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Abstract

We study the variance of the number of zeroes of a stationary Gaussian process on a
long interval. We give a simple asymptotic description under mild mixing conditions.
This allows us to characterise minimal and maximal growth. We show that a small
(symmetrised) atom in the spectral measure at a special frequency does not affect the
asymptotic growth of the variance, while an atom at any other frequency results in
maximal growth.
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1 Introduction

Zeroes of Gaussian processes, and in particular stationary Gaussian processes (SGPs),
have been widely studied, with diverse applications in physics and signal processing;
for acomprehensive historical account see [19]. The expected number of zeroes may be
computed by the celebrated Kac—Rice formula. Estimating the fluctuations, however,
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proved to be a much more difficult task. The aim of this paper is to give a simple
expression which describes the growth of the variance of the number of zeroes in the
interval [0, T'], as T — oo. Following the ideas of Slud [29], it is easy to give a lower
bound for this quantity. Our main contribution is a matching upper bound, which holds
under a very mild hypothesis. In particular we give a sharp asymptotic expression for
the variance for any process with decaying correlations, no matter how slow the decay.

Anintriguing feature of our results is the emergence of a ‘special frequency’: adding
an atom to the spectral measure at this frequency does not change the order of growth
of the fluctuations.

1.1 Results

Let f : R — R be a stationary Gaussian process (SGP) with continuous covariance
kernel

r(t) = E[f(0) f()].

Denote by p the spectral measure of the process, that is, the unique finite, symmetric
measure on R such that

r(t) = Flpl(t) = /R M o).

We normalise the process so that ¥(0) = p(R) = 1. It is well-known (see, e.g., [7,
Section 7.6]) that the distribution of f is determined by p, and further that any such
p is the spectral measure of some SGP.

We study the number of zeroes of f in a long ‘time’ interval [0, T'], which we
denote

N(p;T)=N(T)=#{t €[0,T]: f(r) =0}
The expectation of N(T') is given by the Kac—Rice formula (see [13, 32])
o
E[N()] = ;T, (H
where

o2 =—r"(0) = f Adp(h).
R

Throughout we assume that N (7") has finite variance, which turns out to be equivalent
to the Geman condition [11]

&Ly — (0
/ wdt<oo for some & > 0. 2)
0
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An SGP f is degenerate if its spectral measure consists of a single symmetrised
atom p = 8 = %(80[ + 6_q), or equivalently if the covariance is r(t) = cos(at). In
this case the zero set is a random shift of the lattice %Z, and the variance Var[N (T)]
is bounded. Throughout this paper, atoms in the spectral measure should always be
understood as symmetrised atoms.

We formulate our results in terms of the function

Ir’(t)|7 ' ()] n Ir”(t)l}.
o o

3

¢(t) = max {|r(t)| + )
1 .. lt]>o0 . . [t|—>o00 .
We note that' the condition r(t) — 0 implies that ¢(#) — 0. This means that
the condition (4) below may be viewed as a very mild mixing condition, which in
particular holds whenever the spectral measure is absolutely continuous.
The notation A(T) < B(T) denotes that there exist C;, Cp > 0 such that C; <
‘gg) < Cpforall T > 0, while A(T) ~ B(T) denotes that limy_, ‘gg; = 1. Our
main result is the following.

Theorem 1 (a) For any SGP satisfying

limsupo(t) < 1, “)
|t]— 00
we have
T t //(t)
Var[N(T)] < T/ (l — ?) ( (1) + ) dt 5)
0

where the implicit constants depend on ,0
(b) Under the additional assumptions r —|— > ¢ L2(R) and limjs 00 () = 0 we

have
N l I ~ o l ! //( )

(c) Var[N(T)] < T? if and only if p contains an atom at a point different from o.

1 To see this, note first that r/ and r” are uniformly continuous. Now suppose that r(#) — 0 but there exists
an ¢ > 0 and a sequence {t,,}OO | such that |’ (tn)| > 2¢ for all n and t, — oo. By the uniform continuity

of r' we get |/ (t) — r'(tp)| < & for |t — 1, < 8. Hence |r'(t)| = |/ (ta)| — |r'(t) — ' (ty)| > € and so

tn+5
/ r (1) dt
ty

1 —0

th+6
= / Ir ()|dt = 2e8 > 0.
th—8
But, we can also compute

lim
n—0oo

tht+e
/ ¥ (1) dt
th—e

which is absurd. The same proof shows that r” — 0.

= lim [r(ty +&) —r(ty —&)| =0,
n—0oo
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Following the ideas of Kac—Rice, one may write down an exact expression for
Var[N(T)], see, e.g., [7, Sections 10.6-7] or [11, Page 979]. While one may obtain
some asymptotics from this expression if » decays at infinity, in general there are
cancellations which are difficult to see explicitly. The main point of Theorem 1 is that
the dominant contribution to Var[ N (T')] comes from (r + ;—/2/)2, due to other contribu-
tions cancelling, and much of our proofs involve organising terms appropriately to see
this cancellation. We do this by considering the Wiener chaos expansion—the second
chaos (which is the first non-trivial chaos) is an obvious lower bound and we dedicate
much effort to showing that it is also an upper bound (up to a constant), under the
hypothesis (4). This is the key estimate which allows us to prove stronger results than
those which were known previously. Our proof boils down to proving some combi-
natorial identities for the coefficients of certain polynomials, see Sect. 1.5 for more
details.

We obtain the following characterisation of linear variance from the proof of
Theorem 1.

Corollary 2 We have

4

VarN(D)] = T = r+ 5 € L2R).
o

Under condition (4), the converse holds.

The idea of using the first (non-trivial) chaos to give a lower bound for the variance
goes back to Slud [28], see Sect. 1.3 for a discussion of previous results. While we were
preparing this paper we became aware of the independent work [22], where this idea
also appears. In particular, it is shown that Var[ N (T")] always grows at least linearly in
T and that r 4 ;—/; € L*(R) is necessary for linear variance. Both of these results also
follow from Proposition 11 below. In [22] a sufficient condition for linear variance
is also given, which essentially amounts to the condition r + :T—; € L2(R) and the
spectral measure having an £ density in a neighbourhood of +o. These imply that
r.r” € L2(R) and so limjs|— o0 () = 0. Corollary 2 is therefore a stronger result
than [22, Theorem 2.1 (ii)]. For instance, Corollary 2 allows us to conclude that we
have linear variance for the example given in Sect. 1.4 below. It also allows us to see
that we still have linear variance if we perturb a process that has linear variance by
adding an atom (that is not too big) at o, a la Corollary 3 below. These examples could
not be analysed previously and we emphasise that the key difference is our ability to
prove an upper bound for the variance, which allows us to prove stronger results.

By stationarity, Var[ N (T")] grows at most quadratically in 7" and so Theorem 1 (c)
therefore characterises maximal growth. Again, one direction of this result also
appeared in [22, Theorem 2.1 (iii)], but our results are stronger due to our upper
bound.

The emergence of a special frequency o in Theorem 1 (c) is new,” and intriguing.
One naturally asks what the effect of an atom at this frequency is. Notice that modifying

2 While some of the results in [22] give information about atoms at points other than o, our result is the
first to show that atoms at o have a different effect on the variance, and are therefore special.
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a measure by adding an atom at frequency o does not change E[N (T')]. The following
result follows from Theorem 1 (a), and shows that the asymptotic growth of Var[N (T')]
remains unchanged as well—at least under some mild assumptions.

Corollary 3 Suppose that (4) holds for the spectral measure p. Define® pg = (1 —
0)p + 08% for 0 < 0 < 1. There exists 6y > O such that

Var[N (p; T)] < Var[N(pg; T)]

for any 6 < 60y (and the implicit constants may depend on 6). Moreover, 6y depends
only on lim supy;_, o, ¢ (7).

