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Abstract

The free multiplicative Brownian motion b, is the large-N limit of the Brownian
motion on GL(N; C), in the sense of x-distributions. The natural candidate for the
large-N limit of the empirical distribution of eigenvalues is thus the Brown measure
of b;. In previous work, the second and third authors showed that this Brown measure
is supported in the closure of a region X, that appeared in the work of Biane. In the
present paper, we compute the Brown measure completely. It has a continuous density
W, on X, which is strictly positive and real analytic on X;. This density has a simple
form in polar coordinates:

1
Wi (r,0) = r_zw’(e)’

where wy; is an analytic function determined by the geometry of the region ;. We show
also that the spectral measure of free unitary Brownian motion u; is a “shadow” of the
Brown measure of b;, precisely mirroring the relationship between the circular and
semicircular laws. We develop several new methods, based on stochastic differential
equations and PDE, to prove these results.
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1 Introduction
1.1 The Brown measure

Let (A, t) be a tracial von Neumann algebra: a von Neumann algebra A together with
a faithful, normal, tracial state v : A — C. Such algebras frequently arise from large-
N limits of random matrix models, with t playing the role of the normalized trace for
matrices. For an element a of A, the notion of the empirical eigenvalue distribution
of a matrix is then played by the Brown measure of a, defined as follows [5]. We let

sa(A) = tllog((a — )" (a — 1)), (1.1)

which is defined as a finite real number for almost every 1. (The quantity s,(A) is
twice the logarithm of the Fuglede—Kadison determinant [9, 10] of a — A.) Then s,
is a subharmonic function and the Brown measure u, of a is defined in terms of the
distributional Laplacian of s,:

1
Ha = ——Asg(A).
4
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The Brown measure of the free multiplicative Brownian motion 211

The definition of the Brown measure is the operator-algebra counterpart to Girko’s
method [11] of computing the empirical eigenvalue distribution of a random matrix.

By regularizing the right-hand side of (1.1), one can construct the Brown measure
g as a weak limit,

dug(A) = lim LA;\r[log[(a — N a—=A) +¢8)]dx, (1.2)
e—0t+ 47

where A is the Laplacian with respect to A and dA is the Lebesgue measure on the
plane (see [23, Section 11.5] and [18, Eq. (2.11)]). Here, the positive parameter &
regularizes the logarithm, so that t[log[(a — A)*(a — 1) + €)] is a smooth function of
1 eC.

In general, , is a probability measure supported on the spectrum of a. If a happens
to be a normal operator, (1, coincides with the law (or distribution) of a. That is to
say, if a is normal, u,(E) = t(P,(E)), where P, is the projection-valued measure
associated to a by the spectral theorem.

1.2 The free unitary and multiplicative Brownian motions

Let o; be a free semicircular Brownian motion (e.g., [4, Section 1.1]) and let ¢, be
a free circular Brownian motion, which may be constructed as ¢; = (x; +iys)/ V2,
where x; and y, are freely independent semicircular Brownian motions. These are
the large- N limits, in the sense of x-distribution, of Brownian motions in the space
of Hermitian N x N matrices and in the space of all N x N matrices, respectively.
We then introduce the free unitary Brownian motion #, and the free multiplicative
Brownian motion b, given by the free stochastic differential equations

dl/lt = iu, dUt — %M; dt
db; = b; dC[,

both starting at 1. These processes are the large-N limits of Brownian motions in
the unitary group and in the general linear group, respectively. (For the free unitary
Brownian motion, this limiting result is due to Biane, while for the free multiplicative
Brownian motion it was conjectured by Biane [3] and proved by the third author [20]).

Biane also computed the law v; of u;. We now record this result, since it relates
directly to the results of the present paper (Sect. 2.2). Let f; denote the holomorphic
function on C\{1} defined by

I+A

Ji(A) = Ae2 T2, (1.3)

Then f; has aholomorphic inverse x; in the open unit disk, and x; extends continuously
to the closed unit disk. Biane showed that

Y = WM,
T 1Y,

where ¥, (z) = t[(1 — zu;)~1 = 1 is the (recentered) moment-generating function
of u;. From this (and other SDE computations) he determined the following result.
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212 B. K. Driver et al.

Theorem 1.1 (Biane [2, 3]). The spectral measure v, of the free unitary Brownian
motion u; is supported in the arc

&

fort <4, and is fully supported on the circle for t > 4. The measure v; has a continuous
density k;, which is real analytic on the interior of its support arc, given by

6] < Pmax(1) = %M+ cos~ (1 — t/Z)}

« (eid)) _ il - |Xl(ei¢)|2
t 2w 11— xei®)|*

See, for example, p. 275 in [3]. In the present paper, we compute the Brown measure
s, of the free multiplicative Brownian motion and show a direct relationship between
i, and the law v; of the free unitary Brownian motion u; (Sect. 2.2).

1.3 The Brown measure of b,

The main result of this paper is a formula for the Brown measure pup, of the free
multiplicative Brownian motion by .

A previous result [ 18] of the second and third authors showed that the support of p,
is contained in closure of a certain region ¥, introduced by Biane in [3]; see Fig. 1 and
Definition 2.1. (We reprove that result in the present paper by a different method; see
Theorem 6.2 in Sect. 6.2). Nonrigorous results on the support of the Brown measure
were also obtained in the physics literature by Gudowska-Nowak et al. [13] and then
by Lohmayer et al. [22]. None of the results mentioned in this paragraph say anything
about the actual Brown measure itself—only about its support.

We conjecture that the Brown measure of b; coincides with the limiting eigenvalue
distribution of the corresponding Brownian motion BtN in the general linear group
(see Fig. 2). Proving such results is, however, well known to be a difficult problem,
which we do not address here.

Since the first version of this paper appeared on the arXiv, four subsequent works
have appeared that use the techniques developed here to analyze Brown measures of
other operators. First, work of Ho and Zhong [ 19] has extended the results of the present
paper to the case of a free multiplicative Brownian motion with an arbitrary unitary
initial condition. This means that they compute the Brown measure of ub;, where u
is a unitary element freely independent of b,. Ho and Zhong also compute the Brown
measure of xo + ¢;, where ¢; is a free circular Brownian motion and xy is a self-adjoint
element freely independent of ¢;. Second, Demni and Hamdi [7] have computed the
support of the Brown measure of u; P, where u; is the free unitary Brownian motion and
P is a projection freely independent of u,. Third, Hall and Ho [16] have computed the
Brown measure of xo+io;, where oy is the free semicircular Brownian motion and x is
a self-adjoint element freely independent of x,. Last, Hall and Ho [17] have computed
the Brown of ub; r, where by . is a family of multiplicative Brownian motions allowing
different diffusion rates in the Hermitian and skew-Hermitian directions and where u
is freely independent of by ;.
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Fig. 1 The first three images show X; fort = 3, t = 4, and t = 4.1, with the unit circle indicated for
comparison. The last image shows a detail of the r = 4 case

A2

LT AR AIR AR £
7SR IH LGSR
&2 ..§.~.. Z>5
.

Fig.2 The Brown measure pp, (left) and the eigenvalues of a simulation of the corresponding Brownian
motion B (right), for # = 1 and N' = 2000
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214 B. K. Driver et al.

The reader may also consult the expository article [15] by the second author, which
provides a nontechnical introduction to the techniques used in the present paper. See
also the paper [12] of Grela, Nowak, and Tarnowski that explains the PDE method
from a physical perspective.

2 Statement of main results

2.1 A formula for the Brown measure

To state our main result, we need to briefly describe the regions ;. For each ¢ > 0,
consider the holomorphic function f; on C\{1} defined by (1.3). It is easily verified
that if |A| = 1 then | f;(A)| = 1. There are, however, other points where | f; (1)| = 1.
We then define

Fr={xeClAl#1, i) =1} (2.1
and
Et == Fl' (2.2)

Definition 2.1 For each t > 0, we define X; to be the connected component of the
complement of E; containing 1.

We will show (Theorem 3.1) that ¥, may also be characterized as
2 ={reC|T() <t}, 2.3)

where T(A) = |x — 1/21og(JA|?)/(|A|> — 1). Each region ¥; is invariant under the
maps A > 1/ and A > A. If we consider a ray from the origin with angle 6, if this
ray intersects X at all, it does so in an interval of the form 1/r;(0) < r < r;(0) for
some r;(0) > 1 (see Figs. 3 and 4). See Sect. 3 for more information.
We are now ready to state our main result.

Theorem 2.2 Forallt > 0, the Brown measure [ip, of b; is absolutely continuous with
respect to the Lebesgue measure on the plane and jup, (2;) = 1. In X, the density W;
of p, with respect to the Lebesgue measure is strictly positive and real analytic, with
the following form in polar coordinates:

1
Wi (r,0) = r—zw;(é) 2.4)

for a certain even function wy. This function may be computed as

1 <2 3 2r,(0) sin 6 )

H=—(24+2
wr(®) t 90O+ 1= 2r(0)cosl

e (2.5)

where r:(0) is the larger of the two radii where the ray with angle 0 intersects the
boundary of Z;.
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The Brown measure of the free multiplicative Brownian motion

Fig.3 We let r;(0) denote the
larger of the two radii where the
ray with angle 0 intersects 9 %;.
Shown fort = 1.5

215
'}(9)
0
1 2 3 4

Fig.4 Graphs of /() (black) and 1/r;(0) (dashed) for t = 2, 3.5, 4, and 7

Since ¥, is invariant under A — X, the function r; (0) is an even function of 0, from
which it is easy to check that the second term on the right-hand side of of (2.5) is also
an even function of . Although we will customarily let 7; (6) denote the larger of the
the two radii where the ray with angle 6 intersects the boundary of %;, we note that
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216 B. K. Driver et al.

2rsin @
s 7 (2.6)
r24+1—2rcosf

is invariant under r +— 1/r. Thus, the value of w; does not actually depend on which
radius is used. It is noteworthy that the one nonexplicit part of the formula for wy,
namely the second term on the right-hand side of (2.5), is computable entirely in
terms of the geometry of the region X;. According to Proposition 7.5, w, can also be
computed as a logarithmic derivative along the boundary of X; of the function f; in
(1.3).

It follows from (2.3) that the function 7" equals ¢ on the boundary of %;. It is then
possible to use implicit differentiation in the equation 7'(1) = ¢ to compute dr;(0)/d6
as a function of r,(#) and 6. We may then use this computation to rewrite (2.5) in a
form that no longer involves a derivative with respect to 6, as follows.

Proposition 2.3 The function w; in Theorem 2.2 may also be computed in the form

1
wi (0) = 5—w(r1(6), 0).

Here
. a(r)cosf + B(r)
@, 0) = 14 h) g, @7
where
2
hr) = r 800 1); a(r) =r2+1-2rh(r); B(r) = (> + Dh(r) — 2r.
2

Thus, to compute w;(6), we evaluate w/(2mt) on the boundary of X; and then
parametrize the boundary by the angle 6; see Fig. 5. Using Proposition 2.3, we can
derive small- and large-r asymptotics of w;(0) as follows:

1
wy(0) ~ 0 t small;

1
wy(6) ~ I t large.

See Sect. 7 for details.
The following simple consequences of Theorem 2.2 help to explain the significance
of the factor of 1/r2 in the formula (2.4) for W,.

Corollary 2.4 The Brown measure up, of by has the following properties.

(1) wp, is invariant under the maps A — 1/\ and A — X
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The Brown measure of the free multiplicative Brownian motion 217

Fig. 5 The function w; (@) is computed by evaluating w on the boundary of ¥; and parametrizing the
boundary by the angle 6. Shown for r =2

(2) Let E; denote the image of X;\(—00, 0) under the complex logarithm map, using
the standard branch cut along the negative real axis. We write points 7 € E; as
(p, 0). Then for points in B;, the pushforward of jp, by the logarithm map has
density w;(p, ) given by

wi(p, 0) = w (),

independent of p.

Proof As we have stated above, the region X, is invariant under the maps A — 1/A
and A — A. The invariance of 5, under A — A follows from the fact that w; is even.
Now, we may compute 1p, in polar coordinates as

1 1
dup, = <ﬁw,(9)> rdrdf = w0) ;dr doé = w;(0) d(logr) do,

where log 7 and 6 are the real and imaginary parts of the complex logarithm of 2 =
ret? | as claimed in Point 2. The invariance of the measure under A > 1 /A, that is,
under (r, 0) — (1/r, —0) is now evident. O

Plots of w; (0) are shown in Fig. 6. Note that for ¢ < 4, not all angles 6 actually occur
in the domain X;. Thus, for # < 4, the function w; () is only defined for 6 in a certain
interval (—Omax (), Omax (f))—where, as shown in Sect. 3, Onax (r) = cos ™! (1 —¢/2).
Plots of W; for t = 1 and r = 4 are then shown in Fig. 7. Actually, when t = 1,
the function w; is almost constant. Thus, the variation in W; in the top part of Fig. 7
comes almost entirely from the variation in the factor of 1/ rZin (2.4).

We also observe that, by Point 1 of Corollary 2.4, half the mass of uy, is contained
in the unit disk and half in the complement of the unit disk. Thus, although the density
W, becomes large near the origin when ¢ = 4, it is not correct to say that most of the
mass of wp, is near the origin.
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Fig.6 Plots of w;(0) fort =2,3.5,4and 7

-5

0
Fig.7 The density W; with r = 1 (top) and r = 4 (bottom)
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The Brown measure of the free multiplicative Brownian motion 219

2.2 A connection to free unitary Brownian motion

It follows easily from Theorem 2.2 that the distribution of the argument of A with
respect to (i, has a density given by

a; () = 2log[r; (6)]w; (6), 2.8)

where, as in Theorem 2.2, we take r;(6) to be the outer radius of the domain (with
ri(0) > 1). After all, the Brown measure in the domain is computed in polar coordi-
nates as (1/r2)w;(0)r dr db. Integrating with respect to r from 1/r;(6) to r;(0) then
gives the claimed density for 6.

Recall from Theorem 1.1 that the limiting eigenvalue distribution v, for Brownian
motion in the unitary group was determined by Biane. We now claim that the distri-
bution in (2.8) is related to Biane’s measure v, by a natural change of variables. To
each angle 0 arising in the region X, we associate another angle ¢ by the formula

fi(r(0)e'?) = €'?, (2.9)

where f; is as in (1.3). (Recall that, by Definition 2.1, the boundary of ¥; maps into
the unit circle under f;.) We then have the following remarkable direct connection
between the Brown measure of b, and Biane’s measure v;.

Proposition 2.5 If 0 is distributed according to the density in (2.8) and ¢ is defined
by (2.9), then ¢ is distributed as Biane’s measure vy.

We may think of this result in a more geometric way, as follows. Define a map

qD,:f,—)Sl

by requiring (a) that ®, should agree with f; on the boundary of ¥;, and (b) that &,
should be constant along each radial segment inside X, as in Fig. 8. (This specification
makes sense because f; has the same value at the two boundary points on each radial
segment). Explicitly, ®; may computed as

O, (L) = fi(ri(argh)e' “EH).

