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Abstract

Given a probability measure © on R”, Tukey’s half-space depth is defined for any
x e R" by ¢, (x) = inf{u(H) : H € H(x)}, where H(x) is the set of all half-spaces
H of R" containing x. We show that if i is a non-degenerate log-concave probability
measure on R” then

e M < / Pux)du(x) < e~ /L
R?l

where L, is the isotropic constant of x and ¢, ¢ > 0 are absolute constants. The
proofs combine large deviations techniques with a number of facts from the theory
of L,-centroid bodies of log-concave probability measures. The same ideas lead to
general estimates for the expected measure of random polytopes whose vertices have
a log-concave distribution.
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1 Introduction

Let u be a probability measure on R”. For any x € R" we denote by H(x) the set of
all half-spaces H of R” containing x. The function

@u(x) =inf{u(H) : H € H(x)}

is called Tukey’s half-space depth. The first work in statistics where some form of
the half-space depth appears is an article of Hodges [1] from 1955. Tukey introduced
the half-space depth for data sets in [2] as a tool that enables efficient visualization
of random samples in the plane. The term “depth" also comes from Tukey’s article.
A formal definition of the half-space depth as a way to distinguish points that fit the
overall pattern of a multivariable probability distribution and to obtain an efficient
description, visualization, and nonparametric statistical inference for multivariable
data, was given by Donoho and Gasko in [3] (see also [4]). We refer the reader to the
survey article of Nagy et al. [5] for an overview of this topic, with an emphasis on its
connections with convex geometry, and many references.

In the first part of this article we study the expectation of the half-space depth in
the context of log-concave probability measures. In what follows, these are the Borel
probability measures ;1 on R” that satisfy (AA + (1 — A)B) > u(A)*u(B)' = for
any compact subsets A, B € R" and any A € (0, 1), as well as the non-degeneracy
condition u(H) < 1 for every hyperplane H in R”". The question whether there exists
an absolute constant ¢ € (0, 1) such that

Eppp) = fRn pu()dp(x) <c" (1.1)

for all » > 1 and all log-concave probability measures 1 on R" was asked in [6]
in connection with stochastic separability and applications to machine learning and
error-correction mechanisms in artificial intelligence systems; for the origin of the
question we refer to [7] and to the references therein. In the context of asymptotic
geometric analysis, the validity of (1.1) implies that if m < C”", where C > 1 is
an absolute constant, then a set of m independent random points with a log-concave
distribution has, with probability close to 1, the property that every point in the set can
be separated from all others by a hyperplane.

Our first result shows that (1.1) holds true modulo the isotropic constant L, of w,
defined in (2.3).

Theorem 1.1 Let v be a log-concave probability measure on R", n > nq. Then,
E.(pu) <exp (—cn/L,zL) where L, is the isotropic constant of y and ¢ > 0, ng € N
are absolute constants.

Background information on isotropic log-concave probability measures and the
isotropic constant is provided in Sect.2. The well-known hyperplane conjecture asks
whether there exists an absolute constant C > 0 such that L,, < C for every n > 2,
where
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Half-space depth of log-concave... 31

L, = sup{L, : q is an isotropic log-concave probability measure on R"}.

The best known upper bound, due to Klartag [8], asserts that L,, < C+/Inn for some
absolute constant C > 0, therefore Theorem 1.1 shows that

E.(pu) <exp(—cn/Inn)

provided that n is large enough. The quantity E, (¢,) is affinely invariant and hence
for the proof of Theorem 1.1 we may assume that u is isotropic. Actually, we obtain
Theorem 1.1 as a special case of a more general result which is presented in Sect. 3.

Theorem 1.2 Let (1 and v be two isotropic log-concave probability measures on R",
n > ng. Then,

Ey(gy) == fR pu)dv(x) < exp (—en/L),

where ¢ > 0, ng € N are absolute constants.

The proof of Theorem 1.2 starts with the known estimate ¢, (x) < exp(—Aj;(x))
where AZ is the Cramér transform of w (defined in Sect.2), and actually establishes
the stronger inequality

/ M@ gy (x) < exp (—cn/Lﬁ) , (1.2)

exploiting upper bounds for the volume of the sets B; (1) = {x € R" : A} (x) <1}.
The assumption that both © and v are isotropic is not necessary. One can consider a
different type of normalization. We discuss this matter in Sect.2 and we state another
version of Theorem 1.2 that might be useful (see Theorem 3.2). In any case, setting
v = p we obtain Theorem 1.1 as an immediate consequence of any of these statements.

In Sect.4 we show that, apart from the value of the isotropic constant L, the
exponential estimate provided by Theorem 1.1 is sharp.

Theorem 1.3 Let i be a log-concave probability measure on R". Then,

/ Pu)dp(x) = e ",
Rn

where ¢ > 0 is an absolute constant.

The proof of Theorem 1.3 makes use of several facts about isotropic log-concave
probability measures. In the case where u is the uniform measure on a convex body K
of volume 1 in R”, one can show that ¢, (x) > e~ “!" forall x € %K and then simply
apply Markov’s inequality and use the fact that |%K | = 27". When p is an arbitrary
log-concave probability measure on R”, in order to obtain the same exponential in
the dimension lower bound we have to exploit the family of the one-sided L;-centroid
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bodies of . More precisely, we use the fact that in order to have the lower bound
@ (x) > e 1" we may use, instead of %K, the convex body %Z;r(u) with e.g.
t = 5n, where ZtJr (u) is the one-sided L;-centroid body of u, and we establish
an appropriate lower bound for p (%Z; (,u)). This last estimate requires the use of
some other families of convex sets that are associated with a log-concave probability
measure; these are introduced in the next section as well as in Sect. 4. For the reader’s
convenience we present first the proof of Theorem 1.3 in the simpler case where u
is the uniform measure on a convex body K in R" and then in the general case of an
arbitrary log-concave probability measure.

