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Abstract

We prove that the uniform spanning forests of Z¢ and Z¢ have qualitatively different
connectivity properties whenever £ > d > 4. In particular, we consider the graph
formed by contracting each tree of the uniform spanning forest down to a single
vertex, which we call the component graph. We introduce the notion of ubiquitous
subgraphs and show that the set of ubiquitous subgraphs of the component graph
changes whenever the dimension changes and is above 8. To separate dimensions
5, 6,7, and 8, we prove a similar result concerning ubiquitous subhypergraphs in the
component hypergraph. Our result sharpens a theorem of Benjamini, Kesten, Peres,
and Schramm, who proved that the diameter of the component graph increases by one
every time the dimension increases by four.

Mathematics Subject Classification 60D05 - 60K35

1 Introduction

The uniform spanning forests of an infinite, connected, locally finite graph G are
defined to be distributional limits of uniform spanning trees of large finite subgraphs of
G. These limits can be taken with either free or wired boundary conditions, yielding the
free uniform spanning forest (FUSF) and wired uniform spanning forest (WUSF)
respectively. Although they are defined as limits of trees, the USFs are not necessarily
connected. Indeed, Pemantle [21] proved that the FUSF and WUSF of 74 coincide for
all d (so that we can refer to both simply as the USF of Z%), and are a single tree almost
surely (a.s.) if and only if d < 4. A complete characterization of the connectivity of

B Tom Hutchcroft
t.hutchcroft@maths.cam.ac.uk

Yuval Peres
peres @microsoft.com

University of Cambridge, Cambridge, UK
2 Microsoft Research, Redmond, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00440-018-0884-3&domain=pdf
http://orcid.org/0000-0003-0061-593X

142 T. Hutchcroft, Y. Peres

the WUSF was given by Benjamini, Lyons, Peres, and Schramm [3], who proved that
the WUSEF of a graph is connected if and only if two independent random walks on G
intersect infinitely often a.s.

Extending Pemantle’s result, Benjamini, Kesten, Peres, and Schramm [2] (hence-
forth referred to as BKPS) discovered the following surprising theorem.

Theorem (BKPS [2]) Let § be a sample of the USF ond. For each x,y € 74, let
N (x, y) be the minimal number of edges that are not in § used by a path from x to y
in Z¢. Then

d—4
max N(x,y) = ’7——‘

x,yezZd 4
almost surely.

In particular, this theorem shows that every two trees in the uniform spanning forest
of Z? are adjacent almost surely if and only if d < 8. Similar results have since been
obtained for other models [4,18,22-24]. The purpose of this paper is to show that, once
d > 5, the uniform spanning forest undergoes qualitative changes to its connectivity
every time the dimension increases, rather than just every four dimensions.

In order to formulate such a theorem, we introduce the component graph of the uni-
form spanning forest. Let G be a graph and let @ be a subgraph of G. The component
graph C (w) of w is defined to be the simple graph that has the connected components
of w as its vertices, and has an edge between two connected components k1 and k» of
o if and only if there exists an edge e of G that has one endpoint in k; and the other
endpoint in k». More generally, for each » > 1, we define the distance » component
graph C, () to be the graph which has the components of w as its vertices, and has
an edge between two components k| and k> of w if and only if there is path in G from
k1 to kp that has length at most r.

When formulated in terms of the component graph, the result of BKPS states that
the diameter of C;(§) is almost surely [(d — 4)/4] for every d > 1. In particular, it
implies that C (§) is almost surely a single point for all 1 < d < 4 (as follows from
Pemantle’s theorem), and is almost surely a complete graph on a countably infinite
number of vertices forall 5 < d < 8.

We now introduce the notion of ubiquitous subgraphs. We define a graph with
boundary H = (0V,V,, E) = (0V(H), Vo(H), E(H)) tobe a graph H = (V, E)
whose vertex set V is partitioned into two disjoint sets, V = 9V U V,, which we
call the boundary and interior vertices of H, such that 0V # (. Given a graph G,
a graph with boundary H, and collection of distinct vertices (x,),esv of G indexed
by the boundary vertices of H, we say that H is present at (x,),cyy if there exists
a collection of vertices (x,),cv, of G indexed by the interior vertices of H such that
Xy ~ Xy Or X, = Xy for every u ~ v in H. (Note that, in this definition, we do not
require that x,, and x, are not adjacent in G if u and v are not adjacent in H.) We say
that H is faithfully present at (x,),csyv if there exists a collection of distinct vertices
(xu)uev, of G, disjoint from (x,),esv, indexed by the interior vertices of H such that
Xy, ~ x, for every u ~ v in H. In figures, we will use the convention that boundary
vertices are white and interior vertices are black.
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The component graph of the uniform spanning forest... 143

Fig. 1 Three trees with boundary that can be used to distinguish the component graphs of the uniform
spanning forest in dimensions 9, 10, 11, and 12. Boundary vertices are white, interior vertices are black

We say that H is ubiquitous in G if it is present at every collection of distinct
vertices (x,),cav in G, and that H is faithfully ubiquitous in G if it is faithfully
present at every collection of distinct vertices (x,),egv in G.

For example, if H is a path of length n with the endpoints of the path as its boundary,
then H is ubiquitous in a graph G if and only if G has diameter less than or equal to n.
The same graph is faithfully ubiquitous in G if and only if every two vertices of G can
be connected by a simple path of length exactly n. If H is a star with k leaves set to be
in the boundary and the central vertex set to be in the interior, then H is ubiquitous in
a graph G if and only if every k vertices of G share a common neighbour, and in this
case H is also faithfully ubiquitous.

The main result of this paper is the following theorem. We say that a transitive
graph G is d-dimensional if there exist positive constants ¢ and C such that cn? <
|B(x,n)| < Cn for every vertex x of G and every n > 1, where B(x, n) denotes
the graph-distance ball of radius n around x in G. The WUSF and FUSF of any d-
dimensional transitive graph coincide [3], and we speak simply of the USF of G. Note
that the geometry of a d-dimensional transitive graph may be very different from that
of Z%. (Working at this level of generality does not add any substantial complications
to the proof, however.)

Theorem 1.1 Let G| and G, be transitive graphs of dimension dy and d, respectively,
and let §1 and §» be uniform spanning forests of G| and G, respectively. Then the
following claims hold for every ri,ry > 1:

(1) (Universality and monotonicity.) If di > dy > 9, then every finite graph with
boundary that is ubiquitous in Cy, (1) is also ubiquitous in C,, (§2) almost surely.

(2) (Distinguishability of different dimensions.) If d| > dr > 9, then there exists a
Sfinite graph with boundary H such that H is almost surely ubiquitous in C,, (2)
but not in Cy, (§1).

Moreover, the same result holds with ‘ubiquitous’ replaced by ‘faithfully ubiquitous’.

In order to prove item (2) of Theorem 1.1, it will suffice to consider the case that H
is a tree. In this case, the following theorem allows us to calculate the dimensions for
which H is ubiquitous in the component graph of the uniform spanning forest. The
corresponding result for general H is given in Theorem 1.4. Examples of trees that
can be used to distinguish between different dimensions using Theorem 1.2 are given
in Figs. 1 and 2.

@ Springer



144 T. Hutchcroft, Y. Peres
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Fig.2 A family of trees with boundary that can distinguish between d and d + 1 for any d > 9

Fig.3 Left: a finite tree with boundary 7. Right: the subgraph 7’ of T maximizing |E(T")|/|Vo(T")|. By
Theorem 1.2, T is almost surely faithfully ubiquitous in the component graph of the uniform spanning
forest of Z< if and only if d < 9

Theorem 1.2 Let G be a d-dimensional transitive graph for some d > 8, let § be
a uniform spanning forest of G, let r > 1, and let T be a finite tree with boundary.
Then T is almost surely ubiquitous in C, (F) if and only if T is almost surely faithfully
ubiquitous in C,(§), if and only if

d—4

{IE(T/)I
d—8

R AN A <
1A T’ is a subgraph ofT} <

Note that (d — 4)/(d — 8) is a decreasing function of d for d > 8. The theorem of
BKPS follows as a special case of Theorem 1.2 by taking T to be a path. Figure 2 gives
an example of a family of trees that can be used to deduce item (2) of Theorem 1.1
from Theorem 1.2. See Fig. 3 for another example application.

The next theorem shows that uniform spanning forests in different dimensions
between 5 and 8 also have qualitatively different connectivity properties. The result
is more naturally stated in terms of ubiquitous subhypergraphs in the component
hypergraph of the USF; see the following section for definitions and Fig. 4 for an
illustration of the relevant hypergraphs.

Theorem 1.3 (Distinguishing dimensions 5, 6, 7, and 8) Let G be a d-dimensional
transitive graph and let § be a uniform spanning forest of G. The following hold
almost surely.

(1) If d = 5, then there exists a constant ro such that for every five trees of §, there
exists a ball of radius ry in G that is intersected by each of the five trees. On the
other hand, if d > 6, then for every r > 1, there exists a set of four trees in § such
that there does not exist a ball of radius r in G intersecting all four trees.
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The component graph of the uniform spanning forest... 145
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Fig.4 Three hypergraphs with boundary that can be used to distinguish the component hypergraphs of the
uniform spanning forest in dimensions 5, 6, 7, and 8. Edges are represented by shaded regions

Fig.5 Considering the coarsening in which all edges of a hypergraph are merged into one shows that any
connected graph with [dV| € {0, 1} is faithfully ubiquitous in the component graph of the uniform spanning
forest of Z4 for every d > 4, since every subhypergraph of this coarsening has d-apparent weight either
—d or —4

(2) If d = 5 or 6, then there exists a constant ro such that for every three trees of §,
there exists a ball of radius ry in G that is intersected by each of the three trees.
On the other hand, if d > 7, then for every r > 1, there exists a set of three trees in
§ such that there does not exist a ball of radius r in G intersecting all three trees.

(3) If d =5, 6, or 7, then there exists a constant ry such that for every r > rg, every
set of three pairs of trees of § have the following property: There exist three trees
Ti, Tp, T3 in § such that T; and the ith pair of trees all intersect some ball B; of
radius r in G for eachi = 1,2, 3, and the trees Ty, Ty, T3 all intersect some ball
Bo of radius r in G. On the other hand, if d > 8, then for every r > 1 there exists
a set of three pairs of trees of § that do not have this property.

1.1 Ubiquity of general graphs and hypergraphs in the component graph.

In this section, we extend Theorem 1.2 to the case that H is not a tree. In order to
formulate this extension, it is convenient to consider the even more general setting
in which H is a hypergraph with boundary. Indeed, it is a surprising feature of the
resulting theory that one is forced to consider hypergraphs even if one is interested
only in graphs.

We define a hypergraph H = (V, E, 1) to be a triple consisting of a set of
vertices V, a set of edges E, and a binary relation L C V x E such that the set
{fv e V:(v,e) €l} is nonempty for every e € E. We write v L eore L v
and say that v is incident to e if (v, e¢) €L. Note that this definition is somewhat
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nonstandard, as it allows multiple edges with the same set of incident vertices. We
say that a hypergraph is simple if it does not contain two distinct edges whose sets
of incident vertices are equal. Every graph is also a hypergraph. A hypergraph with
boundary H = (0V, V,, E, 1)isdefinedtobe ahypergraph H = (V, E, L) together
with a partition of V into disjoint subsets, V = 0V U V,, the boundary and interior
vertices of H, such that 9V # ¢. The degree of a vertex in a hypergraph is the number
of edges that are incident to it, and the degree of an edge in a hypergraph is the
number of vertices it is incident to. To lighten notation, we will often write simply
H = 0V, V,, E) for a hypergraph with boundary, leaving the incidence relation L
implicit.

If H= (dV,V,, E, 1) is a hypergraph with boundary, a subhypergraph (with
boundary) of H is defined to be a hypergraph with boundary of the form H' =
V', V., E', 1), where

AV CaV, V.CV,, EECE, V' =9V'UV/, and L'=1L NV’ x E').

We say that a hypergraph with boundary H' = (aV’, V., E’, 1’) is a quetient of a
hypergraph with boundary H = (0V, V,, E, 1) if there exists a surjective function
¢v : V — V/mapping V bijectively onto 3V’ and a bijective function ¢ : E — E’
such that

WiveV,VvV1¢e)={[{yv@:veV,vLle

for every e € E. Similarly, we say that H' is a coarsening of H (and call H a
refinement of H') if there exists a bijection ¢y : V — V' mapping 3V bijectively
onto 3V’ and a surjection ¢ : E — E’ such that

(e eE e 1L ¢py(v)) ={pr(e):ecE, e Lv)

for every v € V. In other words, H' is a quotient of H if it can be obtained from H
by merging together some of the vertices of H, while H' is a coarsening of H if it
can be obtained by merging together some of the edges of H.

The following theorem allows us to calculate the dimensions for which an arbitrary
finite simple graph H is ubiquitous in the component graph of the uniform spanning
forest. It will be used to deduce Theorems 1.1 and 1.2. See Figs. 5 and 6 for example
applications. For each finite hypergraph with boundary H = (dV, V,, E) and d € R,
we define the weight of H, denoted A (H ), and the d-apparent weight of H, denoted
by nqs(H), by setting

A(H):= degle)= deg(v) and ng(H):=(d —4)A —d|E|— (d —4)|V,|
ecE veV

respectively. We say that H is d-buoyant if n;(H) < 0, i.e., if its d-apparent weight

is non-positive. If H is a simple graph then A = 2|E| and so ny(H) = (d — 8)|E| —
(d = H|Vol.
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The component graph of the uniform spanning forest... 147

Theorem 1.4 Let G be a d-dimensional transitive graph for some d > 4, let § be
the uniform spanning forest of G, let H be finite simple graph with boundary, and let
r > 1. Then H is faithfully ubiquitous in C,(F) almost surely if and only

min {max {ng(H") : H" is a subhypergraph of H'} : H' is a coarsening of H} <0,

(1.1)
that is, if and only if H has a coarsening all of whose subhypergraphs are d-buoyant.
Moreover, H is ubiquitous in C,(§) if and only if it has a quotient that is faithfully
ubiquitous in C,(§) almost surely.

This terminology used here arises from the following analogy: We imagine that
from each vertex-edge pair (v, e) of H with v L e we hang a weight exerting a
downward force of (d — 4), while from each edge and each interior vertex of H we
attach a balloon exerting an upward force of either d or (d — 4) respectively. The net
force is equal to the apparent weight. The hypergraph is buoyant (i.e., floats) if the
apparent weight is non-positive.

Theorem 1.4 is best understood as a special case of a more general theorem con-
cerning the component hypergraph. Given a subset w of a graph G and r > 1, we
define the component hypergraph Cfl P (w) to be the simple hypergraph that has the
components of w as vertices, and where a finite set of components W is an edge of
CP (w) if and only if there exists a set of diameter 7 in G that intersects every com-
ponent of w in the set W. Presence, faithful presence, ubiquity and faithful ubiquity of
a hypergraph with boundary H in a hypergraph G are defined similarly to the graph
case. For example, we say that a finite hypergraph with boundary H = 0V, V,, E)
is faithfully present at (x,),csy in G if there exists a collection of distinct vertices
(xu)uev, of G, disjoint from (x,),csv, indexed by the interior vertices of H such that
for each e € FE there exists an edge f of G that is incident to all of the vertices in
the set {x, : v L e}. Given a d-dimensional graph G and M > 1, we let Rg(M) be
minimal such that there exists a set of vertices in G of diameter Rg (M) that intersects
M distinct components of the uniform spanning forest of G with positive probability.
Given a hypergraph with boundary H, we let Rg(H) = Rg(max.cg deg(e)).

Theorem 1.5 Let G be a d-dimensional transitive graph for some d > 4, let § be the
uniform spanning forest of G, and let H be finite hypergraph with boundary. If

min {max {ny(H") : H" is a subhypergraph of H'} : H' is a coarsening of H} <0

(1.2)
then H is faithfully ubiquitous in Cflyp (8) almost surely for every r > Rg (H). Other-
wise, H is not faithfully ubiquitous in Cﬁz P (&) for any r > 1 almost surely. Moreover,
H is ubiquitous in Cflyp (F) if and only if it has a quotient that is faithfully ubiquitous
in nyp (F) almost surely.

H clearly cannot be faithfully ubiquitous in Cf' P(®)ifr < Rg(H), sothis condition
is necessary. Note that Rg(2) = 1 for any d-dimensional transitive graph with d > 4,
so that Theorem 1.4 follows as a special case of Theorem 1.5 as claimed. Theorem 1.3
follows immediately by applying Theorem 1.5 to the hypergraphs pictured in Fig. 4.
The min max problem arising in (1.1) and (1.2) is studied in Sect. 2.7.
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H, % Hj % % k H, %

Fig. 6 The graph with boundary Hy, far left, has d-apparent weight n,(H1) = 6d — 64, and is therefore
d-buoyant if and only if d < 10 + 2/3. Meanwhile, it has a coarsening H 1/ , centre left, that has d-apparent
weight ng(H{) = 5d — 64, so that H{ is d-buoyant if and only if d < 12+ 4/5. In fact, using Theorem 1.4,
it can be verified that Hy is almost surely faithfully ubiquitous in the component graph of the uniform
spanning forest of 74 if and only if d < 12. On the other hand, considering the quotient H l// of Hip, centre,
and the coarsening H{” of H{’, centre right, along with other possible coarsenings of quotients, it can be

verified that Hy is almost surely ubiquitous in the component graph of the uniform spanning forest of 74
if and only if d < 16. Thus, for 13 < d < 16 the graph Hj is ubiquitous but not faithfully ubiquitous in the
component graph of the uniform spanning forest of 74 a.s. A similar analysis shows that the graph Hp, far
right, is faithfully ubiquitous in the component graph of the uniform spanning forest of 74 almost surely if
and only if d < 9, and is ubiquitous almost surely if and only if d < 16

1.2 Organisation

In Sect. 2, we give background on uniform spanning forests, establish notation, and
prove some simple preliminaries that will be used throughout the rest of the paper. In
Sect. 3, we outline some of the key steps in the proof of the main theorems; this section
is optional if the reader prefers to go straight to the fully detailed proofs. Section 4 is
the computational heart of the paper, where the quantitative estimates needed for the
proof of the main theorems are established. In Sect. 5, we deduce the main theorems
from the estimates of Sect. 4 together with the multicomponent indistinguishability
theorem of [12], which is used as a zero-one law. This section is quite short, most the
work having already been done in Sect. 4. We conclude with some open problems and
remarks in Sect. 6.

2 Background, definitions, and preliminaries
2.1 Basic notation

Let G be a d-dimensional transitive graph with vertex set V, and let § be the uniform
spanning forest of G. For each set W C V, we write .% (W) for the event that the
vertices of W are all in the same component of §. Letr > l andlet H = 0V, V,, E)
be a finite hypergraph with boundary. We define

fla(H) = min {ng(H') : H'is a coarsening of H} .