1.2 Discussion

As we already remarked, a major theme of our results is the importance of the quantity
r—+ ;—/2/, since we use it to give both upper and lower bounds for Var[N(T)]. Let us
first note that there might also be cancellation within this expression, see Sect. 1.4 for
an example of r, 7" ¢ £ but r + ;—; € L

Observe also that » + ;—2 = JF[u] where the signed measure w is defined by

du(h) = (1 — 2—2) dp(A); this is crucial to some of our proofs. In fact, it follows
from Parseval’s identity that

T " 2
/ (1—i> <r(t)+r (2t)> df:ﬂ/(ST*M)du (6)
0 T o

where St(L) = % sinc? (%) . For details, see Sect.4.2. One consequence of the
cancellation mentioned above is the emergence of the special atom (in the sense of
Theorem 1 (c) and Corollary 3). This phenomenon is explained, in part, by the fact
that the measure p does not ‘see’ o.

For crossings of non-zero levels, the presence of an atom at any frequency leads
to quadratic variance, see the remark on Page 18 after the proof of Theorem 1 (c).
The existence of a special atom at a distinguished frequency is therefore unique to the
zero level. Furthermore, this phenomenon is purely real. No such frequency exists for
complex zeroes, see [10].

We remark that, following Arcones [3], many previous results were stated in terms
of the function

”o =max{|r(t)|, @l (;)|}
o o

rather than the function ¢ that we introduced in (3). To compare the two, note that our
assumption (4) is implied by the stronger assumption lim supy,|_, o, ¥ (1) < %

3 Notice that E[N(pg; T)] is independent of 6.

@ Springer



1004 E. Assaf et al.

While the condition (4) is a very mild mixing condition, there are some processes
with singular spectral measure for which it does not hold. We believe that our results
hold in greater generality.

Conjecture (Weak form) The estimate (5) holds for any non-degenerate SGP
satisfying

/ 2 Vi 2 / 2
r'®)= r’(1) +r(t)}<1‘ o

. 2
llmsupmax{r(t) + p o2

|t]— 00
Conjecture (Strong form) The estimate (5) holds for any non-degenerate SGP.

Even the weak form of the conjecture would allow us to prove stronger results, e.g.,
to prove that Corollary 3 holds for any 6 € [0, 1). The strong form would allow
us to improve Corollary 2 to completely characterise linear variance. We provide
further evidence for the conjectures in Sect. 3.5. We also note that every SGP satisfies

max { r()?* + rwrra? + r;(r—'z)z} < 1 and if equality holds for any finite ¢ # O then

o2 > ot
the process is degenerate. The condition (7) is therefore extremely mild.

1.3 Background and motivation

The origins for the Kac—Rice method for computing the expected number of zeroes lie
in the independent work of Kac [15, 16] and of Rice [25, 26]. Applying this method
to SGPs yields the formula (1), even when both sides are infinite, as was done by
Ylvisaker [32] and It6 [13]. Sufficiency of the Geman condition (2) for finite variance
was proved by Cramér and Leadbetter [7, Equation 10.6.2 or 10.7.5], while necessity
was established by Geman [11]. Qualls [24, Lemma 1.3.4] showed that the Geman
condition is equivalent to the spectral condition f]R log(1 + IADA2dp(X) < oo (see
also [4, Theorem 3]).

An exact formula for the variance was rigorously derived* by Cramér and Leadbet-
ter [7, Sections 10.6-7], although extracting the rate of growth of the variance under
general conditions from this expression proved challenging. Little progress in under-
standing the asymptotic growth of the variance was made until Slud [28, 29] introduced
Multiple Wiener Integral techniques some decades later—these were in turn refined
and extended by Kratz and Léon [20, 21], using Wiener chaos expansions. These for-
mulas and techniques were used to prove various properties of the zeroes, such as
sufficient conditions for linearity of the variance and for a central limit theorem (see,
e.g., [8,23]).

The case of linear variance was historically of interest. Previously, the only condition
for asymptotically linear variance (that we are aware of) was r, 7’ € £>(R), which
follows from combining the results of Cuzick [8] and Slud [28]. We show in Sect. 1.4
that the condition r + L5 € £2 (R) is strictly weaker, therefore Corollary 2 improves

o2

4 This formula was based on the ideas of Kac—Rice, and indeed such a formula was known to physicists
[27] and had been proved mathematically assuming the existence of r(”’)(O) (see the footnote on [30, Page
188]).
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upon their result. It also follows from their work that 7, 7” € L£>(R) implies that
%Var[N (T)] converges as T — oco. Ancona and Letendre [1, Proposition 1.11] give
an exact expression for this limit (see also [9, Proposition 3.1]), although their main
focus is on the growth of the central moments of linear statistics (which generalise the
zero count). A linear lower bound appears in the (independent) work of Lachieze—Rey
[22], who also studies rigidity and predictability of the zero set.

We finally mention that our work has parallels in different but related models.
In the setting of complex zeroes of a random Gaussian analytic f : C — C an
asymptotic formula for the variance, an L?-condition that guarantees linearity, and a
characterisation of maximal (i.e., quadratic) growth were given in [10]. Analogous
results were then proved for the winding number of a Gaussian stationary f : R — C
in [5].

1.4 Cancellation in the quantity r + %

As we indicated previously, an important message of this paper is that the behaviour of
the variance is governed by the quantity r + ;—; We wish to emphasise the important
role of cancellation between the two terms here, and we have already seen an example
of this in Corollary 3 when the spectral measure has an atom at a ‘special frequency’.
However this cancellation phenomenon is not just about atoms, and as an illustrative
example we will produce a covariance function r such that:

e The spectral measure p has an £ (R) density.
o+ ;—2 € L2(R) where 62 = Iz 22 dp(h).
o r.r" ¢ L2(R).

Writing dp(A) = ¢(XA)dAr and applying the Fourier transform we see that it is
equivalent to produce a function ¢ > 0 satisfying:

I [¢(W)dr=1but¢ ¢ L2(R).
2. A2p(0) € LYR), but A2p (L) ¢ L*(R).
3. (1 - Q—i) $(1) € L2(R) where 0% = [, A2 (A)d.

We proceed to produce such a function ¢.
Leto € (%, 1). Choose M > 1 such that

1 2
M>*4+M+1>3+3(1—-0a) - , )
3—a 2—«

and let ¢, ¢ € R be the solution of the linear system

= o+ M—1)c=
2 1 M3—1
(m—m+m)cl+ T3 =

&)

|
B— D=

5 In fact we produce a family of such covariance functions.
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We note that (8) ensures that the determinant of the matrix associated to (9) is positive,

. 3_ .
and since we also have M3 I >~ M—1and ﬁ > ﬁ, it follows that ¢y, ¢co > 0.

Define

ci(l—ap™, for|i] <1,
¢ =
c2, forl < A < M.

Then:

Since & € (3, 1), it follows that ¢ € L'(R) but ¢ ¢ L2(R).
Integration yields, by the first equation in (9), that fR d(A)dr = 1.
Similarly A2¢ (1) € L1(R), but A2 (1) ¢ L2(R).

Now the second equation in (9) shows that 0> = fR Ao (Ndr = 1.
Finally note that (1 — %) ¢ (1) € L*(R).

