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Abstract

We show well-posedness for the parabolic Anderson model on 2-dimensional closed
Riemannian manifolds. To this end we extend the notion of regularity structures to
curved space, and explicitly construct the minimal structure required for this equation.
A central ingredient is the appropriate re-interpretation of the polynomial model, which
we build up to any order.
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1 Introduction

The last few years have seen an explosion of literature on singular stochastic partial
differential equations (singular SPDEs). The simplest instance of such an equation is
the parabolic Anderson model in two dimensions, formally written as

du = Au +ué. (PAM)

Here u : [0, T] x D — R is looked for, where D is some 2 dimensional domain,
and & is (time-independent) white noise on the domain D. This equation is formally
ill-posed (or “singular’), since u is not expected to be regular enough for the product
u& to be well-defined analytically. The standard tool of stochastic calculus, the Itd
integral, is also of no use here, since the white-noise is constant in time.

With the breakthrough results of Hairer [9] and Gubinelli, Imkeller and Perkowski
[7] a large class of such equations has become amenable to analysis. Let us sketch the
approach of [9], since this is the one we shall use in this work.

e assume that u “looks like” the solution v to the additive-noise equation
v = Av+E, (D

which is classically well-defined via convolution with the heat semigroup P;

e under this assumption, if we somehow define v - £, then the framework defines
u - & automatically

e close the fixpoint argument, i.e.

1. u “looks like” v
2. w = Pug + [y Pi—slusé1ds
3. then w “looks like” v

It then only remains to define the missing ingredient “v - £”. This can be done proba-
bilistically and is actually the only place in this theory that is not deterministic. Using
this procedure, it is shown in [9] that (PAM) possesses a unique solution for D = T2,
the two dimensional torus.

In this work we show that the theory can be adapted to work for D = M, a
2-dimensional closed Riemannian manifold. The theory of regularity structures is
intrinsically a local theory (as opposed to the theory of paracontrolled distributions,
which, at least at first sight is global in spirit). It is hence natural to expect that it can
be applied to general geometries. It turns out that the implementation of this heuristic
is not straightforward.

At least two hurdles need indeed to be bypassed. On the one hand, at the core of
Euclidean regularity structures stands the space of polynomials, encoding classical
Taylor expansions at any point. The operation of re-expansion from a point to another
leads to a morphism from (R4, +) to a space of unipotent matrices. On a manifold,
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The parabolic Anderson model on Riemann surfaces 371

one would need to look for such a space, encoding Taylor expansion and enjoying a
similar structure. On the other hand, as usual for fixpoint arguments of (S)PDEs, one
needs to estimate the improvement of the heat kernel in adequate spaces, which is a
global operation (Schauder estimates).

To solve the first issue, we show that the space of polynomials on the tangent space
of the manifolds is a suitable candidate for a canonical regularity structure, that allows
to encode Holder functions. This choice enforces a modified definition of a regularity
structure. In particular one has to abandon the idea of one fixed vector space and
work with vector bundles instead. For our definition of a model, there is no unipotent
structure anymore and re-expansions are only approximately compatible. Within this
new framework, when considering the parabolic Anderson model on a surface, we give
aweak version of a Schauder estimate with elementary tools and heat kernel estimates.

This exposition does not demand any previous knowledge of regularity structures on
the reader. In this sense it is self-contained, apart from a reference to the reconstruction
theorem of Hairer in our Theorem 21 and in the construction of the Gaussian model
in Sect. 8. Its proof using wavelet analysis is of no use reproducing here. We believe
that the validity of that reconstruction theorem, which we use in coordinates, is easily
believed.

We follow a very hands-on approach. Instead of trying to set up a general theory of
regularity structures on manifolds, we work with the smallest structure that is necessary
to solve PAM. We show the Schauder estimates explicitly. Apart from introducing
for the first time regularity structures on manifolds, we believe our work also has
a pedagogical value. Since everything is laid out explicitly and covers the flat case
M = T?, it can serve as a gentle introduction to the general theory.

In future work we will investigate the algebraic foundation necessary for studying
general equations, without having to build the regularity structure “by hand”. For
general equations a new proof of the Schauder estimates has also to be found.

During the writing of the present article, a different approached has been put forward
in [2], where the notion of paracontrolled products using semi-groups is developed on
general metric spaces. The advantage of the paracontrolled approach is that it requires
less machinery. On the downside, the class of equations that can be covered is currently
strictly smaller than in the setting of regularity structures. Let us point to [3] though,
which pushes the framework to more general equations.

The outline of this paper is as follows. After presenting notational conventions,
we give in Sect. 2 the notion of distributions on manifold we shall use in this work.
Moreover we introduce Holder spaces on manifolds. In Sect. 3 we introduce the notion
of regularity structure, model and modelled distribution on a manifold. We show
how these objects behave nicely under diffeomorphisms and use this fact to show
the reconstruction theorem. In Sect. 4 we give the simplest non-trivial example of a
regularity structure on a manifold; the regularity structure for “linear polynomials”.
This forms the basis for the regularity structure for PAM, which is constructed in
Sect. 5. As input it takes the product v& alluded to before. This is constructed in Sect. 8
via renormalization. Section 6 gives the Schauder estimate for modelled distributions
in the setting of PAM and finally Sect. 7 solves the corresponding fixpoint equation.
In Sect. 9 we show how the construction of Sect. 4 can be extended to “polynomials”
of arbitrary order.
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372 A. Dahlqvist et al.

1.1 Notation

In all what follows M will be a d-dimensional closed Riemannian manifold. When
we specialize to the parabolic Anderson model (PAM), the dimension will be d = 2.
Denote by § > 0 the radius of injectivity of M. For p € M we denote with exp,, :
T,M — M the exponential function. It is a diffeomorphism on BTp M0y, 8) :={x €
TpyM : |x|1,m < 8}, with inverse exp;l.

For a function ¢ supported in BTFM(O,,, §) define for A € (0, 1], p e M,

0 () =270 exp, (), ©)

extended to all of M by setting it to zero outside of BTp u(0p,8).

For T € G, G a graded normed vector bundle with grading A we denote by ||7]|,
the size of component in the a-th level, a € A.

The differential of a smooth enough function f : M — R at a point p will be
denoted d|, f € T; M. Similarly for higher order derivatives (see Sect. 9) V| »f €

®f
(T; M ) .Forthe actionon vectors W € (T, M) ® we shall write either (V| o fi W)

or Vi f.
For p € M, r,§ > 0 denote

By =g € C"(T,M) : suppg C Br,u(0p, 8, ligllcray < 1, (3)

Here r will depend on the situation, and will always be large enough so that the
distributions under consideration can act on ¢.

We shall use p, g for points in M and x, y, z to denote points in RY. For x € RY,
¢ : RY — R we write

ot =27 =), 4)

which is consistent with the notation introduced above when considering R as Rie-
mannian manifold with the standard metric. We also define, analogously to above,
Bra(0, 8) and B{R’f. Balls in M are denote by By (p,$) :={q € M : d(q, p) < §}.

For y € R we denote by [y] the largest integer strictly smaller than y.

For a pairing of a distribution 7 with a test function we write (7', ¢).

For two quantities f, g we write f < g if there exists a constant C > 0 such that
f < Cg. To make explicit the dependence of C on a quantity 4, we sometimes write
f e

We denote the positive natural numbers by N and the non-negative ones by Ny.

2 Holder spaces

Definition 1 A distribution on M is a bounded, linear functional on C°(M) (=
C°° (M), if M is compact).
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The parabolic Anderson model on Riemann surfaces 373

Given a density A on M, (T), ¢) := f M @d ). defines a distribution. Distributions
are hence “generalized densities”. Compare [6, Section 2.8] and [17, Section 1.3].

There is another definition of distributions as “generalized functions”, see [12,
Section 1.8]. They are equivalent when there is a canonical way to turn a function into
a density and vice versa. This is the case when there is a reference density, like on a
Riemannian manifold.

Remark2 On a Riemannian manifold M, denote the standard density by d |Vol|. We
can lifta function f € C (M) toadensity fd |Vol|. Then, for f € CZ°(M), Ty defined
as

(Tr. ) = /M J(@)¢(2)d [Vol|,

is a distribution.

Definition 3 (Push-forward) Let (W, /) be a coordinate charton M.If ¢ € C° (W (U))
and T is a distribution on M we can define the push-forward W, T € D' (¥ (Uf)) via

(WeT, @) == (T, V@) := (T, po V).

Remark 4 This push-forward is compatible with the pull-back of densities. Indeed, for
f € C(M) we get the distribution Ty := fd |Vol|, by Remark 2. This density pulls
back under W~! as (compare [13, Proposition 16.38])

fd Vol > foWw™ ' /detgdy' A  Ady?,

where y' are standard coordinates on R¢, and g is the Riemannian metric in the
coordinates W. Hence

(WuTp, @) =(Tp, @ o W)

= fM (U (X)) f(0)d [Vol|
= /R 9@ (V@)Y detg(2)dz

= (Tew=1y(fa Vol P)-
where the last line is the pairing of a distribution with a test function on R and Tj, is
the canonical identification of a locally integrable density 4 on R? with a distribution.

Recall the following definition of Holder spaces in Euclidean space.

Definition 5 For y > 0 we keep the classical definition, that is

DT (x) — DT
Tl gty = 3 ID Tllggs + sup 2L = DTN
[el<n [¢|=n;x,yeRd lx — yl

where y =n+s,n € Ny, s € (0, 1].
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374 A. Dahlqvist et al.

For y < 0 denote by CY (R?) the space of distributions T € D’ (R?) with

- A
IT[|cy (ray = sup sup sup A YT, ¢5)] < o0.
xeRd AE(O,I]%B&;

Here r := —[y], and <pr‘ as well as the set of test functions Bf&’d] are defined in
Sect. 1.1.

Remark 6 For y < 0 the norm is independent of the arbitrary upper bound 1 for the
supremum over A as well as the support of ¢: for every Ag, &g > 0

— A
T ey dy Sroeo SUP sup  sup A7V"KT, ¢p)l,
xeR! AE0.30] peB 0

where r := —[y].
Remark 7 Every time that a condition like

T, @2 SAY,x e (0,11,

appears, for some & > 0, uniformly over supp ¢ C Bga (0, &), with [|@llcr (B, 0,6) =
1, one can equivalently demand for some ¢ > 0

KT, @)l S 27,

uniformly over A € (0, 1] and suppgp C Bpa(x, Ae), with [1D*¢ |00 < A4k for
k=0,...,r.