We write <, >, and < for inequalities or equalities that hold up to a positive mul-
tiplicative constant depending only on some fixed data that will be clear from the
context, usually G, H, and r, and write <, 2 and ~ for inequalities or equalities that

hold up to an additive constant depending only on the same data. In particular
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a = b if and only if log, a ~ log, b.

We sometimes write exp,(a) to mean 2.

For each two vertices x and y of G, we write (xy) = dg(x,y) + 1, where dg is
the graph metric on G. For each vertex x of G and co > N > n > 0, we define the
dyadic shell

Ay(n, N) := {er:Z"f(xy)fZN}.

If x = (x,)ueav is acollection of vertices in G, we choose one such point xq arbitrarily
and set Ay (n, N) = Ay, (n, N) forevery N > n > 0. Since G is d-dimensional, we
have that

log, [Ax(n, N)| ~ dN 2.1

foralln > 0 and N > n + 1. The upper bound is immediate, while the lower bound
follows because A, (1, N) contains both some point y with (xgy) = 2¥V~1 4 2N—2
and the ball of radius 2 =2 around this point y.

2.2 Uniform spanning forests

Given a finite connected graph G, we define USTs to be the uniform probability
measure on the set of spanning trees of G, that is, connected subgraphs of G that
contain every vertex of G and do not contain any cycles. Now suppose that G = (V, E)
is an infinite, connected, locally finite graph, and let (V;);>1 be an exhaustion of V by
finite sets, that is, an increasing sequence of finite, connected subsets of V' such that
;= Vi = V.Foreachi > 1, let G; be the subgraph of G induced! by V;, and let G
be the graph formed from G by contracting V'\ V; down to a single vertex and deleting
all of the self-loops that are created by this contraction. The free and wired uniform
spanning forest (FUSF and WUSF) measures of G, denoted FUSF; and WUSF, are
defined to be the weak limits of the uniform spanning tree measures of G; and G}
respectively. That is, for every finite set S C E,

FUSFG({a) CE:SC a)}) = lim USTg, ({a) CE:SC a)})

i—00
and

WUSFg({w CE:SC a)}) = lim USTG»_f({a) CE:SC a)}).
i—00 !
Both limits were proven to exist by Pemantle [21] (although the WUSF was not

considered explicitly until the work of Héggstrom [9]), and do not depend on the
choice of exhaustion.

! Givena graph G = (V, E) and a set of vertices W C V, the subgraph of G induced by W is defined to
be the graph with vertex set W and with edge set given by the set of edges of G that have both endpoints
in W.
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Benjamini, Lyons, Peres, and Schramm [3] proved that the WUSF and FUSF of
G coincide if and only if G does not admit harmonic functions of finite Dirichlet
energy, from which they deduced that the WUSF and FUSF coincide on any amenable
transitive graph. In particular, it follows that the WUSF and FUSF coincide for every
transitive d-dimensional graph, and in this context we refer to both the FUSF and
WUSF measures on G as simply the uniform spanning forest measure, USFg, on G.
We say that a random spanning forest of G is a uniform spanning forest of G if it has
law USFg.

2.3 Wilson's algorithm

Wilson’s algorithm [29] is a way of generating the uniform spanning tree of a finite
graph by joining together loop-erased random walks. It was extended to generate
the wired uniform spanning forests of infinite, transient graphs by Benjamini, Lyons,
Peres, and Schramm [3].

Recall that, given a path ¥ = (y,)»>0 in a graph G that is either finite or visits each
vertex of G at most finitely often, the loop-erasure of y is defined by deleting loops
from y chronologically as they are created. The loop-erasure of a simple random walk
path is known as loop-erased random walk and was first studied by Lawler [17].
Formally, we define the loop-erasure of y to be LE(y) = (yr,)i>0, Where 7; is defined
recursively by setting 7p = 0 and

T =1+sup{t >y =y}

(If G is not simple, then we also keep track of which edges are used by LE(y).)

Let G be an infinite, connected, transient, locally finite graph. Wilson’s algorithm
rooted at infinity allows us to sample the wired uniform spanning forest of G as follows.
Let (v;);>1 be an enumeration of the vertices of G. Let §o = @, and define a sequence
of random subforests (§;);>0 of G as recursively follows.

(1) Given 3§;, let X i+1 pe a random walk started at vi+1, independent of §;.

(2) Let Tj4 be the first time X'+ hits the set of vertices already included in §;, where
Ti+1 = oo if X'*! never hits this set. Note that Tj,; will be zero if v; 1 is already
included in 3§;.

(3) Let ;41 be the union of §; with the loop-erasure of the stopped random walk path

i+1\Lit1
(X n ) n=0"
Finally, let § = | ;- §i. This is Wilson’s algorithm rooted at infinity: the resulting
random forest § is a wired uniform spanning forest of G.

2.4 The main connectivity estimate

Let K be a finite set of vertices of G. Following [2], we define the spread of K,
denoted (K), to be

(K) = min { H (xy) : T = (W, E) is a tree with vertex set K}.
{x.y}eE(r)
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Note that the tree T being minimized over in the definition of (K) need not be a
subgraph of G. If we enumerate the vertices of K as xy, ..., x,, then we have the
simple estimate [2, Lemma 2.6]

(K) < [ Jmin {(xixj) : 1< j <}, (2.2)
i=1

where the implied constant depends on the cardinality of K. In practice we will always
use (2.2), rather than the definition, to estimate the spread.

The main tool in our analysis of the USF is the following estimate of BKPS. Recall
that .7 (K) is the event that every vertex of K is in the same component of the uniform
spanning forest §.

Theorem 2.1 (BKPS [2]) Let G be a d-dimensional transitive graph with d > 4, let
§ be the uniform spanning forest of G, and let K be a finite set of vertices of G. Then
there exists a constant C = C(G, |K|) such that

P(F(K)) < C(K)"“.

(2.3)

BKPS proved the theorem in the case G = Z¢. The general case follows from the
same proof by applying the heat kernel estimates of Hebisch and Saloff-Coste [10]
(see Theorem 4.18), as stated in [2, Remark 6.12]. These heat kernel estimates imply
in particular that the Greens function estimate

> pau, v) < (uv) @2 2.4)

n>0

holds for every d-dimensional transitive graph G with d > 2 and every pairu, v € V.

Proposition 2.2 Let G be a d-dimensional transitive graph, let § be the uniform span-
ning forest of G, and let K; be a collection of finite sets of vertices of G indexed by
some finite set 1. Then there exists a constant C = C(G, |I|, {|K;| : i € I}) such that

P(F(K; UK;) ifand only ifi = j) < C [ (ki) .

iel

(2.5)

Proof We may assume that I = {1, ..., k} for some k > 1. Given a collection of
independent random walks X Lo X", let AX ¢ ™) be the indicator of the
event that the forest generated by running the first n steps of Wilson’s algorithm using
the walks X!, ..., X", in that order, is connected.

Thus, given a finite set K C V, we have

P(Z(K)) = IF’(A (Xl, o X|K|) - 1)

where X!, ..., XKl are independent random walks started at the vertices of K. Now
suppose that (K;); <y is acollection of finite sets, and suppose we generate a sample § of
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the USF, starting with independent random walks X -1, ... xLIKil x21 0 xhlKil
where X'/ starts from the jth element of K;. Then we observe that

[Z(k; UK;)ifandonlyif i = j} < ) {A(X“, xRy = 1} ,

iel
and hence that

P(Z(K; UK;)ifandonlyifi = j) < ]‘[P(ff(l(,-)). (2.6)

iel

The claim now follows from Theorem 2.1. It is also possible to prove (2.6) using the
negative association property of the USF, see e.g. [8]. O

2.5 Witnesses

Let H be a finite hypergraph with boundary, let » > 1, and let x = (x,)yecyv be a
collection of vertices in G. We say that H is r-faithfully present at x if it is faithfully
present at the components of x in C/°7 (§). We define r-presence of H at x similarly.
Let E, be the set of pairs (e, v), where e € E is an edge of H and v L e is a vertex of
H incident to e. We say that & = (§(c,)) (e,v)eE, € V Ee is a witness for the r-faithful
presence of H at x if the following conditions hold:

(1) Forevery e € E and every u, v L e we have that (§¢, )§e,uw)) <7 — 1.

(2) For each boundary vertex v € 9V, every point in the set {x,} U {§¢ ) : € L v}is
in the same component of §,

(3) for each interior vertex v € V,, every point in the set {§( ) : ¢ L v} is in the same
component of §, and

(4) for any two distinct vertices u, v € V, the components of § containing (&) :
e L u}and {&,, ) : e L v} are distinct.

See Fig. 7 for an illustrated example. We write # (x, §) = ”//rH (x, &) for the event
that £ is a witness for the r-faithful presence of H at x. Thus, on the event that all the
vertices of x are in distinct components of §§, H is r-faithfully present at x if and only
it #," (x, €) occurs for some £ € V¢, and is present at x if and only if %"’ (x, £)
occurs for some quotient H' of H and some & € V Ee(H)),

We say that H is r-robustly faithfully present at x = (x,),cy if there is an
infinite collection {£! = (E(ie,v))(e»v)eE. : i > 1} such that &' is a witnesses for the

r-faithful presence of H at x for every i, and &/, # &, , forevery i > j > 1 and
(e,v), (¢, V) € E,.

Often, x, r and H will be fixed. In this case we will speak simply of ‘faithful pres-
ence’ to mean ‘r-faithful presence’, ‘robustly faithfully present’ to mean ‘r-robustly
faithfully present’, ‘witnesses’ to mean ‘witnesses for the r-faithful presence of H at
x’, and so on.
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5(’1}3,82)

5(’!.12,62)

(

5(1}2,61)

5(’!.11,61)

Fig.7 Schematic illustration of a witness for the faithful presence of a path of length two with endpoints as
boundary points. Let H be the graph with boundary defined by V(H) = {vy, vp, v3}, dV(H) = {vy, v3}
and with edges e; = {v, vz} and ez = {vy, v3}. The configuration (§(,¢)) (v,e)eE, i @ Witness for the
1-faithful presence of H at (xy;, Xv3) if {§v;.e1) E(vaie)} and {§(vy,e0)+ E(v3.9)} are edges of G and
there exist three distinct trees of § each containing one of the sets {xy , §v e} (§(vy.e1) S(vp.ep) ) and
(€20 503

It will be useful to define the following sets in which witnesses must live. For every
(xp)vegv.n > 0and N > n, let

Ex(n, N) = EX (n, N) = (Ax(n, N))F
and let Eo, (n, N) = 27 (n, N) be the set

Bar N) = { e earers € (At N)F* 2 (Eenenn) <7 = 1

forevery e € E and every u, v L e},

so that £ € A,(n, N)E* is a witness for the faithful presence of H if and only if
& € Bex(n, N) and conditions (2), (3), and (4) in the definition of witnesses, above,
hold.

2.6 Indistinguishability of tuples of trees

In this section we provide background on the notion of indistinguishability theorems,
including the indistinguishability theorem of [12] which will play a major role in the
proofs of our main theorems.

Indistinguishability theorems tell us that, roughly speaking, ‘all infinite components
look alike’. The first such theorem was proven in the context of Bernoulli percolation
by Lyons and Schramm [20]. Indistinguishability of components in uniform spanning
forests was conjectured by Benjamini, Lyons, Peres, and Schramm [3] and proven by
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Hutchcroft and Nachmias [13]. (Partial progress was made independently at the same
time by Timar [27].) All of the results just mentioned apply to individual components.
In this paper, we will instead apply the indistinguishability theorem of [12], which
yields a form of indistinguishability for multiple components in the uniform spanning
forest. We will use this theorem as a zero-one law that allows us to pass from an
estimate showing that certain events occur with positive probability to knowing that
these events must occur with probability one.

We now give the definitions required to state this theorem. Let G = (V, E) be
a graph, and let k > 1. We define Q¢ (G) = {0, 1}¥ x V¥, which we equip with its
product o -algebra and think of as the set of subgraphs of G rooted at an ordered k-tuple
of vertices. A measurable set .7 C Q;(G) is said to be a k-component property if

for all (v,')f?:1 € V¥ such that u; is

K K
(@, ()jy) € o = (@, W)ioy) € 7 connected to v; in w foreachi =1, ..., k.

That s, o7 is a k-component property if it is stable under replacing the root vertices with
other root vertices from within the same components. Given a k-component property
o/, we say that a k-tuple of components (K1, ..., Ki) of a configuration w € {0, 1}E
has property 7 if (w, (ui)f‘: 1) € &/ wheneveruy, ..., uy are vertices of G such that
u; € K; forevery 1 <i <k.

Given a vertex v of G and a configuration w € {0, 1}£, let K, (v) denote the
connected component of @ containing v. We say that a k-component property <7 is a
tail k-component property if

Yo' € {0, 1} such that w A’ is finite and

v ok
(@, Wiz € & = (@, Wi)i=y) € F Ko@) AK,y(v;) is finite forevery i = 1, ..., k,

where A denotes the symmetric difference. In other words, tail multicomponent prop-
erties are stable under finite modifications to w that result in finite modifications to
each of the components of interest K, (vy), ..., Ky, (vk).

Theorem 2.3 [12] Let G be a d-dimensional transitive graph with d > 4 and with
vertex set V, and let § be the uniform spanning forest of G. Then for each k > 1
and each tail k-component property of < Q(G), either every k-tuple of distinct
connected components of § has property </ almost surely or no k-tuple of distinct
connected components of § has property &/ almost surely.

We say that o7 is a multicomponent property if it is a k-component property for
some k > 1. For our purposes, the key example of a tail multicomponent property
is the property that some finite hypergraph with boundary H is r-robustly faithfully
present at (x,)yegyv - Applying Theorem 2.3, we will deduce that if H is r-robustly
faithfully present at some (x,)yeyyv With positive probability then it must be almost
surely r-robustly faithfully present at every (x,)yeyv for which the vertices {x,}yeav
are all in distinct components of §.
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2.7 Optimal coarsenings

In this section we study the min max problem appearing in Theorems 1.4 and 1.5,
proving the following.

Lemma 2.4 Let H be a finite hypergraph with boundary and let d > 4. Then

max {min {nd(H”) . H" is a coarsening of H’} : H' is a subhypergraph ofH}
= min {max {nd(H”) : H" is a subhypergraph of H’} : H' is a coarsening ofH} .
2.7

In particular, H has a coarsening all of whose subhypergraphs are d-buoyant if and
only if every subhypergraph of H has a d-buoyant coarsening.

Given a hypergraph with boundary H = (dV, V,,, E, ) and an equivalence rela-
tion < on E, we can form a coarsening H /< of H by taking 0V (H /<) = dV (H)
and V,(H /<) = Vo, (H), taking E(H / <) to be the set of equivalence classes of m,
and defining

1(H/=<) = {(v, le]) :v eV, [e] e E(H/>), and3f € E such that [ f] = [e] anva_f},

where [e] denotes the equivalence class of e under ><. It is easily seen that every
coarsening of H can be uniquely represented in this way. We say that a coarsening
H / >« of a hypergraph with boundary H is proper if there exist at least two non-
identical edges of H that are related under <.

Let H = (0V,V,, E, L) be a finite hypergraph with boundary. We say that a
subhypergraph H' of H is subordinate to an equivalence relation o< on E if every
equivalence class of >« is either contained in or disjoint from the edge set of H'. Given
an equivalence relation >< on E and a subhypergraph H' of H, we write H'/ < for
the coarsening H' /(> | gr), where >« | g/ is the restriction of < to the edge set of H'.
The function H' > H'/wm< s a bijection from subhypergraphs of H subordinate to >
to subhypergraphs of H /<. We say that an equivalence relation >< on E is d-optimal
if

na(H /><) = min{ng(H /<) : H/<' a coarsening of H}.
We call a coarsening H' = H /< of H d-optimal if < is d-optimal. We say that a
subhypergraph H' = (0V’, V., E’, L") of Hisfullif {v € V : v L e} C V' forevery

eec L.

Lemma 2.5 Let H be a finite hypergraph with boundary, let d € R, and let H /< be
a d-optimal coarsening of H. Then H' /> is a d-optimal coarsening of H' for every
full subhypergraph H' of H subordinate to <.

Recall from Sect. 1.1 that ng(H) is defined tobe (d —4)A(H) —d|E|— (d —4)|V,]|.
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Proof Let H' be a subhypergraph of H subordinate to . Let >’ be an equivalence
relation on E’, and let <" be the equivalence relation on E defined by

e’ ¢ < (e, € E\E'andevxe’)or(e,e¢ € E' ande < ¢').

Thus, H' is subordinate to <" and H'/><a"= H’/wv<. It is easily verified that, since
>< and <" differ only on edges of H' and H' is subordinate to <,

|Vo(H' /<) = |Vo(H'/p<)| = [Vo(H /<) — |Vo(H /)],
|E(H'/o<)| — |[E(H'/><)| = |[E(H /><")| — |E(H /p><)|, and
AH' /<) — A(H' /<) = A(H /<) — A(H /1<)

We deduce that, since H /< is d-optimal,
na(H' /<) — ng(H' /<) = nqg(H /o<") — nq(H /<) > 0,

and the result follows since o<’ was arbitrary. O

Lemma 2.6 Let H be a finite hypergraph with boundary, let d > 4, and let H / > be
a d-optimal coarsening of H. Then

max {min {nd(H// ><') : H' /o< a coarsening ofH/} : H' a subhypergraph ofH}
= max {nd(H’/ ><) : H' a subhypergraph ofH} . (2.8)

Proof Let H /< be a d-optimal coarsening of H. Let H' be a subhypergraph of H,
and let H” be the smallest full subhypergraph of H that contains H' and is subordinate
to <. That is, H” is obtained from H’ by adding every edge of H that is contained in
equivalence class of >« intersecting E’ and every vertex of H that is incident to either
an edge of H' or one of these added edges. Writing deg /0<(V) for the degree of a
vertex in H” /<, we compute that

na(H" [v<) — na(H' /<)) = (d — 4) Z (degyn/pa(v) — 1) = 0.
veV(H")\V(H')
It follows that

min{n,(H'/v<') : H' /<’ a coarsening of H'} < ng(H' /<) < ng(H" /<)
= min{ny(H" /<) : H" /< is a coarsening of H"}, (2.9
where the equality on the second line follows from Lemma 2.5. Taking the maximum
over H', we obtain that
max {min {Y)d(H//N/) : H' /<! a coarsening of H/} : H' a subhypergraph of H}
< max {ng(H'/<) : H' a subhypergraph of H}
" H subordinate to <

"
< max {min {nd(H "/e<')y : H" Jo<! a coarsening of H ”} . H" a subhypergraph Of} ,
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where the second equality follows from (2.9). The the final line of this display is clearly
less than or equal to the first line, so that all the lines must be equal, completing the
proof. O

Proof of Lemma 2.4 1t follows immediately from Lemma 2.6 that

max {min {nd(H//|><1/) : H'/e<! a coarsening of H/} : H' a subhypergraph of H}
> min {max {nd(H//m/) : H' a subhypergraph of H} : H/o<' a coarsening of H} ,

and the reverse inequality is trivial. O

Remark Lemma 2.6 yields a brute force algorithm for computing the value of the rele-
vant max min problem that is exponentially faster than the trivial brute force algorithm,
although still taking superexponential time in the number of edges of H.