1.5 Outline of our methods

Let us briefly outline our method. We write
o0
N(T) =71, (N(T))
q=0

where 7, denotes the projection onto the ¢’th Wiener chaos. Explicit expressions for
this decomposition are well known, it turns out that only the even chaoses contribute,
and so we have

Var[N(T)] = Y Elmyq (N(T))].
g=1

The diagram formula allows us to compute (see Lemma 5)
T ~
E[m2q(N(T))*] = / (T — 1)) Py ()dt
-T

where ﬁq is a polynomial expression that involves r, r’ and r”. We establish that

” 2 ~
(r + ;—2) divides the polynomial® P, exactly, see Proposition 8. This yields

o2

T " 2
2 r’(1)
E[mq (N(T))"] < Cq/T(T =t (V(l) + ) dt

for some C,. The remainder of our proof of the upper bound involves showing that this
sequence C, is summable (in fact, decays exponentially) under the given hypothesis;

6 Strictly speaking we first add a small computable quantity, which leads to the difference between Py and
Py in Sect.2.
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" 2
we do this in Proposition 9. We finally remark that the fact that (r + %) divides the

polynomial ﬁq exactly seems like a miraculous coincidence, and it would be interesting
to understand it better.

2 A formula for the variance

The goal of this section is to give an infinite series expansion for Var[N(T')], each
coming from a different component of the Wiener chaos (or Hermite-It6) expansion
of N(T). We begin with some notation. For ¢ € N and /,/1,l,,n € Ny = NU {0}
write’

1 1

A TTpy sy {10

and

2g —2I)!'QRIN'2g — 202)! (21!
by, 1o, n) = (2q D!I2I)!2q 2)!2h) . (11
2q — 201 — 2l + m)!2l —n)!2l, — n)!n!

Next define the polynomials

q
Py(x,y,2) =Y agag ()
11,lb=0
min(2/1,20p)
S byl bmy P2k ()
n=max(0,2(/1+l>—q))
and
_ 5 2g—1  1y.29-2.2
Py(x,y,2) = Py(x,y,2) +cg (x 772+ 29 — Dx™17y (13)
where

24q(q!)2 24q

= = . 14
Cq 29(2q)! 2q(2qq) (14)

We are now ready to state the expansion.

Proposition 4 We have

Var N(T) = = Z Vy (T) arccosr(T) (1 B arccosr(T))

T T

7 We adopt the standard convention % = 0 when n is a negative integer.
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1008 E. Assaf et al.

where
V, (T)—Zf (T —1) P, (r(t) r® r;(zt)) (15)
Furthermore
Var N(T) > G—ZVI(T) n i (1 —r(T) ) (16)

The starting point in our calculations is the following Hermite expansion for N (T)
given by Kratz and Léon [21, Proposition 1] assuming only the Geman condition®
(though they and other authors had considered it previously under more restrictive
assumptions). We have (the sum converges in L%(P))

( 1)q+l
N(T) = = Z ~————N,(T)

q=0 2

where.’
q T
Ny =3 ag ) /O Haq 1) () ot (f'(0)/0) dt, (17)
=0

and H, is the [’th Hermite polynomial. Further each N, (T') belongs to the 2¢’th Wiener
chaos which yields

o o
E[N(T)] = ;NO(T) =T

and
Var[N(T)] = 24 TE[N,(T)*. (18)
g=1
Furthermore
Var[N(T)] = N—ZM (19)

The next lemma allows us to evaluate E [N, (T)?]

8 The conditions (1-3) in [21] are satisfied in our setting: (3) is trivial since ¥ = 0, (2) is precisely the
Geman condition, and (1) is a consequence of the fact that r is twice differentiable and can be written as
the cosine transform of the spectral measure.

9 Under the Geman condition, one cannot assume that f is continuously differentiable, and ‘conversely’
a continuously differentiable process need not satisfy the Geman condition, see [11, Section 4]. However
the existence of " implies the existence of the derivative in quadratic mean of the process, and this is how
the object £/ should be understood if the process is not differentiable.
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Lemma5 Forallg e N

T ~ (ONG)
E[Nq(T)2]=2/O (T —1) P, (r(t) ro ,rgz ) :,

where Fq is given by (12).
We now show how this lemma yields the desired expression.

Proof of Proposition 4, assuming Lemma 5 Lemma 5 yields
2 T

E [N,,(T)2] =V,(T) - i;’/ (T—1) (r(t)zq_lr”(t)—l—@q - 1)r(r)2q—2r’(t)2) dt
o Jo

Note that r()24=17(1) + (2q — Dr(t)172r (12 = 45 [rggj"] and 5o

T
/ (T — t)(r(t)zfi—lr”(t) Qg — 1)r(:)2q—2r/(t)2) d
0

1 (7 d? 2
= — T —t)— |r(®)"?| dt
Zq/(; )dt2 [r() ]

(
R A .r(t)z’f‘lr’(z)(T +/Ti[r(t)2q] dt
2g a =0 o dt

1
— [r(T)zq — 1] .
2q

We therefore have

B[Ny (1] = Vo(T) + q% (1-r).

Applying (19) yields the desired lower bound

2 2 1
o 2 o 2
Var[N(T)] > mlE[Nl(T) 1= a2 1(T) + ;(1 —r(T)?)
while (18) gives
Var [N (T)] = 0—2 Z 4i Vo) + 25 (1 - r(T)2q>]
02 AV, (T) 1 2% — (2r(T)™
=22 tao 2(%)
q=1 g=1 q
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1010 E. Assaf et al.

We identify the last series as

o]

arcsinz(x) = l Z

2 q=1 q2(2qq)

224
x4 (20)

for all |x| < 1 implying that

Var[N/(T)] = z Z Vy (T) arcsinz(l) —jTazrcsinz(r(T))

Vy (T) arccos r(T) arccosr(T)
2 Z = - T ’
where the last equality follows from arccos(x) = % — arcsin(x). O
We now proceed to prove Lemma 5.
Proof of Lemma 5 Squaring the expression for N, (T') given in (17) yields
q

T T
NP = Y agtiagb) fo /0 Hoqi (1)

11,b=0

Hyg—1,)(f (s)) Hayy (fg(t)) Hy, (f(is)) dsdt.

and so

E[Ny(T)*] = aq (I1)aq (lz)/ f

I,l=

1 (@)
E | Hag—1)(f () Hag—1,)(f () Hayy .

Hy, <f/;s)>] ds dt.

Applying Lemma 6 below, and using the simple change of variables

T /T T
/ / h(t —s)dtds = / (T — |x])h(x)dx
0 0 -T

forany h € LY([-T, T)), we get

r (t) r”(t))

o2

E[N,(T)?] f (T — |t]) Py ( ), —
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An asymptotic formula for the variance of the number of... 1011

Noting that  is an even function and that only even powers of y appear in Pz yields
Lemma 5. o

Lemma 6 Forallq € Nandly,l, € Ny such that 0 <, < g we have

E[qu—zll (f @) Hag—21, (f(5)) Ha, <fa(t)) Ha, (f:))}

min(2[1,2l>)

Mg n Iy _ 2(L1+1—n)
- X bqa],lz,n)(r b s)) (r(t(, s))

n=max(0,2l;+2l,—2q)
(r(r — s))2(4*11712)+n ]

Before proving the lemma we first recall the diagram formula.

Lemma 7 (The diagram formula [6, Page 432] [14, Theorem 1.36]) Let X1, ..., Xk
be jointly Gaussian random variables, and ny, . .., ny € N. A Feynman diagram is a
graph with ny + ... + ny vertices such that

o There are n; vertices labelled X; for each i (and each vertex has a single label).
For a vertex a we write X () for the label of a.

e FEach vertex has degree 1.

e No edge joins 2 vertices with the same label.

Let 9 be the set of such diagrams. For y € 9 we define the value of y to be

v =[] E[XewXew]
@b)eER)

where E(y) is the set of edges of y. Then

E[Hp (X1) -+ Hyo(X)] = D v(y).

yeg

Proofof Lemma6 We apply the diagram formula to the random variables
f@), f(s), f'(t)/o and f'(s)/o and corresponding integers 2(q — 1), 2(q — I2), 213
and 2l and denote by & the collection of relevant Feynman diagrams. Since
E [f(t)f/(t)] = E[f(s)f/(s)] = r’(0) = 0, it is enough to consider diagrams
whose edges do not join vertices labeled f(r) to f/(t)/o or vertices labeled f(s) to
fl()/o.