We need a reformulation similar to this remark, but for Schwartz test functions.

Lemma8 Lety <0and T € CY(R?). Then T € S'(R?) (and not just T € D' (R%)).
Moreover; define for ¢ € S(RY), A € (0,1],x0 e R, N € Nand r := —[y]

C(p, A, x0, N, r) = sup sup |D¥g(x)|rdt* (1 + 2" Nx — x0|N> )
|k|<r xeRd

Then, for N > d,
(T, @) Sn Cl@, & x0, N, Tl er gy V-

Remark 9 Note that if ¢ € S(R?), then ¢ := 279907 (- — xo)) satisfies for A €
(0,1, N eN,xg e R and r > 0,

C((p}’}o,)n,xo, N,r) < sup sup |Dkgo(x)| (1 + |x|N> < 0.

[k|<r xeRd
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The parabolic Anderson model on Riemann surfaces 375

Proof Let ¢, z € 74, be a partition of unity of R? such that supp ¢, C Bga(z, 1) and
Sup,czd ||¢:llcr < oco. Define

P () =07 ().

Then ) .70 @.5 = ¢. Write for short C, := C(g, A, x0, N,r). We have
supp ¢z, C Bra(Az, A) and, since ¢ € SR,

1
14+ A=N|rz — x|V
1
14z — A~ Ixg|V"

11D*0, 1100 S Cpr 7k

= C a4k
Then

HT. @) < Y UT. @)

zezZd

< ClITller @y Y
zez4d

gN CQDHT“CJ/(Rd))"y»

1
14|z =2 1xo|V

. 1
as desired. We used the fact that ) __;4 P

1 _ 1 . . . . .
Jrd mdz = fpa T dz, which is finite, since N > d, and independent
of A. |

is upper bounded by

Definition 10 Let M be a closed Riemannian manifold. Let a finite partition of unity
(¢i)ie1 be given on M, subordinate to a finite atlas (¥;, U;);e7. For y € R, define

CY(M):=CY (M; (W, Up), ¢i):=1{f : M — R: (¥;).(¢; f) € CY(RY), Vi el
and

11y = sup (Wi« (@i Pllcr ray-

iel

For y > 0, an equivalent characterization of C¥ (M) will be shown in Theorem 92.
We now give one in the case y < 0.

Lemma 11 For y < 0, M a closed Riemannian manifold, an equivalent norm on
CY (M) is given by

(T, ¢})]
sup Yy
peM.1e0.11.9eBy

where we recall that gai; is defined in (2).
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376 A. Dahlqvist et al.

Proof Fix a finite atlas (W;, U;);<; with subordinate partition of unity ¢;. Denote

Cp:

NT [lcr (m; ;Ui i)

(T, ¢}
Ch = sup i

peM,Ae(O,l],weB’T’,fM AY
(C2 < Cp):Lety € B’T;“M, p € M. Then

(T.@h) = (Tei.¢})

i

=Y (W)(T¢). ¢} 0 ¥
= Z((\If,-)*(Tqb,-), i o ‘lji_l‘/’; 0¥ )

= Z((qf,-)*(Tqﬁi), i),

with n; = (¢; 901);) o \I/l._l. Here the functions ¢; are chosen such that supp éi C U;

and ¢;$; = ¢;. Now, 901); is supported in a ball of radius §A around p, hence for some
¢ > 0 independent of i

supp 1; © Wi (Bar(p, 8 Nsupp ) © B zi, ch),

for some z; € R?. Here, the last inclusion follows from the fact that the atlas is
finite and ¢; is strictly contained in Uj, so that the Lipschitz norm of ¥; and v Vare
uniformly bounded in the regions of interest. By the same reasoning, the derivatives
up to order r of exp;1 o¥ l._l are uniformly bounded on the relevant regions. Hence

1D ;100 S C1a747k,

and the result follows from Remark 7.
(C1 < (C2): By Remark 6, we have to show for some Ag > 0 and for all i € I,

~

supp¢ C Bga (0, 1), |l¢llcr < 1and x € R?
{(W0)s (T1) . 90)| S oAV, k€ (0, .
Since ¢; is supported away from the boundary of U;, there exists Ao > 0 such that

for all x € R? there is some p € M such that supp ¢;.;.x C By (p, 8).! Since the
atlas is finite, Ao can be chosen uniformly for all i € I.

I The support can be empty, in which case such an inclusion holds trivially.
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The parabolic Anderson model on Riemann surfaces 377

Then, for L < Ao

(Wi (Tei) . ) = (T 9 o Wi i)
= (T, ((p;‘ o \; ¢,~) oexp, oexp;l),

Now, one checks that ¢;: 5, x o€xp, -1 @) falls under Remark 7 and hence this expres-
sion is indeed bounded by a constant times CoAY . O

As immediate consequence we get the following statement.

Corollary 12 Let (\I!j, Uj)jej be another finite atlas with subordinate partition of
unity (¢;) jes. Then fory <0

CY(M; (W;, Up), ¢i) = CY(M; (¥, Uj), ¢))

with equivalent norms.

3 Regularity structures on manifolds

Let M be a d-dimensional Riemannian manifold without boundary. The two cases we
are most interested in are

e M is compact without boundary (i.e. closed)
e M is an open bounded subset of R¢ with induced Euclidean metric

We now give our definition of a regularity structure and a model on a manifold M.
For concrete incarnations of these abstract definitions we refer the reader to Sect. 4 for
the implementation of a first order “polynomial” structure; to Sect. 9 for a structure
implementing “polynomials” of any order and right before Lemma 36 for the structure
used for the parabolic Anderson model.

Definition 13 (Regularity structure) A regularity structure is a graded vector bundle
G on M, with a finite grading A = A(G) C R. For a € A, G, denotes the vector
bundle of homogeneity a; it is assumed to be finite dimensional. We denote the fiber
at p € M by G|, and the fiber of homogeneity a at p by G,|,. For p € M, t € G|,
a € A we write projgalp 7 for the projection of T onto G,|,. We assume that G comes
equipped with a norm |[|.||. We denote the fiber norm of the restriction to homogeneity

aby ||]la == || projg,, Tll.

Definition 14 (Model) Let a collection of open sets U, C M, g € M, with g € Uy,
and linear maps

Mg :Gly — D'Uy)

be given. We assume there is for every compactum O C M a constant §ix =
Sic(IT, ', {Uy }g) > 0, such that ', is defined for p,q € K, d(p,q) < dx and
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378 A. Dahlqvist et al.

for g € K, exp, |By,(0,.61) is a diffeomorphism and exp, (Br, (0. 8x)) C Uy.
Assume moreover I', ., = id forevery p € M. Given B € R, we say that (IT, ") isa
model with transport precision § if the following entity is finite for every compactum
KcCcM

(7, )]

T, T|lg.ic = sup
P P

,8
P LeA(G).1eGelp he(0.1].0eBy

|<HqT —pTpeyr, (P;;H

" P Al
r /2
p,qelC:d(p,q)<5)c/2,reg|q,Ae(O,l],weB’Tpﬁ/

| |Fp<—q77 [lm
* e d(p, ) O[]
£.meA(G);p.gek.d(p.q)<dx:teGely ¢\P> 4

where we recall that the set of test functions BrT’p‘SM was defined in (3).

Remark 15 The additional restriction on distance and support in the second supremum
are necessary, since otherwise the action of I, 7 on go; might not be well-defined.

Remark 16 Note that the conditions on a model do not pin down the global regularity
of IT, 7. Without loss of generality we will assume that 1,7 € C*(U,) forall ¢ €
M, t € G|, and @ := min A(G).

Our definition of a regularity structure and a corresponding model are slightly
more general than the original formulation by Hairer [9]. This extension is necessary
to accommodate the “polynomial regularity structure”, which will be constructed up to
first order in Sect. 4 and up to any order in Sect. 9. Let us point out the key differences.

e Derivatives of functions on a general manifold M can only be coordinate invariantly
stored in a fibered space. Hence the regularity structure has to be a vector bundle
and not a fixed vector space.

e For this reason there cannot be a fixed structure group G in which the transport
maps I', ., take value.

e The transport maps I, ., can also act “upwards”, see Remark 83.

o The distributions IT,t as well as the transports I" ., only make sense locally.

e Theidentities 'y« 4I'y<r =I'prand I1,I", ., = I, do not hold. An approxi-
mate version of the latter is incorporated into the norm (transport precision ). The
former is, in the flat case, used in an extension argument ([9, Proposition 3.31]),
which we do not need here.

It turns out that the theory can handle these slight extensions. In particular the
reconstruction theorem still holds, Theorem 23. Finally, we remark that our regularity
structure does not include time and that the parabolic Anderson model will be treated
by considering functions in time, valued in modelled distributions (Definition 18) on
a manifold.

As in Lemma 8 we know how I1,7 acts on a more general class of functions:
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The parabolic Anderson model on Riemann surfaces 379

Lemma 17 For a regularity structure G let be given a model (I1,T") of transport
precision B with B > sup,c (g lal. Let p € K, a compactumin M. Let ). € (0, 1] and
let @ satisfy the assumptions of Lemma 8, with R? replaced by Ty M and the additional
condition suppg C Br,m(0p, Sxc/4). Assume moreover that By(p, éx/2) C K
(which can always be achieved by making §xc smaller). Then for T € G|,

[(TTpT, @ oexp, ') S CylITL Tl|g icllTlIA",

where Cy := C(@, A, 0, N, r) is defined in Lemma 8.

Proof Let O : RY — T, M be a linear isometry. Uniform estimates on D¥*¢ on balls
in T, M are equivalent to uniform estimates on Dk (¢ o O) on balls in R4. We can
hence consider ¢ as a function on R¥.