3 Sketch of the proof

In this section we give a detail-free overview of the most important components of the
proof. This section is completely optional; all the arguments and definitions mentioned
here will be repeated in full detail later on.

3.1 Non-ubiquity in high dimensions

Let G be a d-dimensional transitive graph, let H be a finite hypergraph with boundary,
and let § be the uniform spanning forest of G. We wish to show that if every coarsening
of H has a subhypergraph that is not d-buoyant, then H is not faithfully ubiquitous in

Ci' P () forany r > 1 a.s. By Lemma 2.4, this condition is equivalent to there existing
a subhypergraph of H none of whose coarsenings are d-buoyant. If H is faithfully
ubiquitous then so are all of its subhypergraphs, and so it suffices to consider the case
that H does not have any d-buoyant coarsenings, i.e., that ny(H) > 0.

To show that H is not faithfully ubiquitous, it would suffice to show that if the
vertices x = (x,)yegy are far apart from each other, then the expected total number of
witnesses for the faithful presence of H at x is small. As it happens, we are not able
to control the total number of witnesses without making further assumptions on H.
Nevertheless, the most important step in our argument is to show that if x is contained
in A, (0, n—1), then the expected number of witnesses in A, (n, n+1) is exponentially
small as a function of n. Once we have done this, we will control the expected number
of witnesses that occur ‘at the same scale’ as x by a similar argument. We are not
finished at this point, of course, since we have not ruled out the existence of witnesses
that are spread out across multiple scales. However, given the single-scale estimates,
we are able to handle multi-scale witnesses of this form via an inductive argument
on the size of H (Lemmas 4.7-4.9), which allows us to reduce from the multi-scale
setting to the single-scale setting.

Letus briefly discuss how the single-scale estimate is attained. Write & = 2, (n, n+
1). Proposition 2.2 implies that the expected number of witnesses in Ay (n, n + 1) is
at most a constant multiple of
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Yol we o,

E€BuedV

where

W, ) =[] e e Lup)™ @ (g ce Lup™“7Y.

uedV ueV,

To control this sum, we split it as follows. Let L be the set of symmetric functions
l:E*— {0, ..., n} such that £(e, ) = O forevery e € E.
Foreach ¢ € L, let

[x]

= {S € B:20ed) < (g,8,) <202 foralle, e’ € E }

sothat E = ( J,.; E¢. The advantage of this decomposition is that W is approximately
constant on each set Ey:

|E|

logy, W(x, &) ~ —(d —4)[aV|n — (d —4)ZZmin {tleie)): j<i,ej Lu}
i=lule

for every & € Ey.
On the other hand, by considering the number of choices we have for &, at each
step given our previous choices, it follows that

IE|

10g2|Eg|gdn—i—dZmin{lf(ei,ej):j<i}, G.1)
i=1

where ¢ is the largest ultrametric on E that is dominated by £. (E, could be much
smaller than this of course—it could even be empty.) We deduce that

D W(x, &) < expy (dn — (d — 4)[aV|n)

EcE
|E| ) |E|
Yexpy | d Y min |l e j<if —@—4H )Y minfeei e j<iie; Lu)
tel i=1 i=lule
and hence that
log, Z W(x,&) Slogy |LI+dn—(d —4)|dV|n
EckE
IE] A IE]
+ max d;mln{ﬁ(ei,ej):j <i —(d—4)2;¥mln{2(ei,2j):j <i,ej Lu)l.
i= i=lule

We have that log, |L| = E?log,(n + 1), which will be negligible compared with the
rest of the expression in the case that 7j;(H) > 0. From here, the problem is to identify
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the £ € L achieving the maximum above. We will argue, by invoking a general lemma
(Lemma 4.4) about optimizing linear combinations of minima of distances on the
ultrametric polytope, that there is an £ € L maximizing the expression such that ¢ is
an ultrametric and £(e, ') € {0, n} for every e, ¢’ € E. The set of such functions £ are
in bijection with the set of coarsenings H' of H, where two edges of H are identified
in H' if and only if £(e, ¢) = 0. Choosing such a coarsening optimally, it is not hard
to deduce that

logy Y W(x.£) < —fa(H)n + |E[* logy n,

E€E

giving the desired exponential decay.

3.2 Ubiquity in low dimensions

We now sketch the proof of ubiquity in low dimensions. Here we will only discuss
the case in which d/(d — 4) is not an integer (i.e., d ¢ {5, 6, 8}). The case in which
d/(d—4)is aninteger raises several additional technical complications, see Sect. 4.2.1.

Let G be ad-dimensional transitive graph withd € {7}U{9, 10, ...}, let H be a finite
hypergraph with boundary, and let § be the uniform spanning forest of G. Recall the
definition of Rg (H) from Sect. 1.1. Working in the opposite direction to the previous
subsection, we wish to prove that if H has a coarsening all of whose subhypergraphs are
d-buoyant, then H is faithfully ubiquitous in the component hypergraph C”? (%) for
every r > Rg(H) a.s. We say that H is r-robustly faithfully present at x = (x,)yecy
if there are infinitely many disjoint witnesses for the faithful presence of H at x. The
event that H is r-robustly faithfully present at x is a tail |0 V' |-component property.
Thus, by Theorem 2.3, it suffices to prove that there exists an x such that, with positive
probability, the points of x are all in different components of § and H is Rg(H)-
robustly faithfully present at x.

Let us suppose for now that every subhypergraph of H is d-buoyant (i.e., that we
do not have to pass to a coarsening for this to be true). To prove that H has a positive
probability of being robustly faithfully present at some x, we perform a first and
second moment analysis on the number of witnesses in dyadic shells. Suppose that
x is contained in A, (0, n — 1). Since we are now interested in existence rather than
nonexistence, we can make things easier for ourselves by considering only £ that are
both contained in a dyadic shell Ay (n,n + 1), and such that (5 )& u)) > 2n=Ci
whenever e # €', for some appropriate chosen constant Cy. Furthermore, for each
e € E the points {§,,) : u L e} must be sufficiently well separated that there are not
local obstructions to & being a witness—this is where we need that r > Rg(H). Call
such a & good, and denote the set of good & by 2, (n). We then argue that for good &,
the probability that £ is a witness is comparable to

W, &) = [] ot e Lup) ™ [TuE e Lup™@?
uedV ueV,
= expy [—(d — (A —|Vs])n],
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where &, is chosen arbitrarily from {§. ) : u L e} for each e, and hence that the
expected number of witnesses in Q,(n) is comparable to 277 )" In other words,
we have that the upper bound on the probability that £ is a witness provided by
Proposition 2.2 is comparable to the true probability when & is good. Our proof of this
estimate appears in Sect. 4.3; unfortunately it is quite long.

Taking this lower bound on trust for now, the rest of the analysis proceeds similarly
to that sketched in Sect. 3.1, and is in fact somewhat simpler thanks to our restriction to
good configurations. The bound implies that the expected number of good witnesses
in Ayx(n, n+ 1) is comparable to exp, [—n4(H) n]. Estimating the second moment is
equivalent to estimating the expected number of pairs &, ¢ such that £ and ¢ are both
good witnesses. Observe that if £ and ¢ are both good witnesses then the following
hold:

(1) For each v € V, there is at most one v’ € V such that £,y and (., are in the
same component of § for some (and hence every) e 1L vand e’ L v'.
(2) For each e € E, there is at most one ¢’ € E such that (£,¢/) < 2"~C171,

To account for the degrees of freedom given by (1), we define & to be the set of
functions ¢ : V, — V, U {x} such that the preimage of ¢! (v) has at most one
element for each v € V. (Here and elsewhere, we use * as a dummy symbolﬂso that
we can encode partial bijections by functions.) For each ¢ € &, we define #4 (£, ¢)
to be the event that £ and ¢ are both witnesses, and that & ) and ¢ . are in the
same component of § if and only if ¢’ = ¢ (e). Thus, to control the expected number
of pairs of good witnesses, it suffices to control

Y X P(Aen)sma Y P(Fp0).

¢ed £, good §,¢ good

Next, to account for the degrees of freedom given by (2), we define W to be the set of
functions ¢ : E — E U {x} such that the preimage ¥ ~!(e) has at most one element
for each e € E. Foreach € W and k = (k,)eck € {0, ..., n}E, let

QUk

21 ke < (L& () < 2" **2 forall e € E such that ¥/ (e) # , }

_ 2.
- {(S’ §) € (Qx(m)”: and (Lo€y) = 2" C1"2forall e, ¢ € E such that ¢/ # 1/ (e)

We can easily upper bound the volume

logy Q74 ()| S2d|EIn—d ) ke
V(e)F*
Using this together with Proposition 2.2, is straightforward to calculate that

oz, Y. P(7p6.0) S ~2na(H)n—(d = 4w € Vo: pu) # )
(G.0)eQvt

+d—4) Y Hule:gpw Ly@lke—d Y ke
Y (e)#x VY (e)#x
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forevery ¢ € ®, ¢ € Wand k € {0, ..., n}E.
We now come to some case analysis. Observe that for every ¢ € W ande € E, we
have that

D expald —Hl{u Le:pu) Ly(e)}| —dlk,

ke=0
expy [(d —4)|{u Le:

dpu) Ly} —dln if(d—Hl{u Le:pw) Ly} >d
“In if(d—dHfuLe:pm) Ly(e)} =d
1 if(d—4|{ule:pm) Ly(e)}| <d.

Since d/(d — 4) is not an integer, the middle case cannot occur and we obtain that

logy Y Y P(p(E.0) S —2na(H)n— (d —4)l{u € Vo : p(u) # #}n

k (&.p)eqvk

+Z [d—DHH{u Le:dpw) LY@} —dlL({u Le:p@) L (e}
>d/(d—d)n.

From here, our task is to show that the expression on the right hand side is maximized
when ¢ = xand = *,in which case itis equal to —2dn, (H)n. To do this, we identify
optimal choices of ¢ and y with subhypergraphs of H, and use the assumption that
every subhypergraph of H is d-buoyant. This should be compared to how, in the proof
of non-ubiquity sketched in the previous subsection, we identified optimal choices of
£ with coarsenings of H.

Once we have this, since there are only a constant number of choices for ¢ and 1,
we deduce that the second moment of the number of good witnesses is comparable to
the square of the first moment. Thus, it follows from the Cauchy—Schwarz inequality
that the probability of there being a good witness in each sufficiently large dyadic
shell is bounded from below by some ¢ > 0, and we deduce from Fatou’s lemma
that there are good witnesses in infinitely many dyadic shells with probability at
least e. This completes the proof that robust faithful presence occurs with positive
probability.

It remains to remove the simplifying assumption we placed on H, i.e., to allow
ourselves to pass to a coarsening of H all of whose subhypergraphs are d-buoyant
before proving faithful ubiquity. To do this, we introduce the notion of constellations
of witnesses. These are larger collections of points, defined in such a way that every
constellation of witness for H contains a witness for each refinement of H. In the
actual, fully detailed proof we will work with constellations from the beginning. This
does not add many complications.
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4 Moment estimates
4.1 Non-ubiquity in high dimensions

The goal of this section is to prove the following.

Proposition 4.1 Let G be a d-dimensional transitive graph with d > 4, let § be the
uniform spanning forest of G, let H be a finite hypergraph with boundary, and let
r > 1. Then the following hold:

(1) If H has a subhypergraph that does not have any d-buoyant coarsenings, then H
is not faithfully ubiquitous in Cf P (&) almost surely.

(2) If every quotient H' of H such that Rg(H') < r has a subhypergraph that does
not have any d-buoyant coarsenings, then H is not ubiquitous in C:' P (F) almost
surely.

Let G be a d-dimensional graph with d > 4, and let § be the uniform spanning
forest of G. Let H = (dV, V,, E) be a finite hypergraph with boundary such that
E # @, and let r > 1. Recall that # (x, &) is defined to be the event that & is a witness
for the faithful presence of H at x. For each N > n, we define

SP.Ny= > 1/ (x.9)].

§€Ber(n,N)

For each (£,).cg € VE, we also define

W, 6) = [ (o dbere Lup) @9 [T tl&e s e Lup)=@=

uedV uevV,

and

Wi Ny = Y w6,
£€By(n,N)

so that, if we choose a vertex u(e) L e arbitrarily for each e € E and set (§,)ccr =
(&(e,u(e)))eckE it follows from Proposition 2.2 that

E[sfnm]= Y Porwen= Y wieo=wluN

E€lex(n,N) EEE.X(}’Z,N)E

for every x, n, and N.

To avoid trivialities, in the case that H does not have any edges we define
Wfl(n, N) = 1foreveryx € V2V and N > n.

In order to prove Proposition 4.1, it will suffice to show thatif H has a subhypergraph
with boundary that does not have any d-buoyant coarsenings, then forevery ¢ > 0 there
exists a collection of vertices (x;,),csv such that all the vertices x,, are in a different
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component of § with probability at least 1/2 (which, by Theorem 2.1, will be the
case if the vertices are all far away from each other), but P(H is faithfully present at
X) = ]P’(Sf (0, 00) > 0) < e.Inorder to prove this, we seek to obtain upper bounds on
the quantity Wf (n, N). We begin by considering the case of a single distant scale. That
is, the case that | N —n| is a constant and all the points of x are contained in A, (0, n—1).
Recall that 4 (H) is defined to be min{ny(H’) : H'is a coarsening of H}.

Lemma 4.2 (A single distant scale) Let G be a d-dimensional transitive graph and let
H be a finite hypergraph with boundary. Then for every m > 0, there exists a constant
¢ = c(G, H, m) such that

logy W (n,n 4+ m) < —fg(H)yn + |E[*logyn + ¢

forall x = (x,)yecay € VOV and all n such that (x,x,) < 2"_1for allu,v € V.

It will be useful for applications in Sect. 4.3 to prove a more general result. A
graph G is said to be d-Ahlfors regular if there exists a positive constant ¢ such that
c'r? < |B(x,r)| < crd forevery r > 1 and every x € V (in which case we say
G is d-Ahlfors regular with constant ¢). Given & > 0 and a finite hypergraph with
boundary H, we define

Nd.o(H) = (d = 20)A = d|E| — (d = 2)| Vs,

where we recall that A = )", _pdeg(e) = Y .y deg(v), and define 7jy.o(H) =
min{ng o (H') : H' is a coarsening of H}. Given a graph G, a finite hypergraph with
boundary H = (dV, V,, E), and points (xy)yegv, (§¢)ecE We also define

Wi &) = [T (e re Lup)™ @72 [T (8 e Lup)=@=2

uedV ueV,

and, for each N > n,

W, Ny = Y W, ).
EelBy(n,N)

Note that ny = 142 and Wf = Wf ’2, so that Lemma 4.2 follows as a special case
of the following lemma.

Lemma 4.3 (A single distant scale, generalised) Let G be a d-Ahlfors regular graph
with constant ¢, let H be a finite hypergraph with boundary, and let a € R be such
that d > 2a. Then for every m > 0, there exists a constant ¢ = ¢(c’, H, a, d, m) such
that

logy WH(n, n +m) < —flao(H)n + |E[*logyn + ¢

forall x = (x,)ucay € VY and all n such that (x,x,) < 2" forallu,v € dV.

Before proving this lemma, we will require a quick detour to analyze a relevant
optimization problem.
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Optimization on the ultrametric polytope

Recall that a (semi)metric space (X,d) is an ultrametric space if d(x,y) <
max{d(x, z), d(z, y)} for every three points x, y,z € X. For each finite set A, the
ultrametric polytope on A is defined to be

Xaq =0foralla € A, x4 = xp4 foralla, b € A, ]

_ A%,
Ua = :(X“’b)“’bEA €l 17 and x5 < max {xq,c, xcp}foralla,b,c € A

which is a closed convex subset of RAZ. We consider {/4 to be the set of all ultrametrics
on A with distances bounded by 1. We write P(A?) for the set of subsets of A2.

Lemma 4.4 Let A be a finite non-empty set, and let F : RA% 5 R be of the form

K
F(x) =Y cxmin{xqp : (a.b) € Wi},
k=1
where K < oo, c1,...,cxk € R, and Wy, ..., Wk € P(Az). Then the maximum of

F on Uy is obtained by an ultrametric for which all distances are either zero or one.
That is,

max{F(x) :x e Uy} = Inax{F(x) 1 x €Ua, x4 €{0, 1} foralla,b e A}.

Proof We prove the claim by induction on |A|. The case |A| = 1 is trivial. Suppose
that the claim holds for all sets with cardinality less than that of A. We may assume
that (a,a) ¢ Wi forevery | < k < K andi € A, since if (a,a) € Wi for some
1 < k < K then the term ¢, min{x,  : (a,b) € Wi} is identically zero on Us. We
write 1 for the vector

l(a,h) = Il(a ;é b).
It is easily verified that
FOx)=_F(x) and Fx+4al)=Fx)+aoaF(1)

for every x € RAZ, every A > 0, and every o € R.

Suppose y € Uy is such that F'(y) = max,¢y, F(x). We may assume that F(y) >
F(1) and that F(y) > F(0) = 0, since otherwise the claim is trivial. Let m =
min{y, 5 : a,b € A, a # b}, which is less than one by assumption. We have that

y m

Tom T <
and
F FQ1
F<1L_Ll> _FO) _mFD oo ™ Ry — FQY),
-m l1—m 1—m 1—m 1—m
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and so we must have m = 0 since y maximizes F.

Define an equivalence relation o< on A by letting @ and b be related if and only
if yo.» = 0. We write a for the equivalence class of b under <. Let C be the set of
equivalence classes of <, and let ¢ : Uc — U, be the function defined by

¢(x)a,b = x&’bA

for every x € U,,. Foreach 1 <k < K, let Wk be the set of pairs a, b € C such tha}t
(a,b) € W for some a in the equivalence class a and b in the equivalence class b.
Let F : Uc — R be defined by

K
Fx) =" cxmin{xqp : (@ b) € Wy).
k=1

We have that F = F o ¢, and, since y maximized F', we deduce that, by the induction
hypothesis,

max{F(x) : x e Uy} = max{I:"(x) tx € Uc)
= max{F(x) : x € Ue, x, ;5 €10, 1} for alla, b e C},
completing the proof. O

We will also require the following generalisation of Lemma 4.4. For each finite
collection of disjoint finite sets {A;};e; with union A = | J,_; A;, we define

iel

Uiy, = 1x €Ua 1 xqp = 1 for every distinct i, j € I andeverya € A; andb € A;.}.

