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Abstract

We study the mixing time of a random walker who moves inside a dynamical random
cluster model on the d-dimensional torus of side-length n. In this model, edges switch
at rate . between open and closed, following a Glauber dynamics for the random
cluster model with parameters p, g. At the same time, the walker jumps at rate 1 as
a simple random walk on the torus, but is only allowed to traverse open edges. We
show that for small enough p the mixing time of the random walker is of order n? /.
In our proof we construct a non-Markovian coupling through a multi-scale analysis
of the environment, which we believe could be more widely applicable.

Keywords Mixing time - Random walk - Time inhomogeneous Markov chains -
Random cluster
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1 Introduction

We study the mixing time of a random walk on a dynamical random cluster model in
’H‘Z, the d-dimensional torus of side-length n. In this model, each edge of ’H‘Z can be
in either of two states: open or closed. At time 0, we take the state of the edges to be
distributed according to the random cluster measure with parameters p € (0, 1) and
q > 0. That is, for any subset of edges v C E (TZ ), with E(’I[‘z) denoting the set of
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edges of the torus, the probability that the set of open edges at time 0 is equal to w is
v(@) = pll(1 — p) FDge (1.1
z ' '

where « () is the number of connected components obtained in the graph with vertex
set ’]TZ and edge set w, and Z = Z(d, p, gq) > 0 is just a normalizing constant so that
the above is a probability measure. Instead of representing the state of the edges by

the set w of open edges, we will often represent it by an element € {0, 1}£ (Tf{)’ with
n(e) = 0 meaning that the edge e € E (Tﬁf ) is closed and n(e) = 1 meaning that e is
open. Thus, given n, we have » = {e € E(T¢): n(e) = 1}.

From time 0, edges change their state following a continuous-time Glauber dynam-
ics. Thus, given a parameter © > 0, eachedge e € E (Tﬁ ) has a Poisson clock of rate
., and when the clock of e rings, the state of e is resampled (open or closed) according
to the conditional probability obtained from v in (1.1) conditioned on the states of all
the other edges. This resampling can be easily described: if the clock of e rings at time
t, then the probability that e becomes open at time 7 is equal to

p, if e is not a cut-edge at time 1 —,

if e is a cut-edge at time r—, (1.2)

___r
p+=p)q°

where an edge e is called a cur-edge if modifying the state of e (while keeping the state
of the other edges unaltered) causes a change in the number of connected components
in the configuration. Note that whether an edge e is a cut-edge for a configuration 7n

d .
}EM) denote the configuration that

is, in fact, independent of 1 (e). We let n; € {0, 1
gives the state of the edges at time .

On top of this dynamic environment we place a random walker which starts from
the origin of T¢ and has a Poisson clock of rate 1. When the clock of the walker
rings, the walker chooses an edge uniformly at random from the set of edges that are
adjacent to its current location, regardless of their states. If the chosen edge is open
at that time, then the walker traverses the edge, otherwise the walker stays put. We

denote by X; € TZ the position of the walker at time ¢, and let

{Mz}zzo ={X;, 77[}[201

denote the full system composed of the walker {X,},~( and the environment {1;},~¢.
We note that {M;},> and {n;},>( are Markov chains, while {X;},>( is not. N
One can check (for example, by reversibility) that if 7 denotes the uniform proba-
bility measure on Tﬁ then w x v is the unique stationary distribution of {M,};.
Let Thix denote the mixing time of the full system, starting from the worst-case

. . d

initial state. In other words, given x € ']I‘g and £ € {0, l}E (T7) , let Trfuf be the
smallest ¢ such that, starting from My = (x, &), the total variation distance between
the distribution of M; and 7 x v is smaller than a given constant, which for concreteness

we take to be 1/4. Then Tpyix = max, ¢ Trfli‘f )
Our main result establishes that the mixing time is of order n%/u for all small

enough p. We remark that p and ¢ are considered to be constants independent of
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n, while © may depend on n; in particular, a natural case in the context of dynamic
networks is that 4 — 0 as n — oo.

Theorem 1.1 Given any q > 0 and any dimension d > 1, there exists a positive
po > 0 so that for all p € (0, po) there exists C1 = C1(d, p, q) > 0 for which

2
Thix < C1n—, forall u = u(n) > 0andalln > 1.
"

Previous works were restricted to the case ¢ = 1, which is known as dynamical
percolation. This is a much simpler case: both expressions in (1.2) are equal, so edges
update independently of one another. This allowed the construction of very clean
regeneration arguments to bound the mixing time and other quantities, especially
in the subcritical regime (see related works below in Sect. 1.2). To the best of our
knowledge, our work is the first to analyze the mixing time when edge updates are not
independent.

The regeneration arguments developed for dynamical percolation cannot be applied
when g # 1. We go around this by constructing a delicate non-Markovian coupling
using a multi-scale analysis of the environment. We believe this to be a novel ideal
and regard it as one of our main contributions.

In a nutshell, the idea is to develop a coupling between two random walkers moving
on dynamical random clusters. To do this, we employ a multi-scale analysis of the
environment alone, so as to control the evolution of the state of the edges. We then
use this multi-scale analysis to identify good and bad regions of the environment.
Depending on whether the walkers are passing through a space-time region that is
good or bad, we employ a different coupling strategy for the walkers. It is crucial that
the multi-scale analysis does not reveal all the information regarding the environment
so that, conditioned on which regions are good and which regions are bad, there is
still enough randomness in the environment for the coupling argument to be carried
out. This leads to a quite delicate coupling, which is non-Markovian. In particular, in
order to decide which coupling strategy to apply for the walkers at a time ¢, we will
use future information about the enviroment (i.e., information about the state of the
edges after time 7). The reason is that, if the walkers are passing through a space-time
region that is approaching (in time) a bad region of the environment, we will already
need to start employing a coupling that prepares the walkers before they enter into the
bad regions.

We believe that the idea of using a multi-scale analysis to develop a coupling
argument can be more widely applicable to analyze the mixing time of random walks
on particle systems. Our proof actually relies very little on specific properties of the
random cluster dynamics, and can be readily adapted to other settings. We decided
to carry out the proof for the random cluster dynamics for the sake of clarity, since
the general conditions under which this argument can be made to work are rather
cumbersome to state.

We will give a more thorough description of the main ideas of the proof in Sect. 1.4,
since first, in Sect. 1.3, we will need to introduce an auxiliary process.
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1.1 Lower bounds on the mixing time

We also derive matching lower bounds on the mixing time. We start by stating a
straightforward generalization of the lower bound from [11].

We consider a larger class of models, which we refer to as continuous-time random
walks on general dynamical percolation, where the word general is to mean that the
percolation process may not be independent. Let {X;, 1/}, be a continuous-time
Markov chain where the walker X; jumps at rate 1 and can only traverse open edges
of TZ , and the environment {7, }, is a Markov chain on {0, 1}E (T3 where edges refresh
their state at rate ¢ independently of the walker. As usual © may depend on n. Let
be the uniform distribution on T¢ and let v be the stationary distribution of the Markov
chain {n,},.

We recall some fundamental definitions. The spectral gap y of a reversible Markov
chain is defined as

. LEUL D)
=inf ———,

f Var(f)
where the infimum is over all functions f from the state space to R with Var(f) # 0,
the variance Var(f) being with respect to the stationary distribution of the chain, and
E(f, f) is the so-called Dirichlet form. The relaxation time of the said Markov chain
is defined as

Tiel = Vﬁl'

Given a time interval / C R4, we say that an edge is /-open, if it is open at some
time during /. Then, for any vertex x € 'JI‘Z and any time interval / C R, we let
Cy (1) denote the connected component of /-open edges from x. Finally, given a subset
S C ij, let diam(S) = max, yes [[x — ¥|1 be the diameter of S, where [|x — y||1 is

the L distance (or, equivalently, the length of the shortest path) between x and y in
Tff. We require the following two assumptions from the process {X;, 1:},5¢:

7 x v is the stationary distribution of {X;, :},>¢ , (1.3)
and

35 > 0 and C, > 0 such that for any x € TZ, any u = u(n) >0
and any n > 1 we have E, (D)ZC’(;) < (», (1.4)

where D, 5 = diam (C, ([0, §])) and E, denotes the expectation with respect to the
stationary measure of the environment. The assumption in (1.3) just says that the
stationary measure of the walker is uniform, while (1.4) gives that the environment is
strictly subcritical.
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Theorem 1.2 Let {X;, n};50 be a random walk in a general dynamical percolation
satisfying (1.3) and (1.4) above. Then, there exist a constant C3 > 0 depending only
on d such that

A natural setting is when the environment starts from its stationary distribution.
For this, let v; stand for the distribution of (X, ;) where the walker starts from the
origin and the environment starts from stationarity (that is, ng is distributed as v).
Then, |jv; — m x v||Tv is the total variation distance between v; and the stationary
measure of {X;, n;};.

Theorem 1.3 Let {X;, n:},>0 be a random walk in a general dynamical percolation
satisfying (1.3) and (1.4) above. Then, there exists a constant C4 > 0 depending only
on d such that, for any € > 0,

. d+2
ift < g_;e 7 8n” then ||uy — T x v|lTv > 1 — €.

Moreover, there exists a constant Cs5 > 0 depending only on d such that, for anyt > §,

t
By, (1% = XoI}) = C5Cay.

where E,, stands for the expectation with respect to v;.

The proofs of Theorems 1.2 and 1.3 are identical to the ones for random walk on
dynamical percolation from [11]. For the sake of completeness, we add the proofs in
Sect. 8.

We want to apply the above theorems to derive lower bounds on the mixing time
of a random walk in dynamical random cluster. It is clear that (1.3) holds in this case.
We will show in Sect.9 that (1.4) also holds, obtaining the corollary below. For any
g > 1, let pd be the critical probability for the appearance of an infinite cluster in the
random cluster model on Z<.

Corollary 1.4 If{X;, n:},>¢ is a random walker in the dynamic random cluster model,
then for any ¢ > 1 and any p < pl, there exists a constant ¢ = c(d,q, p) > 0
such that the relaxation time of the full system and the mixing time starting from a
stationary environment is at least cn’ /. If q < 1, then for all small enough p the
same conclusion holds.

The proof of the lower bound is much simpler than that of the upper bound, allowing
us to derive itin the whole subcritical regime wheng > 1.Infact, wheng > 1, the proof
follows by using a sprinkling lemma to compare two random cluster configurations
with densities p < p’ (Lemma 9.1), and the exponential decay of cluster sizes in the
subcritical regime. When g < 1, exponential decay of cluster sizes is only known for
small enough p. In fact, for ¢ < 1, even the existence of a single critical value p¢
separating a subcritical phase and a supercritical phase, has not yet been proved.
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We expect the upper bound of order n” /4 to hold in the whole subcritical regime
as well, however our proof technique requires the percolation process to be a small
perturbation of subcritical independent percolation, in a sense that we better explain
in Remark 1.5, after introducing the x-process.

1.2 Related works

We will restrict our discussion to works dealing with the mixing time of random
walks on dynamic environments, as otherwise there is simply a plethora of works.
We also remark that, if the environment is allowed to evolve in an arbitrary fashion
(for example, by taking any sequence of graphs on a fixed vertex set), then several
problems may arise. For example, there may not be a stationary distribution for the
walker. Moreover, even if there is a stationary distribution, the distribution of the
walker may not converge to stationarity, or the total variation distance to stationarity
may not be monotone in time.

Random walk on dynamical percolation on ']I‘Z. This model is equivalent to the
model we described restricted to g = 1. This special case is already quite challenging
but some results have been obtained recently. First note that, when ¢ = 1, the two
probabilities in (1.2) become equal, and when an edge updates, it does so independently
of the other edges, becoming open with probability p or closed with probability 1 —
p. Though in this case edges evolve independently of one another, there are strong
dependences between the location of the walker and the state of the edges (especially
if w - 0asn — oo, since edges update very slowly in comparison to the rate of
jump of the walker).

The random walk on dynamical percolation model was introduced by Peres, Stauffer
and Steif [11], where it is shown that, in the whole subcritical regime,1 the mixing
time is of order n% /. We remark that in [11] both upper and lower bounds of order
n? /e were derived for Tpyix. Recall that n? is the order of the mixing time of a simple
random walk on the static torus (that is, where all edges are open at all times). So, in
a subcritical dynamical percolation, the walker is delayed by a factor of 1/u, which
is the expected time that a single edge takes to refresh.

Later, Peres, Sousi and Steif [10] analyzed the supercritical regime and showed that,

for p large enough, the mixing time is at most (logn)* (n2 + l%) for some constant

a > 0. Their upper bound is not believed to be tight: one expects that, in the whole
supercritical regime, the mixing time is of order n” + llL This remains an interesting
open problem. Their proof makes strong use of isoperimetric properties of the infinite
cluster of supercritical percolation, which are only known for ¢ = 1. With regard to
the critical regime, the only known result is that the mixing time is of order at most

"7, which is the mixing time in the subcritical regime [7]. It is not inconceivable that
the mixing time in the critical case is in fact of smaller order than 2-.

Random walk on dynamical percolation on other graphs. Sousi and Thomas [14]
studied the case where the torus is replaced by the complete graph. This is a simpler

1 That is, for any p < pc with pc = pc(d) being the critical probability for the existence of an infinite
cluster in percolation in Z“
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case due to the lack of an underlying geometry, but for which a more detailed analysis
can be carried out. They established the order of the mixing time in that case, and also
the occurrence of a cut-off phenomenon. We remark that if the walker is at some vertex
v and we know that an edge incident to v is updating to open, but we refrain from
observing which of the edges incident to v is updating, then the other endpoint of this
edge is uniform among all vertices (but v). So, by traversing this edge (call it e), after
one additional step, the walker can find itself in a location that is essentially uniform,
so very close to stationarity. Though suggestive, this is not enough to establish the
mixing time, as one still needs to control that the walker “forgets” that e is now open
(that is, the walker may be close to stationarity, but the full system is not). Still, this
illustrates the kind of simplification that the lack of an underlying geometry brings.

The last work we mention for the random walk on dynamical percolation model
is a recent result by Hermon and Sousi [7]. They developed a comparison principle
and showed that, for any graph G, the so-called spectral profile mixing time for the
random walk on dynamical percolation on G is at most L times the spectral profile
mixing time of simple random walk on (the static graph) G.

In all the above results, it was crucial that when ¢ = 1 edges update independently
of one another. The main objective of our work is to develop a technique that can
go beyond the dynamical percolation case and which can deal with environments
whose edge updates may depend on one another, including the case of unbounded
dependences such as in the dynamical random cluster.

Other models. We end this section by mentioning two lines of work. In the first one,
Avena et al. [1, 2] studied a different dynamic on the environment, where instead of
dynamical percolation one has a dynamic configuration model. This model has some
intuitive similarities with the dynamical percolation on the complete graph, in the
sense that it also lacks an underlying geometry. They studied the mixing time and the
occurrence of a cut-off phenomenon in this setting, but restricted to a random walker
that is non-backtracking. This helps the walker to move away from its current location,
strongly reducing dependences between the walker and the environment.

Finally, the second line of work we mention is that of [12, 13]. They considered the
case of a discrete-time random walk on a graph with a fixed set of vertices, but which
evolves over time by means of an arbitrary sequence of graphs on that vertex set. The
goal of their work is very different to ours; for example, they want to understand which
conditions on the sequence of graphs one can impose to guarantee that the mixing time
is polynomial. They also derive results for the hitting time and cover time. We refer to
[12, 13] and references therein for a list of known results on dynamic graphs that go
beyond the mixing time. We also refer the reader to [4] for results on a model similar
to random walks on dynamical percolation on the complete graph.

1.3 The x-process: retaining some randomness

Before giving the ideas of our proof, we need to describe a different representation of
the full system, which is inspired by [11]. Recall that each edge has a Poisson clock
of rate p associated to it, which gives the times at which the edge is updated. To
each update of an edge, we can decide whether the edge becomes open or closed by
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sampling an independent random variable U with a uniform distribution in (0, 1), and
then making the edge open if and only if the edge is not a cut-edge and U < p or the

: p
edge is a cut-edge and U < SEA=pg" Now, let
Pmin = min {p, 4} and ppmax = max {p, ;} ;
p+0—p)g p+U—-p)g

thus, pmin = M’W if g > 1 and ppin = p if ¢ < 1. Note that if U turns out to

be in the interval (0, pmin) U (Pmax, 1) the outcome of the update (i.e., whether the
edge becomes open or closed) is determined regardless of whether or not the edge is a
cut-edge. In other words, the update is oblivious to the current configuration, and we
will refer to those updates as x-updates. We then let

Px = Pmin + 1 - Pmax € O, 1)

be the probability that a given update is a x-update.

We now define the update of an edge e in two stages. First, we sample an independent
random variable U,, which is uniform in (0, 1), so that if U, < p, then the update
is a x-update, otherwise it is not a x-update. Next, we use the random variable U
to determine whether e updates to open or closed. More precisely, in the case of a
*-update, we make e open if U < p[‘;“i“, otherwise e becomes closed. In the case of
a non-x-update, we need to inspect the current configuration to see whether e is a
cut-edge or not. In particular, we need to perform what we call an exploration of e,
which means that we perform a local search from the endpoints of e that traverses
only open edges in order to determine what are the open clusters of the endpoints of
e. Hence, each update of e will be represented by a tuple (s, Uy, U), where s > 0 is
the time at which the update occurs, U, € (0, 1) is the variable used to decide whether
the update is a x-update, and U € (0, 1) is the random variable governing whether the
edge is to be updated open or closed.

We use this to introduce another Markov process which we denote by {M/};~0 =
{X ‘s n;’} >0 and which we refer to as the x-process. This process will retain more
randomness than {M;};>¢ and its state space will be

Q= {(v, ") € TZ x {0, 1, *}E(Tg): n*(e) € {0, 1} for each edge e adjacent to v} .