Let ¢, z € Z¢, be a partition of unity of R such that supp ¢, C Bga(z, 1) and
sup,czd |1¢:llcr < oo. Let A := Adx: /4. Define

P =00 e zeZ,

so that

D i =9

zeZ4d

Then supp ¢, 3, C Bra(Aicz, Axc) N Bra (0, §xc/4). Hence ¢, 5, = 0 for [Axz| >
8xc/2. Moreover

P |

DF < Coa TR —
D", aiclloo S ® 1+ 2V

Then
(Mpt, @0 exp;l) = Z (T, @z © expl_,l)

ze74

-1
= Y (T oexp,’)
z€Z4 | xcz| <8 /2

—1
= Z (nexpp(klcz)Fexpp(k)gz)epfy Pz.0xc © €XP) )
7€Z4, | ezl <8xc /2

—1
+{pT — Mexp, G Vexp, ey < p T Pz,axc © €XP), )

Note that in the sum |Axz| < §)c/2. Hence, by assumption ¢ := exp,,(Axz) € K.
Hence by definition of a model, [|Tyy7llm < [ITI, Tllg.xllzlld(p, ¢)¢~™V0 =
IITL, Tl il Azl ¢=™VO, for T € Gyl,.2 Then for those z

2 The particular choice of - /4-, §;c /2-balls in the assumptions is needed in order to be able to invoke the
norm here.
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—1
[{(Mexp, Guca) Dexp, (i) < p T @z,ixc © €XPy, )|

: -1
< Z |(Hexpp(k,cz) projz, Fexpp()»;cz)epf, @z © CXPp )

n<t

+ Z [(Mexp, (ic2) PrOj 7, Texp, (i)« pTs Peipe © eXP;IH

n>¢

L !
S CollL Pllg ellell | 34" el + 24w

n<t n>4t

Moreover, the model being of transport precision 8, we get

(17 =Tlexp, (o) Cexp, G2 -p T 92,2 © X0, I S ColITL Tl 2P o

Combining,

(T, ¢ o exp, )|

1 1 1
¢ l—n ¢ B
S CollTL Tl kcllTll Z A Z]+|Z|N|Z| +A 1+|Z|N'+k 1+ z|V

z€Z4 n<t

< ClITL Tlg el Tl 1A

O

Definition 18 Let G be a regularity structure and (I, I") a model of precision 8 € R.
Define for y > sup,c4(g) || the space of modelled distributions

DYM,G):={f: M — G: fisasectionof G,
[l fllor(c.g) < oo for all compacta K C M}.

with

1F(P) = Tpea f@e
1 flloracg == sup If(P)le+sup  sup peg d7e.
i<y pekC b<y p,qek.d(p,q) <8 d(pa q)

Here §xc is the distance of points in /I for which I" makes sense, see Definition 14.
Note that the precision of transport 8 plays no role here.

Remark 19 As usual for Holder norms, for every compactum K an equivalent norm is
obtained by replacing in the supremum, for any 8’ € (0, 8x], the condition d(p, g) <
dc with the condition d(p, q) < §'.
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The parabolic Anderson model on Riemann surfaces 381

Lemma 20 (Push-forward) Let M, N be Riemannian manifolds and let V : M — N
be a diffeomorphism. Let G be a regularity structure on M with model (I1, T") with
transport precision 8 € R. Define

Z/_{q = \I/(u\y—l(q)),

g

Fp(_q = F\p—l(p)(_q,—l(q), p, q (S N,

q = g\y—l(q), q S N,

I:Iqr = \IJ*H\D—I(q)T, qeN,T e C;|q.

Then, G is a regularity structure on N with grading A = A and (T1, T) is a model

with transport precision . Moreover for every compactum C C N and all compacta
Kcc

1.
I, Clig.c Sc 1L Tl 1)

2. Let f, f' € 9Y(M,G) and define f(x) := f(U~'(x)), f'(x) == f/ (¥~ ().
Then f, f' € 2V (¥ WU), G) and

||f_||@V(IC,g) <c ||f||@y(\p—l(ic),g)
If = fllarac.g) Scllf = fllayw-100).6)-

Proof Since W has derivative uniformly bounded below and above for every com-
pactum X C C, one can choose for every compactum K a constant §i as in the
definition of a model, such that f‘p(_q is well-defined for p, g € K and d(p, q) < éx
as well as expfiV (Br, M0y, dk) C Z/_[q. Here expN denotes the exponential map on N.

l.Letq e KC Nandt € G|, and ¢ € BrTfA’/C[
(g7, o) = (W (g1 T) - #5)
= [{My-1)7 ¢ 0 W)l
= [{My-1(4)7. ¢4 © W o exp, oexp, )|
Se 1ML Tllg g1y ITIIAY,

since (p;‘ o W oexp, falls under Remark 7. For p, g € K C N withd(p, ¢) < i and
T € G|y, we have
(g7 = Apley @)l = W (M1 = My1 ) Dyt (w19 ) - 9]

= (My-1)T = M1 () D=1 (w1 T 0 © W)

= [{My-15) = My-1p) Tyt )1 T 5 © ¥ 0 €Xp, 0exp, )|
Se 1T Tllg w10y 71147,
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again by Remark 7. Finally for p,q € L C N withd(p, q) < 8x and T € G4y, we
have

IDpeql = Tty w-1(Tlm Sc L Tllgg-100) 1Tl (p, ) Y0

2. Let p,g € K C N then

1F @) = Tpg F@llm = 1@ = Tyt 1) F Y @D Im
Se L fllpr -0y, d (¥~ (). g ™"
Se i llprw—00).00d (s )™

and similarly for the distance of two modelled distributions. O

Lemma 21 (Reconstruction for M C Rd) Let G be a regularity structure on M, an
open connected subset of RY. Let (I1, T') be a model with precision p € R. Lety > 0
and assume B > y. Denote a := inf A. Assume either that o < 0, or that o« = 0
and that the lowest homogeneity in G is given by the constant distribution (of the
polynomial regularity structure of Sect. 4).

For every f € 9V (M, G) there exists a unique R f € C*(M) such that for every
compactum K C M

(RS =T f (), )| S ML Tzl f11, i ®)

Here ¢ € BrT’jA’fI, r = —[al, (so that the action of Tl f(x) is well-defined) and K
is the closure of the Sxc thickening of KC.

Remark 22 Uniqueness actually holds in the class of operators R that satisfy (5) with
y replaced by any 6 > 0.

Proof Existence
We will apply [9, Proposition 3.25].% This Proposition is formulated for R, but the
statement is local and also holds for M C R?. So we have to verify for ¢, := IT, f(x)

[{@ys &x = &y)| < Crlx — y|y g nd/2—an ©)
|(§0;La )l < sz—an—nd/z’ )

uniformly over x, y € K,n> no, ng = logz(éf) vO0and 27" < |x —y| < ‘SK' In [9,
Proposition 3.25] the upper bound 1 is chosen on |x — y|, but any upper bound works,
so we chose BE’ since we need I', .y, to be well-defined.

Here

ol i= 222" (- — x)),

3 Compare also [10, Theorem 2.10] for a concise presentation of the (wavelet) techniques involved in its
proof.
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and g is a scaling function for a wavelet basis of regularity » > |«|. We have chosen
ng also such that for n > ng and x € K, 7 € G|, the expression (IT,t, @) is well-
defined. First, (7) follows from the fact that « is the lowest homogeneity in A(G) (note
that ¢ is scaled to preserve the L?-norm, whereas the scaling in the definition of a
model preserves the L'-norm).

Now

<§0)rcl’ &y — §)> = ((ﬂ;l’ Iy f(x) — Hyf()’))
= (‘Pl;’ Iy [f(x) - Fx«yf()’)]) + (‘P;l’ erxeyf(}’) - Hyf(Y)>~

We bound the first term as

@y, My [f () = Ty FOO]I < Z (@}, Ty projg, [f (x) = Txey fFN])]

a

S Tl el gy g 22" " x =y
a
STl el f 1l gy ey 2" 1 =y,

since 27" < |x — y|. The second term is bounded as

(@ LTy £ ) = Ty FON] S T Tl el f 1 g e gy 2" 41
= |1, F”/SK'|f||@V(K,g)2_na_nd/2_n(ﬂ_a)
ST Tl 1 gy e gy 2" "4 — y]P=e
B. (K.9)

ST Tl 1l gy gy 27" 1 = 177,

where we again used the assumption 27" < |x — y|. This proves (6) and an application
of [9, Proposition 3.25] gives the existence of R f satisfying the bound (5).

The preceding argument is valid for « < 0. For o« = 0, one can run the argument
for some &’ < 0 and get unique existence of R f € C o with the claimed properties.
In Corollary 24 below it is shown that actually R f € C°.

Uniqueness
Uniqueness follows exactly as in [9, Section 3]. O

Lemma 23 (Reconstruction for M a closed Riemannian manifold) Let M be a closed
Riemannian manifold with regularity structure G and (I1, ') a model with transport
precision 8 € R. Lety > 0, and f € 9V (M, G) and assume B > y.

Denote a = inf A. Assume either that o« < 0 or that « = 0 and that the lowest
homogeneity in G is given by the constant distribution (of the polynomial regularity
structure).

Then, there exists a unique distribution R f € C*(M) such that

(RS =T, f(p), op)| S AT Tllgom || f 1Dy .6 (®)
forpe M, ¢ € BrT’:A’Z, r=—lal
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Proof By a cutting up procedure, it is enough to show (8) for ¢ € Brrfz/w with §' €
(0, 8p7] to be chosen.

Let (W;, U;)icr a finite atlas with subordinate partition of unity (¢;);cs. On each
chart, we push-forward the regularity structure, model and f to W; (4;), with corre-
sponding reconstruction operation R;, model I1; and modelled distribution f, For
eachi € I, fix a compactum KC; C U; such that supp ¢; is strictly contained in K;. By
Lemma 20,

W fillor wiico.g) S N lloran,0)
i = fillor waco.g) S = Fllarm.g
1T, T g w, iy S I Tl g

Now reconstruct in each coordinate chart as 7; := R f using Theorem 21. Define
Rf = Yies #i(¥; )sT;. Then

(Rf =T f () 9) = i ((W7Ts = T f () )

= 3T = W) (M) (i) 0 97,

Ifp ¢ Z/Il, we want the summand to vanish. So let 8’ := min; d(supp ¢;, 0U;). Then
for ¢ € BT o € (0, 1], we have ¢,<pp # 0 implies p € U;. Hence, if p ¢ U;, we

have ¢; (pp = 0, so the summand vanishes.
Otherwise, with z := W; (p)

T = W (M f (1) (#1605) 0 W71
= (1 = - (M f ) (827000 expy () 0 w7
= (1 = Ao @, (6700 exp, () 0 7))
S I Tillgw @i 11y g, 0. 602

S G, Tillgm fllor (m,g)AY

since (qbik_dgo(k_l exp;1 (-))) o \Ili_l falls under Remark 7 around z. Summing over
i gives (8). O

Corollary 24 [nthe setting of the previous theorem, assume that the lowest homogeneity
in G is 0 and that it is given by the constant (as in the polynomial regularity structure
of Sect. 4). Then R f is given by projection onto that homogeneity, i.e.

