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Abstract

We study random domino tilings of the Aztec diamond with a biased 2 x 2 periodic
weight function and associate a linear flow on an elliptic curve to this model. Our main
result is a double integral formula for the correlation kernel, in which the integrand is
expressed in terms of this flow. For special choices of parameters the flow is periodic,
and this allows us to perform a saddle point analysis for the correlation kernel. In these
cases we compute the local correlations in the smooth disordered (or gaseous) region.
The special example in which the flow has period six is worked out in more detail, and
we show that in that case the boundary of the rough disordered region is an algebraic
curve of degree eight.
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1 Introduction

Domino tilings of the Aztec diamond, originally introduced in [12], form a popular
arena for various interesting phenomena of integrable probability. A domino tiling of
the Aztec diamond can be viewed as a perfect matching, also called dimer configura-
tion, on the Aztec diamond graph. This is a particular bipartite subgraph of the square
lattice (cf. Fig.2). By putting weights on the edges of the Aztec diamond graph, one
defines a probability measure on the set of all perfect matchings, and hence all domino
tilings, by saying that the probability of having a particular matching is proportional to
the product of the weights of the edges in that matching. In recent years, several works
have appeared on domino tilings of the Aztec diamond where the weights are doubly
periodic. That is, they are periodic in two independent directions, and we will use the
notation k x £ to indicate that they are k-periodic in one direction and £-periodic in
the other. In this paper, we will study a particular example of a 2 x 2 doubly periodic
weighting that is a generalization of the model studied in [1, 2, 7, 8, 11, 20]. The dif-
ference is that we introduce an extra parameter that induces a bias towards horizontal
dominos, and we refer to this model as the biased 2 x 2 periodic Aztec diamond. The
model considered in [1,2, 7, 8, 11, 20] will be referred to as the unbiased 2 x 2 periodic
Aztec diamond.

Doubly periodic weightings lead to rich behavior when the size of the Aztec dia-
mond becomes large. The Aztec diamond can be partitioned into three regions: frozen,
rough disordered (or liquid) and smooth disordered (or gaseous). They are character-
ized by the different local limiting Gibbs measures that one expects in these regions
[22]. The difference between the smooth and disordered regions is that the dimer-
dimer correlations decay exponentially with their distance in the smooth disordered
region and polynomially in the rough region. The three regions are clearly visible in
Fig. 1 where we have plotted a sample of our model for a large Aztec diamond.

From general arguments, that go back to [21], we know that the correlation functions
in our model are determinantal. In order to perform a rigorous asymptotic study,
one aims to find an expression for the correlation kernel that is amenable for an
asymptotic analysis. For the unbiased 2 x 2 periodic Aztec diamond, a double integral
representation was first found in [7] (more precisely, they were able to find the inverse
Kasteleyn matrix [21]). Based on this expression, the boundary between the smooth
and rough disordered region has been studied extensively in [1, 2, 20]. Unfortunately,
it is not obvious how the expression in [7] extends to the biased generalization that we
consider in this paper. Instead, we follow the approach of [5].

In [5] the authors studied probability measures on particle configurations given
by products of minors of block Toeplitz matrices. The biased 2 x 2 periodic Aztec
diamond can be viewed as a special case of such a probability measure. The main
result of [5] is an explicit double integral formula for the correlation kernel, provided
one can find a Wiener—Hopf factorization for the product of the matrix-valued symbols
for the block Toeplitz matrices. That Wiener—Hopf factorization can in principle be
found by carrying out an iterative procedure, in which the total number of iterations
is of the same order as the size of the Aztec diamond. In certain special cases, such as
the unbiased 2 x 2 periodic Aztec diamond [5] and a family of 2 x k periodic weights
[4], the procedure is periodic, and after a few iterations one ends up with the same
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parameters that one started with. This means that the Wiener—Hopf factorization has
arather simple form, and after inserting that expression in the double integral formula
one obtains a suitable starting point for a saddle point analysis [5, 11]. However,
generically, the iteration in [5] is too complicated to find simple expressions for the
Wiener—Hopf factorization, and other ideas are needed.

The biased 2 x 2 periodic Aztec diamond is the simplest doubly periodic case in
which it is difficult to trace the flow in [5]. Our first main result is that the Wiener—
Hopf factorization can alternatively be computed by following a linear flow on an
explicit elliptic curve. This flow is rather simple and consists of repeatedly adding
a particular point on the elliptic curve. For generic parameters, one expects the flow
to be ergodic, but for special choices the flow will be periodic. We will identify a
few explicit examples of these periodic cases, and perform an asymptotic study in the
smooth disordered region for the general periodic situation.

The reason why the iterative procedure in our case is linearizable on an elliptic
curve can be traced back to [26]. In that work it was shown how an isospectral flow on
certain quadratic matrix polynomials, obtained by repeatedly moving the right divisor
of the polynomial with a given spectrum to the left side, is linearizable on the Jacobian
(or the Prym variety) of the corresponding spectral curve. The main goal of [26] was
to describe the dynamics of certain discrete analogs of classical integrable systems in
terms of Abelian functions. Some of the key ideas used in that work had previously
originated in constructing the so-called finite gap solutions of integrable PDEs, see
their book-length exposition [3] with historic notes and references therein. The matrix
case, which was most relevant for [26], had been originally developed in [9, 10, 16,
23, 24].

While our situation does not exactly fit into the formalism of [26], similar ideas
do apply, and they led us to the linearization. We hope that they will also help with
studying more general tiling models.

To conclude, let us mention that in [11] it was shown that the double periodicity
leads to matrix-valued orthogonal polynomials. For the unbiased 2 x 2 periodic Aztec
diamond, these matrix-valued orthogonal polynomials have a particularly simple struc-
ture. Somewhat surprisingly, they even have explicit integral expressions that lead to
an explicit double integral representation for the correlation kernel. The expression in
[11] was re-derived in [5]. For the biased model it is interesting to see what the flow on
the elliptic curve implies for the matrix-valued orthogonal polynomials, and if explicit
expressions can be given in general and/or for the periodic case. Furthermore, it is
interesting to compare our results with [6], in which matrix orthogonal polynomials
were studied using an abelianization based on the spectral curve for the orthogonality
weight.

2 Preliminaries

In this section we will introduce the dimer model that we are interested in, discuss
several standard different representations from the literature and recall the determi-
nantal structure of the correlation functions for a corresponding point processes. In
our discussion we repeat necessary definitions from earlier works, in particular of [5,
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262 A. Borodin, M. Duits

Fig.1 A sampling of the biased
doubly periodic for a large Aztec
diamond. The West and South
dominos are colored yellow, and
the North and East dominos are
colored blue. The three different
regions are clearly visible, with
the smooth disordered region in
the middle, surrounded by the
rough disordered region and
frozen regions in the corners
(colour figure online)

Fig.2 The left picture is the bipartite graph Gy, with N = 4, and the right picture is a perfect mathching
of G N

11, 17, 19], and we will make specific references to those works at several places to
refer the reader for more details. We refer to [15] for a general introduction to random
tilings.
2.1 A doubly periodic dimer model
For N € N define a bipartite graph Gy = (By U Wy, En), with black vertices
By={((-N+j+k-2—-j+k)|j=0,....N—1, k=0,...,N},
and white vertices

Wy={(3-N+j+k3—j+k)j=0....N, k=0,....N—1},
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Biased 2 x 2 periodic Aztec diamond... 263

If the coordinates of the center black ver- If the coordinates of the center black ver-
tex are (—3 — N +m, 2 +m—2j) with m tex are (—2 — N +m, 3 +m —2j) with m
even odd

Fig.3 The weights on the edges of Gy

and with edges £y between black and white vertices that are neighbors in the lattice
graph (i.e., that have a difference of (£1, 0) or (0, £1)). This gives the graph on the
left of Fig. 2. The picture on the right of Fig.2 is a perfect matching of this bipartite
graph, also called a dimer configuration. A dimer model is a probability distribution
on the space of all perfect matchings M of this graph Gy such that the probability of
a particular matching M is proportional to

PM) ~ [ wee).

eeM

where w : £ — (0, 00) is a weight function.

In this paper, we will consider the weight functions defined as is shown in Fig. 3.
There are two parameters o, a € (0, 1]. The vertical and horizontal edges with a black
vertex on top or on the right all have weights a and 1, respectively. For vertical edges
with a black vertex on the bottom and horizontal edges with a black vertex on the left,
the weight depends on the coordinates of that black vertex. These weights are given by
aa and o, or by a/a and 1/«, depending on the coordinates of the black vertex in that
edge. If the vertical coordinate of that vertex is % + k for an even k, then the weights
are aa and «. If the vertical coordinate of that vertex is % + k for an odd k, then we
have the same weight, but with « replaced by 1/«. The distribution of the weights
is thus two periodic in two different directions; edges whose coordinates differ by a
multiple of (2, 2) or (2, —2) have the same weight.

Note that only the parameter « is responsible for the double periodicity. Indeed, for
o = 1 the weights no longer depend on the position of the black vertex in the center
in Fig. 3. We will be particularly interested in the doubly periodic situation and thus
in the case 0 < o < 1. The effect of the extra parameter a is that all the vertical edges
are given an extra factor a. If 0 < a < 1, this makes them less likely, and the model is
biased towards horizontal edges. As we will see, adding this parameter has a profound
effect on the integrable structure of this model. Moreover, we will see that the special
case a = 1, studied by several authors [5, 8, 11], is a very particular point.

An alternative way of representing matchings is by drawing dominos. Indeed, each
matching is equivalent to a domino tiling by drawing rectangles around the matched
vertices as is shown in Fig.4. The dominos tile a planar region known as the Aztec
diamond. We distinguish between four different types of dominos called the West,
East, North and South dominos. The West dominos are the vertical dominos with a
black vertex on the bottom, the East dominos are the vertical dominos with a black
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264 A. Borodin, M. Duits

Fig.4 The right picture is the domino representation of the dimer configuration on the left

Fig.5 The DR paths on a domino tiling

vertex on the top, the North dominos are the horizontal dominos with a black vertex
on the right and, finally, the South dominos are the horizontal dominos with a black
vertex on the left. In Fig. 4 these four types of dominos are the furthermost ones in the
corresponding corners.

Note that the weighting that we will consider is such that all North dominos have
weight 1 and all East dominos have weight a. The weight of a West domino is either
aa if the vertical coordinate of the lower left corner is even, or a/« if that coordinate
is odd. Similarly, the weight of a South domino is either « if the vertical coordinate
of the lower left corner is even, and 1/« if that coordinate is odd. For small ¢ > 0
we expect to see more South and North dominos, as the West and East domino have
small weight.
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Biased 2 x 2 periodic Aztec diamond... 265

L W £ L
Z Z, V
(M)? (2N, 0) 4 a ?
< 4
?
(0, —M) ;//; (2N, —M) //; 7

Fig.6 The left figure shows the underlying graph G,. The right figure shows the graph G, and a collection
of non-intersecting paths starting in (0, —j) and ending in 2N, —j) for j = 0,... M, with N = 4 and
M=5

2.2 Non-intersecting paths

A useful alternative representation, that is easily obtained from the dominos, is the
representation by DR-paths [18, 19, 29]. By drawing an upright path across each West
domino, a down-right path across each East domino, a horizontal across each South
domino and nothing on a North domino, we obtain the picture given in Fig.5. There
are four paths leaving from the lower left side of the Aztec diamond and ending at
the lower right side. The paths also cannot intersect. Clearly, the paths determine the
location of the East, West and South dominos, and therewith the entire tiling. One
can therefore represent each dimer configuration with a collection of non-intersecting
paths.

Instead of looking directly at the DR paths, however, we will consider closely related
interpretation in terms of non-intersecting paths on a different graph. The reason for
this is two-fold. First, the DR paths are rather uneven in length. The bottom path is
much shorter than the top path. The second reason is that it turns out to be useful to
add paths so that we have an infinite number of them. The auxiliary paths will have
no effect on the model, but will give a very convenient integrable structure.

We start with adirected graph G, = ({0, 1, ..., 2N} x Z, £,) where we draw edges
between the following vertices (we use the index p in G, and &, to distinguish this
graph from the bipartite graph in the dimer representation):

2j. k) — Q2j+ 1Lk, @Qjkb—>QCj+Lk+1),
Qj+1Lk)—2j+2,k), Qj+2,k+1) = (2j+2,h.