So an edge will be allowed to be in an additional state, called x, which means that in
its last update the edge underwent a x-update. However, we do not allow that edges
adjacent to the walker are in state *.

The »-process evolves as follows. If the Poisson clock of an edge e rings, we look
at the variable U, associated with this update and determine whether the update is a
*-update. If the update is a x-update and if e is not currently adjacent to the walker,
then we make the state of e equal to %. If e is adjacent to the walker, then we look
at the variable U associated with this update and determine whether e is open or
closed. Finally, if the update is not a x-update, then we perform an exploration of e
as mentioned above. The difference is that, in such an exploration, we may run into
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edges that are in state . For each such edge, we immediately sample whether that edge
is open or closed by using the random variable U associated with its last update. We
proceed in this way until the exploration ends and we have fully determined the cluster
of each endpoint of e. At this moment, we know whether or not e is a cut-edge, and
we can use the random variable U associated to the update of e to determine whether
e is to be made open or closed. There is still one final case to be described: when it is
the clock of the walker that rings. Suppose this happens and the walker jumps from a
vertex v to a vertex w. Then, if there are edges adjacent to w at state » we sample the
state of such edges (using the random variables U associated to their last update) and
switch them to open or closed, appropriately.

Note that, conditioned on the position of the walker and on the state 0, 1 or x of
each edge, we gain no information concerning whether the edges in state x are open

or closed. In particular, each such edge is open with probability p[‘)":“ (which is the

probability that the random variable U associated to their last update is at most %).
Therefore, we do not need to keep track of the variables U related to the last *—upcfate
of each edge, since we can sample U whenever needed independently of the whole
trajectory of the process. The x-process is thus a Markov process.

Remark 1.5 When ¢ = 1, we have pmin = pPmax. and so p, = 1: all updates are
*-updates, as in this case the random cluster model reduces to dynamical percolation.
If g # 1,thenas p — 0 we have that pmax — pmin — 0 and so p, — 1. Therefore, for
any fixed ¢ and all small enough p, the dynamic random cluster model can be viewed
as a small perturbation of dynamical percolation. We also obtain that edges of state
* are open with probability £mit < p.. so they form a subcritical percolation process
as well. Those are the propertfes that play an essential role in the constructions of the
multi-scale analysis and the coupling used to establish the upper bound on the mixing

time (Theorem 1.1).

1.4 Proof overview

We will only give an overview of the upper bound, which is our main result and by far
the most involved proof. We start recalling the proof in [11] for the subcritical regime
when ¢ = 1. There they also define the x-process (which they denote by M,). Recall
that, when ¢ = 1, we have p, = 1, so all updates are x-updates. With this, they define
a stopping time 7o as the first time at which

all edges adjacent to the walker are closed, and all remaining edges are in state .
(1.5)

Then, one can define a sequence of times 7y, 77, ... so that t; is the first time after
ti—1 + C/u, for some fixed constant C > 0, at which the event in (1.5) happens.
These are regeneration times in the sense that the evolution of the full system from t;
does not depend on what happened before ;. Once the full system is at a regeneration
time t;, with positive probability the following sequence of events happen within time
T +C/u:
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(1) an edge e adjacent to the walker opens
(i) when the walker jumps to the other endpoint of e, all the adjacent edges (which
are in state x) are sampled closed
(iii) e remains open for some time of order 1/
(iv) e closes before any of the other edges adjacent to e open, thereby locking the
walker in one of e’s endpoints, and
(v) the edges adjacent to the other endpoint of e (i.e., opposite to the location of the
walker) refresh before the edges adjacent to the walker refresh.

When these events occur, the walker does nothing more than a jump to a uniformly
random neighbor, and immediately gets back to a regeneration time (so 7;41 = 7; +
C/w); such a regeneration time is then called a simple random walk regeneration
since, at the end, what the walker did was just one step of a simple random walk in
Td.

The proof in [11] then goes by showing that the 7; 4.1 — 7; are of order ﬁ Therefore,

. 2 . . ..
after time “-, the walker underwent an order of n2 regeneration times, a positive

fraction of which being simple random walk regeneration. So it is possible to couple
the full system with another copy of the full system so that, whenever the walker
does a simple random walk regeneration, we employ one of the standard couplings of
simple random walks on the torus. On the other hand, if the regeneration time is not a
simple random walk regeneration, we couple the motion of the two walkers from one
regeneration time to the next identically, so that the distance between the walkers does
not change. Since an order of n? steps is necessary to couple two simple random walks
on Tﬁ, we get that performing an order of n> simple random walk regenerations is
enough to couple the two processes, which translates to a mixing time of order 12/ .

If we try to mimic the steps above for the case ¢ # 1, we immediately run into the
issue that the event (1.5) now occurs very rarely. In fact, since non-x-updates occur
with positive probability, we will typically have a positive density of non-x-edges.
Therefore, it will take an exponential amount of time to reach a regeneration time as
in (1.5), rendering this strategy useless.

We will devise a different strategy. We will, as before, construct a coupling between
two copies of the full-system, where we see the edges “from the point of view of the
walker” in the sense that whenever the edge X; 4 e updates at time ¢, where X; is
the position of the walker in the first copy, then in the second copy we will do the
same update to the edge X; + e, where X is the location of the walker in the second
copy. Note that to establish the mixing time of the full system we need to couple the
environments and the walkers. For simplicity, we concentrate our discussion here in
the coupling of the walkers (which is the most delicate bit), and assume for now that
somehow we managed to couple the two environments: that is, the two copies are
coupled modulo a translation of the walkers. Note that, from this moment, if we were
to employ the identity coupling (that is, the second copy mimics all the edge updates
and jumps of the walker from the first copy) we would get that the environments will
remain coupled (from the point of view of the walkers) but the distance between the
walkers will not change, thereby not allowing the walkers to couple.

Our idea is to observe “a bit” the environment and, whenever the environment
looks “favorable enough”, we attempt to do a coupling that could bring the walkers
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closer together, which will be a standard coupling of simple random walks. We will
refer to such moments as simple random walk moments, as an allusion to the simple
random walk regenerations described above, but with the fundamental difference that
they will not be regeneration times. On the other hand, when the environment is not
favorable enough, then doing a simple random walk moment is a bit too risky, so
instead we resort to identity coupling as a means to keeping the distance between the
walkers unchanged and not spoiling the work done during the favorable regions of the
environments.

But what does it mean for the environment to look favorable enough? In short terms,
it will mean that the event (1.5) occurs locally. That is, at such times, all edges adjacent
to the walkers will be closed and all edges in a small region around the walkers will
be » (for example, all edges inside a ball of radius 3 around the walkers, excluding the
edges adjacent to the walkers). At such a time, with positive probability, the sequence of
events described above for the simple random walk regeneration occurs, and therefore
we could attemp to perform one of the standard couplings of simple random walks.
Howeyver, there are two important caveats.

The first caveat is that if we succeed in doing a simple random walk moment with a
coupling of simple random walks, then the distance between the walkers will change.
This means that the translation that maps the location of one walker to the location of
the second walker will change, and this map is what we use to match the edges of the
first copy to the edges of the second copy, when we view the edges from the point of
view of the walkers. As a consequence, the environments will immediately decouple.
Of course, if we only had x-edges (besides the ones adjacent to the walkers, as in the
case g = 1), then the environments would not decouple since despite the change in the
translation map, we would still match x-edges in the first copy to x-edges in the second
copy, so we can easily maintain the environments coupled. But, since g # 1 implies a
density of non-x edges, the environments will necessarily decouple. Moreover, if we
decide to just wait for the environments to recouple completely, this would take a time

logn

of order TR which is just too long: it will lead to an upper bound on the mixing time

2
of "]#. So we will not recouple the environments completely, but will work with

partially coupled environments.

The second caveat is that a simple random walk moment occurs with positive
probability, so it is also possible that it turns out that a simple random walk moment
does not take place. Then, what could happen in this case? If the environments were
completely coupled, then we are guaranteed that we can perform identity coupling
and keep the distance between the walkers unchanged. But we have just seen that the
environments will typically not be fully coupled. Yet, if we knew that the environments
are coupled in a neighborhood around the walkers and that the walkers will not exit
this neighborhood, then identity coupling is still doable. That will be our strategy, but
to implement it we will require a more delicate definition of what a favorable enough
environment means.

We will use a multi-scale analysis to control the environment. This will reveal future
information regarding the environment; that is, we will observe some information
about the environment from time O to some time ¢, and then decide how to couple
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the walkers from time 0. Therefore, this construction will lead to a non-Markovian
coupling.

A good picture to have in mind is that the environment is a process in space-time,
where some regions are classified as good and others as bad. We observe these regions
from time O to time ¢, and then start observing the walkers which are paths in space-
time that start from time 0. Whenever we see that the walkers are passing through
a good part of the environment, where good will also imply that the walkers will
not move outside some neighborhood around their current locations, we will try to
do a simple random walk moment. If successful, the distance between the walkers
may change and the environments may decouple, but we will be able to recouple the
environments within a neighborhood around the walkers using again that the walkers
are passing through a good region in space-time. If, instead, the simple random walk
moment is not successful, then the walkers may move more than just one step of a
simple random walk, but again using the fact that the space-time region is good we
will obtain that the walkers will not move too far away, in particular they will remain
within a region where we know the environments were coupled. This will translate to
a successful application of identity coupling.

On the other hand, if we see that the walkers are approaching a bad region of
the environment, then we will want to do identity coupling but we will need to start
preparing ourselves beforehand. The problem is that such a bad region could be of an
arbitrarily large scale, and the larger its size is, the earlier we need to start preparing
for it. So when we see that in space-time the path of the walker is getting dangerously
near some bad region Q, we stop doing simple random walk moments even if in
a smaller scale around the walkers the environment looks good. By switching off
the simple random walk moments, we only apply identity coupling until the walkers
reach Q or are again far enough from any bad region. We can show that such identity
couplings will succeed and, since the translation map from one walker to the next will
not change during this period, it will give enough time for the environments to couple
in a region around the walkers that is as large as needed to contain Q. Then, with the
environments properly coupled, if the walkers do enter Q, they can move as wildly
as the environment there allows because we can perform identity coupling throughout
Q. So the walkers survive the traversal of Q without changing their distance.

The above strategy is quite delicate, since in order to define which coupling (simple
random walk moment or identity coupling) to use we need to observe which regions are
good or bad from time O to time ¢. In particular, we need to compute the probability
that a simple random walk moment is successful in a region Q given any possible
assignment of good and bad to space-time regions so that Q is good. But such events
will depend on one another. Thus, we will carefully split the definition of a good region
into two parts, one that has a larger degree of independence, and another that is much
more likely than the probability that a simple random walk moment is successful. In
particular, we will need to estimate how such probabilities depend on p so that the
coupling argument can be carried out. It becomes even more delicate to do this in more
generality, which motivates our choice for carrying out the proof only for the random
cluster dynamics.

Then one can imagine that the proof ends by showing that n? instances of a simple
random walk moment are enough to guarantee that we can couple the walkers. This

@ Springer



Mixing time of random walk on dynamical random cluster

is partially true. The fact is that, as mentioned above, we need to observe future
information to carry out this coupling strategy. But in order to establish that the mixing
time is at most ¢, we need to show that with a large enough probability the two copies
of the full system are coupled at time ¢ without revealing any information that goes
beyond time 7. So our strategy to finalize the proof is to choose an appropriate time
1" € (0, r), reveal the information up to time ¢ and do the coupling described above up
to time ¢/, showing that within #’ we have carried out an order of n”> simple random
walk moments, and that we coupled the walkers at time ¢’ (the environments may, and
typically will, be uncoupled except for a small region around the walkers). The whole
analysis will be split into three phases, and the above will be carried out in the first
two phases. We will be able to show that these first two phase succeed with positive
probability.

Next, the goal is to try to do identity coupling from time ¢’ to 7 in a similar manner as
we were doing when approaching a bad region. In this second phase, identity coupling
can only fail due to information that we have not observed because we are limited to
observe the environment up to time ¢. We will show that, with positive probability,
identity coupling will indeed succeed from ¢’ to ¢, leading to a coupling of the full
system at time ¢. This is the content of the third phase. If any of the three phases fail,
then we just restart from scratch. We only need to repeat the phases a constant number
of times to guarantee that the whole coupling succeeds with probability at least 3 /4.

1.5 Organization of the paper

In Sect. 2 we will introduce the multi-scale analysis that will allow to control the good
regions of the environment. Then in Sect.3 we will give a more thorough overview
of the three phases of the proof of the upper bound, which will better explain the
constructions from the tessellation of Sect.2. Then in Sects.4, 5 and 6 we will give
the three phases of the coupling, with the second phase in Sect.5 being the most
delicate part where the non-Markovian coupling is developed. Then in Sect.7 we
put all phases together to complete the proof of the upper bound (Theorem 1.1). In
Sect. 8 we establish the general lower bounds from Theorems 1.2 and 1.3, but which are
essentially the same proofs as in [11]; this section is added for the sake of completeness.
Finally, in Sect.9 we apply these theorems to derive the lower bounds on the mixing
time and relaxation time of random walks on the dynamical random cluster model
(Corollary 1.4).

2 Multi-scale setup
We start defining a multi-scale tessellation of Tz , which will consist of partitioning

’H‘Z into boxes and defining the event that boxes are good or bad. Those events will be
then used to define the favorable parts of the environment.
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2.1 Tessellation

Let

1

L=p 3, 2.1

and m be a sufficiently large integer. For each scale k > 1 we tessellate Tﬁf into cubes
of length ¢; where

6 =0 and fry = mk>ey. (2.2)

The cubes will be indexed by integer vectors i € Z¢, and denoted Spore() C T¢ with
SE (i) = iy + [0, €)%,

We will consider a tiling of ’IFZ with a hierarchy as each cube of scale k is contained

inside a unique cube of scale k 4 1. For simplicity we will assume £; divides n for all

k we will consider.> Moreover for any subset V of the vertices of ’JI‘jf , we denote by

E(V) = {(v1,v2) € E(TY) : vj, vy € V}

the set of all edges incident only to vertices in V.

Now we define a multi-scale tessellation of time. At scale 1, we tessellate R into

intervals of length 7| = %/Z and then, for higher scales, we define

tkt1 = mkztk, k>1.
We index the time intervals by T € Z and denote them by 7,7°°(z), where
T (v) = [ty (T4 D).
We will use the tessellations of space and time at scale k to define a space-time
k-box later in (2.5). Before that, for any i € 74,k > 1,and T € Z, we define the core
of the space-time k-box by

R]({:ore(i’ T) — S](()Ol‘e(l-) X chore(f).

For any subset of A C Z?, we let 9A denote its inner boundary. Then, in space-time,
we define the spatial boundary of R;°"(i, 7) by

ORI, 7) = BSSU (i) x TEO(1). (2.3)

2 If that were not the case, one could consider for each k some cubes to have length between £ and 2¢y to
fully tessellate the torus.
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Fig.1 On the left a space-time box Ry (i, T) represented by a blue square, its core highlighted in yellow,
its partition into cores of scale k 4 1 represented by solid black lines, and its partition into cores of scale
k in dashed lines. The horizontal axis represents space and the vertical axis represents time. On the right a
space-time box of scale 1 (highlighted in blue), and space-time cores of level 1 in dashed lines

For the time dimension, we define two time boundaries, the boundary 8t+ correspond-
ing to the largest unit of time in the box and the boundary 9, corresponding to the
smallest unit of time in the box:

AR, T) = S{°(i) x sup [T (1)} = S§°(i) x {(r + Dk}, and
O RC(i, T) = S{°() x inf {TE (D)} = SF°() x {tue}. (24

For k > 2, each box R,ﬁ"re(i, 7) will be the central part of a larger box

Ri (i, t) = U R,ﬁ"re(i +j, T+ ) = Si(i) x T (1), 2.5)
(j,t)e{—=1,0,+1})d+1

where we let

Se(i) = U SE(G + j), and Ti(r) = U T (v + 7).
je{=1,0,+1)4 t/e{—1,0,41}
(2.6)

In words Ry (i, t) is composed of a cube in space of side length 3¢; and a time interval
of length 31, and it has R;°"°(i, 7) as its central part (see Fig. 1).

For scale k = 1, we will define boxes differently with respect to the time dimension.
For this, let

T = , @.7)

and set foreach t € Z
Ti(r) = [tt1 — 11, (t + D1 ].
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With S defined as in (2.6) we can define R (i, ) = S;(i) x T;(t). We then define the
space and time boundaries of R (i, ) for each k, i, T analogously to (2.3) and (2.4).

Finally we denote by S%““ (i) the inner part of S1(i) which is obtained by removing
all the vertices within distance % log? ¢ from the boundary of S;(i) (y is a constant
that will be clarified later in the definition); in symbols,

sinn iy = {v e S1): v—wl > %10;;215 forall w € 851(1')}. 2.8)

2.2 Good boxes at scale 1

Definition 2.1 We say that an event A is restricted to a region R C V(']I‘g ) and a
time interval [sg, s1] if A is measurable with respect to the o -algebra generated by the
updates of the edges from E (R) from time s to s, together with the random variables
U, U’ associated to such updates.

Denote with C, () the connected component of open edges containing vertex x € V
at time 7. Given a time interval [s, s'], we say that an edge is [s, s’]-open if there is at
least one time during [s, s'] at which this edge is open. Then, we denote with C, (s, s”)
the connected component of [s, s']-open edges that contains x. If we denote I = [s, 5],
then we employ the shorter notation C, (/). Below we split the time interval of a box
into two sets of sub-intervals, and then introduce the definition of good boxes.

_ 2 . -
Definition 2.2 Recall that 7} = loi £ We define two other tessellations of disjoint
2

time intervals. The first one has length long:

Ti(j) =jt, (j + Diy), forj € Zy.