Then Proposition 2.5 gives the following result, which may be summarized by saying
that the distribution v; of free unitary Brownian motion is a “shadow” of the Brown
measure of b;.

Proposition 2.6 The push-forward of the Brown measure of b; under the map ®; is
Biane’s measure v; on S'. Indeed, the Brown measure of by is the unique measure [
on %, with the following two properties: (1) the push-forward of i by ®, is v, and (2)
W is absolutely continuous with respect to Lebesgue measure with a density W having
the form

1
W(r.0) = -58®)

in polar coordinates, for some continuous function g.
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220 B. K. Driver et al.

Fig.8 The map ®; : Xy — S 1 coincides with ft on 3%; and maps each radial segment in X; to a single
.. 1
point in §

Now, the results of [3, 18] already suggest a relationship between the free unitary
Brownian motion u; (whose law is v;) and the free multiplicative Brownian motion
b; (whose Brown measure we are studying in this paper). It is nevertheless striking to
see such a direct relationship between pp, and v;. Indeed, Proposition 2.6 precisely
mirrors the relationship between the semicircle law and the circular law. If ¢; is a
circular random variable of variance ¢, and x; is semicircular of variance 7, then the
distribution of x; (the semicircle law on the interval [—24/7, 2+/¢]) is the push-forward
of the Brown measure of ¢; (the uniform probability measure on the disk D(/7) of
radius +/7) under a similar “shadow map’: first project the disk onto its upper boundary
circle via (x, y) — (x, +/t — x2), and then use the conformal map z > z + % from

C\D(v/7) onto C\[—2+/7, 2+/7]. The net result of these two operations is the map
(x,y) = 2x, and the push-forward of the uniform measure on D(+/7) under this map
is the semicircular measure on [—2+/7, 24/7].

2.3 Deriving the formula

We now briefly indicate the method we will use to compute the Brown measure (i, .
Following the general construction of the Brown measure in (1.2), we consider the
function S defined by

S(t, &, &) = t[log((by — V)" (by — 1) + &)] (2.10)

for A € C and ¢ > 0, where b, is the free multiplicative Brownian motion and t is
the trace in the von Neumann algebra in which b, lives. It is easily verified that as ¢
decreases with ¢ and A fixed, S(¢, A, €) also decreases. Hence, the limit

s;(A) = lim S(¢, A, €)
e—07T

exists, possibly with the value —oo.
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The Brown measure of the free multiplicative Brownian motion 221

The general theory developed by Brown [5] shows that s;(1) is a subharmonic
function of A for each fixed ¢, so that the Laplacian (in the distribution sense) of
s: (1) with respect to A is a positive measure. If this measure happens to be absolutely
continuous with respect to the Lebesgue measure, then the density W (z, A) of the
Brown measure is computed in terms of the value of s;(}), as follows:

W(t, 1) = %As,(k). @2.11)

See also Chapter 11 in [23] and Section 2.3 in [18] for general information on Brown
measures.
The first major step toward proving Theorem 2.2 is the following result.

Theorem 2.7 The function S in (2.10) satisfies the following PDE:

Y N S A T
—_— = — —&)— —ada— — - 5 =a ) .
or e oe  “9a b ’

with the initial condition
S(0, 1, &) = log(|A — 11> + ). (2.13)

We emphasize that S(¢, A, ¢) is only defined for ¢ > 0. Although, as we will see,
lim, .o+ S(t, A, €) is finite, .S/0e develops singularities in this limit. Thus, it is not
correct to formally set ¢ = 0 in (2.12) to obtain ds; /9t = 0. (Actually, it will turn out
that s,()) is independent of ¢ for as long as A remains outside X, but not after this
time; see Sect. 6.2).

After verifying this equation (Sect. 4), we will use the Hamilton—Jacobi formalism
to analyze the solution (Sect. 5). In the remaining sections, we will then analyze the
limit of the solution as ¢ tends to zero and compute the Laplacian in (2.11). The
expository article [15] of the second author provides an introduction to the methods
used in the present paper.

By way of comparison, we mention that a similar PDE appeared in Biane’s paper
[1]. There he studies the spectral measure u; of xo + x;, the free additive Brownian
motion with a nonconstant initial distribution x¢ freely independent from x,. Biane
studies the Cauchy transform G of y;:

G(t,z)=/ wdx) e o,
R X

and shows that G satisfies the complex inviscid Burger’s equation

G0 _ g 20 o1
a SrTe '

The measure ; may then be recovered, up to a constant, as lim,_, o+ Im G (¢, x +i¢).
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222 B. K. Driver et al.

In our paper, we similarly use a first-order, nonlinear PDE whose solution in a
certain limit gives the desired measure. We note, however, that the PDE (2.14) is not
actually the main source of information about y; in [1]. By contrast, our analysis of
the Brown measure of the free multiplicative Brownian motion b, is based entirely on
the PDE in Theorem 2.7.

Finally, we mention that, for the case of the circular Brownian motion ¢;, a PDE
similar to the one in Theorem 2.12 appeared in work of Burda et al. [6, Equation (9)].

3 Properties of 2;

We now verify some important properties of the regions %, in Definition 2.1. Define

log(|A]*)
TO) =|r— 1) =2 3.1
R 3.1
Since the function
1
X = 0g(x)
x—1

has a removable singularity at x = 1 with a limiting value of 1, we interpret 7 (1)
as equaling A — 112 when |A|?> = 1. Then T'(}) is a real analytic function on all of
C\{0}. Since, also,

1

x—=0 x — 1

we see that T (L) — +o00 as A — 0. By checking the three cases |A| > 1, |A| = 1,
and |A| < 1, we may verify that 7 (%) > O for all A, with equality only if A = 1.

Theorem 3.1 Forallt > 0, the region ¥; may be expressed as
5 ={reC|TW) <1}
and the boundary of ¥, may be expressed as
X, ={reC|T() =1t}.
Thus, each fixed A € C will be outside X, until + = T (1) and will be inside ¥, for

all r > T'(A). We may therefore say that T (1) is the time that the domain %, gobbles
up X. See Figs. 9 and 10.

Theorem 3.2 For eacht > 0, the region 3, has the following properties.

(1) Fort < 4, we have |arg\| < cos’l(l —t/2) forall A € X, with equality
precisely for the points on the unit circle with cos =1 —t/2.
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The Brown measure of the free multiplicative Brownian motion 223

0

Fig.9 Plot of the function 7 (1), showing values between 0 and 5. The function has a global minimum at
A =1, asaddle pointat . = —1, and a pole at A = 0

(2) Consider the ray from the origin with angle 0; if t < 4, assume |0| < cos™!(1 —
t/2). Then this ray intersects ¥, precisely in an open interval of the form 1 /r,(0) <
r < r(0) for some r;(6) > 1.

(3) The boundary of ¥; is smooth for all t > 0 witht # 4. When t = 4, the
boundary of ¥y is smooth except at . = —1, near which it looks like the transverse
intersection of two smooth curves.

(4) The region X, is invariant under A +— 1/X and under A — X

(5) The region Z; coincides with the one defined by Biane in [3].

We now begin working toward the proofs of Theorems 3.1 and 3.2.

Lemma 3.3 For A € Cwith |\ # 1, we have | f;(A\)| = 1 if and only if T (L) = t.

Proof Since f;(0) = 0, we must have A # 0if | f;(1)] is going to equal 1. For nonzero
A, we compute that

141
log(] fi(A)]) = log|A| + Re (Eﬁ)
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Fig. 10 Level sets of the function 7' (1) form the boundaries of the regions X;. Shown for t = 3.7 (gray),
t = 4 (black), and r = 4.3 (dashed). The right-hand side of the figure gives a close-up view near A = 0

= log M| + = A
O p—
gt |x [TEETE

Thus, for nonzero A, the condition | f; (A)| = 1 is equivalent to

= log |A| + — AP
0 —
g T3 |,\ [FRETEN
When |A| # 1, this condition simplifies to
log(|A|?)
r=x—1p =T,
1P =T

as claimed. O

We now state some important properties of the function r; occurring in the statement
of Theorem 2.2; the proof is given on p. 15.

Proposition 3.4 Consider a real number t > 0 and an angle 6 € (—mx, ], where if
t < 4, we require |0| < cos~'(1 — t/2). Then there exist exactly two radii r # 1 for
which |f, (reig)’ = 1, and these radii have the formr = r;(0) and r = 1/r;(0) with
r1(0) > 1. Furthermore, r;(0) depends analytically on 6 and ift < 4, thenr;(0) — 1
as @ — fcos™(1 —1/2).

Ift <4and0 e (—m, ] satisfies |0| > cos™' (1 — t/2), then there are no radii
r# 1with|f;(r)] = 1.

Using the proposition, we can now compute the sets F; and E, = F, that enter into
the definition of %,. (Recall (2.1) and (2.2)).
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Corollary 3.5 For t < 4, the set F, consists of points of the form r,(0)e!? and
(1/r:(0))e'? for —cos™' (1 —1/2) <0 < cos™ (1 —t/2). In this case, the closure of
F, consists of F; together with the points ¢'? on the unit circle with cos = 1 —1/2.
There are two such points when t < 4 and one such point when t = 4, namely —1.

Fort > 4, the set F, consists of points of the form r;(0)e'? and (1/r,(8))e'?, where
0 ranges over all possible angles, and this set is closed.

We now set out to prove Proposition 3.4. In the proof, we will always rewrite the
equation | f;(A)| = 1, for [A| % 1, as T(A) =t (Lemma 3.3).

Lemma 3.6 Let us write the function T in (3.1) in polar coordinates. Then for each 0,
the function r — T (r, 0) is strictly decreasing for 0 < r < 1 and strictly increasing
forr > 1. Foreach8, the minimumvalue of T (r, 0), achieved atr = 1, is2(1 —cos 8),
and we have

lim T(r,0) = lim T(r,0) = +oo.
r—0 r—+00

Proof We will show in Proposition 5.13 that the function 7 (1) is the limit of another
function #, (1o, &o) as &g goes to zero. Explicitly, this amounts to saying that 7'(r, 6) =
g0 (8), where g is defined in (5.58) and § = r+1/r. Now, § is decreasing for0 < r < 1
and increasing for » > 1. Thus, the claimed monotonicity of T follows if g4(§) an
increasing function § for each 6, which we will show in the proof of Proposition 5.16.

For the convenience of the reader, we briefly outline how the argument goes in the
context of the function T (r, #). We note that

log(rz)

T(r,0) = (r>+ 1 —2rcosh) ,
r2—1

where if we assign log(r%)/(r> — 1) the value 1 at » = 1, then T is analytic except at
r = 0. We then compute that, after simplification,

2
5 r“+1—2rcos6 2
:|10g(r )+T—

T ) |:—2r + (14 r?)cosh 32)

o (r2 — 1)

We then claim that for all 8, we have 97 /dr > Oforr > 1and 07 /dr < Oforr < 1.
Note that for each fixed r, the right-hand side of (3.2) depends linearly on cos 6. Thus,
if, for a fixed r, if 37 /0r is positive when cos & = 1 and when cos 6 = —1, it will be
positive for all 6. Specifically, we may say that

oy > '(a—T 0, 2L )) @33
oy r,0) > min 8r(r, ), oy r,m) ). 3)

It is now an elementary (if slightly messy) computation to check that the right-hand
side of (3.3) is strictly positive for all »r > 1. A similar argument then shows that
aT /or is negative for all 6 and all 0 < r < 1.

We conclude that for each 0, the function r +— T (r, 0) is decreasing for0 < r < 1
and increasing for » > 1. The minimum value therefore occurs at r = 1, and this
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value is the value of 72 + 1 — 2cosf at r = 1, namely 2(1 — cos #). Finally, we can
easily see that for r approaching zero, we have

T(r,0) ~ —log(r?) — 400
and for r approaching infinity, we have
T(r,0)~ log(rz) — +00,

as claimed. O

Proof of Proposition 3.4 The minimum value of T'(r, ), achieved at r = 1, is 2 —
2 cosf. This value is always less than ¢, as can be verified separately in the cases
t >4 @ll@)andr < 4 (|0] < cos™ (1 — t/2)). Thus, Lemma 3.6 tells us that the
equation 7' (r, 8) = t has exactly one solution for r with 0 < r < 1 and exactly one
solution for r > 1. Since, as is easily verified, 7 (1/r, 0) = T (r, 6), the two solutions
are reciprocals of each other, and we let r,(6) denote the solution with » > 1. Since
dT /dr isnonzero for all r # 1, the implicit function theorem tells us that 7 (6) depend
analytically on 6.

Now, if < 4 and 6 approaches & cos™!(1 — ¢/2), the minimum value of 2 —
2 cos 6—achieved at r = l—approaches 2 — 2(1 — ¢/2) = t. It should then be
plausible that r,(6) will approach r = 1. To make this claim rigorous, we need to
show that T (r, ) increases rapidly enough as r increases from 1 that the T (r, 0) = ¢
is achieved close to r = 1. To that end, let g(r) denote the function on the right-hand
side of (3.3), which is continuous everywhere and strictly positive for r > 1. Then for
r > 1, we have

T(r,0) — (2 —2cosf) > G(r) = /r g(s) ds. 3.4)
1

Now, G(r) is continuous and strictly increasing for » > 1, with G(1) = 0. Thus, G it
has a continuous inverse function satisfying G~!(0) = 1.
For ¢ > 0, choose 8 > 0 so that G™1(R) < 1 + & when 0 < R < 8. Then take 0
sufficiently close to + cos~1(1 —1/2) that 2 — 2 cos @ is within § of 7. Then
G 't —(2—2cos0)) < 1+e,

which is to say that there is an R with 1 < R < 1 + ¢ such that

R
/ g(s)ds =1t — (2 —2cosb).
1

From (3.4) we can then see that T (R, 8) > ¢. Thus, r;(6) will satisfy
l<rn@)<R<1+es.

We have therefore shown that r,(0) — 1 as — +cos~1(1 — t/2).
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Finally, if + < 4 and 6 € (—m, ] satisfies |6| > cos’l(l — t/2), the minimum
value of T'(r, ), achieved at r = 1, is 2 — 2cosf > t. Thus, there are no values of
r #1where T(r,0) =t. |

We are now ready for the proofs of our main results about ;.

Proof of Theorem 3.1 We first claim that the set E; = F, is precisely the set where
T (1) = t. To see this, first note that F; is, by Lemma 3.3, the set of A with [A| # 1
where T (A) = t. Then by Corollary 3.5, the closure of F; is obtained by adding in
the points on the unit circle (zero, one, or two such points, depending on ¢) where
cosf = 1 — /2. But these points are easily seen to be the points on the unit circle
where T(L) = t.

Using Corollary 3.5, we see that the complement of the set £, = {A|T' (1) = ¢} has
two connected components when ¢ < 4 and three connected components when ¢ > 4.
Since T (1) = 0 < ¢, we have T (1) < ¢ on the entire connected component of Ef
containing 1, which is, by definition, the region ;. The remaining components of
Ef are the unbounded component and (for ¢+ > 4) the component containing 0. Since
T (1) tends to 400 at zero and at infinity, we see that 7 (A) > ¢ on these regions, so
that T (A) < ¢ precisely on X;.

