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Abstract

Schramm-Loewner evolution (SLE, ) is classically studied via Loewner evolution
with half-plane capacity parametrization, driven by /i times Brownian motion. This
yields a (half-plane) valued random field y = y (¢, «; w). (Holder) regularity of
in y (-, k; w), a.k.a. SLE trace, has been considered by many authors, starting with
Rohde and Schramm (Ann Math (2) 161(2):883-924, 2005). Subsequently, Johans-
son Viklund et al. (Probab Theory Relat Fields 159(3—4):413—433, 2014) showed a.s.
Holder continuity of this random field for k < 8(2 — +/3). In this paper, we improve
their result to joint Holder continuity up to x < 8/3. Moreover, we show that the SLE,
trace y (-, k) (as a continuous path) is stochastically continuous in « at all « # 8. Our
proofs rely on a novel variation of the Garsia—Rodemich—Rumsey inequality, which
is of independent interest.
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1 Introduction

Schramm-Loewner evolution (SLE) is a random (non-self-crossing) path connecting
two boundary points of a domain. To be more precise, it is a family of such random
paths indexed by a parameter x > 0. It has been first introduced by [19] to describe sev-
eral random models from statistical physics. Since then, many authors have intensely
studied this random object. Many connections to discrete processes and other geomet-
ric objects have been made, and nowadays SLE is one of the key objects in modern
probability theory.

The typical way of constructing SLE is via the Loewner differential equation (see
Sect. 3) which provides a correspondence between real-valued functions (“driving
functions”) and certain growing families of sets (“hulls”) in a planar domain. For
many (in particular more regular) driving functions, the growing families of hulls (or
their boundaries) are continuous curves called traces. For Brownian motion, it is a
non-trivial fact that for fixed ¥ > 0, the driving function \/k B almost surely generates
a continuous trace which we call SLE, trace (see [16,18]).

There has been a series of papers investigating the analytic properties of SLE, such
as (Holder and p-variation) regularity of the trace [5,9,15,18]. See also [4,20] for some
recent attempts to understand better the existence of SLE trace.

A natural question is whether the SLE, trace obtained from this construction varies
continuously in the parameter «. Another natural question is whether with probability
1 the construction produces a continuous trace simultaneously for all ¥ > 0. These
questions have been studied in [10] where the authors showed that with probability
1, the SLE, trace exists and is continuous in the range k € [0, 8(2 — +/3)[. In our
paper we improve their result and extend it to x € [0, 8/3[. (In fact, our result is a bit
stronger than the following statement, see Theorems 3.2 and 4.1.)

Theorem 1.1 Let B be a standard Brownian motion. Then almost surely the SLE,. trace
y¥ driven by \/k By, t € [0, 1], exists for all k € [0, 8/3, and the trace (parametrised
by half-plane capacity) is continuous in k € [0, 8/3[ with respect to the supremum
distance on [0, 1].

Stability of SLE trace was also recently studied in [12, Theorem 1.10]. They show
the law of y“» € C([0, 1], H) converges weakly to the law of y* in the topology
of uniform convergence, whenever k, — k < 8. Of course, we get this as a trivial
corollary of Theorem 1.1 in case of k < 8/3. Our Theorem 1.2 (proved in Sect. 3.2)
strengthens [12, Theorem 1.10] in three ways:

(i) we allow for any x # §;
(i) we improve weak convergence to convergence in probability;
(iii) we strengthen convergencein C ([0, 1], H) with uniform topology to C?([0, 1], H)
with optimal (cf. [5D) p-variation parameter, i.e. any
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Regularity of SLE in (t, x) and refined GRR estimates 73

p > (1 + k/8) A 2. The analogous statement for «-Holder topologies, o <

_ Kk 1
(1 24+2K_8m) A 3, is also true.

Here and below we write ||f||§_var;[a’b] = sup Z[M]GH |f () — f(s)|?, with sup
taken over all partitions 77 of [a, b]. The following theorem will be proved as Corollary

3.12.

Theorem 1.2 Let B be a standard Brownian motion, and y* the SLE, trace driven by
KBy, t € [0, 1], (and parametrised by half-plane capacity). For any k > 0, k # 8
and any sequence k, — k we then have ||y — y*" || pvar:10,1] = 0 in probability, for
any p > (1 +«/8) A2.

There are two major new ingredients to our proofs. First, we prove in Sect. 5
a refined moment estimate for SLE increments in «, improving upon [10]. Using
standard notation [14,18], for k > 0, we denote by (gf);>0 the forward SLE flow
driven by \/k B, j = 1, 2, and by ft" = (g°)71(- + /k B;) the recentred inverse flow,
also defined in Sect. 3 below.

Write a < b for a < Cb, with suitable constant C < oco. The improved estimate
(Proposition 3.5) reads

E|f£(8) — fFi8)" < Wk — VkIP ey

forl <p<1+ % The interest in this estimate is when p is close to 1+ 8/k. No such
estimate can be extracted from [10], as we explain in some more detail in Remark 3.6
below.

Secondly, our way of exploiting moment estimates such as (1) is fundamentally
different in comparison with the Whitney-type partition technique of “(¢, y, x)”-space
[10] (already seen in [18] without k), combined with a Borel-Cantelli argument. Our
key tool here is a new higher-dimensional variant of the Garsia—Rodemich—-Rumsey
(GRR) inequality [7] which is useful in its own right, essentially whenever one deals
with random fields with very “different”—in our case ¢ and k—variables. The GRR
inequality has been a useful tool in stochastic analysis to pass from moment bounds
for stochastic processes to almost sure estimates of their regularity.

Let us briefly discuss the existing (higher-dimensional) GRR estimates (e.g. [21,
Exercise 2.4.1], [1,3,8]) and their shortcomings in our setting. When we try to apply
one of these versions to SLE (as a two-parameter random field in (¢, x)), we wish to
estimate moments of |y (¢, k) — y (s, k)|, where we denote the SLE, trace by y (-, ).
In [5], the estimate

Ely (1. 6) = y (s, 0" S 1 = 5|F0/2
with suitable A > 1 and ¢ has been given. We will show in Proposition 3.3 that
Ely (s, k) —y(s,iO1” < Ik —k|?

for suitable p > 1. Applying this estimate with p = A, we obtain an estimate for
Ely(, k) — y(s, #)[*, and can apply a GRR lemma from [1,3]. The condition for
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74 P.K.Frizetal.

applying itis (A +£)/2) "' 4+ p~' = (A +¢)/2)~' + 2~ < 1. But in doing so,
we do not use the best estimates available to us. That is, the above estimate typically
holds for some p > A. On the other hand, we can only estimate the A-th moment (and
no higher ones) of |y (¢, k) — y (s, «)|. This asks for a version of the GRR lemma
that respects distinct exponents in the available estimates, and is applicable when
(A+2)/2)"" + p~! < 1 with p > A (a weaker condition than above).

We are going to prove the following refined GRR estimates in two dimensions, as
required by our application, noting that extension to higher dimension follow the same
argument.

Lemma 1.3 Let G be a continuous function (defined on some rectangle) such that, for
some integers Ji, Ja,

|G (x1,x2) — G(y1, y2)| < |G(x1, x2) — G(y1, x2)| + |G (y1, x2) — G(y1, ¥y2)|

J1 Ji
<D 1ALy )l 4 ) 1A (s X2, )l
j=1 j=1

Suppose that for all j,

Ayi(uy, vy a1
// [Aqj(uy, vi;u)l duy dvy duty < o0,

|y — vy |PL

[A2j(v1; Uz, v2)]9%
/ dvi duy dvy < o0.
lup — vy|P2

Then, under suitable conditions on the exponents,

(1 (2)
IG(x1,x2) = GOy1, y)I S lxr = y1l” +x2 = yf” .

Observe that the exponents g1 j, g2 are allowed to vary, exactly as required for our
application to SLE. We also note that the flexibility to have Ji, Jo > 1 is used in the
proof of Theorem 1.2 but not 1.1.

One might ask whether one can further improve Theorem 1.1 to all k > 0. With
the methods of this paper, it would require a better moment estimate in the style of
(1) with larger exponent on the right-hand side. If such an estimate were to hold true
with arbitrarily large exponent on the right-hand side (and any suitable exponent on
the left-hand side), which is not clear to us, almost sure continuity of the random field
in all (¢, k) with k¥ # 8 would follow.

2 A Garsia—Rodemich-Rumsey lemma with mixed exponents

In this section we prove a variant of the Garsia—Rodemich—Rumsey inequality and
Kolmogorov’s continuity theorem. The classical Kolmogorov’s theorem goes by a
“chaining” argument (see e.g. [13, Theorem 1.4.1] or [23, Appendix A.2]), but can
also be obtained from the GRR inequality (see e.g. [21, Corollary 2.1.5]). In the case
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Regularity of SLE in (t, x) and refined GRR estimates 75

of proving Holder continuity of processes, the GRR approach provides more powerful
statements (cf. [6, Appendix A]). In particular, we obtain bounds on the Holder constant
of the process that are more informative and easier to manipulate, which will be useful
in the proof of Theorem 4.1. (Although there are drawbacks of the GRR approach
when generalising to more refined modulus of continuity, see the discussion in [23,
Appendix A.4].)

We discuss some of the extensive literature that deal with the generality of GRR
and Kolmogorov’s theorem. The reader may skip this discussion and continue straight
with the results of this section.

There are some direct generalisations of GRR and Kolmogorov’s theorem to higher
dimensions, e.g. [21, Exercise 2.4.1], [13, Theorem 1.4.1], [1,3,8]. Moreover, there
have been more systematic studies in a general setting under the titles metric entropy
bounds and majorising measures. They derive bounds and path continuity of stochastic
processes mainly from the structure of certain pseudometrics that the processes induce
on the parameter space, such as dx (s, t) := (E| X (s) — X(t)|2)1/2. A large amount of
the theory is found in the book by Talagrand [23]. These results due to, among others,
R. M. Dudley, N. Kéno, X. Fernique, M. Talagrand, and W. Bednorz. Their main
purpose is to allow different structures of the parameter space and inhomogeneity of
the stochastic process (see e.g. [2,11,23]).

We explain why the existing results do not cover the adaption that we are seeking in
this section. The general idea for applying the theory of metric entropy bounds would
be considering the metric dx (s, t) = (E|X(s) — X(1)|7)1/4 for some ¢ > 1.