A part of the graph is shown in Fig.6. We then fix starting points (0, —j) for j =
0,..., M, and endpoints (2N, —j) for j = 0,..., M and consider collections of
paths in the directed graph that connect the starting points with the endpoints, such
that no paths have a vertex in common (i.e., they never intersect).

Note thatif M > 2N — 2 only the N top paths and the N — 1 bottom paths are non-
trivial, but any path in between is, due to the non-intersecting condition, necessarily
a straight line. In fact, even the top N and bottom N — 1 paths have parts where they
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MNYY
N
/
/

BN

Fig. 7 From the non-intersecting paths on the graph G, to the DR paths. The middle picture is obtained
by removing the horizontal steps from the paths and the graph G,. In the second transformation (m, u)
(m, u — m) we obtain the rotated DR paths

are necessarily straight lines. Indeed, in the region between the lines (m, —N +m/2)
and im, —M + N +m/2)form =0, ..., 2N, all the paths are necessarily horizontal.

The connection with the dimer models is the following: If we remove all paths
below the line (m, —N + m/2) then the configuration that remains is equivalent to the
DR paths for the domino tilings of Aztec diamond. Indeed, by further removing all
horizontal parts (m, u) — (m+1, u) for odd m and concatenating the result, we obtain
the picture in the middle of Fig.7. The coordinate transform (m, u) + (m,u — m)
maps the middle picture to the DR-paths shown on the right of Fig. 7.

The next step is to put a probability measure on the collection of non-intersecting
paths that is consistent with the dimer model from Sect.2.1. To make the correspon-
dence, we note that each up-right diagonal edge in the graph G, corresponds to a West
domino, each vertical edge to an East domino, and each horizontal edge (after remov-
ing the auxiliary horizontal edges at the odd steps) corresponds to a South domino. A
careful comparison with the weights for the dimer models leads us to assigning weights
to the underlying directed graph as follows: the horizontal edges (m, u) — (m+1, u)
for odd m are auxiliary and have weight 1, the vertical edges correspond to East
dominos and have weight a, the horizontal edges (m,u) — (m + 1, u) for even m
correspond to South dominos and have weight « if u is even and weight 1/« if u is
odd, and, finally, the up-right edges (m, u) — (m + 1, u + 1) for m even have weight
aa if u is even and weight a/« if u is odd. This is also represented in the following
finite weighted graph that is the building block for the rest of G:

>
a
y (2j + 2, 2k)

a

(2j.2k)

@j.2%-D" T T @j+2.2-1)

Then the probability of having a particular configuration of non-intersecting paths
is proportional to the product of the weights of all the edges in the corresponding
dimer/domino configuration.
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Biased 2 x 2 periodic Aztec diamond... 267

2.3 A determinantal point process

Let us now assign a point process to the above collections of paths. We place points
on these paths by taking the lowest possible vertex on each vertical section (including
those of length 0), as indicated in the right panel of Fig. 6,

(m,ul) forj=1,....,M, m=0,...,2N,

where ué = ué y = —Jj+land M > N.Since the top N paths uniquely determine the
dimer configuration, so do the points (m, u{n). Further, our probability measure also
turns the set of points with coordinates (m, u),) into apointprocesson{0, 1, ...,2N}x
7.

We stress that we are only interested in the points (m, u@) with j < N—m/2+1,
as it is those that determine the tiling. The other points are auxiliary and only added
for convenience. Indeed, by a theorem of Lindstrom-Gessel-Viennot (see, e.g., [14,
25]) the probability of a given point configuration is proportional to

2N
J k\M
[T det TGy, us) Yoy

m=1
where Ty, are the transition matrices defined by

1 dz
(T ket = €1, 2k = )13y 000 = 5 f An() i

for k1, k» € Z, and A,,(z) given by

A (2) = Ac(z), if m is even,
mi = Ap(2), if m is 0dd,

with

1 1
Ap(2) = (z a.ilz) ) Ac(2) = m <g 6;) . ey

We will also use the notation
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268 A. Borodin, M. Duits

2N
A@ =[] An®:
m=1

By the Eynard-Mehta theorem (see, e.g., [13]), the point process is determinantal,
meaning that there exists a kernel

Knvwm:({0,1,...,2N} xZ) x ({0, 1,...,2N} x Z) — C, 2)
such that, for any (my, uy) € {0,...,2N} x Zandk =1, ..., n,

P(there are points at (my, ux), k=1,...,n)
= det [Ky,m((mj, up), (e, u))]] -

Now we recall that we are only interested in the top N paths, and thus we will restrict
ujtobein {—N +1,...,0}. Then the marginal densities are independent of M as
long as M is sufficiently large and

Ky, pm((my,uy), (ma, uz))
= Mlgnoo Ky pm((my,u1), (ma, u2)) = Ky((my, ur), (mz, uz)).

In [5] a double integral formula for the correlation kernel K y was given. That formula
involves a solution to a Wiener—Hopf factorization.

Proposition 2.1 [5, Theorem 3.1] Suppose that we can find a factorization
A(R) = A_(2)A+(2)

with 2 x 2 matrices A+ (z) such that

1. Af(z) are analytic in |z| < 1 and continuous in |z| < 1,
2. Afl(z) are analytic in |z| > 1 and continuous in |z| > 1,

10
3. A_(z2) ~ (O l> as z — 0.
Then the kernel Ky has the pointwise limit Ky as M — oo given by

m
. ol Ly dz
[Kn(lm. 2x = ). (m' 23" = 0]} = =5 / [T 4@ =%
=1 o .

2N
1
+— A A 71A_ -1
(2mi)? fwlzpl ﬁZZPZ . [T 4w | Arw) ()

Jj=m'+1

" ' dzd
[T4,6 | & =22 3)
il ¥ z(z — w)
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Biased 2 x 2 periodic Aztec diamond... 269

where |al®> < p1 < pa < 1/lal®, Ly<m = 1 if m" < m and O otherwise, and the
integration contours are positively oriented.

Remark 2.2 Proposition 2.1 is only part of Theorem 3.1 in [5]. Indeed, the kernel in
(3) is called K, in [5]. We note that here we already shifted coordinates compared
to [5]. Also, in the formulation of Theorem 3.1 in [5] one needs a second factorization
AR) = A_ (z)fh(z). However, all that is needed for Proposition 2.1 is the existence
of such a factorization, and that is guaranteed by Theorem 4.8 in [5].

2.4 The Wiener-Hopf factorization

The question remains how to find a Wiener—Hopf factorization that is explicit enough
to be able to use (3) as a starting point for asymptotic analysis. The idea for finding a
Wiener—Hopf factorization is simple (see also [5, Sect. 4.4]). Write

AQR) = ~(P@)Y,

(1—a?/2)

P =(5) (o)

Then in the first step we look for a Wiener—Hopf factorization of the form

where

P(z) = Py,—(2) Po,+(2),

and then write

(P@)N = Py_(2)(P12)" " Py 1 (2),

where

P1(z) = Po,+(2) Po,—(2).
Next, we compute a factorization for Pi(z) = P, —(z)P1 +(z) and set P2(z) =
Py +(2)P1,—(2). At each step in the procedure we thus construct a new matrix val-

ued function Pyy1(z) = Pk +(2) Pr,—(z) constructed by switching the order of the
Wiener—Hopf factorization

Pi(2) = P, —(2) P 4 (2). “

The result is that we find a Wiener—Hopf factorization for A(z) of the form

Az) = (Po,— (@) Py—1,-(2)) (PN-1,+() -+ Po.4(2)) .

(1 —a?/2)N
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270 A. Borodin, M. Duits

An important point is that this procedure defines a flow
Po(z) = P1(2) = P2 (2) = ...

and to obtain explicit representations for the correlation kernel in (3) we need to have
a sufficiently detailed description of this flow. As was pointed out in [5, Sect. 4], there
is a general procedure to capture this flow. Generically, the description in [5] of the
flow is rather difficult to control, but for specific values it can be written explicitly.
Indeed, for @ = 1, the double integral formula of [11] could be reproduced. See also
[4] for other cases where it was tractable. It is important to note that in the cases of both
[11] and [4], the flow was periodic, which is of great help, in particular for asymptotic
analysis. For the model that we consider in this paper, however, it appears difficult to
control this flow for a < 1, and the point of the present paper is to give an alternative
more tangible description. We will show that the flow is equivalent to translations on
an explicit elliptic curve. This will also help us to track other choices of parameters
for which the flow is periodic.

3 Main results

We now present our main results. All proofs will be postponed to Sect. 5.

3.1 An elliptic curve

Consider an elliptic curve £ (over R) defined by the equation

) 4x(x—612)(x—1/a2)
Y =t G a1 )

where o and a are the parameters from the dimer model in Sect.2.1. One easily verifies
that the curve crosses the x-axis precisely three times, once at the origin and at two
further intersection points in (—oo, 0). The elliptic curve has therefore two connected
components, and one of those, denoted by £_, lies entirely in the left half plane. Note
also that (0, 0), (a2, @) and (a~2, a~2) are the intersection points of the curve with
the line y = x. The point (a~2, a~2) will be of particular interest to us.

It is well known that an elliptic curve carries an Abelian group structure, and we
can add points on the curve. The point at infinity serves as the identity. We will be
interested in a linear flow on the curve that is constructed by repeatedly adding the

2
}J‘rzz ). That

point (a’z, a’z) starting from the initial parameters (xo, yg) = (—1, —
is, we consider the flow

_(_ _1—0(2
(x0, yo) = (1, 1+a2>,

{ Xjr1,yj+1) =0 (xj,y;),
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Biased 2 x 2 periodic Aztec diamond... 271

(Tj41,Y541)
/ ! (ajjvyj)

Fig.8 The flow on the elliptic curve. At each step we add the point (a=2,a=2). This can be geometrically
represented by drawing a straight line through (@2,a7 %) and (x j»¥j)- This line intersects the curve at a
unique third point in £—. The point (x4, yj+1) is then obtained from the intersection point by flipping
the sign of the second coordinate

where

o(x,y) = (x,y) + (@ ?,a7?),

and + represents addition on the elliptic curve. The flow can be nicely illustrated by
the geometric description of the group addition on the curve. Starting from (x;, y;)
we compute (xj41, yj+1) as follows: the straight line passing though (x;, y;) and
(a=2, a~?) passes through a third point and (x 41, ¥j+1) is the reflection of that point
with respect to the x axis (in other words, we flip the sign of the y-coordinate). See
also Fig. 8. It can happen that the line through (x;, y;) and (a2, a?)is tangent to _
at point (x;, y;). In that case, (x;11, yj+1) is just the reflection of the (x;, y;) with
respect to the x axis. Note that the initial point (xg, yo) lies on the oval £_, and from
the geometric interpretation it is easy to see that every point (x;, y;) is on the oval £_.
Our first main result is that this flow uniquely determines the correlations for the
biased Aztec diamond as described in Sects. 2.1-2.4 above. But before we explain that,
we first discuss properties of the flow that will be of interest to us. For generic choices
of the parameters one can expect the flow to be ergodic on £_, but for certain special
parameters (a2, a~2) will be a torsion point. In those cases the flow is periodic. This
distinction has important implications for our asymptotic analysis of the tiling model.
We will therefore discuss a few examples in which (a~2, a~?) is a torsion point.
First, if we assume that « = 1, then our dimer model is an example of a Schur
process [27], and we know that simpler double integral formulas for its correlation

@ Springer



272 A. Borodin, M. Duits

kernel can be given. This should mean that our flow has a particularly simple structure.
Indeed, for « = 1, the oval £_ reduces to a singleton £_ = {(—1, 0)}, and the flow
is constant. This can also be seen directly, from the fact that the two factors in the
definition of P(z) commute.

The second case of interest is the unbiased case where a = 1. In that case,
(@ 2a% = (a2, a?), and the elliptic curve is tangent to the line y = x at that
point. For general a > 0 we have the relation (az, az) + (a’z, a’z) = (0, 0) and thus,
fora = 1, we have 2(a~2, a=2) = (0, 0). It is also clear that (0, 0) is a point of order
2, and thus (a_z, a‘z) is of order 4. This implies that our flow is periodic and returns
to its initial point after 4 steps. For completeness, we compute the flow explicitly:

1 1—o?