Let n be the number of edges joining a vertex labeled f'(¢)/o to a vertex labeled
f'(s)/o, see Fig.1. Then 0 < n < min(2/y, 2l). Moreover, as the other vertices
labeled f’(¢)/o must be joined to vertices labeled f (s), we see that2]; —n < 2g —21,
so max(0, 211 +2I, —2q) < n < min(2ly, 21,). Further, every value of n in this range
is attained by some diagram.

@ Springer



1012 E. Assaf et al.

2(g — 1 2q -2l -2l +

(q . 1) q—l_z: 3q— 1)
vertices vertices
labelled Y%, ., labelled

7®) f(s)

2l .
vertices 2 —n o 21
2
labelled ®  vertices
f'(t)/o + (" labelled
" f'(s)/o
Fig. 1 Counting the number of Feynman diagrams
We compute the value of such a diagram to be
2l1—n

) =E[ 076/ BL1 07 6)/0]
E[f()f (5)/o) P ELf () f ()02t
_ (r”(t - s))” <r’(r - s)>2(1'+l2") (F(t — 5))2a——-1)4n

o? o

Finally, we count the number of such diagrams. There are

201\ (21,
n!
n n
ways to choose n vertices labeled f/(¢)/o, to choose n vertices labeled f'(s)/o and
to pair them. There are

<2q — 21

2l —n)!
2ll—n>(1 n)

ways to choose 2/ — n vertices labeled f(s) and to pair them with the remaining
vertices labeled f/(¢)/o. There are

29 =24 (g — 211 — 2l 4 n)!
— —_ n).
2g — 20 =2 +n) T T2

ways to choose 2q — 2l; — 2l> + n vertices labeled f(¢) and to pair them with the
remaining ones labeled f (s). There are

2l —n)!
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ways to pair the remaining vertices labeled f (¢) and f/(s)/o. Since these choices are
independent, we multiply these counts to get that there are b, (/1, [, n) such diagrams,
where b, is given by (11). Applying the diagram formula completes the proof. O

3 Proofs of Theorem 1 (a) and (b)

In this section, we prove parts (a) and (b) of Theorem 1. Our method is to bound each
V4 (T) by Vi(T') and apply Proposition 4. We achieve this by proving the following
properties of the polynomials P, (recall (13)).

Proposition 8 For all ¢ > 1 we have (x + z)? | Py(x,y,2).

Proposition9 Set M = max(|x| + |yl, |y| + |z]). Then

2
|Py(x,y,2)l <e_q3/24qM2q—2_ Q1)

x+2?% ~ Jm
Proving Proposition 8 amounts to proving some identities for the coefficients of the

polynomials P,, which is deferred to Sect.5 where we implement a general method
due to Zeilberger [2]. We proceed to prove Proposition 9.

3.1 Proof of Proposition 9
By Proposition 8, we may prove Proposition 9 by bounding the second derivative of

P,. To achieve this we borrow the main idea from the proof of Arcones’ Lemma [3,
Lemma 1].

a2
Proof of Proposition 9 Our goal is to bound %. For k < 2q — 2, define

) 0, for odd k,
o, (k) = _
4 % . (/52) (2‘1,{7]‘1)!“, for even k,

which yields (recall (10))

q)W = (2q — 2k)1(2K)! - a (k).

o (2k) = (k 2k—1)-¢!

LetO < k,l < 2qg—2 and suppose that n is an integer such that max (0, [+k—2g+2) <
n < min(/, k). Recalling (11) we have

ay k), (21) = (2q — 26)!1(2k)!(2g — 2D)!(21)! - a, (k)ay (1)
= (2q — 2k — 20 4+ n)!(2k — n)!2L — n)n! - ay (k)ay (1)by (k, [, n)
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and so
92 2q—k—D)+
—k—1)+n
aq (K)ag (Db (k. 1.1)=— [x g ]
B ag (2k)aq (2l)x2q—2k—2l—2+n ©2)
T 2q—2k—21 -2+ )2k — )2 —n)n!’
Let
kiy=29g—-2—-k, ko=k, I1=29—-2—-1, and [, =1,
define
Ak, 1) = {(2‘1_1;_"”—2”1;”) ‘max(0, 1 +k —2g +2) <n §min(l,k)}
aiy a2
— — a;; € No, a; i = ki, ay; —
{a (021 azz) aijj 0, @i1 + a2 i>ali + az; z}
and
2g—2
e ap a
Aty = | ) Atk.1) = {a = (a; a;i) taij € No, aj +ain = ki}.
=0

Then, using (22) and recalling (12), we have

92P q—1 min(2k,2[)
aqu = > a,(2k)a,(21) >
k,1=0 n=max(0,2k+2[—2q+2)
x2(q—k—l—l)+n y2k—n y2l—n 7"
2q — 2k =2l =2 +n)! 2k — n)! (2l —n)! n!
g—1
= Z g (2k)ay (21) Z ]_[
k,1=0 AcAQk2D)i,j= @
2q -2 alj
= Y e ) Y 1—[ U
k,1=0 AcAk,l)i,j= 1

where
Xj1=x, Xp=x21=y, and xp =z.

‘We now bound

82ﬁ 2q—2 i
NGO ﬂ i
k,1=0 acAk,l)i,j=1 aij!
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An asymptotic formula for the variance of the number of... 1015

2g—2

o (k)2 + oy (1)2 2 x|
N e DU | e

aji!
k,1=0 acAkDi j=1 Y

Algebraic manipulation of this last quantity yields

82? 2g—-2 2261 -2 |xlj|a ) |xl]| ij
| S 2 @D ) Il S aw YT
k=0 1=0 acA(k,l)i,j=1 : k=0 acAk) iJ=1 dij

Applying the Binomial Theorem to the last term gives

292 2 2g-2
i i k
Z aq(k)2 1—[ (Ixit| + |x,2|) qu 2 Z Olq( )
, k! k'(2qg —2 —k)!
k=0 i=1
2(172 2
_ g (k)
< 4q2M2q 2 Z q
- — |
= k'(2qg — k)!

qg—1 2

1 2k)1(2q — 2k)!

=d4g>M*2 § 7\ (2h'Cq ! _ 4q%c M2,
— (q")? (2k — 1)?

where the last identity is due to Lemma 10 below, and we remind the reader of (14).
We also have, from (13), that

2P, 9P,
2‘1 - 211 + @2 = DQ2q = 2)¢q (x2q_3z + (2q — 3)x24—4y2) .
ox 0x

We next bound this final summand. Note that for ¢ = 1 this term vanishes. Otherwise,
on the domain Dy = {|x| + |y| < M, |y| + |z| < M}, it attains its maximum on the
boundary, and a calculation reveals the maximum is attained at |z| = |x| = M,y = 0.
Therefore

Combining these two estimates we obtain

82
"L < (447 + g — D2g —2)) ¢gM* 2 < 8, M.
8x2
Using Sterling’s bounds'? we see that (Zq") > Zf f/z which yields
2% e? 41

24(%) T 4T Va

10 The constants here are not asymptotically optimal, but this is irrelevant for our purposes.
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so that
9%P 262
sup | T | < S g3249 22, (23)
Dy 8)6 ﬁ

By the mean value theorem,

2
t,y, )+ z)2

P, 192P,
Py(x,y,2) = Pg(—z,y,2) + W(_Z’ ¥, 2)(x +2)+ 3 9x2

for some ¢ between x and —z. It follows from Proposition 8 that Py(—z,y,z) =
%(—z, v, z) = 0, so that