Let us consider a random process defined on the parameter space T = [0, 1]> that
satisfies

E|X(s1,82) — X (11, s2)|7" < [s1 — 11]°",

2
E|X(t1,52) — X(t1, 02)|" < |52 — 12", @

where g1 and g, might be different, say q; < g2. By Holder’s inequality,
EIX (1, ) = X(t1, )" < (X (11, 52) = X (11, 1)|2) 7. 3)

Write t = (11, 12), s = (s1, s2). We may let
(EIX(s) — XD < |s1 — 119 4 |53 — ]2/ =t |||s — 1]]| =: d(s,1)

where we can take ¢ = ¢ (but not ¢ = ¢ without knowing any bounds on higher
moments of | X (s1, s2) — X (1, s2)|).

We explain now that we have already lost some sharpness when we estimated (3)
using Holder’s inequality. Indeed, all the results [11, Theorem 3], [23, (13.141)], [23,
Theorem B.2.4], [2, Corollary 1] are based on finding an increasing convex function
¢ such that

X(s)—X
E(p(l (iz)(s t)(t)|>51. @)
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76 P.K.Frizetal.

Observe that we can take ¢ (x) = x?' atbest. To apply any of these results, the condition
turns out to be + ‘722 < 1. In fact, [23, Theorem 13.5.8] implies that we cannot
expect anything better Jjust from the assumption (4). More precisely, the theorem states
that in general, when we assume only (4), in order to deduce any pathwise bounds for
the process X, we need to have

5
/ (p_l (;> de < o0,
0 wn(B(t, €))

with B denoting the ball with respect to the metric d,and u e.g. the Lebesgue measure.
In our setup this turns out to the condition — a t q?z < 1.

We will show in Theorem 2 8 that by using the condltlon 2) 1nstead of (4), we can
relax this condition to -+ —2 < 1. In case -~ + @ <1< =+ ?; , this is an
improvement. We have not found this poss1b111ty in any of the ex1st1ng references

We now turn to our version of the Garsia—Rodemich—Rumsey inequality that allows
us to make use of different exponents g1 # g». In addition to the scenario (2), we allow
also the situation when e.g. | X (s1, s2) — X (1, 52)| < Ay1 + Az with EJA;|70 <
[s1 — t1|*1 for some g1, a1, j = 1,2, where possibility g11 # g12.

Let (E, d) be a metric space. We can assume E to be isometrically embedded in
some larger Banach space (by the Kuratowski embedding). To ease the notation, we
write |[x — y| = d(x, y) both for the distance in E and for the distance in R. For a
Borel set A we denote by |A] its Lebesgue measure and f W f= ﬁ f Vi

In what follows, let /1 and I be two (either open or closed) non-trivial intervals
of R.

Lemma 2.1 Let G € C(I; x Ip) be a continuous function, with values in a metric
space E, such that

J1 J
1G(x1,x2) = Gy, y)| < DA,y x|+ ) Az (i xa, 3l (5)
j=1 j=1

Sor all (x1,x2), 01,y2) € It X I, where A1j: 11 x I x I, — R, 1 < j < Jj,
Azj: Iy x I x I — R, 1 < j < J, are measurable functions. Suppose that

A o q1j
/// [ A1y, v1 ';2-)| duydvyduy < My, ©)
L %I lup — v |PY
Ay (v1: tta, v2)|92
/// [Azj(v1; uz ,32-)| dvy duy dvy < My @
Ll |y — vo|P2i

forall j, where gijj > 1, B; :=min; B;; >2,i =1,2, and (1 —2)(B2—2)—1 > 0.
Fixany a, b > 0. Then

1 )
G(x1.x2) — Gy y)l <C Y My (| — +IXZ—y2|y‘f)
J
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Vs ) @
+CZM2//'% <|X1 — 1" 4 |xg = ya| ) ®)
J
Bij—2->
for all (x1,x2), ¥1,y2) € 11 x I, where J/l(}) = jT Vl(/z') =
J
—2)a— 1 = 2)b— 1 —2-a
—('31] ) , 2(]1) = —(ﬂ2] ) , Vz(Jz-) = —ﬂ2] ,and C < o0 is a

qij qj q2j
constant that depends on (q;;), (Bij), a, b, |11], | I2|.

Remark 2.2 The statement is already true when g;; > 0 (not necessarily > 1) and can
be shown by an argument similarly as in [21, Theorem 2.1.3 and Exercise 2.4.1]. We
have decided to stick to ¢;; > 1 since the proof is simpler here.

Proof Note that for any continuous function G and a sequence B, of sets with
diam({x} U B,) — 0 we have G(x) = lim, an G. (Recall that we can view E
as a subspace of some Banach space, so that the integral is well-defined.)

Let (x1, x2), (y1, y2) € I1 x I>. Using the above observation, we will approximate
G (x1, x2) and G(y1, y2) by well-chosen sequences of sets.

We pick a sequence of rectangles If X Ig C I} x I, n > 0, with the following
properties:

o (x1,%), (vi,y2) € I{ x I
o (x1,x2) € I x I} forall n.
o |I'| =R "d;,i = 1,2, with parameters

Ri,Ry>1, di,d»>0

chosen later.

In order for such a sequence of rectangles to exist, we must have
lxi —yil <di <], i=12,

since we require x;, y; € Il-0 C [;. Conversely, this condition guarantees the existence
of such a sequence.
We will bound

G(Xl,xz)—][][ G ][][ G—][][ G|.
10%x1) i ALY

The same argument applies also to G(y1, y2) where we can pick the same initial
rectangle I]0 X Ig. Hence, this will give us a bound on |G (x1, x2) — G(y1, y2)|.

=2

neN
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78 P.K.Frizetal.

By the assumption (5) we have

T w1 f©
Iy Y
= f][ ][][ (G(uy, u2) — G(vi, v2)) duy dur dvy dvy
Iitxlgl I{‘l—] X[él_l
SZ][ ][”_] |A1,j(u1,v1;u2)|+Z][n_|][ ][n_llAzj'(vl;uz,vz)L
J o L j 1 2V

Recall that |1/'| = R;"d; and that |u; —v;| < CR;"d; forany u; € I, v; € Il."_l.
This and Holder’s inequality imply

f][ |f|Alj(M1,U1§M2)|
n In— n

< C(R ndl)ﬂlj/quf f f |A1](I,t], V1, M2)|
n In 1 In |ul _vl|ﬁlj q1j

N\ Vaij
. T
< C(Ry"dy)Pil 1Ay G, ons w)I
oSt g — vy P

1/q1j
< C(Rl—ndl)ﬂlj/(nj ((Rl—ndl)72(R2—nd2)71Mlj> q1j

_ 0 _ 1/q1;
= C (R =2(R ")~ M)

Similarly,

_ N S _ 1/q2;
][ ][][ Az (s a2, v2)] < € ((Ry"d)™ 2Ry ")~ Mz )
oty T

We want to sum the above expressions for all n, which is possible if and only if
B1—1 1

both Rﬂ” R_l > 1 and Rﬂz] R_l > 1. The best pick is R, = R'g2 (the exact

scale of R does not matter) and the condition becomes (8] — 2)(;32 —-2)—1>0

(assuming B1, B2 > 2). In that case, we finally get

|G (x1,x2) — G(y1, y2)|
2 1/q1; 2 1/q2
sy (afar i) ey (B ) )

J J

It remains to pick di, da > 0. Letd; := |x; — y1| V |x2 — y2|%, da := |x1 — y1|° v
|x2 — y2[, and suppose for the moment that d; < |I1|, do < |I2]. (The conditions
dy > |x1 — y1],d>» > |xo — y2| are satisfied by our choice.). In this case the inequality

@ Springer



Regularity of SLE in (t, x) and refined GRR estimates 79

(9) becomes

|G (x1,x2) — G(y1, y2)]

ag j—2— ova—1)\ /491
SCZM]]/_ql./ (|x1 —yllﬁlj 2 b+|x2_y2|(ﬂ1j 2)a 1) J
! (10)

1/q2; _2)bp— o\ Va2
+ C Y My (= B2 ey — P2 ) T
j

This proves the claim in case dy < |I1|, d2 < |I2].

It remains to handle the case when di > |I1| or d» > |I3|. In that case we pick
di = di A || and d» = d» A | 1| instead of d; and d». The conditions |x; — yi| <
cfl < |Ii] and |x3 — y| < 522 < |I7] are now satisfied, and in (9), we instead have

ABr—D A d o X1 — b .
AT < 2 P (—| L=l v1>df” 2d; !,

T da A || [12] an
N 1 AByi— d o — a L
dl—ldzﬂz./ 2 < 1 dl_ldfz'] 2 — |x2 y2| v dl—ldzﬂz./ 2’
di A ] 1]

i.e. the same result (10) holds with the additional constants (% \Y, 1) and

(% \Y, 1) (which can be bounded by a constant depending on a, b, | 11|, | I2| since
a,b>0). O

Remark 2.3 The dependence of the multiplicative constant C on || and || is spec-
ified in (11). This can be convenient when we want to apply the lemma to different
domains.

A more accurate version is

B1j—2
ABLi—2 A1 dy A1 \7Y dy Bij—=2 ,—1
d J d — d / d
A ( di b AL

I Brj—2 _ b o
(M = nl g g2,
[x2 — yal® [12]

i—2
goighi2_ (ADINTE d
b d diAlL

I Baj—2 _ a -
_ |12 Al [x2 — y2 vl dl_ldfz’ 2
lxi —y11® [11]

Remark 2.4 We could have added some more flexibility by allowing the exponents
(gij), (Bij) to vary with uy, us, but again we will not need it for our result.

Remark 2.5 We have a free choice of a, b > 0 which affects the Holder exponents

yigl), yi(jz). In general, it is not simple to spell out the optimal choice of @, b and hence
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80 P.K.Frizetal.

the optimal Holder exponents. Usually we are interested in the overall exponents (i.e.
min; ; yi(jl), min; ; yii.z)), and we can solve

mjin Vl(]]') = m]m )/2(]1_)’
o) =

to find the optimal choice for a, b.
For instance, in case 81; = B and B,; = B, for all j, the best choice is
@B =2)+q

=2+ _
a1 (B2 =2+

T B - +aq’

resulting in
o _ B =2B-2)—1
@1 —2) +q1

m_ Br=2 -2 1
(B2 —2)+q

where g; = max; g;;.
In general, we could choose a = g?:} , b= gé:} , resulting in

@ B =D~ — 1+ B — B

L _ BB =Dk p = o)
1 ) Y q1j(B1—1) ’
L _ B1=2(Baj —2)—1+B2j — B2 L2 _ B1=2(Baj—2)—1+B2j — B2
2 q2j (B2 — 1) Y a2 (B1 — 1) '

But this is not necessarily the optimal choice.
Remark 2.6 Notice that the condition to apply the lemma does only depend on (§;;),
not (g;;), but the resulting Holder-exponents will.
Remark 2.7 The proof straightforwardly generalises to higher dimensions.
Using our version of the GRR lemma, we can show another version of the Kol-
mogorov continuity condition. Here we suppose I1, I are bounded intervals.
Theorem 2.8 Let X be a random field on 1| x I taking values in a separable Banach

space. Suppose that, for (x1, x2), (¥1, y2) € 11 X I, we have
V)

Ji
X (1, x2) = X (v, y2)| < Y 1A Gen, yis x|+ ) JAgj (s x2, y)| - (12)
j=1 j=1
with measurable real-valued A;; that satisfy
E|A;j(x1, yi; x2)|79 < C|x1 — y1|*V,
|A1jCer, yis x2)[*Y < C xy — yi (13)

E|A2j(y1: x2, y2)|9 < C' |xa — y2|*¥
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Regularity of SLE in (t, x) and refined GRR estimates 81

with a constant C' < 0.
Moreover, suppose gjj > 1, aj = min; «;; > l’j =1,2, andotf1 +a;1 < 1.
Then X has a Holder-continuous modification X. Moreover, for any

a _ (ler =D —1)—1 @ _ (=Dl —1)—1
y o< s <
qi(ax — 1)+ g2 g (o — 1) 4+ ¢

where q; = max; q;j, there is a random variable C such that

~ ~ (€3] 2
R0 = ROm oyl = € (=l + = )

and E[Cin] < 00 for qumin = min; j q;j.