See the left panel of Fig.9 for an illustration.
The next example we would like to discuss is that of an order six torsion point. This
happens when

2 o

- % 7
a a?+a+1 @

The flow on the elliptic curve is given by:

1—a? 5 —a?+ad 2012—013 1—a?
-1, — = | —a, ——— | = | —a”, = -1, ——
1 +a? 1+« 1+« 1+ a2

1 1-« 1 Y . 1 —a? ®
,l-——, — ), ———— = [-1,—— ).
a?’ o2 4+l o?’ a2 4ad 1+ a2

Indeed, after six steps we have returned to our initial point. This case is illustrated on
the right panel of Fig.9.

We found the relation (7) by computing the division polynomial of order 6 and
requiring that (a=2, a~?2) is a zero of this polynomial. In fact, this provides a recipe
for deriving relations between a and « such that (a2, a~2) is a torsion point of order
m. We recall the notion of division polynomials in Appendix B and provide such
relations form = 4,5,6, 7, 8.
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(a721 a72)

Fig. 9 The picture on the left illustrates the flow in case (@=2,a7?) is a torsion point of order four. The
picture on the right shows the flow in case that point has order six

3.2 Correlation kernel

To explain the connection between the flow on the elliptic curve and the Wiener—Hopf
factorization in Proposition 2.1 we define functions a, b, d : £ — (0, c0) by

24D (a?+1) y—
a(x,y) = detijetd y=
b(x,y) = — 5,
d(x, y) — 2a<xx(x—l/a2)

@+ (a+1/a)(y—x)

Since x < 0 for (x, y) € £_, these functions are well-defined with no poles and take
strictly positive values. Consider the maps

. a(x,y)0 L1\/1 o0
P'“’”””’”( 0 1><§1>(0a(x,y)>’

. 1 0 la’z\ (1 0
et (0 Z—id(x,y)> (1 ! ) <0 d(x’y))'

The first main result of this paper is that the factorization (4) is given by

and

P s(2) = Pr(0* (x, y)).
We will discuss this claim at length in Sect. 4 in a slightly more general setup and we

refer to that section for more details. The claim is then a special case of Theorem 4.6.
Of important to us now is that it, together with Proposition 2.1, implies the following.
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Theorem 3.1 The correlation kernel Ky from Proposition 2.1 can be written as

[Kn(@m +e,2¢ = ), @m' +,2¢ = D], .,
Zm—x—m’+)c’dZ

12m’+s/<2m+s/ —g —m’
= Ac@D)E(P@)" T Ay(D) ———
=1 T @ —atymry

2mi

+ l.zﬂg 7§ Acw)™ P)Y " PL(w) T P_(@) TP ()" Ag(2)*
@2ri)? Jiwi=py Jiz1=p2
wa’+me’(Z_az)N*m dzdw )
ZAN=m(y — g N=m" 72(z — w)’
where
o T a0\ (L 1)1 0 10
,(Z)_H) (0’ (x,y) 0 1)\ 1) \0aw/(x,y) 1o
jm z
and

N-1 /4 0 1a%z\ (1 0
Pr) =[] (0 ;—id(oN‘l‘-"(xw)) (1 1 ) <0 d(aNlj(x,Y))>’ (o

j=0

and the contours of integration are counterclockwise oriented circles with radii p
and py such that |a|* < p1 < p2 < 1/|al*

A proof of this theorem is given in Sect.5.1.
If (a2, a"?) is a torsion point of order d, the flow (x, y) — o (x, y) is periodic,

and the double integral formula can be rewritten in a useful way.

Corollary 3.2 Assume that (a=2, a™2) is a torsion point of order d. Define
d
PD@) =P _(2) Pao1.- ().
and
() —
P(2) = Pg—1,4(2) -+ - Py, +(2).

Then we can rewrite (9) as

1
J.Jj'=0

Lopmrye / '
- _2f"+€—52'11+8§£ Ac()TE (P AL(2)°
2mi lzI=1

1 ?g yg —'
+— Ae(w)
Qi) Jlwi=p1 Jiz1=p

[Kan (2m +&,2x — j), @m" + &', 2x" — j')]

m—x—m’—i—x’d

(Z _ aZ)m—m’Z
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PN (P w) N (P (2)) N P(2)" Ap(2)®
wx/-l-dN—m’(Z _ a2)dN—m dzdw
x Zx+dN—m (w _ a2)dN—m’ Z(Z _ w) ’

12)

where |a|> < p1 < p2 < 1/|al?.

Note that in (9) we have replaced the size of the Aztec diamond N by d N. This is
not necessary and the upcoming analysis can also be performed for the general case.
Since the difference will only involve non-essential cumbersome bookkeeping, we
feel that working with d N instead of N makes for a cleaner presentation.

3.3 Asymptotics
The representation of the correlation kernel in (12) is a good starting point for an
asymptotic study. We will compute the microscopic process in the limit N — oo near
the point

(2dT,2X) = (2d|Nt],2|dN§)), 0<t<l, —% <&E—-1/2<0. (13)

That is, we consider the limiting behavior of the correlation kernel

[Kan (24T +2m 4 £,2X +2x — j), (2dT +2m' + ¢/, 2X + 2x' — j’))]},j/:0

(14)
as N — oo, with m, m’ € Z fixed. Note that the first coordinate of the point (13) is a
multiple of 2d and the second coordinate is a multiple of 2. This restriction is made
for clarity purposes and is not necessary. Note also that any finite shift from (13) can
be absorbed into the variables 2m + ¢, 2m’ + ¢, 2x + j +2x" + j' in (14).
3.3.1 The spectral curve
To perform the asymptotic analysis it is convenient to diagonalize the matrices P (w),

P(2), P\ (w) and PV (2).
The spectral curve det(P(z) — 1) = 0 can be easily computed:

2 1 2 2 a’
A—la+—-)A+aHr+A—-a)|1—-——)=0. (15)
o z
The curve has branch points at z = 0, z = 00, and at the zeros of the discriminant:
1\? a?
R(z) := (a + —) (A +a*? -4 —a%2) <1 - —) = 0. (16)
o z

These zeros are negative and will be denoted by x; and x;, ordered as x; < x2 < 0.
With these points, we define a Riemann surface R consisting of two sheets R; =
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C\ ((—00, x1) U (x2, 0)), that we connect in the usual crosswise manner along the
cuts (—oo, x1) and (x2, 0). The sheets have 0 and co as common points. See also
Fig. 10. We will write () to indicate the point z on the sheet R(). Then we define
the square root (R(z))'/? on R such that (R(z"))!/? > 0 for z() > 0. The spectral
curve (15) then defines a meromorphic function on R given by

A = % (a + é) (1 +a%)+ %(R(Z))l/z, (17)

with poles at 0 and oo, and zeros at (aﬂ)(z). The restrictions of A to RY) will be
denoted by A, i.e., A;(z) = A(z\)).
Next, consider the spectral curves for P and PJ(rd) ,

det(PV(z) — ) = 12 — uTr P92) + det P () = 0, (18)
det(P{(2) —v) =v> —vTr PP(2) + det PV (2) = 0, (19)

These spectral curves factorize (15) in the following way.

Lemma 3.3 The equations (18), (19) for u and v define meromorphic functions on R
such that

@) = n@v(z), (20)

for z € R. Then w has a zero at (a*)® and a pole at 0, both of the same order d, and
v has a zero at (a=2)® and a pole at oo, both of the same order d.
With E(z) defined by

[ aa(l+2) ac(l +2)
E@z) = (M(Z) —al@®+1) M) — ald® + 1)) ’ @0

we have
re =0 (N5 1)) E@ @)
PO = 6 (M7 ) EO 23)
and
O I S O 24)

Here 1j(z) = ju(zY) and vj(z) = v(zY) for z € C\ ((—00, x1) U (x2, 0)).
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T T2 0 g2
|
|

T T2 0

Fig. 10 The two sheeted Riemann surface R. The dashed lines represent the cycles C; and C»

The proof of this lemma will be given in Sect.5.2
One particular consequence of this lemma is that we can simultaneously diagonalize

P(z) and Pj(td) (z). In the following theorem we use this to rewrite the correlation kernel
in (12).

Theorem 3.4 Assume (a2, a=2) is a torsion point of order d. Set, with E(z) as in
(15),

1
£ (g0) EO e R
F(z) = 00 (25)
E(2) (0 1) E(x)7 ", zeR,.
Then,
[Kan(QdT +2m +€,2X +2x — j), 2dT +2m' + ¢/, 2X + 2x' — j’))]}’j,zo

mexfm’er’ dz
(Z _ a2)m—m/ ?
1 . ()™ wr —m’
+— Ac(w) ¢ F(w)F(2)Ap(2) :
(27-[l)2 il(])uyla) f/z(])uyz(z) 6( ) ( ) (Z) O(Z) )\’(w)m inm
(w _a2)m/ ,bL(w)NfT V(Z)T wd(N*T)JrX (z _a2)d(N7T) dwdz
(Z _ a2)m M(Z)N_T v(w)T Zd(NfT)+X (w _ a2)d(N7T) Z(Z _ w)

1 ) ! !
_ _Lowee<omie / Ao(2) " F(2)Ay(2)°1(2)" ™
2 YUy

. (26)

) are the unit circles with counterclockwise orientation on the sheets Ri2

where y2(1’2
)/1(1) is a counterclockwise oriented contour inside the contour )/2(1) on the sheet R
that goes around (az)(l) and the cut [x2, 0], and yl(z) is a counterclockwise oriented

contour on the sheet R, inside the contour 7/2(2) that goes around the cut [x2, 0]. See
also Fig. 11.

The proof of this Theorem will be given in 5.3.
Note that A, (w) ! is analytic at w = a? (even though A.(w) is not). Moreover,
AMw)™™ ,u(w)N_T has a zero at w = (a2)@ of order d(N — T) — m’/, and this
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Fig. 11 The contours of integration in (26). The blue contour represents y; and the orange contours are the
unit circles on the two different sheets (colour figure online)

zero cancels the pole at w = (a?)@ in the double integral in (26). The contour yl(z)

therefore does not have to go around (a2)®.
By passing to the eigenvalues and spectral curves we in fact are essentially looking
at a scalar problem, instead of a matrix-valued one.

Remark 3.5 We note that the spectral curve det (P(z) — 1) = 0 and the elliptic curve
£ in (5) are related. Indeed, (5) can be written as

det (P(@) = $@® + Da+1/a) (1 + y/x)) = 0.

In other words, the elliptic curve £ equals the spectral curve after changing the spectral
variable.

3.3.2 Saddle point equation and classification of different regions

The representation (26) is a very good starting point for asymptotic analysis. To illus-
trate this we will perform a partial asymptotic study, based on a saddle point analysis.
We note that a similar analysis has been given in [4, 11]. An interesting feature is that
our analysis will depend on the torsion d, but in such a way that we can treat all values
of d simultaneously.

To perform a saddle point analysis of (26) we need to find the saddle points and the
contours of steepest descent/ascent for the action defined by

P(z;1,8) =1 —1)logu(z) —tlogv(z) +d(1 —t +&)logz —d(1 — 1) log(z — a®). 27)
This is a multi-valued function, but the differential
P'(2)dz
is single valued on R. Its zeros are the saddle points for Re ®, and we will be especially
interested in them. Let C; be the cycle on R defined by connecting the segments (x1, x2)

on R and R, at the end points x| and x,. Similarly, let C; be the cycle that combines
the copies of (0, co) on both sheets.
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Frozen

Rough

Fig.12 Both pictures represent a partitioning of the region into the frozen region, the rough disordered region
and the smooth disordered region. The picture on the left uses the natural coordinates (7, £) corresponding
to the point process associated with the non-intersecting paths. The picture on the right corresponds to the
coordinates for the original dimer model. In both pictures we have a2 =« /1 +a+ o?)and @ = %

Proposition 3.6 The differential ®' (z)dz has simple poles at 0, (a®>)V, (1/a*)® and
00. There are four saddle points (i.e., the critical points where ®'(z)dz = 0) counted
according to multiplicity. There are at least two distinct saddle points on the cycle C;.

There are always two saddle points on the cycle Cy, but it is the location of the two
other saddle points that determines the phase at the point (t, £). We say that (z, §) is

e in the frozen region, if we have two distinct saddle points on the cycle Cy;

e in the smooth disordered region, if we have four distinct saddle points on the cycle
Ci;

e in the rough disordered region, if there is a saddle point in the upper half plane of
R or Ro;

e on the boundary between the rough and smooth disorderd regions, when this saddle
point from the upper half plane coalesces with its complex conjugate on the cycle
Ci;

e on the boundary between the rough and frozen regions, when the saddle point from
the upper half plane coalesces with its complex conjugate on the cycle C,.