In the second part of this article we consider the question to obtain uniform upper
and lower thresholds for the expected measure of arandom polytope defined as the con-
vex hull of independent random points with a log-concave distribution. The general
formulation of the problem is the following. Given a log-concave probability mea-
sure 1 on R” we consider independent random points X1, X5, ... in R” distributed
according to i and for any N > n we consider the random polytope

KN =COHV{X1,...,XN}

and the expectation E, v [ (Ky)]. Tukey’s half-space depth plays a crucial role in
the study of these random polytopes and of their threshold behavior, starting with the
classical work of Dyer, Fiiredi and McDiarmid who established in [9] a sharp threshold
for the expected volume of random polytopes with vertices uniformly distributed in
the discrete cube E5 = {—1, 1}" or in the solid cube B], = [—1, 1]". They proved
that in the first case, if « = In2 — % then for every ¢ € (0, k) one has the upper
threshold

lim sup {2_”E|KN|: N <exp((k — e)n)} =0 (1.3)
n—>0oo
and the lower threshold

lim inf {27"E|Kn|: N > exp((k +&)n)} = 1. (1.4)

n— oo

A similar result holds true for the expected volume of random polytopes with vertices
uniformly distributed in the cube BJ ; the corresponding value of the constant « is
Kk =InQRmr) —y — %, where y is Euler’s constant. Half-space depth plays a key role
in the proof of these results: the starting point for the proof of the upper and lower
threshold are variants of Lemmas 5.2 and 5.7 respectively. Further sharp thresholds
(meaning that there exists some constant kK = k, such that the expected volume of
Ky changes behavior around N = exp(«,,n)) have been given in a number of other
special cases; see [10] for the case where X; have independent identically distributed
coordinates supported on a bounded interval, and the articles [11] and [12], [13] for a
number of cases where X; have rotationally invariant densities. All these works follow
the same strategy and use estimates for the half-space depth. Non-sharp, both of them
exponential in the dimension, upper and lower thresholds are obtained in [14] for the
case where X; are uniformly distributed in a simplex. All these results suggest that, at
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Half-space depth of log-concave... 313

least in the case where ;& = [tk is the uniform measure on a high-dimensional convex
body, the expectation EMN [ (K )] of the measure of Ky exhibits a threshold with

constant k,, = %EM (AZ), where A;Z is the Cramér transform of w, in the sense that

the following statement might be true: given § € (0, %), there exists no(8, €) € N such
that if n > ng and K is a convex body in R” then

sup {E, v [u(Kn)]: N < exp((k, —e)n)} <8
and
inf {E, v [t(Kn)]: N = exp((k, +€)n)} =1 -8

for some ¢ = c(n, §)k, with lim c(n, §) = 0. Some steps in this direction have been
n—0o0

made in [15]. Note that by (1.2) and Jensen’s inequality one has that k,, > ¢/ L,% for
every log-concave probability measure p on R”.

Here, we are interested in uniform upper and lower thresholds for the class of all
log-concave probability measures. The question that we study is to find a constant
Ni(n), depending only on n and as large as possible, so that

sEp (sup {]EMN[M(KN)] N < Nl(n)D — 0

asn — oo and a second constant N, (), depending only on n and as small as possible,
so that

inf (inf {EMN [W(K\)]: N > Nz(n)D —50

asn — 0o, where the supremum and the infimum are over all log-concave probability
measures. We shall call the first type of result a “uniform upper threshold" and the
second type a “uniform lower threshold".

Such uniform upper and lower thresholds were obtained recently by Chakraborti,
Tkocz and Vritsiou in [16] for some families of distributions. They showed that if u©
is an even log-concave probability measure supported on a convex body K in R” and
if X1, X5, ... are independent random points distributed according to 1, then for any
n<N < exp(cln/Li) we have that

E,x(IKn)

X Sew (—cyz/Li) : (1.5)

where c1, co > 0 are absolute constants. We obtain an upper threshold for a pair
of log-concave measures  and v, if they can be simultaneously put in the isotropic
position.

Theorem 1.4 Let i and v be isotropic log-concave probability measures on R". Let
X1, X2, ... be independent random points in R" distributed according to u and for
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any N > n consider the random polytope Ky = conv{Xy, ..., Xn}. Then, for any
N < exp(cln/L%) we have that

B, v(Kn)) < 2exp (—ean/L2)

where c1, co > 0 are absolute constants.
As a corollary of Theorem 1.4 we get:

Corollary 1.5 There exists an absolute constant ¢ > 0 such that if Ni(n) =
exp(cn/ L%) then

sEp (sup {EMN[[L(KN)] TN < Nl(n)D — 0

as n — 00, where the first supremum is over all log-concave probability measures (i
on R".

The proof of Theorem 1.4 exploits some of the ideas that are used for the proof of
(1.5) in [16]: Lemma 5.2 is a variant of a known idea which is often used for upper
thresholds and is based again on the inequality ¢, (x) < exp(—AZ (x)). Then, one has
to use upper bounds for the volume of the sets B;(1t). The assumption that both . and
v are isotropic may be replaced by different types of normalization. We discuss other
versions of Theorem 1.4 in Sect. 5 and we show that one can recover (1.5) from these.

The uniform lower threshold which is established in [16] concerns the case where
W is an even k -concave measure on R” with 0 < k¥ < 1/n, supported on a convex body
K in R". If X1, X», ... are independent random points in R" distributed according
to u and Ky = conv{Xy,..., Xn} as before, then for any M > C and any N >
exp (%(ln n 4+ 21n M)) we have that

EpKyD 1 0o
IK] M
where C > 0 is an absolute constant.
Since the family of log-concave probability measures corresponds to the case x =
0, it is natural to ask for analogues of this result for O-concave, i.e. log-concave,
probability measures. We obtain a uniform lower threshold for the class of log-concave
probability measures.

Theorem 1.6 Let & € (0, 1). Then,
inf (inf {EMN [4((1+8)Kn)] : N > exp (C5~'In (2/8)nlnn)}> 1
m

asn — oo, where the first infimum is over all log-concave probability measures |1 on
R™ with barycenter at the origin, and C > 0 is an absolute constant.
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The proof of Theorem 1.6 exploits the half-space depth as follows. By a known fact,
Lemma 5.7, roughly speaking it suffices to have a good lower bound for ¢, (x) on a set
A C R”" of measure close to 1. We show that if x has its barycenter at the origin then,
as in the proof of Theorem 1.3, the role of A can be played by (1+8)Z;" (1) where, this
time,t > Csnlnnand Cs = C5 'ln (2/8). Theorem 1.6 provides a weak threshold in
the sense that we estimate the expectation E v (,u(l + 8)K ) (for an arbitrarily small
but positive value of §) while we would like to have a similar result for E v [M(K N1
One can “remove the §-term", however the dependence on n becomes worse. More
precisely, we show in Theorem 5.8 that there exists an absolute constant C > 0 such
that

inf ((inf {E,v [1(Kn)] s N = exp(CnnmPu(m)|) — 1

as n — oo, where the first infimum is over all log-concave probability measures & on
R" and u(n) is any function with u(n) — oo asn — oo.