(RAOP) = folp).
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Proof Define R f(p) := fo(p), then

(RFO =T, £(P)O), o) =1 fo() = fo(p). o5} +

<Z M, projg, |, f(p), w,§>

£>0

Recall that the projection proj is defined in Definition 13. The last term is of bounded
by a constant times A", where 7 is the smallest homogeneity strictly larger than 0.
For the second to last term we first write

foO) = folp) = (£ = Do p f () + Ty proig, £(p)) .
Now, since f € DY,

(fO) =Ty f(P)y S dC. ).

By the properties of a model
IT.p Projg_o,  f(P)lo S dC. p)"-
Hence | fo() — fo(p)| < d(, p)"" and then
[(fo() = fo(p). @)l S A7

Hence, by Remark 22, R="R. 0O

We want to apply the Lemma 23 to the terms in the heat kernel asymptotics (The-
orem 43). The problem is that their support will be of order 1 (and not of order A as
for ¢7). Hence we need the following refinement which is similar to Lemma 8.

Lemma 25 In the setting of Lemma 23, let ¢ satisfy the assumptions of Lemma 8 with
the additional condition supp ¢ C Br,m(0p, dxc/4). Then

(Rf =11, 7). 00 ex,h))| S Coa? IMlIgne 1111w a0

where Cy := C(¢, A, 0, N, r) is defined in Lemma 8.

Proof Let ¢_ 5 be given as in the Proof of Lemma 17 with K := M.
Recall Ay = Ay /4, and that supp ¢ ;,, C Bra(Apmz, Apy) N Bra(0, Sp/4).
Hence ¢; 3,, = 0for [Ayz| > 8y /2. Then with & :=Rf —I1, f(r)

Cp.o oexpljl) = Z (Cpso, oexp;l)

ze74

= > (¢pr @, 5 0exp, )

2€74 | Apzl <8y /2
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= Z [(gexpp(AMz)v ¢,5° exp,_,l)

2€Z4, | hpz|<8m /2

+(&p — Cexpp()»MZ)v ¥:5° exp;l)] :

Note that in the sum |Ay;z] < 8p7/2. Hence exp,(Amz) € M is well-defined. Now
the first summand can be written as

-1 -1 -1
<§expp(kMz)a ©z,0.m © €XP) )= (é‘expp()»Mz)v Pz Ay O €XpPp - O expexpp(kMz)o eXpepr(AMz)>'

Applying Remark 7 to ¢, 3,, © exp;1 © €XPexp, (1y2) and (8), this is bounded by a
constant times Cy||IT, T'[|g, s || f Dy (m.6)A”

1
! 1+z|V*
The second summand is bounded as

‘(fp - §expp(z)’ Pz.0y © CXP) >‘ = ‘<H6pr(z)f(expp(z)) — I, f(x), @z © eXpp >‘
< |(Mexp, 0 (£ @30, @) = Texp, 06 F @), 9230 050, )

+ ‘(Hexpp(z)rexpp(z)exf(x) - npf(x)v Pz.am © €XPp >‘

_ 1
S CollIL Tllg.ar 11 1lpr .6y (mey KH’S) T
14

Hence

1

[(¢p. 9 0 expy ) < CollTL g [ fllDrangy | D M
z€Z4
1
+ Azl AN ——
Z (Z | M | 1+|Z|N
zeZd \ a
1

|Z|)/+IinfaeAa\)

S CollTL Pl 111D 9 (7 440 427 3 g
7d

S CollTL Tllg,m |1 f Dy (m,9)A”

for N > d+ y + |inf cq al. O

4 Linear “polynomials” on a Riemannian manifold
The regularity structure for linear “polynomials” on the Riemannian manifold M will
be built on the vector bundle (M x R) & T*M. For readability introduce the symbol

1 and decree that it forms a basis for R. Define the graded vector bundle

T =MxR))ST*M,
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with grading A(7) = {0, 1}. Forg € M let T|, = span{1} ® T;M be the fiber at g.
A generic element of 7, will be written as

1la + w,

witha e R, w € Tq*M. LetU, := By (q, 8), where § is the radius of injectivity of M.
Define the linear map I, : 7, — D'(Uy) as

(MgD(z) =1 z el
(Myw)(2) = wexp, ' 2), z€Uy, we T M.

Note that, since R1 is a trivial fiber bundle, it is enough to specify it on the basis
element 1. This is not possible on 7*M. Note also that IT,w is chosen to have value
0 and differential w at g.

Finally define the re-expansion maps I',—, : 7, — 7, as

[pegl=1
[peqo = wexp, ! (p)1+dlwexp, ' 1(p).

which is well-defined for d(p, ¢) < §. IT and I together form the polynomial model,
where we take §); = § in Definition 14.

Remark 26 Note that in Euclidean space with w = dx; we have
(Mydxi(z) = (z — q)i,
the classical linear polynomials “based” at ¢g. Moreover
[pegdx; =dx;i + (p —q)i,
so we recover Hairer’s definition [9].

The transport of w € TM is chosen such that [1;w and I1,I" g have, at p, the
same value and the same first derivative. Our re-expansion is not exact, i.e. we do not
have [Tyt = IT,I" <47, but we have the following.

Lemma 27 For w € Tq*M, uniformly for d(p, q) bounded, £ = 0, 1,2, and V differ-
ential operators of order £

V(Mg0)@ - @,T)0)@)| Sv e p>.
Proof Let

f(Z) = (qu)(Z)
8(2) == (Iplpq)(2).
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By construction f(p) = g(p), d|, f = d|,g and hence the statement follows from
Taylor’s theorem. O

Remark 28 In the setting of the previous Lemma, not only f(p) = g(p) but also
f(g) = g(q). Indeed, for two points p, g € M, at distance smaller than the cut locus
and w, € Tq*M s

[peyglog) = wq(equ—l(p))l +d ‘p [wq(expl;l(.))]

= a)q(expgl(p))l +wy 0 d‘p (exp;1)7
where the tangent map satisfies indeed d| p(expgl) : TpyM — T, M. By definition,

M) (T g (@) = wg(exp, ' (p)) + g o d|p(exp, ') o exp,’

does a priori disagree with I, (wy) = wy © exp;l, butat p. Letus set v, = equ_1 (p)
and v, = exp;1 (g). The path y = (equ((l — 1)vg))o<r<1 is the unique path from p
to g, with length and speed both equal to d(p, ¢), staying within the cut-locus from
y, that is (expp(tvp))og,fl : in other words, forany 0 < ¢ < 1,
exp,, (t exp), ' (¢)) = exp, (1 — 1) exp, ' (p)).
Hence,

_ d _ d _
d|p(exp, ) (vy) = il exp, ' (exp, (tv))) = ., exp, ' (exp, ((1 — )vy))

= —vq

and

(T pegq(@g))(q) = wg(vg) + @y 0 d|p(exp(;1)(vp) =0 = Iz (wy)(g)-

The next lemma follows from Lemma 27 and is shown in more generality in The-
orem 91.

Lemma 29 The above is a model of transport precision B = 2.

As a sanity check for our construction, we mention the following lemma, which is
almost immediate in the flat case (see [9, Lemma 2.12]). We will prove it in Sect. 9 in
a more general setting.

Lemma 30 Fory € (1,2), a function f : M — Ris in CY (M) if and only if there
exists a section f(p) = fo(p)1 + fi(p) € VM, T) with fo(p) = f(p) and
filp) € TyM.

In that case: fi(p) =d|,f.
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5 The regularity structure for PAM on a manifold

In the next five sections M is a 2-dimensional closed manifold.

The regularity structure for PAM will be built on two copies of the vector bundle,
(M X IRZ) @ T*M. We denote these two copies by V and W. In order to distinguish the
different elements of these bundles we introduce the symbols {1, 2, Z[E], Z[E]E}
and decree that they form a basis for R*. We then write

W= (M x [R1®RI[E]]) ® T*M and
V=M x [RE @RI[E]E]) @ (ET*M),

where ET*M is simply another copy of T*M. Formally we have, ¥V = WE. As
before we will let 7, V|, and W|,, denote the fibers of these bundles over p € M.
The vector bundles V and WV are graded, with gradings

AV) = {a, 200 + 2, + 1}
AOW) ={0,a + 2, 1},

for some @ € (—3/2, —1) corresponding to the regularity of the driving white noise
£.

For g € A(V) (or B € A(W)) recall (Definition 13) that projg : V — V (projg :
W — W) is the projection taking an element to its 8 — component. To be concrete,
generic elements 7 € V|, t’ € W], are of the form

ZEa+Z[E]Eb+ Ec
v =1d +I[E]e + f,

witha,b,d,e e R, ¢, f € T[;“M. And then for example

proj, T = Ea € Vylp
proj,4» 7' = Z[Ele € Wagalp.

All the graded fibers have a canonical norm, where on the cotangent space we use
the norm induced by the Riemannian metric. For 8 € A, T € V|, (or t € W|,) we
write as before, in a slight abuse of notation, |[7||g := || projg 7||.

The model we shall use for the parabolic Anderson model will be time dependent,
so we need slight extensions of our definitions.