Lemma4.5 Let {A;}ics be a finite collection of disjoint, finite, non-empty sets with
union A = J;c; A;, and let F : RA* = R be of the form

K
F(x) = ch min{x; ;) : (i, j) € Wi},
k=1
where K < 00, ¢1,...,cx € R and Wy, ..., Wg € P(A2). Then the maximum of

F on Uy is obtained by an ultrametric for which all distances are either zero or one.
That is,

max{F(x) :x € L{{Ai}iel}zmax{F(x) 1 x € Uay Xa.p € {0, 1} foralla, b € A}.

iel”
Proof We prove the claim by fixing the index set / and inducting on |A|. The case
|A| = |1]1is trivial. Suppose that the claim holds for all collections of finite disjoint sets
indexed by I with total cardinality less than that of A. We may assume that (i, i) ¢ Wi
forevery 1l <k < Kandi € A,sinceif (i,i) € Wi forsome 1 < k < K then the term

@ Springer



166 T. Hutchcroft, Y. Peres

¢y min{x; ; : (i, j) € Wi}isidentically zero on {/4. Furthermore, we may assume that
Wi contains more than one element of at least one of the sets A; foreach1 <k < K,
since otherwise the term ¢ min{x; ; : (i, j) € W} is equal to the constant ¢; on
Ua;)ie;- We write 1 and i for the vectors

Loy =1(a #b)
and
igyp =1(a #b, anda,b € A; forsomei € I).
It is easily verified that
F(x)=AF(x) and F(x +ai)=F(x)+aF@1)

for every x € Uja;),.,»every A > 0, and every o € R such that x + i € Uy, -
The rest of the proof is similar to that of Lemma 4.4. O

Back to the uniform spanning forest

We now return to the proofs of Proposition 4.1 and Lemma 4.3.

Proof of Lemma 4.3 1In this proof, implicit constants will be functions of ¢/, H, o, d
and m. The case that E = ¢ is trivial (by the assumption that d > 2«), so we may
assume that |E| > 1.
Write & = E,(n, n + m). First, observe that
(xu, {€c e Lu}) <x2"({& e L u})

for every £ € E and u € 9V, and hence that

W n+m)y =3 [T tudgere Lup)™ @72 [T dlg s e Lup) =72

E€EuedV uev,
ﬁ 2—(d—2a)\3V\n Z l_[<{§-e ce J_ u})—(d—ZO{).
EcBueV
Let L be the set of symmetric functions ¢ : E 2 5 {0,...,n}) such that £(e, ¢) = 0

for every e € E. Foreach £ € L, let

[1]

¢ ={& € 81210 < (g,5,) <2MeDtmtl foralle, ¢’ € E},
so that 8 = | J,; E¢. Foreach £in L, let
i(e,¢) = min{t(e, )} U {max{(e, e1), ..., llex.€)} k> 1andey,...,ex € E}.
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In other words, £ is the largest ultrametric on E that is dominated by £. Observe that
forevery £ € L, every & € By, end every e, €', ¢’ € E, we have that

logy (§céer) < logy [(Eeéer) + (Eerder)] < logy max{(E.&.r), (Ecréer)} + 1
< max{{(e, "), £(", )} +2m + 3,

and hence, by induction, that
log, (E&e) < U(e.e') + (2m + 3)|E| = U(e, ¢).

Letey, ..., e/g| be an enumeration of E. Forevery £ € L,every 1 < j <i < |E|
and every £ € E; we have that

£, €B (Se,-, 21?<e,-,e_,->+(2m+3)|E\) and ‘B (Se,, 2é(e,-,e,~)+<2m+3>\5|)‘ < pdlieie)),

By considering the number of choices we have for &, at each step given our previous
choices, it follows that

IE]
log2|Eg|,Sdn—i—dZmin[f(e,-,ej):j<i}. 4.1)
i=2

Now, for every & € E¢, we have that

logy [ (f&e : e L up)~=2

ueV
|E|
~ —(d —2a) ZZIL(Q € u) min {Z(ei,ej) j<i,ej L u}
ueV i=2
|E|
=—(d—20)) Y min{bej,e;): j<i,ej Lu}. 4.2)
i=2ule

Thus, from (4.5) and (4.2) we have that

10g2 Z l_[({Se e L u})*(d*Z(x)

Ee€BoueV

IE|
Sdn+ ) |:dmin{é(e;, ej):j <i}—(d—20)) min{l(ei,e;): j <i, e L u}i| )
i=2 ule

4.3)

Let O : L — R be defined to be the expression on the right hand side of (4.3). We
clearly have that Q(é) > Q(¢) forevery £ € L, and so there exists £ € L maximizing
Q such that £ is an ultrametric. It follows from Lemma 4.4 (applied to the normalized
ultrametric £/n) that there exists £ € L maximizing Q such that £ is an ultrametric
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and every value of ¢ is in {0, n}. Fix one such ¢, and define an equivalence relation o<
on E by letting e < ¢’ if and only if £(e, ¢’) = 0, which is an equivalence relation
since £ is an ultrametric. Observe that, for every 2 <i < |E],

min{{(e;, e;) : j < i} = 1[e; is not in the equivalence class of ¢; for any j < i]n,

and hence that

IE|
dn + Zmin{ﬂ(ei, ej) : j <1} = |{equivalence classes of ><}|n.
i=2

Similarly, we have that, for every vertex u of H,

|E|
Zmin{((ei, ej):j <i,ej L u}=(|{equivalence classes of >« incident to u}| — 1) n,
i=2

where we say that an equivalence class of o< is incident to u if it contains an edge that
is incident to u. Thus, we have that

Q) = d|{equivalence classes of b<}|n

—(d —2a) Z(Hequivalence classes of >« incident to u}| — 1) n.

ueV

(4.4)

Let H' = H /< be the coarsening of H associated to < as in Sect. 2.7. We can
rewrite (4.4) as

Q) =d|E(H"|n — (d = 2a) A(H")n + (d = 2)|V (H)| n
= —Naoq(H)Yn+ (d —2a)|dV|n.

Since |L| < (n + 1)‘E|2, we deduce that

log, Wf’“(n, n+m) < —(d—2w)|dV|n+log, Z 10103
lel
=< I}laLX Q) — (d —2a)[dV|n +log, |L]|
€
< —faa(H)n+ |E*logyn

as claimed. O

Next, we consider the case that the points x, are roughly equally spaced and we
are summing over points & that are on the same scale as the spacing of the x,.
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Lemma 4.6 (The close scale) Let G be a d-dimensional transitive graph with d > 4
and let H be a finite hypergraph with boundary. Let m1, mo > 0. Then there exists a
constant ¢ = ¢(G, H, m1, my) such that

logZWf(O, n+my) < —ng(Hyn+|EU 3V|210g2n +c

for everyn > 1 and every x = (xy)ucav € VOV are such that 2" < (x,x,) < 2"
foreveryu,v e V.

Proof We may assume that E # ¢, the case E = ¢ being trivial. For notational
convenience, we will write &, = x,, and consider v L v for every vertex v € aV.
Write E = E, (0, n 4+ m3), and observe that for each £ € E and e € FE there exists at
most one v € dV for which log,(§.,&,) < n —m — 1. To account for these degrees
of freedom, we define @ to be the set of functions ¢ : E U9V — 9V U {x} such
that ¢ (v) = v for every v € dV. For each ¢ € ®, let Ly be the set of symmetric
functions £ : (E UdV)2 — {0, ..., n} such that £(e, ¢) = O for everye € EUJV
and €(e, ¢’) = n for every e, ¢’ € E U3V such that ¢(e) # ¢(e’). For each ¢ € ®
and £ € Ly, let

Epe={€B:lle.e)—m —1<log (kL) < l(e )+ m
+ 1 forevery e, ¢’ € EUQV},

and observe that E = (Jyco UZEL¢ OF R

Now, for each ¢ € ® and £ € Ly, let { be the largest ultrametric on £ U 9V that

is dominated by £. Observe that le Ly, and that, as in the previous lemma, we have
that

logy (£.8) S Ele, &)

forevery e, e’ € EUJV.
Letey, ..., e/ be an enumeration of E, and let ep, e_1, ..., e_|pv|41 be an enu-
meration of dV. As in the proof of the previous lemma, we have the volume estimate

|E|
logy |Ep.e| Sd Y min{l(e;, e)): j < i} (4.5)
i=1
Now, for every & € Ey ¢, we have that, similarly to the previous proof,
|E|
log, W(x, &)~ —(d —4) ZZmin{E(ei, ej):j<i,ej Lu}.

i=lule
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(Recall that we are considering u L u for each u € 9V.) Thus, we have

logy D Wi(x,8)

€8y

|E|
<> [dmin{é(ei,ej) j<ib—d—4)) min{t(eiej):j <i. e, J_u}j|.
i=1 ule

(4.6)

Let Q : Ly — R be defined to be the expression on the right hand side of (4.6).
Similarly to the previous proof but applying Lemma 4.5 instead of Lemma 4.4, there
is an £ € Ly maximizing Q such that £ is an ultrametric and £(e, ¢’) € {0, n} for all
e, ¢ € EUQV.Fix one such £, and define an equivalence relation < on E U 3V by
letting e o< ¢’ if and only if £(e, ¢’) = 0, which is an equivalence relation since £ is
an ultrametric. Similarly to the proof of the previous lemma, we can compute that

Q) = dn |{equivalence classes of < that are contained in E}|

—(d—4)n Z |{equivalence classes of >< incident to u« that do not contain u}|
uedV
—(d —4)n Y (l{equivalence classes of >« incident to u}| — 1).

ueVs,

Since d > 4 and each equivalence class of < can contain at most one vertex of v, we
see that Q increases if we remove a vertex v € 9V from its equivalence class. Since
£ was chosen to maximize Q, we deduce that the equivalence class of v under o< is
a singleton for every v € dV. Thus, there exists an ultrametric £ € L, maximizing
Q such that £(e, ') € {0, n} for every e, ¢’ € E and £(e,v) = n forevery ¢ € E
and v € 9V. Letting <’ be the equivalence relation on E (rather than E U 9V)
corresponding to such an optimal ¢, we have

Q(£) = dn |{equivalence classes of t<}|
—(d —%n Z |{equivalence classes of <’ incident to u}| .
uedV

—(d —%n Z (|{equivalence classes of < incident to u}| - 1) .
ueV,

A.7)

The rest of the proof is similar to the Proof of Lemma 4.2. O

We can now bootstrap from the single scale estimates Lemmas 4.2 and 4.6 to a
multi-scale estimate. Given a hypergraph with boundary H = (0V, V,, E) and a
set of edges E/ C E, we write Vo(E') = (J,cp{v € Vo : v L e} and define
H(E') = 0V, Vo(E"), E').
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Lemma 4.7 (Induction estimate) Let G be a d-dimensional transitive graph and let H
be a finite hypergraph with boundary. Then there exists a constant ¢ = ¢(G, H) such
that

log, [Wf O, N + |E|+2) — WH (0, N)]

< max {1ogzwf<5’>(o, N +|E|+2)
E'CE

— [Aa(H) = a(HED] N +1E\E'Plogy N} + ¢

for every x = (Xy)ucav € VoV and every N such that (x,x,) < 2N-1 for all
u,veadV.

Note that when |E| > 1 we must consider the term E’ = ¢ when taking the
maximum in this lemma, which gives —4(H)N + |E |2 log, N.

Proof The claim is trivial in the case E = {J, so suppose that |[E| > 1. Let E =
Ex(0, N +|E| 4+ 2)\E, (0, N) so that

WO, N+E|+2) - WIO,N) <Y wHix,6).

EcE
Foreach E' C E andevery | <m < |E| + 1, let
BEM — (AL (O, N +m — 1))E x (Ay(N +m, N + |E| +2))E\E'
Observe that if £ € E then, by the Pigeonhole Principle, there must exist | < m <
|E| + 2 such that & is notin Ay (N —m — 1, N — m) for any e € E, and we deduce
that
E:U{EE’»’":E/QE, 1§m§|E|+2}.

Thus, to prove the lemma it suffices to show that

logy, Y. WH(x.£) <logy WHE) 0, N) — (fla(H) — fa(H(E)) N

%’EEH(E,)""

+|E\E'|?log, N 4.8)

whenever | < m < |E|+2and E’ C E.If E' = (J then this follows immediately
from Lemma 4.2, so we may suppose not.

To this end, fix £/ C E with |E'| > 1 and writt H = H(E') =
@V, Vo(E",E") = (@V, V., E'). Choose some vy € 9V arbitrarily, and write
Xy = Xy, for every v € V.. Then for every & € gE.m, using the fact that we have the
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empty scale Ay (N —m — 1, N — m) separating {§, : ¢ € E'} from {§, : ¢ ¢ E'}, we
have that

() Ulgere Lu)) < () Uls e E' e Lul)({fx} Uik e ¢ E's e Lu)
for every vertex u € 3V,
({eereLup) <({&c:ecE e Lul)({xui) Uik e ¢ E' e Lu)
for every vertex u € V!, and that, trivially,
({eereLu)) =({&:e ¢ E', e Lu))

for every vertex u € V,\ V.. Define a hypergraph with boundary H” = (aV", V!, E”,
L") by setting

av'=o9vuv, V/=V\v., V'=9V"'UV/=Vv, E"=E\E
and 1" =1L NWV"'NE").

For each & € BF', let £ = (E)ecrr = (Eodecrr and " = (E)ecrr = (Eo)eck"-
Then the above displays imply that

WHx,6) < Wi (x,€')- wH" (x, 8")

for every & € EE'm_ Thus, summing over § € (Ay(O,N +m — 1))E and £ €
(Ax(N 4+m, N + |E| +2))f", we obtain that

log, > WH(x.&) <logy, W0, N +m — 1) +log, W' (N +m, N +|E| +2)

EEEE/""

< log, W' (0, N + |E| +2) — fla(H")N + |E"* log, N,

4.9)
where the second inequality follows from Lemma 4.2.
To deduce (4.8) from (4.9), it suffices to show that
na(H) < na(H") 4+ 1a(H"). (4.10)

To this end, let <’ be an equivalence relation on E’ and let ><" be an equivalence
relation on E”. We can define an equivalence relation <t on E by setting e < ¢’ if and
only if either e, ¢’ € E’ and e <’ ¢’ ore, ¢’ € E” and e <" ¢’. We easily verify that
ACH [5<) = A(H' [6<) + ACH" [<l"), | Vo (H [ 5<)| = |V (H' /o<l )|+ | Vo (H" /<),
and |E(H /><)| = |E(H'/s<)| +|E(H" /s<")|, s0 that

na(H/v<) = ng(H'/p<) + na(H" /><"),
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and the inequality (4.10) follows by taking the minimum over > and ><". a
We now use Lemmas 4.6 and 4.7 to perform an inductive analysis of W. Although

we are mostly interested in the non-buoyant case, we begin by controlling the buoyant

case.

Lemma 4.8 (Many scales, buoyant case) Let H be a finite hypergraph with boundary.

Let m > 1, and suppose that x = (x,)ycav € VOV are such that 2"™™ < (x,xp) <

20~ If every subhypergraph of H has a d-buoyant coarsening, then there exists a
constant ¢ = ¢(G, H, m) such that

log, W2 (0, N) < —fg(H)N + (JIEU V> 4+ 1)logy N + ¢

forall N > n.

Proof We induct on the number of edges in H. The claim is trivial when E = #.
Suppose that | E| > 1 and that the claim holds for all finite hypergraphs with boundary
that have fewer edges than H. By assumption, 74(H") < 0 for all subhypergraphs H’
of H. Thus, it follows from the induction hypothesis that

log, Wf/(O, N+ |E[+2) < —ha(HYN + (|E'U3V']> + 1)log, N
for each proper subhypergraph H' of H, and hence that

logy W' (0, N + |E| +2) — [fa(H) — fla(H)] N + |[E\E'* logy N
S —Aa(H)N + (IE'UaV]> + 1 +|E\E'|>) logy N.

(Note that the implicit constants depending on H’ from the induction hypothesis are
bounded by a constant depending on H since H has only finitely many subhyper-
graphs.) Observe that whenever E’ C E we have that

|E'UAVI> 4+ 1+ |E\E'|> <|EUJV/%,
and so we deduce that

logy W'(0, N + |E| +2) — [a(H) — fla(H)] N + |[E\E'* logy N
S —ha(H)N +|EU3V|*logy N

for every proper subhypergraph H' of H. Thus, we have that

log, [Wf(O, N+ 1) =W, N)] < log, [Wf(o, N +|E|+2) — W0, N)]
< —fq(H)N +|E U3V |[*log, N
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for all N > n, where we applied Lemma 4.7 in the second inequality. Summing from
nto N we deduce that

N
WH O, N) = WH(0,n) < exp, [—ﬁd(H)i +EUAV|*log, i]

i=n

< exp, [—ﬁd(H) N+ (EU3V]>+1)log, N] .

Using Lemma 4.6 to control the term Wf (0, n) completes the induction. O

We are now ready to perform a similar induction for the non-buoyant case. Note that
in this case the induction hypothesis concerns probabilities rather than expectations.
This is necessary because the expectations can grow as N — oo for the wrong reasons
if H has a buoyant coarsening but has a subhypergraph that does not have a buoyant
coarsening (e.g. the tree in Fig. 3).

Lemma 4.9 (Every scale, non-buoyant case) Let H be a finite hypergraph with bound-
ary suchthat E # 0, letm > 1, and suppose that H has a subhypergraph that does not
have any d-buoyant coarsenings. Then there exist positive constants ¢y = ¢1(G, H, m)
and ¢y = ¢c2(G, H.m) such that

log, P(S7(0,00) > 0) < —cyn+|EUV|?logyn + c2

forall x = (x,)yeay € VOV such that 2" < (x,xp) < 2"_1f0r allu,v € 9V.

Proof We induct on the number of edges in H. For the base case, suppose that H
has a single edge. In this case we must have that n4(H) > 0, and we deduce from
Lemmas 4.2 and 4.6 that

N
WO, N) <WEO.m)+ Y Wi —1.0)
i=n+1

< exp, [—ﬁd(H)n +|E U 8V|210g2 n]

N
+ Y exp, [—ﬁd(H)i + |E|210g2i]
i=n+1

< exp, [—ﬁd(H)n FIEUaV| log, n] ,

so that the claim follows from Markov’s inequality. This establishes the base case of
the induction.