It should be noted that an exponential in the dimension lower threshold is not
possible in full generality. For example, in the case where X; are uniformly distributed
in the Euclidean ball the sharp threshold for the problem is

exp((l:l:e)%nlnn), e > 0.

See [17] where a related estimate first appears, and [11], [12] for sharp estimates; one
more proof is given in [15].

2 Notation and background information

In this section we introduce notation and terminology that we use throughout this
work, and provide background information on isotropic convex bodies and log-concave
probability measures. We write (-, -) for the standard inner product in R” and denote
the Euclidean norm by | - |. In what follows, BE’ is the Euclidean unit ball, $"~! is the
unit sphere, and o is the rotationally invariant probability measure on $”~!. Lebesgue
measure in R” is denoted by | - |. The letters ¢, ¢’, ¢ s ¢’ etc. denote absolute positive
constants whose value may change from line to line. Whenever we write a ~ b,
we mean that there exist absolute constants c¢i, ¢y > 0 such that cja < b < cpa.
Similarly, if A, B are sets, then A ~ B will state that c;A € B C ¢y A for some
absolute constants c¢q, ¢cp > 0. We refer to Schneider’s book [18] for basic facts from
the Brunn—Minkowski theory and to the book [19] for basic facts from asymptotic
convex geometry. We also refer to [20] for more information on isotropic convex
bodies and log-concave probability measures.

2.1. Convex bodies. A convex body in R” is a compact convex set K C R”" with
non-empty interior. In this work we often consider bounded convex sets K in R" with
0 € int(K); since their closure is a convex body, we shall call these sets convex bodies
too. We say that K is centrally symmetric if —K = K and that K is centered if the
barycenter bar(K) = ﬁ f x X dx of K is at the origin. We shall use the fact that if K
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is a centered convex body in R" then

max [K O (v + D)1 < elK Ny @n

forall € € "', where &+ = {x € R" : (x,&) = 0} and | - |, denotes (n — 1)-
dimensional volume. This is a result of Fradelizi; for a proof see [20, Proposition 6.1.9].
The radial function pg of K is defined forall x = 0by ox (x) = sup{r > 0: Ax € K}
and the support function of K is given by s (x) = sup{(x, y) : y € K} forallx € R".
The polar body K° of a convex body K in R” with 0 € int(K) is the convex body

K°:={yeR":(x,y) <lforallx € K}.

A convex body K in R” is called isotropic if it has volume 1, it is centered, and its
inertia matrix is a multiple of the identity matrix: there exists a constant Lg > 0, the
isotropic constant of K, such that

1 )12, k) = /K<x,g>2dx _ 12

forall &€ € S"~ 1,

2.2. Log-concave probability measures. In this article, a Borel measure © on R” is
called log-concave if u(H) < 1 forevery hyperplane H in R” and u(AA+(1—1)B) >
w(A)Y w(B)'—* for any compact subsets A, B of R" and any A € (0, 1). A theorem
of Borell [21] shows that under these assumptions, u has a log-concave density f,.
A function f : R" — [0, 00) is called log-concave if its support { f > 0} is a convex
set in R” and the restriction of In f to it is concave. If f has finite positive integral
then there exist constants A, B > 0 such that f(x) < Ae 8%l for all x € R" (see
[20, Lemma 2.2.1]). In particular, f has finite moments of all orders. We say that p is
even if u(—B) = u(B) for every Borel subset B of R" and that u is centered if

fn“" E)du(x) = /R (%, €) fu(r)dx = 0

for all £ € §"~!. We shall use the fact that if 1 is a centered log-concave probability
measure on R” then

Il fulloo < €" £.(0). 2.2)

This is a result of Fradelizi; for a proof see [20, Theorem 2.2.2]. Note that if K is a
convex body in R" then the Brunn-Minkowski inequality implies that the indicator
function 1g of K is the density of a log-concave measure, the Lebesgue measure on
K.
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If v is a log-concave measure on R" with density f,, we define the isotropic
constant of i by

Ly om (s 100

1
i (x)dx> [det Cov(u)] 7, 2.3)
R Ju

where Cov(u) is the covariance matrix of p with entries

Cov(w);j = fR” XiXj fu(x) dx _ fRﬂ Xi fu(x)dx fRn Xj fu(x)dx
v fR” Su(x)dx fRn Su(x)dx fR” fu(x)dx :

We say that a log-concave probability measure © on R” is isotropic if it is centered
and Cov(u) = I,,, where I, is the identity n x n matrix. In this case, L, = || fu ||<l,é".
For every u there exists an affine transformation 7 such that T} i is isotropic, where
T, is the push-forward of u defined by Tyt (A) = (T ~1(A)). Note that a convex
body K of volume 1 is isotropic if and only if the log-concave probability measure
with density L% 1k, is isotropic. The hyperplane conjecture asks if there exists an

absolute constant C > 0 such that
L, :=max{L, : u is an isotropic log-concave probability measure on R"} < C

for all n > 1. Bourgain [22] established the upper bound L, < c/nlnn; later,
Klartag, in [23], improved this estimate to L,, < c/n. In a breakthrough work, Chen
[24] proved that for any € > 0 there exists no(¢) € N such that L, < n€ for every
n > ng(€e). Subsequently, Klartag and Lehec [25] showed that L, < ¢(In n)4, and
very recently Klartag [8] achieved the best known bound L, < c+/Inn.

2.3. Centroid bodies. Let i« be a log-concave probability measure on R”. For any
t > 1 we define the L;-centroid body Z;(u) of u as the centrally symmetric convex
body whose support function is

1/t
hz,0 () = (/R I3 y>|’f,l(x>dx) . yeR.