Remark 2.9 In case oj; = oy and axj = ar for all j, the expressions for the Holder
exponents 1, @ given above are sharp. In the general case, the exponents may be
improved, following an optimisation described in Remark 2.5.

Remark 2.10 The constants C’ can be replaced by (deterministic) functions that are
integrable in (x1, x2), without change of the proof. But one would need to formulate
the condition more carefully, therefore we decided to not include it.

We point out that in case J1 = J» = 1 and q; = ¢», this agrees with the two-
dimensional version of the (inhomogeneous) Kolmogorov criterion [13, Theorem
1.4.1].

Proof Part 1. Suppose first that X is already continuous. In that case we can directly
apply Lemma 2.1. The expectation of the integrals (6) and (7) are finite if B;; < a;;+1
foralli, j. By choosing B;; as large as possible, the conditions (81 —2)(f2—2)—1 > 0
and B; > 2, B> > 2 are satisfied ifozl_1 +o¢2_1 <landa; > 1,02 > 1.

Since the (random) constants ;; in Lemma 2.1 are almost surely finite, X is Holder

continuous as quantified in (8), and the Holder constants M il /4ij have g;-th moments
since they are just the integrals (6). The formulas for the Holder exponents follow
from the analysis in Remark 2.5.
Part 2. Now, suppose X is arbitrary. We need to construct a continuous version of
X. It suffices to show that X is uniformly continuous on a dense set D C I} x I.
Indeed, we can then apply Doob’s separability theorem to obtain a separable (and
hence continuous) version of X, or alternatively construct X by setting X=XonD
and extend X continuously to /; x I5. Then X is a modification of X because they
agree on a dense set D and are both stochastically continuous [as follows from (12)
and (13)].

We use a standard argument that can be found e.g. in [22, pp. 8-9].

We can assume without loss of generality that X (x, x2) = 0O for some (x1, X3) €
I x I, (otherwise just consider Y (x1, x2) = X (x1, x2) — X (X1, X2)).

In particular, the conditions (12) and (13) imply that X (x, x2) is an integrable
random variable with values in a separable Banach space for every (x1, x2).
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Fix any countable dense subset D € I} x I». Let
G :=o0({X(x1,x2) | (x1,x2) € D}).

We can pick an increasing sequence of finite o-algebras G, such that G = o (Un gn).
By martingale convergence, we have

X®(xy, x2) = X(x1,x2)

almost surely for (x1, x2) € D where XM (x1, x2) = E[X(x1, x2) | Gul.
Moreover, (12) implies

J1 ¥/
X (x1,x2) = XO(yr,y2)l < Y 1A Gy x| 4+ Y 1A (v x2, 30
j=1 j=1
where |A§;')(. )] = IE[|A57)(...)| | Gu1. By Jensen’s inequality and (13), we have
EIAY o1,y a9 < EJA (er. yis xp) [ < € ey =y,
EIAY) (y15 %2, y2) 197 < BJAg; (13 X2, )| < C'Jxz — 3.

In particular, X ™ is stochastically continuous, and since G, is finite, X ™ is almost
surely continuous. Applying Lemma 2.1 yields

, (0 @
Xy, x2) = XD (31, y2) < C Y (M) <|x1 — 3l + |xy — ya| " )
J

. ) @
+C Y (M) (IXl =il + g = yol " >
J

where Ml.(”) are defined as the integrals (6) and (7) with Ag’).
It follows that on D we have

~1/q1; M @)
X(riox) = XOnoy)l < €Y My 07 (m -y +|xz—y2|“f)
J

1 M @
+C Zsz/'qZJ <|x1 — il + |x2 =yl )
J
where M;; := lim inf,, Mi(;'). By Fatou’s lemma,
]EI\;I,-J- < lim ianEMl.("” < 00,
n J
implying that M; j < 00, hence X is uniformly continuous on D. O
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One-dimensional variants of Lemma 2.1 and Theorem 2.8 can also be derived.
Having shown the two-dimensional results Lemma 2.1 and Theorem 2.8, there is no
need for an additional proof of their one-dimensional variants, since we can extend
any one-parameter function G to a two-parameter function via G(x1, x2) = G(xy1).
This immediately implies the following results.

Corollary 2.11 Let G be a continuous function on an interval I such that
J
IGE@) =GO < Y |Aj(x. )|
j=1

forallx,y eI, where Aj:1 x I — R, j=1,...,J, are measurable functions that

satisfy
A qj
// A O < m
IxI Iu—Ulﬂf

with some q; > 1, B; > 2. Then
1/q; .
G~ G < C Y MV — ypi
j

forall x,y € I, where y; = u, and C < o0 is a constant that depends on

7
(g;), (Bj)-

For the sake of completeness we also state the one-dimensional version of Theorem
2.8.

Corollary 2.12 Let X be a stochastic process on a bounded interval I such that
J
1X(x) = X0 < Y _14;(x, )]
j=1
forallx,y € I, where Aj, j =1, ..., J, are measurable and satisfy
EJAj(x, M < C'lx —y|%

withq; > 1, aj > 1, and C' < oo.

IX(x) = X(»)| < Cylx —y|”

with a random variable C,, with IE[C;Z”””] < 00 where gy = min;j q;.
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2.1 Further variations on the GRR theme

We give some additional results that are similar or come as consequence of Lemma
2.1. This demonstrates the flexibility and generality that our lemma provides. We do
not aim for a complete survey of all implications of the lemma.

We begin by proving the result of Lemma 2.1 under slightly weaker assumptions.
The assumptions may seem a bit at random, but they will turn out to be what we need
in the proof of Theorem 4.1.

Lemma 2.13 Consider the same conditions as in Lemma 2.1, but instead of (5), we

assume the following weaker condition. Let rj > 1 and 0; > 0 such that % < 0;
for j =1, ..., Ji." Suppose that for some small ¢ > 0, e.g. ¢ < |I|/4, we have

|G (x1, x2) — G(y1, y2)I
I_lOgrj (c¢/lx1=y1D)]

Ji
<) > T ’|A1j(z1+rf(X1—Z1),z1+rf(y1—Zl);X2)|(14
k=0

j=1
J

+ ) 142 (15 x2, )
j=1

Jor (x1,x2), (y1,y2) € I x b and z1 € I whenever |x; —z1|V |y1 —z1]| < 2|x1 —y1]
and all the points appearing in the sum are also in the domain I.
Then the result of Lemma 2.1 still holds, with the constant C depending also on

(rj), (@)

Proof We proceed similarly as in the proof of Lemma 2.1. We pick the sequence /'
a bit more carefully. Letd; > 0, R; > 1,i = 1,2, be as in the proof of Lemma 2.1,
and recall that we can freely pick R; > 9. It is not hard to see that we can then pick a
sequence of rectangles /{' x I} in such a way that

o |I'=§R"d;,
o SR "d; < dist(", ') < R"d;,
o dist(x;, Il.”) — 0asn — o0,

and another analogous sequence of rectangles for (y1, y2) that begins with the same
) x 1.

The proof proceeds in the same way, but instead of the assumption (5), we apply
(14) with some z; that we pick now.

Letn € N. We pick z; := inf(/{' U Iln_l) if this point is in the left half of /, and
z1 =sup(I] U I} ~1) otherwise. From the defining properties of the sequence (I') it
follows that |u1 — z1| V |vi — z1] < 2Ju; — vy| forall u; € 11", V] € 11"_1. Moreover,
all the points z; 4+ 7% (u; — z1) and z1 + r¥(v; — z1), k < [log,(c/|x1 — y1])], are

inside I, because |[r¥(u; — z1)| < =l — 211 < 2c and we have chosen z; to be

-2
LA slightly different result still holds if P > 6}, as one can see in the proof.

q1;
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more than distance |11|/2 > 2c¢ away (in the u resp. v; direction) from the end of the
interval 1.
We now have to bound

Z][][ 1][r_kej|z‘\1j(21+l’k(ul—Z1)721~|—rk(v1—Zl);uz)|duzdvlﬁlul
. JnnT I

With the transformation ¢ (11) = z1 + r = z1) we get

f 7[7171 f r A @+ R — 20,20+ R = 205 )
PN
_r—k9j][ ][ 1 |A1j (1, vis uz)l
e (i J 1

F R0 (kR Prifan ][ ][ A1) (uy, vis uz)|
aeiipy Jop Jig lur = vy P

N\ Vaij
. . 611_
S kej(rkR—ndl)ﬁlj/qu f f |Al](u],UI,L;2?| /
o) Sy J lug — vy [PV

1/q1;
Cr0; (rle—ndl)ﬁu/q]j ((rle—ndl)—Z(Rz—ndz)_lMlj) 1j

1 .
= CcrHPi=2/0;=6) ((Rf "d1>ﬂ1f‘2(R;”dz>—1Mu) e

. i—2 . .
Since we assumed 2 ‘q’l — < 0; this bound sums in k to
J

- N _ 1/q1;
C (R an =2 (Ry"dyy ™ M)

which is the same bound as in the proof of Lemma 2.1. The rest of the proof is the
same as in Lemma 2.1. O

The following corollary is only used for Theorem 3.8.