Now suppose that |E| > 1 and that the claim holds for all finite hypergraphs with
boundary that have fewer edges than H. If H has a proper subhypergraph H' with
fa(H') > 0, then S7'(0, 00) is positive if S (0, 00) is, and so the claim follows from
the induction hypothesis, letting ¢ (G, H, m) = ¢;(G, H',m) and ¢;(G, H, m) =
(G, H',m).
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Thus, it suffices to consider the case that 74(H) > 0 but that 7, (H’) < 0 for every
proper subhypergraph H' of H. In this case, we apply Lemma 4.7 to deduce that

logy [WI(0, N +1) = W (0, N)| = log, [W (0, N + |E| +2) - WI 0, M) ]

< max {1og2 WHE O, N +|E| +2)
E'CE
— [a(H) = a(HED] N+ |E\E'P logy N}
Lemma 4.8 then yields that

log, [ij O, N +1) —WH 0, N)]

< —fa(H)N + (IE'U3V]* + 1+ |E\E'|*) log, N
< —fa(H)N +|E UaV|*log, N.

Finally, combining this with Lemma 4.6 yields that, since 7y (H) > 0,

WH (0, N) < exp, [—f;d(H) n+|EU3V|log, n]
N
+ 3 expy [—a(H) i + |E UV Plog, ]
[ =n
=< exp, [—ﬁd(H)n + |EU 3V|210g2 n] ,

and the claim follows from Markov’s inequality. O

Proof of Proposition 4.1 Let H be a finite hypergraph with boundary that has a subhy-
pergraph that does not have any d-buoyant coarsenings, so that in particular H has at
least one edge. Lemma 4.9 and Proposition 2.2 imply that for every ¢ > 0, there exists
x = (xy)peyv such that each of the points x,, are in different components of § with
probability at least 1 — &, but H has probability at most ¢ to be faithfully present at
x in the component hypergraph Cf P (). It follows that H is not faithfully ubiquitous
in the component graph Cf’ P(3) as.

Now suppose that H is a hypergraph with boundary such that every quotient H’
of H such that Rg(H') < r has a subhypergraph that does not have any d-buoyant
coarsenings. Note that if H' is a quotient of H such that Rg(H') > r then H' is not
faithfully present anywhere in G a.s. This follows immediately from the definition
of Rg(H'). On the other hand, Lemma 4.9 and Proposition 2.2 imply that for every
e > 0, there exists x = (xy)yegy such that each of the points x,, are in different
components of § with probability at least 1 — &, but, for each quotient H" of H with
Rg(H') < r, the hypergraph H' has probability at most ¢/|{quotients of H}| to be
faithfully present at x in the component hypergraph Cf P (&), since H' must have a
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subhypergraph none of whose coarsenings are d-buoyant by assumption. It follows
by a union bound that A has probability at most ¢ to be present in Cf’ P(3) at this x.

It follows as above that H is not ubiquitous in the component hypergraph Cf P
a.s. O

4.2 Positive probability of robust faithful presence in low dimensions

Recall that if G is a d-dimensional transitive graph, H = (dV, V,, E) is a finite
hypergraph with boundary, that » > 1 and that (x,),ecyv is a collection of points
in G, we say that H is r-robustly faithfully present at x = (x,),cy if there is an
infinite collection {Si = (E(ie,u))(esv)EE- : 1 > 1} such that g" is a witness for the

r-faithful presence of H at x for every i, and &/,  # S(je/’v,) for every i,j > 1
and (e, v), (¢/,v') € E, such that i # j. As in the introduction, for each M > 1
we let Rg(M) be minimal such that it is possible for a set of diameter Rg (M) to
intersect M distinct components of the uniform spanning forest of G, and let Rg(H) =
R (maxecg deg(e)).

We say that a set W C V is well-separated if the vertices of W are all in different
components of the uniform spanning forest § with positive probability.

Lemma4.10 Let G be a d-dimensional transitive graph with d > 4, and let § be the
uniform spanning forest of G. Then a finite set W C V is well-separated if and only
if when we start a collection of independent simple random walks {XV : v € W} at
the vertices of W, the event that {X}' : i > 0} N {X? : i > 0} = @ for every distinct
u, v € W has positive probability.

Proof We will be brief since the statement is intuitively obvious from Wilson’s algo-
rithm and the details are somewhat tedious. The ‘if” implication follows trivially from
Wilson’s algorithm. To see the reverse implication, suppose that W is well-separated
and consider the paths {(I'/);>0 : v € W} from the vertices of W to infinity in .
Using Wilson’s algorithm and the Green function estimate (2.4), it is easily verified
that

i—1

. —d+4 —d+2 | _

E&E > (ryrY) +y (rer) =0 A.11)
j=0

veW ueW\{v}

almost surely on the event that the vertices of W are all in different components of §.
Leti > 1 and consider the collection of simple random walks Y"-* started at F;’ and
conditionally independent of each other and of § given (I'/)yew, and let YV be the
random path formed by concatenating (F}?);zl with Y. It follows from (4.11) and
Markov’s inequality that
limsupP ({7} : j=0} N {7} : j=0} = forevery v € W) = P(F (W) > 0,
i—00
(4.12)
where we recall that .% (W) is the event that all the vertices of W are in different
components of §. In particular, it follows that the probability appearing on the left
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hand side of (4.12) is positive for some iy > 0. The result now follows since the
walks {XV : v € W} have a positive probability of following the paths I'V for their
first ip steps, and on this event their conditional distribution coincides with that of
(Y0 .y e W) O

The goal of this subsection is to prove criteria for robust faithful presence to occur
with positive probability. We begin with the case that d/(d — 4) is not an integer
(i.e., d ¢ {5, 6, 8}), which is technically simpler. The corresponding proposition for
d =5, 6, 8 is given in Proposition 4.15.

Proposition 4.11 Let G be a d-dimensional transitive graph with d > 4 such that
d/(d — 4) is not an integer, and let § be the uniform spanning forest of G. Let H
be a finite hypergraph with boundary with at least one edge, and suppose that H
has a coarsening all of whose subhypergraphs are d-buoyant. Then for every r >
Rg(H) and every well-separated collection of points (xy)yeay in'V, there is a positive
probability that the vertices x, are all in different components of § and that H is
robustly faithfully present at x in Cf P@).

The Proof of Proposition 4.11 will employ the notion of constellations. The reason
we work with constellations is that a constellation of witnesses for the presence of H
(defined below) necessarily contains a witness for every refinement of H. This allows
us to pass to a coarsening and work in the setting that every subhypergraph of H is
d-buoyant.

For each finite set A, we define the rooted powerset of A, denoted P,(A), to be

Po(A) :={(B,b) : Bisasubsetof A and b € B}.

We call a set of vertices y = (y(p,»)) of G indexed by P,(A) an A-constellation.
Given an A-constellation y, we define <7 (y) to be the event that y(p ) and y(p’ )y are
connected in § if and only if » = /', and in this case they are connected by a path in §
with diameter at most r. We say that an A-constellation y in G is r-good if it satisfies
the following conditions.

(1) (vs.pyyB 1)) <1 forevery (B, b), (B',b') € Po(A).

2 (y.pYnB.b)) < Rc(B|)+ 1forevery B C Aand b, b’ € B, and

(3) P (y) = 1/r.

The proof of the following lemma is deferred to Sect. 4.3.

Lemma4.12 Let G be a d-dimensional transitive graph with d > 4. Let A be a finite
set. Then there exists r = r(|A|) such that for every vertex x of G, there exists an
r-good A-constellation contained in the ball of radius r around x.

Let H = (dV, V,, E) be a finite hypergraph with boundary with at least one edge,
and let r = r(max, deg(e)) be as in Lemma 4.12. We write Py(e) = Po({v € V :
v L e}) for each e € E. For each § = (§.).cg € VE and each e € E, we let
(4, B,v))(B,v)eP.(¢) be an r-good e-constellation contained in the ball of radius r
about &, whose existence is guaranteed by Lemma 4.12.

For each x = (xy)yegv and & = (&,).cg, We define # (x, €) to be the event that
the following conditions hold:
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(1) For each boundary vertex v € 9V, every point in the set {x,} U {§, 4,0) : € €
E, (A, v) € Pq(e)} is in the same component of F,

(2) For each interior vertex v € V,, every point in the set {§, 4,0) 1 € € E, (A, V) €
Po(e)} is in the same component of §, and

(3) For any two distinct vertices u, v € V, the components of §§ containing the sets
{5e.au) 1€ € E,(A,u) € Po(e)} and {§.a0) : € € E, (A, v) € P,(e)} are
distinct.

Thus, on the event % (x, &) every refinement H' of H is Rg(H’)-faithfully present
at x: Indeed, letting ¢y : V' — V and ¢ : E’ — E be as in the definition
of a coarsening and letting A(¢’) = {v € V : ¢‘71(v) 1’ €'} for each e € E’,
the collection (g(e’,v’))(e’,v’)eEL = (S((bE(e’),A(e’)qﬁv(v’)))(e’,v’)eE; is a witness for the
R (H')-faithfully presence of H' at x.

For each n > 0, let 2, (n) be the set

Q. (n) = {(gg)ee,5 € Ac(m,n+ DE - (£,£,) = 2"C for all distinct e, ¢ € E} ,

where C; = C(E) is chosen so that log, |2, (n)| ~ nd|E| for all n sufficiently large
and all x. It is easy to see that such a constant exists using the d-dimensionality of G.
For each n > 0 we define S, (n) to be the random variable

Scmy:== Y 1/ (x,8),

§€Qy(n)
so that every refinement H' of H is Rg(H')-faithfully present at x on the event that
Sy (n) is positive for some n > 0, and every refinement H "of H is Rg(H')-robustly
faithfully present at x on the event that S (n) is positive for infinitely many n > 0.
The following lemma lower bounds the first moment of S,,.
Lemma4.13 Let G be a d-dimensional transitive graph with d > 4. Let H be a

finite hypergraph with boundary with at least one edge, let ¢ > 0, and suppose that
x = (Xy)vegv IS such that (x,x,) < on-l forallu,v € dV and satisfies

P({X}‘ 20> 0yN{X} i > 0} = 0 for every distinct u, v € BV) > ¢

when {X" : v € dV} are a collection of independent simple random walks started at
(xv)vegv. Then there exist constants ¢ = c¢(G, H, &) and ny = no(G, H, €) such that
if n > ng then

logy PO/ (x,£)) = —(d —4) (A — |Vo]) n — ¢
for every & € Q(n) and hence that

log, E[S,(n)] = —na(H)n —c.
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The proofs of Lemmas 4.12 and 4.13 are unfortunately rather technical, and are
deferred to Sect. 4.3. For the rest of this section, we will take these lemmas as given,
and use them to prove Proposition 4.11. The key remaining step is to upper bound the
second moment of the random variable S’x (n).

Lemma 4.14 (Restricted second moment upper bound) Let G be a d-dimensional
transitive graph withd > 4 such thatd /(d —4) is not an integer. Let H be a hypergraph
with boundary with at least one edge. Suppose that every subhypergraph of H is d-
buoyant. Then there exists a positive constant ¢ = ¢(G, H) such that

log, E[S,(n)?] < —2nq(H)n + ¢

forall x = (x,)ueav € (V)Y and all n such that (x,x,) < 2" forallu,v € 9V.

Proof Observe that if &, ¢ € Q. (n) are such that the events Vi(x, &) and %(x, Z)
both occur, then the following hold:

(1) For each v € V, there is at most one v’ € V such that & 4, and (. a7,y are
in the same component of § for some (and hence every) e, ¢’ € E and (A, v) €
Po(e), (A, V) € Po(e).

(2) For each ¢ € E, there is at most one ¢’ such that (£,¢,/) < 2"~ €171,

As abookkeeping tool to account for the first of these degrees of freedom, we define ®
be the set of functions ¢ : V, — V,U{x} such that the preimage ¢~ (v) has at most one
element for each v € V,. We write ¢_1(v) = % if v is not in the image of ¢ € &, and
write ¢ (v) = v forevery v € V. (Here and elsewhere, we use * as a dummy symbol
so that we can encode partial bijections by functions.) For each ¢ € ®,and §,¢ €V,
define the event %(; £) to be the event that both the event # (x, &) N ¥ (x, Z)
occurs, and that for any two distinct vertices u, v € V, the components of § containing
{.au) e € E, (A u) € Po(e)} and {{(e a,0) : € € E, (A, v) € Po(e)} coincide if
and only if v = ¢ (u). Thus, we have that

W@ &N (x.0) = | Wy(&. 0)

ped

and hence that

Sc?= Y WA @HNA(,OI<Y. Y. UFpE 0l
§,0€Qy(n) PP §,0eQi(n)
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It follows from Proposition 2.2 that

Py, 0) =[]t Ulge s e Lu), (e Lup)~@9

uedV

[] de:elup @™

ueVs,, p(v)=x

[T (Geielup@?

ueVs, ¢~ (v)=«

[[ (e:elulUite:eloa) @ @13
ueVs, ¢ (v)7#*

We define Ry (&, ¢) to be the expression on the right hand side of (4.13), so that
E[Sm? =Y Y Ree 0.
Ped §,0€Qx(n)

We now account for the second of the two degrees of freedom above. Let W be the
set of functions ¥ : E — E U {x} such that the preimage ¥ ~!(e) has at most one
element for every e € E. For each ¢ € W and k = (k¢)ccr € {0, ..., n}E, let

Qvk

21 ke < (£, (o)) < 2" k2 for all e € E such that ¥/ (e) # %
- 2. = eSy () = :
- {(5, §) € Q)7 and (¢,€,) > 2""C172 forall e, ¢’ € E such that ¢’ # /(e) ’

where C; is the constant from the definition of €2, (n), and observe that
logy [QVF| S2d|EIn—d ) ke (4.14)
Y (e)#*

For each &, ¢ € Qy(n) and e € E, there is at most one ¢’ € E such that (£.&,) <
21=C1=2 and it follows that

(Qc(m)* =",
vk

where the union is taken over € W and k € {0, ..., n}E.

Now, for any &, ¢ € QY* and u € V, with ¢ (u) # =, we have that

log,({&. 1e LuyU{g ie Lop))) ™ ~ —(d — 4) (deg(u) +deg(p () — 1) n
+d —4) ) " 1Y(e) L p)]ke.

elu

Meanwhile, we have that

logy({&e e Lu})™ ¥ ~logy({¢. s e Lu})™ ™Y ~ —(d — 4)(deg(u) — )n
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for every u € V,, and

logy (xy, {c e Lu}, {¢e:e L up)~@=
~ —2(d —4) degun + (d —4) Y 1Y (e) Lulke
elu

for every u € 9V. Summing these estimates yields

logy Ryp(§,8) = =2(d —4HAn+2(d —4H)|Veln — (d —DH{v € Vo : p(v) # *}|n
Hd =Y lu Le:p@) Lye)lke.

Thus, using the volume estimate (4.14), we have that

logy, > Ry(.0) < —2na(Hn —(d —4){u € Vo : ¢p(u) # #}|n

(E.0)eQvk
+d—4) Y ule:pw L@k —d Y k.
V(@ v

Observe that for every ¢ € W and e € E, we have that

Z expy ([(d —Hl{u Le:g) L y(e)} —dlke)
ke=0
exp, ([(d =4 {u Le:
dpu) Ly(e)} —dlin) if(d—4H{u Le:pw) Ly(e)}>d
“In if(d—D|f{uLe:pm) Ly(e)} =d
1 if (d—4|f{uLe:pm) L y(e)} <d.

Thus, summing over k, we see that for every ¢ € W and ¢ € ® we have that

logz 3 Y Rp(E ) S —2na(H)n —(d —4)l{u € Vo : p(v) # #}n
ke{0,...n}E (§,0)eQvk
+ D1 —=l{u Le:p) Ly@} —dl1({uLe:¢w) L@}l >d/d—H)n
ecE

+le(|{uJ_e:¢(u)J_w(e)}|:d/(d—4))log2n. 4.15)

ecE
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Since d/(d — 4) is not an integer, the last term is zero, so that if we define Q :
® x ¥ — Rby

Q. ¥) = —(d=DHl{u € Vo : p(v) # #}|
+Y 1d—=Dl{u Le:pw) Ly}l —d]

ecE

Il{u Le:gp) L)} >d/d—4], (4.16)
then we have that

log, Y. Y ReE 0 S —2na(H)n+ Q¢ Y)n.

ke{0,...n}E (£,0)eQvk

Thus, since |® x V| does not depend on n, we have that

logy BIS, ()] Slogy D Y~ Y D RsE D)

PP Y eV ke(0,...,n}E (£,0)eQVk

Smaxlogy Y5 Y0 Re(6:0) S —2na(Hn + max 0@, ¥on,
kel0,...n)E (£,0)eQvk '

and so it suffices to prove that Q(¢, ¥) < 0 for every (¢, V) € ® x V.
To prove this, first observe that we can bound

Q. ¥) < 0(@) = —(d —Hl{u € V, : p(v) # #}]
+) [d=Hl{u Le: pu) # )| —d]
ecE

I{u Le:pu) #+}| >d/(d—4)].

Let H’ be the subhypergraph of H with boundary vertices given by the boundary
vertices of H, edges given by the set of edges of H that have [{u L e : ¢ (u) # x}| >
d/(d —4), and interior vertices given by the set of interior vertices u of H for which
¢ (u) # xand ¢ (u) L e for some e € E’. Then we can rewrite

0@) =na(H) — (d —H|{ve Vo :p) #+\V'| <0, (4.17)

where the second inequality follows by the assumption that every subhypergraph of
H is d-buoyant. This completes the proof. O

Proof of Proposition 4.11 Suppose that the finite hypergraph with boundary H has a d-
optimal coarsening all of whose subhypergraphs are d-buoyant. Then the lower bound
on the square of the first moment of S A "(n) provided by Lemma 4.13 and the upper
bound on the second moment of S’f /(n) provided by Lemma 4.14 coincide, so that
the Cauchy—Schwarz inequality implies that
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E[54 ]

P(Sf/(n) > 0) > W

> 1

for every n such that (x,x,) < 21 for every u,v € dV. It follows from Fatou’s
lemma that

P (S‘f/(n) > 0 for infinitely many n) > limsup P (S’f/(n) > 0) >1,

n— o0

so that H is robustly faithfully present at x with positive probability as claimed. O

4.2.1 The casesd = 5, 6, 8.

We now treat the cases in which d/(d —4) is an integer. This requires somewhat more
care owing to the possible presence of the logarithmic term in (4.15). Indeed, we will
only treat certain special ‘building block’ hypergraphs directly via the second moment
method. We will later build other hypergraphs out of these special hypergraphs in order
to prove the main theorems.

Let H = (dV, V,, E) be afinite hypergraph with boundary. We say that a subhyper-
graph H' = (3V’, V., E’) of H is bordered if 3V’ = 9V and every vertex v € V\V’
isincident to at most one edge in E’. For example, every full subhypergraph containing
every boundary vertex is bordered. We say that a subhypergraph of H is proper if it
is not equal to H and non-trivial if it has at least one edge. We say that H is d-basic
if it does not have any edges of degree less than or equal to d/(d — 4) and does not
contain any proper, non-trivial bordered subhypergraphs H’ with ny(H’) = 0.