Definition 31 For G = V, W, assume we are given a family of models (IT", I'") on M
parametrized by ¢ € [0, T']. Define

[IT1, Tllg a7 := sup ||TI", T g, m,
t<T

where ||TT", I'|| g, i is defined in Definition 14. Note that for fixed 7, the model comes
with a reconstruction operator (Theorem 23), which we shall denote R;.
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Definition 32 (Time-dependent modelled distributions) For G = V, W, given a family
of models (IT7, I'") parametrized by t € [0, T], denote by 27 (G) = 2"V (M, G) the
corresponding spaces of modelled distributions. That is, as defined in Definition 18,

llg(p) — T, 8@l
l1gllDry (m.g) = sup sup |[g(p)lle + sup sup P‘—q_e -
peM t<y P.qeM t<y d(p,q)

For 91 > 0, define the modified norm

llg(p) =T _ g@lle
gl Dy ar.g) = sup sup [[g(p)lle + sup  sup v
PEM <y P.geEM <y L#1 d(P, Q)y

et sup 18P = Thgs @Il
P.geEM d(p,q)r=+

Here u =, ifG=Vand u =0,if G =W.
Define @}T”VO(M ,G) to be the space of functions f : [0,T] x M — G with
f() € "7(M, G) and

1f@, p)— f(s, plly
I/ prro =sup|[fOllprm.g +  sup <
D9 t<T (.6 peEM s,t<T [t — 5|0

where v =, if G =V and v =0, if G = W. For M > 0, define the modified norm

It p)— f(s, pllv
Y0 = su t 7 =+ su .
”f”D; 0% .6) zg[T) 17 Ollprran.g) peM,SI,)th [t —s|n0

Remark 33 The modified norms with scaling parameter 9T are necessary for the fixpoint
argument, see Remark 39. As usual with Holder-type spaces on compact domains,
these spaces are complete metric spaces.

Remark 34 Note that we do not need transport in time, as opposed to the definition in
[11, Definition 2.4].

The price we pay, is that Holder regularity in time of the reconstruction of a solution
is established in a roundabout way. Namely, by first verifying time regularity of the
0 component of the solution (Theorem 38) and then checking that reconstruction is
given by projection on that component (Lemma 24).

In [11] it follows from the definition of a controlled distribution and their recon-
struction theorem, Theorem 2.11.

We now build the model for the structures V, VW. As input we need realizations of
Zand Z[E]E.

Definition 35 Assumefor7 > Owearegivené € C%(M) and a family of distributions
Z;, € C¥M),t €[0,T], p € M, satisfying

(Z. @) | S a2t
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t
7 = 70 + fo (Pr (P2 ) = Prs(@. ). E)ds (1),

where the action of the heat kernel p on & is well-defined by Theorem 37. Define

(ZL, bl

. 9 %

1§, Zlla, 20421 = lI§llcom) + sup 2t
zgr,qu,xe(o,lmeB’T;fM

where r := —[«] and § is the radius of injectivity of M.

In our application to white-noise forcing, & will be the white noise on M and Z
will be constructed via Gaussian renormalization in Sect. 8.
Now define the models for V and WV as

(MY E)(2) = £(2)
(M ZIE]E)(2) = Z},(2)
(MywE)(2) = (Mw) ()M}, E)(2)
(MYDH) =1
myziEne = | (pror (e = P (. i

(H);Va))(z) =w e:xp;,1 (2)s

with transports

t
roY I[E]E = I[E]E + UO (P (p.) = Pi_r (@, ~),s>dr] =

F;quE = a)exp;l(p)E +dylw expgl]E

=1
13
F;’KQI[E] = I[E] + |:/0 <pt—r(p’ ) - pt—r(qv ')’ S>d}"} 1

F;,'qua) =w expgl(p)l +dylw exp;l].

Lemma 36 These are in fact models with 5y = § the radius of injectivity of M and
the distances/norms of the model only depend on &, Z. Indeed for G =V, W, y € R

N9l grym S 1+ 1IE, Zllaat2,7
with=2forG=WandB =2+ aforG=>YV.
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Proof Let ¢ € B2°" By Lemma 11
T,M* PY
(T8, h)| = 1€, @h)| S A% 1€l caan)-
By definition
(IO ZIEIE, @h)| = (Zh, o)) S AT, Zllaasa.T-
Moreover
(ML w, B, @5 = (5, wpexp,' b S A& ce ).

since wp exp;1 (,01’,\7 = At with () = wp(P ().
Regarding transport, both the transport of E and Z[ E]E are exact by definition and

Y, o= 1,V = A\ t W W
(MY, & = VT g B o)l = |(g (M5, = VT, gy )
o3)| S 2 lellcen,

where we used Lemma 27 for the last step.
Finally

t
1Ty ZIE1Ele = ‘/0 (ps(p. ) — Py(q. ). )ds| < d(p, )* 2,

by the Schauder estimate Theorem 37, and

t,V = _
Ty Lg@wq Ell2ar2 =0

t,V = W
||Fp<—qa)l] ‘:‘H(X = ”Fp(—qa)l]HO

<d(p,q)
by Lemma 29. Hence
YTV Ng o S 1+ 116, Zlla2ata.1

when § :=2 4+ «.
Analogously, one gets the bounds for W with g = 2. O

6 Schauder estimates

Let p be the heat kernel on M. We start with a proof Schauder estimate for distributions,
as a warm-up to the one for modelled distributions.
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Theorem37 Let T > 0, and F € L*([0, T], C*(M)), for « € (=2, —1). Then for
te[0,T]

< sup [|F(0)]lceny d(p, ¢)* .
t<T

‘ /0 t(p,_r(p, ), F))dr - /0 Z(p,_rw, ). F))dr

Proof As in the proof of the next theorem we shall focus on the singular part pV in
the decomposition p = p" + R using heat asymptotics, Theorem 43, for arbitrary
large N. Let us set || F|| = sup, -7 || Fyllce(m), d = d(p, g) and let y be a geodesic
path from p to ¢ of constant speed d. We single out the singularity of the heat kernel
considering separately the cases ¢ < d> and t > d? where we bound the integral over
(0,7 —d?) and (r — d?, ). Close to the singularity, using the first item of Lemma 44,

sup

d2
5||F||/ rSdr = || Flld+,
zeM 0

t pN (2, ), F(r))dr
t—d?

fort > d?, whereas for t < d2,

/ (B, . P Jar

Whent > d 2, we write on the other interval,

sup SNF 2 < ||Flja*+2.

zeM

‘ fold2<p5v—r(”’ ). Fr))dr - fotlﬂ(piv_,(q, ), F))dr

1 pr—d?
— / / (vy-u oY (e, ), F(r)>drdu,
0 0

where e stands for the variable that is being differentiated and - is the variable in
the distribution’s pairing. Then, according to the second item of Lemma 44, for any
ue,1),

t—d? t
—1
[ (e te Foar Pl [ avrar < Fjae .

The latter four inequalities yield the claim for the singular part of the heat kernel.
Now, according to Theorem 43, for N large enough,

sup (9, RY. (0,0, F()) S dllFI| < || Fl.
ue(0,1),re(0,t)

This concludes the proof. O
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We now prove an extension of this classical result to the space of modelled distri-
butions. For*

f@, p)= fat, p)E + fri20(t, pP)ZIEIE + fi4a(t, p)E,
an element of D;’VO (V), define
(K £)(p) :== h := ho(t, p)1 + ha1o(t, p)ZIE] + hi (2, p),

with

t
ho(t, p) = /0 B (ps ). R f(5))ds
h2+0t(t’ p) = fot(tv P)

t
hi(t, p) =dlp (ZH/O (P52, ~),Rsf(S)—fa(t,P)H’,,E)dS>

The well-definedness of these terms is part of the following theorem.

Theorem 38 (Schauder estimate) For « € (—4/3, —1), with y € (0, 2a + 8/3), set
e:=Qa+8/3—y)/dand yy=a/2+ 1 —¢e. LetT > 0and f € Dy (V). Then,
forallt €10,T1,°

t
RS =/0 (pr—ss Rs f(s))ds.
Moreover, KK f € DV (W), withy =y +4/3, o = yo and
1
- e € -
||’Cf||D?V0m(W) S “f“D;‘VOm(V) <T + "N+ ‘ﬁ) :

Remark 39 Here we can see why we introduced the modified norm ||.]| DI0T -
T

Without it, i.e. with 9T = 1, the factor on the right hand side cannot be made small,
which is necessary for the fixpoint argument.

Remark 40 Contrary to classical Schauder estimates, we only get an “improvement of
4/3 derivatives”. In order to get an “improvement of 2 derivatives” one has to include
quadratic polynomials in the regularity structure. This is also the reason why we have
to choose y, yp in such a specific way.
Note that an improvement by 4/3 will be enough to set up the fix-point argument.
To be specific, in order to get an “improvement of 2 derivatives” the complete list
of symbols necessary is, ordered by homogeneity,

4 Recall from the beginning of this section that fg, f2424 are real-valued and f]4, is a section of T*M.
5 Recall that R; is the reconstruction operator of Theorem 23 associated to the model (IT7, I'").
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E, EZ[E], EX;, 1, EZ[EI[E]], EI[EX;], I[E],
EX;X;, EXy, X;, Z|EZ[E]], I[EX;], Xi X, X1,

where i, j = 2, 3 stand for the space-directions.® These symbols would be the building
blocks for the regularity structure on flat space. On a manifold the polynomials would
represent the respective symmetric covariant tensor bundles, as laid out in Sect. 9. The
Schauder estimate has to be shown on the level of each of theses symbols, and hence
a treatment “by hand”, as we do here, would be cumbersome.

Remark 41 The following proof based on the heat kernel (almost) being a scaled test
function goes back, in the flat case, to [4]. A proof splitting up the heat kernel into
a sum of smooth, compactly supported kernels (following the strategy of [9]) is also
possible, but less convenient.

Proof of Theorem 38 Once the second statement is established, the first one follows
from the definition of 4 and the fact that reconstruction of modelled distributions tak-
ing values only in positive homogeneities is given by the projection onto homogeneity
0, see Lemma 24.

Recall that §); = &, the radius of injectivity. By Remark 19 we can, and will only
consider points at distance less than §/4.

Introduce the short notation

Cr:= ||f||D;’y°m(M V)

Cn = sup [TV, Y| ..
t<T

Note that ||g||C"‘(M) < (.
We shall need the following facts. Since

C _
£GP =Ty g )l S P g) ™
we have

| fut. p) = fult. q)]
t
S/ ”f(tv p) - Ftp(—qf(tﬂ Q)Ha + |f2(x+2(tv CI)/O (plfs(pv ) - pt*S(q’ ')7 f)ds|
+1f1+a(t. @) exp, ' (p)

c )
< ﬁfd(p, @' + CrllEllcend(p. )T + Crd(p. q)

C.
S <§f+cf+cfcn> d(p, )", C))

where we used the classical Schauder estimate Theorem 37.