We note that the terminology rough, smooth and frozen goes back to at least [22]. See
also Fig. 12 for a partition of the Aztex diamond in the different regions. In that work
also the alternatives gaseous for smooth disordered and liquid for rough disordered
were mentioned. In the subsequent literature both these terms have been used. We
chose to use terminology frozen, rough and smooth disordered. The difference between
these regions is in the decay of the local correlations for the local Gibbs measure. In
the frozen region, the randomness disappears. In the rough disordered region, the
correlations between two points decay polynomially in their distance, whereas in the
smooth disorder regions these correlations decay exponentially. Our list above suggests
that these different behavior can be characterized in terms of the location of the two
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remaining saddle points. The following theorem justifies this characterization for the
smooth disordered (or gaseous) region.

Theorem 3.7 Let (t, &) be in the smooth disordered region. Then

Jim [Kay (4T +2m +6,2X +2x = j),
—00

QdT +2m' +¢',2X +2x' — j/)]}’j,zo

v —m/ ’
me m +x dZ

12m’+s/<2m+8 —&' e d(m—m')
=—— e Ae(2) ™ F(2)Ao(2)"A(2) G _aty

2mi

m—x—m'+x' dz

Lom +e'>om+e / —¢ dm—m") %
e Zomre A CF(2)Ag()A(g)dm—m) ==
- o e(2)7" F(2)Ao(2)"A(2) a2

2
(28)

Note that from (28) we see that the limiting mean density in the smooth disordered
region is given by

lim [Kan(QdT +2m+6,2X+2x—j), 2dT+2m+¢e,2X+2x— jH]} ,_
N—o00 J.J'=0

_ dz
= — Ac(R) P F ()AL (2)f —,
2mi Vz(l) Z

and the right-hand side is independent of (7', X) (as long as it is in the smooth disor-
dered region).

Itis also not difficult to see that the right-hand side of (28) decays exponentially with
the distance between (m, x) and (m’, x’). Indeed, for m and m’ fixed, the right-hand
side is the (x — x’)-th Fourier coefficient of a function that is analytic in an annulus.
Such coefficients decay exponentially with a rate that is determined by the width of
the annulus. More generally, the exponential decay follows from a steepest descent
analysis for the right-hand side of (28).

The proof of Theorem 3.7 will be given in Sect. 5.5 and it is based on a saddle point
analysis of the integral representation (26). We are confident that such a saddle point
analysis can be carried out similarly for the rough disordered and frozen regions. Since
it requires non-trivial effort and since a full asymptotic study is not the main focus of
this paper, we do not perform such an analysis here.

3.4 The boundary of the rough disordered region
We will now show that the boundary of the rough disordered region is an algebraic

curve and discuss how this curve can be found explicitly in particular cases.
We start with the following proposition.
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Proposition 3.8 With ® as in (27) and R(z) = a*(z — x1)(z — x2)/z as in (16) we
have

wi+rn+rnR@!'"? vi + 12+ yzRE)'?
' (z) =d(l — 1)a? —dt
(&) = dl ) (z —a®)zR(2)'/? (z—a=2)zR(z)'/?
d(l—t+ dll—r<
42D oD 29)
where y1, y2 and y3 are real constants determined by
. 1/2 1/2
1(1xd-1 1 \d—1 1
YI=—3 (3 > j—palo’(x, Y))) (3 k=0 m) ,
(30)

y2+ayr = —3@®+ D + 1/a),
y3 =1,

and the square root is taken such that R (z)'/? is meromorphic on R and R(z(")'/? > 0
forz > 0.

The proof of this proposition will be given in Sect.5.6.

By inserting the constants (29) into &’ (z), multiplying by (z —a®)(z —a~?)R(z) /2,
and re-organizing the equation so that all terms with R(z)!'/? are on the right, we see
that ®’(z) = 0 can be written as

(1 -0)a*iz+ )z —a?) -ty + )iz —d)
= —R@'" ((1 = Datysz —a™d) = ty3(z - aP)z

tl-t4+8Gc-aDHz—aH—( —r)z(z—a_z)). 31)

Before we proceed, note that z = a2 and z = a” are two solutions that we just

introduced by multiplying by (z — a®)(z — a~2) and are not saddle points.

By squaring both sides of (31) and multiplying by z we find a polynomial equation
of degree 6 in z with coefficients that are quadratic functions of  and £. Since z = a2
are solutions that we are not interested in, we are left with an equation of degree four.
There are four solutions to this equation, and each of them corresponds to exactly one
point on the surface. This confirms that we indeed have four saddle points, which was
part of the statement in Proposition 3.6.

This also allows to write an equation for the rough disordered boundary. Indeed,
the coefficients of this fourth degree equation will be quadratic expressions in T and
&. We have a third order saddle in case the discriminant vanishes. The discriminant of
a polynomial of degree four is a polynomial in its coefficients of degree six. Thus, the
discriminant is a polynomial in 7 and § of degree twelve. In the explicit cases that we
tried, we found, with the help of computer software, that this degree twelve curve can
be factorized into a curve of degree eight and remaining factors that are not relevant.
This also matches with the findings of [7] and [5] for the special case a = 1. We have,
however, only been able to verify that this holds numerically in special cases (one of
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them we will discuss in Appendix A) and do not have a proof that it holds generally.
We leave this as an interesting open problem and post the following conjecture:

Conjecture 3.9 The boundary of the rough disordered region is an algebraic curve in
T and £ of degree eight.

Remark 3.10 There is another way of parametrizing the boundary. Indeed, on the two
components of the boundary of the rough region we have a coalescence of saddle
points on the cycles C; or C;. This means that we have a double zero of the differential
®’(z)dz. This gives a way of parametrizing these curves. Indeed, ®'(z) = ®"(z) =0
for z € C; or C; gives a linear system of equations for x and & that can be easily
solved.

Another interesting consequence of (29) is that the saddle point equation ®'(z) = 0
only depends on the order d of the torsion via the constant y; in (30). However, it is
even possible to replace this with another expression that does not involve d:

Lemma 3.11 The constants y| and y» from (30) are related via

/‘xz xdx _ /xz dx (32)
"I a—advRe - ) G—aHVRm)
where \/R(x) > 0 for x € (x1, x2).

The proof of this lemma will ve given in Sect.5.7.

By replacing the equation for y; in (30) by (32) we see that we have eliminated
the dependence on d from the saddle point equation, and the saddle point equation
makes sense for general parameters a and «. Although the arguments that we provide
in this paper use the torsion at several places, it is natural to conjecture that the saddle
point analysis and its consequences can be extended in this way. In particular, we
conjecture the characterization of the different phases in Sect.3.3.2 and Theorem 3.7
to hold under this extension. We leave this as an open problem.

3.5 Overview of the rest of the paper and the proofs

In the remaining part of this paper we will prove the main results. In Sect.4 we will
show that the linear flow on the elliptic curve can be used to find a Wiener—Hopf
factorization in Proposition 2.1. We will do this in a more general setup than only
for the biased Aztec diamond. In Sect.5 we will return to the biased Aztec diamond
and prove Theorem 3.1 in Sect.5.1, which is by then just an identification of the
parameters in the discussion of Sect.4. Then Lemma 3.3 and Theorem 3.4 are proved
in Sects. 5.2 and 5.3, respectively. The saddle point analysis starts with proving Lemma
3.6 in Sect. 5.4. After that, we perform a saddle point analysis in Sect.5.5 and prove
Theorem 3.7. Proposition 3.8 is proved in Sect.5.6 and Lemma 3.11 in Sect.5.7. In
Appendix A we work out the example where (a~2, a~2) is a torsion point of order six.
We compute the boundary of the rough disordered region, and we provide numerical
results supporting the saddle point analysis of Sect.5.5. Finally, in Appendix B we will
show how the notion of division polynomials can be used to find algebraic relations
between a and « so that (a2, a—2) is a torsion point of order d.
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4 The flow

In this section we introduce a flow on a space of matrices that will give a Wiener—Hopf
factorization in the correlation kernel. We prove that this flow is equivalent to a linear
flow on an elliptic curve using translations by a fixed point on that curve.

4.1 The space

First we have to define the space of matrices that we work on. To this end, we first
introduce

_ ar an + bz
S= {(aﬂ Yby/z  an ) | ai1, ax, a1z, az1, b1, ba1 > 0} . (33)

Clearly, the determinant det P(z) of any P € S is a rational function in z with poles
at z = 0 and z = oo and no other. Also, det P(z) will have two zeros z; and z», and
we will assume that

O0<zi <1<z,
Then the winding number of det P (z) with respect to the unit circle equals zero.

The flow that we will define on S will be such that det P(z) and Tr P(z) will be
invariant under it. We therefore introduce the sets

S(z1,z2,c1,02) ={P(@) €S| Tr P(2) =21, detP(z) =—c2(z—z21)(z—22)/2}

forci,cp >0and0 <z1 <1 < 2o.
Naturally, 1, ¢2 and z1, z2 be expressed in terms of a;; and b;;. Indeed,

{C] = all;aZZ , (34)

c2 = axbiz,

and 71, z» are the solutions to det P(z) = 0. Equivalently, z; and z, can be obtained
from the following equations:

azbi’ (35)

{ZlZ2 _ anby
c2(z1 + 22) = anaxn — (az1a12 + b12ba1),

which, combined with the condition 0 < z; < 1 < z3, determine z| and z» uniquely.
We also note that the condition 0 < z; < 1 < z3 is equivalent to requiring det P(1) >
0, because det P(z) — —oo forz | 0 and z — +o0. In terms of g;; and b;; this
means that the condition is equivalent to

ayyax > (a2 + bi2)(az1 + bay).
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Note that this also shows that right-hand side of the second equation in (35) is positive,
as it should be.

It should also be noted that c1, ¢z, z1 and zp cannot take arbitrary values. For
instance, we have the following result.

Lemma4.1 We have

> (V2 + V) (36)

Proof The proof follows after inserting (34) and (35) into

= (V71 + V72)* = ¢ — ea(z1 + 22+ 247122)

(a1 +an)?
- 4

+ b12b21 — 2/ annazx1b12ba

(a1 — an)?
= + (Vanaz — /bi2b)* = 0,

—apjax +apaz

giving the result. O

As we will see later, the inequality (36) is sufficient to ensure that S (z1, z2, c1, ¢2) #
(. We will give an explicit parametrization of S(zy, z2, 1, ¢2) in terms of part of an
elliptic curve. But first, let us define a flow on S(zy, 22, c1, ¢2).

4.2 Definition of the flow

We will be interested in factorization of the matrices in S of a particular form. Start
by introducing the sets

a0 11\ /b0
S_={<01)<%}1)(01)|a>0,b>0,0<zl<1},
10\ /12\/10
S+={<Oc)<1 Zl2><0d>|c>0,d>0,zz>1}.

It is straightforward to verify that if Q1 € &4 and Q_ € S_ then Q1 Q_ € S and
Q-0+ €S

Proposition 4.2 Let P € S(z1, 22, c1, ¢2). Then there exist unique Q-+ € S such that

P=0_0;.
Proof Note that

a0 1 1\ (bO\ (10 lé 10 _ab+acacd+%
o1)J\+1J\o1)\oc)\11/)\0a) c_|_hzﬁcd+b?’%.
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To find Q4+ we have to solve

ab + ac acd + %ﬁz _ apy ayz + biaz
o4 bz cd+b‘;% a) +ba/z  axn '

z
By comparing the coefficients on both sides we obtain six equations for the six
unkowns a, b, ¢, d, 71 and z>. The parameters z1, z> can be found from the condi-
tion det P(z1) = det P(z2) = 0. Then finding the remaining equation gives

— d1|Z1b
az1z1+ba1°
— b
z1 37
¢ =azy, 7)
d = 2@izitb)
arazizy
This determines the factorization P = Q_ Q4 uniquely. O

Because of the special structure of S+ we have uniqueness of the factorization. How-
ever, for our purposes we need an additional degree of freedom by adding a diagonal
factor. Indeed, if P = Q_Q, then P~ = Q_D and P, = D~'Q for any diago-
nal matrix D also provides a factorization of P such that P, P_ = D™'Q,Q_D €
S(z1, 22, c1, c2). We will use this additional degree of freedom by requiring that

P+P7=P,P++O(1), Z —> OQ.