Proposition 4.15 Let G be a d-dimensional transitive graph with d € {5, 6, 8}, and
let § be the uniform spanning forest of G. Let H be a finite hypergraph with boundary
with at least one edge. Suppose additionally that one of the following assumptions
holds:

(1) H is a refinement of a hypergraph with boundary that has exactly one edge, the
unique edge contains exactly d/(d — 4) boundary vertices, and every interior
vertex is incident to the unique edge.

or

(2) H has ad-basic coarsening with more than one edge, all of whose subhypergraphs
are d-buoyant.

Then for every r > Rg(H) and every well-separated collection of points (xy)yeyy in
V there is a positive probability that the vertices x,, are all in different components of
§ and that H is robustly faithfully present at x.

The Proof of Proposition 4.15 will apply the following lemma, which is the analogue
of Lemma 4.14 in this context.
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Lemma 4.16 Let G be a d-dimensional transitive graph with d € {5, 6, 8}. Let H be
a hypergraph with boundary with at least one edge such that every subhypergraph of
H is d-buoyant.

(1) If H has exactly one edge, this unique edge is incident to exactly d / (d —4) boundary
vertices, and every interior vertex is incident to this unique edge, then there exists
a constant ¢ = ¢(G, H) such that

log, E[S,(n)?] < log,n+c¢

forallx = (x)ucav € V)V and all n such that (x,x,) < 2" forallu,v € 3V.
(2) If H is d-basic, then there exists a constant ¢ = ¢(G, H) such that

log, E[Sy (n)?] < —2na(H) + ¢

forallx = (x)uecay € V)Y and all n such that (x,x,) < 2"~ forallu,v € V.

Proof Note that in both cases we have that every subhypergraph of H is d-buoyant.
We use the notation of the Proof of Proposition 4.11. As in Eq. (4.15) of that proof,
we have that

og, Yo Y ReE0)
kel0,...,n}E (&,0)eQvk
S —2na(H)n+ Q@ ¥+ lle € E: llu Le:p@ L @)
=d/(d —4)}|log, n, (4.18)

where Q(¢, V) is defined as in (4.16). Moreover, the same argument used in that proof
shows that Q (¢, ) < Oforevery (¢, ¥) € ® x W.Incase (1) of the lemma, in which
H has a single edge, we immediately obtain the desired bound since ny(H) = 0 and
the coefficient of the log, n term is either O or 1.

Now suppose that H is d-basic. Let L(¢, ¥) be the coefficient of log, n in (4.18).
Note that H cannot have an edge whose intersection with dV has (d — 4)/d elements
or more, since otherwise the subhypergraph H' of H with that single edge and with
no internal vertices is proper, bordered, and has ny(H’) > 0. Thus, we have that if ¢
is defined by ¢o(v) = * for every v € V,, then

L(go.¥) =l{e € E:|Y(e)NdV|=d/(d -4} =0

for every Y € W.
Let Isom € @& x W be the set of all (¢, ¥) such that ¢ (u) L ¥ (e) foreverye € E
and v L e. Since H is d-basic we have that if (¢, ) € Isom then

L(¢.¥) = {e € E : deg(e) = d/(d = 4)}| = 0.
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We claim that Q(¢, ) < —(d — 4) unless either ¢ = ¢ or (¢, ) € Isom. Once
proven this will conclude the proof, since we will then have that

log, Y. Y ReE.0) S —2na(H)n

ke(0,...n}E (£,0)eQik
+max{—(d —4n + |E|logy n, 0} < —2na(H)n

for every (¢, ¥) € ® x W, from which we can conclude by summing over & x W as
done previously.

We first prove that Q (¢, ) < —(d —4) unless either ¢ = ¢ or ¢ (v) # * for every
v € V. Note that since d — 4 divides d, the d-apparent weight of every hypergraph
with boundary is a multiple of d — 4, and so we must have that ny(H') < —(d — 4)
for every subhypergraph H' of H with ny;(H') < 0. As in (4.17), we have that
Q(p,V¥) < na(H'), where H = H'(¢) is the subhypergraph of H with boundary
vertices given by the boundary vertices of H, edges given by the set of edges of H
that have [{u L e : ¢(u) # x}| > d/(d — 4), and interior vertices given by the set of
interior vertices u of H for which ¢ (1) # x and ¢(u) L e for some e € E’.

We claim that if ¢ is such that ny(H’) = 0 then H' is bordered, and consequently
is either equal to H or does not have any edges by our assumptions on H. To see
this, suppose for contradiction that H’ is not bordered, so that there exists a vertex
v € V,\V/ that is incident to more than one edge of H'. Let H” be the subhypergraph
of H' obtained from H’ by adding the vertex v. Then we have that |E(H")| = |E(H")|,
|Vo(H")| = |Vo(H)|+1and A(H”) > A(H")+2, and consequently that n;(H") >
nq(H')+(d—4). Since every subhypergraph of H is d-buoyant, we have that ng (H") <
0 and consequently that ny(H') < —(d — 4), a contradiction. This establishes that
Q(¢, ¥) < —(d — 4) unless either ¢ = ¢ or ¢ (v) # x for every v € V, as claimed.

It remains to show that if ¢ (v) # » for every v € V then Q(¢1, ¢¥) < —(d — 4)
unless (¢, ¥) € Isom. Since every edge of H has degree strictly larger thand/(d —4),
we have that

[(d—-DHl{u Le:p) Ly} —dlL[{u Le:pw) L)} >d/(d—-4)]
< [(@ —4)deg(e) —d] - (d -4

for every e € E and every (¢, ) € & x W suchthat |[{u L e: ¢(u) L ¥(e)} <
deg(e). It follows easily from this and the definition of Q (¢, 1) thatif ¢ has ¢ (v) # *
for every v € V, then

Q. ¥) =na(H) —(d—=Hl{e € E: [{u Le:pu) L y(e)}| < degle)}l

Since n4(H) < 0 by assumption, it follows that Q (¢, ¥) < —(d —4) unless (¢, V) €
Isom. This concludes the proof. O

Lemma 4.14 (together with Lemma 4.13) is already sufficient to yield case (2) of
Proposition 4.15. To handle case (1), we will require the following additional estimate.
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Lemma 4.17 (Different scales are uncorrelated) Let G be a d-dimensional transitive
graph with d > 4. Let H be a hypergraph with boundary. Then there exists a positive
constant ¢ = ¢(G, H, r) such that

log, B[S, (n) S (n +m)] < —na(H) 2n +m) + ¢

forall x = (x,)uecgy € V)V, allm > 2, and all n such that (x,x,) < 2"~ for all
u,vedV.

Proof Let ® and 7/~¢ (&, ¢) be defined as in the Proof of Lemma 4.14.
For every & € Q,(n) and ¢ € Q(n + m), we have that all distances relevant to our
calculations are on the order of either 2" or 2"+, That is,

logy (§.8e), logy(Eexy) n and  logy(eler), 10gy(Leler), 10gy(Lexy) X n +m

foralle,e¢’ € E and v € 9V. Thus, using (4.13), can estimate

log, P(#y(£, ¢))

d—4
S - Z {fe € E:e L u}| 2n+ m)
uedV
— > (feeE:eLlu}—Dn
ueVs, p(u)=x

- Y (eeE:elu}—1)(n+m)

ueVs, ¢*1(u):*

— Z ({leeE:elulln—n+|{e€ E:e Ll ¢pm)}| (n+m))
u€Vo, ¢ (u)#x
=—-ACn+m)+|Vo| Cn+m) —[{v e Vs :¢() #*} (n+m),

which is maximized when ¢ (v) = * for all v € V,,. Now, since

logy |2 (1) x Qen+m)| S|Am—1,mE x An+m—1,n+m)E| <d@n+m),

we deduce that

logy B[S, (m) i (n + m)] < log, [ (n) x (1 + m)| + log ||

+ max{P(#4(&,¢)) 1 £ € Qe(n), ¢ € Qe(n+m), ¢ € D}
<Sd|IE|(n+m)—(d—4HAR2n+m)+ (d —4)|V,|(2n + m)
= —nq4(H)(2n + m)

as claimed. O
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Proof of Proposition 4.15 given Lemmas 4.12 and 4.13 The second case, in which H has
a d-basic coarsening with more than one edge all of whose subhypergraphs are d-
buoyant, follows from Lemma 4.12 and Lemmas 4.13 and 4.16 exactly as in the
proof of Proposition 4.11. Now suppose that H is a refinement of a hypergraph with
boundary H' that has d/(d — 4) boundary vertices and a single edge incident to every
vertex. Then ny(H') = 0 and every subhypergraph of H' is d-buoyant. Applying
Lemmas 4.13, 4.16 and 4.17, we deduce that

2n 2n 2
E [Z st (2k):| >n, and E <Z S‘f/(Zk)) < n?,
k=n k=n

for every n such that (x,x,) < 2"~! for every u, v € 3V, from which it follows by
Cauchy-Schwarz that

2n
P (Z SH 2k) > o) > 1.

k=n

for every n such that (x,x,) < 2"~! for every u, v € 9V. The proof can now be
concluded as in the Proof of Proposition 4.11. O

4.3 Proof of Lemmas 4.12 and 4.13

In this section we prove Lemmas 4.12 and 4.13. We begin with some background on
random walk estimates. Given a graph G and a vertex u of G, we write P, for the
law of the random walk on G started at u. Let G be a graph, and let p,(x, y) be the
probability that a random walk on G started at x is at y at time n. Given positive
constants ¢ and ¢/, we say that G satisfies (c, ¢’)-Gaussian heat kernel estimates if

/

¢ e—cd(x,y)z/n ¢
|B(x,n'/?)]

- e—d@ /()
|B(x,n'/2)|

<pn(x,Y) + puri(x,y) <
4.19)

for every n > 0 and every pair of vertices x, y in G with d(x, y) < n. We say that
G satisfies Gaussian heat kernel estimates if it satisfies (c, ¢’)-Gaussian Heat Kernel
Estimates for some positive constants ¢ and ¢’.

Theorem 4.18 (Hebisch and Saloff-Coste [10]) Let G be a d-dimensional transitive
graph. Then G satisfies Gaussian heat kernel estimates.

Hebisch and Saloff-Coste proved their result only for Cayley graphs, but the general
case can be proven by similar methods,” see e.g. [30, Corollary 14.5 and Theorem
14.19].

2 In fact, the general case can also be deduced from the case of Cayley graphs, since if G is a d-dimensional
transitive graph then the product of G with a sufficiently large complete graph is a Cayley graph [7,28], but
taking such a product affects the random walk in only a very trivial way.
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Now, recall that two graphs G = (V, E) and G’ = (V’, E’) are said to be (a, B)-
rough isometric if there exists a function ¢ : V. — V'’ such that the following
conditions hold.

(1) ¢ roughly preserves distances: The estimate

ald(x,y) =B <d (@), () <ad(x,y) + B

holds forall x,y € V.
(2) ¢ is roughly surjective: For every x € V', there exists y € V such that

d'(x,¢(y) = B.

The following stability theorem for Gaussian heat kernel estimates follows from the
work of Delmotte [5]; see also [15, Theorem 3.3.5].

Theorem 4.19 Let G and G’ be («a, B)-roughly isometric graphs for some positive
a, B, and suppose that the degrees of G and G’ are bounded by M < 0o and that
G satisfies (c, ¢')-Gaussian heat kernel estimates for some positive c, ¢’. Then there
exist ¢ = ¢(a, B, M,c,c’)and &' = ¢'(a, B, M, ¢, ¢ such that G’ satisfies (¢, ’)-
Gaussian heat kernel estimates.

Recall that a function 4 : V — R defined on the vertex set of a graph is said to be
harmoniconaset A C V if

== ()Zu

for every vertex v € A, where the sum is taken with appropriate multiplicities if there
are multiple edges between u and v. The graph G is said to satisfy an elliptic Harnack
inequality if for every « > 1, there exist a constant ¢(«) > 1 such that

c(@) ! < h()/hu) < c(a)

for every two vertices u# and v of G and every positive function 4 that is harmonic on
the set

{w e V :min{d(u, w), d(w, v)} < ad(u,v)},

in which case we say that G satisfies an elliptic Harnack inequality with constants
c(a).

The following theorem also follows from the work of Delmotte [5], and was implicit
in the earlier work of e.g. Fabes and Stroock [6]; see also [15, Theorem 3.3.5]. Note
that these references all concern the parabolic Harnack inequality, which is stronger
than the elliptic Harnack inequality.

Theorem 4.20 Let G be a graph. If G satisfies (c1, ¢})-Gaussian heat kernel estimates,
then there exists ca (o) = ca(w, 1) such that G satisfies an elliptic Harnack inequality
with constants cy(a).
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We remark that the elliptic Harnack inequality has recently been shown to be stable
under rough isometries in the breakthrough work of Barlow and Murugan [1].

Recall that a graph is said to be d-Ahlfors regular if there exists a positive constant
¢ such that ¢~ 174 <|B(x,r)| < cr for every r > 1 and every x € V (in which case
we say G is d-Ahlfors regular with constant ¢). Ahlfors regularity is clearly preserved
by rough isometry, in the sense that if G and G’ are («, 8)-rough isometric graphs
for some positive «, B, and G is d-Ahlfors regular with constant c, then there exists a
constant ¢’ = ¢’(a, B, ¢) such that G’ is d-Ahlfors regular with constant ¢’.

Observe that if the graph G is d-Ahlfors regular for some d > 2 and satisfies a
Gaussian heat kernel estimate, then summing the estimate (4.19) yields that

1<) palv,v) <1

n>0

for every vertex v, and that

D onz0 Pn,v)

—_— —(d-2)
ZHZO Pn (v, v) = {(uv) (4.20)

P, (hit v) =

for all vertices u and v of G.
We now turn to the proofs of Lemmas 4.12 and 4.13. The key to both proofs is the
following lemma.

Lemma 4.21 Let G be a d-Ahlfors regular graph with constant cq for some d > 4,
let § be the uniform spanning forest of G, and suppose that G satisfies (c, L co)-
Gaussian heat kernel estimates. Let K1, . .., Ky be a collection of finite, disjoint sets
of vertices, and let K = Uf: | Kn. Let {X" : v € K} be a collection of independent
simple random walks started from the vertices of K. If

P({X;’:izom{x;f:izO}:@forallu;sveK)zs>o, 4.21)

then there exist constants ¢ = ¢(G, H, &, |K|, cg) and C = C(G, H, &, |K|, co) such
that

logs P F(K; UKj) ifand only ifi = j, and each two points in K; are connected
082 by a path in § of diameter at most C diam(K) foreach 1 <i < N
> —(d —4)(|K| — N) log, diam(K) + c. (4.22)

Here we are referring to the diameter of the path considered as a subset of G.
Before proving Lemma 4.21, let us see how it implies Lemmas 4.12 and 4.13.

Proof of Lemma 4.12 given Lemma 4.21 Let r’ be a large constant to be chosen later.
By definition of Rg and Lemma 4.10, there exists ¢ = £(]A|) > 0 such that for each
set B C A, there exists a set {§p,p) : b € B} C V of diameter at most Rg (| B]) such
that if {XB-?) : b € B} are independent simple random walks then

P ({Xl_(B,b) 1i=0pN {Xl_(B,b’) ©i>0)=0foreveryb #b € B) > 26 ™,
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Take such a set for each B in such a way that the set {£p 5) : (B, b) € Po(A)} is
contained in the ball of radius »’ around x, and for each distinct B, B’ C A, the sets
{E.p) : b € B}y and {§p 1) : b € B’} have distance at least '/2 from each other.
Clearly this is possible for sufficiently large r’. We have by independence that

P ﬂ {{Xl.(B’b) i >01N {Xl.(B’b/) :i>0)=@foreveryb #b € B} > 2e.

BCA

On the other hand, it follows easily from the Greens function estimate (2.4) that if
is sufficiently large (depending on |A| and ¢) then

p(((XEP i = 0pn(xFP) i = 0) = 0 for _
some B,B' CA,be Bandb' e BwithB#B' )~ "~

and we deduce that
P ({X}B"’) 2i > 0N (X B i > 0) = for every distinct (B, b), (B, b) € P.(A)) >

for such r’. Applying Lemma 4.21, we deduce that P(</¢,(§)) > ¢ for some C =
C(G, |Al, & r") and ¢ = ¢(G, |A], ¢). It follows that (§8 1)) (B.b)eP.(4) 1S an r-good
A constellation for some r = r(|Al) sufficiently large. O

Proof of Lemma 4.13 given Lemma 4.21 Let G be a d-dimensional transitive graph for
some d > 4. Let x = (x,)yeay be such that (x,x,) < 2"! for every u,v € 9V,
let & = (§c)ece € Qx(n), and let r = r(H) and (§(¢,A,v))ecE, (A,v)eP.(e) DE @8 in
Sect. 4.2.

For each edge e of H, write .27, (&) for the event @7 ((§(e, 4,v)) (A.v)eP. (¢))> Which has
probability at least 1/r by definition of the r-good constellation (§, 4,v)) (A, v)eP. (e)-
Since the number of subtrees of a ball of radius r in G is bounded by a constant, it
follows that there exists a constant ¢ = ¢(G, H) and a collection of disjoint subtrees
(Tte,v)(€))(e,v)eE, of G such that the tree T, ) (§) has diameter at most 7 and contains
each of the vertices &, 4,») With (A, v) € P, (e) forevery (e, v) € E,, and the estimate

P (ﬁfr(ée) N [T ® C 5}) > (2¢)!/1F

vle

holds for every e € E. Fix one such collection (T(¢, ) (§)) (e,v)cE, forevery & € Q,(n),
and for each e € E let %, (&) be the event that T, ,(£) is contained in § for every
veE. Let (&) = () ,ep Pe(&). Considering generating § using Wilson’s algorithm,
starting with random walks {X©4) : ¢ € E, (A, v) € Po(e)} such that X(()E’A’”) =
&(e,A,v) Torevery e € E and (A, v) € P,(e), we observe that

@ Springer



The component graph of the uniform spanning forest... 191

PeEn - [P0 < P(

X (€A and X€AY) jntersect for some distinct >
ecE

e,e’ € E and some (A, v) € Po(e), (A, V) € Po(e)
(4.23)
and hence that

P(#(8)) = % [[P#.) = (4.24)

eckE

for all n sufficiently large and & € Q,(n).