It is also clear from Corollary 3.5 that the boundary of the region %, (i.e., the
connected component of Ef containing 1) contains the entire set £; = {A|T (A) = t}.

O

Proof of Theorem 3.2 Point 1 follows easily from Corollary 3.5. For Point 2, we note
that by Proposition 3.4, we have T'(r, 8) < tfor1/r,(0) <r < r;(0),and T (r,0) > ¢
for0 < r < 1/r, (@) and for r > r;(0). Thus, by Theorem 3.1, the ray with angle 6
intersects X, precisely in the claimed interval.

For Point 3, we have already shown that 07 /dr is nonzero except when r = 1.
When r = 1, we know from (3.1) that

T(r,0) =|r— 11> =2 —2cosé.

Thus, when r = 1, we have 07 /06 = 2sin 6, which is nonzero except when 8 = 0
or = m. Thus, the gradient of 7' (1) is nonzero except when A = 0 (where 7'(}) is
undefined), when A = 1, and when A = —1. Since 0 is never in ¥; and 1 is always
in %, the only possible singular point in the boundary of %, is at A = —1. Since
T(r,0) =2—2cosm =4 whenr =1and 0 = m, the point A = —1 belongs to the
boundary of 4.

Meanwhile, the Taylor expansion of T to second order at A = —1 is easily found
tobe T(A) ~ 4+ (Re A + 1)2/3 — (Im 1)2. By the Morse lemma, we can then make
a smooth change of variables so that in the new coordinate system,

Tu,v) =4+u*> -0 =4+ u+v)u—v).

Thus, near A = —1, the set T(A) = 4 is the union of the curves u + v = 0 and
u—v=0.
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The invariance of ¥, under A — 1/A and under A — A follows from the easily
verified invariance of 7 (A) under these transformations. Finally, we verify that the
domain 3, as we have defined it, coincides with the one originally introduced by
Biane [3]. Let us start with the case ¢ < 4. According to the discussion at the bottom
of p. 273 in [3], the boundary of Biane’s domain X, consists in this case of two analytic
arcs. The interior of one arc lies in the open unit disk and the interior of the other arc
lies in the complement of the closed unit disk, while the endpoints of both arcs lie
on the unit circle. The first arc is then computed by applying a certain holomorphic
function y (, -) to the support of Biane’s measure v; in the unit circle. Now, x (z, -)
satisfies f;(x (¢, z)) = z on the closed unit disk. (Combine the identity involving x on
p- 266 of [3] with the definition of x on p. 273). We see that the interior of the first
arc consists of points with |A| # 1 but | f;(A)| = 1. This arc must, therefore, coincide
with the arc of points with radius 1/7;(6). The second arc is obtained from the first by
the map A — 1/A and therefore coincides with the points of radius r; (). We can now
see that the boundary of Biane’s domain coincides with the boundary of the domain
we have defined. A similar analysis applies to the cases t > 4 and r = 4, using the
description of the boundary of %, in those cases at the top of p. 274 in [3]. O

4 The PDE for S

In this section, we will verify the PDE for S in Theorem 2.7. The claimed initial
condition (2.13) holds because by = 1. We now proceed to verify the Eq. (2.12) itself.
We let b; be the free multiplicative Brownian motion, which satisfies the free stochastic
differential equation

dby = by dc;, by = 1.
Throughout the rest of this section, we use the notation
bty :=b —A.
Lemma 4.1 The function S in (2.10) satisfies

2s . .
o = et [ (Oabia+ o) 7 b} (brabis )7 @1

Proof The basic tools for computing with SDEs involving the free circular Brownian
motion ¢; are the free It6 formulas, which may be stated informally as

tlg de] = tlg: dC;*] =0
dc} g de, =dc g dcf = tlg], 4.2)

for a continuous adapted process g;. Free stochastic calculus was developed by Biane

and Speicher [4] and extended by Kiimmerer and Speicher [21]. We will specifically
use the free stochastic product rule and free functional It6 formula developed by
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Nikitopoulos [24]. (An earlier version of this paper, available on the arXiv, used a
power series argument in place of Nikitopoulos’s result).
For each A € C, define a self-adjoint element m; by

*
m; = bt,)»bt»)“

Then by the free stochastic product rule [24, Thm. 3.2.5] and the free SDE for b;, we
have

dm[ = dc;k b;kb;’)L + b;kyxbt dC[ + dc;k b;kb[ dCt
= dc; by, + b}, by de, + b dt. 43)

Then by the free functional It6 formula [24, Thm. 3.5.3], we have
1
dt[log(m; + ¢)] = t[R dm;] — E‘L’[R dm; R dm,], 4.4)

where
R=(m +e "
Noting that § = t[log(m; + ¢)], and using (4.2) and (4.3), (4.4) becomes

S
Tl t[R]t[b;b;] — T[R1T[b; ; byby s 3R], 4.5)

Equation (4.5) is actually just of Eq. (33) in Example 3.5.5 of [24] withn = 1,
al =b,by bl =1; ¢ =1; d' =bb;; I =t[b]b]l
To compute further, we note that
b,,x(bikb,,x +e) = (bt,)\b;i;h + &by .

Multiplying by (b, bs 5 + £)~! on the right and (b2 bf 5 + £)~! on the left gives a
useful identity:

(bsbiy +8) by =bs (bibis+e) (4.6)
Replacing b, ; by its adjoint gives another version of the identity:

bbb +8)7h = (0] by + ) b “.7)
We also claim that

T[(b] b +8) 1= [(brabf, + )7 (4.8)
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This result can be verified for large ¢ by expanding both sides in powers of 1/¢ and
checking the identity term by term. The result for general € then follows by analyticity
of both sides in €.

We now use (4.7) to show that

-1
b[’)\Rb;ﬁ)\ = bt’)‘b;k’)L (bf,)»b;k,l + 8)
= (b[,;hb;")h +&— 8) (b,,)tb;k’)\ + 8)71
—1—¢(biabl,+¢) .
Thus, (4.5) becomes the claimed formula (4.1) for 95 /0z. O

Lemma 4.2 We have the following formulas for the derivatives of S with respect to &
and A:

N _

g =T I:(b;k’Abt,l + 8) 1]

as _
== [b;"k (b} b1+ €) 1]
S _
ﬁ = —7 [bt’)‘ (b;k’)tbt,)\ + S) 1] .

Proof The lemma follows easily from the formula for the derivative of the trace of a
logarithm (Lemma 1.1 in [5]):

4 _n _ adf
7, Flog(f )l =7 [f(u) E] ~

(We emphasize that there is no such simple formula for the derivative of log( f (u))
without the trace, unless df /du commutes with f(u)). O

We are now ready for the proof of our main result.

Proof of Theorem 2.7 We start from the formula for S/d7 in Lemma 4.1. Noting that

bib} = (b + 2)*(brp + A)
= b b, + MDY, + Abg s + M2

we expand the second factor on the right-hand side of (4.1) as

t[bib (b pb} + &)~ = (b 1bF 5 (brsbf 5 + €)'
+ AT[b} 5 (b abf 5 + )]
+ At[by s (be bl + )71
+ AP Tl + o)
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We then simplify the first term by writing b; ,.0; ; = b; 0] ; + ¢ — ¢. In the middle
two terms, we use (4.6), (4.7), and cyclic invariance of the trace. Using also (4.8), we
get
bbby b + &)1 =1+ (1M — )b}, bra + &) ']
+ AT[b} (b by + )71
+ At[bea ] 3 bes + )7 (4.9)

Thus,
0S . 1 .
rrin et(by 3 br 5 + )~ 1(all the terms in (4.9)). (4.10)

All terms on the right-hand side of (4.10) are expressible using Lemma 4.2 in terms
of derivatives of S, and the claimed differential equation follows. O

5 The Hamilton-Jacobi method
5.1 Setting up the method

The Eq. (2.12) is a first-order, nonlinear PDE of Hamilton—Jacobi type. (The reader
may consult, for example, Section 3.3 in the book of Evans [8], but we will give a brief
self-contained account of the theory in the proof of Proposition 5.3). We consider a
Hamiltonian function obtained from the right-hand side of (2.12) by replacing each
partial derivative with momentum variable, with an overall minus sign. Thus, we
define

H(a, b, &, pa, pp, pe) = —epe(1 + (@* + b*) pe — epe —apa — bpp).  (5.1)

We then consider Hamilton’s equations for this Hamiltonian. That is to say, we consider
this system of six coupled ODEs:

da 9H db 9H  de 93H

dr " op, dt  dpy  dr dpe
dpa 0H dpy  0H _ dp; oH

dt ~ 9a’ dr b dt _ oe’ ©2)
As convenient, we will let
At) =a(t) +ib(z).
The initial conditions for a, b, and ¢ are arbitrary:
a(0) = ao;  b(0) =bo: £(0) = €o, (5.3)
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while those for p,, pp, and p, are determined by those for a, b, and ¢ as follows:

Pa(0) =2(ap — Dpo;  pp(0) =2bopo;  pe(0) = po, (5.4
where

1 1
Co—1P2+e  (a—D2+bE+eo

po (5.5)

The motivation for (5.4) is that the momentum variables p,, pp, and p, will corre-
spond to the derivatives of S along the curves (a(t), b(¢), e(t)); see (5.8). Thus, the
initial momenta are simply the derivatives of the initial value (2.13) of S, evaluated at
(ao, bo, €0)-

For future reference, we record the value Hy of the Hamiltonian at time ¢ = 0.

Lemma 5.1 The value of the Hamiltonian att = 0 is
Hy = —&0p}. (5.6)

Proof Plugging t = 0 into (5.1) and using (5.4 ) gives

Hy = —&opo (1 + (a% + b(%) Po — €0po — 2ap(ag — 1) po — 2’9(2)190) ,

which simplifies to
Hy = —&opo (1 — Po (a(% —2a0 + b(% +So)) .

But using the formula (5.5) for pg, we see that ag —2ap + b% + ep equals 1/pg — 1,
from which (5.6) follows. O

The main result of this section is the following; the proof is given on p. 22.
Theorem 5.2 Assume Lo # 0 and g > 0. Suppose a solution to the system (5.2) with
initial conditions (5.3) and (5.4) exists with €(t) > 0 for 0 <t < T. Then we have

sot
(1o — 11* + £9)?
+ log |A(#)| — log |Ao| 5.7

S(t, (1), e(t)) = log(lro — 1|* + &9) —

forallt € [0, T). Furthermore, the derivatives of S with respect to a, b, and ¢ satisfy
N
a—(t, A1), €(1)) = pe(1);
e
aS
B—(t, A1), e(1)) = pa();
a

05 A = 5.8
S0, £0) = py). 5.8)

@ Springer



The Brown measure of the free multiplicative Brownian motion 233

Note that S(, A, €) is only defined for e > 0. Thus, (5.7) and (5.8) only make sense
as long as the solution to (5.2) exists with £(¢) > 0.

Since our objective is to compute As;(A) = 82st/8a2 + 82st/82b2, the formula
(5.8) for the derivatives of S will ultimately be of as great importance as the formula
(5.7) for S itself. We emphasize that we are not using the Hamilton—Jacobi method
to construct a solution to (2.12); the function S(z, A, ¢) is already defined in (2.10)
in terms of free probability and is known (Theorem 2.7) to satisfy (2.12). Rather, we
are using the Hamilton—Jacobi method to analyze a solution that is already known to
exist.

We begin by briefly recapping the general form of the Hamilton—Jacobi method.

Proposition 5.3 Fix an open set U C R", a time-interval [0, T], and a function
H (x, p). Consider a function S(t, X) satisfying

S
Tl —H(x,VxS), xeU, tel[0,T] 5.9)

Consider a pair (x(t), p(t)) withx(t) € U, p(t) e R", andt € [0, T\ ]with Ty <T.
Assume this pair satisfies Hamilton’s equations:

i M ey = iy pay
dr  9p; dt 0x;
with initial conditions
X(0) =x0; p(0) = (VaS)(0, x0). (5.10)
Then we have
S(t, x(1)) = S0, x0) — H(x0. po) { + /0 p(s) - ds (5.11)
and
(VS)(t, X(1)) = pl0). (5.12)

Again, we are not trying to construct solutions to (5.9), but rather to analyze a
solution that is already assumed to exist.

Proof Take an arbitrary (for the moment) smooth curve x(¢) and note that

dSt t)—ast t)+as(t t)dxj
E(’X()_E(’X() E ’X()W

d
= —H(x(1), (Vx$)(1,x(1))) + (VxS (. x(1)) - d—j (5.13)
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where we use the Einstein summation convention. Let us use the notation
p() = (Vx$)(1, x(1));
thatis p;(t) = 95/0x; (¢, x(¢)). Then (5.13) may be rewritten as
d dx
ESU’ x(1)) = —H(x(1), p(r)) + p() - T (5.14)

If we can choose x(7) so that p(¢) is somehow computable, then the right-hand side
of (5.14) would be known and we could integrate to get S(z, x(¢)).
To see how we might be able to compute p(¢), we try differentiating:

dp;j d 9§
— = ——(,x(1))
dt  dt dx;
EENY 2 dxy
= t, x(t t,x(t))—. 5.15
a3, (X O) + G xa) (5.15)
Now, from (5.9), we have
%S 9%S
dtdx;  dx;ot
0
= ——H(x, VxS)
ax]'
BH( v.5) BH( .5) 2
= ——(x, — —(x, .
ox; X 9 px X 0xj0xg

Thus, (5.15) becomes (suppressing the dependence on the path)

dp; OH (d AH\ 928
pp_ o7 (X 97 , (5.16)
dt 0x; dt opk ) 0xx0x;
If we now take x(7) to satisfy
d)Cj oH
_— = (5.17)
dt 3pj

the second term on the right-hand side of (5.16) vanishes, and we find that p(¢) satisfies

dpj oH
—_ = 5.18
dt axj' ( )

With this choice of x(7), (5.14) becomes
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dS __H dx
o (t,x(t)) = —H (x0, po) + p() - I

because H is constant along the solutions to Hamilton’s equations.

Note that not all solutions (x(¢), p(¢)) to Hamilton’s Egs. (5.17) and (5.18) will
arise by the above method. After all, we are assuming that p(f) = (VxS)(z, x(7)),
from which it follows that the initial conditions (Xg, po) will be of the form in (5.10).

On the other hand, suppose we take a pair (Xg, po) as in (5.10). Let us then take
x(t) to be the solution to

dx; oH
e —(x(1), (VxS)(#, x(1))), x(0) = xo, (5.19)
t apj

where since S is a fixed, “known” function, this ODE for x(#) will have unique solutions
for as long as they exist. If we set p(r) = (VxS) (¢, x(¢)), then p(0) = po as in (5.10)
and (5.19) says that the pair (x(¢), p(¢)) satisfies the first of Hamilton’s equations.
Applying (5.16) with this choice of x(¢) shows that the pair (x(¢), p(¢)) also satisfies
the second of Hamilton’s equations. Thus, (x(¢), p(¢)) must be the unigue solution to
Hamilton’s equations with the given initial condition (Xq, pPo)-

We conclude that for any solution to Hamilton’s equations with initial conditions of
the form (5.10), the formula (5.14) holds. Since, also, H is constant along solutions to
Hamilton’s equations, we may replace H (x(¢), p(¢)) by H(Xo, po) in (5.14), at which
point, integration with respect to ¢ gives (5.11). Finally, (5.12) holds by the definition
of p(1). O

We are now ready for the proof of Theorem 5.2.