In other words, we require that the leading term in the asymptotic behavior fo P_ P
and P, P_ match. In order to achieve this, we define

10
o-(05)

where a, b are the parameters in Q_.

Definition 4.3 Define the map s : S(z1, 22, 1, ¢2) = S(z1, 22, ¢1, ¢2) as follows: for
P € S8(z1, 22, c1, ¢2) let P = Q_ Q4 be the unique factorization from Proposition 4.2
and take P, = D~'Q, and P_ = Q_D where D is defined by (38). Then set
s(P) = P_P_.

The flow on S(z1, 22, c1, ¢2) that we wish to study is then defined by iterating the
map s, i.e., the flow is defined by the recurrence

Pry1 = s(Py), k=0,
Py =P € S(z1,22,¢c1, ¢2).

It turns out it is rather complicated to keep track of this dynamics, and our goal is to
describe this dynamics in a way that it is easier to grasp.
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4.3 Translations on an elliptic curve

Consider the elliptic curve £ over R defined by (withcy,cp > 0and0 <z <1 < 23
as before)

&={wy e R 0% -4 = cxtx — 2 — 2]

We also assume, cf. Lemma 4.1, that

2
N TN (39)

cy

This inequality implies that we have three points on the curve whose y coordinate
is zero, (0, 0), (=11, 0) and (—1,, 0), with #1, 7, > 0. Moreover, the curve £ has two
connected components

Ex={(x,y) €& | xx =0},

one in the left half plane and the other in the right half plane. It will also be important
for us that the lines y = #x lie above and below £_, meaning that y> — x> < 0 and
thus |y|/|x| < 1. Indeed, the lines y = +x intersect £ at most at three points, and we
already established that these points are on £1. This implies that £_ has to lie fully
below or above each of these lines and since (—¢, 0) and (—1#;, 0) lie below the line
y = —x and above the line y = x, so does £_. See also Fig. 13.

There is a classical construction of addition on an elliptic curve which we will use.
We can add two points (x1, x1), (x2, y2) € £ as follows: generically, the line through
(x1, ¥1) and (x2, y») intersects the elliptic curve at exactly one point (x3, —y3). Then
we define (x1, y1) + (x2, y2) = (x3, ¥3). One exception is when (x2, y2) = (x1, y1)
(in which case the addition becomes a doubling of the point), but this can be defined
by continuity. The other exception is (x1, y1) + (x1, —y1) which we define to be the
point at infinity. The addition turns £ into group with the point at infinity as zero.

We will be mostly interested in translation by (z2, z2) on £. Observe that if (x, y) €
E_ then (x, ¥) + (22, z2) € £—. We will define the translation operator

0:6_—>&E_:(x,y) > (x,y) + (22, 22).

It is not hard to put this into a concrete formula. Since it will be useful to have this
formula at hand, and in order to simplify arguments later, we include it in the following
lemma.

Lemma 4.4 We have

2 —z2)(y —x) 2y — ) + y(z1 — 22) — zm)

o (x,y) =( G-+ (x = 22)*(x + )

forall (x,y) € &E_.
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-6 -4 -2 0 2 4 6

Fig. 13 An example with parameter z; = %, zp = 2 and c%/cg = 7. Under strict inequality in (39) we
always have an oval in the left half plane. In case we have equality, the oval has shrunk to a point

Proof The line through the point (x, y) and (z2, z2) is given by the formula ¥ =
MX —z2) +z2 where A = £ :Z . By substituting this into the equation for £, moving
all terms to the right-hand side and collecting the coefficient of X> we obtain

—Azc% + c% —c2(z1 + 22),

and this equals —c, times the sum of the three zeros of the resulting cubic equation
for X. In other words, after setting (x*, —y*) = (x, y) + (22, z2) we have

—o(x* +z+x) = —C%?»z + C% —c2(z1 + 22).

Thus,

2 2
c c —x)x+y-—2z

x*=—l()»2—1)+zl—x=—l((y it y2 2))+Z1—x.
&) 2 (x —22)

Now use the fact that (x, y) € £ to find

o — (x —z)x(x +y—2z2)
(x —z22)(x+y)

o (r=z1) B o _ 22—z —x)
= GGty x(x+y—222)-(x—-22)x+y) = G2ty

+z1—x
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Inserting this back into y* = A(x™ — z3) + z» we find

V=1 <<(y—12)(x —z2)—x) Yy —m) N 1)

(x —z22)2(x +y) X —22
_. ((y—zz)(x—zl)(y—x)+ x—y>
2T 2+ x—2)

and further simplification shows

V= 2y —x) ((y —z22)(x —z21) — (x + Y)(x —22))
(x =222 (x +y)
_ 2l =x) (x? 4+ y(z1 — 22) — 2122)
B (x —22)2(x +y)

By flipping the sign of y* we thus obtain the statement. O

4.4 Equivalence of the flows

Our main point is that the flows s and o from Definition 4.3 and Lemma 4.4 are
equivalent. We start with the following.

Proposition 4.5 The map  : (0, 00) x £ — S(z1, 22, ¢1, ¢2) defined by

Ccl (1 - ))—;) u(z —x)
T, (x,y) =1 (1 _ w) c1 (1 + X)

u Xz

(40)

is well-defined and a bijection.

Proof First, since x < 0 and |y| < |x]| for (x,y) € £_ we see that all entries
and coefficients of m(u, (x, u)) are positive and thus 7 (u, (x, y)) € S. To see that
w(u, (x,y)) € S(z1, 22, c1, c2) we have to check that the defining equations match.
To this end, we note that

Tro(u, (x,y)) = 2c1,

and
2 y? 2122
detm(u, (x,y)) =cj (1 — —2> —c2(z—x) <1 — —)
x Xz
_a@ =Y textr - -2 ak-)E-2)
B x2 z '
(41)
Hence,

detm(u, (x,y) = —c2(z — 21)(z — 22) /2
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if and only if (x, y) € £_ (note that we already observed that x < 0). Therefore,
7 (u, (x,y)) € S(z1, 22, €1, €2).

To establish that 7 is a bijection we construct the inverse map as follows. It is
not difficult to see that any matrix from the general space S can be written as in the
right-hand side of (40) after choosing c1, ¢z, 21, z2 as in (34) and (35) and u, x, y as

u = by,
— 412
= "hy

— a2 (an—axn
bip \an+ax ) -°

By the assumptions a;; > 0 and b;; > 0 we see that u, ¢y, ¢2, 2122 > 0, hence x < 0
and |y| < |x|. We still need to verify that (x, y) lies on the elliptic curve. But this
follows from the computation of the determinant (41). Indeed, since the determinant
matches with det P(z) we must have that (x, y) € £. Since we already know that
x < O we find (x, y) € £_, and we have thus proved the statement. O

We now come to the key point of this section.

Theorem 4.6 For any (u,(x,y)) € (0,00) x & we have w(u,o(x,y)) =
s(m(u, (x, y))).

Proof Since 7 is a bijection, there must exist (u/, (x, ¥')) € (0, 00) x £_ such that
s(ru, (x,y) = x@, (x',y')). We first compute s (7 (u, (x, y))). Note that from
Proposition 4.2 and (37) we have 7w (u, (x, y)) = O_ Q4+ with

_ uci(x—y)
T a@k-22)°
b — _ €2 , 42
xu
c—e, (42)
_ —ux(x—z2)
d= cilx=y) °

We note that since (x, y) is a point on the elliptic curve, we can rewrite d as

_uci(x +y)
Cobk—z1)

Now we can compute

c—}—% ac + cd

az

bdzy 2 | abdz
s(m(u, (x, ) = PL(z)P-(2) = D' 04 (2) Q- (z)D = (abJr n 0T, )

To find (u/, (x, y')) such that s (7 (u, (x, y)) = 7w/, (x’, y")) we argue as follows.
From (40) we see that u’ is the coefficient of z in the 12-entry. This gives u’ = u, so
the parameter # is unchanged under the flow.

Then x’ is the zero of the 12-entry viewed as a linear function in z and thus

s 2(y —x)(x —z1)
d x+yx—z)
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Next, by looking at the 22-entry of Py P_ we find

x—zD&x—y)+&x—22)x+y)
(x —z1)(x — 22) )

cla+d)=c

By solving for y’ from the 22-entry of (1, (x’, ")), cf. (40), we find

, (c(a+d) >/
y= (22 )
ci

_ ((x — 2 —N+E-)x+y) 1) 2y —x)(x —z1)
(x —zD)(x — 22) (x+y)(x —z2)
_ ((x — ) —y)+ & —2)(y +11)> 20—k —z1)
a (x —z(x —22) (x+y)(x —z2)
20+ y(@—22) —2122)(y — x)
(x + 2 —22)2

Thus, (x/, y’) matches with (z7, z2) + (x, y) from Lemma 4.4 as desired. O

4.5 Wiener-Hopf factorizations

Let P(z) € S with § as defined in (33) and n € N. In this paragraph we will show
how the flows above can be used to find an explicit Wiener—Hopf factorization

(P(@)" = P_(2) P4 (2).

First of all, as also discussed in Sect.2.4, with Py(z) = s*(P(z)) and Pi(z) =
Py, (2) Py, +(2) as in Definition 4.3 we can take

P_(z) = Po,—(2)P1,—(2) -+ Pp,—(2),
and
Pi(2) = Py (@) Pr1,+(2) -+ Po,+(2).

Then, by Theorem 4.6 we can obtain an explicit representation in terms of the flow on
the elliptic curve. To this end, we first define the functions (cf. (42))

_ uci(x—y)

a(-x’ y) - Czéxzzz) £
222

b(x,y) =— o

Using the parametrizaton for P(z) as in (40) we then have, by Theorem 4.6,

. ' 1 1) /1
Pj—() = blo (x, y)) (“("]8" ) (_ 1) (0 ol y))). @)
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Hence,

Po—(@)P1—(2) - Po—(2) = [ | (o’ (x, y)))

j=0

= a(o’(x,y)) 0 11 1 0
<]1 ( 0 1) (% 1) (0 a(o’(x, y))) @9

j=0

For future reference, we note that the constant pre-factor is of no interest to us and

will cancel out in the integrand for the double integral formula of Proposition 2.1 for

the correlation kernel. It is thus the evolution of a (o (x, y)) that is of importance.
Next, define the function

_ —ux(x — z3)
dx.y) = cix—y)
Then we have
1 0 1 zi 1 0
Pi+l@) = (0 ayd (o (x, y))) (1 12) (0 d(o (x, y)))' “45)

Hence,

(1 LY (1 0
Pro@bs @ =] (0 “d(o(x. y>)> <1 Zf) (o d(o; (. y))) '

]:
(46)
5 Proofs of the main results

We now return to the model of the biased doubly periodic Aztec diamond from Sect. 2.1
and prove our main results.

5.1 Proof of Theorem 3.1

Proof of Theorem 3.1 We recall from Proposition 2.1 that we are interested in finding
a factorization for

Az) = (PN,

(1 —a?/2)N

o (577)(

where
a
1)

1
a
Z
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Comparing this with the setting of Sect.4.4 we see that we have the special case

71 = a?,

22 =1/d%,

1 = 3@+ D@+ 1/a), (47)
c =a2,

u=auo,

and thus the elliptic curve can be written as

2 o Ax(x— a®)(x — 1/a?)
T T (a4 a) (a + 1)t

. . _a? .
The flow starts with the initial parameters (xg, yo) = (—1, — } +gz ). The theorem is a

straightforward consequence of the factorization of Sect.4.5. O

5.2 Proof of Lemma 3.3

Proof of Lemma 3.3 1t is readily verified that (22) holds. An important observation is
that

(P20PP0) = 0¥ = (P0) (PO0) .