6 Assuming that one builds a regularity structure including space and time.
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Moreover for a function ¢ satisfying the assumptions of Lemmas 17 and 25

(Rif (1) — fu(t, p)E. ¢ 0 exp, )|
< R f (1) =TT, £ (1), @ o exp, ) + (T, £ (1) — fult. p)E. @ 0 exp, )]
= (R f (1) = T, £ (1), g o exp, )| + [( faas2(t, p)TT,, (ZIE]E)
+ T, (far1(t, p)E), g o exp, )]
S CrCnA? + CrCna® ™2 4 Cpopa™!
< Crepat?, (10)

and similarly
(Ref (1), @ o exp, )| < [(Re f (1) — T, f (1), @ 0 exp, )| + (T, £ (1), ¢ o exp,, )|

< CfCr[)»y +CysCn <)»a ~|—)\2‘x+2 —}—)LOH_I)
< Can)»a. (1D

With these estimates at hand, we shall now control each term in the definition of the

norm [|K 1] 7.7 oWy’ using the decomposition of the heatkernel p = p¥ +R", from
T

Theorem 43, for N large enough, as we did above for the classical Schauder estimate.
Space regularity

Homogeneity 0
This term can be written as

(h(t, p) = T}y g (2, @))o
= ho(f: P) - ]’lo(t’ CI) - ha+2(t9 Q)(F;qu[E])O - (Ftpeth(tv Q)))O

t t
= / <pt7s(pv ), Rsf(s)>ds _/ <pt7x(CIs OB Rsf(s))ds
0 0
t
~1u0) [ @0 (p) =R (g B
t
- dl, (z = [ {prsc s fa(r,q)n’qs>ds> exp, ! (p)
t
= [ {prstr. =iyt ) =lapr s ey (). Ref ) fott, e s,

Regarding the contribution of the regular part RV of the heat kernel, we write

t
/0 (RN (p.) = RY (g, = dIyRY (g ) expy (p). R f () = fult. )€ ds

1 t 1
=5 [ Phor e (r=) 0 - 020, Ry 16) - e, a))as.
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where V acts on the dummy variable e and convolution acts on - and y is the geodesic
connection g to p. Since

IRs f(s) = fa(t,@)élla S CrCr,

this expression is well-defined for N large enough and of order

CyCrisup ¥ (©)1> = CrCnd(p. 9)*.
=

We now treat the term involving p" . Denoting by g(z, s) the integrand of the above
integral, for s € [t — d(p, q)2, t],

18,9 = (P (. 0. R £ ) = fult, 8) | +| [0, ). ReF ) = ot @)E)|
+ (1Pl @ ) expy (9 Re f () = fult, )|

The first term we bound as

(P Ref 9 =fult, 8)| = (P12 0 R ) = fuls, )|
+ (P, s falss ) = fut, @ §)
_ /2 ﬁ . 24a
+ Crl|t — s m-ﬁ-Cf-f-Can d(p,q)
+Crlt —s7),
where we used (10) together with Lemma 44 (i), as well as the Holder continuity of

f« in space (9) and in time.
The second we bound as

(P RoF () = fult 05|

(PYo(@. ). Ro £5) = fuls, E)| + |(Ps @, ). (fuls. ) = fult 90|
< CrCnlt — 5|22 L CpCylr — 1% — s,

=<

where we used (10) together with Lemma 44 (i) as well as the Holder continuity of
fo in time.
The last one we bound as

(4P @ yexpy (). Ry ) = fult, )8

< (@10 (. Y expy (2. Ry £5) = fuls, )8
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+ (1Pl @y expy (0. (fals, @) = fult @) €))
< CrCnd(p, @)t — 5|22 4 Cnd(p, )lt —s1*P712C 1t — 5|7

where we used (10) together with Lemma 44 (ii) as well as the Holder continuity of
f« in space (9) and in time.

Hence
X (Can |t — 5| GatD/2-1/2
Cf 2+Ol Ol/2—]/2
+ Cn §+Cf+CfC1'[ dp,q) It — s
+ CnCylt — s|a/2—1/2|t _ s|7’0),
and then by Lemma 42
t
/ g, $)lds S T° (Cfcnd(p, g)2eta2e
1—d(p,q)*
Cf 200+4—2¢

+Cn | 5y +Cr+CsCn ) d(p, @)

+CnCrd(p, q)a+2+2yo—28>’
if
Qa+2)/2, a/2+ 1y, /2, (@ +2)/2—-1/2, a/2 —1/24+y) > —1 +¢.
Then the following are upper bounds to y
200 +4 —2¢, o+ 20 + 2 — 2e.

Both are satisfied under our assumptions.
Now consider s € [0, — d(p, q)z]. By Theorem 62 we have

pgv—s(p’ ) - pfv—s(qv ) - dlquv—s(qv ) expl;l(]?)

1
- fo V2N (v (), ) (1) ® () (1 — rdr,

where y (r) := exp, (rv), v := exp;l(p), for any r € [0, 1], and vZis acting on the
first variable of p. Now

§(t.5) = (Po(p. ) = PI.(@. ) = dlgPIL(q. ) expy (p). Re f(5) = fult. 9)%)
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= (PP ) =P (@) = dlgp) (. Y expy (). R f () = fals, )8)

(PP =PI (@ )= dlyP @ ) expy (P, (fuls, @) — fult, @) ).
The first term we bound as
(P2 ) = P (@, ) = dlgpl (. Y expy | (), R £5) = fuls, )8 )
=| /O (729, G 8 70 Ra f5) — s, €)1 = |

1
g/ [>CrCnlt — s|@F20/271 1 — rydr
0

S |U|2Can|t _ 5| @F200/2-1
=d(p, Q)ZCfCIﬂ[ — S|(2+2a)/2_1’

where we used (10) together with Lemma 44.7
The second term we bound as

(s (p. ) = Py (@. ) = dlgpl (. Y expy (P, (fuls. @) = fult. a) &)

1
=| fo (VP ), ) G Y @YD) (fuls. ) = folt, @) E)dr|

<d(p,q)*CnCylt — s|*/? e — s,

where we used Lemma 44 and the Holder continuity of f, in time.
Hence by Lemma 42

1—d(p.q)* s -
/(; g(t,8)ds < TS(Cand(p,q) +20-2e | Cand(p,q)"+ +2y0— s)’
if
Qa+2)/2-1, a/2+y < —1+e.
Then the following are upper bounds to y

200+ 4 —2¢, 24+ o+ 2y — 2e.

7 In coordinates,

VP (r(r). ) = (a,-_,«p?_s(y(rx )= ZF,Jakpt sy @), )) dx' @ dx,

where I' are the Christoffel symbols. This gives the quadratic factor in |y (r)| = d(p, g). The blowup in
t — s follows from an application of Lemma 44 (i), (ii) to the components here.
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Both are satisfied under our assumptions. Hence

NS, p) = Ty 1 Dlla S Cr (T + TN)d(p, @)
Homogeneity o + 2

||h(t1 P) - F;ﬂ—qh(tv q>||01+2 = |hot+2(t1 P) - h01+2(tv Q)|
= |f0t(tv P) - fot(t’ 51)|

1
< _— y—a
1
_ (y+2)—(a+2)
so we need

y <y+2,

which is satisfied under our assumptions.

Homogeneity 1
We only treat here the terms involving p" within

(htt.p) =Ty ghit g1 = | o (.. R 5) = fute. pyTT,Eds
—dlp |:Z e /0t<dpzs(61, ), Rs f(s) = falt, Q)H;E>ds eXqu(Z)] :
We write it as fot g(t, s)ds, with
gt.5) = (APl (p. ). Ry f(5) = fult, pYTI,E) = d],
|27 (apla@. ). Rof ) = falt, L ED].
It is enough to bound this expression acting on X, € T, M. Write
¢y =Ry f(s) — fu(s, p)IT,E.

Fors € [t — d(p, q)2, t] we bound (e denotes the dummy variable on which X, is
acting, - denotes the dummy variable in the distribution-pairing)

(1,010, 9(X,). Ro £ 5) = fult, )T )
< (1P o0 0 (Xp). o) + (1P 0.0 (%), fatso ) = fatt a0 €|
= |(xp (Pl 0 0). )] + (X (P (0 0)s s ) = ot 0|
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< CrCnlt — 5| P22 Lol — 59272 e — s,
where we used (10) together with Lemma 44 (ii), as well as the Holder continuity of

fo in time.
Now

(d1, [z > apa.yexey @] (X)) Re £(5) = fult. T E)
< (a1 [e = ap¥ @, expy @] (%) )
+ |(dlp [z apY c(a dexp; @] (X)), fals @) = fult.a)§)

= |(a14pista. 2l exey (X, ). )]

+ |(lapi @l expy @ (Xp)s fals @) = fult )€

< CyCnlt — s|FPO2 L cocnle — 51272 e — s,

where we used (10) together with Lemma 44 (ii) with Y, := 4|, exp(;1 (2) (X p>, as
well as the Holder continuity of f, in time.
Hence by Lemma 42

t
[ , lg(t, s)lds ST (Cand(p, 41)3""2‘)‘_2‘e + CyCrd(p, q)a+1+2y0—2£>7
t—d(p,q)

if
A+20)/2, a/2 -1/2+y) > —1+e.
Then the following are upper bounds to y — 1
3420 —2¢,a+ 1+ 2y9 — 2e.

Both are satisfied under our assumptions.

Consider now s € [0, r —d(p, ¢)*]. Again it is enough to bound the term acting on
some X, € T, M. For notational simplicity let v(z) := d|zpfv_s (z,)dlp expz’1 (Xp)
and C; =R f(s) — fu(s, p)&. We then write the term to bound as

(dPis(p. ). R f(5) = fult, P, ENX )
—(dlp [z apY (@ Y exp; ' @] Rof () = falt, )T E)X,)
= (v(p), Ry f(s) = fu(t, P)TI,E) —(v(q), Rs f(5) — fult, @) I, E
( )= )
= (v —v@.63) + (v, (fats. ) = fult, p) E)
~ (0@, (fuls, ) = fut, 0 €)
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= (vp) = v(@. &) + (v(P) = V@), uls, ) = fult, p)E)
+ (0@, (ot @) = fult. p))§).