Proof of Theorem 5.2 'We apply Proposition 5.3 with n = 3 and the open set U con-
sisting of triples (a, b, €) with ¢ > 0. The PDE (2.12) is of the type in (5.9), with H
given by (5.1). The initial conditions (5.4) are obtained by differentiating the initial
condition S(0, A, ) = log(|]A — 12 +¢).

We let x(t) = (a(t), b(t), e(¢)) and p(t) = (pa(t), pp(t), pe(t)). For the case of
the Hamiltonian (5.1), a simple computation shows that

dx_ Vol
1Y dt_p p
=2H +¢p;
=2Hy + eps.

Thus, the general formula (5.11) becomes, in this case,

t
S(t,x(1)) = §(0,%0) + H (X0, po) +/ e(s)pe(s) ds. (5.20)
0

But we also may compute that
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1 .
—log( ) +b2) = (aq +bb)
a’+ b2

1 oH oH
= — a—_‘r_b_
a? + b? dPpa app

= €ep;.

Thus,

1
/0 £(s) pe(s) ds = log [A(1)| —log 2ol . (5.21)

If we now plug in the value of S(0, x9) = S(0, Ag, €0) and use Lemma 5.1 along with
the definition (5.5) of pg, we obtain (5.7). Finally, (5.8) is just the general formula
(5.12), applied to the case at hand. O

5.2 Constants of motion

We now identify several constants of motion for the system (5.2), from which various
useful formulas can be derived. Throughout the section, we assume we have a solution
to (5.2) with the initial conditions (5.3) and (5.4), defined on a time-interval of the
form 0 <t < T. We continue the notation A(¢) = a(t) + ib(t).

Proposition 5.4 Along any solution of (5.2), following quantities remain constant:

(1) The Hamiltonian H
(2) The “angular momentum” in the (a, b) variables, namely ap, — bp,, and
(3) The argument of A, assuming Ly 7~ O.

Proof For any system of the form (5.2), the Hamiltonian H itself is a constant of
motion, as may be verified easily from the equations. The conservation of the angular
momentum is a consequence of the invariance of H under simultaneous rotations of
(a, b) and (p,, pp); see Proposition 2.30 and Conclusion 2.31 in [14]. This result can
also be verified by direct computation from (5.2).

Finally, note from (5.21) that if A9 # 0, then log |1 (¢)| remains finite as long as the
solution to (5.2) exists, so that A(¢) cannot pass through the origin. We then compute
that

d db ba—ba ep.ba—bep.a
—t AMi) = —— = = =0
dt an(arg (1)) dt a a? a?

(If a = 0, we instead compute the time-derivative of cot(arg A), which also equals
Zero). O

Proposition 5.5 The Hamiltonian H in (5.1) in invariant under the one-parameter
group of symplectic linear transformations given by

a/2

(@.b, € par pps pe) > (€%a,e?*b, %, e " pa. e py. e pe).  (5.22)

@ Springer



The Brown measure of the free multiplicative Brownian motion 237

with o varying over R. Thus, the generator of this family of transformations, namely,

1
Vi=¢pe + E(apa + bpp) (5.23)

is a constant of motion for the system (5.2). The constant ¥ may be computed in terms
of o and hg as

W = po(ag(ao — 1) + b§ + &) (5.24)

where pg is as in (5.5).

Proof The claimed invariance of H is easily checked from the formula (5.1). One can
easily check that W is the generator of this family. That is to say, if we replace H by
W in (5.2), the solution is given by the map in (5.22). Thus, by a simple general result,
W will be a constant of motion; see Conclusion 2.31 in [14]. Of course, one can also
check by direct computation that the function in (5.23) is constant along solutions to
(5.2). The expression (5.24) then follows easily from the initial conditions in (5.4). O

Proposition 5.6 For all t, we have
e()ps(1)? = eopfe™", (5.25)

where C = 2W — 1 and WV is as in (5.23). The constant C in (5.25) may be computed
in terms of &y and ,g as

[Aol> — 1+ &0
C=po(lrol* —1+e) = ———. (5.26)
|20 — 11”7 + €0
Proof We compute that
oH H
= =— —ep(@+ b —¢)
9pe Pe
_ oH H
Pe=—— =—— —¢&p; (5.27)
de e

and then that
d . .
T(ep]) = &p] +2epe pe
= p.H — ,spg(a2 +b% - g)—2Hp, — 282[72
This result simplifies to

E(epg) =ep; |1 -2\epe + E(apa + bpp)

—ep2 Q¥ — 1).
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The unique solution to this equation is (5.25). The expression (5.26) is obtained by
evaluating W at t = 0, using the initial conditions (5.4), and simplifying. O

We now make an important application of preceding results.

Theorem 5.7 Suppose a solution to (5.2) exists with e(t) > 0 for 0 <t < t, but that
lim;_+ &(t) = 0. Then

lim log |A(z _ 5.28
lim log [A(1)] = —=. (5.28)

where C = 2W — 1 is as in Proposition 5.6. Furthermore, we have

2log |A(t
0g|()|+1_

; (5.29)

lim (apg + bpp) = lim
t—>ty t—>ty
Equation (5.29) is a key step in the derivation of our main result; see Sect. 6.1. We
will write (5.28) in a more explicit way in Proposition 5.12, after the time ¢, has been
determined. We note also from Proposition 5.6 that since ¢(t) approaches zero as ¢
approaches t,, then p.(¢) must be blowing up, so that £(¢) p ()2 can remain positive
in this limit.
Proof Using the constant of motion W in (5.23), we can rewrite the Hamiltonian H
as

H=—¢ep.(14 (a> +b*)pe — 2V + £p,). (5.30)

Now, by assumption, the variable ¢ approaches zero as ¢ approaches .. Furthermore,
by Proposition 5.6, ¢ pf remains finite in this limit, so that e p, = /&/¢ p? tends to

zero. Thus, in the ¢t — £, limit, the & p, terms in (5.30) vanish while ¢ pg remains
finite, leaving us with

H = — lim 8p§(a2 +b?).
1—1%
Since H is a constant of motion, we may write this result as

H gop2
lim (a2 + b?) = — lim —% = lim 220 _
1=ty 1>t P2 1o EPE

Cty

where we have used Lemma 5.1 in the second equality and Proposition 5.6 in the third.
The formula (5.28) follows.

Meanwhile, as t approaches ., the & p, term in the formula (5.23) for W vanishes
and we find, using (5.28), that

m 2log |A(t
lim (@pa + bpy) = 20 = C + 1 = lim —8*O1
t—t*

[ t

3

as claimed in (5.29), where we have used (5.28) in the last equality. O
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5.3 Solving the equations

We now solve the system (5.2) subject to the initial conditions (5.3) and (5.4). The
formula in Proposition 5.6 for &(7) p. ()2 will be a key tool. Although we are mainly
interested in the case gy > 0, we will need in Sect. 6.2 to allow &g to be slightly
negative.

We begin by with the following elementary lemma.

Lemma 5.8 Consider a number a*> € R and let a be either of the two square roots of
a®. Then the solution to the equation

y=y>—a® (5.31)
subject to the initial condition y(0) = yg > 0 is

__yocosh(at) — asinh(ar)
- sinh(at)
a

y(®) (5.32)

cosh(at) — yo

Ifa2 > yg, the solution exists for all t > 0. Ifa2 < yg, then y(t) is a strictly
increasing function of t until the first positive time t, at which the solution blows up.
This time is given by

1
f, = — tanh~! (i) (5.33)
a Yo
1 1
= L jog (L0 (5.34)
2a 1 —a/yo

Here, we use the principal branch of the inverse hyperbolic tangent, with branch cuts
(=00, —1] and [1, 00) on the real axes, which corresponds to using the principal
branch of the logarithm. When a = 0, we interpret the right-hand side of (5.33) or
(5.34) as having its limiting value as a approaches zero, namely 1/ yy.

In passing from (5.33) to (5.34), we have used the standard formula for the inverse
hyperbolic tangent,

tanh~! (x) = %10g<1 +x>. (5.35)

1 —x

In (5.32), we interpret sinh(at)/a as having the value t whena = 0. If a? < 0, so that
a is pure imaginary, one can rewrite the solution in terms of ordinary trigonometric
functions, using the identities cosh(ior) = cos « and sinh(ie) = i sin «. For each fixed
t, the solution is an even analytic function of a and therefore an analytic function of a2.
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Proof If a is nonzero and real, we may integrate (5.31) to obtain

t—i/t( ! — ! )'(r)dt
"2ty @o—a yo+a)’
1 (y@)—a)’
= —log| ——
2a y(@)+a/|.—
_ 1, ()’(t)—fIYOJra)
2a yt)+ay—a)

It is then straightforward to solve for y(¢) and simplify to obtain (5.32). Similar
computations give the result when a is zero (recalling that we interpret sinh(at)/a as
equaling  when @ = 0) and when « is nonzero and pure imaginary. Alternatively, one
may check by direct computation that the function on the right-hand side of (5.32)
satisfies the Eq. (5.31) forall a € C.

Now, if a% > yé > 0, the denominator in (5.32) is easily seen to be nonzero for all
¢ and there is no singularity. If a? is positive but less than yg, the denominator remains
positive until it becomes zero when tanh(at) = a/yo. If a* is negative, so that a = i«
for some nonzero o € R, we write the solution using ordinary trigonometric functions
as

cos(at) + ;‘—0 sin(at)

cos(at) — 2 sin(ar)’
The denominator in (5.36) becomes zero at ot = tan™!(a/yg) < 7/2. Finally, if
a® = 0, the solution is y(r) = yo/(1 — yot), which blows up at r = 1/y.

It is then not hard to check that for all cases with a® < yg, the blow-up time can be
computed as t, = % tanh~!(a/yo), where we use the principal branch of the inverse
hyperbolic tangent, with branch cuts (—oco, —1] and [1, co) on the real axis. (Ata = 0
we have aremovable singularity with a value of 1/yy.) This recipe corresponds to using
the principal branch of the logarithm in the last expression in (5.34). O

We now apply Lemma 5.8 to compute the p.-component of the solution to (5.2).
We use the following notations, some of which have been introduced previously:

1
o= —— (5.37)
Iho — 11 + &0
rol> +1
5 — [Aol“ 4+ 14 €0 (5.38)
[Aol
C=2¥—1=po(lrol* — 1 +&0) (5.39)
C 1
Yo = po+ 5 = 5P0 [Aol & (5.40)
a’ = C?/4 +eopd. (5.41)
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We now make the following standing assumptions:

M #0
po >0
5> 0. (5.42)

We note that under these assumptions, yy is positive. Furthermore, we may compute
that

1
a= 2 poliol V82 4. (5.43)

from which we obtain

= <1, (5.44)

sl 8

so that a® < yg. Now, the assumptions pg > 0 and § > 0 can be written as g9 >
— o — 1% and &g > —(1 + |Ao|?). Thus, for Ao # 0, the assumptions (5.42) are
always satisfied if g > 0. Furthermore, except when Ao = 1, some negative values
of &g are allowed.

Proposition 5.9 Under the assumptions (5.42), the p.-component of the solution to
(5.2) subject to the initial conditions (5.3) and (5.4) is given by

2|20l =4

N
$

V521—4

cosh(at) + sinh(at) o

Pe(t) = po (5.45)

cosh(at) — sinh(at)

for as long as the solution to the system (5.2) exists. Here we write a as in (5.43)
and we use the same choice of ~/8% — 4 in the computation of a as in the two times
A/82 — 4 appears explicitly in (5.45). If § = 2, we interpret sinh(at)/~/82 — 4 as
equaling %po [Xolt.

If g0 > 0, the numerator in the fraction on the right-hand side of (5.45) is positive
for all t. Hence when gy > 0, we see that p.(t) is positive for as long as the solution
exists and 1/ p.(t) extends to a real-analytic function of t defined for all t € R.

The first time t, (Ao, £9) at which the expression on the right-hand side of (5.45)
blows up is

2(5 — 2 cos N/
L (ho, £0) = 20— 2€0800) -1 (V0" 4 (5.46)
52 —4 1)
5 —2cos 6 5457 —4
= COST0 1og [ 2F , (5.47)
32 —4 5— /52 —4
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where 6y = arg Ao and /82 — 4 is either of the two square roots of 8> —4. The principal
branch of the inverse hyperbolic tangent should be used in (5.46), with branch cuts
(=00, —1] and [1, 00) on the real axis, which corresponds to using the principal
branch of the logarithm in (5.47). When § = 2, we interpret t.(Ao, €0) as having its
limiting value as § approaches 2, namely § — 2 cos 6.

Note that the expression

1
~ tanh~! (9)
a b

is an even function of a with b fixed, with a removable singularity at a = 0. This
expression is therefore an analytic function of a® near the origin. In particular, the
value of 1, (Ao, £09) does not depend on the choice of square root of 82 — 4.

Proof of Proposition 5.9 We assume at first that g9 7 0. We recall from Proposition 5.6
thate(?) pe (z‘)2 isequal to gg p%e’C’ , which s never zero, since we assume &g is nonzero
and pg is positive. Thus, as long as the solution to the system (5.2) exists, both &(z)
and p.(t) must be nonzero—and must have the same signs they had at t = 0. Using
(5.27) and the fact that H is a constant of motion, we obtain

2
£0Pp 2 —Ct
= —— —gopye
Pe() ) Do

But aopg/s(t) = p.(1)%¢€" and we obtain

Pe(t) = ps(t)zeCt - 8017(%6_&-

Then if y(t) = eC’ps (t) + C/2, we find that y satisfies (5.31). Thus, we obtain
pe(t) = (y(t) — C/2)e~C", where y(t) is as in (5.32), which simplifies to the claimed
formula for p,. The same formula holds for 9 = 0, by the continuous dependence of
the solutions on initial conditions. (It is also possible to solve the system (5.2 ) with
&0 = 0 by postulating that ¢(¢) is identically zero and working out the equations for
the other variables).

In this paragraph only, we assume g9 > 0. Then a® > 0, with a = 0 occurring only
if &g = 0 and |Ag| = 1, so that § = 2. In that case, the numerator on the right-hand
side of (5.45) is identically equal to 1. If a> > 0, then the numerator will always be

positive provided that
2
(2|Ao| —8) <1,
82 —4

which is equivalent to
(8% —4) — 2|rol — 8)* > 0.
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But a computation shows that
(6% —4) — (2 |rol — 8)* = 4e0, (5.48)
and we are assuming gy > 0. Now, since the numerator in (5.45) is always positive,
we conclude that p, remains positive until it blows up.
For any value of g, the blow-up time for the function on the right-hand side of

(5.45) is computed by plugging the expression (5.44) for a/yg into the formula (5.34),
giving

1 1 _1(a
ty«(Ag, 8g) = — —— tanh —
Yoa/yo Yo

2 8 (V=4
:——tanh _— .
polrold /82 — 4 )

After computing that

1 ro — 12
=|O | +€O=8—200590,
Po Aol Ao
we obtain the claimed formula (5.46) for ¢, (19, &9). O

Remark 5.10 1If ¢y < 0, then numerator on the right-hand side of (5.45) can become
zero. The time o at which this happens is computed using (5.43) and (5.48) as

2 tanh ™! (1 + 4eo >1/2
0O = ——lan — T E—— .
po lhol V8% — 4 (21hol — 8)?

