1+877) < r+1
= (14+0+8)")r < F <(I+0+5)r+2. (63
& 1+ < x < (A48 7r+2

Thus, the lower bound for x in (33) is obtained. Further, in view of the definition of
imax, and since r > r; > my,

. i 1 i 1 i 1 g
2<L=<&l+& "™m,; < %(1 +8)7'my < E(l +8)7'r < %(1 +&)7'r.
Combining this with the last inequality in (63), we obtain
i 21 i
x<{+8&"'r+2<—=>04+&""r.
20
Next, we will verify the conditions on the parameters which appear in Proposi-

tion 3.3. For convenience, we itemize the rest of the proof according to the inequalities
we wish to check:

l.r—|(1—1+8&Hr] < x < r. First, the inequality (1 + &)~r < x together
with x is an integer implies x > [(1 4 &)~'r]. Since

VielO0,r], [r—t]+T[t]=r,
we have
r=1l1=0+8Hr]=T14+8)""r] <x.

For the upper bound on x, by the definition of i;;, we have (1 + &)l < ms /8,
which implies

2 2
x < E(l—i—e) r< %(14-8) h.dmg <mg <r.
2. &x > 4 and (1 + &)"'r > 2. This follows immediately as
Ex > E(1+8)7r >80 48 mxmy > L > 4.

3.314+ 871y — (1487 7r > x+ 1+ 11&x. Since & < %, we have, in view of

the above,
~\—i—1 =\ —i 3 “\—i 10
3(1+¢) r—(1+4ég) r25(1+8) r27x,
10
7

whereas x + 1+ 116x < x + 126x < =x. O
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Proof of Lemma 5.8 First, by the definition of r;’s we have r; = my for i € [iz].
Next, assume that the statement is true for all indices in an interval [i], for some
i € [ith, imax]. We will show it holds for i + 1. Fix for a moment any i’ € [i;y, i]. By
(33) (applied with x = ryryy —ryy = rjry1 — fir(rir41)) we have

20 .2
rirgl — ryf <%(1 +&) 'y < E(l + &) 7 2my.

The definition of i;;, and the conditions on & imply %(1 + &)l 2y < %ms, and
we obtain

§m~ .
Firgl = Tyt < 73(1 +&)"0 .

Finally, summing up over all i’ € [is;, i], we obtain

Fit1 —Fiy, = Z (rl'/+1 — }"i/) < Z smé (1+ ) (i'=irn) < my

i'€lign,i] i'€lign,i]

The result follows. O

Proof ofLemma5 10 For the first summand, from the definition of /(i) and since
x> ({+8&7"'r > (14¢&) " "'mg (see Lemma 5.7), we get

= 128 1 3
X hs(i)sx/64 < xexp ( — ﬁz—z) < xexp(—2logn) = n*l, (64)
s

where the last inequality follows as x < 7 < mgy7 < n. Thus,
2x§x/2hs(i)(§x)2/64 _ 2(xhs(i)§x/32)§x/2 < zn—éx/ZhS(i)(éx)z/IZS. (65)
——
by (64)
As £€x/2 > 2 (see Lemma 5.7), for n > 2 we have

2x8x/2h ( )(sx) /64 lh ( )(8){) /128

\S)

For the second and third summands, since (1 4+ &) ~'r > 2 ; 20, we obtain
dexp (— cx?&/hs(D)?) + Cexp (— e (1 + &) 'rx/hs(i)?)
E0?). (66)

~ 20
<@+ (- 510

Now, we impose first constraint on A (i):
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which can be achieved by taking C}, large enough depending only on C and c. Then,

since £€x > 4,
exp ((%6 - E)h (Cl.)z(éx)z)

exp ( - i ()2( 0?).

Next, as the function ¢ — > log(1/1) converges to 0 when 7 \ 0, we can suppose by
taking Cj, large enough that

@+ C)ex p(

[\)
>—A
=
| °
~
[\
~~
e
~
)
SN——"
I

1
2
1
2

hy (i) log(1/hs(i)) < 64c,

which implies

1 1o log(M/hs() o\ 1 o Go2/ios
2P (g ®) =3 (- E7) = gt

Finally, combining the last estimate with (65), we obtain
252 g (i) E°/% 4 dexp (— ex? E/hy()?) + Cexp (— cB2(1 + &) Trx/hy(i)?)
< hs(i)(zvx)z/us’
128¢1 i
’ ﬁ)andxzajug) i >
(14 8)""my. O

and the lemma follows since (i) < exp ( —

Proof of Lemma 5.11 First, as iy, < 2log(my)/& < 2log(n)/¢€ (see (32)) and in view
of the definition of g, (i), we have

/

/ /
16—1’,hmsn—a . C_n—l/Zn—Zlog(m)/én—oz > &, i (67)

c c
2. /myg -2 -2

To estimate gs(imax + 1), we write

gs(in) =

max max

e Gy e

1=l

8sUmax T 1) (imax + 1)
8s (lth)

By the definition of &, (i),

128a logn
g —ch). (69)

Vi € [ith, imax], hs(i) =exp ( TR0+ m,
s

Returning to (68), we obtain

)
gs(lmax +1) (32 e*SC )lmax exp ( _ ? . 12811 logn Z(l I f.f)*j)
J

gS(ll‘h) £ - 5(1 + g)_lmaxms
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>

c’_é _sc, 2log(n)/& _ 5-128xlogn 1+ ¢
e exp = — ),

32 g g

where we used Imax < 2log(ms)/e < 2log(n)/¢, &(1 + §)"imxm, > L > 1, and
Z?’;O(l +8)7/ = lsi Together with (67) and since « > 1, we can simplify the
bound to have the form

8s(imax + 1) > n=C®e,
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