Moreover, we fix a constant y = y(p, q,d) > 0 such that % + ¥y < pc, where

pe is the critical probability for independent bond percolation on Z¢, and introduce a
tessellation of time of length %:

Ti()=[i5.G+DE). forjezy.

We assume throughout this paper that 7| divides #; and that y /u divides 71, so that
T is a finer tessellation than 71, which in turn is a finer tessellation than Tiore.

Remark 2.3 Note that the larger p is (that is, the closer p is to p.) the smaller we need
to take y. However, as we will need to take p small enough in several places in the
proof, we will set y first (for example, it is enough to take y = ﬁ). Then we make
p small enough so that the condition on y is satisfied.

The definition of good boxes will be done in steps. First we define some fundamental
events that we will require from good boxes.
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(G}) Given a box R (i, 7), let G| (i, T) be the event that, for any e € E(S(i)), there
are no non- updates on e during 71(t) N [0, 00).

(Qé) For each j € Z and each spatial box S (i), define Qé (i, j) the event that, for any
e € E(S1(i)), during T (j) edge e never gets a -update to become open.

(G5) For each j € Z4 and each spatial box S;(i), let G4(i, j) be the event that, for
each e € E(S7°"(i)), the number of x-updates on edge e during T1(j) is at least
1 p.log? € (for the values of £ and p we will consider this will always be at least
D

(G}) Forany j € Z take the unique 7 such that ?1 (j) C T{°"(1). For any site x on
the torus, if we regard all edges closed at time t¢; and we only consider x-updates
disregarding all non-x-updates, then let G; (x, j) be the event that |C, (Tl( j))‘ <

log?(£).
Now for a box R (i, ), define

j(t) the value j such that min 71 (j) = 11y — 71; (2.9)

in other words, it is the value such that T ( j (7)) starts at the initial time of R; (i, 7).
Note that both T (j()) and T{(j(tr + 1)) are contained in T (7).

The event that a box R (i, t) is good will be composed of four events, which we
denote by G, (i, t), G2(i, ), G3(i, T) and G4 (i, 7). The first event regards only non-»
updates and is simply

GiG, 1) = G1G, 7).

The second event regards the time intervals 71 (j (t)) and T (j (t + 1)), and is defined
as

Ga(i, 1) = G5(i, j(©) NGy (i, j(z+1)) ﬂ G, j(0) NG5G, j(z+1)).
i1 SN TS (i)
The next two events are confined to the time interval 77°°(z) \ T1(r + 1):
Gali, 7) = N Gy, j)

B i Sfore(i/)csl(i)
s TH(DC(TF O\ (t41)

~.

and

Gali, 1) = N Ga(x, j).
xesinn (i)

Ji T (@) (TR (O\ T (t+1)

For convenience, we write

Gi2(i, 1) =Gi1((, 1) NG2(i,7) and G34(i, 1) = G3(i, 7) N G4, 7)
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Lemma 2.4 The family of events {G1(i, )} (i 1), {G2(i, ©)}i ry) and {G34(i, T)} i 1) are
independent of one another:

Proof The events G (-, -) depend only on non-x updates, so it is independent of G (-, -),
G3(-, -) and G4 (-, -), which only regard x-updates. Then, note that G, (-, -) are events
about x-updates during | J, 71 (j (7)), while G3(-, -) and G4(-, -) regard *-updates dur-
ing |J, T°"(0)\T1 (7 + 1). Since these two time intervals are disjoint, independence
is obtained from standard properties of Poisson processes. O

Lemma 2.5 Let R (i, T) be any box of scale 1. There exist constants ¢, ¢’ > 0 so that
for all small enough p we obtain

1
P (g(1:2(i7 7")) = Czd+7pmax-

and
P (GS,(i, 1)) < exp (—c’ log? z) .

Proof We start with event G34(i, 7). For a given edge, an update that is not x occurs at
rate (1 — p,) 1, ax-update occurs at rate p, i, and a x-update that opens an edge occurs
at rate p, ” min = pminit. Moreover, there are at most 2d 3¢.¢4 edges in E(S1(7)).

For G3, note that for a given edge e € S;(i) and a given j, the number of x-updates
on e during 7'{ () is a Poisson random variable of mean p, log? £. Therefore, using a
standard Chernoff bound for Poisson random variables and the union bound over the
edges in S (i) and over the values of j, we obtain a constant ¢; > 0 such that

fh—1
P (G50, 7)) <2d3%¢¢ % exp (—clp* log® K) )
log= ¢

Note that as p decreases to 0 we have that p, increases to 1 and ¢ increases to co. So
for all small enough p we obtain

P(G5(i, 7)) <exp (—c2 log® Z) ,

for some constant ¢;. Regarding G4 (i, t), forany j > 0 with ?1 () C TP (\T (z+
1) and any edge ¢, note that the probability that e is open at the beginning of the interval
T1(j), given that we only consider x-updates and consider that all edges are closed
at ttq, is at most pLj“, since this is the probability that the last x-update of e (if there
was any) made e open. Thus, using that 1 — exp (—p,y) is the probability that e has a

—— . . _—
x-update during 7 |, we obtain that the probability that e is 7’| -open under the above
assumptions is at most

Pmin

p
+ 1 —exp(—psy) < /% + poy < pe.

* *
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In other words, the set of T{ -open edges (under the above assumptions) forms a
subcritical percolation cluster. Therefore, using the exponential decay of cluster size
for subcritical percolation, together with the union bound over all sites and values of
J, we obtain a constant ¢”” such that

t
P(G3G. 1)) < 2 exp (—03 log? Z) .
14

We note that c3 increases as p decreases. So the bound on P (g§4(i , ‘L')) follows by
taking p small enough.
Now we turn to G2 (i, ). From the above considerations we obtain

P(Gf(i. 1) = 1 —exp (—2437¢/ (1= pa)pe (11 +71) + pminlog? ¢))

+2d3%¢¢ 2 exp (—clp* log2 Z) ,

where the term 1 — exp(-) comes from G| and G, while the last term comes from G
as in the case of Gz above. Using that #; +7; < 2f; andthate ™ > 1 —x forall x € R,
we obtain

P(GS, (i, 7)) < 2d3%¢4 ((1 — P22V €+ puin log? € + 2 exp (—m . log? Z))
< 4d3%0* 2 (1 = py+ Pmin)
= 443092 (1 = py + pmin) = 430 T poras,

where we use that +/¢ is the term that dominates inside the parenthesis as p is made
small enough (hence, ¢ is made large enough). So we can take p small enough so that
Pmin 10g? £ + 2 exp (—clp* log? E) < 2Pminlog? £ < 2pminv/L. O

We need one more step to define good boxes of scale 1. Using a standard result for
percolation with bounded dependences [8], we will replace Gz4(i, T) by a collection
of i.i.d. Bernoulli random variables.

Lemma 2.6 There exists a constant Ce = Ce(d) > O such that letting {534 (@i, r)}(i 2

be a collection of i.i.d. Bernoulli random variables of parameter 1 —exp (—CG log? E),
Then for any p small enough we obtain that {G34(i, T)}; 1) stochastically dominates

{Gaai, f)}(i,r)'

Proof First note that if we fix i, then G34(i, ) forms a collection of independent
random variables as 7 varies. So G34(i, ) depends only on events G34(i’, ) such that
S1(i) N S1(i") # ¥. Note that this is true even for the events G} since for x € Silnn @),
the event that the component of x is of length log” ¢ is measurable with respect to
the edges in S1(i). Given i, the number of i” such that S (i) N S1(i") # @ is strictly

smaller than A = 5¢. Then, from Lemma 2.5 we obtain that by taking p small enough
(Afl)Afl

S , and

the marginal probability w = P (954(1', r)) can be made smaller than
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so we can apply [8, Theorem 1.3] to deduce that the family Gs4(-, -) stochastically
dominates a set of i.i.d. Bernoulli random variables with parameter

1/A
o= (1- G2 ) (1- ma-)

wl/A

> 1= (A — 1)171/A

A
— /A=
- ((A—l)l—l/A>'

Applying Lemma 2.5 for the value of w completes the proof since w !/ (m) <

exp(—Ce log2 £) for some constant C¢g > 0. O

— (w(A —1)l/A

Now we are ready to define good boxes at scale 1.

Definition 2.7 (Good boxes of scale 1) Leti € Z¢ and T > 0. A box R (i, 7) is said
to be good if the following event happens

G(i, ) = Giai, 1) N G4, 7).

For convg\nience, we assume that for t < 0 then G(i, t) holds for all i € Z%. We also
couple {Q34(i, r)}(l.,r) with {G34(i, T)}(; ) so that,

for each (i, t), whenever 634(1', 7) holds, so does G34(i, 7). (2.10)

The following lemma bounds the probability that a box is bad, and follows directly
from the previous lemmas.

Lemma 2.8 Let R\ (i, t) be any box of scale 1. There exists a constant C7 > 0 so that
for all small enough p we obtain

1
P (GG, 7)) < C7¢"2 prax.

Proof This follows from Lemmas 2.5 and 2.6 |

Remark 2.9 Note that the event {R; (i, T) is good} is restricted to the cube S;(i) and
the interval 7 (7). In fact, that is why in G we assume that all edges are closed at time
t11, the initial time of the core 7°(7); note that the fact that all edges are closed
at time 71 is implied by G,, but by explicitly adding the assumption in G; we make
G>(i, ) and G4 (i, t) independent of each other. Note also that the decision of whether
a box is good is completely independent of the walker, it only depends on the updates
of the dynamical random cluster process.

Recall that X; denotes the position of the random walker at time 7. In the lemma
below, we will show that if the walker happens to be inside a good box, then it cannot
move very quickly. This will allow us to have a better control on where the walker can
be.
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Lemma2.10 Let t > 0 be any given time and suppose (X;,t) € R{°°(i, v), where
R1 (i, ) is a good box. Then,

(t+Dn—1t
sup | Xr — X, |l < 1Cx, (0] + [~—————T1log ¢,
s>t v/
seT(t)
In particular, if t > 0 then
Dty —t¢ 14 14
sup 1X, — Xolly < tlog? ¢ + T 10020 < tog? ¢ + flog < —
s>t v/ 10’

seT)(v)

where the last inequality holds for all p small enough (thus, € large enough) and where
lx — y|l1 denotes the L' distance in the torus between the positions x,y € ']I‘n,
particular, ||x — y||1 does not depend on whether edges are open or closed.

Proof This is a direct consequence of the event G, from the definition of good boxes,
and the fact that good boxes do not have non-x-updates. There is just one caveat. The
event QA" is not enforced in time intervals T j) where j = j(t) for some t; recall the
definition of j(t) from (2.9). So for example, G4 (i, 7) does not include the event G} (/)
for j such that 71 (j) = Ty(z) N Ty (r + 1), which is the only time interval of the type
T1(-) inside Ti (7). However, for such a j, we know that the connected components
inside T1(] — 1) are of size at most log £, and Gy (i, T) implies that during T (j) no
edge of S1 (i) gets an update to open. Therefore, the size of the connected components
can only decrease during 71 (j) and the result follows. O

2.3 Good boxes at larger scales

In this section we define the concept of good and bad boxes of scale larger than 1, but
first we define a slightly relaxed version of intersection of boxes.

Definition 2.11 Since boxes are defined by semi-open intervals, we will consider boxes
that are barely non-intersecting as intersecting. That is, we consider two boxes Ry (i, 7)
and Ry (i, t') as non-intersecting if and only if

inf 1(j,5) = (', sHIh = 2.
(GoreRen /
(/s eRk (' T)

Definition 2.12 A k-box Ry (i, T) with k > 2 is said to be bad if it contains at least
two non-intersecting bad boxes of scale k — 1. Otherwise, Ry (i, 7) is called good.

Remark 2.13 The event { Ry (i, 7) is bad} is strictly restricted to the cube Sy (i) and the
time interval Ty (t). Moreover, by translation invariance, for any pair (i, t), (i’, t’) and
any scale k we have P(Ry (i, 7) is bad) = P(Ri (i, ') is bad). Therefore if Ry (i, )
and Ry (i’, /) are two non-intersecting boxes then

P(Ri(i, t) and Ry (i’, ©') are bad) = P(Rx (i, 7) is bad)2.
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Definition 2.14 Define py as the probability that a k-box Ry (i, 7) is bad, that is,
ox =P (Ri(i, 7) is bad).
As noted in Remark 2.13, this probability does not depend on (i, 7).
Recall that m is the variable that appears in the definition of ¢; from (2.2).

Lemma 2.15 For any m > 0, by setting p small enough we obtain

2k72
Pk = P

Proof We prove the lemma in a slightly stronger version: we prove that we can set
values cg, satisfying ¢ > % for all k, so that

Ckzk—l
Pk = Py

We prove this by induction. For k = 1 the statement is trivially satisfied by setting
c1 = 1. Assume the statement is true up to k. Now, by the definition of bad box we

have
d 2
31\ 3ttt )
P41 = 7 Pk
k Ik
2442, 1 22d+2 2
= 322 (mk?)* 2 i

k—1
< 3242 (1 2)2d+2 (psz )

2442 1232d+42 (ck—cke1)2X cppq 2
=3 (mk?) Py e

2

Setting cx4+1 = ¢k — # gives that

ok

—cpa1)2k TorZ
32d+2(mk2)2d+2 1(Ck C/Hrl) :32d+2(mk2)2d+2p110k2 S 1’

0

for all k > 1, provided p; is small enough with respect to m. Given m, p; can
be made small enough by setting p small enough, as in Lemma 2.8. Notice that
k> C] — Zloil ﬁ > %, which proves the lemma. |

2.4 Enlargement of boxes

As we discussed in the proof overview, whenever the walkers are in a favorable region
of the environment, we will try to use a simple random walk coupling to bring the
walkers together. However, when the walkers are in an unfavorable region of the
environment, which essentially means that the walkers are approaching a bad box
(at some scale), then we will have to refrain from doing this simple random walk
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coupling, and will just do a naive identity coupling in order to let the environments
couple around the walkers before they can reach the bad box. Here we will define two
types of enlargements of boxes so that when the walker enters the enlargement of a
bad box we will need to stop doing the simple random walk coupling.

Definition 2.16 (1-enlargement) The /-enlargement of a box Ry (i, ) of scale k, is
the set of boxes

RMG, 1) = U R+ j, T+ B).
(J.B€(=3,-2,...,3)¢H!

We also denote

Sznll(i) — U Sk(l + J)’ and Tkenll(.[) — U Tk(f + ﬁ)

Note that RZ’“H (i, 7) is a parallelogram of spatial length 9¢; and time length 9¢; for
d>2and 7t + 1 ford = 1.

Remark 2.17 The 1-enlargement is a (d + 1)-dimensional parallelogram centered in
Ry (i, T) defined to obtain the following property. Let Ry (i, T) be a bad box, whose
whole 1-enlargement R,‘Z“” (i, 7) is contained inside a good box of scale k + 1. Then,
we know that the only boxes of scale k inside the (k 4 1)-box that can be bad are those
intersecting Ry (i, ). Let I be the set of tuples (i, t/) such that R; (i, T) N Ry (i’, t/) #
#. Note that R, (i’, t/) C RZ“H (i, 7) for all (i, t’) € I. Moreover, the property that
we get is that U(i/,r,)e 1 R{ (', T') does not exhaust R,f““(i, 7) in the sense that
U(i’,r’)el R;°™(i’, ') is separated from the outside of RZ“” (i, T) by at least one layer
of cores. We define this layer of cores as

R]igenll(l-7 T) = RZHH (i,7)\ U R]iore(l-/’ ‘L'/)
(i’,7)el

Definition 2.18 (2-enlargement) The 2-enlargement of abox Ry (i, t) of scale k is the
set of boxes

R{™ i, 7) = U Reli+j, 7 +B),

j€{—20,—-19,...,20)¢,
Be{—18,—17,....3}

and we also denote

S ;) = U SeGi 4+ j), T (1) = U Ti(t + B).

je{—20,-19,...,20}¢ pe{—18,-17,...,3}
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<30
A
3tk
R (4, 7) ——] [ Fb—T—R(,7)
Frr
Ity
enl2(;
Rk Z(Lv ) 24ty v

Fig. 2 In black a box Rg(i, t), with its 1-enlargement in blue and its 2-enlargement in purple. The figure
is not to scale and illustrates the case k > 2; recall that the time intervals are defined differently at scale 1

Note that the 2-enlargement is a larger (d 4 1)-dimensional parallelogram centered
in Re(i, 7) so that sup {T¢"! (1)} = sup {T"%(1)}; See Fig.2.
We will require a different type of boundary for the second enlargement.

Definition 2.19 (2-enlargement boundary) We define 8§nlzR,‘:’“12(i,r), the 2-
enlargement boundary of Rznu(i ,T), as the set of space-time points (x,s) €
RE™M2(i, 7) such that (x,s) € R{™(i’,7’) for some (i’,7) with Re(i’,7) C
REM2(i, 7) and R (i', v/) N3RS, T) # 0.

2.5 Feasible paths

In this subsection we introduce the concept of feasible paths. For any graph G =
(V, E), wedenote the neighbors of avertexv € VbyNg(v) = {w € V : (v, w) € E}.
A path P : RT — V ona graph G = (V, E) is a cadlag function of time such that
for any s € R™, if we take s’ to be the smallest value that is larger than s and such
that P(s") # P(s) then P(s") € Ng(P(s)). Note that a path, as defined above, does
not consider whether edges are open or closed and is thus allowed to jump across
closed edges. The same is true in the definition below. Recall the definition of the time

intervals ?; from Definition 2.2 and the inner part Silnn (i) of box i from (2.8).

Definition 2. 20 (Feasible path) A path P is said to be feasible if for any times s, s’

with s, s’ € Tl(r) C T{°(t) for some j and T > 0, and such that P(s) Smn(z)
for some i € Z¢ for which Ry (i, ) is a good box, then

IP(s") — P(s)ll1 < log? L.