By considering separately the cases [Lg| # 1 and |Ag| = 1, we can verify that o tends
to infinity, locally uniformly in g, as &g tends to zero from below. Thus, for small
negative values of gq, the function on the right-hand side of (5.45) will remain positive
until the time £, (1o, €9) at which it blows up.

We now show that the whole system (5.2) has a solution up to the time at which
the function on the right-hand side of (5.45) blows up.

Proposition 5.11 Assume that g and Ao satisfy the assumptions (5.42). Assume further
that if eg < 0, then |eo| is sufficiently small that p, remains positive until it blows up,
as in Remark 5.10. Then the solution to the system (5.2) exists up to the time t, (Ao, €0)
in Proposition 5.9.

For any gy, we have

lim  e@) =0. (5.49)

t—14(10,€0)

If 9 = 0, the solution has £(t) = 0 and A(t) = Ag.
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Proof Let T be the maximum time such that the solution to (5.2) exists on [0, 7). We
now compute formulas for the solution on this interval. Recall from Proposition 5.9
that if &9 > 0, then p.(#) remains positive for as long as the solution exists; by
Remark 5.10, the same assertion holds if &g is small and negative.

Now, since spg = 80p%€_Ct, we see that

e(t) = G )280[706 - (5.50)

Since p.(¢) remains positive until it blows up, e(#) remains bounded until time
1 (Ao, €0), at which time e(¢) approaches zero, as claimed in (5.49 ). We recall from
Proposition 5.4 that the argument of A(z) remains constant. Then as in shown in (5.21),
we have

t
log A (1)| = log|Aol +/(; e(s)pe(s) ds. (5.51)
Finally,
d oH
CZ“ =g = —2aep? + e pe Pa (5.52)

which is a first-order, linear equation for p,, which can be solved using an integrating
factor. A similar calculation applies to pp.

Suppose now that the existence time 7 of the whole system were smaller than the
time 7, (Ao, €0) at which the right-hand side of (5.45) blows up. Then from the formulas
(5.50), (5.51), and (5.52), we see that all functions involved would remain bounded
up to time 7. But then by a standard result, 7' could not actually be the maximal time.
The solution to the system (5.2) must therefore exist all the way up to time #, (Ao, £9).

Finally, we note that when g9 = 0, (5.50) gives ¢(¢) = 0 and (5.51) gives |AL(1)| =
[Xo] . Since also the argument of A(¢) is constant, we see that (1) = Ag. O

5.4 More about the lifetime of the solution

In light of Propositions 5.9 and 5.11, the lifetime of the solution to the system (5.2)
is 1 (Ao, €0), as computed in (5.46) or (5.47). In this subsection, we (1) analyze the
behavior of log |A(¢)| as ¢ approaches £, (1o, €0), (2) analyze the behavior of #. (Ao, &)
as &g approaches zero, and (3) show that 7, (19, &9) is an increasing function of &y with
Ao fixed.

Proposition 5.12 Assume that e and Aq satisfy the assumptions (5.42). Then

5—2/a S ++/52_4
lim  log|i(r)] = /1Rl ( + )

. (5.53)
1=>14(20,€0) 282 — 4

8§ —82—4
where § is as in (5.38).
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Notice that there is a strong similarity between the formula (5.47) for ¢, (1o, &9) and
the expression on the right-hand side of (5.53).

Proof By (5.28) in Theorem 5.7, we have lim;_,, (xy,¢0) 10g [A(t)| = Cti (Ao, €0)/2,
where by (5.26),

o= (ol =1t e0)/ kol _ 8 =2/l
(o — 112 +e0)/ |ro| 8 —2cosbp’

From this result and the second expression (5.47) for z, (Ao, &9), (5.53) follows easily.
m}

Proposition 5.13 If 1, (Ao, €9) is defined by (5.47), then for all nonzero ,y we have
tx (10, 0) = T (o),
where the function T is defined in (3.1). Furthermore, when gy = 0, we have

lim )log [A(t)| = log |Ao] (5.54)

t—>1,.(A0,€0

Recall that the formula for £, (Ao, €o) is defined under the standing assumptions in
(5.42). Note that for all 1y 7~ 0, the value g9 = O satisfies these assumptions.

Since log(x)/(x — 1) — lasx — 1, we see that #,(Ag, 0) is a continuous function
of 1y € C*. Comparing the formula for ¢, (19, 0) to Theorem 3.1, we have the following
consequence.

Corollary 5.14 For 1y € X, we have t.(ro,0) < t, while for Ly € 9%, we have
t«(Ao, 0) = ¢, and for Ao ¢ ¢, we have t,(Lo, 0) > .

Proof of Proposition 5.13 In the limit as g — 0, we have

8_|)»0|2+1
Aol
and
2
82— 4= W—_l
|20l '
so that
rol? —1

Inthe case |[Ag| = 1, the limiting value of § is 2. We then make use of the elementary
limit

lim
§—>2+

(5.56)

1 . S+/82 -4 |
(0] = 1.
a4 ° §—/82—4
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Thus, using (5.47), we obtain in this case,

limot*(ko, g9) =2 —2cosfy = |Ag — 1|2, Aol =1,
g0—

which agrees with the value of T'(19) when |Ag| = 1.

In the case |Xg| # 1, we note that the quantity (1/b) log((a+b)/(a — b)) is an even
function of b with a fixed. We may therefore choose the plus sign on the right-hand
side of (5.55), regardless of the sign of |12 — 1. We then obtain, using (5.47),

2012 + 1)/ | 2ol — 2cos 2h0l2 /1A
limot*(ko,go)z (IAol” + 1)/ 1 Aol — 2 cos 010 ( Aol /1 0|)
g0—

(120> = 1)/ 1ol 2/ Ixol
10?4+ 1 = 2|Ao| cos 6y 5
= lo A
pWE 2(l%o/)
=T (Ao). (5.57)
A similar calculation, beginning from (5.53), establishes (5.54). O

Remark 5.15 If we began with (5.46) instead of (5.47), we would obtain by similar

reasoning
2[xo — 112 22 —1
1G0.0) = 2P0 1 e (ol = 1)
|Aol® — 1 [Aol” + 1

Using (5.35), this expression is easily seen to agree with 7 (1) but is more transparent
in its behavior at |Ag| = 1.

Proposition 5.16 For each Aq, the function t. (1o, €0) is a strictly increasing function
of eo for eg > 0, and

lim t.(Xg, &) = o00.

g0—>+00

Proof We note that the quantity § in (5.38) is an increasing function of gy with i¢
fixed, with § tending to infinity as &g tends to infinity. We note also that if g > 0,
then

1
8= |hol + — = 2.
|20l

It therefore suffices to show that for each angle 6, the function

8 —2cosh S§++82—4
8oy (8) = — P og [ Y22 (5.58)
V82 —4 §— /82 —4
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is strictly increasing, non-negative, continuous function of § for § > 2 that tends to
-++00 as § tends to infinity. Here when § = 2, we interpret gg,(5) as having the value
2 — 2 cos by, in accordance with the limit (5.56).

Throughout the proof, we use the notation

y =82 —4.
We note that
§ —2cos0
lim S 2S8%0
§—>00 Y

Meanwhile, for large §, we have

whereas
1
8+y=28+0(§>.

Thus, gg,(8) grows like log(82) as § — oo.

Our definition of gg,(6) for § = 2, together with (5.56), shows that gg, is non-
negative and continuous there. To show that g4, is an increasing function of §, we show
that dgg, /04 is positive for § > 2. The derivative is computed, after simplification, as

9 2 5
98% _ = (5~ 2cosb)y + (8 costy —2)log [ L) ).
38 y3 S§—y

Since this expression depends linearly on cos 8y with § fixed, if it is positive when

cos Oy = 1 and also when cos 6y = —1, it will be positive always. Thus, it suffices to
verify the positivity of the functions
s+
6 —2) (y +log <—y)) (5.59)
§—vy
and
)
6 +2) (y ~log ((SJF—”)) . (5.60)
-V
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Now, (5.59) is clearly positive for all § > 2. Meanwhile, a computation shows that

d S+vy 5—2
— [y —log = >0
ds S—vy y

and
8
lim <y — log <ﬂ>> =0,
§—2+F §—vy
from which we conclude that (5.60) is also positive for all § > 2. O

5.5 Surjectivity

In Sect. 6.3, we will compute s;(X) := lim,_ o+ S(¢, A, ) for A in X;. We will do
so by evaluating § (and its derivatives) along curves of the form (¢, A(¢), e(¢)) and
then the taking the limit as we approach the time . when &(#) becomes zero. For this
method to be successful, we need the following result, whose proof appears on p. 34.

Theorem 5.17 Fix t > 0. Then for all . € %;, there exists a unique Ao € C and
go > 0 such that the solution to (5.2) with these initial conditions exists on [0, t) with
lim,_,,- e(u) = 0andlim,_,,— A(u) = A. Forall A € %, the corresponding \y also
belongs to %;.

Define functions Ajy : ¥, — %; and Ej : ¥; — (0, 00) by letting Aj(A) and
E{ () be the corresponding values of ko and g, respectively. Then A{ and E{, extend to

continuous maps of ¥; into £; and [0, 00), respectively, with the continuous extensions
satisfying Ay(A) = A and E{(1) =0 for > € 9%;.

We first recall that we have shown (Proposition 5.16) that the lifetime of the path
to be a strictly increasing function of &g > 0 with ¢ fixed. If 1 is outside X;, then by
Theorem 3.1 and Proposition 5.13, the lifetime is at least ¢, even at &9 = 0. (That is
to say, T'(Ag) = t«(Ao, 0) > ¢ for Ag outside X;.) Thus, for Ao outside X;, the lifetime
cannot equal ¢ for g9 > 0. On the other hand, if 1y € ¥;, then #.(1p,0) < r and
Proposition 5.16 tells us that there is a unique &y > 0 with z, (Ao, &) = .

Lemma 5.18 Fixt > 0. Define maps

b — [0, 00)
et %, — C\{0)

as follows. For Ay € X;, we let 86 (Xo) denote the unique positive value of e for which
t«(Xo, &0) = t. Then we set

Ai(ho) = lim A(u),
u—t-

where \(-) is computed with initial conditions L(0) = Ao and €(0) = 86()»0). Then
both &, and A; extend continuously from Z; to ., with the extended maps satisfying
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8(’) (X0) = 0and A (Ao) = Ao for Ay € 0%;. The extended map s is a homeomorphism
of T, to itself.

We note that the desired function Af) in Theorem 5.17 is the inverse function to A,
and that Efj (1) = el (1, ' (V).

Recall from Proposition 5.4 that the argument of A(¢) is constant. By the formula
(5.28) in Theorem 5.7 together with the expression (5.26) for the constant C, we can
write

A0 Ao t [hol* — 14 &h(ro)
)\,t()\,o) = _eCt/Z = — eXp — B ? 5 (561)
2ol 2ol 2 ko — 1|7 + £{(20)

where we have used that 7, (1o, 86 (X0)) = t. As noted in the proof of Proposition 5.12,
this formula can also be written as

N (5.62)
Wr—4 “\s_ir-4a

0
|20l

_ 2 _
) k_exp (5 2/ ol | <5+v5 4>>’
where § = (JAol*> + 1 + &} (10))/ |0l .

Proof We start by trying to compute the function 86, which we will do by finding the
correct value of § and then solving for 86. Recall that the lifetime ¢, (A9, &¢) is computed
as gg, (), where § is as in (5.38) and gg, is as in (5.58). As we have computed in (5.57),

we have
2
rs+1 .
860 ( 0 ) = T (rge'™).

ro

Assume, then, that the ray with angle 6 intersects ¥, and let r;(6p) be the outer (for
definiteness) radius at which this ray intersects the boundary of %;. Then Theorem
3.1 tells us that T(r;(0p)e!®) = ¢, and we conclude that

ri(60)* + 1 _
86 (W) =1. (5.63)

Consider, then, some Ao € X; with arg(Ag) = 6p. By the formula (5.47), to find &g
with . (Lo, e9) = t, we first find § so that gg, (§) = ¢. (Note that the value of § depends
only on the argument of Xy.) We then adjust o so that (|)\0|2 +eo+ 1)/ |rol = 6.
Since the correct value of § is given in (5.63), this means that we should choose g so
that

holP +e0+1  ri(6) +1
|20l 71 (6o)
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We can solve this relation for g¢ to obtain

(5.64)

re(argro)> + 1 |22+ 1
86(Ao>=|xo|<’ £ -

re(arg Ao) [Aol

Now, we have shown that r,(6) is continuous for the full range of angles 6 occurring
in ;. Since 0 is not in X, we can then see that the formula (5.64) is well defined
and continuous on all of ¥,. For 1o € d%;, we have that |A equals r;(arg Ag) or
1/rs(arg Ap), so that 86 (*0) equals zero.

Now, the point 0 is always outside X, while the point 1 is always in ; and therefore
not on the boundary of ;. Thus, since 56 is continuous on X, and zero precisely on
the boundary, we see from (5.61) that A; is continuous on >,. Furthermore, on 9%;,
we compute A;(Ag) by putting 86()\0) = 01in (5.61). Suppose now that A¢ is in 9 %;.
Then 86 (*0) = 0 and, by Theorem 3.1, the function 7 (1¢) in (3.1) has the value ¢, so
that

rol> =1
) |)\0 _ 1|2 - log(|A0|)
Thus, from (5.61), we see that A;(Lg) = Ag.