Corollary 2.14 Consider the same conditions as in Lemma 2.1. For x| € Iy, consider
G(x1,-) as an element in the space of continuous functions C°(Ip). Then the p-
variation of x1 — G(x1, -) is at most

1/q1; M 1/q2; (1
CZMU VI M +CZM2j ML
J J

qij q1j 92 . .

where p = max;_j m = max ,B]ffjlfb Vmax (ﬂzjlz)b (with a choice of b > 0),
ij ;

and C does not depend on |I].
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Proof Lett® <! < ... <" be a partition of /1. The p-variation of x; > G(xy,-) €
CO(L) is

1/p
sup (Z sup IG(tk,xz)—G(tk_l,m)lp) :

partitions of I & xpelh

We estimate the differences using Lemma 2.1, applied to [*~1, rX] x I,. Observe that
since consider the difference only in the first parameter of G, the constant C in the
statement of Lemma 2.1 does not depend on the size of [tk - tk ], as we explained in
Remark 2.3. Hence we have

_ /a1 _1y®
IG(t* x2) = G x| < CZ(M1j|[,k,1,lk]) |k — A
J

1/q2; M
+CZ<M2j’[tk—l’tk]) |tk — 1|V21
J

for all x; € I, where we denote by M ; |[S n and M>; |[S 1 the integrals in (6) and (7)
restricted to [s, 1] x [s, ] x I, and [s, ] X Iy x I, resp’ectively.
Similarly to [6, Corollary A.3], we can show that

pla; M pla2j )
(s, 1) =CP Z (Mlj |[s,t]> ls ="+ CP Z (M2j ‘[s,t]) s =177
J J

is a control. O

3 Continuity of SLEin xand t

In this section we show the main results Theorems 1.1 and 1.2. We adopt notations
and prerequisite from [10]. For the convenience of the reader, we quickly recall some
important notations.

Let U: [0, 1] — R be continuous. The Loewner differential equation is the fol-
lowing initial value ODE

2

S — =zeH. 15
G U0 go(z)=z¢€ (15)

081 (2) =

For each z € H, the ODE has a unique solution up to a time 7, = sup{t > 0: |g;(z) —
U(t)| > 0} € (0,00]. Fort > 0, let H; = {z € H: T, > t}. It is known that g; is a
conformal map from H, onto H. Define f; = g, ! and ﬁ = f;(- + U(t)). One says
that A generates a curve y if

y(@) = lim_fi(iy +U(1)) (16)
y—=07t

@ Springer



Regularity of SLE in (t, x) and refined GRR estimates 87

exists and is continuous in ¢ € [0, 1]. This is equivalent to saying that there exists
a continuous H-valued path y such that for each ¢t € [0, 1], the domain H; is the
unbounded connected component of H\y [0, ¢].

It is known [16,18] that for fixed ¥ € [0, 00), the driving function U = ./« B,
where B is a standard Brownian motion, almost surely generates a curve, which we
will denote by y (-, k) or y*. But we do not know whether given a Brownian motion
B, almost surely all driving functions /k B, k¥ > 0, simultaneously generate a curve.
Furthermore, simulations suggest that for a fixed sample of B, the curve y* changes
continuously in «, but only partial proofs have been found so far. We remark that
this question is not trivial to answer because in general, the trace does not depend
continuously on its driver, as [14, Example 4.49] shows.

In [10] the authors show that in the range x € [0, 8(2 — V3)[ ~ [0, 2.1[, the answer
to both of the above questions is positive. Our result Theorem 3.2 improves the range
tok € [0, 8/3[.

We will often use the following bounds for the moments of | ﬁ’ (iy)| that have
been shown by Johansson Viklund and Lawler [9]. In order to state them, we use the
following notation. Let x > 0. Set

1
re =relk) = §+;,

2
AGF) = Al r) i=r (1 + %) _ ’%, (17)
Kr2
¢(r)y =¢(x,r) =r-

forr < re(k).
With the scaling invariance of SLE, [9, Lemma 4.1] implies the following.

Lemma 3.1 [5, Lemma 2.1]2 Let k > O, r < r.(k). There exists a constant C < 00
depending only on k and r such that for allt,y € 10, 1]

[ £/ (iy)*] < Ca(r)y*®

where a(t) = a(t, {(r)) =t ¢0/12 v 1.
Moreover, C can be chosen independently of k and r when « is bounded away from
0 and oo, and r is bounded away from —oo and r, ().

Novy, for a standard Brownian motion B, and an SLE, flow driven by \/k B, we
write f, y¥, etc.
We also use the following notation from [9].

)’ A
btk y) = /0 (Y Gy da.

2 Note that in [5], X was called g.
3 Note that in [9], the notation a = 2/k and g = re — r is used.
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Observe that v(z, «, -) is decreasing in y and

N . oo,
|£ Gy — £ iy2)] < / |(f) Gw)| du = |v(t, &, y1) = v(t, &, y2)|.

M

Therefore lim\ o ft" (iy) exists if v(¢, k, y) < oo for some y > 0. For fixed ¢, «, this
happens almost surely because Lemma 3.1 implies

Ev(t, &, y) = /yIE|(ft")’(iu)|du < oo.
0

So we can define
P LN f¥Gy)  if the limit exists,
9 K = .
v 00 otherwise,

as a random variable. Note that with this definition we can still estimate
ly(t.6) = fE )] < vt k. ).
3.1 Almost sure regularity of SLE in (&, k)

In this subsection, we prove our first main result.

Theorem 3.2 Let 0 < k— < ky < 8/3. Let B be a standard Brownian motion. Then
almost surely the SLE, trace y* driven by \/« B exists for all k € [k_, k4.]. Moreover,
there exists a random variable C, depending on k_, k., such that

ly(t, &) —y(s, k)] < C(t —s|” + |k —&|")

forallt,s €[0,1], k,k € [k—, ky] where a, n > 0 depend on k. Moreover, C can
be chosen to have finite Ath moment for some A > 1.

The theorem should be still true near « ~ 0 (Without any integrability statement
for C, it is shown in [10].), but due to complications in applying Lemma 3.1 (cf. [10,
Proof of Lemma 3.3]), we decided to omit it.

As in [5], we will estimate moments of the increments of y, using Lemma 3.1.
We need to be a little careful, though, when applying Lemma 3.1, that the exponents
do depend on «. Since we are going to apply that estimate a lot, let us agree on the
following.

For every k > 0, we will choose some r, < r.(«), and we will call ., = A(k, ry)
and ¢ = ¢(x, re) [where r¢, A, and ¢ are defined in (17)]. (The exact choices of 7
will be decided later.)

We will use the following moment estimates.
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Proposition3.3 Let 0 < k_ < ky < o0. Lett,s € [0,1], k,k € [k—, k4], and
pell, 1+ %[. Then (with the above notation) if A, > 1, then

Ely(t,6) — y (s, )™ < Cla(t, &) +a(s, &) |t — 5| G2,
Ely (s, k) — y (s, ©)|P < C|l/k — V&P,

where C < oo depends on k_, k4, p, and the choice of r (see above).
Remark 3.4 Note that |/k — V&| < Clk — §| if k, & are bounded away from 0.

The first estimate is just [5, Lemma 3.2].
The second estimate follows from the following result (which we will prove in
Sect. 5) and Fatou’s lemma.

Proposition3.5 Let 0 < k- < k4 < oo and k,k € [k_,k4]) Lett € [0,T],
6 €10,1], and |x| < 6. Then, for1 < p <1+ %, there exists C < 00, depending
onk_, ky, T, and p, such that

E| £ (x +i8) — f*(x +i8)|” < Clvk — V&IP.

Ifp>1+ %, then for any ¢ > 0 there exists C < oo, depending on k_, k4, T, p,
and g, such that

. . .
E|f¥(x +i8) — fR(x +i8)|7 < Clvx — VR|Ps' T P72,

Remark 3.6 Following the proof of [10], in particular using [10, Lemma 2.3] and
Lemma 3.1, we can show

E|ff(x +i8) — ff(x +i8)*° < Clie — VR|Pes7+ e,
If we use this estimate instead, we can estimate

ly (6, k) — (s, ) < |y (t,6) — ¥ (5, ) + 1y (s, 1) — ¥ (5, 0]
S |V(t, K) - V(Sv K)'
+ 1y (s, 6) = fEG)| + 1 fEGy) — FRGI+ 1 FRGy) — v (5, %)
with y = |Ax|. Then, with

Ely(t, k) — y (s, )" < Clt — 5|72,
Ely (s, k) — f<(iy)* < Cy*™ = Clc — &[S,
E|f¥(iy) — fEGiy)P ¢ < Cle — k|22,
Theorem 2.8 applies if (%)_l +@+10"1"<1 < ¢+ x> 3, which happens

when « € [0, 8(2 — v/3)[ U 18(2 + v/3), co[ and with an appropriate choice of r.
Hence, we recover the continuity of SLE in the same range as in [10].
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. . o 2
Notice that for fixed ¥ > 0 the maximal value that ¢ + A can attain is % (% + %)

which is (for k < 8) less than p = 1 + % as in our Proposition 3.3. In other words,
Proposition 3.3 is really an improvement to [10].

Below we write xT = x v 0 forx € R.

Corollary 3.7 Under the same conditions as in Proposition 3.5 we have
E|(f¥)'(i8) — (fF)(i8)|? < ClVk — VR|ps—p=r=i=3+o
where C < oo depends on k—, k+, T, p, and ¢.

Proof For a holomorphic function f:H — H, Cauchy Integral Formula tells us that

dw

fio = o— [ L

i2m Jo (w—i8)2

where we let o be a circle of radius §/2 around i§. Consequently,

1 / | (w) — £F(w) dol.

() @8) = (D)) < o~ 77

For all w on the circle ¢ we have Sw € [§/2,35/2] and Hw € [—5/2,5/2].
Therefore Proposition 3.5 implies

E|f*(w) — fE )P < ClAYk|Ps~P=1—2+",

By Minkowski’s inequality,

. . 1 E| f¥ _ fK p1/p p
EI(/9)(8) — (f5) ()P < (E / Gl w) 52/{1 D |dw|) ,

and the result follows since the length of « is 7 4. O

With Proposition 3.3, we can now apply Theorem 2.8 to construct a Holder con-
tinuous version of the map y = y(t, k), whose Holder constants have some finite
moments.

There is just one detail we still have to take into consideration. In order to apply
Theorem 2.8, we have to use one common exponent A on the entire range of k where
we want to apply the GRR lemma. Of course, we can choose new values for A again
when we consider a different range of «.

Alternatively, we could formulate our GRR version to allow exponents to vary with
the parameters. But this will not be necessary since we can break our desired interval
for « into subintervals.
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Proof of Theorem 3.2 Consider the joint SLE, process in some range « € [k_, k4].
We can assume that the interval [k_, k1] is so small that A(k) and ¢ (k) are almost
constant. Otherwise, break [k_, k4] into small subintervals and consider each of them
separately.