Intuitively, a feasible path can move at most log® ¢ during any interval T{ in which
it is inside good boxes. Even though the definition of feasible paths does not consider
whether edges are open or closed, this is aligned with the fact that in good boxes the
clusters are of size at most log £.
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We will refer to a path that leaves the box Ry (i, T) from the time boundary as a path
P such that (P(s), s) € R°"(i, r) for some s > 0 and if s" > s is the smallest value
such that (P(s"), s") ¢ Ri(i, T) then P(s’) € Si(i). In other words, it is a path that
exits Ry (i, t) through 3t+ Ry (i, 7). In the following two lemmas we will prove that a
feasible path always leaves good boxes from the time boundary. Recall the definition
of Cx (1), the connected component of x during a time interval /, from the paragraph
preceding Definition 2.2.

We define the spatial core of a box as follows:

RO (i, T) = SE°(i) x T (7). (2.1

Lemma 2.21 For all p small enough (hence, £ large enough) the following holds. Let
(i, ) be suchthat R (i, t) is a good box. Let P be a feasible path such that (P(s), s) €
RY"(i, ©) for some s. Assume that either s > 11 or |Cp(5)(s)| < \/Zlog2 L. Then, P
leaves R\ (i, T) from the time boundary and

sup IP(s) = P(s)ll < Velog’ ¢.

s’€ls,max Ty ()]

Proof For any (v,s) € R (i, r) and any (v',s") € dsR (i, 7), [v — V|| = £ as
well as |s/ — s| < 31;. Recall that Tj(t) is split into intervals ?{ (t) of length %

Assume first that s > 71. Then the subinterval T{ (t) containing s consists only of
positive times; hence, Cp(y)(s) has cardinality at most log? ¢. From the definition of
feasible paths we obtain

3t
swp_[[Ps) = Pl = = Elog €

s’€[s,max T (7)]

For all small enough p we have 3p log? ¢ = W log? ¢ < £log? ¢, recalling that y
is set before we take p small enough as in Remark 2.3.

If s € [0,7;) thens € 71(0) C T1(0) and we use that during Tl1 (0) no edge in
S1(i) opens. Therefore,

3t
sup [P(s) — P < 1Cpsy ()] + %‘ log? ¢ < /Zlog ¢.

s’els,max T} (7)]

The next lemma is the analogue of Lemma 2.21 for higher scales.

Lemma 2.22 For all m large enough and all p small enough with respect to m, the
following holds. Let k > 2 and let (i, t) be such that Ry (i, t) is a good box. Let P
be a feasible path such that (P(s),s) € R7°“(i, t) for some s. Assume that either
s > 11 0r |Cp)(s)| < Vllog? t. Then P leaves Ry (i, T) from the time boundary.
Moreover, while the path is inside the box, from time s up to time (t + 2)ty, the path
must be within distance £y /9 from P(s).
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Proof For any (v, s) € Ry°(i, ) and any (v',s") € R (i, 7), lv — V[l = i as
well as |s" — 5| < 31,. We do a proof by induction on k. The case k = 1 is a direct
consequence of Lemma 2 21. We Will actually assume a slightly stronger induction
hypothesis. Take ¢ = 100, c) = 0 and, for j > 2, setcjy1 = ¢; + ——. We take

m large enough so that ¢; < § for all j > 1. Now, for a scale k, assume that if
P(s) € R (i, T) for some (i, ) and some s as in the statement of the lemma, then
SUPy/e[s. (r42)] 1P (5) — P(s)I1 < crly. We want to prove the above for scale k + 1.

We splitinto two cases, starting with k > 2 (thus, k+1 > 3). Let now P be a feasible
path such that (P(s), s) € RiT{°(i, 7), and Rx41(i, 7) is a good box. Thus there are
no pairs of non intersecting bad boxes of scale k inside Ry1(i, 7). By Remark 2.17,
if Rry1(i, T) contains at least one bad box R (i, t/), then all bad boxes contained
in Ryy1(i, T) are contained in Rz““(i’, /). Inside R,f““(i’, ) a feasible path has
no restriction on how quickly it can move and it could potentially traverse S,‘:““ i)
instantaneously. The remaining boxes of scale k that are in Ry (i, ) are good and
by the inductive hypothesis we can use that in these ones the maximum displacement
of the path is bounded above by ¢y €k, so for k > 2 it follows that

/ 2fp+1
sup IP(s) —P(sHIh <9 + (12 + il
s'els. (x+2)te41] 21

<9 + (12 + kzm) cily

9 12¢y
= m-ﬁ- i + ¢k ) bk

< ck+1bk+1-

The term (12 + 2“‘“ ) accounts for the following boxes. Each time the path P finds

itself at the startlng t1me of a k-core, it spends at least time 27 inside the corresponding
k-box, and after that amount of time it finds itself at the starting time of another k-core.
This gives at most k“ k-cores for which we can apply the induction hypothesis. There
are situations, however that we cannot guarantee that the path P is at the starting time
of a k-core. One such situation is the very first box. We can still apply the induction
hypothesis in such cases, since the hypothesis requires only that the path is inside the
spatial core, regardless of it being the starting time of a core or not, but can give rise
to at most 12 additional boxes to the counting: the first box, the boxes right before and
after RZ’“H (i’, t’), and the 9 time intervals contained in Rzn“ i, t).

Now we turn to the last case, which is k = 1 (thatis, k + 1 = 2). We proceed in the
same way as before, but taking care of the fact that boxes at scale 1 have a different
length in the time dimension. We have

2t
sup  [P(s) — PGy <961 + (12 + —2> et
€ls,(t+2)n] 3]

<9¢1 + (12 4+ 2m) c14;
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The proof is concluded by taking m large enough to guarantee that cx4+1 = % + Lo +
205k L < Lforall k. o
m i=2 ;2 9

Next we will prove that if a feasible path enters the 2-enlargement of a box Ry (i, )
from its spatial boundary, and all the k-boxes inside R,f“u(i, )\ R,f““ (i, T) are good,
then the path remains far from the box Ry (i, t). For this lemma, recall the definition
of 85“12 Rznlz (i, 7) the 2-enlargement boundary of R (i, ) from Definition 2.19.

Lemma 2.23 Let P be a feasible path such that (P(s), s) € 3;’“12 RZ"Q (i, ©) for some

(i,7) and s > 0. Assume that either s > 11 or |Cp)(s)| < \/Zlog2 L. Assume also
that R(i', 7') is good for all Ri(i', 7'y C RE™2(i, T)\RSM(i, 7). Then,

inf PG — vl = 124
vesall (i)
s'>s, x’eT,f“lz (1)

Proof By hypothesis every box Ri(-,-) C Rznu(i, t)\R,f““(i, 7) is good. For any
s’ € Tkenlz(r), |s — 5’| < 24t;. Assume without loss of generality that during [s, s]
the path never visits a box R (-, -) which is not contained in RZ“IZ (i, T); otherwise we
can carry out the proof separately to each portion of the path that only traverses boxes
Ry (-, -) contained in RZ“lz(i, 7). Let (i’, 7’) be such that (P(s),s) € R°°(’, 7').
Since Ri(i’, ') is a good box, letting s” = sup {7 (')} we have that |P(s) —
P < %k by Lemma 2.22.If s” < s’, we can iterate the above argument obtaining
that | P(s) — P(s)|l1 < 24%  where 24 amounts for the largest number of iterations.
Since boxes have length 2#; in the time dimension, it would be enough to replace 24
by 12 for k > 2, but we just use the larger bound 24 to accommodate also the k = 1
case, for which the length of a box in the time dimension is smaller.

Now since gek is smaller than 13¢;, which is the distance between P(s) and the
spatial boundary of Sknll (i) enlarged by all boxes Ry (-, -) that intersects it, the path can
only traverse good k-boxes while inside R,‘Z“lz(i, 7). In addition, for any v € S,f““ (i)
one has

248 240
lv =PI = v =P)h — 5 2 > 156 — 5 2 124.

2.6 Great boxes

We will need a stroger notion for boxes of scale 1, which we will call great boxes.
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Definition 2.24 A box R (i, 7) is said to be k-great if for all kK < k, for all Ry (i’, t’)
such that R,f{‘lz(i ', 7') intersects Ry (i, ) then Ry (i’, T) is good. Moreover, we define

G ={(G, 1) : R1(i, 7) is k-great}

to be the set of k-great boxes.

Later we will see that the walker has to traverse a feasible path. The next lemma will
be used to say that if the walker traverses a k-box that is good with a large neighborhood
of good k-boxes, then it is necessarily the case that the walker has to traverse enough
k-great boxes. Such great boxes will be the places where we will attemp a simple
random walk coupling later.

Lemma 2.25 Let P be a feasible path such that (P(tt), tty) € 9 R;°°(, 1) for
some (i, T). Assume that either T > 0 or |Cp ;) (Tt)] < \/Zlog2 L. Then there exists
Cg > 0 such that letting r = Cg;—k we can find times s1 < --- < s, and distinct
space-time indices (i1, t1), . . ., (ir, T) such that the following all hold:

e For all j, (P(s;),s;) € 9 R{°(i;,t;) and P exits R1(ij, t;) from the time
boundary.

e Ri(ij, tj) C Ri(i, ) are k-great for all j.

e ity =2t and Tty > tj_1+2forall j €{2,3,...,r}.

Proof First, note that if a box R, (i, 7) is (k — 1)-great and is contained in Ry (i, 7)
then it is also k-great. We will prove the statement of the lemma replacing Cg with
ck, some function of k. Then the lemma follows by showing that there is a universal
value Cg such that 0 < Cg < ¢ for all k. We will do a proof by induction on k. Case
k = 1is trivially verified by choosing ¢; = 1 because in this case r = ¢; = 1 and we
take (i1, 11) = (I, 7).

Now, for k > 2, assume the lemma is true up to scale kK — 1 and consider a feasible
path that at time 77 is inside 9 R;°*°(i, ) such that every box of scale k whose 2-
enlargement intersects Ry (i, 7) is good. By Remark 2.17, the bad boxes of scale k — 1
inside Ry (i, t) (if there are any) are all contained in R,f‘ll} (i’, t’) for some i’, t/. We
then regard all boxes of scale 1 which are in at least one of the 2-enlargement of the
boxes contained in R,‘;{]{ (i, T) as potentially not (k — 1)-great. By Lemma 2.22 we
know that P crosses 8t+ Ry (i, 7) before ds R (i, 7). In words the path stays for time at
least 21 in the box Si (i).

Since the path starts from 9, R{"(i, 7), it starts on d_ R;*'{(i"”, t"") for some i”
and t”. In this (k — 1)-box we can apply the inductive hypothesis, so after time
2t;—1 the path has gone through at least cx_1 t’;—:' distinct (k — 1)-great boxes. Since
this path remains inside R (i, 7), we immediately obtain that such boxes are all k-
great boxes. When the path reaches 8t+ Ry—1(i”, t”") we have that the path is now on
o RPSG" + j, 7" +2) C Ri(i, ) for some j € 7% and from here we can reapply
the inductive hypothesis. So it remains to count how many times we can iterate this
procedure before 2#; amount of time has passed.

To do this, we first count how much time the path can spend inside the 2-enlargement
of abad (k — 1)-box. It suffices to count how much time is spanned by the boxes whose

@ Springer



Mixing time of random walk on dynamical random cluster

2-enlargements intersect R,‘:“_l{(i/ , v/), which is |TkeElll(-)| + 2|Tk32112(-)| = 57t .

Hence, the number of times the above procedure can be iterated is at least

2ty — 57t . 17 | 57
21ty 2mk —1)2 )"

From the inductive hypothesis, the path will traverse at least

tr 1 57 Tk—1 Tk
_— —__— Clhr—1—— = Cl —
P 2mk —1)2 ) *1 7

(k — 1)-great boxes, by setting ¢y = (1 — m) ck—1- These boxes are k-great by
the properties of Ry (i, 7). The lemma is then concluded by setting

oo

. 57
A (B

i=1

3 Overview of the proof

In this section we give a high-level description of the proof. Consider two processes
{M}}=0 = {X;, n*)i=0 and (M };=0 = {X;, 77" }i=0 with starting states My, M, €
Q*. We will construct a coupling of the two processes so that for some time 7 =
A1 4+ Ay 4+ Az of order ’:1—2 the two configurations agree with positive probability.
Since {M;};>0 can be recovered from {M/},>0, by sampling independently the edges
with status x, we will obtain our result.

The coupling will consist of three different phases which we will describe in a
high level way below. The coupling of each phase will have a small, albeit positive,
probability of failing. If the coupling of a phase fails, we declare the whole three-
phase procedure to have failed, let the two processes evolve arbitrarily until time 7'
and restart everything again from phase 1. The detailed analysis of each phase will
be given in sections 4, 5 and 6. Then in Sect. 7, we will put all phases together and
complete the proof of Theorem 1.1.

3.1 First phase: the local coupling
During the first phase we let the two processes evolve independently, and wait for

the first time the graphs of the two processes agree on a ball of radius 2¢ around the
walkers, that is, we wait for a time ¢ such that

(X +e) =7 (X, +e),
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for all edges e € E(B3;(0)), where B> (x) is the vertices inside the L ball of radius
r around x. We will show in Lemma 4.1 that this will happen within time A; with

log? n -
. This is the shortest of the three

large enough probability, where A has order m

phases.
If the first phase does not end within time A1, we declare the whole three-phase
procedure to have failed. This phase will be handled in Sect. 4.

3.2 Second phase: the non-Markovian coupling of the walkers

This is the most involved phase. After the first phase has been completed successfully,
the graphs of the two processes are the same on a ball of radius 2¢ around the walkers.
Then, in the second phase we wish to couple the motion of the walkers. We use the
tessellation to decide when to couple the walkers identically (so that they jump in the
same way) and when to perform a better coupling aiming to decrease the distance
between the walkers.

Intuitively, whenever the walkers are passing through a “bad” region of the envi-
ronment (which in our case will be the 2-enlargement of a bad box) we will just do
identity coupling to make sure the distance between the walkers does not increase.
In fact, we will only be able to do identity coupling because we will use the annulus
between the 2-enlargement of the bad box and the bad box itself (which is composed
of good boxes) to give time for the graphs around the walkers to get coupled in both
configurations, allowing identity coupling to be carried out. If instead the two walkers
are in a great box, then we try to do a better coupling, which we shall refer to as a
simple random walk moment.

More precisely, translate time so that the second phase starts from time 0. Then,
we create the multi-scale tessellation described in Sect.2 up to time A + A3 where

A; and Aj are of order ﬁ. We will fix a largest scale kmax and will look at how many
times the walkers enter knax-great boxes.

When the walkers are in great boxes, Lemma 5.14 will give that the environment
is favourable enough so that with positive probability the displacement of the walkers
will have the same distribution as that of a simple random walk on T (i.e., where all
edges are open). Phase 2 ends at time A, where we check whether the walkers are
coupled and the graphs are coupled on a ball of radius 2¢ around the walkers.

Lemma 2.25 says that the walkers will cross an order of n” great boxes during
[0, A>] and, therefore, by time A, the walkers are expected to have done an order of
n? simple random walk steps. Since two simple random walkers on ']Tﬁ can be coupled
in a way that they coalesce after a time of order n2, we can ensure that with high
probability phase 2 ends successfully. The details are carried out in Sect. 5.

3.3 Third phase: the coupling of the graphs
The third phase starts at time A»; as before we translate time so that the second phase

starts at time 0. At the beginning of the third phase the walkers are coupled and the
graphs are coupled as well on a ball of radius 2¢ around them. The idea of this phase
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is to keep performing identity couplings until the graphs couple together everywhere.
We will show that this simple idea works.

There is one tricky issue. During the second phase, we needed to construct the
tessellation all the way to time Aj + A3, while the second phase ends already at time
Aj. The reason for this is that, in order to know whether we can perform a simple
random walk moment, we need to observe a little bit of future information about
the environment. Therefore, as we performed the second phase, we observed some
information from the updates after the end of phase two.

So the goal of the third phase is simply to let time pass until we get to a point where
no information regarding future times has been observed, meanwhile doing identity
coupling. With this, during the third phase we aim to keep the walkers coupled at all
times, while we finish to couple the graphs before time A, + Agz.

We do not use any further information from the tessellation than what we already
observed for phase 2. The delicate point is that in order to apply identity coupling of the
walkers, as we explained in the second phase, we have to ensure that the graphs around
the walkers are coupled. How large a region we require to be coupled depends on the
environment of good and bad boxes that is ahead of the walker, but now we cannot
observe anything beyond what we have already observed in phase two; otherwise we
would keep observing future information.

As hinted above, we just proceed with identity coupling “blindly”. That is, we
perform identity couplings up to time A, + A3z assuming that any information that we
have not yet observed is “good”, and simply “hope for the best”. It will turn out that
this procedure succeeds with large probability leaving the two processes completely
coupled (both the graphs and the walkers) by time A, 4+ A3. The details of this phase
are given in Sect. 6.

3.4 What if a phase fails?

If any of the three phases does not successfully end, we let the two processes run inde-
pendently (modulo what has already been observed) until the end of the third phase.
This is needed as we might have observed some information about the environment
up to that time. After that, we repeat the procedure from phase 1. Since the three
phases succeed with positive probability, we only need to repeat the whole procedure
a constant number of times. The end of the proof of the upper bound is given in Sect. 7.