Consider an angle 6 for which the ray Ray(fy) with angle 6 intersects %, and
let § be chosen so that gg,(§) = ¢, noting again that the value of § depends only on
0p = arg Lo. We now observe from (5.62) that |A;(Ap)]| is a strictly increasing function
of |Ao| with § fixed. Thus, A, is a strictly increasing function of the interval Ray (6)) %,
into Ray(6p) that fixes the endpoints. Thus, actually, A, maps this interval bijectively
into itself. Since this holds for all 8y, we conclude that A, maps %, bijectively into
itself. The continuity of the inverse then holds because A; is continuous and ¥, is
compact. O

Proof of Theorem 5.17 We have noted before the statement of Lemma 5.18 that if the
desired pair (1g, o) exists, Ao mustbe in ;. The lemma then tells us that a unique pair
(20, €0) exists with A9 € ;. We compute A{(1) as A, 1(n) and E{()) as 86(Af1 A),
both of which extend continuously to X;. For A € d%,, we have A, ! (A) = X and
e (0 (V) = eh(h) = 0. O

6 Letting € tend to zero
6.1 Outline

Our goal is to compute the Laplacian with respect to A of the function s;(A) :=
lim,_, g+ S(t, A, &), using the Hamilton—Jacobi method of Theorem 5.2. We want the
curve £(-) occurring in (5.7) and (5.8) to approach zero at time ¢; a simple way we
might try to accomplish this is to let the initial condition &g approach zero. Suppose,
then, that g is very small. Using various formulas from Sect. 5.3, we then find that for
as long as the solution to the system (5.2) exists, the whole curve ¢(-) will be small
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and the whole curve A(-) will be approximately constant. Thus, by taking 9 & 0 and
Ao & A, we obtain a curve with e(¢) ~ 0 and A(¢) &~ A. We may then hope to compute
s: (1) by letting Ag and A(¢) approach A and &y approach zero in the Hamilton—Jacobi
formula (5.7), with the result that

st () = log(|a — 11%). (6.1)

It is essential to note, however, that this approach is only valid if the solution to
system (5.2) exists up to time ¢. Corollary 5.14 tells us that for ¢g & 0, the solution
will exist beyond time ¢ provided A is outside ;. Thus, we expect that for A outside
Y, the function s; will be given by (6.1) and therefore that As, will be zero. (The
function log(|A — 1|?) is harmonic except at the point A = 1, which is always inside
)

To analyze s;(1) for A inside X;, we first make use of the surjectivity result in
Theorem 5.17. The theorem says that for each ¢t > 0 and A € X;, there exist &g > 0
and Ao € %; such that e (u) approaches 0 and A (u) approaches A as u approaches t. We
then use the formula (5.29) in Theorem 5.7. In light of the second Hamilton—Jacobi
formula (5.8), we can write (5.29) as

lim <a§ +b—) (, 2(0), £)) = li —21°gt'“’)'

u—>1 0

210g |
=L||+1 6.2)

Once we have established enough regularity in the function S(¢, A, €) near ¢ = 0, we
will be able to identify the left-hand side of (6.2) with the corresponding derivative of
s;, giving the following explicit formula for one of the derivatives of s;:

3S; 8st 2]0g|)"|
+b— 1. 6.3
(a5 + 057 ) 0 = 222 ©3)

We now compute in logarithmic polar coordinates, with p = log || and 6 = arg X.
We may recognize the left-hand side of (6.3) as the derivative of s, with respect to p,
giving

as;  2p

” + (6.4)

for points inside X;. Remarkably, ds;/dp is independent of 6! Thus,

0 85'1 0 85;

90 30 30 dp
meaning that ds, /96 is independent of p.

Now, we will show in Sect. 6.4 that the first derivatives of s; have the same value
as we approach a point A € 9%; from the inside as when we approach A from the
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outside. We can therefore give a complete description of the function ds,/96 on X,
as follows. It is the unique function on X; that is independent of p (or, equivalently,
independent of » = |A|) and whose boundary values agree

b 2r sin 6
A—12 r2+1—2rcosf’

3 2 _
g log(r =11 = (6.5)

Since the points on the outer boundary of X; have the polar form (r;(0),0), we
conclude that

05y . 2r:(0) sin O
90 r(24+1—2r0)cosh’

From this result, the expression (6.4), and the formula for the Laplacian in logarithmic
polar coordinates, we obtain

1 9% 9%s
so) = o (5 + )

ap2 | 902
. 1 2 N 0 2r;(0) sin 6
P\ 002+ 1 —2r,(0)cos b

for points inside %;, accounting for the formula in Theorem 2.2.

We now briefly discuss what is needed to make the preceding arguments rigorous.
If A is outside X; and ¢ is small and positive, we need to know that we can find a
o close to A and a small, positive ¢y such that with these initial conditions, () =
¢ and A(r) = X. To show this, we apply the inverse function theorem to the map
U; (Mo, €0) := (A(2), &(#)) in a neighborhood of the point (Xg, £9) = (A, 0).

For X inside X;, we need to know first that S(z, A, &) is continuous—in all three
variables—up to ¢ = 0. After all, s;()) is defined letting ¢ tend to zero in the expres-
sion S(t, A, €), with t and A fixed. But the Hamilton—Jacobi formula (5.7) gives a
formula for S(u, A(u), e(u)), in which the first two variables in S are not remaining
constant. Furthermore, we want to apply also the Hamilton—Jacobi formula (5.8) for
the derivatives of S, which means we need also continuity of the derivatives of S with
respect to A up to ¢ = 0. Using another inverse function theorem argument, we will
show that after making the change of variable z = /¢, the function S will extend
smoothly up to ¢ = z = 0, from which the needed regularity will follow.

We use the following notation throughout the section.

Notation 6.1 We will let
e(t; Ao, €0)

denote the e-component of the solution to (5.2) with A(0) = Agand ¢(0) = gg (and with
initial values of the momenta given by (5.4)), and similarly for the other components
of the solution.
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6.2 Outside X,

The goal of this subsection is to prove the following result.

Theorem 6.2 Fix a pair (t, A) with A outside ;. Then

$i() = lim S, %) = log(Ih - 1. (6.6)
£—>

Thus,
AS[ ()\.) =0

whenever A is outside ;.

As we have discussed in Sect. 6.1, the idea is that for A outside ; and & small
and positive, we should try to find a Ag close to A and a small, positive &g such that
&(u) and A(u) will approach 0 and A, respectively, as u approaches ¢. To that end, we
define, for each t > 0, a map U, from an open subset of R x Cinto R x C by

U; (Xo, £0) = (A(t; Mo, €0), €(; Ao, €0)).

We wish to evaluate the derivative of this map at the point (Ao, &9) = (%, 0). For this
idea to make sense, A(¢; Ao, &9) and €(¢; A, £9) must be defined in a neighborhood of
(A, 0); it is for this reason that we have allowed g to be negative in Sect. 5.3.

The domain of U; consists of pairs (Ao, €g) such that (1) the assumptions (5.42) are
satisfied; (2) the function p,(-) remains positive until it blows up, as in Remark 5.10;
and (3) we have 7,(Xg, &9) > . We note that these conditions allow &g to be slightly
negative and that all the results of Sect. 5.3 hold under these conditions. We also note
that by Proposition 5.11, if g = 0, then €(¢) = 0 and A(t) = Ag; thus,

We now fix a pair (r, 1) with A outside of X, (so that A # 1). By Corollary 5.14,
we then have z,(A, 0) > t.

Lemma 6.3 The Jacobian of U; at (1, 0) has the form

(6.8)

byo 22(¢5 1,0
U/, 0) = ( 2x2 3 ( ))

0 (t;2,0)

deo
with de /deo(t; A, 0) > 0. In particular, the inverse function theorem applies at (X, 0).

Proof The claimed form of the second column of U; (%, 0) follows immediately from
(6.7). We then compute from (5.50) that
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de(t; ho, €0) L e 0 Ly o
——F— (0,1 = poe  +eo— Doe
de0 pe()20 deo [ pe)?"° e0=0
1 2 —Ct
- p2eC1 (6.9)
pe()2"?
which is positive. O

Proof of Theorem 6.2 'We note that the inverse of the matrix in (6.8) will have a positive
entry in the bottom right corner, meaning that U t_l has the property that deg/de > 0.
It follows that the eg-component of U, ,_1 (X, &) will be positive for ¢ small and positive.
In that case, the solution to the system (5.2) will have ¢(u) > 0 up to the blow-up
time. The blow-up time, in turn, exceeds ¢ for all points in the domain of U;.

We may, therefore, apply the Hamilton—Jacobi formula (5.7), which we write as
follows. We let HJ denote the right-hand side of the Hamilton—Jacobi formula (5.7):

ot
HI(t, %0, £0) = log(|ho — 11> + 89) = ————
(1o — 11* + £9)?
+ log |A(t; Ao, €0)| — log | 10| (6.10)
and we then have
S(t, A(t; Xo, €0), (t; Mo, €0)) = HI(z, Lo, €0). (6.11)

If € is small and positive, we therefore obtain
St h &) =HI@t, U7 (A, 8)),

where we note that by definition A(¢; U,_l (A, &) = A.

Now, in the limit ¢ — 01 with A fixed, the inverse function theorem tells us that
Uf] (e, A) = (0, A). Thus, the limit (6.6) may be computed by putting A(¢; Ao, &9) =
A in (6.11) and letting &g tend to zero and Ag tend to A. This process gives (6.6).

Finally, when 1y = 0, we can use continuous dependence of the solutions on the
initial conditions. The formula for p.(¢) in Proposition 5.9 has a limit as |Ao| tends to
zero, so that § tends to +o00. From (5.44), we find that a? = yg, so that from (5.32),
y(t) = yo. We then obtain

pe(t) = e py,

which remains nonsingular for all 7. We can then continue to use the formula (5.50)
for e(¢). Furthermore, by exponentiating (5.51) and letting |Ao| tend to zero, we find
that A(#) = 0. We then continue to use the remaining formulas in the proof of Propo-
sition 5.11 and find that the solution to the system exists for all time.

When Ao = 0, we apply the Hamilton—Jacobi formula in the form (5.20), which is
to say that we replace the last two terms in (5.7) by fot £(s)pe(s) ds. We then compute
asin (6.9) that the derivative of € (¢; 0, go) with respect to &g is positive at g = 0. Thus,
by the inverse function theorem, for small positive &, we can find a small positive &g
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that gives £(¢; 0, &9) = ¢. We then apply (5.20 ) with Lo = 0 and A(¢) = 0, and let ¢
tend to zero, which means that g also tends to zero. As &g tends to zero, the function

e(s)pe(s)* _ eopge™*
s(s)pe(s) = P2 2P0
Pe(s) Pe(s)
tends to zero uniformly and we obtain (6.6). O

6.3 Inside 2,

In this subsection, we establish the needed regularity of S(¢, A, ¢) as ¢ tends to zero,
for A in X;. This result, whose proof is on p. 41, together with Theorem 5.7, will allow
us to understand the structure of s; and its derivatives on ;.

Theorem 6.4 Define
S(t.x.2) =St 1.2, z>0.

Fix a pair (o, ) with v in . Then S'(t, A, 2), initially defined for z > 0, extends to
a real-analytic function in a neighborhood of (o, i, 0) inside R x C x R.

We emphasize that the analytically extended S does not satisfy the identity
S(t,h,z) = S(t,x, z%). Indeed, since v/e(7)ps(t) is always bounded away from
zero (Proposition 5.6), the second Hamilton—Jacobi formula (5.8) tells us that
85’/8z(t, A, 2) = 2./€08/0¢e(t, A, z2) has a nonzero limit as z tends to zero, ruling
out a smooth extension that is even in z.

Corollary 6.5 Fix a pair (o, 1) with  in ¥,. Then the functions
as aS as
S(t.he), ——(the), —(the), Je—(t.he) (6.12)
da ab ae

all have extensions that are continuous in all three variables to the set of (¢, A, ¢€)
with A € Xy and ¢ > 0. Furthermore, for each t > 0, the function s; is infinitely
differentiable on ;, and its derivatives with respect to a and b agree with the e — 0T
limitof S /0a and 0S/0b. Ifwe let t, be short for t, (Lo, €0), then forall g and ey > 0,
we have

0l
(Iro — 11> + £9)?
+ log [A(t«; Lo, €0)| — log [Ao]

St (1, Mt Mo, €0)) = log(IAo — 11> + &9) —

and
8St .
— (T, A(ts; A0, €0)) = lim p, (1)
da 11—ty

as .
g (e 28 2o, £0)) = lim py (). (6.13)
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Proof We note that the four functions in (6.12) may be computed as

« 38 38 108
S(t,)\., \/E)a (ta)\'a \/E)’ (ta)\'7 \/g)a - (t7)\" \/5)7
da ab 2 0z

respectively, and that S(z, A, 0) = S (t, X, 0). The first claim then follows from Theo-
rem 6.4. Now that the continuity of S and its derivatives has been established, we may
let ¢ approach . (1o, €o) in the Hamilton—Jacobi formulas (5.7) and (5.8) to obtain the
second claim. m|

Corollary 6.6 Let us write A € %, in logarithmic polar coordinates, with p = log |A|
and 0 = arg A. Then for each pair (t, L) with A € Z;, we have

3 2
Bty =2L 41, (6.14)
ap t

Furthermore, ds;/00 is independent of p; that is,

8St N (9)
a0 )

for some smooth function m;. Thus,

9%s, 9%, 29

— +— =—-+ —m(0 6.15
3,02+892 t+89mz() (6.15)
for some smooth function m;, and
” + ” ) L (2 + 0 ®) (6.16)
— 4+ — s =—|-4+—m . .
3a2 2 )" AV

In Sect. 6.4, we will obtain a formula for the function m,(6) appearing in Corol-
lary 6.6.

Proof The derivative d/dp may be computed in ordinary polar coordinates as »d/dr or
in rectangular coordinates as ad/da-+bd/db. It then follows from the Hamilton—Jacobi
formula (5.8) that

0S BN
<aa— + b—) (t, A1), e(1)) = a(®) pa(t) + b(t) pp(1).
a ob

Now, for each pair (¢, A) with A € X;, Theorem 5.17 tells us that we can find (19, &)
so that

lim e(u) =0; lim A(u) = A.
u—t u—1t
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In light of (6.13), the formula (6.14) then follows from the formula (5.29) in Theo-
rem 5.7.

Now, ds;/dp is manifestly independent of 8. Since, by Corollary 6.5, s; is an
analytic, hence C 2 function on Y;, we conclude that

d 3S, _ d 3s, _
ap 90 30 9p
showing that ds;/06 is independent of p. The formula (6.15) then follows by dif-

ferentiating (6.14) with respect to p. Finally, if we use the standard formula for the
Laplacian in polar coordinates,

L 3 2+ 32 1 /92 N 92
= -5 r— —_— = — | — — .
r? ar 9602 r2 \9p? = 962

we obtain (6.16) from (6.15). O

We now begin preparations for the proof of Theorem 6.4. Recall from Proposi-
tion 5.6 that e(t) p, "2 = sop(z)e_C’, where C = 2W — 1 is a constant computed from
€0 and Ag as in (5.26). Recall also from Proposition 5.9 that for g9 > 0, the function
1/ps(t) extends to real analytic function of 7 defined for all # € R. We then define,
foreg > 0,

1
2(t; Mo, €0) = /Eopoe” P ——— (6.17)
pé‘ (t; )\’07 80)

forall t € R. For ¢t < t.(1o, &0), the function z(¢; Ao, £0) is positive and satisfies
z(t; Ao, £0)* = (t; Ao, £0),
while for t = 1, (Ao, &9), we have z(t; Ao, &9) = 0 and for ¢ > t,(Ag, g¢), the function

z(t; Ao, €0) 1S negative.
Furthermore, using (5.51) and Point 3 of Proposition 5.4, we see that

113 ko, £0) = hoelo FOIP () s

where by Proposition 5.6, we have

£(s)pe(s)> _ eopge

De(s) B De(s)

e(s)pe(s) =

Since 1/ p,(s) extends to an analytic function of s € R, we see that A(7) extends to an
analytic function of # € R. We may therefore define a map

V (¢, ro, €0) := (¢, A(t; Ao, €0), 2(2; Ao, €0)),

forallt e R, A9 € C, and gy > 0.
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Proposition 6.7 Suppose (t, Lo, €0) has the property that Ao # 0 and t,. (1o, €0) = 1,
so that z(t; Ao, €0) = 0. Then the Jacobian matrix of V at (t, Lo, €o) is invertible.