Now with y (¢) := equ(tv), vi= equ_l(p),

Kv(p) —v(q), §;>

1
- ‘/0 (dly o7 @), 63 )dr]
< d(p, q)CrCrlt — s|FH20/271,

where we used (10) together with Lemma 44 (iii).
Similarly

Kv(p) —0(q), (fuls. p) — fult, p))gﬂ
1
- \/0 (dly 07 0. a5, ) — fult, pYEar]
<d(p.q)CyCrlt — s| |t — s|*/>71,

where we used Lemma 44 (iii) and the Holder continuity of f, in time.
Finally

C
(v@. (ot )= futt, 0 E)| < (af+cf+cfcn> Crd(p, ¢ |t =577,

where we used Lemma 44 (ii) and the Holder continuity of f, in space (9).
Hence by Lemma 42

1=d(p.q)*
A |g(t9 s)|ds S Té‘ (Cfcl'ld(p, q)3+20{—23

C .
+CrCnd(p. )0 TeH=2 4 (%+cf+cfcn) Crd(p, q**7%)

if
Q+2a—-2)/2, /2 —1/2, a/2 -1+ pyy < —1+e.
Then the following are upper bounds for y — 1
200 4+3 —2¢, 1 +a+ yy — 2e.

Both are satisfied under our assumptions.
Then

1 p) =Ty .l S Cr(T7 4+ T*R)d(p )"

@ Springer



The parabolic Anderson model on Riemann surfaces 403

Time regularity
Our definition requires only to bound the time increment in homogeneity 0:

ho(t, p) — ho(s, p)
t s
= / (P (P, ). Ry f())dr / (Pecr (P, ). Ry £ (1))
0 0

t N
= [ {prrorReg@hir + [ {prrp) = by (0 Ref )
s 0

Let us consider first the regular part of the heat kernel. According to Theorem 43,
for N > 4,

-1 m pN
K = sup 110 Ry ety < 00
0<t<T,me{0,1},]¢|<2

Together with the bound supy—, <7 R, f(r)|lce < 00, using a partition of unity,
since o > —2, it yields

sup (t— r)—lKa;"R{V_,(p, ), R,f(r)H} < .

mef0,1},0<r<t<T

Up to a multiplicative constant, we can now bound the contribution of R" by
t s pt—r .
/ (t—r)dr+/ / 0dodr <t —s ST (t — 5)70.
N 0 Js—r

We now treat the term involving p" . Using (11) and Lemma 44 (i)

/

1
(Y .. Re ) < € [0 = ryPar

t
=CyCn / (t — )@t —r)**¢dr
s
S, T&‘cfcn|t _ s|(0t+2)/2—8.

Further, again using (11) and Lemma 44 (i)

[

s t—r
gcfcn// 0%/>~1dgdr

0 —

X s rs , ,
_ - _ o _ _ o
_cfcn(a/z)/o [(r "2 (s — 1) ]dr

1 S
@) /(; [(t —P)E (s — r)“/27€] dr

(P (p. ) = P, (P, ), Ry £ )| dr = /0 s / 0 o Ry £ s

—r

< T°CsCn
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1 1
(@/2) (@/2) +1—¢
X I:lt _ S|a/2+l—s _ ta/Z—H—s +Sa/2+1_s] ‘

= Tgclan‘ —

< TSCanlt—s|°‘/2+]’€,
if
a/2 —e > —1.
We then need
w—e<o/2+1—c¢

Both are satisfied under our assumptions.
Then

lho(t, p) — ho(s, p)| S TECrlt — s|.

We used the following results.

Lemmad42 Letp;, ;2 €R, g R2 — [0, 00) and assume for A <t <T,

g(t,s) <Cilt —s|”,s e[t —A, 1]
g(t,s) < Calt —s|P, s €0, — Al

Let py > —1 and & > 0 such that pp — ¢ < —1. Then

t
/ g(t,s)ds < C1A"1+1 < CngAmes
—A
1—A
/ g(t,s)ds < CaTE AP,
0
Proof Indeed
! t
/ g(t,S)dSSCl/ |t_S|p'ds§C1API+1
—A .

and

t—A t—A t—A
f g(t,s)ds < / It — s|P2ds < T*’/. It — 5|2 "2ds < TEAPHI=,
0 0 0
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The following result on heat kernel asymptotics is classical and its proof can be
found for example in [1, Theorem 2.30]; see also [15, Section 3.2]. In these references
the norm || - || ce(pr < pry 18 defined via a partition of unity as in Definition 10. There is a
slight difference to our notation. In the cited references, C ! for example means “con-
tinuously differentiable”, while in our notation it only means “Lipschitz continuous”.
But it is enough to know that our norm is dominated by the norm in the references.

Theorem 43 Let M be a d-dimensional, closed Riemannian manifold and p be the heat
kernel on M. Then there exist smooth functions (®;(p, q))i=0 with ®;(p, q) = 0, for
d(p, q) = §/4, such that if we define for N > 1

N

_ d(p. q)* :
pN (. p.g) =1 exp <—4—t Y1 ei(p. ),
i=0

we have

1197 (p, — PfV)HCl(MxM) S Ntk

Moreover forall p e M

Do(p, p) = 1.

Lemma44 Let

d(p, )%\ &

N __,—d/2 _A\ww Y i .

p; (p,q) =t eXP( 1 > _Eot D (p,q),
1=

v, ®; smooth and with ®;(p, q) =0, ford(p, q) = §/4.
Let p € M and define for z in the range ofexp;l, Y, € TyM atangent vector and
Z € T'(TM) avector field

@1 (2) = p} (p, exp,(2))
Y, .
¢," (@) = Ypp] (o, exp,(2)) (Y, acting on e)
%YP,Z(Z) =7, [* > Z*piv(o, ~)] ‘ (Y, acting on %, Zy acting on e).

=exp, (2)

(Note that because of the small support of p", these are globally well-defined smooth
functions by continuation with zero outside of the range of exp;l. )
Then for any multiindex k, anyn > 0 and £ = 0, 1.
. ¢~k < —d—k—2¢ 1
@ 18 DA Sk ) i
. k Y\ < —d—1— 1
(ii) |D Q;i; (ZZ)| ~nLk |Yp| (\/;) ) 2_2(&'/\/;),,,
t Yo, < —d—2— 1
(iii) 1D%0 " @) Szak 1ol (VD)™ 7T il
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Proof The summands of pN are of the same form, apart from the factors i =
0,..., N. Since fori > 1 they improve the singularity at + = 0, it is enough to treat
N =0.

Then

2
¢i(z) =t~ exp <—%) P (p, exp,(2)).

Since z > @ (p, exp, (z)) is smooth, uniformly in p, with supportin BTPM 0p,8/4)
and the factor 1/4 in the exponential is irrelevant, we consider

¢r(2) = = exp(=Iz /1),
where we abuse notation and keep the same name. Now this is the Schwartz function
z > exp(—z?) scaled by a factor of /7, and so part (i) with £ = 0 follows from

Remark 9.
Now

0 [ 172 exp(—[2[/1) | = (=d /201~ exp(— [z 1)+~ exp(—z )]z 1 2.

. . .. -2
The first term is treated as above, now having the additional prefactorr ! = (\/;) .
We write the second term as

2
12 exp(—[zP /1) (%) =g @,

where ¢ (s) := 52 exp(—s?) is Schwartz. By Remark 9 part (i) with £ = 1 is proven.
For the second statement

d , 2
Ypp,(p.q) =Y, [t‘d/z exp (—M) (p, q)]

4¢
_ 1 —d/2—1 d(p’ Q)z 2
—El exp <—T> Yp [d (PsCI)]CD(PvC])
1 d(p,q)*
+§l ]eXp <_4—I> Yp [(D(P’Q)]

The first term has worse blowup in ¢ and the factor 1/4 in the exponential is irrele-
vant, so it is enough to consider f(z)g(z) where

f(2) =t~V exp(—|z|? /1)
8@ =Y, [d(p. ]|

“=exp,, @
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Now for a multiindex &

D*[f(2)g@] =) cpxD* P f(2)DPg(2).

B=k
By Lemma 45
IDPg(2)| <zl if 1Bl =0
IDPg(z)| <1 else.
and by Lemma 47

B P Iz| [k—pB|
DA p@l SR () e,

Hence for [k — B| < |k| — 1

» : o 1z] \*~
1 @g V@) S AT (;T) exp(—lz|/1)

o 2 \E
< 4=d/2-1/2-1K)2 (tl_/ exp(—|z|*/1).

For |k — B| = |k| we have |8] = 0 and then
d \K
IDP f(@)DPg)] S 1272 (m) exp(—|z/*/n)lz]
k+1
< —d/2-1/2-k/2 i * exp(—| |2/t)
S 72 p(—lz .

The second statement then follows, since s > s/ exp(—sz) is a Schwartz function,
for any j > 0.
The third statement follows in a similar fashion from Lemmas 45 and 46. O

Lemma45 Let Y, € T,M act on the first component of d? as follows
g):=Y, I:d(P7 )Z:I |~=expp(z)~
Then

8@ < Izl1Ypl
IDPg(2)| S |Y,l,  for any multiindex .

Proof Since (p, q) — d*(p. q) is smooth, we only need to show g(z) < [Z]|Yp].
Leth(q) =Y, [d*(p.9)].
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Fix g and take coordinates equ’l. Then

h(g)] = |Y},3,:|d* (exp, (r). @)
= [Y}0,:[r|’|
= |Y}2ri]
S Ypld(p, q).
Then [g(2)| = |h(exp,(2))] < |Ypllz] as desired. O

Lemma 46 ForY, € Ty,M and a vector field Z let
8@ =Y, |2 [d,9?]] I=ex, 00
Then, for any multi-index B,
IDPg(2)| Sz 1Y
Proof This follows from the fact that (p, ¢) — d>(p, q) is smooth. O

Lemma 47 For any multiindex k

YA
| DS exp(—zl* /)] S 1™/ (m exp(—zI*/1).

Proof This can be verified using the Faa di Bruno formula. O

7 Fixpoint argument

The following lemma follows from a direct application of the definition of modelled
distributions.

=)

Lemma 48 Define “multiplication by E” as the vector bundle morphism m= : W —
V satisfying

m=Q1) = &
mE(Z[E)) :=Z[E]=

mE=(w) == wE peM,a)eT;‘M.
If fe D;’VO(M, W) then m(f) € DV (M, V) and for Nt > 0

1= (D gz ) = 1 1t 1y
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Theorem 49 Letug € C®(R?). Define v; := P,ug and lift it to the regularity structure
as

Vi(p) = 1v;(p) + Z[E]0 + d|pv;.