4 First phase

During the first phase we let the processes M} = (X, n;) and M: = (X,, n7) evolve
independently. Let W, : V — V be the translation that maps X into X,; we will abuse
notation and use the same W, to denote the corresponding translation map £ — E of
the edges. For any i € Z U {oo}, we define

E(B]())={(v1,v) € E :vj,v12€B/(v)} and B/(v) ={vi € V: v — vl <r};

thus E (B£ (v)) is the set of edges in the ball of radius r around v according to the norm
L;. We omit i from the superscript whenever i = 1. Define the event
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B, ={Ve € E (Bi(X))), nf(e) =T7; (W(e)) = 0}
N {Ve € E(B (X)) \ E(B1(X1)), n;(e) =T; (Wi (e)) = +} 4.1
that the edges in an L, ball of radius 2¢ around the walkers are all » at time 7, except

for the ones adjacent to the walkers which are closed; recall that £ is the size of the
core of boxes of scale 1, whose value is given in (2.1). Let

tgp = inf {r > 0 : 5, holds} . 4.2)

Note that tp is a stopping time. Define A| = %gz”, for some constant Co(p) > 0,
and define the event

Fir ={tp < A1}, (4.3)

which we shall take as the event that phase 1 succeeds. This event is a bit more restricted
than the one announced in the previous section, but this will be convenient for us in
the next phase.

We then run phase 1 until 73 or A1, whichever occurs first. If it turns out that F
does not occur, phase 1 is then stopped at time A and we declare the whole procedure
to have failed at time Aj. In this case, we do not proceed to the second phase, and
define A as the failing time of the procedure and, as we will explain more thoroughly
in Sect. 7, we will restart from phase 1 from Aj.

The following lemma establishes the probability that the first phase is successful.

Lemma 4.1 (Phase I success probability) For any § > 0, there exists py = po(d, §) >
0 such that for any p < po, there exists Co(p, d, §) > 0 in the definition of A1 so that

* =k

Sfor any initial configurations ng, 7, € Q* we obtain
P(Ff)<s
for all large enough n.

Before showing that phase 1 succeeds with good probability, we need to establish
a simple result on percolation. We then prove Lemma 4.1 in Sect. 4.2.

4.1 Percolation on cylinders and open upwards paths

Let G = (V, E) be a finite graph whose maximum degree is dnay; in our case, it
would be enough to take G to be the d-dimensional torus T¢ of side length n, where
nearest-neighbors are defined according to the £, norm. We consider the discrete
cylinder Vey1 = V x Z, and define a site percolation process on Vcy) with parameter
@ > 0. In other words, we declare each site of Vy1 to be open with probability o,
independently of one another; a vertex that is not open is said to be closed. For two
vertices of x, y € V, we write x ~ y to denote that the graph distance between x and
y is at most 1 in G; thus, for example, x ~ x forallx € V.
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Definition 4.2 (open upwards path) An open upwards path in Vey is defined as a
sequence of sites (i, 70), (i1, 71), ({2, 72), ..., (iy, T-) such thati; € V, 7; € Z4,
ij ~ ij41 and the following holds for all j. If (i}, t;) is open, then 711 = 7; + 1;
otherwise, 7;41—7; € {0, 1}. In other words, the path is compelled to move “upwards”
in the cylinder when it visits open sites.

Note that an open upwards path is allowed to visit a vertex more than once. We say
that an open upwards path (io, 1), (i1, 1), (i2, 72), - . ., (ir, Ty) traverses m levels if
7, — o = m. When g is close to 1, an open upwards path cannot visit too many closed
sites. This is quantified in the next lemma.

Lemma 4.3 (Open upwards path) Let (i, 0) € Vey be fixed. For any a > 0, there
exists o' = 0'(a, dmax) € (0, 1) such that if ¢ > o’ then the probability that there
exists an open upwards path from (io, 0) that traverses m levels and visits at least am
distinct closed sites is at most e~ for some constant ¢ = c(«, dmax) > 0.

Before proving the above result, we need the following estimate on the number of
subgraphs of G that contain a given vertex.

Lemma 4.4 Given a vertex v € V, let A, be the number of induced connected sub-
graphs of V containing v and having r vertices. There exists a constant ¢ = ¢(dmax) >
0 such that A, < e forall r.

Proof This proof is quite standard and a version for the lattice can be found in [6,
Proof of Theorem 4.20]; we include a proof here for the sake of completeness. Let
A, ¢ be the number of induced connected subgraphs of V containing v and having r
vertices and s boundary vertices, where a boundary vertex is a vertex that does not
belong to the subgraph but has a neighbor who does. Hence, A, = ) A, ;. Note that
for any o € (0, 1), if we perform percolation on V, we obtain

DY A (1—0) =1. 4.4)

For any vertex u € V denote d(u) its degree in G. Let S € V be one subgraph counted
in A, g, denote m(S) the number of edges between vertices of S and 9 the number
of edges between vertices in S and vertices in V \ S. Then,

dmaxr = Y _d() =2m(S) + 98 = 2(r — 1) + 5.

ues

Thus, s < (dmax — 2) r +2. Plugging this result into (4.4) and taking o = % we obtain

l z ZAr,sQr(l _ Q)(dmax_z)r+2 — ZA"Jz_(dmax_l)”_2 — ZArz_(dmax_l)r_z.
r,s r

r,s

Thus, A, < 2@max=Dr+2 for each r. O
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Proof of Lemma 4.3 Let m be an integer and, for convenience, set tp = 0. Consider an
open upwards path (ig, 79), (i1, 71), (i2, ©2), ..., (ir, T7) such that t, — 79 = m; thatis,
the path traverses m levels. Let 51 be the number of distinct closed sites visited by the
path before it traverses 1 level, and for j > 2 lets; be the number of distinct closed sites
visited by the path after having traversed j — 1 levels and before traversing j levels.
So >, 5 is the total number of distinct closed sites visited by the path. Note that,
the sites counted in each s; must be of the form (-, j — 1) and must form a connected
set with respect to the relation ~ over G. Using Lemma 4.4, given s1, 52, . . ., Sy, the
number of possibles ways to pick the set of distinct sites within (ig, 7o), (i1, T1), - - .
is

m
(dmax + D™ 1_[ sjedsj,
Jj=1

where ¢’ is the constant from Lemma 4.4, and the term s ;j in the product counts the
number of sites at level j that can be selected to be the last vertex visited by the path
before going to level j + 1. Then, (dmax + 1) accounts for the number of ways to
choose the first site at level j given the last site at level j — 1; this amounts to at most
dmax + 1 choices per level. If we fix 377 s; = S, the number of ways to select the s;
is (S+"S1_1). Finally, given all sites in the path with s; as defined above, the probability
that this path is an open upwards path is at most ]_[T: 1 (1 —0)% since each site counted
in the s; must be closed. Therefore, the expected number of open upwards paths that
traverse m levels and visit at least am closed sites is at most

m

S+m—1 ‘e )
Z < ’;1 ) (dmax + D™ HeCS]Sj(l - Q)S]
S>am j=1
S +m — 1 " N
= (dmax + D" ) ( ¢ ) (e’ -0) ",

S>am

where we used that given ¢ there exists a constant ¢”” such that ze€? < ¢"e"% for all
z. It is enough to use the trivial bound (SJ”;FI) < 25tm=1 ip the above expression to
obtain the upper bound

Qs + 1) Y (267" (1 = 0))” <2 Qe + )" (2" (1~ )"

S>am

with the inequality hold whenever o is close enough to 1 so that 2¢"e" (1 —
0) < % Then the lemma holds by setting o further closer to 1 so that 4(dpax +

' o
1 <2c”ec (1— Q)) <ec 0

By using a result by Liggett, Schonmann and Stacey [8], the above result can be
extended to percolation on Ty x Z. with bounded dependences.
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Lemma4.5 Let C > 1 be a constant. Consider a site percolation process on Ty X 7
where the probability that a given site is open depends on at most C other sites. Then
Lemma 4.3 holds with the lower bound on o depending on C.

Proof For any o, provided g is large enough we can apply Liggett, Schonmann and
Stacey [8, Theorem 0.0] to obtain that the dependent site percolation process stochas-
tically dominates an independent site percolation process of parameter o. The lemma
then follows by applying Lemma 4.3 to this independent site percolation process. O

4.2 Proof of Lemma 4.1

Now we are in a position to establish the occurence of the first phase.

Proof of Lemma 4.1 Let 7, be the firsttime r > 1 such that X; and X, are both isolated,
meaning that all edges adjacent to them are closed. We will show that 7, occurs before
time Ay — 11 +71.

For each process M} and ﬁ: we create a tessellation of Tg x [0, A] into boxes of
scale 1 using the values for £ and #; from Sect. 2. The event that a given box is good is
defined as in Definition 2.7. We let M} and ﬁ; evolve independently of one another
until a stopping time st; where X, and Xm are both in good boxes and s > 1. Note
that good 1-boxes form a dependent site percolation process on ']I‘jf X Z4 so that we
can apply Lemma 4.5. Let (ip, 1) and (io, 1) be the boxes visited by X; and X, at
time ¢ = #1. Now, since random walks must traverse a feasible path, and since feasible
paths leave good boxes from the time boundary (cf. Lemma 2.21), we obtain that from
(ip, 1) and (170, 1) the random walks X; and X, must traverse an open upwards path.
Therefore, the probability that up to level m = A;/t; — 1 we have that X; and X,
each visited more than 7 bad 1-boxes is at most 2e~“" provided p is small enough
(which makes the probability that a 1-box being good large enough). Under this event,
there must exist % instances of time s < m at which X, and 73,1 are both in good
1-boxes. when this happens, at time s#; 471 both X, 7, and Ystl 47, are isolated in
a vertex (i.e., all edges adjacent to them are closed). Therefore,

]P’(‘L’é >A—1 +f1) <n¥P(s > m) <2ne ",

where the term n2¢ accounts for the number of choices for iy and 7.

Now let F be the o -algebra generated by M; and ﬁ; during 7 € [0, 7;]. We want
to establish a lower bound on the probability that Brg 47, given F. Since X, and X,
are isolated in # = 7}, it is enough to compute the probability that all edges inside a
Lo ball of radius 2¢ around the walkers do a x-update but no non- update, and the
edges adjacent to the walkers do not open or do a non x-update during [tp, 7 +71].
This probability is

_ _ d _
exp (—tlu(l — )2 (4€)d) (1 —exp (—tmp*))zm) exp (—71 14 Pmindd) ,

where the first term is the probability that no edge in the L, ball of radius 2¢ around
the walkers does a non x-update, the second term is the probability that those edges
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do a x-update and the last term is the probability that the edges adjacent to the walkers
do not open. Therefore,

P (Ff) < 2ne™" 4+ 1 —exp (—?1 w(l = po2 @0 — 7 upmin4d)

(1 —exp (_;lup*))2(4ﬁ)d

<2ne™™ 41 —exp (—?]u(l — o240 — flupmin4d)

— 240 exp (~T1epy) -

Recall that A} = & 1Zg2n’ i = lo‘ize and 1 = */TZ, where £ is just a large enough
constant that is set before letting p be small enough. Now we show that we can make
the above smaller than . We start with the term 2 (4£)d exp (—?1 i p*), which can be
made, say, smaller than % We will do this by adjusting £ only, but this term involves
also p though p,. However, note that p, goes to 1 as p goes to 0. So, since 71 is of
order log? ¢, we can choose ¢ large enough so that 2 40)? exp (—?1 7 p*) < % for all
p so that p, > % After fixing ¢, we can take p close enough to 0, which makes pmin
goes to 0 and p, goes to 1, so that exp (—7 (1 — p.)2 40)¢ — T U Pmindd) > 1— %.
Finally, after fixing £ and p, we can take n large enough so that 2ne=“" < % since

m= ?—1‘ — 1 s of order log? n as a function of n. This concludes the first phase. O

5 The second phase: non Markovian coupling
To describe the coupling during the second phase we will use the full multi-scale
space-time tessellation described in Sect. 2. For simplicity, we translate time so that

this phase starts at time 0 and that X is at the origin. Hence, X can be arbitrary, and
1y and 7 can be any configuration for which the event By from (4.1) holds.

5.1 Largest scale

We begin by creating the multi-scale space-time tessellation of ’]I‘z x [0, Az] and with
largest scale

kmax = log, logn. 5.1

We consider a positive constant C;{0(p) > 0 to be chosen later so that # . divides
2
CIO%, and define

A3 =Ar)+— and A, =Cip—. (5.2)
2% 2

The following lemma shows that with large probability there are no bad boxes of
scale kmax or larger. This will allow us to restrict our analysis to boxes of scale at
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most kmax. We will consider all the boxes contained into the tessellation ij x [0, As],
which in particular are all the boxes intersecting the tessellation of Tff x [0, Az].

Lemma 5.1 For any § > 0, there exists po = po(8,d) > 0 such that for all p < pg
and n large enough

2kmaX =3

P (Rk(i, ) is bad for some Ry (i, ) C ']I‘Z x [0, As], withk > kmax) < pj

Proof The number ¢; of boxes of scale & in ’]I‘Z x [0, Az] is trivially bounded as

d

n A

& < (F) = = (Co+ D
k k

Using Lemma 2.15 the probability that there exists a box of scale ky,x or bigger that
is bad is bounded above by

k=2 kmax —2
> tor < (Cro+ Dn?t2 Y pl T < 2(Cro + DT

k=kmax k=kmax

Using the value of k4« and the fact that p; can be made arbitrarily small by taking p
small concludes the proof. O

5.2 The coupling

Recall the map W, introduced in Sect.4 which maps X; into X ;. In order to define the
coupling of the two processes, we will use a different map ®,. The idea is that our new
map will be equal to W, in good parts of the environment, but when the walker enters
the enlargement of a bad box, we will stop changing &, and will keep it “frozen” until
the walkers exit the enlargements of all bad boxes. The idea is that in the enlargement
of bad boxes we want to couple the graphs in a large region around the walkers so that
if the walkers enter a bad box, then they do so with their graphs coupled within the
box. We stop updating &, because when @, changes many edges uncouple.
More precisely, given a time #, denote with

5; =supfs <r: (Xg,s) is inside akp,x-great box}

the last time before ¢ the walker is in a kpax great box. We will consider the new map
®, defined as

b, = ¥y,
We will show that this change of map actually will not create any problems; in fact,
we will show that &, = W, for all ¢ because in the way we construct the coupling,

when the walkers are in the enlargement of a bad box, we will succeed in applying
identity coupling, hence the translation map remains constant. So, the introduction
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of @, here is a formalism so that the coupling procedure is well defined. This will
imply that our application of identity coupling later on will be successful, which in
turn implies that ®; = ;.

As soon as the second phase begins we check whether the box R (i, 0), such that
(X0,0) € R{(i, 0), is kmax-great (the reason we do this will be clarified later, see
Remark 5.9). If that is the case then we can begin the coupling procedure relative to
the second phase. The coupling is composed of two parts: the coupling of the graphs
(that is, the coupling of n; and 77}) and the coupling of the walkers.

5.2.1 Coupling of the graphs

We let the process {n}};>0 evolve. Denote with C,(t) (resp., EU (t)) the cluster that
contains vertex v at time ¢ in the process 7 (resp., 17;). When an update (s, U’, U)
occurs at an edge e in n; we update the process 77; as follows.

e If the update is a x-update we refrain from looking at U and instead simply set
ny(e) = % and 73 (P (e)) = *.

e If the update is not a x-update we must check in both configurations n} and 77y
whether e is a cut-edge or not. We do this by looking at the connected components
of the endpoints vy, vy of the edge e. If an edge ¢’ is such that n}(¢’) = xand ¢’ is
incident to a vertex in Cy, (s) UC,, (s), we sample its current status, open or closed,
according to its last update. Note that this last update is itself a tuple (s, U, U),
so this step boils down to checking the value of U. If 5 (Ds(e)) = » we set
75 (®5(e')) = nk(e’) as well. We continue this procedure until the components of
v1 and v, have been fully explored in 7} and proceed analogously for the process 7}
until the components of ®;(v) and @ (vy) have been fully explored. A potential
disagreement n} (¢) # 75 (P4 (e)) can happen only if, by revealing the components
of vy, v2, Ps(v1) and P, (v2), we find that e is a cut-edge in 1} but P, (e) is not a
cut-edge in 775, or vice-versa.

In this way edges whose status is » can always be coupled equivalently whereas non x-
updates cause the reveal of the status of other edges, potentially creating disagreements
between the two configurations.

Remark 5.2 (Momentaneous change of coupling) At some times we will carry out a
different coupling of the environment. This will be done by simply introducing another
map & of the environments, and the coupling of the graphs will go as described above
with @, replaced with ® until we specify that @, is again the map to be used.

5.2.2 Coupling of the walkers

During this discussion the reader should refer to Fig. 3.

Our goal is to define a coupling that can bring the walkers together. For this we will
use the multi-scale tessellation. The coupling of the walkers will be composed of two
different couplings. When the walker X, enters the core of a great box R{*°(i, 7),
we will try to take advantage of the nice environment that a great box provides to
perform a coupling that we refer to as a simple random walk moment. This coupling
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?N7
Fig.3 In red the bad boxes, in blue their enlargement, in black the tessellation and the walker’s trajectory.
In bad boxes there is no control over the displacement of the walker, whereas in good boxes, the walker
always leaves the box from its time boundary. Whenever the walker enters the enlargement of a bad box,

we start doing identity coupling. Otherwise, the walker is in great boxes, and we attempt to check whether
a SRWM occurs, in which case a coupling of simple random walks is performed

aims to change the distance between the walkers, so that eventually the walkers may
find themselves at the same site.

On the other hand, whenever X is not in a great box, then we do not have a good
enough control on the environment around the walker to do a simple random walk
moment. In such cases, we will just resort to a simple identity coupling that keeps the
distance between the walkers unchanged. An identity coupling will only be able to be
performed if the environment around the walkers are the same. For this, we define the
following event:

B, = |Ve € EGBF (X)), n(e) =T (@u(e))]. (5.3)

If B; holds for all s € (s1, 52), then in this time interval the walkers can perform the
same jumps and not change their relative distance. In other words, identity coupling
is successful. In fact if the environment around the walkers is the same (as a matter of
fact we only need the environments to agree on a ball of radius 1 around the walkers),
by doing identity coupling the walkers are able to perform the same jumps.