Proof We make some convenient changes of variables. First, we replace (¢, Ag, &9)
with (¢, Ao, ), where § is as in (5.38). This change has a smooth inverse, since we can
recover &g from ¢ as

e0 = |rol 8 — [1ol* — 1.

Then we write Ao in terms of its polar coordinates, (rg,6p). Finally, we write
A(t; Ao, €0) in logarithmic polar coordinates,

o(t; Ao, €0) 1= log [Ao(t; Ao, €0)| 5 O(t; Ao, £0) := arg(A(Z; €0, Ao)),

where by Point 3 of Proposition 5.4, 6(¢; Xg, £0) = 6.
Thus, to prove the proposition, it suffices to verify that the Jacobian matrix of the
map

W(t, 0o, ro, 8) := (z, 6o, p(t; Ao, €0), 2(t; Ao, €0))

is invertible. We observe that this Jacobian has the form

’_ hyx> 0O
W_<>|< K )’
.

Now, by Proposition 5.9, the lifetime is independent of ry with § and 6y fixed. Thus,
if we start at a point with 7, (A9, &9) = t and vary rg, the lifetime will remain equal to
t and z(t; &9, Lo) will remain equal to 0. Thus, at the point in question, dz/drg = 0.
Meanwhile, Proposition 5.12 gives a formula for the value of p(#; Ao, &) at t =
t(Ao, €0), from which we can easily see that dp/dryp > 0. It therefore remains only
to verify that 0z/94 is nonzero.

Now, z(t+(1o, €0); X0, €0) = 0. If we differentiate this relation with respect to &g
with Ag fixed, we find that

where

Q:lmcvm
SEISEST RS

0z 9z 9t (Ao, £0)

= 6.18
&g ot deo ( )

The derivative 9t /d&y may be computed as

3t (ho, e0) _ 986 (8) 98
380 26 3807
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where gy, is as in (5.58). But the proof of Proposition 5.16 shows that dgy /96 > 0 for
all § > 2, while from the formula (5.38) for §, we see that 36/degp > 0. (Note also
that § > 2 whenever ¢y > 0.) Thus, a7, (Ao, &9)/deg > 0.

Meanwhile, from (6.17) and (5.45), we have

\/_EC[/2 S
= cosh(at) — —— sinh(at)) .
 cosh(at) + 2\')”'78 sinh(at) ( V82 —4

If we differentiate with respect to ¢ and evaluate at the time 7, when the last factor is
zero, the product rule gives

9z(1; Ao, €0)
ot 1=t (0,60)
feCt/Z ( ] S
=0+ a ( sinh(at) — ——cosh(at) | ,
cosh(at) + 2\'}“'75 sinh(at) 82 —4

which is negative because §/4/8%2 — 4 > 1 and the denominator is positive (Proposi-
tion 5.9). Thus, from (6.18), we conclude that 9z/deg > 0. O

We are now ready for the proof of the main result of this section.

Proof of Theorem 6.4 By (6.11), we have

S(t; A(t; 1o, £0), (15 Ao, €0)) = S(t5 A(t; ko, £0), £(t; Ao, £0))
= HJ(z, 1o, €0), (6.19)

where HJ is as in (6.10), whenever #, (19, £9) > o. Fix a point (o, ) with u € Z.
Then by Theorem 5.17, we can find a pair (Ao, g9) with 7.(1g, &9) = t—so that
2(¢; o, €0) = O—and A(z; g, £0) = A. We now construct a local inverse V~! to V
around the point V (¢, Ao, &9) = (¢, A, 0).

For any triple (¢, A, z) in the domain of Vv—L we write V=L(¢t, A, z) as (¢, Ao, €0).
We note that if z > O then #,(Ag, &9) must be greater than ¢, because if we had
1 (Ao, €0) < t, then z(t; Ao, &9) = z would be zero or negative. Thus, we may apply
(6.19) at (¢, Ao, €0) = V~'(z, 1, z) to obtain

S(t,h, z) =HI(V (1, A, 2), (6.20)

whenever (¢, A, z) is in the domain of V-landz > 0.

Recall now that A(z; Ao, €9) extends to an analytic function of t € R. Thus, the
function HJ in (6.10) extends to a smooth function of r € R, 1o € C\{0}, and &9 > 0,
defined even if #,(1g, &9) < t. Therefore, the right-hand side of (6.20) provides the
claimed smooth extension of S. O
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6.4 Near the boundary of Z,;

We start by considering what is happening right on the boundary of ;.

Remark 6.8 Neither the method of Sect. 6.2 nor the method of Sect. 6.3 allows us to
compute the value of s;(A) for A in the boundary of X;. Although we expect that this
value will be log(|1 — 11%), the question is irrelevant to the computation of the Brown
measure. After all, we are supposed to consider As; computed in the distribution sense,
that is, the distribution whose value on a test function i is

/ st (W) AY (L) d? . (6.21)
C

The value of (6.21) is unaffected by the value of s;(A) for A in d%;, which is a set of
measure zero in C.

It is nevertheless essential to understand the behavior of s; (1) as A approaches the
boundary of %;.

Definition 6.9 We say that a function f : C — R is analytic up to the boundary from
inside ¥, if the following conditions hold. First, f is real analytic on %,. Second, for
each A € 0%,, we can find an open set U containing A and a real analytic function g
on U such that g agrees with f on U N ;. We may similarly define what it means
for f to be analytic up to the boundary from outside ;.

Proposition 6.10 For eacht > 0, the function s; is analytic up to the boundary from
inside 3, and analytic up to the boundary from outside %;.

Note that the proposition is not claiming that s; is an analytic function on all of
C. Indeed, our main results tell us that %As, (X) is identically zero for A outside %,
but approaches a typically nonzero value as A approaches a boundary point from the
inside. As we approach from the inside a boundary point with polar coordinates (r, 6),
the limiting value of % As; (1) is w;(9)/r?. This quantity certainly cannot always be
zero, or the Brown measure of b, would be identically zero. Actually, we will see in
Sect. 7.1 that w,(0) is strictly positive except when r =4 and 6 = 7.

Proof We have shown that s;(A) = log(]A — 11?) for A in (Z,)¢. Since 1 € ¥;, we see
that s; is analytic from the outside of %;.

To address the analyticity from the inside, first note that by applying (6.20) with
z =0, we have

s;00) = S(t, A, 0) = 8(t, A, 0) = HI(V™'(z, 1, 0)),

where HJ is as in (6.10). But if s(’) X, — Rand A, : ¥; — C are as in Lemma 5.18,
then we can see that

V2,00 = (1,07 ), &b (0T )))
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and we conclude that
si(0) = HI@ 27 00, g5 W) (6.22)

‘We now claim that the function 86 (X0), initially defined for Ao € ¥, extends to an
analytic function in a neighborhood of X;. For t > 4, we can simply use the formula
(5.64) for all nonzero Ag. For t < 4, however, the formula (5.64) becomes undefined
in a neighborhood of a point where 0%, intersects the unit circle.

Nevertheless, we can make a general argument as follows. To compute &{,(A9), we
solve the equation z,. (Ao, &9) = ¢ for &g as a function of Ag. To do this, we first solve the
equation gg, (§) = ¢ for 8g,,; and then solve for eg interms of § as eg = |Ag| —|Ao |2 —1.
Now, we know from the proof of Proposition 5.16 that gg,(§) = ¢ has a solution when
60| < Omax(t) = cos~ (1 —1/2), with the solution being § = 2 when 6y = £0pax (7).
We can also verify that dgg,/08 > 0 for all § > 2. This was verified for § > 2 in the
proof of Proposition 5.16. To see that the result holds even when § = 2, it suffices
to verify that the expressions in (5.59) and (5.60) have positive limits as § — 27,
We omit this verification and simply note that the limits have the values 1 and 1/3,
respectively. It then follows from the implicit function theorem that (1) the solution
84y, continues to exist (with § < 2) for |6p| slightly larger than 6,,x(¢), and (2) the
solution &g, ; depends analytically on 6. Then, the expression

eb(h0) = |0l 8gy.c — |Aol* — 1

makes sense and is analytic for all nonzero Ay with |arg Ag| < Omax (¢) + «;, for some
positive quantity «;. We note that in this expression, eg(ko) can be negative—for
example if [Ag| = 1 and arg Ap > Omax ().

We now consider the function A,, defined as

Li(ho) = A (15 Xo, €5 (A0)),

and we recall that A;(Lg) = Ag for Ag € 9%,. Although X; was initially defined
for Ao in X;, it has an analytic extension to a neighborhood of X, namely the set
of Ag in the domain of the extended function 86 for which the pair (Ao, &) satisfy
the assumptions in (5.42). We now claim that the derivative of A;(A¢) is invertible at
each point in its domain. We use polar coordinates in both domain and range. Since
arg(A;(Ap)) = arg Ag, the derivative will have the form

)

A darg A
0 1 >

Ay (M) = ( ar 20

and it therefore suffices to check that d |1;| /0r is nonzero. To see this, we use the
formula (5.62), where § = 8g,,; as in the previous paragraph. Since § is independent
of |Ao| with ¢ and arg A¢ fixed, we can easily verify from (5.62) that d |A;| /or > O.
Now, we have already established that s; is analytic in the interior of X,. Consider,
then, a point A in 9%;, so that A,(A) = A. Since A;(A) is invertible, it has a analytic
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local inverse A, ! defined near A. Then the formula (6.22) gives an analytic extension
of s; to a neighborhood of A. O

Proposition 6.11 Fix a point |t on the boundary of %;. Then the functions

85'1 3S,

s:(A), — (),

da dab )

all approach the same value when % approaches . from inside %, as when A approaches
W from outside ;.

Proof We begin by considering s, itself. The limit as A approaches p from the inside
may be computed by using (6.22). By Lemma 5.18, as A approaches i from the
inside, A, 1(k) approaches A; 1(,u) = u, and sé(kfl(k)) approaches 0. Thus, the
limiting value of s, from the inside is

HI(t, p, 0) = log(l — 1%,

where HJ is given by (6.10) and were we have used that A(¢; u, 0) = u. (See the last
part of Proposition 5.11). Since s;(1) = log(|]A — 11?) outside =, the limit of s, from
the outside agrees with the limit from the inside.

Next we consider the derivatives, which we compute in logarithmic polar coordi-
nates p = log |A| and 6 = arg A. By (6.14), we have

2
2 = (aa—z +b@> () = w 41

for A € %;. Letting A approach u from the inside gives the value log(|u|?)/t + 1.
Since p is on the boundary of ¥;, Theorem 3.1 says that 7' (i) = ¢, so that

log|ul>  _ Inf -1

= +1
t =1
_ 2(ul> —Rep)
=1

Taking the corresponding derivative of the “outside” function log(|» — 1|%) and letting
A tend to u from the outside gives the same result.

Finally, we recall from Proposition 5.4 that ap, — bp,, is a constant of motion. Thus,
by the second Hamilton—Jacobi formula (5.8) and the initial conditions (5.4), we have

3S, asl‘
a— @, M(u), e(m)) —b—u, AMu), e(u)) = appp,0 — bopa,o
ob da

= (2apbo — 2bo(ap — 1)) po
o 2by
ho— 11 +eo
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If we choose gp and A¢ so that t.(Ag, &9) = ¢ we can use the regularity result in
Corollary 6.5 to let u tend to ¢. This gives

0 0 2b
aﬁ()\) — bi(k) = —g,
ob da |k0—1| + &0

where now Ao = )»,_1()») and gy = eé(kl_l(k)). As X approaches p, Theorem 5.17
says that the value of Ao approaches u and gp approaches 0, so we get

a a 21
lim (ai()») _ bi()»)) = LMZ
)L_>M1n51de ab Ba |/'L — 1|

Taking the corresponding derivative of log(|A — 1|2) and letting A tend to u from the
outside gives the same result. O

6.5 Proof of the main result

In this subsection, we prove our first main result, Theorem 2.2. Proposition 2.3 will
then be proved in Sect. 7.1, while Propositions 2.5 and 2.6 will be proved in Sect. 7.2.

Proposition 6.12 For each fixed t, the restriction to ¥, of the function
3st (t A)
90
is the unique function that on ¥; that (1) extends continuously to the boundary, (2)

agrees with the 6-derivative of log(|A — 1) on the boundary, and (3) is independent
of r = |A| . Thus, the function m; in Corollary 6.6 is given by

2r;(0) sin 6
r(0)2 +1—2r(0)cosb’

m(0) =

where r(0) is the outer radius of the domain ¥, (Fig. 3).

Proof We have already established in Corollary 6.6 that ds;/d6 is independent of
p (or equivalently, of r) in ;. Then Propositions 6.10 and 6.11 tell us that ds, /90
is continuous up to the boundary and agrees there with the angular derivative of
log(]A — 1/%). Thus, to compute ds;/d6 at a point in ¥, we travel along a radial
segment (in either direction) until we hit the boundary at radius r,(0) or 1/r,(6). We
then evaluate the angular derivative of log(|A — 1|2), as in (6.5), giving the claimed
expression for ds; /00 = m;(0). O

Proposition 6.13 For eacht > 0, the distributional Laplacian of s;(\) with respect to
A may be computed as follows. Take the pointwise Laplacian of s; outside X; (giving
zero), take the pointwise Laplacian of s; inside X; (giving the expression (6.16) in
Corollary 6.6) and ignore the boundary of Z;.
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Proof Since, by Proposition 6.10, s; is analytic up to the boundary of X, from the
inside, Green’s second identity says that

/ ss WAV d*h = [ (As; Q)Y (L) d*A
p %
+ /3 § (st VYQR) — ¥ (M) Vs (L)) -7 dS,

for any test function i, where in the last integral, the limiting value of Vs, from the
inside should be used. This identity holds because the boundary of ¥; is smooth for
t # 4 and piecewise smooth whent = 4 (Point 3 of Theorem 3.2). We also have similar
formula for the integral over the complement of X,, provided that y is compactly
supported, but with the direction of the unit normal reversed. Proposition 6.11 then
tells us that the boundary terms in the two integrals cancel, giving

/ 50 Ax () & = /ﬁ (As 01 0) & + / (As, 02 () dh,  (6.23)
C ()¢ >

where the integral over (%,)€ is actually zero, since As;(A) = 0 there. The formula
(6.23) says that the distributional Laplacian of s, may be computed by taking the
ordinary, pointwise Laplacian in ¥, and in ¥, and ignoring the boundary of ¥;. O

We now have all the ingredients for a proof of Theorem 2.2.