We perform the proof in three parts. First we construct a continuous version y
of y using Theorem 2.8. Then, using Lemma 2.1, we show that y is jointly Holder
continuous in both variables. Finally, we show that for each «, the path y(-, k) is
indeed the SLE, trace generated by /k B.

Part 1 For the first part, we would like to apply Theorem 2.8. There is just one technical
detail we need to account for. In the estimates of Proposition 3.3, there is a singularity
attime r = 0, but we have not formulated Theorem 2.8 to allow C’ to have a singularity.
Therefore, it is easier to apply Theorem 2.8 on the domain [, 1] x [k_, k] withe > O.
With ¢ N\ 0, we obtain a continuous version of y on the domain 10, 1] x [k_, kt].
Due to the local growth property of Loewner chains, we must have lim,\ o y (f, ) = 0
uniformly in «, so we actually have a continuous version of y on [0, 1] x [«k_, /c+].4

Now we apply Proposition 3.3 on the domain [e, 1] x [k_, x4 ]. For this, we pick

A>1re <re(k),andp € [1,1 + %[in such away that A, = Aforallk € [xk_, k4+].

The condition to apply Theorem 2.8 is then (<32)™! + p~! < 1.
A computation shows that ¢ + 1 = Zr (l + % - r) attains its maximal value

T (% + %)2 atr = % + % = r.. Note also that A(r.) = 1 + % + 3%/( > 1. Recall from

above that we can pick any p < 1 + % Therefore, the condition for the exponents is

2
+
(s 143

2 K K

8
<1 <:)/c<§.

This completes the first part of the proof and gives us a continuous random field y.
Part 2 Now that we have a random continuous function y, we can apply Lemma
2.1. As in the proof of Theorem 2.8, we show that the integrals (6) and (7) have finite
expectation, and therefore are almost surely finite. Denoting | A1 (¢, s; k)| := |y (¢, k) —
y (s, k)|, |A2(s; k, k)| = |y(s,k) — y(s, k)|, and the corresponding integrals by
M1, M>, we have by Proposition 3.3

EM; < // (a(t) +a()|t — s|CTV2P gt ds d,

EM, < // Ik — kPP ds di di.

Picking 81 = % + 1 —¢, Bo = p+ 1 — g, the condition for the exponents is again
( %)_1 + p~! < 1. Additionally, we need to account for the singularity at # = 0 in

the first integrand. This is not a problem if the function a(r) = t~%/% v 1 is integrable.

4 Alternatively, we could also use the same strategy as in the proof of Theorem 2.8, and deduce the result
directly from Lemma 2.1.
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To make a(t) =t~ ¢/2 v 1 integrable, we would like to have ¢ < 2.5 Recall that
{=r— % from (17). In case x > 1, we always have ¢ < 2. Incase x < 1, we have
¢ <2forr < %(1 — /1 — k), orequivalently A(r) < 3 —+/1 — k. Therefore we can
certainly find r suchthat{ <2and ¢ +A~2+ B —-+/1—«k),andp~9 <1+ %.
The condition (*3%)~! + p~! < 1 is still fulfilled.

This proves the statements about the Holder continuity of y.

Part 3 In the final part, we show that for each «, the path y (-, ) is indeed the SLE,
trace generated by /k B.

First, we fix a countable dense subset IC in [k_, k4]. There exists a set €] of
probability 1 such that for all w € Q, all k € K, y (k, t) exists and is continuous in ¢.

Since y is a version of y, for all 7,

P(y(t,/c) =vy(t,k) forallk € IC) =1.

Hence, there exists a set €2, with probability 1 such that for all ® € 25, we have
y(t,k) = y(t, k) for all k € K and almost all ¢. Restricted to w € Q23 = Q1 N Qy,
the previous statement is true for all x € K and all 7. We claim that on the set Q23 of
probability 1, the path t — 7 (, k) is indeed the SLE,, trace driven by /k B. This can
be shown in the same way as [16, Theorem 4.7].

Indeed, fix t € [0, 1] and let H; = f/(H). We show that H; is the unbounded
connected component of H\y ([0, 7], ©). Find a sequence of k, € K with x, — «
and let (/") be the corresponding inverse Loewner maps. Since VknB — kB,
the Loewner differential equation implies that f;" — f* uniformly on each com-
pact set of H. By the chordal version of the Carathéodory kernel theorem (see
[17, Theorem 1.8]) which can be easily shown with the obvious adaptions, it fol-
lows that H/" — H, in the sense of kernel convergence. Since k, € K, we have
H,K” = H\y ([0, ], k,) = H\yp ([0, ], k). Therefore, the definitions of kernel con-
vergence and the uniform continuity of y imply that H, is the unbounded connected
component of H\y ([0, t], k). O

By Theorem 3.2, we now know that with probability one, the SLE, trace y =
y (¢, k) is jointly continuous in [0, 1] x [«_, «4]. Similarly, applying Corollary 2.14,
we can show the following.

Theorem 3.8 Let 0 < k— < ky < 8/3. Let y* be the SLE, trace driven by \/k B,
and assume it is jointly continuous in (t, k) € [0, 1] x [«k_, k1 ]. Consider y* as an
element of C°([0, 11) (with the metric || - ||s0).

Then for some 0 < p < 1/n (withn from Theorem 3.2), the p-variation of k — y*,
Kk € [k—, k4], is a.s. finite and bounded by some random variable C, depending on
K—, K4, that has finite A\th moment for some A > 1.

We know that for fixed k < 4, the SLE, trace is almost surely simple. It is natural
to expect that there is a common set of probability 1 where all SLE,. traces, k < 8/3,
are simple. This is indeed true.

5 Alternatively, we can drop this condition if we make statements about the SLE, processonly ont € [e, 1]
for some ¢ > 0.

6 Actually, there is only one component because it will turn out that y (-, k) is a simple trace.
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Theorem 3.9 Let B be a standard Brownian motion. We have with probability 1 that
for all k < 8/3 the SLE, trace driven by \/« B is simple.

Proof As shown in [18, Theorem 6.1], due to the independent stationary increments
of Brownian motion, this is equivalent to saying that K;” N R = {0} for all 7 and «,
where Kf = {z € H | T} < t} (the upper index denotes the dependence on «).

Let (g/(x)),;>0 satisfy (15) with go(x) = x and driving function U (1) = /k B;.
Then X; = M\/ﬁ/ﬂg’ satisfies

2
ax, = 2 ar _aB,.
X

i.e. X isa Bessel process of dimension 14 %. The statement K/ NR = {0} is equivalent
to saying that X # O for all x # 0 and s € [0, ¢]. This is a well-known property of
Bessel processes, and stated in the lemma below. O

Lemma 3.10 Let B be a standard Brownian motion and suppose that we have a family
of stochastic processes X%, k, x > 0, that satisfy

" 2/k
K, X
N

XS x4 B+ ds. 110, T

where Ty, = inf{t > 0| X = 0}.
Then we have with probability 1 that Ty , = oo for all k < 4 and x > 0.

Proof For fixed k < 4, seee.g. [14, Proposition 1.21]. To get the resul~t simultaneously
for all «, use the property that if « < & and x > 0, then X;* > X forall t > 0,
which follows from Gronwall’s inequality. O

3.2 Stochastic continuity of SLE, in k

In the previous section, we have shown almost sure continuity of SLE, in « (in the
range k € [0, 8/3[). Weaker forms of continuity are easier to prove, and hold on a
larger range of k. We will show here that stochastic continuity (also continuity in L? ()
sense for some ¢ > 1 depending on k) for all ¥ # 8 is an immediate consequence of
our estimates. Below we write || f||c«[q,5] := SUp W with sup taken over all
s < tinla,b].

Theorem 3.11 Let k > 0, k # 8. Then there exists« >0, g > 1, r > 0, and C < 00
(depending on «) such that if k is sufficiently close to k (where “sufficiently close”
depends on k), then

E [y ¢ ) = 7 @) g, ] = Cle = I

In particular, if k, — « exponentially fast, then |y (-, k) — v (-, kp)llce0,1] — 0O
almost surely.
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Note that without sufficiently fast convergence of k, — « it is not clear whether
we can pass from L?-convergence to almost sure convergence.

Proof Fix «,k # 8. We apply Corollary 2.11 to the function G : [0,1] — C,
G(t) = y(t, k) — y(t, k). We have

IG(t) =G| =yt ) =y, )+ [y, &) =y (s, ) Lj—s)<c—z|
+ (y @) =y, Ol + 1y (s, 6) =y (s, D Lj—g>—|
=: A1(t,s) + Ax(t,s)

where by Proposition 3.3

ElA (1, 5)]* < Cla' () +a' () It — s 1y <je—zys
ElAz(t, )P < Cle — &P 1ji—g|> jk—7]

for suitable A > 1, p € [1, 1 + %[.
It follows that, for g1, B2 > 0,

At s)|*
11«:/ 1416, 917 S? dtdst// @' (1) +a'(9)) |t — s|CTH2=Pr gy ds
|t —s|P1 It —s|<lk—|

<Clk — IZ|(§+)~)/2—/31+1’

Ar(t, $)|P
//' 20, 9)| dtdstlfc—féV’// It — 5|72 di ds
|t — 5P lt—s|> |k —F|

< Clk —k|P~P2H1

if <2and gy < &2 + 1.

Recall that if « ;é 8 and « is sufficiently close to «, then the parameters A, ¢ are
almost the same for x and i, and (see the proof of Theorem 3.2) they can be picked such
that { < 2and ¢ +A > 2. Hence, we can pick 1, B2 > 2suchthat2 < 8; < %—i—l
and2 < B < 1+p<2+§.

The result follows from Corollary 2.11, where we take o = % AL 2p—2 and
q = A A p, which implies

At a/x Astt ) NP
E 1G],y <CE[(// e ) (// e ds) |

O

Corollary 3.12 For any k > 0, k # 8 and any sequence k, — « we then have
Iy — v*"l p-var:10,1] = O in probability, for any p > (1 4k /8) A 2.

Proof Theorem 3.11 immediately implies the statement with |-||s. To upgrade the
result to Holder and p-variation topologies, recall the following general fact which
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follows from the interpolation inequalities for Holder and p-variation constants (see
e.g. [6, Proposition 5.5]):

Suppose X,,, X are continuous stochastic processes such that for every ¢ > 0
there exists M > 0 such that P(|| X, p-var;j0,7] > M) < & forall n. If X,, — X in
probability with respect to the || - || o topology, then also with respect to the p’-variation
topology for any p’ > p. The analogous statement holds for Holder topologies with
o <a<l.

