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We write this note to correct [1, (6.9), (6.13), (7.1), (7.2)] because there was one term
missed in [1, (6.9)]. To estimate this missed term, we need to add an extra condition
to [1, Assumption 2.1]:

Assumption 2.1 g € C3(RY, R?), and there exist § > 0 and 61, 6, 63, 6} > 0 such
that the conditions (2.3) and (2.4) in [1] hold, i.e.,

(u, Vug(x)) < —6 (14 611x|%) Jul?, Vu,x e RY
Vi, Vin g (0] < 03(1 4 601 1xD? 7y |ual, Y ur,uz, x € RY.

and additionally,
Vi Vi, Vi g0 < 03(1+ D™ [Jualusl, ¥ ur,ua, uz,x € RY;
Under the above-strengthened Assumption 2.1, all the conclusions and examples in

[17 still hold true, except that all the constants Cy therein will depend on the constants
in the new assumption.

The original article can be found online at https://doi.org/10.1007/s00440-018-0874-5.
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Before correcting [1, (6.9), (6.13), (7.1), (7.2)], let us recall some notations in [1],
give the missed term, and prove an auxiliary lemma. Let u, uy, ur € R?, recall

1 t
L =—= /0 (VuXEdBy), T% (1) =TE (OIL (1) — Dy,IE (1)

with Vi, = [y vi(s)ds and v;(s) = ﬁvmx;f forO0 <s <randi = 1,2, see [,
(5.12),(5.13)]. The missed term is defined by

Rﬁ]m(t) = Vi, Vi, X5 — Dy, (Vy, X7).
Lemma 0.1 We have

IRy, O] = Coluallul,

uyp,up
Vs Ry, O < Colus|uz|lusl,
IDv, R, (D] < Colusl|luzlluil,

X
U,
foralluy,uy, u3, x € RY,

Proof The first bound follows immediately from [1, (5.7),(5.17)]. It is easy to check
that V,,, V,,, V,, X, satisfies the equation

d
7 Vs Vi Vi Xi = V8 (X0) Vi Vi Vi X + VZg(X)R1(1) + V3 g(X)Ra (1),

where R and R, are terms about first and second-order derivatives of X;. By [I,
(5.6), (5.7)], we have

R1(D)] < Colul|luzlluzl, [R2)| < Coluy|luzllusl.

Differentiating |V, V,, Vi, X; |> with respect to # and using the above two bounds, we
can prove by the same argument as showing [1, (5.7)]

|vu3vu2vulxt| < Cygluqlluz|lus|.

Similarly, first finding the differential equations of V,,Dv,V,, X;, Dv,V,,V,, X;,
Dy, Dy, V,, X;, and then using the same argument as above, we get

|VM3DV2VM1XI| = C9|u1||u2||u3|,
[Dv; Vi, Vi, Xi | < Coluy|luzllusl,
Dy Dy, Vi, X¢| < Coluy||uzl|us].

Collecting the previous estimates, we immediately obtain the other two estimates in
the lemma. o
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Correction to [1, (6.9), (6.13)]: The original [1, (6.9), (6.13)] should be corrected as
Vi, Vi Bl (X7)] = E[V,, 0 (X)) T, O] + E[VO(X))R,, 4, ()]

and
Vi, Vi, f(x) = /0 e "EA[ Vi, f(X7) = Vi, R(XD|Z;, (1) } di

+/O B[V (X)) — VAXD)|RE, (0} dr

foruy,ur, x € R4,

Proof We have
Vi, Vi, E[p (X)H] = E [szi’(xf)vuzvaul Xf] +E [Vfi’(xf)vuzvul Xf] ,

By [1, (5.14), (5.9), (5.11)],

E[ V20 (X)) Vi Xi Vi X7 ] 29 (X)) Dy, X Vi X |

B[V
E [DV2 (V¢(X;C))Vu1 X;C]
E[
E[

Dy, (Vo (X[)Viy X)) | =E[V$(X]) Dy, (Vi X))
Vi ¢ (X)L, ()] = E[V (X)) Dy, (Vi X7)] -

Combining the above relations, we immediately obtain the first relation in the propo-
sition. The second relation can immediately be obtained from the first one. O