3P, 5
52 Ly D+

1
Py(x,y,2) = 7

Note that |f| < max(|x|, |z]) < M — |y| and so by (23) we have

2

PGyl 1y [Py ol < @ g
(x +2)? 2 (1.y.2)eDy | 0x2 JT
O
In the course of the proof we used the following computation.
Lemma 10 Forall g € N we have
o 2": (21) <2q -~ 21) 1
- =\ )\ g—1 )@~
Proof For g > 0, let us denote T, = Z?:o (2/) (ZZ:?l)ﬁ. Notice that
)
D T = p(0)Y(x) (24)
q=0
where
00 2 00
w0=2 (e = =X () - =

1=0 =0

We next compute ¢. We have

0 21-2 — 4x2
d |:¢(X)] _ Z (21> X _%m = di [W +2arcsin(2x):|
X
=0

dx | x 1)2=1" % x
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and so == ¢(x) Vl—dxt 4x +2 arcsin(2x)+C for some constant C. Since all the functions in

this equatlon are odd, it follows that C = 0, and so ¢ (x) = +/1 — 4x2+2x arcsin(2x).
Therefore, using the Taylor series (20) once more,

2x arcsin(2x)
«/ 1 —4x2

=1+ Ed_x (arcs1n(2x))

x d X (4x)M
1+5522q( 1+Z
q=1 q

PP (x) =1+

42q qu

2%

Comparing this with (24) we conclude that T, = 240
9 q

=c¢4 forg > 1. O

3.2 Lower bound

In this subsection we show that the lower bound in Theorem 1 (b) actually holds for
any process. We will also use this lower bound in deducing Theorem 1 (a) from
Proposition 9. We note that the estimate (25) also appears in [22].

Proposition 11 For any SGP,

0.2 T t //( )
Var[N(T)] > —ZT/ (1 ) (r(t) + ) dt.
T 0 T

In particular, for any non-degenerate SGP there exists a constant C = C(p) > 0 such
that

Var[N(T)] > CT, VT > 0. (25)

Proof From Proposition 4 we have

o2
Var[N(T)] = 12

and the first statement of Proposition 11 follows simply by computing
Pi(x,y,2) = 2(x +2)?

which gives

T ¢ r”(t) 2
Vl(T)=4T/O (1—7) (r(t)—i— — ) dt. (26)
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=

To deduce the second statement itis enough to find an interval / such that ‘r + (’T—;

C > 0 on /. But this follows from the fact that 7 is continuous and r is not cosine. O

3.3 Proof of Theorem 1 (a)
Having Proposition 9 at our disposal, we are ready to prove Theorem 1 (a). Let

M’ =limsup () < 1

|t]— 00

and choose M € (M’, 1). Then there exists some Ty > 0 such that ¢(r) < M for all
|t| > Tp. We can rearrange (15) to obtain

T ! VA
Vo(T) = Vy(To) +2(T — To)/ ', (rm, o (2t)> di
0 (o2 (o2

T 7
+2| (-0 Pq< ), =2 (t) r (t)) dr. (27
To G
Proposition 9 yields
T r(t) (1) e’ _
TR (r(r) - ) < ﬁqw‘wz‘l 2
T < //(t))
(T —t)|r@) + dt
To
< e’ q3/%49 M- 2/ (T—t)( @) + NO)) dt
= Uxl
2
= “=q*P4r VD), (28)

see (26). Since M < 1 we see that

o0 T "
Z% (T —1) P, <r(t) re (t)) dt‘ < 0.
g=1 To o

V, (T
By Proposition 4, since we are assuming the Geman condition, we have ZOO Z‘(q ) <

oo for every T > 0 and so we may write, from (27)

Tt 4
ZV(T) (T0)+(T To)ZM/O ( r_(’),ra(;)> di

g=1
r(t) r (t)) ”
O'

(T -1 P (r(t)
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Combining this with (28) we get

<Co+ CiT + CVi(T)

>V, (T)
>
g=1

where C¢, C1 and C> depend on Ty and M. Recalling Proposition 4 we have

Var[N(T)] < Yq (T)

- =GV

where we have used Proposition 11 for the final bound.

3.4 Proof of Theorem 1 (b)

By (26) we need to show that Var[N(T)] ~ %Vl(T). The lower bound follows
immediately from Proposition 11 and so we focus on the upper bound. We proceed as
in the previous section, but estimate more carefully. By Proposition 4 we have

a? V(T)
Var[N(T)]SmVl(T)Jr Z .

Now fix ¢ > 0 and choose Ty = Ty(e) such that p(¢) < ¢ for all ¢t > Tjy. As in the
previous section we write

AV, (T) v, (To) To r/(z) (1)
Z q4‘1 Z : (T - TO)Z 44 / ( o o2 > a
q:

q=2

+3 (T—t)Pq (r(t) re) rg(zt)) dt

and estimate

T

o2

Vi 2
(T —1) Pq< o), (I) z (t)) dt' < 267613/244824—21/10).

To

This yields

o Vy(T) 2% &
Y S =Co+ OT+ 5= ) @) Vi(T) < Co+ C1 T + C3e?Vi(T)
q—2 4(1 ﬁq:Z
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"

and we finally note that since r + ;—2 ¢ L2(R) we have
Vi(T)
— > 0
T

as T — oo. This completes the proof.

3.5 Conjectural bounds

In this section we give some evidence in favor of the conjectures stated in the Intro-
duction. The precise expression for the variance appearing in Proposition 4 establishes
a way to prove even tighter upper bounds, by reducing to combinatorial statements
about the polynomials P,, defined in (13). It is not difficult to see that the vector
(r(t), r'(t) /o, r"(t)/o?) always lies in the domain

D={(x,y,2)eR: x> +y <1,y +72 <1}

By Proposition 8, R, (x, y,z) = Py(x,y,2)/(x + z)? is a homogeneous polynomial
and since D contains all segments to the origin, it follows that R, attains the maximum
of its absolute value on the boundary. We expect that the maximum should be obtained
at the points where |x| = |z|.

When x = —z, the same techniques employed in this paper show the value to be

Py(x,y,2) — 2201 (32 4 y2ya-!

(x +2)? lz=—x
and so on this boundary component the value of R, is 224=1 We believe that this bound
is the one relevant to Gaussian processes, however numerical computations suggest
that R, can be much larger at the points where x = z. We believe that there is some
‘hidden’ structure that prevents r (¢) from being close to r” (¢) /o2 in certain subregions
of D. For example, if r(¢) is close to 1 then we should be close to a local maximum
and so we would expect r” (¢) to be negative. Understanding the ‘true domain’ where
the vector (r(r), 7' (t)/o, r"(t)/c?) ‘lives’ already appears to be a quite interesting
question.

4 Atomic spectral measure
4.1 The proofs of Theorem 1 (c) and Corollary 3

In this section we consider the effect of atoms in the spectral measure, that is, we prove
Theorem 1 (c¢) and Corollary 3. Our proof relies on the following proposition.
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Proposition 12 Let u be a signed-measure with /]R d|j| < oo. Then u contains an
atom if and only if there exists ¢ > 0 such that

T
/ (T — |t |A@)*dt > T?
-T

forall T > 0.

We postpone the proof of Proposition 12 to Sect.4.2. We will also need the following
result.

Lemma 13 Let f be a SGP with covariance kernel r, spectral measure p and suppose
that p has a continuous component. Let {r(t) = Acos(at + «), where A € R,
o € [0,27] and 6% = —r"(0). Denote by Ny () = #{t € [0, wJ /o] : f(t) = ¥ (1)}
the number of crossings of the curve by the process. Then E[N;(y)] = J.