Note that Z;(u) is always centrally symmetric, and Z;(T,u) = T (Z;(w)) for every
T € GL(n) and t+ > 1. Note also that a centered log-concave probability measure
w is isotropic if and only if Z>(n) = Bj. The next result of Paouris (see [20, The-
orem 5.1.17]) provides upper bounds for the volume of the L,;-centroid bodies of
isotropic log-concave probability measures.

Theorem 2.1 If i is a centered log-concave probability measure on R", then for every
2 <t < n we have that

1Z:(w) V" < ey/t/nldet Cov()]7,

where ¢ > 0 is an absolute constant. In particular, if ju is isotropic then | Z;(w)|'/" <

c/t/nforall2 <t <n. B
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A variant of the L,-centroid bodies of u is defined as follows. For every t > 1 we
consider the convex body Z;" (1) with support function

1/t
hys ) = (/Rn (x, y)ﬂrfﬂ(x)dx) ., yeR"

where ay = max{a, 0}. When f, is even, we have that ZlJr (w) =2"11

case, we easily verify that

Z; (). In any

ZH(w) € Zi ().

Moreover, if p is isotropic then Z; (1) 2 cBj for an absolute constant ¢ > 0. One
can also check thatif 1 <t < s then

(6)

The right-hand side inequality gives

1_
B

Y=

©“

4(e — 1
ZT () € ZH(w) S e (%) ZH ().

~ |t

A; @ ) fu)dx = Thgy ) EF < C¥ gy, E)1

2
=C* (fR (x, g);fﬂ(x)dx) , (2.4)

forall £ € S§"~1 where C > 1 is an absolute constant. For a proof of all these claims
see [26], where the family of bodies Zt+ () = 21 Z;L (w) is considered. We have
made the necessary adjustments in the inclusions that we use.

2.4. The bodies B;(11). Let 1 be a probability measure on R"”. We define

M, (v) = /R eV dp(x) = exp(A, (v))

where

Ay(v) =1In </ e<”’x)d,u(x))
Rn

is the logarithmic Laplace transform of . We also define

A% (v) := L(A,)(v) = sup {(v,u) —ln/ e(”’x)d,u(x)},

ueR”

where, given a convex function g : R" — (—o00, 00], the Legendre transform £(g) of
g is defined by

L(g)(x) := sup {{x,y) — g}

yeR"
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The function Aj, is called the Cramér transform of x and plays a crucial role in the
theory of large deviations. For every t+ > 1 we define

M; () = {v eR": / (v, x)|"dp(x) < 1}.
Note that
Zi(n) == (M (n)° = {x eR": |(v,x)|" < /Rn l(v, »)I"du(y) forallv e R”}-

For every t > 0 we also set
Bi(n) ={veR": AZ(v) <t}

We say that a measure p on R” is o-regular if for any s > ¢ > 2 and every v € R”,

1/s s 1/t
(/ |<U,x>|SdM(x)> <a- (/ I(U,x)ltdu(x)> .
R t Rn

For all s > t we have M(u) € M;(n) and Z;(u) € Z; (). If the measure p is a-
regular, then M, (u) C a7 Ms(p) and Zs () € a3 Z,(w) forall s > ¢ > 2. Moreover,
for every centered probability measure 4« we have A}, (0) = 0 by Jensen’s inequality,
and the convexity of A/j implies that B, (1) C Bs(n) € fB, (w) foralls >t > 0.

Recall that, by Borell’s lemma, every log-concave probability measure is c-regular
(see [20, Theorem 2.4.6] for a proof).

Proposition 2.2 Every log-concave probability measure is c-regular, where ¢ > 1 is
an absolute constant.

The next proposition compares B;(w) with Z; () when u is a-regular.

Proposition 2.3 If u is «-regular for some o > 1, then for any t > 2 we have
B (1) € 4eaZ ().

Proof We first check that if u € M; () then

A tu iy
H\2ea ) =

We fix u € M;(1t) and set u := . Then,

tu
2ea

1/k ¢ 1/k
</ |<a,x>|"du<x>> =2—</ |<u,x>|"du(x)> ,
Rn e n
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which is bounded by ﬁ if k <t and by 2% if k > t. It follows that

o0
. - 1 5
f "N dp(x) < / @I dp(x) =) o / @i, x)*du(x)
n Rn? k=0 . R

_ 1 k 1]k [k
=2tz t 2wl
k<t k>t

t
<exa +1<¢

t
2ex

and the claim follows.
Now, let v ¢ 4eaZ;(11). We can find u € M,(w) such that (v, u) > 4ex and then

A* (v) > <v fu > A fu > ! 4 t=t
L —) = — —deq —t = t.
pAes = 2eq "\ 2ea 2ea

Therefore, v ¢ B, (). O

By Proposition 2.2, we have that Proposition 2.3 holds true (with an absolute con-
stant in place of 4ew) for every log-concave probability measure.

2.5. Ball’s bodies K, (u). If 1 is a log-concave probability measure on R” then, for
every t > (, we define

K:i(n) == K (fp) = {x eR": /00 ”t_lfu(l’x)dr > fﬂt(o) }
0

From the definition it follows that the radial function of K;(w) is given by

1 00 l/t
0K,y (x) = <m/0 tr[_lfﬂ(rx)dr> (2.5)

for x # 0. The bodies K;(u) were introduced by K. Ball who also established their
convexity. If i is also centered then, for every 0 < t <'s,

@+ 1)%
1

T(s+1)s

K1) € Ki(p) S €775 K (). (2.6)
A proof is given in [20, Proposition 2.5.7]. It is easily checked that

Kn ()] £ (0) = /H% futodx =1 @7

(see e.g. [20, Lemma 2.5.6]) and then we can use the inclusions (2.6) in order to
estimate the volume of K, (u). For every r > 0 we have

_ 1.1 1.1
e < £u0) T K ()]t < e

t
ntl (2.8)
n
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We are mainly interested in the convex body K,41(®). We shall use the fact that
K, +1(w) is centered (see [20, Proposition 2.5.3 (v)]) and that

Ju K1 )| = 1. 2.9

The last estimate follows immediately from (2.7) and (2.8).