Let G¢ be the graph obtained by contracting the tree T, ,)(£) down to a single
vertex for each (e, v) € E,. The spatial Markov property of the USF (see e.g. [14,
Section 2.2.1]) implies that the law of § given the event Z(§) is equal to the law of
the union of (e.v)eE, T(e,v)(§) with the uniform spanning forest of G¢. Observe that
Ge¢ and G are rough isometric, with constants depending only on G and H, and that
G¢ has degrees bounded by a constant depending only on G and H. Thus, it follows
from Theorem 4.18-4.20 that G¢ is d-Ahlfors regular, satisfies Gaussian heat kernel
estimates, and satisfies an elliptic Harnack inequality, each with constants depending
only on H and G.

Let E, = EU{x},and let K = E, U {(x,v) : v € dV}. For each (e, v) € E,, let
X(e,v) be the vertex of G¢ that was formed by contracting T, (£), and let x(, ) = xy
for each v € dV. For each vertex v of H, choose an edge ep(v) L v arbitrarily from
E,,andlet K’ = K\{x; : v € V}. Let F¢ be the uniform spanning forest of G¢, and let
#'(x, €) be the event that for each (e, v), (¢, v) € K the vertices X(e,v) and X(er 1y
are in the same component of §¢ if and only if v = v’. The spatial Markov property
and (4.24) imply that

(7 @.6) =B (/'(x.6) = P(#'(x.8))
whenever n is sufficiently large and £ € Q, (n). Thus, applying Lemma 4.21 to G¢ by

setting N = | V|, enumerating V = {vy, ..., vy} and setting K; = {x( ;) : (e, v;) €
K} for each v € V yields that

logy P (7 (x,6)) 2 log P (#'(x,6)) 2 ~(d = 4) (A = Vel m,

completing the proof. O

We now start working towards the Proof of Lemma 4.21. We begin with the fol-
lowing simple estimate.

Lemma 4.22 Let G be d-Ahlfors regular with constant c1, and suppose that G satisfies
(c2, c/z)-Gaussian heat kernel estimates. Then there exist a positive constant C =
Cd, ci, c2, ¢h) such that

C N uw)=Y=2 < P, (hit w before A, (n + 3¢, 00), do not hit A, (0, n)) < C(uw)~ ¥

for every ¢ > C, every vertex x, everyn > 1, and every u, w € Ay(n 4+ ¢, n + 2c).
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Proof The upper bound follows immediately from (4.20). We now prove the lower
bound. For every ¢ > 1 and every u, w € Ax(n + ¢, 00), we have that

P, (hit x) _ {ux)=@=2

- < p—(@d=2c
P, (hitx | hit A,(0,n))  2-@2n =

P, (hit Ax(0,n)) =

Thus, we have that

P, (hit w and A, (0, n)) < P, (hit A, (0, n) after hitting w) + P, (hit w after hitting A (0, 1))

5 (uw)f(d72)2(d72)n<wx>7(d72) +2(d72)n(ux>7(d72)<wx>7(d72)’

where the second term is bounded by conditioning on the location at which the walk
hits A, (0, n) and then using the strong Markov property. By the triangle inequality,
we must have that at least one of (ux) or (wx) is greater than %(u w). This yields the
bound

P, (hit w and A, (0, n)) < (2(d_2)"(wx)_(d_2)+2(d_2)" (min {(ux), <wx)})—<d—2>)

(uw)_(d_z)

f 2_(d_2)c(1/lw)_(d_2).

On the other hand, if u, w € Ay(n + ¢, n + 2c¢) then conditioning on the location at
which the walk hits A, (n 4 3¢, co) yields that

P, (hit w after Ay (n + 3¢, 00)) < 27 @=2D0H30) < () =(@=2)

The claim now follows easily. O

Proof of Lemma 4.13 Foreach 1 <i < N, let x; be chosen arbitrarily from the set K;.
Let (X¥)xek be a collection of independent random walks on G, where X* is started
at x for each x € K, and write X! = X% . Let Kl’ = K;\{x;} foreach 1 <i < N and
let K/ = U1N= | K. In this proof, implicit constants will be functions of |K|, N, co,
and d. We take n such that 2" 1 < diam(K) < 2".

Let c1, ¢2, c3 be constants to be determined. For each y = (yy)xex € (A(n +
c1on + )k, let %, be the event

Yy = {XJsmicy) = yx foreach x € K}.

Let %’(c2) be the event that none of the walks X* intersect each other before time
22(n+e2) go that P(€'(c2)) > € for every c; > 0 by assumption. For each x € K, let
9, (c1, c3) be the event that X;z(,mz) isin A(n+4cy, n+c3) and that X;;, € A(n, oo) for
all m > 22(+¢2) and let D(c1,c3) =) Px(ci, c3). It follows by an easy application
of the Gaussian heat kernel estimates that we can choose ¢» = ¢(G, N, ¢) and
c3 = c3(G, N, ¢) sufficiently large that

P(Z(c1,e3) | %)) = 1 —¢/2 (4.25)
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for every y = (Yx)rex € (A(n + c1,n + ¢3))X, and in particular so that P(%'(c2) N
P(cy, c3)) > e. We fix some such sufficiently large ¢y, ¢2, and c3, and also assume
that ¢y is larger than the constant from Lemma 4.22. We write € = € (c2), I =
.@x(q, C3), and ¥ = _@(cl, C3).

Foreachl <i < Nandx e Kl’ , we define .#, to be the event that the walk X~
hits the set

Lioq = [LEX) - LEX ) € MG+ 263, + 4c3), LEX ),
€ A0, n+6¢3) forall0 <m’ < m}

before hitting A(n + 6¢3, 00), and let . = (), g+ Fx.
For each x and x’ in K, we define &+ to be the event that the walks X* and X X
intersect, and let

= Jlewi1zi<jsN xekixekjulJ{&r x.x ek}

These events have been defined so that, if we sample § using Wilson’s algorithm,
beginning with the walks {X" : v € V'} (in any order) and then the walks {X* : x € K}
(in any order), we have that

Z(K; UKj)ifand only if i = j , and each two points in K; are connected
by a path in § of diameter at most 26¢3 diam(K) foreach1 <i < N

D2(ENDNI)\E.
Thus, it suffices to prove that
log, P(ENZNINNE) 2 —(d—4)(K—N)n=—(d—4|K'|n.

We break this estimate up into the following two lemmas: one lower bounding the
probability of the good event 4’ N Z N .#, and the other upper bounding the probability
of thebadevent ¥ N N7 N&.

Lemma 4.23 The estimate
log, P(I | €NDNH) 2 —(d—4)n

holds for every x € K' and y = (yx)xex € (A(n+cy,n + )k
The proof uses techniques from [19] and the Proof of [2, Theorem 4.2].

Proofof Lemma 4.23 Fix x € K', and let 1 < i < N be such that x € K;. Write
Y=XandZ = X*.LetL = (L (k))k>0 be the loop-erasure of (Y )«>0 and, for each
m > 0,let L,, = (L,, (k))Zio be the loop-erasure of (Y);’,. Define

t(m) =1inf{0 <r < gy, : L;;,(r) = Y for some k > m}
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and
t(m,f) =inf{0 <r < gy : L;y(r) = Zj for some k > ¢}.

The definition of t(m) ensures that L,, (k) = L(k) for all k < t(m). We define the
indicator random variables

Ine=1Ym =2Zs € A(n+2c3,n+4c3), and Yy, Zyp
€ A0, n +6¢c3) forallm’ <m, ' <)

and
I = Iy ]l(r(m, l) < t(m)).
Observe that

S, C [.’m’g = 1 for some m, £ > 22("“"2)} .

Moreover, for every m, £ > 22("+¢2) and every y € (A(n + c1, n + c3))X, the walks
(Yi)k=m and (Z)r>¢ have the same distribution conditional on the event

CNDNY, N Ly e =1).
Thus, we deduce that
IP’(r(m) >tm, ) | CNDNY N Ly, = 1}) >1/2

whenever the event being conditioned on has positive probability, and therefore that
1
Ellnel €NINY] > Eldne | €NINE] > EE[Im’g | €N NH].

Let

I = Z Z Iye and J = Z Z I,

2222(n+r2) m222(n+c2) 2222(n+£2) m222(n+r2)

and note that the conditional distribution of I given the event € N 2 N %, is the
same as the conditional distribution of / given the event Z N %,. For every y €
(A(n + c1,n + c3))X, we have that, decomposing E[/ | 2 N %] according to the
location of the intersections and applying the estimate Lemma 4.22,
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ElJ | eN2N%]<E[l|2N%]

> > P, (hit w before A(n + 6¢3, 00) | do not hit A(0, n))
w61~\(n+263,n+463)
Py, (hit w before A(n + 6¢3, 00) | do not hit A (0, n))

> 272@=DM A (n 4 23, n 4 dez)| =< 2”@,
On the other hand, we have that
EJ2 1 €N2N%] <EU* | €N2N%] =ElI*| 20%]<El?| %

Meanwhile, decomposing E[/? | %] according to the location of the intersections
and applying the Gaussian heat kernel estimates yields that

E[1* | %] < > (o w) ™2 (wz) TP (yw) TP wz) TP
w,z€A(n+2c3,n+4c3)
+ > (g w) ™ (wz) TP (y,2) TP 2wy T,

w,z€A(n+2c3,n+4c3)

where the two different terms come from whether Y and Z hit the points of intersection
in the same order or not. With the possible exception of (wz), all the distances involved
in this expression are comparable to 2. Thus, we obtain that

B[ | <2720 0 50 (w7
w,z€A (n+2c¢3,n+4¢3)

For each w € V, considering the contributions of dyadic shells centred at w yields
that, since d > 4,

zevV n>0 n>0
and we deduce that
E[1% | 2] < 27 2@ A (n + 2¢3, 1 + 4e3)| < 27479,

Thus, the Cauchy—Schwarz inequality implies that

2
E[J|¢N2N%] .
E[J?1€Nn2n%]

P(I | €NIND) =P >0 CNDND) =

as claimed. O

We next use the elliptic Harnack inequality to pass from an estimate on .#, to an
estimate on .#.
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Lemma4.24 log, P N2 N.7) > —(d — 4)|K'|n

Proof Foreachl <i < N,let xlf be chosen arbitrarily from K 1/ .Todeduce Lemma4.24
from Lemma 4.23, it suffices to prove that

N ’
IP’( N % |%m@m@y> = TP (7 |<gﬂ.@ﬁg/y)\lf,-\
i=l1

xeK’

forevery y = (yo)rex € (An+c1.n+c3)K. |
Let X be the o-algebra generated by the random walks (X l)lN: |- Observe that for
each x € K’ we have

Py, (hit Ligood before A(0, n 4 6¢3), never leave A(n, oo))

]P X N G N % =
(Jx | X, €NINDy) Py, (never leave A(n, o0))

=Py, (hit L 4 before A(0, n + 6¢3), never leave A(n, oo)) .

00
The right hand side of the second line is a positive harmonic function of y, on A(n +
c1,n + ¢3 + 1), and so the elliptic Harnack inequality implies that for every y, y’ €
(A(n +c1,n + ¢3))X and every x € K’, we have that

P(S | X, €NDND) <P(I | X, €NDNEy).

Furthermore, if y’ is obtained from y by swapping y, and y,» forsome | <i < N
and x, x" € K7, then clearly

P | X, €ENDND) =P(I | X, €ENDNYyy).
Therefore, it follows that
P X, CNIND) <P(I | X, €NDNY)
forall1 <i < Nandx,x" € K.
Since the events .#; are conditionally independent given the o -algebra X’ and the

event ¢ N 2 N %, we deduce that

P(I|ECNIN%) =E[P(I | X, CNDND) | CNTINY]

IE|:1_[ P(ﬂxm,%m@m%)vgm@m@y]

xekK’

N
XE[HP(,@; | X, €N 2Nk |<gm_@m@y]
i=1
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Now, the random variables P(.7,; | X, €¥NINY,) Kl are independent conditional
on the event € N 2 N %, and so we have that

=

P71 €N 202 < [[E[P | X, ¢n 205Kl g nony]

I
-

=

P(Iy 1602 N %),

—

—

as claimed, where the second line follows from Jensen’s inequality. O

Finally, it remains to show that the probability of getting unwanted intersections in
addition to those that we do want is of lower order than the probability of just getting
the intersections that we want.

Lemma 4.25 We have that
log, P NZN.INE) < —[(d—DIK'| +2]n+|K'|*log, n.

Proof For each w € V and x,x" € K, let &, ,+(w) be the event that X* and x
both hit w. Let { = (¢y)rex’ and let o = (ai)lNzl be such that o, is a bijection from
{1,...,1K/|}to K/ foreach 1 <i < N.We define Z, (¢) to be the event that for each
1 <i < N the walk X passes through the points {¢, : x € K /} in the order given by
o and that for each x € K’ the walk X* hits the point ¢,. We also define

N IK]|

Ro@) = [T (io)™ 7 T ori-08in) ™2 (0 o)™ 7,

i=1 j=1

so that P(%Z4 (¢)) < R, (¢) forevery ¢ € VK

Let Ay = A(n+ci,n+cp + cz)K/, Apy1=An,n+cr+1), Ayr =AM+
c2 4+ 1,00),and Ay, = Ay,1 U Ay 2. (Note that these sets are not functions of ¢ or
w, but rather are the sets from which ¢ and w will be drawn.) We also define

N
0= Kz\ |:{(x,x) 1X € K}UU[{(xi,x) x e Ki}U{(x,x):x € Kl-}]:|.
i=1

To be the set of pairs of points at least one of which must have their associated pair of
random walks intersect in order for the event & to occur. Define the random variables
My, My 1, and M, > to be
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Moo= Y 1[%: ()]

{'GA&-

Z Z Z [%5 () N &, w(w)], and

(x,x")€e0 weAy,1 LA,

Z Z Z L@ (;)mgxx/(w)]

(x,x)e0 weAy 2 €A,

Observe that ) (Ms,1 + Ms2) > 1 onthe event € N Z N £ N &, and so to prove
Lemma 4.25 it suffices to prove that

logy E[Mo,1 + Msp] S —[(d —HIK'| +2]n+2logyn (4.26)

for every o. We will require the following estimate. O

Lemma 4.26 The estimate
P (% (§) N & (W) < Ry (§)(wi) ™™D (we, ) =72, (4.27)

holds for every (x,x") € O, every { € A¢, every w € Ay, and every collection
o= ((7,-)5\’:l where o; : {1, ..., |K!|} = K is a bijection for each 1 <i < N.

Proof Unfortunately, this proof requires a straightforward but tedious case analysis.
We will give details for the simplest case, in which both x, x" € K’. A similar proof
applies in the cases that one or both of x or x” is not in K’, but there are a larger amount
of subcases to consider according to when the intersection takes place. In the case that
x,x' € K',let &7 (¢, w), &7 (¢, w), &7 (¢, w) and & (¢, w) be the events
defined as follows:

&7 (¢, w): The event Z,; (¢) occurs, and X~ and X*' both hit w before they hit
¢y and &, respectively.

&1 (¢, w): The event %, (£) occurs, X* hits w before hitting ¢, and X*' hits w
after hitting ¢,/.

ET (¢, w): The event %, (¢) occurs, X* hits w after hitting ¢, and X* hits w
before hitting &,.

& (L, w): The event Zy (£) occurs, and X* and X*' both hit w after they hit ¢,
and ¢,/ respectively.

We have the estimates

(rw) "7 (wee) "2 aw) "D (wg)
(x5x) "D (xgr) (@D ’

(rw) =2 g, )=
(xge) =@

P(&™7 (&, w)) < R(x, §)

P& T (¢, w)) < R(x,¢) (Lorw) ™42,
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;
SEAN/ SN
A A S A

Fig.8 Left: The hypergraph H, inthe case that N = 2,|K | = 5,and |K» | = 4. Note that the isomorphism
class of Hy does not depend on 0. Centre: Letting Ky = {xy,1,..., X1 5},and K = {x3 1, ..., x 4}, this
is the hypergraph Hy (x1 2, x1,4). Right: The hypergraph Hy (x1 4, x22)

(x'w) =D () =@

TR e LB

P(ETT (¢, w) < R(x,¢)

and
P(ETT(E, w) = ROx, O)(gew) ™2 (gow) =072,
In all cases, a bound of the desired form follows since (wx) > (¢yx) and (wx') >
(¢wx') for every x,x" € K', ¢ € A, and w € Ay, and we conclude by summing
these four bounds. O
Our aim now is to prove Eq. (4.26) by an appeal to Lemma 4.3. To do this, we
will encode the combinatorics of the potential ways that the walks can intersect via

hypergraphs. To this end, let H,; be the finite hypergraph with boundary that has vertex
set

V(Hy) = ({1} x K)U ({2} x k'),
boundary set
IV (Ho) = ({1} x {x;i : 1 =i < NHU({2) x K'),
and edge set

E(Hy) = {{2,0i(j), (1,0i(j)), (1,i,0i(G+ 1)} : 1 <i <N, 1 < j < |K]| -1}
U{{@ ai(IK{D), (1, 0:(IKD} : 1 <i < N}.

See Fig. 8 for an illustration. Note that the isomorphism class of H, does not depend

on o. The edge set E (H, ) can be identified with K’ by taking the intersection of each

edge with the set {2} x K’. Under this identification, the definition of H, ensures that
Ry (0) = WHo2(x, )

and consequently that

E[My.0] < W20, n 4 ¢; + c2).
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We claim that
na2(Hy) = na2(Hy) +2 (4.28)

for any coarsening H(’, of H,, so that

Ma,2(Hy) = n42(Hy) = (d = 2)BIK'| = |V]) = dIK'| = (d = 2)(IK'| = V)
= (d - 4IK'|.

and hence that
log, E[My 0] < —(d —4)|K'|n + |K/|2 log, (n) (4.29)

by Lemma4.3. Indeed, suppose that H, /<iis a proper coarsening of H, corresponding
to some equivalence relation o< on E(Hy ), and that the edge corresponding to x =
0i(j) € K’ is maximal in its equivalence class in the sense that there does not exist
0i(j’) in the equivalence class of o; (j) with j* > j. Clearly such a maximal x must
exist in every equivalence class. Moreover, for such a maximal x = o;(j) there can be
at most one edge of H,, that it shares a vertex with and is also in its class, namely the
edge corresponding to o; (j — 1). Thus, if x is maximal and its equivalence class is not
a singleton, let H, /< be the coarsening corresponding to the equivalence relation
><' obtained from < by removing x from its equivalence class. Then we have that
A(Hy /<) < A(Hy /<) + 1 and that |E(Hy /><')| = |E(Hy/><)| + 1, so that

na(H/><) > n4(Hy /o) +d — (d = 2) = na(Hy /><) +2, (4.30)

and the claim follows by inducting on the number of edges in non-singleton equivalence
classes.