Proof Denote the Gaussian density function by ¢ and by @ the corresponding
distribution function. The generalised Rice formula [7, Equation 13.2.1] gives

nJ

7 v'(y) v'(y) v'(y)
BNy =0 [T ) [w ( + 1 (50 —1) |ay
0 o o o
”U—J e—AZ—z cos?(oy+a) 26_%2 sin? (o y+a)
=0
/0 V2 V2
—Asin(cy + o) 2O (—Asin(cy +«)) — 1)]dy
wJ
A2 o o _ A2 2
— Je 7T — e~ 7 cos (oy+a)
V2 Jo
Asin(cy +a) QP (—Asin(cy +a)) — ) dy
nJ
A2 o o _ A% 2
=Je T — — e~ T OO | Alsin(oy + @)
V2 Jo Y
2 (—|A|sin(cy + a)) — 1) dy.
Write

2

F(y) = e~ T 0| Al sin(y) 2 (—|A] sin(y)) — 1)

and notice that F is periodic with period 7. This yields

EN; () = J (eAZZ - JLz_n OE F(oy +a)dy>
A2 1 T
—J(e T ——— | Foydy). 29
(e TR Y y) @
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Moreover, since F is even we have

T z T z 0
[ rorar=[Trovas+ [ roas= [T rovas+ [ Foray
2 -2

_ 2/2 F(y) dy.
0

Substituting u = |A| cos(y) we obtain

1 T \/7 /2
e F(y)dy = —,/ — F(y)d
Nl (y)dy nfo (»)dy
2 (Al e
—_ _ | = -5 . _ 2 2
=2 [ e (VA 1)
2 ‘A‘ AZ_MZ u2+v2
—/ / e 2 dvdu
Al 2
:—/ / Zrdedr—l—e 7,

Inserting this value into (29) yields the result. O

Proof of Theorem 1 (c) First we note that, by stationarity, Var[N(T)] < CT 2 for some
C > 0. Assume that p has an atom at a point different from o. By (16) and (26), to

show that Var[N (T)] > ;"2 T2 for some ¢ > 0 it is enough to see that

/ (T—|t|)<r(t)+ N“) dt > cT?.

But this follows from Proposition 12 if we define the signed measure u by du(A) =

2 . ~ "
(1-— g—z)dp()\) and notice that it = r + ;—2 and that y has an atom.
For the converse, notice that it is enough to check that for integer J we have

Var[N (ZJ
%—)0 as J — oo,

since this implies that Var[N(T)] = o(T?), by stationarity. Assume first that p has
no atoms; we adapt the proof of [5, Thm 4]. By the Fomin-Grenander-Maruyama
theorem, f is an ergodic process (see, e.g., [12, Sec. 5.10]). By standard arguments,
this also implies that the sequence

/\/}:#{te[(j—l)g,jg): f(z):O].
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is ergodic. Recall that we assume the Geman condition, which implies that the first
and second moments of

are finite. Thus, by von Neumann’s ergodic theorem, we have

N(jj) =E[N] =1,

lim
J—o00

where the convergence is both in L'and L2 (see [31, Cor. 1.14.1]). We conclude that

. Var[N(£J)]
lim —2—— =

0.
J—00 J?

Finally suppose that p = 6p. + (1 — )8 where 0 < 6 < 1 and p, has no atoms.
We may represent the corresponding process as

f) =vof.+ (1 —0)Xcos(ot + D)
where f. is a SGP with spectral measure p., X ~ X2(2), ® ~ Unif([0, 27r]), and

moreover f., X and @ are pairwise independent. By the law of total variance and
Lemma 13 we have

Var [N(Z7) | =E[ Var [N (Z7)|x. @] | + Var [E[N (27 |x. ]|
— ]E[Var [N(%J)’X, c1>]]. (30)
We define, for A € Rand « € [0, 27],
J

NAe =#{r c [(j — 1)%,]'%) - £.(t) = Acos(ot +a)}.

As before the process f, is ergodic, and so is the sequence N jA’O‘ for fixed A and «.
This implies that

Var[N(ZJ)|X, @] 0

J—00 J?
(almost surely), exactly as before. Furthermore, using stationarity we have
1 b4 b4
3 Var [N(27)[x, @] = var [V (2 )| x, @]
J? fog o
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and using (30) we see that
E[Var [N(z) ‘X, d)]] = Var [N(z)] < 400,
o o
since we assume the Geman condition. It follows from dominated convergence that
. 1 T
tim —E[ Var [N(27)|x, #]] =0
J—o0 J2 o

Var[N(Z )] _

whence limj_, o 72 =0. O

Remark We remarked in the introduction that the presence of a special atom in Theo-
rem 1 (c¢) is unique to the zero level; here we give a brief explanation. Indeed, consider
the spectral measure p = 6pg + (1 — 6)5% where 0 < 6 < 1, ¢ € Rand pg is a
symmetric probability measure. We may represent the corresponding process as

£ = V0 fo + /(1 —0)X cos(at + D)

where fj is a SGP with spectral measure pg, and X and ® are as above. Denote by
N¢(T) the number of crossings of the level £ by the process f. Again using the law
of total variance we have

o 22)) 2 e () o]

. . T 2
and by stationarity and periodicity we have IE[Ng (7” J ) ’X , QD] =
JIE[N@(%”)‘X , QJ]. A necessary condition for the variance to be sub-quadratic

is therefore that E[Ng (%”) ‘X , CD] is deterministic, and one may check using Kac-
Rice that this requires £ = 0 and o? = fR A2d po(2). Specifically, one may check

that the values at X = 0 and as X — oo cannot both equal E[Ng(%”)] unless these
conditions are satisfied.

Proofof Corollary 3 Let M = limsup,_,,, ¢(7), where ¢ is defined in (3). By
assumption we have M < 1 and we define

_1-M
S V2-M
We would like to apply Theorem 1 (a) to the spectral measure py. Writing ryp = F[pg]

and r = F[p] we have rg(t) = (1 — 0)r(t) + 6 cos(ot), and (792 = —r;(0) = o> We
accordingly compute

fo

o o2 o

@p (1) = max {|r9(t)| + |r0(t)|’ rg ()] n II”@(I)|}
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¥ ()]
o

§max{(1—9) <|r(t)|+ > + 6(|cosat| + |sinot]),

(1-0) <|r (;)| + Ir (t)|> 4+ 0(|cosat|+ |sinot|)}
o o
<(1—-0)M+6v2
and so

lim sup gy (1) < 1

|t]— 00

for 6 < 6y. Applying Theorem 1 (a) to pg and to p we obtain

T Y 2
Var[N (pg; T)] < T/ (1 _ |L|> (re(t) n r (2t)> s
-T T o]

T Vi 2
ey ul &0
= G)T/_T<1 T)(r(t)+ 02) dt

< Var[N (p; T)].

4.2 Proof of Proposition 12

We begin with a review of some elementary harmonic analysis that we will need,
for more details and proofs see, e.g., Katznelson’s book [17, Ch. VI]. Let M(R)
denote the space of all finite signed measures on R endowed with the fotal mass
norm |[ul|1 = fRd |p|. Recall that the convolution of two measures u, v € M(R)
is given by (u * V)(E) = f w(E — A)dv()) for any measurable set E and satisfies
Il = vt < [lll1livil and Flu * v] = Flu] - F[v]. Moreover, F[-] is a uniformly
continuous map with | F[ulllee < llitll1. We identify a function f € L! with the
measure whose density is f.
The following lemma is a version of Parseval’s identity, see [17, VI 2.2].

Lemma 14 (Parseval) If f,F[f] € L'(R) and v € M(R), then ffdv =
s [ FLAAFDV].

A simple application of Parseval’s identity proves our next lemma.