This implies that P(z)4, Pid) (z) and Pfrd) (z) commute,! and therefore are simultane-

ously diagonalizable. Hence, we can write Pf) () as in (23) and (24). Furthermore,
note that we can rewrite (23) and (24) as

BQT PP QER = (MIO(Z) Mzo(z)) . EQT'POQE®R = <”1(§Z) vz?z)) ;

(438)
with E(z) as in (21). Now the entries of E(z) and E(z) ! are meromorphic functions

for z € C\ ((—o0, x1] U [x2, 0]). From (48) we then see that 1112 and v; 2 are also
meromorphic for z € C\ ((—o0, x1]U [x2, 0]). Now, on the cuts (=00, x1] U [x2, 0]

we have
Ei(2)=E_(2) (‘1) (1)) ,

where E4(z) = limg o E(z &£ &i). This implies that, for z € (—00, x1) U (x2, 0), we
have

w1,+(2) = p2,+(2), v1,+(2) = v2,7(2),

I We are grateful to Tomas Berggren for reminding us of this fact.
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where (j + = limg o 1t j(z+¢ei) and v; + = limg o v (z +&i). Therefore, we see that
the functions p defined by (z)) = u;(z) and, similarly, v defined v(z)) = v;(z)
extend to meromorphic functions on R.

Clearly, 1 and v must satisfy (20).

What remains is the statement on the zeros and poles of v and w. By (19), any pole

of vis apole of Tr Pid) (z) and/or det Pid) (2). Since Tr Pid) (z) can only possibly have

a pole at z = oo, and det Pfrd) (z) has exactly one pole which is at z = oo of degree
d, we see that v has a pole at the branch point z = oo of degree d and no other. The
zeros of v can then be determined from the zeros of det PJ(rd) (z), and this shows that
the only possible locations of the zeros are z = (@2 and z = (a=2)@, where the
sum of the orders equals d. By (20) and the fact that A has no zero at z = (aHD it
follows that v has a zero at z = (a~2)® of order d. The poles and zeros of p can be
determined analogously. O

5.3 Proof of Theorem 3.4

Proof of Theorem 3.4 Note that by (25) we can rewrite the spectral decomposition (22)
as

Pw) = FwMrw®) + Fw®)r@®),
and, similarly for Py (w),
PP w) = FawMww®) + Fa®)vw?).
Combining this with F (w™")F(w®) = O (the zero matrix), we see that

P(w)™ Pw)? N1 (P (w))=N
— F(w(l)))\,(w(l))d(N_T)_m/U(w(l))_N +F(w(z)))\'(w(z))d(N—T)—m/v(w(2))—N
= F @)™ w@)N o™=
+F @) w®)y ™ (w@)yN =Ty @)~-T, (49)

In the same way,

(P @) NPT PE)"
= FEDED) " u@) N o) + F)ae?) " n@®) Vo).
(50)

By substituting (49) and (50) in the double integral of (12) (with adjusted parameters)
and inserting

(P)" ™" = FMAEO)y" =" 4 Fe@)r@ym—

in the single integral one obtains the statement. O
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5.4 Proof of Proposition 3.6

Proof of Proposition 3.6 One can easily see that ®'(z)dz has simple poles at 0 and oco.
On the first sheet ®'(z) takes the form

(I-Dpj) @ dd-t+8§ dl-1)

e ) : - D

and we see that we have a simple pole at (a*)(). On the second sheet we can use the
relations vi (2)v2(z) = const - (z —a®)? and w1 (z)p2(z) = const - (z—a=2)%/z%, to
deduce that ®’(z) takes the form

U= | vk dE dt
ni(z) vi(z) oz z—a

5, (52)

and the pole at (a?)® gets canceled at the cost of a new simple pole at (a~2)®. Thus,
®’(z)dz has four simple poles at said locations and thus also four zeros (since R(z)
is of genus 1).

We now show that there are at least two saddle points in C;, which can be done
using the same argument as in [11, proof of Proposition 6.4]. The point is that one can
show that

7{ ®'(z)dz = 0. (53)
Ci

Indeed, since vi(z) and 11 (z) are real-valued for z € (x1, x2), so is @' (z(1:?) by (51)
and (52), and thus

Im @' (z)dz = 0.
C

As for the real part, note that
X2 X2
f '()dz = / ' (zV)dz / &' (:?)dz
Ci X1 X1

and, since Re & is single-valued on R,

X2 X2
Re/ @' (zV)dz = Re ®(x3) — Re d(x) = Re/ @' (zP)dz.
X X

1 1

Therefore, also the real part of the left-hand side of (53) vanishes. By combining this
with the fact that ®’(z)dz is real-valued and continuous on C;, we see that ®'(z)dz
must change sign at least two times. This means that there are at least two zeros of
@’ (z)dz. (Note that this argument does not work on C; since ®'(z)dz has two poles
onCy.) O
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Fig. 14 The first deformation of contours. The contours 7/2(1), V2(2) and yl(z) remain untouched. The blue

51

contour y;  is a deformation of the contour yl(l). By deforming the contour like this, we pick up a residue
at z = w. Note also that each blue contour can be deformed through the cuts and be entirely, or partly, on
the second sheet. The orange contour is allowed to pass the cuts provided one does not pass through the
origin while deforming (colour figure online)

5.5 Asymptotic analysis in the smooth phase

We will work out the asymptotic analysis in the smooth phase. We prepare the proof
of Theorem 3.7 by first performing two steps:

1. apreliminary deformation of paths.
2. a qualitative description of the paths of steepest descent and ascent leaving from
the saddle points.

After these steps, the asymptotic analysis follows by standard arguments.

5.5.1 A preliminary deformation

We will need the following lemma on the asymptotic behavior of the integrand in (26)
near the poles at 0 and oo.

Lemma 5.1 We have that

)\’(w)fm,wX7m(w _ a2)m/u/(w)N7Tv(w)7Twd(T*N)‘l’X(w _ a2)d(N7T)

O ¥+ ~4T2=n' )y s oo,
O(|w|X+x’—d(N—T)/2—m'/2)’ w— 0.

(54)

Proof The behavior near w = oo follows readily after observing

AMw) = O(Jw|'/?),
pn(w) = O(1),
v(w) = O(Jw|¥/?),

as w — oQ.
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Similarly, the behavior near w = 0 follows after observing

Mw) = O(lw|~1/?),
p(w) = O(lw|~4?),
v(w) = O(1),

asw — 0. O

It is important to observe that we are considering (z, £) in the parallellogram defined
byt =0,7 = 1,§ = t/2and& = (t—1)/2. By (13) this means that forany x’, m’ € Z
we have that

X—dWN-T)2+x"—m'/2>0, X—dT/2+x' —m'/2 <0, (55

for N sufficiently large, and thus the left-hand side of (54) has no poles (and no
residues) for either w = 0 or w = oo.
We proceed with the first contour deformation. The contours yz(l), )/2(2) and y1(2) will

be untouched, but the contour yl(]) is deformed to the contour )7](1) that goes around the
cut (—oo, x1) in clockwise direction, as indicated in Fig. 14. While deforming we pick
up possible residues at the pole at w = oo and at w = z for z € yz(l). As mentioned
above, with our choice of parameters there is no pole at w = oco. The pole at w = z
has a residue for z € y(l), and this gives us a contribution:

1 , , me)C*m/er/ dz
_ A EF(DA (DN %
— /y 0 A0 QA M@ T

This means that we can rewrite (26) as

[Kan(QdT +2m +€,2X +2x — j), 2dT +2m’ +¢',2X +2x' — j’))]; =0
12m’+£’<2m+s / . o Zm—x—m’+x/ dZ
=S =" Ac) TP F@QA @A) —————
i g e(2)7" F(2)Ap(2)"A(2) a2
mexfm/+x’ dz
(Z _ a2)m7m/ z
()™ wx’—m

1 !’
A, (W) F(w)F(2)Ay(2)°
+(2m’)2 f;](l)wl(m _(ézmu)/;z) e(w) (W) F(2)A0(2) )y

(w _ a2)m/ /L(U))N_T V(Z)T wd(N—T)+X (Z _a2)d(N—T) dwdz
(z — aZ)m M(Z)N_T l)(w)T Zd(N—T)X (w — a2)d(N—T) 72(z — w) :

Lo/ ver> ' /
e 2mie / Ae@)F F(D) A0 (@) )"
2mi yz(l)

/

(56)

This finishes the preliminary deformation.

Before we continue to the steepest descent analysis, we mention that by (54) and
(55), the integrand with respect to w has no pole at w = 0. This means that we can
deform the contour y](z) to lie partly or even entirely on the first sheet. The integrand
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with respect to z does have poles at z = 0 and z = oo and thus, the contours yl(l) and
)/2(2) may be deformed over the surface R but cannot pass through the origin (without

picking up a residue).

5.5.2 Description of the paths of steepest descent/ascent

By definition, we have four saddle points in the cycle Cj, and in the interior of the
smooth region these are distinct and simple. By viewing Re & as a function on the
cycle Cy, these saddle points will correspond to the locations of the two local minima
and two local maxima of Re ®. We will denote the saddles associated to the local
minima by s; and s3, and the local maxima by s> and s4. We take the indexing such
that when traversing the cycle C| starting from xj to x; on R and then from x, to
x1 on Ry, the first saddle point one encounters is s1, then s> and so on. Note also that
both local minima are neighbors to both local maxima (on the cycle C;) and therefore
Re @ (s1,3) < Re @(s52,4).

We proceed by giving a description of the contours of steepest descent and ascent
for Re ® leaving from these four saddles. Since each saddle point is simple, there will
be two paths of steepest descent and two path of steepest ascent leaving from them. It
is straightforward that the segment of C; between s5; and s>+ is a path of steepest
descent for Re ® leaving from s;; and a path of steepest ascent leaving from s3;+1.
What remains, is to identify the paths of steepest descent leaving from s; and s3 and
the paths of steepest ascent from s, and s4. These paths will continue in the lower and
upper half planes of the sheets R ; and they are further characterized by the condition

that
z
Im / ®'(z)dz | =0.
5j

It is important to note that, even though ®’(z) is single-valued, ®(z) is a multi-valued
function, and we cannot replace the condition simply with Im ®(z) = Im ®(s;).
Indeed, because of the logarithmic terms the imaginary part Im ®(z) jumps whenever
we cross a cut (which we did not specify) for a logarithm. The real part Re ®(z),
however, is single-valued, and this will be important. We will also need the behavior
near the logarithmic singularities of Re ®(z) atz =0, z = @)W, z = (@@ and
at z = oo: from (27) (see also (51) and (52))

Re ®(0) = Re ®(00) = —o0, (57)

and
Re ®((a®)PV) =Re ®((a~2)?) = +o0. (58)
By analyticity of ®'(z) the paths are a finite union of analytic arcs and ultimately

have to end up at some special points. The only options for such special points are other
saddle points or the poles of ®’. It takes only a short argument to exclude possibility
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Fig. 15 An illustration of the hypothetical case that the two saddle points s and s4 connect to the same
saddle point (1 /az)@). In this case, the four paths together form a contractible curve and enclose the

(shaded) region that contains s3 but not the cycle C,. This means that the steepest descent paths leaving s3
will have to cross the paths from s, or s4, which is not possible

that they will connect to another saddle point. Indeed, since Re ®(s1,3) < Re ®(s2.4)
it is impossible to connect s to 57+ in this way. Moreover, it is obvious that a path
of steepest descent (or ascent) from the global minimum (or maximum) cannot be
connected to any other saddle point, hence 51 cannot be connected to s3 and s, cannot
be connected to s4. We conclude so far that the path of steepest descent leaving from
51,3 and the paths of steepest ascent from s 4 will have to end up at the four simple
poles of ®. From (57) we further deduce s1,3 connect to oo and 0, and from (57) we
find that s 4 connect to the simple poles at (az)(l) and (1/ az)(z).

Observe that none of these paths can cross each other, since by analyticity of ®
such a crossing necessarily would be a saddle point (which we already excluded) or a
pole. For the same reason, since Im f © @/(s)ds is constant on the cycles, the paths can
never cross the cycles C; and C; as the point where it would cross would necessarily
be a saddle point. The only point the paths have in common with the cycles are the
saddle point at C; they started at and the pole at C, they end in. Hence, a path that starts
at a saddle point on R and continues in the upper half plane of R always remain in
the union of the upper half plane of R and the lower half plane of R, glued together
along the cuts (—oo, x1) U [x1, x2]. This important property shows, in particular, that
steepest ascent/descent paths do not wind around the poles of ®’(z).