3 Upper bound for the expected value of the half-space depth

Let i and v be two log-concave probability measures on R” with the same barycenter.
If T : R" — R"is an invertible affine transformation and 7 u is the push-forward of
w defined by Ty u(A) = u(T~1(A)) then we observe that o1 (x) = <pM(T’] (x)) for
all x € R", and hence

/ wr*u(X)dT*V(X)=/ wu(Tfl(X))dT*V(X)=/ @ (x)dv(x).
R" R R"

Therefore, Theorem 1.1 is a consequence of Theorem 1.2. Starting with a log-concave
probability measure © on R”, we consider an affine transformation 7 such that T,
is isotropic and then apply Theorem 1.2 to the measures T, and v = T .

Proof of Theorem 1.2 Consider two isotropic log-concave probability measures ., v
on R”. We will show that

/ 0u(x) dv(x) < e/
Rn

for some absolute constant ¢ > 0. We start with the observation that for any v € R”
the half-space {z : (z, v) > (x, v)}is in H(x), therefore

Qu(¥) < pu({z: (2, v) = (x,0)}) < e TVE, () = exp (— [(x, v) — A (V)]),
and taking the infimum over all v € R” we see that

¢ (x) < exp(—A% (x)).

Then we write

| omave = [ et pmar= | (/ e—fdr>fv<x>dx
R” R” n A}k/,(x)

-/ T [ o ficodrar = [ B ) d
0 Rz 0
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Fix b € (2/n, 1/2] which will be chosen appropriately. Since v(B; (1)) < 1 and also
v(B: () < |l fullool B+ ()] for all ¢ > 0, we may write

00 bn
[ odvw = [ e+ 1l [ e B0l

bn

00 2 bn
5/ e_tdt+Lﬁ/ e_[|B,(/L)|dt+Lﬁ/ e "|Bi(n)| dt
b 0 2

n

bn
< e 4 LB ()l + Lﬁf ™! 1By(w)] dt.
2

Applying Proposition 2.3 and Theorem 2.1 we get

1B, )|V < 1|1 Z, )|V < eav/t/n

for all 2 < t < n, where ¢y, cp > 0 are absolute constants. It is also known that
L, > c3 where ¢3 > 0 is an absolute constant (see [20, Proposition 2.3.12] for a
proof). So, we may assume that coL, > V2. Choosing by := 1/(02Lv)2 < 1/2 we
write

bon bon bon
L';/ e !B, ()| dt gcgu;/ (t/n)"?e” dt = (chU)"/ (t/n)"?e"dt,
2 2 2
and since bon < n/2 and the function 1 — 1"/?¢~" is increasing on [0, n/2], we get
bon »
(e2Ly)" f e~ |Bi(u)l dt < (bon —2) - (2 Ly)" by 2e ™" = (bon — 2)e ™"
2

Moreover, | B> ()| < c2+/2/n, therefore
LY |By()] < (eali/my)"* < e7™0",

because C4L‘2, /n < e 2ifn > ng. Combining the above we get
/ pu(x)dv(x) < e 7P 4 (bon — 2)e 0",
and hence
/R" @ (x)dv(x) < nexp (_n/(chv)z)

which implies the result. O

Remark 3.1 In the introduction we have already mentioned that the assumption that
both 1 and v are isotropic is not necessary. One may consider different situations,
where 1 and v are centered and || f, | oo is comparable with || f;; [|o. For example, the
next result can be obtained with the ideas that were used in the proof of Theorem 1.2.

@ Springer



Half-space depth of log-concave... 323

Theorem 3.2 Let i1 and v be two centered log-concave probability measures on R",
n = no, such that | fulleo = Il fullco- Then,

B i= [ gudv(s) < exp (—en/L).

where ¢ > 0, ng € N are absolute constants.

The proof of Theorem 3.2 is quite similar to the one of Theorem 1.2. We fix
b € (2/n, 1/2] and write

o
[ oumaven = [ N pmar= [ e uibio)
R R 0
b bn
e+ fillool B2(w)] + ||fu||<>o/2 e”'|Bi(wdt.
Then, we use the upper bound

1B, < e11Z0 ()" < cav/t/n[det Cov(p)] 7,
observe that
1 1
| fullocldet Cov(1)12 = | fiulloo[det Cov(u)]? = L.

and continue as in the proof of Theorem 1.2.

4 Lower bound for the expected value of the half-space depth

In this section we show that the exponential estimate of Theorem 1.1 is sharp. As
explained in the introduction, for the reader’s convenience we consider first the simpler
case where p is the uniform measure on a convex body K in R” and then present the

more technical tools and computations that are required for the case of an arbitrary
log-concave probability measure p on R”.

4.1 Uniform measure on a convex body

The next proposition provides an exponential lower bound for E, (¢, ), Where pg
is the uniform measure on K.

Proposition 4.1 Let K be a convex body of volume 1 in R". Then,

/ Qug (X)dx > ™",
K
where ¢ > 0 is an absolute constant.
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Proof By translation invariance we may assume that the barycenter of K is at the
origin. Let x € %K. We will show that ¢, (x) > ﬁ . % It suffices to show that

inf |z € K : (2.8) > (v, 8))] > ——

1
PR “4.1)

where the infimum is over all £ € ™!, because by the definition of @Y (x) we only
have to check the half-spaces H € H(x) for which x is a boundary point. Moreover,
we may consider only those & € 71 that satisfy (x, &) > 0, because if (x,&) < 0
then

Hee K:(z,8) =2 (x,8)}| = [z € K:(z,§) =0} = 1/e

by Griinbaum’s lemma (see [20, Lemma 2.2.6]). Fix £ € §”~! with (x, £) > 0 and set
m = hg(§) = max{(z, &) : z € K}. Since (x, &) < m/2, it is enough to show that

1 1
e e K:(z.8) =m/2}[ 2 = - (4.2)

Consider the function g(¢) = |K(&,1)|,—1, where K(&,1) = {z € K : (z,&) = t},
t € [0,m] and | - |,—1 denotes (n — 1)-dimensional volume. The Brunn-Minkowski

1
inequality implies that g»=T is concave. Therefore, for every r € [0, m] we have that

= (1-2)"" g0,

We write

m m ran—1
e K: (8 zm/2}|=/ g(r)drzg(o)/ (1= 2" ar
2 2

m/ m m

1
g(O)ym.