So the proof is now split into three steps. Since ®; does not change when the walker
enters the 2-enlargement of a bad box, we will show in Sect.5.3 that when @, does
not change the graph couples. Next, we deal with showing that identity coupling can
be successfully implemented as the walker enters the 2-enlargement of a bad box (i.e.,
when the walker is not in a great box). This is carried out in Sect. 5.4. Then in Sect. 5.5
we deal with the simple random walk moments.
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5.3 Coupling of the graphs with d; unchanged

Given I Cc Z% and k > 1, let

Sy = se) and Sp(0) =S¢,

iel iel

forany ¢ € {core, enll, enl2}. Recall the value m in the definition of ¢; in (2.2). Recall
also 7 from (2.7). Then, for k > 2, we define

_ 611
E= G )m 5.4
We start this section showing that the graph gets coupled in regions of good boxes
if ®; does not change.

Lemma 5.3 (Graphs couple in good boxes) Let m be large enough, and then let { be
large enough with respect to m. Let Ry (i, T) be a good box, and let 51 be any time
instance so that [s1, s1 + 2] C Tr(t). If ®; does not change during [sy, s1 + 211],
then

there exists t € [s1, s1 + 2tx] such that ) (e) = 1, (P, (e)) for alle € Sk(i). (5.5)

Proof If k = 1 then the proof follows since each edge of S (i) receives only x-updates
and gets updated at least once during [s1, s; + 2¢]. For k > 2, we assume that the
statement of the lemma holds up to scale k — 1. Let s, = max T (7). Let 7’ be the
first time index such that t/t;_1 € [s1, s2] and all boxes Ry_1(-, t/) C Ri(i, T) are
good. Let I be the set of indices containing all (k — 1)-boxes that are inside Sk (7);
more precisely,

I={i": S-1G") C Sk}

Then, by induction, by time t'tx_ + 2f;—1 we obtain that Sy_1(I) = S (i) has been
coupled.

Now it remains to show that t/ty_1 + 2fx—1 < s1 + 2. Note that since Ry (i, 7)
is a good box, there exist 7, T such that all (k — 1)-bad boxes contained in Ry (i, t)
are contained in R,f‘ll% (7, 7). Since the amount of time spanned by the enlargement at
scale k — 11s 9#;_1, we obtain that t/t;_; < s1+9#_1 +tx_1, where the last #;_ is to
account for the possibility that s; is not a multiple of #_1. Hence, using the notation

ay = max {a, 1} for consistency with the case k = 2, and noting that 7| < & 6;;2 ~
)+

provided ¢ is made large enough once m has been fixed, we have
i1 + 20—1 < s1+ 1081 + 2751

<st+trp—1 | 10+2————
S1 kl( (k_2)1m>
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I 104+ 12
=S _— _—
YTk —1)2 k —2)2m

tr 12
=s1+ - (10+ —5—
6 (k—2)im

<1+ 214.
[m}
Recall the definition of Sil"“(i) from (2.8). For k > 2, define
1nn(l) — U core( ) (56)

ji SEM (TS ()

For a set of indices I, we write

mn(l) USmn(])'

jel

Note that by taking m large enough, then S{°*°(1) C 8}{““(1 ) C Si(I). We start with
a simple result about the connected component of a vertex.

Lemma 5.4 Let m > 2 and let £ be large enough with respect to m. Let I C Z¢ be a
set of indices, k > 1 a scale and T > 1 a time index such that Ry (i, ) is a good box
foralli € I. Then, for any v € S,i(““ (I) and any t € Ty (t), the connected component
of v is contained in Bgz’k/m (v), where we recall that B2° (v) is the Lo ball of radius
r around v.

Proof For k = 1, the result follows by the fact that components have size at most
log? ¢ in good 1-boxes when T > 1, and ¢ is large enough so log> ¢ < 5¢/m. For
k > 2,let (i’, ') be such that v € S;*7(i’) and t € Ti_1(t") C Ti(r); there could
be more than one choice for 7/, it is irrelevant which one we pick. Note that since
v e S

Sk—1G") C S enu(z ) C Sk(@i) forsomei € I.

If Ri_1(i’,t’) is good, then the connected component of v is contained in
Bsg,_ym(v) C Bsg, m(v) by applying the induction hypothesis at scale k — 1 and
set of indices {i ! } Otherwise, note that by Remark 2.17 we have that R,f‘ll} ()
contains all bad boxes in Ry (i, ). If the connected component of v is Contalned in
Szrll}(i/) then it is contained in Bsg, | (v) D Se““(z/) Since 50y_1 =5—F— (k 1)2 < Srf;"
the lemma holds on this case as well. In the final case, when the connected com-
ponent of v is not contained in Se““(z/ ), it may sound contradictory but we can
get an even smaller bound for the component of v. The reason is that there must

exist i” such that v is at the same component of a vertex u with u € S;°7(i”) and
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seore”y N S = @ but Sp—1 (i) N SEMG') # 0. But since (u, ) is in the
box Ri—1(", 7'), and Sg—1 (") C SM3(i") C Sk (i), we have that Re_1(i”, 7") is a
good box. Thus, by induction we obtain that the connected component of v is inside
Bsg,_ ym(u) C Biog_,/m(v). Since 10“ e IOW < SZ" for all k as long as
m > 2, the proof is completed. O

With the help of the above lemma, we can show that the graph cannot uncouple in
regions surrounded by good boxes.

Lemma 5.5 (Graphs remain coupled if ®; does not change) Let m be large, and let £
be large enough with respect to m. Let Ry (i, T) be a good box, and let s1 < sy with
s1,82 € Tr () and s1 < (v + Dty. If ®; does not change during t € [s1, s2] and

0 (e) =%, (s, (€)) for all e € E(Sp(i)),

then n}(e) = 17 (P;(e)) forall e € E(Smn(z)) andall t € [s1, s2].

Proof For k = 1 the lemma is obvious, since for any e € E(S(i)), e only receives
x-updates during T} (t). Therefore, ny (e) = 77} (P, (e)) for all ¢ € [s1, s2]. For k > 2,
assume the lemma holds up to scale k — 1. Let

T ={t": i1 (x) N si 2] # Pand T (x') C Tr (D)} .
Let 71 = min 7. Note that either
s1 € TOT(ty) or sp € T (1 — 1), (5.7)

where the latter happens when s is near the starting time of 7y (7). Because s cannot
be near the ending time of T;(t) due to the condition s; < (T + 1)z, we obtain that
7 is not empty. We will first show that

1[1[1

2,(j) is coupled during [s1, s2] for all jsuch that Sx_1(j) C Sk(i)
and for which Ry_1(j, t) is good for all t" € 7. (5.8)

To see this, let 1 = sup T—1(71) and note that r; > 51 + 74— because of (5.7). Now,
induction gives that Slich (j) remains coupled up to time r;. We would like to reapply
the induction hypothesis on the box Si_1(j) in the next time step, but for this we need
Sk—1(J) to be coupled, not only S}(’E‘l (7). Thus, we first apply Lemma 5.3 from time

— 21— to obtain that there exists a time ri € [r1 — 2tx_1, r1] for which the whole
of Sx—1(j) is coupled. Let 75 be such that 7| € T °F(r2) and note that 7, > 71 4 1.
Thus, we repeat the induction hypothesis and the application of Lemma 5.3 to obtain
a sequence of t,, r, and r[ until a certain value | € [s2 — 27,1, s2]. At that time, the
induction hypothesis gives that S,ig‘] (j) is coupled at time s, establishing (5.8).

Now we turn to establish the lemma. If Ry (i, ) has no bad (k — 1)-box intersecting
the time interval [sy, s2], then (5.8) and the fact that (k — 1)-boxes overlap give that
U, Se 1 (NS () Sk N D Smn(z) is coupled during [sy, s2].
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Now assume that Ry (i, t) contains bad (k — 1)-boxes that intersect [s1, s7]. From
Remark 2.17, there exists Ry_1(i’, t/) so that all (k — 1)-bad boxes contained in
Ry (i, T) are contained in RZT}(Z’/, /). Let

T =i 10 € 80 and 51 () & S0

and note that Ri—1(j, ") is good for all j € J and " € 7. Therefore, (5.8) gives
that S,‘cnfl (j) is coupled during [s1, s2] for all j € J. The remaining of the proof is
split into two cases. First assume that Se“l} (i) is separated from infinity by 7, which
means that any path from S} enll 1 (i) to the outside of Sy (i) must enter S;°'F () for some
Jj € J. In fact, letting

g ={ieq: o) e s,

we get that the path must enter S;°7(j) for some j € J'. Besides, Lemma 5.4

gives that for all v € S,icrfll (J) and all s € T"’Ell(r/ ) we have that the connected
component of v is contained in BS?? Jm (v). Therefore, all connected components

nll(l

intersecting Sk ") must be contained in Uv esel iny B5 o1 /m (v), which is a spatial

region contained in the interior of Smn(J ). Therefore, since S}C‘E’l (J) D S}:E’l J"
remains coupled throughout [s1, s2] by (5.8), non-x updates inside S,‘:'lli(i’ ) cannot
uncouple the graph.

Turning to the second case, we assume that Se“11 (i) is not separated from infinity
by J. This means that S,‘:'m}(i ") is so close to the boundary of S (i) that it does not
intersect Slnn (i). More formally, for any v € S} enll 1 (i) we have that B 0 (v) cannot
be contained in Sk (7). But this implies that any z” with SETG") C ¢ en“ (z’ ) we have
that S,?“l%(l” ) & S”m (). Therefore, applying (5.8) to the boxes in J already gives that
S“m (7) is coupled during [s1, s2]. O

5.4 Identity coupling

We prove that, by doing identity coupling, as long as the particle X, is in a point
(v, 1) € ’]I‘g x R* in space-time that is part of a 1-box Rj(-,-) that is good, it is
always possible to keep the distance between X; and X, constant. Recall the event
B, from (5.3), the event B; from (4.1), and the definition of the spatial core of a box
in (2.11). We will need a weaker version of B, which we define as

B = Ve e E(By(Xn), ni(e) =T (@i(e))]. (5.9)

Recall that in the second phase we assume that Ry(0, 0) is a kpax-great box and By
holds; we do not restate these conditions on the lemmas.

Lemma 5.6 (Identity coupling succeeds in good boxes) Let s1 be a time so that By,
holds and (X, s1) € RY(i, t) with R(i, T) being a good box. Let s, € Ti(1),
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s2 > s1. If we attempt to do identity coupling for the entire time interval sy, s2], then
the coupling succeeds and Vs, = V; for all t € [s1, 52].

Proof Let B be the L, ball of radius £/3 around Xj,; B is a fixed region in space,
not changing in time. The edges in E(B) are coupled at time s1 since B{, holds. By
Lemma 2.22 the walker never leaves S1(i) C B during the time interval [sy, s2]; if
s1 < 11, then we know that the component of the walker is at most log2 £ since By
holds and the box R{(0, 0) is kmax-great by the properties of the second phase. Since
there is no non-x update in E(B) during [s1, s2], B remains coupled with its translate
throughout and identity coupling is successful. O

The lemma below is a composition of the previous lemma when the walker traverses
a sequence of good 1-boxes. We assume that the stronger event 3] holds at the start
time to be able to guarantee that 3/ holds during the entire time interval covered by
the lemma.

Lemma 5.7 (Identity coupling succeeds in sequences of good boxes) Let s1 be a time
so that B;l holds. Let sy > s1 be such that during [s1, s2] the walker only traverses
1-boxes that are good. Then, if we attempt to do identity coupling for the entire time
interval [s1, s2], the coupling succeeds, B," holds and Vs, = V; for all t € [s1, s2].
Moreover, B; holds for all t € [s1 + 2t1, s2].

Proof Let R;(i, T) be the box the walker is in its core at time s1. Since R1(i, 7) is a
good box, Lemma 5.6 gives that identity coupling works up to the end of 7}(r) and
Lemma 5.3 gives that S} (i) couples at some time during [s1, s1 + 271]. Moreover, for
any t € [s1, s1 + 2£1], B} holds since B, holds. For ¢ € Ti(t) N [s1 + 2¢1, 00) we
have that B, C B} holds by Lemma 5.5. Hence, if R;(i’, 7/) is the box whose core
the walker is in when exitting R (i, t), we can apply Lemma 5.6 again to show that
identity coupling succeeds. Repeating this argument over and over again establishes
the lemma. O

Now we analyze what happens in the neighborhood around a bad 1-box, supposing
that the walker enters the 2-enlargement of that box. Two things can happen, either
the walker enters the 2-enlargement of the box from the space boundary BSR‘f“lz(', 2
or it enters from the time boundary 9, R?nlz (-, -). If it is from the space boundary, then
the walker does not get too close to the bad box and B; would still be verified for all
t. Moreover, as long as the walker is in the 2-enlargement, identity coupling can be
applied successfully. In the other case, if the walker enters from the time boundary,
then it could eventually reach the bad box but the environment in the 2-enlargement of
the bad box will be coupled before that. In particular, the environments will be coupled
at all times in Tlenll (-, -) thanks to the abundance of x-updates in Tle“12(~, ~)\T1°n“ (-, ).
This reasoning gives that the relative distance between the walkers does not change
and the graphs remain coupled in E (Sf“12 (7)) when the walker cross a bad box of scale
1.

In the lemma below we will require m to be large enough so that the following
holds:

For any (k, i, ) and any (i, t') so that R{}(i’, T') intersects Ry (i, 7)
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we obtain that
Riy1(i’, T’) contains all k-boxes that intersectsR,f“lz(i, 7),

and S;"", (i") contains S{"2 (7). (5.10)

Lemma 5.8 (Identity coupling in enlargement of bad boxes) Let m be large enough
so that (5.10) holds. Let Ry (i, T) be a bad box of scale k such that Ry11(i’, t")
is good for some (k + 1)-box for which RS (i’, T') N Re(i, T) # . Denote with
r/j = max Tkenlz('c), and with T, = min Tkenlz(r). Let s. be a time at which the
walker enters R,f“lz(i, 7) so X5, € S,f“lz(i) but Xs._ ¢ S,f“lz(i) orsc = 1 . Let
s, = inf{t € (s, tk+]: X, ¢ Sanz(i)} the first time the walker exits Rznlz(i, T) after
Sc; we take the convention that s, = I,j if X; € S,?“lz (i) forallt € [s., tk+]. Thus

if By, holds, then for all t € [sc, s.1¥; remains unchanged and B; holds; (5.11)
consequently, identity coupling succeeds during [s., s.]. Moreover,

if sc > 1, the walker does not enter Rzn“ @i, 1). (5.12)
Ultimately, letting J = {j: Sk(j)N S,fnu(i) #* VJ},

if se =1, then nf(e) = 1; (P4 (e)) forall e € E(S,icnn(.]))

and all t € [sc, 5] with t > min TE"! (7). (5.13)

The proof uses induction on k, so we treat the case k = 1 separately.

Proof of Lemma 5.8 fork = 1 We start with the case s > 7, , meaning that the walker
entered the 2-enlargement of the bad box from asRTnlz(i, 7). We need to estab-
lish (5.11) and (5.12) in this case. We establish (5.12) by showing that the walker
never gets closer than 12¢ from an“(i). To see this, from (5.10) we have that
R (i’, T’) contains the 2-enlargement of Ry (i, 7), and R, (i’, T’) is a good box. More-
over, Remark 2.17 gives that the 1-enlargement of R;(i, ) contains all bad 1-boxes
inside R(i’, /), and Lemma 2.23 gives that the distance between the walker and
Sf““(i ) is at least 12¢, establishing (5.12). To establish (5.11), note that the walker
only traverses good boxes during [s., s¢], so (5.11) follows from 5.7.

Now we consider the case s = 7, , and need to establish (5.11) and (5.13). The
idea in this case is to use the time interval between s, and min Tlenll (7), which is large
enough for the graphs to couple. In fact, applying Lemma 5.3 to the box Ry(i’, t’)
from time s., we obtain a time s € [s¢, s¢ + 2£2] so that S5 (i") is coupled. From this
time onwards Lemma 5.5 gives that S (i) D SM2(i) remains coupled up to time
Se. From Lemma 2.22 we know that the walker does not leave S5 (i) during [s, se].
So if identity coupling succeeds up to time s. + 277, then it succeeds up to time s,.
Moreover, note that 27, = 12t;/m = 12¢; is smaller than the distance between s, and
min 7" (7), which is 15¢1. So S (i') couples before the walker can enter RS™! (i, 7)
and (5.13) is established.
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It remains to show that the coupling succeeds and B, holds for all ¢ € [sc, sc + 2721,
completing the proof of (5.11). For this, we only need to note that during this time
interval the walker only traverses good 1-boxes, so (5.11) follows from Lemma 5.7. O

Proof of Lemma 5.8 for k > 2 We have already established the case k = 1. Now we
proceed via induction. Assume all claims of the lemma are proved up to scale k — 1.
Let Ry (i, T) be abad box and Ry+1(i’, t’) as in the statement of the lemma be a good
box. All bad boxes in Ri41(i’, t’) are contained in R,‘:'““ @i, 7).