Proof of Theorem 2.2 Proposition 6.13 tells us that we can compute the distributional
Laplacian of s; separately inside ¥, and outside %,, ignoring the boundary. The-
orem 6.2 tells us that the Laplacian outside X; is zero. Corollary 6.6 gives us the
form of As; inside X,, while Proposition 2.6 identifies the function m, appearing in
Corollary 6.6. The claimed formula for the Brown measure therefore holds. O

7 Further properties of the Brown measure
7.1 The formula for @

In this subsection, we derive the formula for w; given in Proposition 2.3 in terms of
the density w. Throughout, we will write the function 7" in (3.1) in polar coordinates
as

log(r?)

T(r,0)= >+ 1—2rcosd) )
r2—1

(7.1

We start with a simple rewriting of the expression for w; in Theorem 2.2.

Lemma 7.1 The density w;(0) in Theorem 2.2 may also be written as
1 d .
w; () = 3t 1+ @[h(h(Q)) sind] |,
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where

log(r?)
h(r) = r—r2 1
Proof We start by noting that the point with polar coordinates (r;(#), 6) is on the
boundary of ¥;. Thus, by Theorem 3.1, we have T (r;(0),0) = ¢, from which we
obtain

1 _ Llog(r(9))
(@2 +1—2r0)cosd  tr(0)2—1

Thus, we may write

2r,(6) sin 6 2
()2 +1—2r(0)cosh ¢t

h(ri(0))siné,

from which the claimed formula follows easily from the expression in Theorem 2.2.
O

We now formulate the main result of this subsection, whose proof is on p. 47.

Theorem 7.2 Consider the function w(r, 0) defined in (2.7). Although the right-hand
side of (2.7) is indeterminate at r = 1, the function w has a smooth extension to all
r > 0and all . The function w;(0) in Theorem 2.2 can then be expressed as

1
wi (®) = 5w 1(0). 0).

The function w has the following properties.

(1) We have w(1/r,0) = w(r,0) forallr > 0 and all 6.
(2) Whenr =1, we have

1+ cos6

1,0) =3——.
@(1.9) 2+ cos6

In particular, (1,0) =2 and w(1, 7) = 0.

(3) The density w(r, 0) is strictly positive except when r = 1 and 6 = tm. Further-
more, o (r, 0) < 2 with equality precisely whenr = 1 and 6 = 0.

(4) We have

limw(r,0) =1,
r—0

where the limit is uniform in 6.

We now derive consequences for w;,. For ¢ < 4, the density w,(6) is only defined
for —Omax(t) < 0 < Omax (1), Where Omax (1) = cos™ (1 — t/2), while for t > 4, the
density w;(0) is defined for all 8. (Recall Theorem 3.2).

@ Springer



266 B. K. Driver et al.

Corollary 7.3 (Positivity). Ift > 4, then w;(0) is strictly positive forall . Ift < 4, then
wy(0) is strictly positive for —Omax(t) < 0 < Omax () and the limit as 6 approaches
F0max (t) of wy(0) is strictly positive. Finally, if t = 4, then w;(0) is strictly positive
for — < 0 < m, but limg_, 1. w;(0) = 0.

Proof The only time w(r, 6) equals zero is when r = 1 and & = 7. When ¢t > 4,
the function r;(0) is continuous and and greater than 1 for all 6, so that w;(6) is
strictly positive in this case. When ¢ < 4, we know from Proposition 3.4 that r;(6)
is greater than 1 for |6] < 6nax () and approaches 1 when 6 approaches £« (7).
Thus, w;(0) = w(r;(0), 9) is strictly positive for || < Omax (). When t < 4, we have
Omax (f) = cos ™! (1—1/2) < m and the limiting value of w;(8)—namely w (1, Omax)—
will be positive. Finally, when ¢ = 4, we have Opax(f) = 7 and the limiting value of
wy(0)isw(l, ) =0. O

Corollary 7.4 (Asymptotics). The density w;(6) has the property that

1
w(0) ~ ;

for small t. More precisely, for all sufficiently small t and all 6 € (—6max (t), Omax (1)),
the quantity wtw;(0) is close to 1. Furthermore,

1
w(0) ~ %

for large t. More precisely, for all sufficiently large t and all 0, the quantity 2 tw;(0)
is close to 1.

The small- and large-¢ behavior of the region X; can also be determined using the
behavior of the function 7' (A) near A = 1 (small #) and near A = 0 (large t), together
with the invariance of the region under A — 1/A. For small ¢, the region resembles
a disk of radius /7 around 1, while for large ¢, the region resembles an annulus with
inner radius e ~*/? and outer radius ¢'/2. In particular, the expected behavior of the
Brown measure for small ¢ can be observed: it resembles the uniform probability
measure on a disk of radius /7 centered at 1.

Proof When ¢ is small, the entire boundary of X; will be close to A = 1, since this is the
only point where T (A) = 0. Furthermore, when 7 is small, Oax () = cos (1 —1¢ /2)
is close to zero. When ¢ is small, therefore, the quantity

1
Ttw;(0) = za)(r,(é‘), 0)

will be close to w(1,0)/2 = 1 forall & € (—Omax(t), Omax (¢)), by Point 2 of Theorem
7.2.

When t is large (in particular, greater than 4), the inner boundary of the domain
will be close to A = 0, since this is the only point in the unit disk where T (1) is large.
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Thus, for large ¢, the inner radius 1/r,(0) of the domain will be uniformly small, and

therefore
2rtw (0) = w(r1(0),0) = w(1/r(0), 0)
will be uniformly close to 1, by Point 4 of Theorem 7.2.
Proof of Theorem 7.2 We note that the function 7 in (7.1) can be written as
1
T(r,0) = (r + - — 20059) h(r),
r
so that
oT 1 1 ,
—=\(1—=)h(r)+|r+——2cosb | h' (r);
ar r2 r
oT .
— = 25sin6 h(r).
00

Applying implicit differentiation to the identity 7 (r;(6), 6) = ¢ then gives

dri(0) 9T /30
do 9T /or’

By the chain rule and (7.2), %[h(r, (0)) sinf] = q(r:(0), ), where

9T /06
9T /or
21’ (r) sin? 6 h(r)

(1= 2)h)+ (+ £ —2c0s0) )

q(r,0) = h(r)cosd — h'(r)sin6

= h(r)cosf —

After computing that

2 r2+1
-1 r@?2-1

W) = hr),

(7.2)

(7.3)

it is a straightforward but tedious exercise to simplify (7.3) and obtain the claimed

formula (2.7).

Since h(1/r) = h(r), we may readily verify Point (1); both numerator and denom-
inator in the fraction on the right-hand side of (2.7) change by a factor of 1/r% when

r is replaced by 1/r.

To understand the behavior of w at r = 1, we need to understand the function
h better. We may easily calculate that 4 has a removable singularity at r = 1 with
h(1) =1,h'(1) =0, and K" (1) = —1/3. We also claim that & satisfies 0 < h(r) < 1,
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withh(r) = 1only atr = 1.To verify the claim, we first compute thatlim, o 2(r) = 0
and that

22— 1) + (P2 + l)log(l/rz)
(r2 —1)2

h(r) =

Using the Taylor expansion of logarithm, we may then compute that

W (r)= 1)22( k+l)(1—r) >0

for 0 < r < 1. Thus, h(r) increases from O to 1 on [0, 1].
‘We now write £ in the form

hir)y=1—c(r)r —1)? (7.4)

for some analytic function c(r), with ¢(1) = 1/6. The minus signin (7.4) is convenient
because /1 has a strict global maximum at 1, which means c(r) is strictly positive
everywhere.

Now, since h(1) = 1, the fraction on the right-hand side of (2.7) is of 0/0 form
when r = 1. To rectify this situation, we observe that « and § may be written as

a(r) = (r = D’[1+2re(N]; Br) = (r = D?[1 = (> + De)].
Thus, we can take a factor of (r — 1)2 out of numerator and denominator to obtain

a(r)cosO + B(r)
O =14+h(r) ——, 7.5
@ 9) * (r)ﬂ(}’)COSG-i—&(V) 75)

where @(r) = 1 4+ 2rc(r) and E(r) =1- (r2 + 1)c(r). This expression is no longer
of 0/0 form at » = 1. Indeed, since #(1) = 1 and ¢(1) = 1/6, we may easily verify
the claimed formula for w (1, 8) in Point 2 of the theorem. We will shortly verify that
the denominator in the fraction on the right-hand side of (7.5) is positive for all » > 0
and all 8, from which the claimed smooth extension of w follows.

To verify the claimed positivity of @, we first observe that B(r)z + & (r) is positive
when z = 1 (with a value of 2 — (- — 1)2¢(r) = 1 + h(r)) and also positive when
z = —1 (with a value of (r + 1)2¢(r)), and hence positive for all —1 < z < 1. Thus,
the denominator in the fraction on the right-hand side of (7.5) is never zero. We then
compute that

d a(rz+pr)  ar)?—p@r)? (r + D*h(r)

2Bz +at)  Brz+am)?  Brz+am)?
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for all » and 6. Thus, (&@(r)z + B(r))/(B(r)z + &(r)) increases from —1 to 1 as z
increases from —1 to 1. Since h(r) is positive, we conclude that

1—h(r) <w(@,0) <1+h{)

for all » and 6, with equality when cos @ = —1 in the first case and when cosf = 1
in the second case. Since h(r) < 1 with equality only at r = 1, we see that w(r, 6)
is positive except when » = 1 and cos8 = —1. Similarly, w(r, 6) < 2 with equality

onlyifr =1 and cos6 = 1.

Finally, from the definition (7.4) and the fact that lim,_.o 2(r) = 0, we find that
lim,_,9c(r) = 1. Thus, as r — 0, we have &(r) — 1 and E(r) — 0. In this limit,
the fraction on the right-hand side of (7.5) converges uniformly to cos 6, while i (r)
tends to zero, giving Point 4. O

7.2 The connection to free unitary Brownian motion

Recall from Theorem 1.1 that the spectral measure v; of the free unitary Brownian
motion u, was computed by Biane. In this subsection, we prove Proposition 2.5, which
connects the Brown measure of b; to Biane’s measure v;. The support of v, is a proper
subset of the unit circle for t < 4 and the entire unit circle for t > 4. For t < 4, the
support of v; consists of points with angles ¢ satisfying |¢| < ¢max(f), where

1 _
Pmax (1) = 5/1(4 = 1) + cos "1 —1/2).

Recall the definition in (1.3) of the function f;. Then f; maps the boundary of %,
into the unit circle. (This is true by the definition (2.1) for points in d%; outside the
unit circle and follows by continuity for points in 9%, in the unit circle). Indeed, let
the outer boundary of T;, denoted 3 =™, be the portion of 9T, outside the open unit
disk. Then f; is a homeomorphism of d £ to the support of v;:

fi 1 9T < supp(vy). (7.6)
In particular, for ¢ < 4, let us define
Omax (1) = cos ™ (1 —1/2),
so that the two points in %, N S have angles +6yax (1) (Theorem 3.2). Then

ft (eiemax(t)) — eifpmax(f)’

as may be verified by direct computation from the definition of f;. (Use the formula
(7.10) below with » = 1 and cos@ =1 —¢/2.)
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We now describe the map (7.6) more concretely. We denote by A,(6) the point at
angle 0 in 9T

A (0) = r(0)e,

where for ¢ < 4, we require |#| < 6nax (¢). Then the map in (7.6) can be thought of as
a map of 6 to ¢ determined by the relation

fi 0 (0)) = €'?. (7.7)

We now observe a close relationship between the density w; (6) in Theorem 2.2 and
the map in (7.7).

Proposition 7.5 Let ¢ and 0 be related as in (7.7), where if t < 4, we require |¢p| <
Gmax () and |0| < Omax (t). Then the density w; in Theorem 2.2 may be computed as

w;(0) = — —. (7.8)

We may also write this formula as a logarithmic derivative of f; along the outer
boundary of ¥;:

_ 1 1 ggfi046)
w: (0) = E;m (7.9)

Proof We compute that

1+ A 2Im A 2rsinf
Im = = .
1—A A —1> r2+4+1—2rcosb

Thus, using the definition (1.3) of f;, we find that

Clt rsin 6
arg(fi(A)) = argA +arge + r24+1—2rcos@ 710

>

Evaluating this expression at the point A, (0) gives

¢ = arg(f;(A:(0)))
r:(0) sin O

* r(0)2 + 1 —2r(0)cos b

(7.11)

(Strictly speaking, ¢ and 6 are only defined “mod 27,” but for any local continuous
version of 0, the last expression in (7.11) gives a local continuous version of ¢.) Thus,

dé = <1 iy d r;(0) sin @ ) 10

do r(0)2 + 1 — 2r,(9) cos §
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and the formula (7.8) follows easily by recalling the definition (2.5) of w;. The expres-
sion (7.9) is then obtained by noting that ¢ = tl log f;(A:(9)). O

Proposition 7.6 Biane’s measure v; may be computed as

dv(¢) = ) 1 2 (7.12)
n9) = 7 (0)2 4+ 1 —2r,(0)cos b 2 )
or as
dvi($) = —log(;’t(@) ) dg. (7.13)

Here, as usual, r;(0) is the outer radius of the domain X; and 0 is viewed as a function
of ¢ by inverting the relationship (7.7). When t < 4, the formula should be used only

Jor |9 < Pmax ().

Proof We make use of the expression for v, in Theorem 1.1. If ¢ is in the interior
of the support of v;, then y,(¢'?) is in the open unit disk, so that the density of v, is
nonzero at this point. Now, since x; is an inverse function to f; we see that x; (e'?) is
(for ¢ in the interior of the support of v;) the unique point A with || < 1 for which
fi:(A) = €'?. Thus,

1 —1/r(0)? d¢

dvi(¢) = 1+ 1/r(0)2 — 2c059/rt(9)g’

which reduces to (7.12). Finally, since T (1) =t on d%; (Theorem 3.1), we have

log(r;(0)%)

(r(0)2 + 1 — 2r,(6) cos ) o1 =" (7.14)

which allows us to obtain (7.13) from (7.12). O

We are now ready for the proof of Proposition 2.5.

Proof of Proposition 2.5 The distribution of arg A with respect to the Brown measure
of b; is given in (2.8) as 21log(r;(0))w;(0) d6, which we write using Proposition 7.5
and Proposition 7.6 as

1 d
2log(r; (6))w; (6) d6 = 210g(r,(9))2—m£ 46

d
- log<rz<e>>n—‘f
= th(‘P),

as claimed. O
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Proof of Proposition 2.6 The value ®, (1) is computed by first taking the argument of
A to obtain 6 and then applying the map in (7.7) to obtain ¢. Thus, the first result is
just a restatement of Proposition 2.5. For the uniqueness claim, suppose a measure &
on X; has the form

1
du(d) = r—zg(O) rdrdo.

Then the distribution of the argument 6 of A will be, by integrating out the radial
variable, 2 log(r;(6))g(6) d6. The distribution of ¢ will then be

do 1
2log(r; (9)g(9)£ d¢ = 2log(r; (G)g(G)m de.

The only way this can reduce to Biane’s measure as computed in (7.13) is if g coincides
with w;. O
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