1
=g(0 1—s)"lds =
g(O)ym /1/2( s)"ds o

Since K is centered, we know that ||g|lec < e |K NEL|,_1 = eg(0) from (2.1). Then,

using also Griinbaum’s lemma, we see that

1

m
2= [ ewrar < ghoom < egom.
0

and (4.2) follows. It is now clear that

1 1 1 1

1 —Cn
/I;(pMK(X)dxz/%K(pMK(X)dxz ‘EK‘EE =, >e

for some absolute constant ¢ > 0. O
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4.2 Log-concave probability measures

Next, we assume that u is a log-concave probability measure on R”. Our aim is to
prove the next theorem.

Theorem 4.2 Let u be a log-concave probability measure on R”". Then,

/ Pu(X)dp(x) = e ",
Rll

where ¢ > 0 is an absolute constant.

By the affine invariance of E, (¢,) we may assume that u is centered. The proof
is based on a number of observations. The first one is a consequence of the Paley-
Zygmund inequality; we just adapt here the proof of [20, Lemma 11.3.3] to give a
lower bound for ¢, (x) when x € 5Z;r () for some § € (0, 1).

Lemmad4.3 Lett > 1and b € (0, 1). For every x € 5Z[+(/1,) one has

(1-6?

Pulx) =
13 Ci

’

where C1 > 1 is an absolute constant.

Proof Let x € 8Z;" (11). As in the proof of Proposition 4.1, using Griinbaum’s lemma
we see that it is enough to show that

(1—35")?

inf n({fz € R" : (2, ) = (x, &) = o 4.3)
1

where the infimum is over all £ € "1 with (x,&)>0.
Since x € 8Z,+(u), we have (x, &) < ‘ShZ,*(/A)(s) for any such & € =1 s0 it is
enough to show that

(1-6?

cl 4.4)

nz € R" : (2, &) > 8hye ) (E)]) >

We apply the Paley-Zygmund inequality

[E.(9)1

n{z: g(x) = 8'Eu(@)h) = (1 —48')° E, ()

for the function g(z) = (z, & )fl_. From (2.4) we see that

E.(g?) < Ci[Eu(9)]

for some absolute constant C; > 0, and the lemma follows. O
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Definition 4.4 For every r > 1 we consider the convex set

Ri(pw) = {x eR": fu(x) = ™" £ (0)}.

The convexity of R; () is an immediate consequence of the log-concavity of f},. Note
that R,(w) is bounded and 0 € int(R;(w)).

Lemma4.5 For every t > 5n we have R;(n) 2 coKu+1(n), where co > 0 is an
absolute constant.

Proof Let t > 5n. Given any & € S"~! consider the log-concave function / :
[0, 00) — [0, 00) defined by A(t) = f,,(t§). From [27, Lemma 5.2] we know that

OR; (10 (&) 00
f r"h(rydr > (1 — e—f/S)/ " h(rydr.
0 0

By the definition of K, (1) we have

n

00 0
/0 " h(r)dr = Jul )[QK,I(M)(E)]H'

On the other hand,

OR; (1) (§) OR; () (§) Il
/ P (e < ) fllc / gy = W, o,
0 0

n

Using also the fact that || f]loc < €" f,,(0) from (2.2), we get

e"[oR, 0" = (1 — e ok, (v (1"

This shows that R, () 2 co K, (1t), where ¢g > 0 is an absolute constant. From (2.6)
we know that K, (1) ~ K,+1(u), and this completes the proof. O

Our final lemma compares Z,Jr () with K,,1(u) when ¢t > 5n.

Lemma 4.6 For everyt > 5n we have that Z;" (i) 2 coKny1(), where ¢y > 0 is an
absolute constant.

Proof From Lemma 4.5 we know that coK,,+1 () € R, () forall ¢t > 5n, where ¢y >
0 is an absolute constant. Let & € §"~! and set m := heoKnsr 0 () = cohk 10 (6).
Define

Az = coKpp1(n) N{x @ (x, &) = m/2}.
Since K41 () is centered, the proof of Proposition 4.1 shows that

lcoKn+1(10)] - [coKn+1(w)]

Ag| >
|4gl = e’n-2n T cr
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for some absolute constant C > c¢o. Moreover, if x € A then x € R;(u) and hence
Sux) = e7" £,,(0). We write

/ (6, £)dp(x) = / (. €Y ()
R? Ag

> (2) e roiae = (5) (L) £uO1KnsaGol.

Using also the fact that (co/C)" > (co/C)" because r > 5n, we get

[ i) = €com) £, 1K1 G0,

where ¢; > 0 is an absolute constant. Finally, f,,(0)|K,1(®)| ~ 1 by (2.9), which
implies that

thJr(/L) (é) > com = C/OhKn+1(H) (é)’

where 66 = ¢, and the lemma is proved. O

Proof of Theorem 4.2 Combining Lemmas 4.5 and 4.6 we see that
Rsn (1) N Z3,(10) 2 c1Kns1(10)

for some absolute constant ¢y > 0. We apply Lemma 4.3 with t = 57 and § = % For
every x € %Z;; () we have

Yu(x) > Cl_n

for some absolute constant C; > 1. It follows that
[ ouranw = i (328,00).
Rn

Then, by Lemma 4.6 we have %Z;“n(,u) 2 G Kpp1(w). Since 3 K,q1(n) S Rsu(w),
we know that f,(x) > e S (0) forall x € %Kn_;_l(/l,). Using also (2.9), we get

w (323 (w) = n (%K”H(M)) - /q

TK)HJ(M)
=71 /2)" fu(0)|Kns1 (W] = ek

fu)dx = e £,(0) |5 K ()|

Combining the above we conclude that

/Rn ou(x)dp(x) > Cl_”e_s”cg > e ",
for some absolute constant ¢ > 0. O
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5 Bounds for the expected measure of random polytopes

Let u be a log-concave probability measure on R”. Let X, X», ... be independent
random points in R” distributed according to u and forany N > n consider the random
polytope Ky = conv{X1, ..., Xy}. Given a second log-concave probability measure
v on R" with the same barycenter as u, consider the expectation E v [v(Kx)] of the
v-measure of K. Note thatif 7 : R” — R” is an invertible affine transformation and
T, is the push-forward of u defined by Ty (A) = u(T~'(A)) then

E, o [(T)(Kn)] = E v [v(Kn)].