In order to apply this fact, we can use [5, Theorem 5.2 and 6.1] which bound the
moments of || || p-yar and ||y ||ce. The values for p and « have also been computed
there. O

4 Convergence results

Here we prove a stronger version of Theorem 3.2, namely uniform convergence (even
convergence in Holder sense) of f," (iy) as y N\ 0. For this result, we really use the
full power of Lemma 2.1 (actually Lemma 2.13 as we will explain later). We point
out that this is a stronger result than Theorem 1.1, and that our previous proofs of
Theorem 1.1 and 1.2 do not rely on this section.

The Holder continuity in Theorem 3.2 induces an (inhomogeneous) Holder space,
with (inhomogeneous) Holder constant that we denote by

Iy lcen = sup ly(t, k) —y(s, k)]
(1) £(s,i) [T — 8%+ [k — K[!

As before, we write

'y A
otk y) = /0 \GFY )l du.

Theorem4.1 Let k- > 0, ky < 8/3. Then |[v(-, -, ¥)lloo:[0, 11x[k_,cr] N O almost

surelyas 'y \( 0. Inparticular, f," (iy) converges uniformlyin (¢, x) € [0, 1]x [k—, k4]
asy \( 0.

Moreover, both functions converge also almost surely in the same Holder space
C"([0, 1] X [k—, k+]) as in Theorem 3.2.
_ Moreover, the (random) Holder constants of v(-,-,y) and (t,k) — |y(t,k) —
[ @y)| satisfy
Ellv(:, - Wllgan] < €Y and Ellly () = £ (@y)lgan] < CY
forsome ) > 1,r > 0and C < 0o, and all y € 10, 1].

As a consequence, we obtain also an improved version of [10, Lemma 3.3].
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Corollary 4.2 Let k_ > 0, k4 < 8/3. Then there exist B < 1 and a random variable
c(w) < oo such that almost surely

sup I(F9) ()] < c(w)y™
(t,k)€l0,1]x[k— k4]

forally €10, 1].

Proof By Koebe’s 1/4-Theorem we have yl(ft")’(iy)| < 4dist(ff(iy), OHf) <
4v(t, k, y). Theorem 4.1 and the Borel-Cantelli lemma imply

oG, 2 oo <27

for some r’ > 0 and sufficiently large (depending on ) n. The result then follows by
Koebe’s distortion theorem (with 8 = 1 — r'). O

The same method as Theorem 4.1 can be used to show the existence and Holder
continuity of the SLE, trace for fixed x # 8, avoiding a Borel-Cantelli argument. The
best way of formulating this result is the terminology in [5].

For § € 10, 1[, g € ]1, oo[, define the fractional Sobolev (Slobodeckij) semi-norm
of a measurable function x: [0, 1] — C as

1 1/q
lx(#) — x(s)|?
Ixlws.q := </ / |t—s|1+5‘1 dsdt) .

As aconsequence of the (classical) one-dimensional GRR inequality (see [6, Corollary
A.2 and A.3]), we have that for all § € 10, 1[, g € ]1, oo[ with § — 1/g > O, there
exists a constant C < oo such that for all x € C[0, 1] we have

xllcors.ep < Clixllwsags.
and
||x||p—va.r;[s,t] <Clt— s|a||x||W5»f1[5,t]v

where p =1/§ and @ =6 — 1/q, and ||x||ce(s,] and ||x || p-var;[s,.] denote the Holder
and p-variation constants of x, restricted to [s, ¢].
Fix « > 0, and as before, let

v
U(l’y)z/o | f! Giw)) du.

Recall the notation (17), and let A = A(r), ¢ = ¢(r) with some r < rq(x).
The following result is proved similarly to Theorem 4.1.
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Theorem 4.3 Let k # 8. Then for some o > 0 and some p < 1/« there almost surely
exists a continuous y: [0, 11 — H such that the function t — f;(iy) converges in C%

and p-variation toy as 'y \ 0.

More precisely, let k > 0 be arbitrary, { <2 and § € ]O, )in)f [ Then there exists

a random measurable function y: [0, 1] — H such that

Ellv(, ) ys. < CYME22 and Elly — f.iy) 1y, < Cy* T2
forall y € 10, 1], where C is a constant that depends on k, r, and §. Moreover, a.s.
oG, Mliws:. = 0and |ly — f.(@y)lwsr — 0asy N\ 0.

If additionally § € ]%, % [, then the same is true for || - ||1/5-var and || - || ce where

a=35—1/xn

Remark 4.4 The conditions for the exponents are the same as in [5]. In particular, the
result applies to the (for SLE, ) optimal p-variation and Holder exponents.

Proof of Theorem 4.1 We use the same setting as in the proof of Theorem 3.2. For
Kk < k4+ < 8/3, we choose p € [1,1 + %[, re < re(k), MK, re) = A > 1, and the
corresponding &, = ¢(k, r) as in the proof of Theorem 3.2. Again, we assume that
the interval [k_, k] is small enough so that A(«x) and ¢ (x) are almost constant.

Step 1 We would like to show that v and f (defined above) are Cauchy sequences
in the aforementioned Holder space as y Y\ 0. Therefore we will take differences
[v(-, -, y1) — v(-, -, y2)| and |f(iy1) - f(iy2)|, and estimate their Holder norms with
our GRR lemma. Note that it is not a priori clear that v(¢, «, y) is continuous in (¢, «),
but |v(t, k, y1) — v(t, k, y2)| = yy12 |(f,’()/(iu)| du certainly is, so the GRR lemma
can be applied to this function.

Consider the function

G(t,k) :=v(t,k,y)—v(t,k,y) = / |(ft")’(iu)|du.

y

The strategy will be to show that the condition of Lemma 2.1 is satisfied almost
surely for G. As in the proof of Kolmogorov’s continuity theorem, we do this by
showing that the expectation of the integrals (6), (7) are finite (after defining suitable
Ay, Azj) and converge to 0 as y \ 0. In particular, they are almost surely finite, so
Lemma 2.1 then implies that G is Holder continuous, with Holder constant bounded
in terms of the integrals (6), (7).

We would like to infer that almost surely the functions v(-, -, y), y > 0, form a
Cauchy sequence in the Holder space C*". But this is not immediately clear, therefore
we will bound the integrals (6), (7) by expressions that are decreasing in y. We will
also define Ay, Ay; here.

In order to do so, we estimate

G, 1) — G(s, &)

y n N y N e
< /O £ Gl = 1Y Gl | du+ /0 129 Gl = 1G5 G| du
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y " R y N A
5/0 I(f,’()/(iu)—(J%’()/(iu)lduvL/0 IS (Gu) — (f9) (u)| du
=1 Ap(t, 55 6) + A2y (55 K, &),

Moreover, the function é(t, K) = ft“(i y) — f," (iy1) also satisfies

1G(t, k) — G(s,K)| < Arx(t, 55 ) + Au(s; &, Q).

Therefore all our considerations for G apply also to G.

We want to estimate the difference |( f;‘ Y (iu) — ( f;’z)’ (iu)| differently for small
and large u (relatively to |Ax|), therefore we split Ay, into

YAk K\p/((ﬂ) R .
Ahmxﬁ>:[; P9 ) — (F5) ()| du

y ~ e
+‘/‘ Y ) — (FFY ()] du
VA= |P/E+R)

=: Aoy (s; K, K)
+ Axn(s; k, k).

We would like to apply Lemma 2.1 with these choices of A1, Az1, A2z. We denote

the integrals (6), (7) by
Arg(t, »
// AL SO,
o lr—slf

A
Mo, :—// A2 (53 &, ")| LS 6 ds di di,

k=R

A P
// |A(s: . K” ds dr di.
|K—K|ﬁ

Suppose that we can show that
E[M] Sy, E[My] Sy

for some » > 0. This would imply that they are almost surely finite, and that G and G
are Holder continuous with ||G||cen < Ml/)‘ + Ml/)‘ + Ml/p (same for é).

Notice that now A1y, A21, Ao, hence also MA*, M21, M22 are decreasing in y. So
as we let y, y; N\ 0, it would follow that

° E[HGII)@.U] < y’/ — 0 (same for é) with a (possibly) different »’ > 0. In
particular, as y N\ 0, the random functions v(-, -, y) and (¢, k) > ft"(iy) form
Cauchy sequences in L*(IP; C*"), and it follows that also E[|v(-, -, y)||ACa_,7] <
Y = 0and E[lly ¢, ) = £ (in)lEan] S 37— 0as y \0.
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e By the monotonicity of M 4, le, M>; in y we have that almost surely the func-
tions v(-, -, ¥) and (¢, k) — f(iy) are Cauchy sequences in the Holder space
con,

This will show Theorem 4.1.

Step 2 We now explain that in fact, our definition of A, does not always suffice, and
we need to define Ay; a bit differently in order to get the best estimates. The new
definition of Ay; will satisfy only the relaxed condition (14) [instead of (5)].

The reason is that, when |r —s| < u?, |ﬁ (iu)— ﬁ (iu)|is estimated by an expression
like | f(iu)||B; — Bs| which is of the order O (|t — s|!/2). The same is true for the
difference | f,’(i u)— fs’ (iu)| [see (20) below]. When we carry out the moment estimate
for our choice of Ay, then we will get

ElA1 (1, 50" = O(t = s|*2).
But recall from Proposition 3.3 that

Ely(t) =y ()" < Clt — 5|72,
which has allowed us to apply Lemma 2.1 with g & # + 1 in the proof of Theorem
3.2. When ¢ > 0, this was better than just A /2.

To fix this, we need to adjust our choice of A1 ;. In particular, we should not evaluate
IE|ft’(iu)—fs/(iuﬂA whenu > |r—s|!/? (here “>>” means “much larger”). As observed
in [9], |f;/(iu)| does not change much in time when u > |t — s|1/2
we have the following results.

. More precisely,

Lemmad4.5 Let (g;) be a chordal Loewner chain driven by U, and f,(z) = gt_l(z +
U(t)). Then, ift,s > 0and z = x +iy € H such that |t — s| < C/yz, we have

U (t) — U<s>|2>’

1@ = CIf () (1 + 7 (18)

R . R - U@ — U6\
7@ = £ = CIE @) (“y—s' U - U ) (1 + '(”y—z(”') )
(19)

A A A - Ut —U U — U Py
|f,’<z)—f;(z>|sC|f;<z>|<"y2S'+' (’)y Sl (1+' © = Sl ))

(20)
where C < oo depends on C' < 00, and | < 00 is a universal constant.