We first prove the case 5. > 7, , which requires establishing (5.11) and (5.12). In
this case we use the same argument as in the case k = 1; that is, (5.12) follows from
Lemma 2.23. To show that identity coupling can be performed and B/ holds, notice
that if at time s, the walker is inside a bad box Ry~ (i”, t”) for some k" < k, then since
R1(0, 0) is kmax-great, we have that in a previous time the walker was in the boundary
of R,?}l2 (i”, ©”). If there are more than one tuple (k”,i”, ") satisfying the property
above, we take the one with the largest k” (breaking ties arbitrarily if there still are
more than one such tuples). Since the walker must have entered the 2-enlargement
R,f?u (i”, ©"") at some time s/, we obtain by induction that while traversing the bad
box Ry~ (i”, t”’) identity coupling is successful and 55} holds up to the end of Ty~ ("),
since (5.13) implies B3;. Therefore, when the walker leaves Ry (i”, "), we can apply
the induction hypothesis again if the walker is inside another bad box. It remains
to check that identity coupling can be performed while the walker passes through
space-time locations that belong to good boxes at all scale, in particular, while the
walker passes through good 1-boxes. But since 55} holds at that time, identity coupling
succeeds by Lemma 5.7, concluding the proof of (5.11).

We now prove the case sc = 7, , which requires establishing (5.11) and (5.13).
Assume that s, > min Tkenll (1), otherwise (5.11) follows from the same argument
above and (5.13) is irrelevant. We can do the same argument as for k = 1; i.e., we
show that the time interval between s, and min Tk"”]1 (7) is large enough for the graphs
to couple. By Lemma 5.3 we obtain a time s € [s¢, Sc + 2f4+1] so that S (i)
is coupled and, by Lemma 5.5, S,i{‘jfl(i "D S,fnu (i) remains coupled until s.. Since
Lemma 2.22 gives that the walker does not leave S,i(‘i‘l (i") during [se, s.], if identity
coupling succeeds up to time s.+27 41, then it succeeds up to time s,.. Besides, 274+ =
12% = 121;, is smaller than the distance between s. and min Tk‘mll (), which is 15¢.
So S}{Tl (i") couples before the walker can enter R,f“” (i, t) and (5.13) is established.
To establish (5.11), we need to show that B, holds forallz € [s,, sc+2%,+1], but during
this time the walker only traverses good 1-boxes, so (5.11) follows from Lemma 5.7.

O

Remark 5.9 The 2-enlargement of a bad box is chosen so that whenever the walker
crosses it, by doing identity coupling the two processes have time to couple the envi-
ronment before the walker crosses the bad box. For this exact reason we want the first
box whose core the walker is at, at the beginning of the second phase, to be kn,«-great,
so we know that the walker does not start inside the enlargement of a bad box, meaning
that if the walker encountersa bad box during the second phase, it must first traverse
its enlargement.
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5.5 Simple random walk moment

Now we handle the case when the walker traverses great boxes, during which we do
not perform identity coupling but try a different coupling. This coupling will be based
on what we call a simple random walk moment (SRWM), which is a given condition
of the evolution of the environment that makes the walker performs a simple random
walk step.

Definition 5.10 (Simple random walk moment) Let R; (i, T) be a great box such that
(Xz1y, T11) € R{°™(i, 7). We consider three consecutive intervals Iy, I, I3 of lengths

131 1
il == and |b|=|B]=—,
2 2

such that /; begins attime 7¢; = min 7,°°"(7); note that t¢ +Z§-:1 ;| < (z+2)t) =
max T7°°(z). Let v € S (i) be the position of the walker X, ; note that since R; (i, 7)
is a good box then all edges adjacent to v at time t¢#; are closed. All the events below
consider only x-updates during 71 U I> U I3, ignoring all non-x updates. Then, a simple
random walk moment (SRWM) is said to occur in Ry (i, 7) if the following events
happen consecutively:

(E1) During I;, one of the edges adjacent to v, say e = (v, u), receives an update
to become open, and the edges adjacent to u with status x are sampled closed.
Moreover, the other edges adjacent to v or u do not open during 7, and after e
opens, e does not close for at least time Gl

(E>) During I, edge e closes and does not open, while the edges adjacent to e, that
were closed, do not open; note that at the end of I, the walker is in either u or v.

(E3) During I3, the edges adjacent to u or v do a x-update, and the edges adjacent to
the walker do not open.

See Fig.4 for an illustrative realization of a simple random walk moment. Define
H?}?XM to be the indicator for the event that SRWM occurs in Ry (i, ). (5.14)

Remark 5.11 Given v, the position of the walker at time t11, the event SRWM depends
only on the updates in E(S;(i)) during the time interval I; U I U I3. In particular, it
does not depend on the jumps of the walkers during 77 U I> U I3, and does not depend
on non-* updates that could occur during 11 U I, U I5.

Note that from t#; to time t#; + /1 U I» U I3] the walker essentially performed a
simple random walk step since the edge e adjacent to v that is chosen to open during
I, is a uniformly random edge. Now assume that the walker enters R{°"(i, 7) with
R1(i, 7) being a kyax-great box; i.e., (X4, Tt1) € R{°"(i, T). We define the coupling
we employ in this situation.

Definition 5.12 (Coupling on great boxes) At time 7¢; both walkers are trapped at
some vertices v = X, € S{°°(i) and v = @, (v). Then we perform the following
steps.
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Fig.4 A possible realization of SRWM in a kmax-great box. a configuration at time t#; — 71, with dashed
lines representing closed edges, solid lines representing open edges, and the black ball representing the
walker. b During [t#] — 71, 7¢1] all edges close, trapping the walker in a vertex v. ¢ During /7, edge (u, v)
adjacent to the walker opens, edges adjacent to u are closed, and the other edges receive a x-update. Blue
lines represent edges that are updated . d Edge (u, v) closes at some time during I, trapping the walker
in one of its endpoints, in this case endpoint u. e During /3 all edges adjacent to v receive a x-update, while
the edges adjacent to the walker do not open

1. Sample whether a simple random walk moment occurs in R (i, ). If not, sample
the updates of the edges in Sy (i) during /{ U1, U3 from the distribution conditioned
on IFY™M = 0, apply the coupling of the graphs from Sect. 5.2.1 and apply identity
coupling for the walkers. Identity coupling succeeds since the graphs are coupled
inside S1(i) and we obtain that ®; does not change during I} U I U I3. This

concludes the coupling when I'FX}M = 0.

2. If ]I?f?;M = 1, choose a coordinate j € {1,2,...,d}and asigns € {—1, +1}
uniformly at random. If v and v agree in that coordinate, let e = (v, v + se;) and
e = (v, v + se;) be the edges chosen to open during /; in the configurations n*
and 7*, respectively, where e, e, . .., ¢4 stands for the standard basis of 74 . In
this case, during I, we let the walkers perform the same jumps across ¢ and e (i.e.,
we perform identity coupling), and note that ®; maps e into e during this time.
Then we couple the graphs using ®;, as described in Sect.5.2.1, until the end of
I5. In this case, the map ®; does not change during /; U I, U I3.

3. If ]I%‘??;M = 1,and v and v donot agree in the jth coordinate, we sete = (v, v+se;)
and e = (v, v — se;). This is the most delicate case as we will need to change the
coupling of the graphs from the time e opens to the end of 71 U I> U I3. For this, we
will use the map ® which maps v to 7 and is a translation map in all coordinates but
the jth one, where it is a reflection map around e. In particular, o maps e onto e.
Then the graphs will be coupled as in Remark 5.2; that is, the graphs are coupled as
in Sect.5.2.1 but using the map ® instead of ®,. Note that any update to e translates
to an update of e, so they open at the same time and close at the same time. Let ¢

be the time that e and e open for the first time during /;. Then, they remain open
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during [¢, ¢ + C11/u] since ]ISRWM = 1. We couple the position of the walkers at
time ¢ + Cq1/u as follows. Let 5 be the probability that X; ¢,,/u =vand1 -4
be the probability that X +c,,/, = u. Then we make X¢ ¢y, /u = X¢+cy,/u With
probability min {§, 1 — &}; otherwise, we sample them accordingly. Then, we let
the graph and the walkers evolve up to the end of the interval 11U, U1z, coupling the
jumps of the walkers so that they jump at the same times after time ¢ 4+ C11/u; note
that the walkers do not move after e and e close for the first time after { + Cy1/u.

Now, lets = t¢;+ |11 Ul U I3] be the end time of the simple random walk moment.
Note that if SRWM occurs then || X; — X,||; may differ from ||X”l rt1 ll1, and
as a result the translation map ®; may be different from &, as well. So it could be
the case that an edge that was coupled before the simple random walk moment (in the
sense that 1, (¢/) = Ny (Pryy (¢"))) may get uncoupled because the map ® changes.
On the other hand, after /; all the edges in the box receive a » update. So at the end of
the SRWM, all edges in S; (i) are » with the only exception being the edges adjacent
to the walker which are closed. So the configurations are coupled locally, in particular,
B, holds. Moreover, as R;(i, ) is great (so it is also good) the particles will stay
in §1(i) for the whole time interval 77(7). In other words we obtain that the edges
in S1(i), where the random walk moment is occurring, are coupled after the simple
random walk moment ends.

More formally, we will implement this by assigning a “hidden” random variable
to each 1-box, which tells whether the box will undergo a SRWM should the walker
pass there. We will not try the above coupling at each great box the walker enters,
since we do need a bit of time separation between two simple random walk moments
because of the overlapping of the boxes. But whenever we decide to attempt a simple
random walk moment inside a great box the walker is in, the hidden random variable
will tell whether SRWM occurs. The main point is that we can obtain a lower bound

on P (]IER\T’\;M = ) that is uniform on the location of the walker at time 7¢;. Because

of this uniform bound, we can couple the outcome of the hidden variable with the
. ey g .

evolution of the processes M, and M, so that the simple random walk moment takes

place, regardless of the location of the walker within the box. The content of the
hidden variable is just a Bernoulli random variable of parameter Ci2p a , which is

the bound we derive in Lemma 5.14 below, so the event of successfully performing
a SRWM stochastically dominates the hidden variable. Whenever we decide to look
at the hidden variable of a box, we perform the coupling described above. Otherwise,
we just do identity coupling.

Before establishing a bound on P (HZRXM = 1) we need to show that the environ-

ments recouple locally after a SRWM.

Lemma 5.13 (Recoupling the graphs after SRWM) Let R1(i, T) be a kmax-great box
such that X, € S{°'°(i) and Bm holds. Suppose the walkers perform successfully a
simple random walk moment. Then

nr(e) = 75 (P(e)) for alle € E(S™2(i)) and all t € [s, (t + 1],

wheres = tt) + |[ U L, U I3| + 1.
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Proof R|(i, T) is kmax-great, and in particular 1-great. Thus, every 1-box R(j, T) such
that S1(j) N S$M2(i) # @ is good. After s — 7| = t#; + |1} U I, U I3, we have that the
edges in S1(i) are coupled and we start performing identity coupling of the walkers.
The coupling is succeessful so ®; does not change from that moment onwards and all
edges in S1(j) with S1(j) N S‘f“l2 (i) # ¥ receives a x-update and couples. O

Now we bound the probability of a SRWM. Recall from Definition 2.7 that the event
that a box Ry (i, t) is good is based on the events G15(i, ) and 634(1', 7). Define J to
be the set of all tuples (i, t) such that R (i, ) is a box of the tessellation of the second
phase. Let ¥ = {0, 1327 be the set of all possible assignments of occurrence or non
occurrence to the events G» (i, ) and G34(i, t). Then for each o € X and each (i, 1),
the values 012 (i, t) and 034 (i, v) will be used to specify whether the events G2 (i, 7)
and 534 (i, T) occur, respectively. In this way, given o € X, we abuse notation and
denote by o the event that the realizations of Gy, (i, ) and 334(1', 7) match the values
of o12(i, t) and 034 (i, 7) foreach (i, t) € J, and write P(- | o) for the corresponding
conditional probability. More precisely,

P(|o)=P

[ fon26. 1) = 1(GnG. T} N {o34li. 1) = 1 (Gaali. 1)) }
(i,0ed

Note that once we condition on some o € %, then which boxes of all scales are
good or bad is a deterministic function of o. Let F; be the o -algebra generated by the
trajectory of the walker X and the value of the map Wy, s € [0, ], and all the updates
of the graph up to time 7. Let X; ; C X be the set of assignments o for which R; (i, 7)
is a kmax-great box.

Lemma 5.14 Let (i, T) be such that R(i, T) is a kmax-great box. There exists py > 0
and C12 > 0 such that for all p < po, forall o € X ¢, and all F € Fy;, for which
P (o N F) > 0, then the probability of performing a simple random walk moment in
Ri(i, 1) is

P (1M =1 F o) > CoopsT (5.15)

Proof Start with the following simplification of o. Recall the definition of j(t)
from (2.9). So j(r) and j(r + 1) are the first and last interval of the type T1()
inside 71(t). Recall that 034(-, ) correspond to the events 634(-, -), which are i.i.d.
events coupled with the events G34(-, -). Since Ga4(-, -) are independent of Go(-, )
by Lemma 2.4, we have that also ?34(~, -) are independent of G5 (-, -). Moreover, for
any x, we have that G34(i’, ) is independent of Fy;, since G34(i’, ) only considers
updates on the edges during the interval 7,°(z) \ T1(t + 1). Since for any fixed
x we have that G34(i’, t/) are independent for different s, we have that 534 i, 7)1is
independent of F;,. So now we collect in [J34 all tuples from J for which ]I?}?X‘SM
depend on 034 (-, -):

T = {0, 1): $i@)NS1() #9} and T =T\ T
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We will not need to split oq2(-, -) into two groups since those events are already

independent of IFRM.
For any o € ¥ denote

S=8@)= [) on.t) (] oul. )

@".thed @’ theJ’
S34 = S34(0) = m o3’ 7).
(i’ t)eT3a

Then,
P(Hﬁ}ng =1| Fﬂa) =P(H§f‘;§M = 1‘F080834>
P <H§§gM _1 ‘ Fn 5) _P (354
>
P (834 FnN S)

zp<ﬂ§§§;M:1‘Fms)_p<sg4

Fns)
Fns).

Note that 7" ()\T1(t + 1) D [} U, U I3, so ]I?iRXM does not depend on F N S
given the position of the walker at time t#;. Letting S|(i) = (J,c seore ) Bl‘z‘;z Z(u),
which are the places where the walker can be at time 7¢;, we write

P(H513¥M=1‘Fms> = Z P(HZSXV)M:l'FmSm{X”, =v}>
ves; (i)
FOS)

= Z P (H?ﬁXM =1 ‘Xm = v) P (Xm =

veS| (i)

P (Xfll =V

Fns)

We are left with the following lower bound on ]P(]I?EXM)
=1|FNo:

> P(H@SXV)M =1 'Xm = v)IP’(Xm =v Fms) —IP’(S§4 Fms)
ves| (i)
> vei?if(i)IP’ <11§§Z§M =1 ‘ Xy = v) -P <S§4 FN S) : (5.16)
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We start with the first termin (5.16) to derive alower bound on P (H?RXM =1|X ‘ = v>

that is uniform in v. Since ]ISRVgM is composed of the events E1, E> and E3, which are

independent of one another since they involve disjoint time intervals, we will derive a
lower bound for each of them. For the event E1, we will require that an edge adjacent
to v (call it ) opens during the first half of /7, so that e has time to remains open for
time Cp1/p during 77. Recall that 71 has length #1 /2, so its first half has length 71 /4,
and the rate at which an edge opens due to a x-update is [ p, p;‘i“ = L Pmin, and the
rate at which an edge close due to a x-update is 1 — ppax. We obtain

1 — ) 2d—1
P (E] Xy = v) = (1 _ e—2dupmin%l) (ﬂ)
Px

o= (@d=2)pmin } =1 (1= prma) H-
In the product above, the first term corresponds to an edge adjacent to the walker (call
it e) opening during the first half of /1, the second term is the probability that all 2d — 1
edges adjacent to e are closed at that time, the third term is the probability that none

of the 4d — 2 edges adjacent to e open until the end of /1, and the fourth term is the

probability that e remains open for at least time Ci1/u. Recalling that 1 = ‘/7‘? and

1 .
that £ = p~ 34 we obtain

2d—1
P (E1 ’Xm = v) = (1 — e_dpm‘“f> <—1 — Pmax) ¢~ d=Dpuin
Px

efcll(lfpmax) .

Using that p, < 1in the second term, pmin € [ ] in the first and third terms, and

p
T+q° P
Pmax > 0inthe fourth term, and then making p small enough so that pmin < pmax < %

—d 2 dpf
2 <]—
! (I+q)

XT[I = v> > (1 - e_dIL

> dp/'t =2d+1,~Qd~1)pv/T ,~Cy
4(1+q)
e Cnd

= 22d+1(1 +q)p

-

and e we obtain

P(E]

Y

>(1 _ maX)Zd—l e—(2d—l)pfe—C11

Jle—d=DpVE.

Now note that p+/¢ = pl’é goes to 0 as p — 0. Thus, we can take p small enough
so that p«/Ze_(zd_l)f”‘/Z > # to otain

P(El
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Mixing time of random walk on dynamical random cluster

The event E is the main one governing the probability that SRWM occurs, since it
involves the opening of an edge, which has small probability. For E, and E3 we will
just derive simple bounds that will not go to 0 as p — 0. Recall that I and I3 are
time intervals of length 1/u, so

P (E2
where the first term is the probability that e has a x-update to close, the second term
is the probability that e does not get a x-update to open, and the final term is the

probability that all 4d — 2 edges adjacent to e do not receive a x-update to open. Recall
that pmin and pmax both go to 0 as p — 0, so we obtain that

P (E2
Regarding E3, we obtain

P <E3 Xor = U) - (1- 67(261*1)#17*5) o~ 2dipmink

where the inequality follows for all small enough p since p, — 1 and ppyin — 0 as
p — 0. Putting (5.17), (5.18) and (5.19) together we have a constant ¢ = c(d, g) so
that for all small enough p we obtain

1
P (]IffXM =1 ‘ Xy = v) > cpl_ﬁ.

an — U) — (1 _ e_M(l_Pmax)ﬁ> e_llpminie_(“'d_z)ﬂpmini’

1
Xo = v) =1- o (5.18)

1

IV

~ 3 (519

Plugging the bound above into (5.16), we obtain

PR =11 F o) ' - (s

FnN S) . (5.20)

Now as we explained in the beginning of the proof, Sz4 is independent of F7;, and of
S. Moreover, S34 is composed of an intersection of independent events G4 (-, T) since
o € X; ¢ sothat R (i, T) is kmax-great. Therefore,

PN =11Fno)zep - |J Gui.o
(" 1)eT3
>epTu— Y P(GYG. D)
(i",v)eT3
> cplfé —5¢ exp (—C6 log2 E) ,

where the last inequality follows from Lemma 2.6. Since as p — 0 the second term
is much smaller than the first one, the lemma follows. O
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5.6 Concluding the second phase

Recall that for simplicity we are assuming that (X, 0) = (0, 0), and recall the value
of Aj from (5.2). Denote with I; : V — V the identity map, then we define

Fy = {(0, 0) iskmax-great} N {®p, = Iz} N B},. (5.21)

If F> is verified, the second phase is successful and the third phase can start, otherwise
we let the two processes evolve independently until the end of phase 3, and only then
restart the coupling from phase 1.