Next we argue that the paths of steepest ascent leaving from s, and s4 cannot end
in the same pole. Indeed, if they would, then all these four paths together would form
a closed loop that is contractible and hence cuts the Riemann surface into two parts,
as illustrated in Fig. 15. The cycle C; lies fully in one of the parts. But s; and s3 are in
different parts, and hence there must be one of them that is in a part that is different
from the part that contains the cycle C;. The steepest descent path that leaves that
saddle point has to cross the closed loop in order to end up at a pole on C,, which
is not possible, and we arrive at a contradiction. This means that the steepest ascent
paths from s, and s4 have to end up at different poles, one saddle connects to (a2)("
and the other to (1/a%)®. A similar argument shows that one of the saddle points s
and s3 connect, via steepest descent paths, to 0 and the other to co.

Let us summarize our findings above:

Proposition 5.2 The steepest descent paths leaving from s| and s3 and steepest ascent
path from sy and s4 form simple closed loops on 'R, such that no two loops intersect,
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Fig. 16 The seven pictures illustrate the possible locations (schematically) of the paths of steepest descent
and ascent leaving from the four saddle points on the cycle C; in the smooth region. In a and b we have
all four saddle points on the first sheet, in pictures c—f we have three saddle points on the first sheet and
in picture g we have one point on the first sheet. It is also possible that all four saddle points are on the
second sheet, and in that case the picture is similar to that of a and b with the two sheets switched (but
keeping the poles a2 in place and slightly adjusting the contours accordingly). Similarly, for the case
of three saddle point on the second sheet. All pictures can be reconstructed started from the picture in a
by continuous deformations. For example, b can be obtained by moving the right most saddle point (and
the orange contour) in a over the cycle C1, first passing the branch point x| to the second sheet and then
passing the branch point x, back to the first sheet to become the left most saddle point at (b). The pictures
(c) and (d) can be obtained from (a) by moving the right most and the left most points respectively to the
second sheet, etc. We did not check whether all configurations indeed occur and perhaps some cases can
be excluded, but our arguments hold for any of the above configurations

each loop intersects each cycle Ci and C; exactly once, and it does so at a saddle point
for Re @ in Cy and a pole for ®'(z) in C,.

See Fig. 16 and its caption for an illustration.

5.5.3 Proof of Theorem 3.7

Now we are ready for the

Proof of Theorem 3.7 The starting point is the representation of the kernel after the
preliminary deformation as given in (56). To prove the result, all that is needed is to
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show that the double integral tends to zero as N — oo. This is rather straightforward
after one has realized that the contours of the preliminary deformation strongly resem-
ble the paths of steepest descent and ascent for the saddle point s;. Indeed, the two
contours )71(1) and y1(2) can be deformed to go through the saddle points s; and s3 and
follow the paths of steepest descent, and the contours yz(l) and yz(z) can be deformed
to the path of steepest ascent ending in z = (a®)(V and z = (1/a*)® respectively.
During this deformation, no additional residues are being picked up, and standard
saddle point arguments show that there exists ¢ > 0 such that

~(1
fﬂ( )UV

as N — oo. This finishes the proof. O

= O(exp(—Nc)),
I(2) f’zﬂ)UVzQ)

5.6 Proof of Proposition 3.8

Before we come to the proof of Proposition 3.8 we need a few lemmas. We use the
notation | x| for the largest integer smaller than x.

Lemma 5.3 There exists polynomials p, p with real coefficients and of degree at most
L%J, and polynomials q, g with real coefficients, of degree at most Ldz;lj and ¢(0) =
q(0) = 0, such that

v(2) = p(2) + gD (RN, (59)
1) = p1/2) + G/ (R, (60)

where R(z) is as in (16) and the square root (R(z))"/? is such that (R(z))"/* forz > 0
onRy.

Proof From (17) and (48) we then find that
V(@) = p(@) + g RN,
for some rational functions p(z) and ¢g(z) with real coefficients. It remains to show

that p and ¢ are in fact polynomials in z of said degree.
By computing the trace of P_f_d) (z) we have

Tr P(2) = vi(2) + 12(2) = 2p(2),

and thus p(z) is a polynomial. The degree of Tr Pj_d) (z) can also be estimated from
above. Indeed, for any matrices Aj 1, A for j =1, ..., d of the same dimensions
such that

AjrAi12 =0, j=1...,d -1,
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we have that

d
Tr H(Aj,l +2A;2)
=1

is a polynomial of degree at most L%J. In the case of PJ(rd), we have Aj ) =¢; <8 (1))

for some constant ¢, and this shows that p(z) has degree at most L%J as stated.
Finally, let us consider g (z). We have

det P (2) = vi(@Dn(2) = p(@)* + R@) (@ ()%

Since the left-hand is a polynomial of degree d, and p(z)? is a polynomial of degree
at most d, R(z)(¢2(z))? is a polynomial of degree d. Hence, the rational function g
must be a polynomial of degree at most d%lj. Moreover, since R(z) has a simple
pole at z = 0, the polynomial g (z) must have a zero at z = 0.

The statement for x follows in the same way. O

Lemma5.4 We have |A1(2)| > [22(2)], [u1(2)] > [12(2)], and [vi(2)] > [v2(2)] for
z€ (C\ ((_OO, -xl) U (-x21 0])

Proof The proofis the same for all three cases, so we only prove that |11 (z)| > |u2(2)].
To this end, we note that po(z)/u1(z) is analytic on C \ ((—oo, x1] U [x2, 0]). It has
a zero at 7 = a” and a possible pole at z = 0. However, from (60) it follows that the
singularity at z = 0 is removable. Moreover, ©2(z)/i1(z) — 1 as z — oo. From (60)
it also follows that |u2(z)/un1(z)| = 1 for z € (—o0, x1) U (x2, 0). By the maximum
modulus principle we must have either |2 (z)/1(z)| > 1 or |u2(z)/n1(z)| < 1, for
z € C\((—00, x1) U (x2, 0]). Since p2(a?) = 0, we conclude that | o (z) /11 (2)| < 1.

O
We also need the behavior of p near the branch point at co.
Lemma 5.5 With
d—1 ' .
M= [Jat/x. y)b! (x.y) 61)
j=0
we have
a [ . d—1 1 12
p@ =M1+~ | D al@/(xy) ) ———— +0E™, (62)
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and
a () d-1 1 Ve
—nli-e j ’ - + O -1 ,
na(z) 172 ]Xz(:)a(a - y))kgoa(ak(x,y)) )

as z — 0o along the positive real axis, and the square root is taken such that z\/> > 0.

Proof A simple computation gives

PO ((1 YiZgat (x, y)))
B 1

2 d—1
a(a/(x ) 0 1 Z a(a (x, y) .
+ ‘ Z( J ? )(a(ak(x,y)) ! 0) (O = k+| )""O(Z )>,

as z — o0o. Hence,

PP =1 2+_zdzi dZ:l a(@’(x,y)) +LOED
- K20 =0 7ok a(ok(x, )
a2 d—1 . d—1 1 )
= — J - -
mi2+- ;)a(a (x’y))ga(ak(x,y)) d|+0cz?],

as z — 00. Since det Pfd)(z) = H2(1 — az/z)d, we find

-1 1/2

_ a 1 1
n12 =11 1im Za(a (x, y))Zm + 0@ ),

j=0
as z — oo. It remains to determine whether (1 or py comes with the plus sign. Since
©1(z) > ua(z), we see that ;1 comes with the plus sign and @, with the minus sign.

m}

Now we are ready for the

Proof of Proposition 3.8 By (59) we have

v1(2) = p(2) + 9@V R(E@),  v(z) =p@E) —q(@)VR(@),
with R(z) = a®(z — x1)(z — x2)/z and the square root is taken so that /R(z) > O for
z > 0. Here p(z) is a polynomial of degree at most |d/2] and ¢ is a polynomial of

degree | (d — 1)/2] with a zero at z = 0.
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Observe that v| (z)v2(z) can be written as

R/
Vi (@12(z) = <p’(z) + 4" (VR + M) (p(2) —q(2)v R(2))

2/ R(2)
_n (z2) + r2(2)/R(2) 63)
z+/R(2) ’
where
r1(z) = 229" (@) p(D)R(2) + 2q(2) p(D)R'(z) — 2p"(2)q(2)zR(2),
and

r2(2) = 22p'(2) p(2) — 22" (2)q(2)R(2) + 29 (2)* R’ (2).

Since ¢(0) = 0 and R’(z) has double pole at z = 0, r| and r, are polynomials and
r2(0) = 0. The degree of 1 and r; is at most d. By replacing /R(z) by —+/R(2) in
the derivation above we also find

V(201 (2) = —r1(2) +r2(2)v/R(2)
2T Z7/R () '

Therefore, we can write

2r1(z) = (v} (@12(2) — v3(2)V1(2) 2v/ R(2),

and
2r2(2) = z (V[ (@Dv2(2) + V5 (2)v1(2)) (64)

Since v,(z) has a zero of order d at z = a2, this means that both r; and ry have a
zero of order d — 1 at z = a~2. This implies that v} (z)v2(z) can be written as

(z—a ) (y1 + »2z + 132v/RQ@)

Vi(2)wn(z) =d TR

and thus

V(@) @@ v+ v+ ye/R@)

= = , (65)
vi(z)  vi@va(z) (z—a2)z/R()
where y; € R, for j =1, 2, 3, are some real constants.
By a similar reasoning, one can show that
! 1+ 7 + 73R
wy(z) d2 + 72+ V3V R(2) 66)

mz) (z — a®)z/R(2)
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for some real parameters y;, for j = 1,2, 3.
The next step is to compute the values of the constants y;, y; for j = 1,2,3. To
this end, add (65) and (66) to obtain

M@ @ @ it pdc-d)+aGiztp)e—a?)
M@ @ i@ (z—a*)(z —a"H)zJ/R()

(zr3z —a®) + a3z —a?)VRE@
d . 67
* (z—a*>)(z—a?2)z/R(2) 7
On the other hand, we easily compute from (15)—(17) that
M@ M@k@  ZPRE@ G +d) @+ /o) - 3VRE)
M@ M@ 4a27(z —a?)(z — a=2)/R(2)
- _(Zz_ D ((1+da*)(a+ 1/a) — VR({)) 68)

22(z — a®)(z — a=2)\/R(2)

where we used z2R'(z) = 4a%(z% — 1) in the last step. Comparing (67) and (68) leads
to the following two equations:

1
N+ —ad)+a*Giz+ )z —a ) = —E(ZZ — D +a*) (@ + 1/a),

(69)
and
2 2~ -2 1 2
wy3(z—a’)+a“y3(z—a )=§(z —1). (70)
From (70) we find
. 1
V3=V3= 5 (71
and from (69) we find
Vi=ve n=n (72)
and
2 1 2
a V1+7/2=—§(1+a Yo + 1/a). (73)

Thus far, we have derived the first two identities in (30).
The value of y; can be computed by comparing the asymptotic expansion for the
logarithmic derivative for 1 from (66) and (62), and comparing the results. Indeed,
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from (62) we find
1 (2) a d—1 d—1 1 1/2
1 - j e
11(2) 2.3/ ;)a(o (x’y))lga(ak(x,y)) +01/7%),

as z — 00, and from (66) we find, using y; = y; and (16), that

#y @) _ day

ni(z) 232 +00/2),
as z — oo. Therefore
= 1 "
=1t gjg(:)a(g‘/(x’y))glgm , (74)

which is the third identity in (30).
Finally, by substituting (65) and (66) using (71), (72), (73) and (74) into ®’(z), and
using analytic continuation to R, we obtain (29). O

5.7 Proof of Lemma 3.11

Proof of Lemma 3.11 The cycle condition (53) implies that (using (29))

X2 X2
(1 r)a2/ mtr ntxy oo 75)
X

L G_—aavRO ) G aHxdRM)

By a change of variable x — 1/x we find (using (16))

/"2 LNy tr dx = _/xz N dx
1 (x —a?)x/R(x) v (x—aHxJ/Rx)

and after substituting this into the first integral, (75) reduces to

/ : AR dx =0

y (x—a)x/R(x)

after which the statement easily follows. O
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A Example: torsion point of order six

Let us now assume

T (76)
14+a+a?’

Then, as discussed in Sect.3.1, (¢—2, a~2) is a torsion point of order six. Here we

will compute the spectral curves for o and v, and derive a degree eight equation for

the boundary of the rough disordered region. We will also show, numerically, how

the steepest descent/ascent path can be chosen when (t, £) are in the center of the

diamond.