Proof The first two inequalities (18) and (19) follow from [9, Lemma 3.5 and 3.2].
The third inequality (20) follows from (19) by the Cauchy integral formula in the same
way as in Corollary 3.7. Note that for z € H and w on a circle of radius y/2 around
Z, we have | fs’ (w)| < 12| fx’ (z)| by the Koebe distortion theorem. O
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We now redefine Ay ;. Let

172

YA|t—s| . .
An(t, 530 :/0 \flGu) — fluw) du,

Y |t —Sl 2.
At s:K) = L fru)
y

Alt=s|\2 U

sl 2+1 1/20)
Atesio = [ aA G0l (14 1Bl e ) =52 du,
,

Alt—s|1/2

for s < t, where the exponents 1/ 20) <1 /2 denote some numbers that we can pick
arbitrarily close to 1/2. (Of course, f, still depends on «, but for convenience we do
not write it for now.)

Note that the integrands in A2 and A3 just make fancy bounds of

|f i) — flGw)l,

according to (20). But now, in A3 we are not integrating up to y any more. Thus, the
condition (5) is not satisfied any more. But the relaxed condition (14) of Lemma 2.13
is still satisfied. Indeed, by (20),

y

Ar(t,s:6) < Ay (1, 53 k) +/ | fl Giu) — fl(iu)| du

yA|t—s|1/2

< An(t, s k) + A, s; k)

4 1y pr I+1 )
b [ G (1 1B ) s d
y

Alt—s|1/2

where by (18)

y A I+1 -
/ wT RG] (1T 1Bl o ) =l du
;

Alt—s|1/2

Uoga (72 /1t=sD1 .y n2(4k(—s))!/2

- Z /y/\(4k|t—S|)1/2

k=0

Llog, (y2/11—s)] o

= Y DA+ 4 )+ 4G - )i
k=0

whenever |s — 1| < 2|r —s| (implying |s — (r] +4% (s —11))| < (4 =1)2]r —s| < 2u?).

Finally, with this definition of A3, we truly have E|A3(z, s; K)IAH = O0(t —
s|(§+”(7>/2) and not just O (|t — s|*/?); here A(7) < A is an exponent that can be
chosen arbitrarily close to A.
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Proposition 4.6 With the above notation and assumptions, if 1 < f; < §+A + 1,
1 < By < p+1, we have

Aqj(t, A
///I 1|;(_ j|ﬁ/f)| dsdtdrk < C)’§+Afz/31+2//a(s,§,()dsd/c, ji=12,

A ‘, A 3 ~
// | 135 5 |';)I dsdt dic < Cy&+D' 7 -2B1+2 //a(s’g)ﬂ ) ds .
— S

A A
///I T;(S_K OF Jsdic dic < Cy@+p—ptn/p //a(s to)ds dr.

// [An(si k. O 0 e o CyC+R(p=prt/p
Kk —&)R N ’

where C depends on k_, k4, A, p, B1, P2

Proof These follow from direct computations making use of Lemma 3.1 and Corollary
3.7. They can be found in the appendix of the arXiv version of this paper. O

Recall that the condition for Lemma 2.1 is (81 — 2)(82 — 2) — 1 > 0. With
B < “‘; + 1, B> < p + 1 this is again the condition (H)‘) '+ p~! < 1, which
leads tOK < § Moreover, we need the additional condition ﬁ ‘ < 1/2) for Lemma
2.13, which is implied by ¢ < 2.

The same analysis of A and ¢ as in the proof of Theorem 3.2 applies here. This
finishes the proof of Theorem 4.1. O

5 Proof of Proposition 3.5
The proof is based on the methods of [10,15].
Lett > 0and U € C([0, t]; R). We study the chordal Loewner chain (gy)se[0,7] in

H driven by U, i.e. the solution of (15). Let V(s) = U(t —s) — U(¢), s € [0, t], and
consider the solution of the reverse flow

-2
Oshs(z) = m: ho(z) = z. 21

The Loewner equation implies /;(z) = g,_1 z+U@)-UQ@) = f,(z) —U(t).
Let xg +iys = 2y = z3(z) = hy(z) — V(s). Recall that

x2—y?
(2+y)2

yz?
h = —dl? .
|hs ()| = eXP( / (2 +12)2 )

9 log |y ()| =

and therefore
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For r € [0, t], denote by A, s the reverse Loewner flow driven by V(s) — V (r),
s € [r, t]. More specifically,

-2
(hrs(zr(2)) + V() = V(s)’
hr,r(Zr(Z)) +V@) =2+ V() =h(2),

av(hr,s(zr(z)) + V() =

which implies from (21) that

hy s Gr(2) + V() = hs(2)
and z, 5(z,(z)) = z5(z) foralls € [r, ?].

This implies also

_ yﬁ
B (2(2)] = —dﬁ .
| rs(Z (Z))l eXP( / ( 19 +y19)2 )

The following result is essentially [10, Lemma 2.3], stated in a more refined way.

Lemma5.1 Let VI, V2 € C([0, t]: R), and denote by (hj) the reverse Loewnerﬂow
driven by VI, j = 1,2, respectively. For z = x + iy, denoting xj + iyl = z] =
h] (z) — VI(s), we have

Ih}(z) — B2 (2)]

1
1/4|(h t) (Z )(h ) (22)|1/4ds

<2(y* +4r>1/4/ Vi) = Vi) ——
|z] |<ys)

Proof The proof of [10, Lemma 2.3] shows that
|h} () — h}(2)]

/ Vi) — v2<s>|

/ . xl’xl’z_yﬁyg —dv ) ds
s ((x,}) +(y,9) )((-xﬁ) +(y§) )

The claim follows by estimating

/ xz?xr? - yﬁyﬂ
((?Cg)2 + ()’19)2)((360)2 + (yﬂ)z)

x1x2
<2/ 970
T (D D)3 + (wz)

)2 12
< l_[ < / +dﬁ>
()2 + (y5))?

j=12
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t IN2  dN2 t 172
(5[ 200 [ 2 )
2Js ()2 + (2 2Js 2+ )2

j=1,2
. j 1/2
= [T (5 loeltf @i+ log—
j=1.2 ¥
1 Y
< 'Z <4log|(h ) (zs>|+-1og—’>
j=12 )’s
and y,j < /% + 4¢. (In the last line we used vab < % fora,b > 0.) O

5.1 Taking moments

Let k<, & > 0, and let V! = JKkB, v: = «/EB, where B is a standard Brownian
motion. In the following, C will always denote a finite deterministic constant that
might change from line to line.

Lemma 5.1 and the Cauchy—Schwarz inequality imply

Elh) (z) — hZ(z)|P

1 P
<C|AI|PE‘/ Bl zlWI<h},z>/(z§><h3,z>/<z?)l““ds
p/2

< C|AVKIPE /| By|—— |k ) (D) ds

,1_1[2 2] |2 o )1/2 !

; | 12

< C|AVk|P ( /| By|—— (k] ) D))" ds ) )

]1_1[2 122 <ys>1/2 !

Now the flows for k and k¥ can be studied separately. We see that as long as the
above integral is bounded, then E|A /chy (2)P < |A /K |P. Heuristically, the typical
growth of y; is like /s, as was shown in [15]. Therefore, we expect the integrand to
be bounded by s!/271=1/4=8/4 — §=G+F)/4 which is integrable since f = B(k) < 1
for k # 8.

In order to make the idea precise, we will reparametrise the integral in order to
match the setting in [15] and apply their results.

5.2 Reparametrisation

Let « > 0. In [15], the flow
hhy(2) = ———=. ho(2) =2z, (23)
By

@ Springer



104 P.K.Frizetal.

. 2, . .
with a = — is considered. To translate our notation, observe that
K

—2/k
hs//c (2) — \/EBS/K ’

ashs/K () =

If we let By = \/k By, then
hyje(2) = hs(z2) = hy(2) = his(2).

Moreover, if we let 7 = hs(z) — By, then z; = hy(z) — VK By = Zys.
Therefore,

t
1/2 _
/| By |2 1/2|hb,<zb>| ds—/o b ‘mz

Kt
=/0 _3/2|B || |2 1/2|th,(Zs)| 12 ds.
S

1
~1/2|hm G2 ds

For notational simplicity, we will write just ¢ instead of ¢ and B, hy, z, instead of
B, hy, Z.
In the next step, we will let the flow start at zo = i instead of i§. Observe that
—a
8§ Vhg(82) — 8 1By’

35 (8™ hy2s(82)) =
so we can write hy(5z7) = 5%/32 (z) where (hy) is driven by s! Bs>, =: Bs. Note that

fz;/gz(z) = h.(87). As before, we denote z; = hy(5z) — By and Z; = hy(z) — By,
where z; = 8% /52. Consequently,

/| By —— |2 1/2|hs,<zé>|1/2ds

— |61§ 2| ! ! \i G, )2 ds
0 s/8 82|z, 52|281/2~1/22 5/82,1/82 %5 /8

32 )
=53/ / |Bs/8 | |2 ~1/2| e, t/52(Z?/52)|/ ds

" 1/82 1
=35 /0 |B|| 3 l/2|hs,/62(zs)|

Again, for notational simplicity we will stop writing the ~ from now on.
Now, let zo = i, and (cf. [15])

N
o (s) = inf(r | yr = €™} = / 2o dr
0
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which is random and strictly increasing in s.
Then

1/2 5 ., 1/2
§ A |BS|mwlhs’I/52(&)| ds
b N

12 o /) o, 12
= 5V / Bl =, ) 452 Gorto) V2 ds.
0 ya(s)

This is the integral we will work with.
To sum it up, we have the following.

Proposition 5.2 Ler z € H, and (hs(82))s>0 satisfy (21) with V(s) = /kBs and a
standard Brownian motion B, and (fz s(2))s>0 satisfy (23) with a standard Brownian
motion B. Let Xs+iys =25 = hs(82) =V (s), and Xs +iys = 75 = ﬁs (2) — BY. Then,
with the notations above,

t 1 1
|Bs|—5 —5 |1, ,(zs)|/? ds
/0 0y |Z_y|2ysl/2 s,t s

has the same law as

—3/2¢1/2 o (Kt/BZ) D 1 7/ ~ 1/2
K / ) / / |BJ(S)|W|ho'(s),Kt/52(Za(s))| / ds.
0 Yo(s)

(Recall that Y55y = €%*.)
5.3 Main proof

2
In the following, we fix k € [k_, k4], a = —, and let (hs(x +i))s>0 satisfy (23) with
K
initial point zo = x + i, |x| < 1.
Our goal is to estimate

12 o) 1, 12 !
E 8 /0 |B‘7(‘Y)|Wlha(s),t/(SZ(Z”(s)N dS

a(s)

P
=E

o0
1
o /0 Losy2o/921 Bo ol 73 ) 152 Go o))/ ds
y

o(s)
With (22) and Proposition 5.2 this will complete the proof of Proposition 3.5.
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From the definition of o it follows that o (s) > fos e2ar dr = %(62” — 1), or
equivalently, o 1 (r) < % log(1 4 2at). Therefore, o~ (1/8%) < Lll log % and

P

1/2 s 1 ’ 1/2
E|s /() |BJ(S)|W|hU(S),t/82(ZO-(S))| ds

o(s)

llog% 1 1/p
2 “ 2
<sv/ /0 <E|:lo(s)§t/52|B<’(s)|pypT|h;<x>,z/s2(sz(f))|p/ ]) ds
o(s)

p

(24)

where we have applied Minkowski’s inequality to pull the moment inside the integral.