So, we may assume that u is isotropic and v is centered. In the next theorem we
actually assume that both ¢ and v are isotropic.

Theorem 5.1 Let u and v be isotropic log-concave probability measures on R", n >
ng. Forany N < exp(cln/L%) we have that

EMN(V(KN)) < 2exp (—czn/L‘z)) ,

where ¢y, ¢y > 0 and ng € N are absolute constants.

The proof of Theorem 5.1 will exploit the same tools that were used in the previous
section, combined with a variant of the standard lemma that is used in order to establish
upper thresholds. Recall that B; (1) = {v € R" : AI’; (v) < t}, where AZ is the Cramér
transform of w. A version of the next lemma appeared originally in [9].

Lemma5.2 Lett > 0. For every N > n we have
E,v(W(Kn)) = v(Bi(n) + N exp(—1).
Proof We write

EwWEN) =E xy0(Ey N Bi(n) +E, v(w(Kn \ Bi ()
= v(Bi(w) + E v (v(Kn \ Bi(1n)))-
Observe that if H is a closed half-space containing x, and if x € K, then there exists

i < N such that X; € H (otherwise we would have x € Ky € H’, where H' is the
complementary half-space). It follows that

uN(x € Kn) < Nou(x).

Then, Fubini’s theorem shows that

E, ~(W(Ky\ Bi(w)) = / uN(x € Ky)dv(x)
R\ By (12)
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< / Ng,(x)dv(x) < Ne™'
R\ B (1)

because ¢, (x) < exp(—A;(x)) <e'forallx ¢ B,(u). O

Proof of Theorem 5.1 Using the estimate v(B; (1)) < || fulloo| B: (1t)], Proposition 2.3
and Theorem 2.1, from Lemma 5.2 we get

E,x 0(Kw) < (erl Sl Vi/n) " + N exp(=)

for every N > n and 2 <t < n. Recall that v is isotropic, therefore || f, ||§é" = L% =

O(+/n); in fact, Klartag’s estimate for L, gives much more. Then, if n > ng where
no € N is an absolute constant, the choice ¢t := (cle)_zn/||fv ||§é" satisfies2 <t <n
and gives

(el Vifm)" < e

Therefore,

E, v (0(Ky)) < e + N exp(—can/I| full 21",

where ¢ = (cje) 2. It follows that if N < exp(csn/|l fu II%") where ¢3 = ¢3/2, then
we have

E, v ((Ky)) < e +exp(—csn/| fyll"

and the result follows from the fact that | f, ||§</Jn = L% > c. O

Remark 5.3 Let u be isotropic. For the proof of Theorem 5.1, what we actually need
about v is that v is centered and that || f,, ||Cl>é" = 0,(x/n). Then the argument of the

previous proof gives
2
E,v (0(Ky) < exp(—con/ max(1, || full12")

if N < exp(cln/||fu||gé"). Note that the proof of (1.5) in [16] exploits the same

ideas. The role of v is played by the uniform measure on a convex body K, therefore
I folloo = ﬁ On the other hand, u is isotropic and supported on K, and hence

IK|- L), > fK fux)dx = p(K) = 1.

2
This shows that || fylleco < LZ» therefore n/|| f, ||& > n/L?, which (combined with
the above) proves (1.5).
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A second possible normalization is to assume that x« and v are simply centered and
that || fulloo = Il fullco- Then, starting the computation as in the proof of Theorem 5.1
we get

By 0(Kn)) = (e1]l £l [det Cova)] % /i/n) " + N exp(—1)
= (1l full X" 1det Cov)1 % /)’

4 Nexp(—1) = (clLM t/n)n N exp(—1).

Choosing t = (cie)~%n/ Li and continuing as above, we get:

Theorem 5.4 Let pu and v be two centered log-concave probability measures on R”"
with || fulloo = | fulloo. For any N < exp(cln/leL) we have that

E,x(v(Kn)) < 2exp (—czn/Li) ,

where c1, ¢ > 0 are absolute constants.

We pass now to the lower threshold. It is useful to observe that in the case where
X1, X2, ... are uniformly distributed in the Euclidean unit ball the sharp threshold for
the problem (see [11] and [12]) is

exp((l£e)snlnn), €>0.

We concentrate in the case v = p of our problem, in which case we shall establish
a weak lower threshold of this order. The precise formulation of our result is the
following.

Theorem 5.5 Let § € (0, 1). Then,
inf (inf {EMN [L((+8)KnN)]: N = exp (C(S_1 In (2/8)nlnn)}> — 1
0
as n — 0o, where the first infimum is over all centered log-concave probability

measures (L on R" and C > 0 is an absolute constant.

This is a weak threshold in the sense that we consider the expected measure of
(1 + 8)Ky instead of K, where § > 0 is arbitrarily small. The reason for this is the
dependence on § in the next technical proposition.

Proposition 5.6 Ler  be an isotropic log-concave probability measure on R". For
any 8 € (0, 1) and any t > CsnInn we have that

w1+ 8)ZF () =1 — e

where Cs = C8~"1n (2/8) and cs = ¢§ are positive constants depending only on 8.
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Proof Leté € (0, 1) and set e = §/5. Fix t > n which will be determined. Recall that

b1By C Z,+ (1) € byt B for some absolute constants by, by > 0. This implies that if

v,we S" land |v —w| < %i then

hZ;f(M)(v —w) <blv—w| and by < rnin{hzr(m(v), hZ;r(M)(w)},
therefore
hsz)(v —w) < batlv —w| < emin{hzf(m(v), hsz)(w)}. 5.1

Set b := by/b; and consider a ﬁ-net N of the Euclidean unit sphere §"=1 with

cardinality |[N| < (1 4 2bt/e)" < (3bt/e)"; for a proof of the estimate on the
cardinality of N see e.g. [19, Lemma 5.2.5]. We define

1
W= v 8 = pg @]

EeN

Let x € W. Then, (x,&); < ﬁhZﬁ’(u)@) for all £ € N. We will show that (1 —

)(x, w)y = hyt(,(w) forall w e §"=1, which is equivalent to (1 — €)x € Z;" ().
We set

{x, w)y n—1
= —_— . S
o, (x) := max { Tz @) w e }

and consider v € §"~! such that (x,v), = ay(x) - hzf(u)(v)' There exists £ € N
such that |§ — v| < . Using the fact that (x,v — &)1 < ap(Dhzs, 0 —§), we
write

(V)4 < (0. 6y + (v =€) hy o ) + (A 7 (0 — 6.