Lemma 5.15 Assume F| is verified at time 0. For any § > 0 and for all p small enough,
there exists C1o = C1o(d, p, 8) > 0 in the definition of Ay and ny < oo such that for
alln > ng

P(F) > 1—38.

Proof Let P be any feasible path and consider

Tlp = inf {r > 0: (P(zt), t11) € R{”(i, T) where R (i, 1) is akmax-great box} ,

T]P = inf {1: > Tﬁl : (P(xty), t11) € R{”(i, T) where R (i, 1) is akmax-great box} ,

for j > 2. For any feasible path P we let kp be the largest value such that T,Z; <
% — 2. Recall that X represents the set of all possible realizations of occurrences and
non occurrences for the events G» (-, -) and G34(-, -), so the good and bad boxes at all
scales are deterministic functions of o. Let § (o) be the set of all feasible paths for a
given o. Given the uniform bound from Lemma 5.14, we let Y7, Y», ... be a sequence
of i.i.d. Bernoulli random variables of parameter C1; p% where Y; gives whether
the jth SRWM will succeed when we try to perform it during the coupling. Let

_ GC00 QAQ, (5.22)

40 4n

where Cg is from Lemma 2.25 and C from the definition of A, in (5.2). Define the
following events

¢ 2 .
E| = {Zj_l Y; > con } , with ¢g to be chosen later, and
E> = {kp > ¢ for all feasible paths P € §(0)}.

In this stage we want to couple the position of the walkers. From Lemma 5.8, by doing
identity coupling whenever the walkers are not in a great box, their relative distance
does not change. Their relative distance changes only when they are in a great box
and a simple random walk moment is successfully performed. Let Ecoup = {®Pa, =
14} N B),,. Hence
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P(F$) < P (0, 0) is not kmex-great) + P ( Ey 0 E2 N Edyyp ) + P (ES) + P (ES)

coup
We start by bounding the first term. Notice that {(0, 0) is not kn,x-great} does not
depend on the configuration at time 0. Moreover, at time 0, the walkers are stuck in a

vertex, so X has to leave R (0, 0) from the time boundary if R (0, 0) is a good box.
Using Lemmas 2.8 and 2.15 to bound p;, we obtain

kalX kmax

. . k=2 1)

P ((0, 0) is not kpmax-great) < cq4 E lpj <ci|p1+ E 2;01 <3cqp1 < T
j= j=

where ¢, is a constant that counts the number of boxes whose 2-enlargement intersects
R (0, 0), and the last inequality follows for all p small enough. Next we bound

coup

5
]P’(ElﬂEzﬂEC )51.

Under E; N E,, we know we performed at least con? simple random walk moments.
So, P (E 1NES ) can be bounded by the probability that two random walkers per-

coup
forming SRW on ’]I‘;f are not coupled after con? steps. Taking c¢o = co(d, 8) large
enough we obtain that they have coupled with probability at least 1 — %.

Next, we bound PP (ES). From Lemma 5.1, with probability at least 1 — p%kmax 2 all
kmax-boxes in the tessellation are good. Thus, Lemma 2.25 gives that while traversing

the first good kmax-great box any feasible paths will traverse at least

C8 tkmax
14

kmax-great 1-boxes. After the feasible path exits the first kpax-great box, it enters into
another one and we obtain again another set of kpyax-great 1-boxes. The total number
of steps we can iterate this procedure up to reaching time Aj is L 1> N
Therefore, any feasible path must traverse at least

2tkmax - 4tkmax :

Tknax D2
41

Ao _
84[1 o

¢

max

kmax-great boxes. Hence,

c kaax—3 é
P (Ez) =P = rh

by simply having n large enough.
Finally we bound P (E ‘f) This is a simple Chernoff bound for the sum of indepen-

dent Bernoulli random variables, where P(Y; = 1) = Cy2 p%. Since
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6d—1
6d—1 CsCi1oCrap @ , CgC10Cir2 1 6a-1 ,
E v.| =cC 60 ¢ — = 6at76a
CsC10C12 5
= Tpn .

Now we take Cjo large enough so that the above is larger than 2con?, which gives a
constant ¢ so that

3

FNSS

¢
P (ES) <exp | —cE Z Yi || <exp (—c2c0n2> <
j=1

where the last inequality follows by taking n large. O

To conclude the second phase, once the walkers are coupled after one SRWM, we
just perform identity coupling up to time A». If 7 is a time where a SRWM ended, notice
that Lemma 5.13 gives that 3} holds. So we succeed performing identity coupling up
to Az by Lemmas 5.6, 5.7 and 5.8.

6 Third phase

The third phase starts at time Aj, at which time the walkers are coupled and B’Az

holds. During the third phase we let ﬁ; mimic the evolution of M} by doing identity
coupling on both the motion of the walkers and the updates of the edges. We now
check whether the processes are fully coupled by time Az = Ap + "72

Define

Fy = [XA3 =X, and n}, () =T, () Ve € E(T)ﬁ} : (6.1)

If F3 is not verified, we restart the coupling at time A3 from phase 1.

Lemma 6.1 Forany § > O, if p is small enough and n large enough, we obtain
P(F3) >1-36. (6.2)

Proof Recall that boxes contained in [0, A3] have been sampled as good or bad during
the second phase. By Lemmas 5.6, 5.7 and 5.8, identity coupling is successful provided
we cannot enter a bad box without first entering its 2-enlargement. Therefore, for the
walkers to get uncoupled during [Aj, A3], it must so happen that the walkers entered
a bad box of some scale k whose 2-enlargement intersects [0, A»] and which was not
observed during the second phase because it is not contained in [0, A3]. We now count
the number of such boxes.

We start by deriving bounds on ¢; and f, the size of the boxes of scale &, for which
the above can happen. When k > kpax, we can choose n large enough so that for any
m, ¢ fixed
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20k < 0 = m* k)% < i3k,
2V < pt = mF (k)2 < Vekk,

Recall that kpax = log, log n from (5.1). Then, pt,,, < \/Zk;g;gz logn is much smaller

than a polynomial in n. Therefore, any box whose enlargement intersects [0, A2] and
is not contained in [0, A3] must be of scale larger than kpyax. So

P(F3)>1—P (Elk > kmax : Ri(i, 7) is bad and A € Tke"]2(1)> .

Next, using the bounds we derived above for ¢; and #;, the number ¢ of boxes of scale
k that intersect T¢ x Aj is bounded above and below by

d d
n 24n
>l — ) 24> —————,
Sk = <3€k> = 3dydj3dk
d d
n 24n

In the upper bound of ¢ we add a 1 to the fraction to consider the case when & is so
large that we cannot find a box all contained in the tessellation. Using Lemma 2.15
the probability that there exists a box of scale kp,x or bigger that is bad is bounded
above by

2k72
Z Ckpor = Z &kpy s
kzkmax kzkmax
moreover using the inequalities above for ¢ it is easy to see that, for any k > knax,
2kmax —2

Z SkPk = 2y P

k>kmax

Since 2fmsx = log n, by taking p small enough we make p; small enough, which gives
that

P(F3) > 1—36.

7 Completing the proof of Theorem 1.1

Proof of Theorem 1.1 Let {M}};>0 and {M:} +>0 denote two copies of the process, each

starting from an arbitrary configuration in Tﬁ x {0, 1} (T, Recall the events Fi, F;
and F3 from (4.3), (5.21) and (6.1). If the three events hold then XA, = XA, and
’7*Az =7, So from Az onwards we can keep the processes coupled. We can now set
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8= % so that F1 N F>» N F3 all hold with probability at least %. If any of the above
fails, we just let the processes evolve independently up to time A3z and restart from
scratch. Since Aj is of order n? /u from (5.2), we obtain that the mixing time is of
order n? concluding the proof. O

8 Proof of the lower bound (Theorems 1.2 and 1.3)

The proof of the lower bounds are identical to the ones in [11]. We add them here for
completion.

Proof of Theorem 1.2 First we introduce a discrete time Markov chain My = (X, M%)
which is defined by sampling the continuous time chain M; = (X;, n;) on intervals
of length §; that is,

X = Xgs and g = s,

where § is given from (1.4). Let y = )7(1\;1) and y = y (M) be the spectral gaps of
the discrete time and continuous time chain, respectively. We obtain

-7 =exp(=8y).

For all y < 1/2 we simply use the bound y < 277/ The lower bound on the relaxation
time follows by taking the function f(x,&) = d(x,0), so f(X;, n) is the distance
between the walker and the origin of ']I‘g. Since the stationary distribution of the walker
is uniform by (1.3), it follows that Var(f) > cn? for some constant ¢ > 0. Moreover,
from (1.4), we have

1

Ef, ) =5 mwE) Y P, 6), (', €)) (d(x, 0) — (', 0)*
x’%- x/’s/

1 5 1

EEX’VT[ (Dx,g) = ECZ,

IA

where E,~, denotes the expectation where x is a random variable sampled according
to 7r, the uniform measure on Tz. From the above we obtain

)
2cn

V<5
If the above is at most 1/2 we obtain

C
cn?s’

YV =

Otherwise, if y > 1/2 we obtain that y is of order 1/5. The above establishes the
relaxation time of the chain. O

@ Springer



Mixing time of random walk on dynamical random cluster

Proof of Theorem 1.3 We use the following nice result from [9], which appeared
implicitly already in [3].

Lemma 8.1 Let {Yi}icy be a discrete-time, stationary, reversible Markov chain with
finite state space S, and let h: S — R™ for some m € Z.. Then, for each k > 0

E (150 — k(o) ) < kE (1) = h(Yo)I13,)

where || - ||, denotes the Euclidean norm on R™.

Letting g,,: T¢ — R?? the function

gn(x1,x2,...,xq) = (n)cos 2mxy/n),nsin 2rxy/n),...,ncos 2rwxy/n),

nsin 2rxg/n) .

For x € TZ and & € {0, l}E(Tz) we let hA(x,&) = g,(x). Then, noting that g, is
bi-Lipschitz with some constant ¢ we have

Enxw (I = %oll}) < ®Enxs ((gn(ffk) - gndo))z)
< A ((g X)) - & (5(0)>2)

= KB (151 = X0)I3) = KB (D) = *Cak.
Hence for any ¢ > § we have
t
Erc (I1X = Xoll}) = ¢*Ca§1 = 26 Cas.

Now for the total variation starting from a stationary environment, we simply make

3

2¢
= (1= (1% = Xolli = €"/n)) (1 = ?>
oy BOX = Xol) | () 2¢
=\ 7T a2 3
2c4Cat 2e
f(“m)(l‘?)

we have that ||v; — 7 X v|lTv > 1 — €. O

2
lor =7 x vlirv = P (11X, = Xoll < €'/n) (1 - —6)

2+4d
€ d sn?

1 <
Therefore, if t < G,
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9 Proof of Corollary 1.4

In order to apply the above to the random walk on dynamical random cluster model,
we first need a certain sprinkling lemma for the random cluster model. Given g > 1
and p > 0, let v, , be the measure of a random cluster model with parameters p, g.
Let n be a configuration sampled from v, ,. We construct a sprinkling by associating
to each edge e an independent Bernoulli random variable Z(e) of parameter €. Define
the configurations

(+Z)(e) =1(n(e) + Z(e) > 1) fore € E(T)
and
m—=2)(e)=1mEe)(l—Z) =1) fore e E(Tif).

So n+ Z (resp., n — Z) is the configuration obtained from 7 by opening (resp., closing)
all edges e with Z(e) = 1. Given two elements &, &’ of {0, I}E(Tﬁ) we say that £ < &’
if £(e) < &/(e) forall e € E(T?).

Lemma 9.1 (Sprinkling lemma) Lerq > 1,0 < p < p’ < 1 and € > 0 be fixed. Let
{Z(e) te€ E(']I‘g)} be a collection of i.i.d. Bernoulli random variables of parameter
€. Letn and n' be random configurations with distributions v, 4 and v,y 4, respectively.

If

/

p - p

e+(l—e)p<p and e+ (1—¢) <
p=r pt+Ud—=pyq = p+0-p)g

(CAY

then there exists a coupling between v, V', Z such that (n + Z) < n'. Similarly, if

/

p - p

1—e)p d (1-—
(1=ep = p and E)p’+(l—p/)q_p+(l—p)q

9.2)

then there exists a coupling between v, V', Z such that (n’ - Z) >n.

Proof Let {n;}, and {n;} , be the single-site Glauber dynamics Markov chains on
the random cluster model with parameters (p, ¢) and (p’, ¢), respectively. Let {Z,},
be a Glauber dynamics Markov chain on the state space {0, 1}£ T with stationary
distribution given by a product of Bernoulli measures with parameter €. Start with
arbitrary configurations such that no = n( and Zg(e) = O foralle € E (’]I‘ﬁ). Assume
that n, + Z; < n, at some time ¢. We will show that we can couple the next transition
of the chains so that n; .1 + Z; 41 < n; 1~ This establishes the lemma. For any edge ¢
and configuration 7, let

a(e,n) = 1 (eisacut-edge in 7).

In the coupling we will choose the same edge to be updated in all chains. Let e be
such an edge. Then, note that
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P ((Ut+l +Zi11) (e) =1]n, ’7;, Zt)

=e+(1—e (a(e, nr)
p

p
——+ (- .
T p—— + (1 —ale, nr)) P)

Since n; < n; we have that a(e, ;) > a(e, n;). So if a(e,n;) = 0 we have that
a(e, n;) = 0, which gives

P((it1+ Zig) (@ =1 men Z)=e+(1—€)p<p
= ]P)(n;+l(e) =1 | U 7];7 Zt) 5

where in the first inequality we used (9.1). If «(e, n;) = 1, then we use the second

part of (9.1) and that p,_‘_(fw < p’ to write
p
P z =11ln.n.2) = l—¢)———
((771+1+ +1) (€) [ nes My t) €+ ( e)p—i-(l—p)q
/
5#
P +1—=pg
’ 4 /) ’
sale,n)——————+ (1 —alen))p
Yp (= pHg ( '

=P (e =1|n.n,2).

Therefore, it follows that we can couple the next transition of the Markov chains so that
Nie1 < g1 + Zig1) <) +1- Consequently, we can couple the stationary measures
of such chains to obtain that (n + Z) < n’.

For the second part of the lemma, we use the same strategy and analyze the transition
probabilities for n, — Z,. We have

]P)((n;Jrl - Zt+1) (e) =1 | Mt 77;’ Zf)

=(-e (a(e, n) P + (1 —ate,n) p’>.

p+0—=p)q
If a(e, ;) = 1 then a(e, n;) = 1, yielding

P - P
pP+U-pHg ~ p+U-p)g
= P(nl-l—l = 1 | Nt 77;7 ZZ) .

P((nf1 — Ziwa) (@) = 1 nemj, Zi) = (1 —€)

If (e, ;) = 0 then

P((ni41 = Ziw1) @ =1lm, . Zi) = (1 —e)p' = p

p
p+ (1 —pyg
:P(T)H»l =1]n, 77;’ Zt)'

> ale,n) + (1 —ale.n)) p
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Therefore, there exists a coupling such that 7,41 < (n; i1 Z,+1) and we obtain
(n=2)=n. O

Proof of Corollary 1.4 We only need to check that assumptions (1.3) and (1.4) hold for
the random walk on dynamical random cluster model. For any ¢, p we have that (1.3)
holds. For ¢ > 1, (1.4) holds for all p < pd using the following argument. Take

q
p = % € (p, pd). Take € > 0 small enough so that (9.1) is satisfied. We choose
6 = €/ and take n to be a random cluster configuration of parameters p, g. Note that

the probability that a given edge gets refreshed during [0, §] is
l—e ™ —1—¢€<e

Therefore, if Z(e) is a Bernoulli random variable of parameter of parameter €, we can
couple Z(e) with the refresh clocks of the dynamical random cluster so that if e gets
refreshed during [0, §] then Z(e) = 1. Therefore, this coupling gives that C, ([0, §])
is contained in the cluster of x inside the configuration 4+ Z, which by Lemma 9.1
is contained inside 7', a random cluster configuration with parameters p’, ¢. Then
it follows by the sharpness of the phase transition [5] that the cluster of x in 7" has
an exponential decay, establishing (1.4) and allowing us to obtain the conclusions of
Theorems 1.2 and 1.3 for the random cluster model with ¢ > 1.

Regarding the case ¢ < 1, one can deduce the exponential decay of the cluster
n + Z only when p is small enough. This becames rather trivial as regardless of the
state of the other edges, we obtain that an edge e is open during [0, §] with probability
at most

p P
max|————,p¢rt+te€=—"—+¢€
{p+(1—p)q } p+U—-p)q

which for small enough p can be made smaller than pc, the critical probability for
independent percolation. O
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