To proceed, we need to know more about the behaviour of the reverse SLE flow,

which also incorporates the behaviour of o. This has been studied in [15]. Their tool
Xo(s)

was to study the process J; defined by sinh J; = Yoy = e “xg(5). By [15, Lemma

6.1], this process satisfies
dJ; = —r.tanh Jyds + dW;

where W = [ o (s) 1 d B, is a standard Brownian motion and r is defined in (17).
The following results have been originally stated for an equivalent probability mea-
sure P, depending on a parameter r, such that

dJ; = —qtanh Jyds +dW;

with ¢ > 0 and a process W* that is a Brownian motion under P,. But setting the
parameter r = 0, we have P, = P, ¢ = r., and W* = W. Therefore, under the
measure P, the results apply with g = ..

Note also that although the results were originally stated for a reverse SLE flow
starting at zo = i, they can be written for flows starting at zop = x + i Without change
of the proof. One just uses [15, Lemma 7.1 (28)] with cosh Jy = +/1 + x2

Recall that [9,15] use the notation sinh J; = );”ES; and hence cosh? J; = 1 + “(j)
o a(r)

Lemma 5.3 [9, Lemma 5.6] Suppose zo = x + i. There exists a constant C < 00,
depending on k_, k., such that for each s > 0, u > O there exists an event E,, ; with

P(EC,) < C(1 + x>)cu=%e

S, u

on which

2
X
o(s) <u’e®™ and 1+ $ < u2/4.
yo(s)
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Fix s € [0, t]. Let

2
E, = {a(s) < u%e25 apd 1 + 28 ”(”
ya(é)

and A, = Eexpn)\ Eexp(n—1) forn > 1, and A9 = E;. Then
P(An) < P(Egpuo1) < C(1+x%) e, (25)

(The constant C may change from line to line.)

Lemma 5.4 (see proof of [9, Lemma 5.7]) Suppose zo = x + i. There exists C < 00,
depending on k_, and a global constant o > 0, such that forall s > 0, u > /1 4+ x2,
and k > 2a we have

P (O'(S) < u2€2as and 1 4+ 2 U( ) > u e < C(l +x2)rcu—2h:e—(¥(k—261)2'
yo(s)

We proceed to estimating

1
E [1An Lo/ Bool” p/2_|h:7(s),t/52(Z0(S))|p/2:|
ya(s)

1
=E |:1An la(s)<z/62|BU(S)| 2 [Ih:r(s),z/(SZ(ZU(S)”p/z | ]:0(5)]:| (26)
ya(v)

where F is the filtration generated by B.
Note that y,(5) = e*® by the definition of o. Moreover, on the set A,,, the Brownian
motion is easy to handle since by Holder’s inequality

E[1a,15(5)<1/52|Bo(s)|’1 < E |:1Anl(7(s)<t/82 sup |Br|p:|
]

re[o,eZnechx

sP(Am{o(smt/sz})‘EE[ sup |Br|P/f}

re[(),eznl’z‘“]

< CP(A, N{o(s) < 1/82)' ¢ PeP®s 27)

for any ¢ > 0.
It remains to handle E [|h;<s)’t/(32 (zg(‘g))|l7/2 | .7-"(,(5)].

The following result is well-known and follows from the Schwarz lemma and
mapping the unit disc to the half-plane.

Lemmab5.5 Let f:H — H be a holomorphic function. Then | f'(z)| < 3(33‘(5)) for all
z e H.
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Recall that the Loewner equation implies

Shy (5152 @) = Yijsz </ 1+ 2at /82 < C57".

Let ¢ > 0. By the lemma above, we can estimate

E [11] . GoIP? | Foiy]

< Ov) PP 10 ) o) ] For)]. (28)

From [9, Lemma 3.2] it follows that there exists some / > 0 such that

x2 !
|h:r(s),t/82(zf7(s))| <C <1 + ;_(S)> |h;(s),,/52(l')’a(s))|~ (29)
o(s)
We claim that
E[ 1K, ) 172 (o) | Fon| = € (30)

if ¢ > 0 is sufficiently small.
To see this, first recall that for small ¢ > 0 we have

E[lm ()] <C (31)

uniformly in # > 1. This follows from [9, Theorem 5.4] or, even more elementary,
from the proof of [18, Theorem 3.2].

Now approximate o (s) by simple stopping times ¢ > o (s). A possible choice is
& = [0(s)2"]27" A t/82. It suffices to show

E I:lht/},l‘/SZ(iyU(S)”ep/z | -7:0'(_9)] <C

and then apply Fatou’s lemma to pass to the limit.

Now that ¢ is simple, we can apply (31) on each set F, = {6 = r}. Using the
strong Markov property of Brownian motion and the scaling invariance of SLE, we
get

E 15 I, e P2 | Fo| = 1RE[ I, ptie™) 72

=1 FyE |:|h;—2as (t/b‘zfr) (l) |£[7/2:|
15.C

IA

and the claim follows.
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Combining (28)—(30), we have

¥2 lep/2
2 —(1—&)p/2 ,—(1—e)p/2 o (s)
B[ I ) g5 GoonIP/2 | Foe)| = €670y 700 <1+—y2 )
o(s)

W) lep/2
< C(S—(l—e)p/Z e—(l—s)pas/Z <1 + U(S)>

2
ya(s)
(32)
where on the set A,, we have
2
1+ x;(S) §e2”.
y(T(S)
Proceeding from (26), we get from (32) and (27)
1
E [u,,la(s)f,/auBg(snPWE [|h;(s)’,/52(za<s>>|f’/2 | fa@)]}
Yo (s)

<CE [IA,, Lo 5yt /5° L ¢~ Pas/2 g—(1=&)p/2 e—(l—s)paS/Zenlap:I
< C(Sf(lfg)p/Z enlsp efpaerspas/Z P(A, N{o(s) < t/62})176 e'"P oPas
— Ca—(l—&)p/z enp+nlap e&‘pas/z ]P(An N {U(S) S t/82})1—8. (33)

We would like to sum this expression in n.

Proposition 5.6 Let o (s) and A, be defined as above. Then

Y et (A, N {o(s) <1/67)'°
neN

- C ifp+lep —2r.(1 —¢) <0
= | Clem s ysyrtier=ed=afp lep — 2ro(1 — £) > 0

where C < oo depends on k_, k4, p, and .

Proof We distinguish two cases. If n < log(y/1/8) — as + 1 + a, we have [by (25)]

Z enp+nlsp ]P)(An)l—s
nflog(ﬁ/S)—aH—l—i—a
<C Z ppnlep ,=2nre(1—¢)
n<log(y/t/8)—as+1+a
- C if p+lep —2r.(1—¢) <0
T | Clem 1 8)ptier=2re(=6)  if p 4 lep — 2r.(1 — &) > 0.
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For n > log(+/t/8) — as + 1 + a, we have e2(=De2as . 1/82 and therefore (by
the definition of A,)

AnNio(s) <1/8%) C ES  N{o(s) <1/8%)

2
X
S {U(S) <1/8%and 1 + % I
Yo (s)

so Lemma 5.4, applied to u = ¢~%*/t/8 and k = 2(n — 1) — 2(log(y/1/8) — as),
implies
P(An N {U(S) < t/82}) < C (e—asﬁ/a)—Zr(. e—(x(Z(n—l)—2(10g(ﬁ/8)—as)—2a)2
—C (e—as\/;/a)—%c e—Za(n—(log(\ﬁ/é)—ax+l+a))2.

Consequently,

> "ML P(A, N o (s) < 1/87)! ¢
n>log(\/;/3)—as+1+a
< C(e—as«/;/(s)p-i-lsp Zenp-‘rnlsp (e—asﬁ/a)—Zrc(l—s) e—2a(1—8)n2
neN
< C(e_as\/;/5)p+l‘9p_2r"(1_8).

o
Hence, by (33) and Proposition 5.6,
1 2
E {%(s)sr/az'Ba(s)l”p/z 11 (5,082 G )1 }
ya(x)
> 1
2
= D Bl 1,12 Bowl” —7m ) 152 Go))”!
n=0 Yo (s)
C 5~ 1=e)p/2 pepas/2 if p+lep —2re(l—g) <0
= | csmU=or/2 (pmas Jrys)pHEp=2re(1=€) gepas/2if 4 lep — 2rc(1 — &) > 0.
(34)
Finally, if p +lep — 2r.(1 — &) < 0, we estimate (24) with (34), so
1/2 0*1(1/32) 1 1/2 !
E|5/ / 1Boo| =75 Ih] 5 Goo |2 d
0 Yo(s)
llog% 1 1/p p
2 “ 2
=< 5‘D/ /0 <E |:1a(s)§t/52|BU(S)|pWlh;(s)’,/gz(zcr(‘?)ﬂp/ :|> ds
o(s)
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Liog €
< csr? / ’ <5—<1—e>p/2 espas/Z)”” ds
0

1 c p

Liog €
= C§¢r/? /a ’ 12 g
0

<C.

Since ¢ > 0 can be chosen as small as we want, the condition to apply this is
p<2r.=1+ %.
On the other hand, if p + lep — 2r.(1 — ¢) > 0, we have

12 o/ [ 12 g
E|s / 1Bl =W, ) 2 Goto) V2 s
0 o (s)
/2 %log% —(1—¢&)p/2 ; —as +lep—2r.(1—¢) _epas/2 1/p
< Cs? (5 PI2 (¢~ 7 18y PHEP=2re(1=0) pep ) ds
0

llogg p
< C§eP/2=(pHlep=2re(1=¢)) /“ 8 o0&/ 2=(+e=2rc(1=6)/P) gg
0

_Je ife/2—(1+1le—2r.(1-¢)/p) >0

— | cser/2=(pHlep=2re(=6) i /2 — (1 41 —2r.(1 —g)/p) <O
C if2r.(1—e)— p(l4+e(l—1/2))>0
Cs¥ed=e)=pU+e=1/2)  if2p (1 —g) — p(1+¢e(l — 1/2)) < 0.

Since ¢ > 0 can be chosen as small as we want, the condition to apply this is
p>2r.=1+ %, and the exponent can be chosen to be greater than 2r, — p — &’ for
any ¢’ > 0.

With this estimate for (24), the proof of Proposition 3.5 is complete.
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