< -
+_1+€

From (5.1) it follows that

1 1
(x,v)4 < mhzt‘"(u)@) + Gau(x)hz;"(ﬂ)(v) = mhzr‘*‘(ﬂ)(g) +€e(x, v) 4,

which gives
1
(x,v)4 < 1_—62hzt+(ﬂ)(é)'
Moreover,

&) < hyry @) +hys € —v)
= hzj(ﬂ)(v) + Ehzj(,,_)(v) =1+ E)thJr(u)(U),
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which finally gives o (x) < 1/(1 — €). This shows that (1 —e)W C Zt+(,u). For
every £ € N we have

plx s (&) 2 A+l E+ID = A+

Since § € (0, 1) we have 0 < € < 1/5, therefore % <1+ 5¢=1+36.Then,

(14 ¢)?
1

WA +8Z W) = ( —

Z,*(m) > (1 +€)>W)

=N fr: 084 = Aty ®)
EeN
>1—|N|-(I+e)"=1—(C/)"(1+e)7",
where C, = 3b/e. It follows that there exists C¢ > 1 such that if # > CenInn then

ClO"A+e)" < +e) " <e /4 (5.2)

To see this, consider the function
t
£(t) = 3 In(1 +€) —nInBbt/e).

Itis easily checked that £ is increasing on [2n/ In(1+-€), 00). Therefore, ift > Cenlnn
where C. = % In (%) for a large enough absolute constant C > 0, one can check that
£(t) > £(Cenlnn) > 0. This implies (5.2). Since € = §/5, we obtain the assertion of
the proposition with the stated dependence of the constants Cs, cs on 8. O

For the proof of Theorem 5.5 we also need a basic fact that plays a main role in the
proof of all the lower thresholds that have been obtained so far. It is stated in the form
below in [16, Lemma 3]. For a proof see [9] or [10, Lemma 4.1].

Lemma 5.7 For every Borel subset A of R" we have that

N N—n
1—uN(Ky 2 4) < 2( ) (1 — inf sou(x)) :
n xX€eA

Therefore,

N N—n
E ~[(Kn)] = n(A) (1 - 2<n> (1 —;relgwu(x)> ) .

Proof of Theorem 5.5 Let 0 < § < 1 and set € = §/3. Let u be a centered log-concave
probability measure on R". Since the expectation E v [u((l + 6K N)] is a linearly
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invariant quantity, we may assume that p is isotropic. From Lemma 4.3 we know that
for every x € (1 — e)Z;r(u) we have

(1= (1—e)h?

Yu(x) >
C

where C1 > 1 is an absolute constant. Then, taking into account the fact that 1 — e >
2/3, we get

N 1—1—eH "
/’LN<KN2(1_€)Z;F(M))21_2(’1> |:1—C—ii| .

By the mean value theorem we have 1 — (1 —¢)! = tez!~! for some z € (1—¢€,1),and
hence 1 — (1 —¢€)" > re(1 —e)'~!. Taking also into account the fact that 1 —e > 2/3,
we get

N (te(1 — e)!=H2 V™"
W (kv 2 a-ozron) = 1-2(7) 1 - C—l}

-1 (2"’_N)n (—(N— ) (re)® )
> - exp n ae )

This last quantity tends to 1 as n — oo if

(BC))'nIn(@eN/n) < (N — n)(te)z, (5.3)

and assuming that § € (l/nz, 1) and t > Ccnlnn where C. is the constant from
Proposition 5.6, we check that (5.3) holds true if N > exp(Cat) for a large enough
absolute constant Cy > 0.

Note that € = §/3 implies that 1 +6 > %%: Then, if N > exp(C,Ccn Inn) we see
that

I
B [ (1 + §)Kn)1 = B,y [u (1 i_iKN)}

> (1 + 77 @) x 1 (Ky 2 (1 = 0.ZF ()

e 2eN\" (t€)?
> (1 —e l) |:1 — ( i ) exp<—(N—n)(3Cl)t):| —

asn — oQ. O

We have already mentioned that Theorem 5.5 provides a weak threshold in the
sense that we estimate the expectation E, v (,u((l + 8)Ky)) (for an arbitrarily small
but positive value of §) while the original question is about E, v (,u(K N)). The next
result provides an estimate where “§ is removed", however the dependence on n is
worse. The argument below was suggested by the referee and replaces our much more
complicated original argument, leading to the same final estimate.
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Theorem 5.8 There exists an absolute constant C > 0 such that

inf (inf {E,x [1(Kn)] : N = exp(Clninmutm)}) — 1
%
asn — 0o, where the first infimum is over all log-concave probability measures |1 on
R"™ and u(n) is any function with u(n) — oo as n — o0.

Proof Let u be a log-concave probability measure on R”. Since the expectation
E, ~ [/,L(K N)] is an affinely invariant quantity, we may assume that p is centered.
Note that if A C R” is a Borel set, then

w((1+8A) = /

(1+8)A

fux)dx =1+ 6)”/ Su((+8)x)dx.
A
Since f, is log-concave, we see that

fu(x)
Juu(0)

for every x € R", because f,(x) < e" f,,(0) by (2.2). It follows that

b
fu((1+8)x)§fu(x)< ) < e fu(x)

(14 8)A) < (1+8)"e™ u(A) < e u(A). (5.4)

Given a function u(n) with u(n) — 0o as n — oo, choose 8, = (nu(n))~'. From
(5.4) we see that

E v [(Kn)] = e 2 E v [1((1 + 80 Kn)].
Therefore, we see that

inf (inf {EMN [(Kn)]: N > exp (C5; ' In (2/8,,)nlnn)}> > =2 inf

x (inf {EMN[M((l +8)Kn)] N > exp (C5;7 " In (2/5,,)n1nn)}) 1

as n — 0o, using Theorem 5.5 and the fact that e =2 = ¢=2/4(" _ | We may
clearly assume that u(n) = O(n). Then,

8 In(2/8,) nInn = n® InnInQRnu(n))u(n) ~ (nnn)*u(n),

and the result follows. O
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