To obtain a bound on the expectation of M, 2, considering the contribution of each
shell A(m,m + 1) yields the estimate

Y e P D <Y e g

weAy,2 m>n+cy+1
for every ¢ € A, and it follows from Lemma 4.26 and (4.29) that

log, E[M; 2] S logy, E[Me 0l — (d —4)n
5—(d—4)(|K/|+1)n+|K’|210g2n. 4.31)
It remains to bound the expectation of M, ;. For each two distinct x, x’ € K’,
let Hy (x, x’) be the hypergraph with boundary obtained from H, by adding a single

vertex, x, and adding this vertex to the two edges corresponding to x and x’ respectively.
These hypergraphs are defined in such a way that, by Lemma 4.26,

E[Meil= Y WHED20 4o n+co)+ )
(x,x")eO
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We claim that
Nd,2(Ho (x,x") = fla2(H) +2=(d —4)|K'| +2 (4.32)

for every two distinct x, x” € K. First observe that coarsenings of H, and of H, (x, x”)
both correspond to equivalence relations on K . Let o< be an equivalence relation on K,
andlet H/ (x, x") and H/ be the corresponding coarsenings. Clearly |E(H,, (x, x"))| =
|[E(H.)| and |Vo(H) (x,x"))| = |Vo(H,)| 4+ 1. If x and x’ are related under s<, then
we have that A(H/ (x, x")) = A(H]) + 1, while if x and x’ are not related under <,
then we have that A(H/ (x, x")) = A(H]) + 2. We deduce that

H' if /
nd,Z(H(;(X,X/)) > na,2(Hy) it x |><1x
na2(H,) +2 otherwise.

If x >< x" then H/ must be a proper coarsening of H,, and we deduce from (4.28) that
the inequality ng2(H, (x, x")) > n4.2(Hy) + 2 holds for every coarsening H/ (x, x’)
of Hy(x, x"), yielding the claimed inequality (4.32). Using (4.32), we deduce from
Lemma 4.3 that

log, ElM,,11 S —[(d — H|K'| +2]n + |K'|* log, n. (4.33)

Combining (4.31) and (4.33) yields the claimed estimate (4.26), completing the proof.

O

Completion of the Proof of Lemma 4.21. Since the upper bound given by

Lemma 4.25 is of lower order than the lower bound given by Lemma 4.24, it fol-
lows that there exists ng = no(|K|, N, d, c1, ¢2) such that

P(%ﬂ@ﬂ]ﬂoﬁ)fé]}”(%ﬁ_@ﬂf)

if n > ng, and hence that
log, P(6¢N2NI\E) Z1og, P(ENINI) 2 —(d—H|K'|n

for sufficiently large n as claimed. O

5 Proof of the main theorems

We now complete the Proof of Theorem 1.5. We begin with the simpler case in which
d/(d —4) is not an integer.

Proof of Theorem 1.5 for d ¢ {5, 6, 8} We begin by analyzing faithful ubiquity. Let G
be a d-dimensional transitive graph, and let H be a finite hypergraph with boundary. If
H has a subhypergraph none of whose coarsenings are d-buoyant, then Proposition 4.1
implies that H is not faithfully ubiquitous in C*” () almost surely for any r > 1.
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Otherwise, by Lemma 2.4, H has a coarsening all of whose subhypergraphs are
d-buoyant. If d/(d — 4) is not an integer, then it follows from Proposition 4.11 that
there exist vertices (x,)yeyy in G such that with positive probability, the vertices x, are
in different components of § and H is Rg(H )-robustly faithfully present at (x;)ycv -
The set

{(w, (xv)veav) € {0, l}E(G) x VOV His Rg (H)-robustly faithfully present at x]

is a tail multicomponent property, and it follows from Theorem 2.3 that H is faithfully
ubiquitous in cﬁ””’(g) for every r > Rg(H) a.s.

We now turn to ubiquity. Let » > 1. It follows immediately from the definitions
that if H has a quotient that is faithfully ubiquitous in CMP (%) almost surely then H is
ubiquitous in Cf' P (&) almost surely, and so it suffices to prove the converse. If every
quotient H' of H with Rg(H’) < r has a subhypergraph none of whose coarsenings
are d-buoyant, then H is not ubiquitous in C,h TP (&) almost surely by Proposition 4.1.
Otherwise, by Lemma 2.4, H has a quotient H' with Rg(H’) < r thathas a coarsening
all of whose subgraphs are d-buoyant, so that H’ is faithfully ubiquitous in Cf (%)
almost surely and therefore H is ubiquitous in Cf P () almost surely by the above.
This concludes the proof. O

Proof of Theorem 1.5 for d € {5, 6, 8} The only part of the proof that requires modifi-
cation in this case is the proof that if H has a coarsening all of whose subhypergraphs
are d-buoyant then H is faithfully ubiquitous in C;é p( H) () almost surely. To show this,
we will prove by induction on | E(H)| that if every subhypergraph of H is d-buoyant
then every refinement H' of H is faithfully ubiquitous in CZ(};; b ) (%) almost surely.
Let us first consider the base case |E(H)| = 1. Since every subhypergraph of
H is d-buoyant, the unique edge of H must contain at most d/(d — 4) boundary
vertices. Let H' be obtained from H by deleting all internal vertices that are not in the
unique edge of H, and, if necessary, adding additional new boundary vertices to the
unique edge so that it contains exactly d/(d — 4) boundary vertices. Then it follows
from Proposition 4.15 and Theorem 2.3 that every refinement H” of H' is faithfully
ubiquitous in C;I% p( H,/)(S) almost surely. It is easily verified from the definitions that

this implies that every refinement H” of H is faithfully ubiquitous in C;% p( ()
almost surely also. In particular, it follows that for every n < d/(d — 4), every set of
n trees of §§ are contained in an edge of Cf P (F) for every r > Rg(n) almost surely.

Let H be a finite hypergraph with boundary all of whose subhypergraphs are d-
buoyant. Suppose that |[E(H)| > 2 and that the claim has been established for all
hypergraphs with fewer edges than H. If H is d-basic then we are already done, so
assume not. Then at least one of the following must occur:

(1) H has an edge of degree less than or equal to d/(d — 4).
(2) H has a proper, non-trivial bordered subhypergraph H’ with ns(H’) = 0.

Let us first consider the case that H has an edge of degree less than or equal to
d/(d — 4). Let e be an edge of H with deg(eg) < d/(d — 4) and let H; be the
subhypergraph of H with dV(H;) = dV(H), Vo(Hy) = V,(H), and E(H;) =
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E(H)\{eo}. By the induction hypothesis, every refinement H| of H; is faithfully
ubiquitous in C?eé, p(

obtained from H> by deleting every edge of H> which corresponds to eg under the

refinement. Then Hj is arefinement of H1, and so is faithfully ubiquitous in Cﬁ% p( sy (&)
almost surely. On the other hand, every edge of H; that was deleted to form H3 has

degree at most d/(d — 4), and since Cﬁ% p( Hy) (&) contains every possible edge of these

H/)(S) almost surely. Let H> be a refinement of H, and let H3 be
1

sizes almost surely, we deduce that H> is faithfully ubiquitous on Cg} p( ) (%) almost
surely.

Now suppose that H has a proper, non-trivial bordered subhypergraph H; with
nqa(Hy) = 0. Let H> be the hypergraph with boundary that has 0V (H,) = V(H}),
Vo(H>) = Vo(H)\V,(H1),and E(H) = E(H1)\E(H). We claim that every subhy-
pergraph of Hj is d-buoyant. Indeed, suppose that H3 is a subhypergraph of H;, and
let Hy be the subhypergraph of H; that includes all the edges and vertices of H; that
are included in either H or H3 (noting that some of the boundary vertices of H3z will
become interior vertices of Hy). Let N be the number of boundary vertices of H3 that
are interior vertices of H;. Then we can compute that |E(Hy)| = |E(H))| + | E(H3)|,
IVo(Hy)| = [Vo(Hi)| + |Vo(Hy)| + N, and A(Hy) = A(Hy) + A(Hy) + N, so that

na(H3) = na(H3) + na(H1) = na(Hy) <0

since ng(H1) = 0 and every subhypergraph of H; is d-buoyant. Thus, we deduce from
the induction hypotheses that every refinement H' of either H; or H, is faithfully ubig-
uitous in C”7 (§) almost surely for every r > Rg(H) > max{Rg(H)), Rg(H»)). Itis
easily verified that this implies that every refinement H' of H is faithfully ubiquitous
in Cf' P (F) for every r > Rg(H') almost surely. O

Proof of Theorem 1.2 We begin by proving the claim about faithful ubiquity. Applying
Theorem 1.4 and Lemma 2.4, and since every subgraph of a tree is a forest, it suffices
to prove that if T is a finite forest with boundary then n4(T’") > n4(T) whenever
d > 4 and T’ is a coarsening of T, so that, in particular,

1a(T) =na(T) = (d = B)|E| — (d —4)| Vs

for every d > 4.

Indeed, suppose that 7/ = T/ > is a proper coarsening of a finite forest with
boundary T'. Since T is a finite forest, the subgraph of T spanned by each equivalence
class of < is also a finite forest, and therefore must contain a leaf. Choose a non-
singleton equivalence class of o< and an edge e of this equivalence relation that is
incident to a leaf of the spanned forest. Thus, e has the property that one of the
endpoints of e is not incident to any other edge in e’s equivalence class. Let >’ be the
equivalence relation obtained from < by removing e from its equivalence class and
placing it in a singleton class by itself. Then we have that | E(T /0<)| = |E(T /<) |+1
and A(T /<) < A(T /<) + 1 so that

na(T /o) < na(T /<) — 4.
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Thus, it follows by induction on the number of edges of T in non-singleton equivalence
classes that n4(T / ><) > nq(T) for every coarsening 7'/ >< of T as claimed. This
establishes the claim about faithful ubiquity.

We now turn to ubiquity. Let G be a d-dimensional transitive graph for some d > 8,
let r > 1, and let § be the uniform spanning forest of G. Let T be a finite tree with
boundary that is not faithfully ubiquitous in C, (), and let T’ be a subgraph of T such
that (d — 8)|E(T")| — (d — 4)|Vo(T")| > 0, which exists by the previous paragraph.
Since

d—=8)E(T)|—(d—HVo(Tl= Y (d=B8)ET")|—(d—HVo(T")],

T" a connected
component of T’

we deduce that 7’ has a connected subgraph T” with (d — 8)|E(T")| — (d —
4)|Vo(T")| > 0.Let H be aquotient of T, let H' be the image of T” under the quotient
map, and let S be a spanning tree of H’, so that |V,(S)| < |Vo(T")| and |aV(S)| =
|0V (T")|.Since S and T" are both trees, we have that | E(S)| = [0V (S)|+|V.(S)|—1
and |E(T")| = [aV(T")|+|Vo(T")| — 1. We easily deduce that n4(S) > na(T”) > 0,
and consequently that S is not faithfully ubiquitous in C, () almost surely. On the other
hand, since S is a subgraph of H, we have that if H is faithfully ubiquitous in C, (g)
almost surely then S is also. Since the quotient H was arbitrary, it follows from Theo-
rem 1.4 that 7 is ubiquitous in C, () if and only if it is faithfully ubiquitous in C, ()
almost surely, completing the proof. O

Proof of Theorem 1.1 To deduce item (1) from Theorem 1.4 and Lemma 2.4, we need
only prove that

f(d) := min {max {ng(H") : H" is a subhypergraph of H'} : H’ is a coarsening of H }

is a non-decreasing function of d > 4 for every finite hypergraph with boundary
H. Suppose that H' is a subhypergraph of a coarsening of H. Let H” be the largest
subhypergraph of H' that contains no edges or interior vertices of degree strictly less
than 2. In other words, H” is obtained from H’ by recursively deleting edges and
interior vertices of H’ that have degree strictly less than 2 until no such edges or
vertices remain. It is easily verified that deleting edges or interior vertices of degree
less than 2 does not decrease the d-apparent weight when d > 4, and hence that
na(H") > ny(H'). Thus, we have that

or interior vertices of degree < 2

f(d) = min {max {nd(H”) :

H' a coarsening of H } 5.1

a subhypergraph of H’ with no edges } )

for every d > 4.1f H” is a finite hypergraph with boundary such that every edge and
interior vertex of H” has degree at least 2, then A(H”) > 2|E(H")| and A(H") >
2|Vo(H")|, so that A(H"”) > |E(H")| + |Vo(H")|, and hence the coefficient of d in
na(H") is positive. Thus, the claimed monotonicity follows from (5.1).
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For item (2) it suffices by Theorem 1.2 to construct a family of finite trees with
boundary (74)4>9 such that

n{IVo(Td)I

d
TET)] : T is a subgraph of Td} = —
d

d—4

foreach d > 9. We will use the family of trees pictured in Fig. 2. Writed = 4+ 5k +¢
where 0 < ¢ < 5 and let 7 be the tree that has one vertex of degree five connected to
£ paths of length k + 1 and 5 — £ paths of length k. 7; has five leaves, which we declare
to be in its boundary, and declare all the other vertices to be in its interior. Clearly
any subgraph T); of T; maximizing |V, (T))|/|E(T})| must be induced by a union of
geodesics joining the boundary vertices, and it is easily verified that, amongst these
subgraphs, it is the full graph 7, that maximizes |VO(Ta§) l/|E (T[})|. To conclude, we
compute that

Vo(T)) = 1+5k—1)+€=d—8 and |E(Ty)| =5k+€=d—4,

so that |Vo(Tp)|/|E(Ty)| = (d — 8)/(d — 4) as required. O

6 Closing remarks and open problems
6.1 The number of witnesses

The Proof of Theorem 1.5 also yields the following result. If G is a d-dimensional
transitive graph, § is the uniform spanning forest of G, H = (dV, V,, E) is a finite
hypergraph with boundary, and r > 1, then the following hold almost surely:

(1) If H is faithfully ubiquitous in C*”(§), then for every collection (x,)ucyy of
distinct vertices of C (F), there exists a collection (x!)uey, of distinct vertices
ofo'yp(S) for each i > 1 such that {x,i u€eVo,u lefU{x,:uedV,ul e}
is an edge of C:lyp (3) forevery i > 1 and every e € E, {x!, : u € V,} is disjoint
from {x, : u € dV} for every i > 1, and {x,i :u € V,} and {xL{ u € V,} are
disjoint wheneveri > j > 1.

(2) If H is not faithfully ubiquitous in Cf' P (%), then for every collection (x;,)yegv
of distinct vertices of Cfl P (F) there exists a finite set of vertices A of Cfl P(E)
such that {x, : u € V,} intersects A whenever (x,),ecy, is a collection of distinct
vertices of " () disjoint from (x,)ucsy with the property that (Xl iueVoul
e} Ufxy:u € dV,u L e} is an edge of ™7 (3) for every e € E.

Indeed, item (2) is an immediate consequence of Theorem 2.3.

This has the following interesting consequence. For each d > 8, it follows from
Theorem 1.2 that the star with [ (d —4)/(d —8)] boundary leaves and one internal vertex
is not faithfully ubiquitous in the component graph of the uniform spanning forest of
74 . Thus, we deduce from item (2), above, that if d > 8 then for every collection of
[(d—4)/(d—8)] distinct vertices of the component graph, there is almost surely some
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finite M depending on the collection such that any clique containing the collection has
size at most M. In particular, we conclude that the component graph of the uniform
spanning forest of Z¢ does not contain an infinite clique whenever d > 8 a.s. In
contrast, we note that the component graph of the uniform spanning forest of Z¢ does
contain arbitrarily large cliques almost surely whenever d > 5. (This follows as a
special case of Theorem 1.4 as in Fig. 5, but is also very easy to prove directly.)

6.2 Further questions about the component graph of the USF

It is natural to wonder whether Theorem 1.4 determines the component graph up to
isomorphism. It turns out that this is not the case. Indeed, observe that faithful ubiquity
of a finite graph with boundary H can be expressed as a first order sentence in the
language of graphs:

for all (xy)yeav there exists (xy)yey, such that x, ~ x, forevery u,v e V

such that u ~ v.

Ubiquity of H can be expressed similarly. However, even if we knew the almost-sure
truth value of every first order sentence in the language of graphs, this still would
not suffice to determine the graph up to isomorphism. Indeed, recall that a graph
G = (V, E) is quasi-k-transitive if the action of its automorphism group on V*
has only finitely many orbits. The model-theoretic Ryll-Nardzewski Theorem [11,
Theorem 7.3.1] implies that a countably infinite graph is determined up to isomorphism
by its first order theory if and only if it is oligomorphic, i.e., quasi-k-transitive for every
k > 1. By considering sizes of cliques as in Sect. 6.1, it follows from the discussion in
that section that the component graph of the uniform spanning forest of Z is a.s. not
quasi-[(d — 4)/(d — 8)]-transitive when d > 8, and hence is a.s. not oligomorphic
when d > 8. We conjecture that in fact the component graph has very little symmetry
indeed.

Conjecture 6.1 Let G be a d-dimensional transitive graph for some d > 8, and let
r > 1. Then C,(F) has no non-trivial automorphisms almost surely. Moreover, there
does not exist a deterministic graph G such that C, (§) is isomorphic to G with positive
probability.

Although we do not believe the component graphs of the USF on different transi-
tive graphs of the same dimension to be isomorphic, it seems nevertheless that most
properties of the component graph should be determined by the dimension. One way
of formalizing such a statement would be to axiomatize entire the almost-sure first
order theory of the component graph of the uniform spanning forest and show that this
first order theory is the same for different transitive graphs of the same dimension. We
expect that Theorem 1.4, or a slightly stronger variation of it, should play an impor-
tant role in this axiomatization. See [25] for the development of such a theory in the
mean-field setting of Erd6s—Rényi graphs. In particular, we believe the following.

Conjecture 6.2 Let G| and Gy be d-dimensional transitive graphs, let ri,ro > 1,
and let §1 and §» be the uniform spanning forests of G| and G respectively. Then
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the component graphs C,, (§1) and C,,(F2) are elementarily equivalent almost surely.
That is, they satisfy the same set of first order sentences in the language of graphs
almost surely.

6.3 Component graphs of other models and other graphs

It would be interesting to study ubiquitous subgraphs in component graphs derived
from other models on Z¢. The most tractable of these is likely to be the interlacement
process [22,24,26], for which some related results have been proven by Lacoin and
Tykesson [16]. Here the component graph is defined by considering two trajectories
to be adjacent if and only if they intersect.

Question 6.3 Let d > 3. Which finite graphs with boundary are ubiquitous in the
component graph of the random interlacement on 7.4 ?

The picture should be quite different to ours since the connection probabilities for
more than two points are no longer given by a power of the spread.

A much more straightforward extension of our results would be to consider uniform
spanning forests generated by long-range random walks on Z¢. Similarly, one could
consider uniform spanning forests on non-transitive, possibly fractal, graphs that are
Ahlfors-regular and satisfy sub-Gaussian heat kernel estimates of some order § > 2
(seee.g. [15, Chapter 3]). The beginnings of this analysis are already present implicitly
in Lemma 4.3.
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