Lemma 15 Suppose that 1, v € M(R) and S, F[S] € L' (R). Then

1
/ (8 % wdv = 7 / FISIFILIFD.
T

Proof Note that S * p is a function and further that

IS5 pllt < limllelISlly < o0, and
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IFLS s pllle = IFISIF Il < IFIllloo IFIST < Nl I F TSI < oo.

A simple application of Lemma 14 finishes the proof. O

We will also use the so-called ‘triangle function’

I]

Ir(t) = (1 - ?> Ii—7,77(t)

which satisfies 77 = F[Sr] where!!

T TX
Sr(A) = T sinc? (7) .

Notice that applying Lemma 15 to these functions, we obtain

T
/ (1—'iT') Iﬁ(t)lzdtzfTTIF[M]IZZZN/(ST*M) du,
-T R

which is (6).
We are now ready to prove Proposition 12. First suppose that x contains an atom at
o. Write i = 1 + uo where 1 = ¢y for some ¢ # 0 and o ({a}) = 0. Note that

[o(loe — g, +e])| < |u2l(la — &, +¢€]) 1 0, ase | 0. 3D
We have

IF IO = 1F 101 + 2Re{F i 1) Flpal ()} + [ Flu2l(0) ]
> cf* + 2Re{Flu1 1() Flual ()}

Using this and Lemma 15 we obtain
T
/ (T — 11Dt = T / T | FLulP
-T R
> |efPT / T +2TRe{ / Trf[m]f[uz]}
R R

= |c|*T? +4nTRe{/ St % (i dm}.
R

It is therefore enough to show that fR(ST * 1) dpuy = o(T). We bound

T We use the normalisation sinc(x) = samx,
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T
’/(&*m)(x) duz(k)’ = ’;-n/Rsincz(%(x—a)) A2

|e|T

< _/ sinc” (S (A — ) dlual(V).
R

2

Let Io(T) = [« — 27 o 4 °2T]. By (31) we have

[ sine (50~ )dlualh) = ol (Go(T) > 0. a5 T = oo,
1o (T)

On R\ 1, (T) we have %M —al > IO%T, so that

4
2 (T
sinc” (5 (A — a@))d|uz2|(A) < ———=|u2|(R) — 0, asT — oo.
/R\MT) ( ) (log T)?

This concludes the first part of the proof.
Conversely, suppose that © contains no atoms. Recall that

T
/ <1 - %) ()2t = 27 /(ST * 1) dpt.
-T

We will show that |(S7 * w)(A)| = o(T), uniformly in A, which will conclude the
proof. As before, denoting I, (T) = [A — IO%T, A+ M%T] we have

T
(St * W) = ’ / 5 sin® (300 = 7)du(r)
R 4T

T 4 R
<o (lMI(Ix(T)) + A )) .
JT

(log 7)?
It therefore suffices to prove the following claim.

Claim 16 Let v be a non-negative, finite measure on R that contains no atoms. Then

supv(lx —e,x +¢]) > 0, ase 0.
xeR

Proof Denote B(x, &) = [x —&, x +&] and m(¢) = sup,cp v(B(x, &)). Itis clear that
m(e) decreases with & so m(e) must converge as ¢ | 0 to some non-negative limit,
28 > 0. Suppose that 6 > 0 and choose N > 0 such that v(R\[-N/2, N/2]) < §.
Fix n € N and divide [-N, N] into disjoint ‘dyadic’ intervals

Dy = {[kN27", (k + H)N27") 1 k e ZN[-2",2")}.

For any x € R, either B(x, zﬂn) C R\[—-N/2, N/2], which implies that

v(B(x, zﬂn)) < 8, o0r B(x, %) C IU/l' forsome I, I’ € D,,_. Therefore,

leD;,_

m(%) < max (8,2 sup v(I)) .
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Recall that by definition of § we have m (zﬂ,,) > 28. We conclude that for every n € N
we can find I, € D,, such that

v(ly) = 8. (32)

o]

Next we shall construct a sequence of nested dyadic intervals {J,,};2 , such that,

for all n,
Jn € Dn, Jn+1 c Jn: U(Jn) = s.

This will imply, by Cantor’s lemma, that ﬂn Jn, = {x} for some x € R, and further
that v({x}) = lim,—  v(J) > 8 > 0. This contradicts the assumption that v has no
atoms, which will end our proof.

We start by setting Jo = [—N, N]. Suppose that we have constructed Jo O J; D
J2 D -+ D Jy such that for every n > m we can find I, € D, that satisfies

I CJy, and v(I)) > §; (33)

that is, the interval J,, has a descendant of any generation whose v-measure is at least
8. Notice that this holds for m = 0by (32). Notice that if (33) fails for both descendants
of J,, in the generation Dy, 1, then it also fails for J,,, since v(J) > v(J’) for every
descendant J' C J. This completes the inductive construction of J,, and consequently
the proof. O

5 Proof of Proposition 8
5.1 Dehomogenisation

Our first step is based on the following lemma.

Lemma 17 Let P(x, y, ) be a homogeneous polynomial. Then (x + z)2 | P(x,y,2)
ifand only if P(—1,y,1) =0 and %(—l, y, 1) =0.

Proof Consider the polynomial f(x,y) = P(x, y, 1) and write f as a polynomial in
x + 1to obtain f(x,y) = Z?:O aj(y) - (x + 1)7. Suppose first that

and
a P
al(Y)=£(—1,Y)=a(—1,y, 1)=0. (35)

It follows that (x + 1)? | f(x, y), and we write f(x, y) = (x + 1)%g(x, y).
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As P(x,y, z) is homogeneous, one has

P(x,y,z) = %P p (g f 1) _ deeP g (f X)

'z
2
X X X
=ZdegP<_+1) g<_,z)=(x+z)2_zdegP—2g<_,X).
z Z z Z z

Finally 792 P—2¢ (f %) is a homogeneous polynomial, and we are done.

For the converse, note that if (x + z)? | P(x,y,z),then (x + 1)? | f(x,y), hence
equations (34) and (35) hold. O

In light of Lemma 17, Proposition 8 is equivalent to the next proposition.
Proposition 18 For all g > 1 we have

(a) 5?)(—1, v, 1) =0, and
(b) 5+(=1,y,1)=0.

We shall therefore concentrate on proving Proposition 18.
5.2 Reduction to a combinatorial identity

For z € R and k € Z, we use the standard notation (z); for the rising factorial
Pochhammer symbol

I
(Z)k=z(z+1)~~~-(z+k—1)=%)k)

where the second equality holds for z not a non-positive integer. We next reformulate
Proposition 18 in terms of the purely hypergeometric terms

(=Dt (_%)11 ) (_%)lz ' (%)q*ll ' (%)q*lz
2q —li =L =R~ L+l — L+ 0l + 1= k)

Hq(llv 127 k) =

and

in order to be able to apply Zeilberger’s algorithm in Sect. 5.3. We note that H,, H é
are defined for every k, I1, [» € Z, by expressing everything in terms of the Gamma
function.

Proposition 19 For all ¢ > 1 we have

@ Springer



1030 E. Assaf et al.

(a)
0, for k> 12,
> Hy(l.lh. k) = {27%Q2q — ey, for k=1,
hl 2_4ch, for k=0.
()
0, for k> 12,
ZH(;(zl,zz, ky={27%02q — 1)(2q — 2)cg, for k=1,
lil 2% (2q — ey, for k=0.