Correction to the proofs of (7.1) and (7.2) in [1]: The conclusions of (7.1) and (7.2)
still hold under the strengthened Assumption 2.1., but we need to estimate the extra

terms related to Rﬁ .y (1). From the second relation in the above proposition, we have

o0
Vi Vi, f(0)] < fo e E{[Vi, £ (X)) = Vi h(X)]Z;, (0 }] de
o
+ /0 e |E{[VFX) = VR(XDH]RE, ., (0} dr.
Since we have shown in the original proof that
o
/0 e [E{[Vuy F(XD) = Vig hX) T, 0} di < Coll VAl [lua],
it remains to bound the second integral. By [1, (5.7), (5.17)], we immediately obtain

/0 e [E{[VFX)) = VRX)RE, b, (O} dt < CollVA| [y luzl.
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Combining the previous three inequalities, we conclude that [1, (7.1)] still holds true.
To prove [1, (7.2)], we have

o8]

o0
Vi, Vi, f(x + eu) — Vi, Vi, f(x) = / e 'wdt +/ e 'ddt = J) + )b,
0 0

where

W =E [V, f(X]T) = Vi (X T (1) )
—E{[Vu, f(XF) = Vi, (XD T, (1)}
® =E{[V (X[ = VR(XFH R (0}

—E{[Vf(X}) = VR(X)]RE, ..}

uy,uz
We have shown in the original proof that
IJ1l = CollVhlllel (|1og lell v 1) |ur||uz].
We prove below that
| 2| = ColIVhlllellur||uz]lul.

Combining the estimates of J; and J>, we immediately get that [1, (7.2)] still holds
true.
Let us show the above bound about J,. Write

Jr =D+ 122,
with
o0
B = [ RV O0 - VhOE[RE @ ~ R 0] o
0
o0
Jro = / e E{[V (X)) = VR(XT) = VF(XF) + VXD R, (0} dr,
0

For J> 1, observe

up,uz

e} 1
Jog = g/ e—’/ E{[Vf(X;T") — VR(X; TV R (1)} dsdr,
0 0

which, together with Lemma 0.1, immediately gives
| 12,11 < Colel(IV fII + IVAI) < Colelll VAl [ulluy||uz].
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For J 2, we have

ui,uz

oo 1
ho=c¢ / e’ / E{VIV f(X;T) = VR(XF PV, XFHURE ()} dsdr
0 0

00 1
e / e’ / E{VIVf (X = VA IDy XRG4, (0] dsdi
0 0

uy,uz

o) 1
8/0 e*’/O E{Dy[V f(X; ) = VA(X; IR, , (0] dsde
=e(N21— 222)

where the last equality is by [1, (5.14), (5.9), (5.11)] and

uj,uz

00 1
Jrng = /O e! /0 E{[Vf(X;T) = VR(X; TR, L, (DT (1)} dsdt,

0 1
D20 = / e / E{[V X H) = VR(XTT) ] Dy Ry, (1)} dsdt.
0 0

By Lemma 0.1 and [1, (5.18)],
2221 = Co(IV I+ IVAIDIut||uzllul < CollVhlllui]luz||ul,

e’} 1
\aail < Co(IVFIl + IIVhII)Iullluzlf e—’/ E[|Z3+% ()] dsdr
0 0
< CollVh | fualul.

Combining the estimates above, we immediately obtain the bound of J5. O
Due to the new assumption on g, [1, Remark 3.2] should be revised as

Remark 3.2 Gorham et. al. (see [18] in [1]) recently put forward a method to measure
sample quality with diffusions by a Stein discrepancy, in which the same Stein equation
as (3.1) has to be considered. Under the assumption that g is third-order differentiable,
they used the Bismut—Elworthy-Li formula (see [16] in [1]), together with smooth
convolution and interpolation techniques, to prove a bound on the first, second, and
(3 — e)th derivative of f for € > 0. They can also obtain the bound (3.4) by their
approach (personal communication (see [24] in [1]) after their reading our paper on
ArXiv) together with a limiting argument.

Acknowledgements We thank Jim Dai and James Thompson for pointing out the errors.

Reference

1. Fang, X., Shao, Q.M., Xu, L.: Multivariate approximations in Wasserstein distance by Stein’s method
and Bismut’s formula. Probab. Theory Relat. Fields (2019) (to appear)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Correction to: Multivariate approximations in Wasserstein distance by Stein's method and Bismut's formula
	Correction to: Probability Theory and Related Fields  https://doi.org/10.1007/s00440-018-0874-5
	Acknowledgements
	Reference