A.1 The flow on the matrices

The linear flow on the elliptic curve is given already in (8). The flow on the matrices
and their decomposition can then be traced giving:

1 ad? 1 ad® 1 1 ad?
PO =a (_2 | ) — PV () = (L | ) = PP = (L : )
Z Z

o ol za?
1/1 1 4 1
> PP () = - (2 ‘f) > PW () = (H 'f) > PO =« (g “1‘> 77)
Z Z Z
and
1 az 1 aaz 1 ao?z
Pio)(z) - (L L) — PJ(rl)(Z) - <g ) ) — Pf)(z) = ( 2
a? a? a a «a
3) 1 ao’z @) 1 aaz ) 1 az
= P (2) = 2 Py =4 ) =P (@) =4 1 )-8
a o o 2 o2
From here we can compute Pid) as in (11) and (10) and the spectral curves (19) and
(18).
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The discriminant R as in (16) can be written as
R@) =@ = D@+ 1) +4a’z+1/z—a* —a™?).

Straightforward computations give det Pid) () = (azz — 1)6 and

1 — 6a* + 3a®
w 1£22 = 3a*)2? + 24573,
a

Tr P () =2+

The discriminant then becomes

Tr PV (z) — 4det P\ (2)
=a""222(1 = 3a* + 24°2)*(1 — 6a* — 3a® + 4a°(z + 1/2)),

so that

(1 —6a* +3a%)z

2ab
L2 - 3a* + 2a%7)
2a4

v(iz) =1+ + (2 —3aH7? + a7’

(R(z))'/2.

Similarly, det PV (z) = (z — a2)%/z® and
Tr P D) =2+ 2a°273 + 4272 — 6a*z72 + (1 — 6a* +3a%)z7 1) /a).
The discriminant then becomes

Tr PP(z) — 4det PV (z)
=a""2:72(1 = 3a* + 2427121 — 6a* — 3a® + 448 (z + 1/2)),

so that

(1 —6a* 4 3a%)z7!

w(z) =1+ ¢ + 2 - 3a4)z72 +a%7
2a
-1 4 6.—1
z7'(1 —=3a" +2a°z7")
+ oI (R(z)'2.

Note that u(z) = v(1/2).
Now that we have u and v we can compute the saddle point equation ®'(z)dz = 0.
We start with computing the logarithmic derivatives of u and v:

W@ =24 (=1/a*+3a*)z + 3a*(R(2))'/>?
@ (z —a?)z(R(2))'/?

(79
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and

V(2)  (=1/a® +3a%) — 2z + 3a’2(R(2))/?

= 80
v(z) (a’z — Dz(R(2)!/? (®0)
From the above expressions we can read off the values for y;:
1 n 1 1 1 81
M="6at T2 T T3 BT

This, together with (31), allows us to compute the four saddle points as a function of
the parameters a, T and £. The expressions are rather long, and we omit them here.
Instead, we will provide some numerical results in the next subsection.

A.2 Contours of steepest descent/ascent

We will plot the contours of steepest descent/ascent for Re @, with ® as in (27), for
the special values

, 11 1
- ’ T = ’
3 100 2

This is the midpoint of the Aztec diamond, where we indeed expect a smooth disordered
region to appear. Indeed, with this choice of parameters, we find four saddle points on
the cycle C;. Two of them are on the first sheet:

s1 = —1.97156, s2 = —0.833032,
and the other two on the second sheet:

s3 = —0.507212, s4 = —1.20043.
The branch points are at

x1 = —2.01885, xy = —0.495331.

Observe that 51 is close to x| and s3 is close to x, which we found to be typical
for any choice of parameters. This has the unfortunate consequence that in numerical
illustrations the saddle points s1 and s3 are hard to distinguish from the branch points
x1 and x3, respectively.

The contours of steepest descent/ascent leaving from the saddle points locally
coincide with the level lines of Im ®(z). The problem is that ®(z) has logarithmic
terms making Im ® (z) multi-valued and plotting the level sets Im ®(z) = Im ®(s;)
does not give the correct result. For this reason, we compute the vectorfield given by
(Re ', —Im @') and compute the streamlines using the function Streamplot in
Mathematica. The results are given in Fig. 17.
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—

—————
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=

(b) ()

Fig. 17 a Level lines for Im ®. The paths of steepest descent for Re @ from s1 connect to infinity on the
first sheet. The paths of steepest ascent from s, end up in a®. b Level lines for Im ®. The paths of steepest
ascent from s end up in a~2. To see the paths of steepest descent from s3 we need to zoom in. ¢ Zooming
in on the segment (x7, 0) shows that the path of steepest descent for Re @ starting from the saddle point s3
end in the origin

From Fig. 17 one can see that the paths of ascent/descent are indeed as illustrated
schematically in Fig. 16g. On the first sheet, the paths of steepest descent leaving from
s1 end up at oo and the paths of steepest ascent leaving from s, end up at a>. On the
second sheet, the paths of steepest descent leaving from s3 end up at O and the paths of
steepest ascent leaving from s4 end up at a~2. The statement for s3 is not immediately
obvious from Fig. 17b and this is why we zoom in around s3 as in Fig. 17c.

A.3 Boundary of the rough disordered region

The last result for the case of order six that we will present here, is an explicit expression
for the boundary of the rough disordered region. We follow the procedure indicated in
Sect. 3.4 with a and « related by (76) and values for y;, j = 1,2, 3 asin (81). We start
with (31), square both sides and remove the additional factors (z — a®)(z —a=?)/z.
Then we obtain an equation that is polynomial in z and of order four. The values of
(z, &) where the discriminant vanishes lead to a double saddle point and this will be
the boundary of the liquid region.
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The discriminant has degree twelve in T and &, and for general parameters a (and
« related by (76)) the expression is rather long. In order to obtain a shorter expression
it will be convenient to perform the following change of variables

(r.8) =g +v+1)/2,q/2).

These coordinates change the parallellogram in the left panel into the tilted square in
the right panel of Fig. 12.
The discriminant has two factors. The first factor, of degree four in v and g, reads

(=14 9a* + 9q2 — 9a4q2 — 9a*v? +94%v?)2.

The zero set of this factor is a hyperbola that lies outside the Aztec diamond, and
hence this factor does not contribute to the boundary for the rough region. The second
factor, of degree eight in v and g, is the factor that defines the boundary for the rough
disordered region:

0=16— 336a4 + 1440a® + 7776a'? — 3499246 — 1049764%° — 28842
+6336a*g? — 45504484 + 124416a'%¢>
—209952411%2 + 419904a°¢> + 1296¢* — 32400a*q*
+242352a8%¢* — 58708842 + 8398084'%¢*
—629856a20 g* +23328a%¢® — 30326448 +769824a‘2 6
—909792a'4% + 419904a?°¢® + 10497648
—314928a12q8+314928a16 8 104976a20 8 7202
+1152a*v? — 1224480 — 43200a'%v? + 758164002
+4199044%°v% — 157464a**v? + 1296¢°v>
—20088a*¢v? + 119880a8¢%v? — 52747242 ¢*v?
+1283040a'4%v? — 99727240 ¢%v? + 4723924%* ¢*v?
—5832¢%v? + 81648a*g*v? — 36741648 ¢*v?
+863136a'2¢*v? 833976a16q4v2+734832a20 42
—4723924%*g*v? 4 524884 ¢%v? — 4723924840
+944784a'2¢50? 524880a16 692 157464a20 62
+157464a%*¢5%? + 81v* — 12154*v* — 3483480
+79461a'2v* — 23494'6v* — 750141a%0v*
+570807a**v* — 590494%8v* — 14584%v*
+21870a*q*v* — 158922a8¢%v* + 867510a'?¢%v* — 19639264 '%¢v*
+1418634a*°¢%v* 301806a24 2yt
+118098a%8¢%v* + 6561¢*v* — 98415a*¢*v* + 45270943 ¢*v*
—3870994'2g*v* 610173a16 4t
+964467a*0g*v* — 269001a%*g*v* — 59049428 ¢*v* + 58324800
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—52488a'20° — 1283044000

+734832a200° — 717336a%*v° + 157464a%81°

+52488a4%00 — 472392a'%¢%v0 + 9447844a'%¢*v0
—524880a20¢%v® — 1574644%*¢*v° + 15746408 ¢*v0
41049764008 — 31492847008 + 3149284**v® — 1049764818.

For o = 1 (and thus > = 1/3) this can be reduced to

0= (3¢% + vH)* (=3 + 124> + 4.

The first factor is only zero for (g, v) = (0, 0), and what is left is the boundary for the
smooth disordered region. The second factor is an ellipse.
Finally, for & | 0 (and hence a | 0 simultaneously) the curve reduces to

0= (1—9¢%)%4 — 9?2,

which gives a rectangular shape. In this case, there is no rough disordered region, but
only a frozen region and a smooth disordered region.

In Fig. 18 we have plotted the boundary of the rough disordered region for several
particular values of a.

B Computation of torsion points

In Sect.3.1 we gave a few examples of particular choices for the parameters « and
a such that (1/a%, 1/a?) is a torsion point. Here we will indicate how one can find
such examples by recalling the notion of division polynomials. This is a standard
construction for finding the torsion subgroups of the elliptic curve. We will base our
discussion on [28, p. 105].

First, let us introduce new variables

Y =

I\)IV

+ 1/a)(a + 1/a), X =x,

and rewrite (5) as

Y2 =x3+ ((a Fl/a)(a+ /)22 —a® — 1/a2) X2 4 X.
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Fig. 18 The boundary of the rough disordered regions in the (v, g) plane for the values a = 0, a = 0.4,
a=.5anda = %\/5 . For a = 0, the rough disordered region has disappeared. For a = %\/5 the smooth
disordered region has disappeared

In the new variables, we ask for what choices of « and a we have that (1/ a2, %w)

is a torsion point. With the same notation as in [28, p. 105] we define

ay = —a* —1/a* + t(a + 1/a)*(a + 1/a)?,

as =1,
by = 4ay,
by =2,
bg = —1,
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and the remaining parameters a; = a3 = a¢ = bg = 0. Then we define

Y1 =1,

Yo =2V,

Y3 =3X* + by X7 +3b4 X* + bg,

Vs = Y2 (2X0 + by X° + 5byX* + 10bgX> + bybg X + babs)

and v with k > 5 recursively using:

Vomt1 = Uma2¥m — Um—1Vp 1 m > 2,
Yovom = I/Ir%l_ﬂﬁmlﬂm—ﬂ - wm—ll//ml/fi_,_]’ m > 3.

The torsion subgroup of order m consists of all zeros of v, which are called division
polynomials.
Note that we are not looking for the entire subgroup, but for situations where

(1/a2 (a+1/a)(a+ 1/01)>

’ 2a?

is a torsion point. After substituting this point into v, we find a rational function in
a and «. This rational function will have several zeros, but we are only interested in
the zeros that satisfy 0 < ¢ < 1 and 0 < a < 1. For instance, for m = 3 we find the
following equation

(14+a»2(-1—a+d?a—oDHU —a+d?a+a?) _
B ada? n

0.

This equation has no solutions such that ) < @ < 1 and 0 < a < 1, and thus a third
order torsion point cannot occur.

With the help of a computer code, we found the following equations that give proper
solutions such that we have a torsion point of order m =4, ..., 8:

m=4:a=1,

m=5:0=—a*+a—da+a®—2d%% - 2% + & + a’a® — 3a*e?
+a%? + a*2aa® — 2a%a* + & — aPa’ — a4a,

m=6:0=(0+a+a>)a’>—«a

m=7:0=a*+a*a —aba +daba — a"a + 5a*a? + 2a%* — aBa® — &
+3a%® — a*a® + 5a%% — 4a80® — 2a"0%° — ot

+4a%a* + 5ata* + 12a%* — 5480 — o&® — a’a® + 124%°

—7a%a® = 3a"00® — a® 4 24%® + 17a*a® + 7a%a®

—6a'%° +a%a® — o’ — d?a’ +12a%" — 7a¥a” — 34" — o® + 4a%a®
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+5a%a® + 12a%® — 5480 — &® + 3a%a® — a*a® + 5a%¢° — 4a8a® — 2a'%°

+5(14(¥10 +2a6a10 —(180{10 +a4a“ —a6oc” —}—61806“ _aloall —|—a4oz12,

m=28: 0:a—a+a2a+aa2.

Each term on the right-hand side is a factor of .
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