Proof that Proposition 19 is equivalent to Proposition 18 A rearrangement of the terms
in (13) yields

q
Pi=1y D) =Y =DMk -y ey (20 =1y 1), G6)
k=0
where
dyy=" > agUag)by(. b,y + 1 — k) - (=115,
k<li+l,<2q—k
=l <k

Similarly, one obtains
Py ! k g1 2k 2
TLLy D) = YDl +ep2g = 1) (1- 29 = 2y?)
X k=0

where

diky= Y Qq—h—h—k-ag)ag)by(y.lp. 1y + 1 — k) - (=11 T2~
k<li+l,<2q—k
[h—l]<k

It is therefore enough to prove that
(=D 2agn)ag )by (1, b, I + 1 — k) = 24 Hy (11, 1, k),
which is easily verified by standard algebraic manipulations. O
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5.3 Proof of Proposition 19 (a)

We will use the multivariate Zeilberger algorithm for multi-sum recurrences of
hypergeometric terms (see [2] and [18, Chapters 6 and 7]). For convenience we write

Sq(ky =" Hy(ly, . k) = 27*d, (k).
I,

First, we will handle the case where k = ¢.
Lemma 20 Forall g > 2 we have S;(q) = 0.
Proof We have

1 & 2 (2q — 2D)!(21)!
dy(q) = ;aq(l)aq(q_l)b ¢(.q—1,0) = (—ZO:< ) Q@ -1)Qg—20—1)

qu—zz 1 20\ 1
- 2g-21—1 \1Ja-1

We write ¢ (x) = Y72 () s7=7x! = —v/T—4x. Then Y0%  dy (q)x7 = ¢(x)* =
1 — 4x, showing that d,;(g) = 0 for all ¢ > 2, whence the claim. O
Next, we prove a recurrence relation for S (k).
Lemma 21 Forallq > 1 and all k # q + 2 we have
2 dkq — 4q° —7q —
q q q°-+2k—-7179—4

80k =2 = —q -2 10T sk —2g =k =g =2 o1 ® T S =0.

Proof Let us begin by defining some rational functions in 4 variables. Let

OV, . k) = 4g>(h — L — k) + 4gk> + 8gk*(4 — 1 — 1)
+ 4k (I} — 12)? + 2qk(4ly + 1412 — 11) + 2q(21 12 + 31 — 9 + 3)
+ 4k(2k + 1)(3 — 211) (2l — 1) + 121115 — 61 — 1815 49,
0P (1, 1, k) = 81Tk — 4l3q + 4l11g — 1211kg
+ 4l1q° — 4laq® + 4kq® — 817 + 4111 — 1201k
+ 1001 — 6l2q + 10kq + 611 — 21> + 4k —2q — 1

and
Qqli, I, k) =32k(2k — 29 —3)(k—q—2)-2q —li —lr —k + 1)4.
Define also

o, b, k(124 q — 1)U + 1 — k) (U — b+ k)
Qq(lls 127 k)

R, 1, k) =
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and

0P, b, (124 g =) i+ b =k —h + k)

RPy, 1, k) =
g (-0 0,1, 1. k)

Applying Zeilberger’s algorithm yields the following identity of rational functions,
which can be verified directly by expanding (and should be interpreted in the usual
way at the poles):

q° 4kq —4q> +2k —T7q —4  Hyp1(li, 1o, k)
82k —29 —3)(—q+k—2)  42k—29—3)(—q+k—2) Hy(, 1, k)
Hy oy, I, k)
Hy(ly, o, k)

Hy(ly + 1,15, k)
Hy(li, 1+ 1, k)

=R+ 1.1, k) - — R, b k)

+RP UL+ 1,k) - — RP (1. . k).

Therefore, after multiplying both sides by H, (I1, 2, k), one gets

q*Hy(l1, 1o, k)
8(2k —2q —3)(—q +k — 2)
dkq —4q%> +2k —Tqg — 4
42k —2g —3)(—q +k —2)
=GP+ 1.5, k) =GP b k) + GP U b+ 1.k) — GP (. 1. k),

Hy1(l, b, k) + Hyqa (L, 12, k)

where G(l1, b, k) = R\, k) - Hy(y, b, k), and Gy, k) =
Rfiz) (l1, 1o, k) - Hy(I1, I, k). Tedious but routine manipulations show that G((Il) and
G((f) are well-defined at the poles of Rél) and R;z). We can now sum over all [, [
on both sides, noting that H,; (and therefore G((Il) and G,(IZ)) vanish for |/{| or |I3]

sufficiently large, and get

2 2
4kq — 4g% +2k —Tq — 4
g Sq(k) + o1 1
82k —2q —3)(—qg +k—2) 42k —2q —3)(—q + k —2)

Sq+1 (k) + Sq+2(k) =0,

as claimed. O
Now Proposition 19 easily follows from Lemma 21, by induction.

Proof of Proposition 19 (a) We proceed by induction on g. For the base case note that
Pi(x,y,2) =2(x +2)?

@ Springer



An asymptotic formula for the variance of the number of... 1033

whence, recalling (36) and the relation S, (k) = 2—% dy (k),

4 4 1
(&(0) - ?> + (— - sl(l)) Y4+ Sithy* = S Pi-1y, 1) =0.

24
k>2

This implies that

0, fork=>2,
Sik) = }1, fork =1,
1, fork =0,

which is exactly the case ¢ = 1. Similarly, one verifies the formula for g = 2.

Using now Lemma 21, it is clear that we have S;2(k) = Oforall2 <k < g +2.
By Lemma 20, this also holds for k = g +2. By definition, S, 12 (k) = Ofork > g +2.
It remains to consider the cases k = 0, 1. Assume that

S,(0) =27%c,, S,(1) =27%(2q — I)¢,
Sq+1(0) = 2740 Ve 41, Sii (1) = 274D (2g 4 g1

Then from Lemma 21 we have

g2 1 4> +7q + 4 1
~Sg2(0) = 8(2g +3 2) 29\ 4(2g + 3 2 2q+2
(29 +3)(q +2) 2q~(q) (2q +3)(g +2) (2q+2).(q+1)
_ 1
2(¢ +2) - (45)
and similarly
S, (1) q° 2q — 1 49% + 3¢ +2 2 +1
—S,1a(1) = . — .
" 829+ D@+ 1D 2q- (%qq) 429+ D@+ (29 +2)- (2qq:12)
_ 1
T 4(24+2
4(qq+1)
as claimed. O

5.4 Proof of Proposition 19 (b)

The development is very similar to that of the previous section, and we shall
accordingly give less detail. We define

Syky =Y Hy(h, 12, k)

1,1
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and notice that S‘/] (k) =274 d(’] (k). We begin with a recurrence relation, similar to
before.

Lemma22 Forallg > 1 and all k # 2q — 1, we have

gk=2-1 oo

2k —2g — 1)(k—2g +1) 1 q+1(k) =0.

Proof This time we define

Q1(q.11, 1>, k) = 2Dk — 4kq + 4lrg — k + 21, — 29 — 1,
05(q. 11, I, k) = 2k* — 2ok — 4lyq + 3k — 21, + 2 + 1

and

Q'(q, 11,1, k) =4kQk —2g — Dk —2q+ DQq — 11 —lh —k)Q2q — 11 —lh —k +1).
Define also

Q1(q, i, b, kY124 q =1 + 1 — k)G — b + k)

R/(Qa111121k) = ’
! 0'(q.11. 1. k)

and

05(q. 11, b, k)1/2+q =) + 12 — k)2 — 11 + k)
0'(q.11,12,k) '

Ré(Q1 lls 129 k) =

Applying Zeilberger’s algorithm again yields

qlk —2q —1)
22k —2g — 1)(k —2g + 1)
=Gl(q. i+ 1,1,k) — Gi(q, 11, b, k) + G5(q, 11, I + 1, k) — G5(q, 1, 2, k)

H(;(ll, b, k) + Hé+1(ll, I, k)

where G'(q.l1,,k) = Ri(q,l1,12,k) - Hq’(ll,lg,k), and G5(q,l1, 2, k) =
Ry(q, 11,12, k)- HC; (11, I, k). We can now sum over all /1, [; on both sides and get the
result. =

Proposition 19 (b) now follows by induction, as before.
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