Let (¢, Z) be given as in Definition 35 and let H;;g, F;;Zq be the corresponding
models given by Lemma 36, G = V,W. Let « € (—4/3,—1), yo := «/2+ 1 and
y € (4/3,2a +4). Then there exists T > 0 and a unique u € @}/’m (M, W) such that
on [0, T]

u; =K, [ma(u)] + V.

Proof We follow a standard fixpoint argument. Denote

— Y570 . _
B(R, ) := {f € DI MW 2 I1f = Vi, 1y < R} .
Denote for f € B(R, )

O(f) 1=K [m=(H)] + Vi

Claim: for any 91 > 0, there is R > 0 such that ®(B(R, ) C B(R,MN).
Indeed, by Theorem 38 and Lemma 48, for a constant ¢ > 0 possibly changing
from line to line,

19 = Vil yy) = 1K [m= ] o4y 0

mE 1
= e .
< ellm=(Dlpy-4nnm gy, v, (T O m)
=cllfll 3—ayg M T8+T£‘ﬁ+_1
B Dy ) "
1

& &

= cllfllprroo gy y,) <T +T°N+ _i> :

since « > —4/3. Hence for T small enough and 91 large enough, ®(B(R,I)) C
B(R, M), for any R > 0.
Let us show that @ is a contraction on B(R, N): for any f, f' € B(R, M),

! _ o) ot
1R = @y gy ) = 1K [m f—f )] 0% g1
= 1
= / & £
< = (= Pl sy, (14700 )

1
= —_ B 3
= cllf = fllpr-sm-eny, ) (T + TN+ _>
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1
/ & &
<cllf-f ||D;~V0vm(M1V) <T + TN+ ﬁ) .
Hence for T small enough and 91 large enough, & is a contraction on B(R, ) for
any R > 0. We therefore get unique existence of a solution for small 7 > 0. O

To apply this theorem to white noise forcing, the only ingredient missing is “lifting”
it to a model (Definition 35). This is done in the next section.

8 The Gaussian model

Let & be a white noise on M. We recall that £ is a Gaussian process associated to the
Hilbert space L2(M , volys), on a probability space (€2, B, P).

Lemma 50 There exists a realization of & such that almost surely for any @ < —1,
EeC¥M).

Proof For any coordinate chart v defined on an open subset i/ C M, and p a positive
function with support in i/, &4 = p o ~',& is a Gaussian process associated to the
Hilbert space L2(R?, p? o ! det(g o ). Note that &, has the same law as nv,
with  := p o ¥~ '/goy¥—! and v a white-noise on R¢. According to [9, Lemma
10.2] v has a version which is almost surely in C*(R?) and hence &, € C*(R?).
Let now (p;)1<i<n be a partition of unity subordinated to an atlas (U4, ¥;)1<i<n-
Then, there is a realization of (§4,)1<;<x such that almost surely foralla < —1,i €
{1,...,n}, & € C* (R2). Then, > Y&y, is a realization of £ belonging almost
surely to C“(M). O

Thanks to this realization, we can already define the transport map used in the
following Lemma (point (i)).

Lemma 51 Ler & be the white noise on M and Z', p € M, t € [0, T] be a collection
of random distributions on M such that for some o € (—4/3, —1), some k, § > 0,

(i) Z4(2) = Z),(2) + I <p,_r(p, )= Pi—r(g. ), é)dr §(2),
(ii)

sup WTRCERDTRE(Z Ryt —s| T (Z), — Z5. )] < o0,
peM,Ogt,ng,xe(o,1],<peB;[‘f}\}"S

(12)
(iii) forany ¢ € C*°(M),t €[0,T], p € M: (Z;,, @) is in the second Wiener chaos.

Then, there is a version of Z and a constant h > 0 such that a.s.
sup AT (28, ) +1e = 5172 = 23, )1 ) < oo

peM,ng,ng,xe(o,1],¢e8;p[‘;}*“
(13)
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Proof Fort > s > 0, define for a chart (W, )
0= (Zl,
é = W8,

L(x) - pr—l(x))’ X € \I’[(u)

Note that ch’t, xevU) and§ are elements of D'(¥(U4)). Then
()= oo
S caneay| e 0 = o @ 0.0 dr ) 0 0)
= (20 +( / o @2 — i, (w0, ] £ o)
= (20 + 57 < E. ). (14)

where we denote S/ (x < y) := ([, [pr—, (W7 (), ) = pr_, (¥ (1), )] dr. §).
Define the regularity structure and model (in the stronger sense of [9])

T :=span{E} ® span{Z[E]E} & span{1}
My'E:=§
'7[E]E] == Z3'
1 :=1
My ,E:=E
F;’(’_yI[E]” =7[E]E + $'(x < y)E
ryl,1=1,

and the sector (in the sense of [9, Definition 2.5])
V :=span{Z} & span{Z[E]E}.

One can then apply [9 Proposition 3.32] to get for every compactum K_ CC K C

W(U), and® ¢ € BRd, = —[a], with suppp C K_,

NZ3' @by S A2 P2 T |y
A2 (LT |y k)

Mz, ot
X sup sup sup  sup )L(Z‘HZ)"M

a=a,20+2 1€V, n>0 zen-dyadicsN/C 7]

< a2tz g 4 sup |x — y|_(°‘+2)S‘”(x <~ y)
x,yeRd

8 In the notation of [9, Proposition 3.32], ¢ stands for 2_”d/2¢%7n.
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xsup sup (200FNZI ) 420 Z30 ), g ).
n>0 zen-dyadicsN/C

15)

Then, for g € N large enough and any é > 0, using (iii), equivalence of moments
and then (i)

E |:sup sup (20 ma (7 2 4 2230, 29| E, w?”)l")}

n>0 |z|<8,zen-dyadics

< Y2 (20D sup BINZE @2 IS 424 sup EINZY g2 )P o2 )1
n=0 lz<28 lz]<25
Sle—sl%. (16)

Let now (V;, U;) be a finite atlas with subordinate partition of unity ¢; and § > 0
be the radius of injectivity of M. Then fors,t € [0, T], p e M, ¢ € BrT‘p’SM

(Zy'ehy = > (Zy igh).
i:i 9} 70

Now for A small enough, ¢; <p1); # 0 implies that supp (pg C U; and in particular
p € U;. Hence

Zyen= 3 (Al (o) o)

P29 #0

where Z5 = (U)), (z .

and can estimate, using (15)

o _1( )) We can apply Remark 7 to <¢>l¢p> oW~ !

(Z)" op)l < 22072 (1 + osup |y — y[T@FS ey))

x,yeRd
xYosup sup (2CwHDnZu Q2 qom et g2 E o)),
;=0 zen-dyadicsNK;
here for every i, IC; is some compactum satisfying W; (supp ¢;) CC K; C V; ().
Then, by (16),
E sup ATz I | S e — 5|99

peM,Ae(o,l],¢eB;fM

Let us formulate a setting where we can apply Kolmogorov’s continuity theorem in
time. Endow the linear space x of maps Y : M — D’(M), such that for any p € M,
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supp(Y,) C B(p, §/2), with the norm

Y| = sup WDy, o)),
peM,/\e(o,l),weB;lfM

and consider the Banach space x2q+2 = {Y € x : ||Y]| < oo}. Using Remark 7, we
apply this to

Y, =Z,pp.
Here p, := p o expl_,l, with p smooth, supp p C Br,m(0p, 8/2 — €) for some

€ > 0 small enough.
Then, from the argument before, for any s, # > 0 and g large enough, we have

ENY' — Y19 St —sl7
The result now follows from the Kolmogorov continuity theorem. O
A simple way to define Z ; is here to recenter the terms involving one product of
distributions by their mean; this is an instance of a Wick product, see for instance
[8]. For any ¢ > 0, the heat kernel and the heat operator are denoted respectively
by p; : M? — R and P,, and we write for p € M, q,(p) = p;(p, p). According
to Lemma 50 and Theorem 43, we can consider P;(£) as a function and the map

t € Rog > Pi(§) € C*(M) is continuous.
We set for any p € M, t € R>q and any function ¢ € C*°(M),

t
z :=C[ (& o P(€) — EP(E)(p))ds,
where forany s > 0 and ¢ € QO(M),

(0 Py(8),¢) := (5, 9Ps(5)) — E[(§, @ Ps(§))]. 7)

Note that for any s > 0,

£ o P& = Ps(5)§ — q.

For any ¢ > 0, let us consider the operator K; = fé Pyds and for any p,g € M
with p # g, setk,(p, q) = fot P, (p, g)ds. Let us note that the operator

2t

K2 = / Py ydsds’ = / s Puds, (18)
0<s,s'<t 0

has a continuous kernel according to Theorem 43, that we shall denote ky ;.

@ Springer



414 A. Dahlqvist et al.

Remark 52 Note that, in (17) we subtract a function depending on space. This is
different than the renormalization in the flat case, [9, Section 9.1], where just a constant
is subtracted.

This could be avoided, by realizing that the only factor contributing to the blowup

of
t
/ dS qs ()7
0

t !
/ ds s71¢o(-,-) :/ ds sil,
0 0

which is independent of space. Since we do not need the renormalization to be inde-
pendent of space (or time, for that matter), we do not pursue this.

is, by Theorem 43,

Proposition 53 For any t € Rxq, almost surely for any p € M and ¢ € C®(M),
(Z;, @) is well-defined and there exists a modification of the process given by
((Z;,, ©)) peM,peC>®(M),1=0 Such that almost surely (13) holds true.’

Proof of Proposition 53 1t is enough to prove the assumption of Lemma 51. Let us fix
p € MandT > 0. Let § be the radius of injectivity of M.

Let us first check that for any ¢ € C*°(M), Z)’C (¢), is well defined for0 <t < T.
Therefor, let us recall — see Theorem 43 — that

L= sup sq,(p) < oo. (19)
PEM ,se€(0,2T]

The Wick formulas imply forany 0 < s < T,

Var((£, g Pi€)) = /qzs(z)go(z)zdz+/ps(z,z')ztp(z)go(z')dzdz' < 2vol(M)L|g|%s".
It follows that

E U [(Ps€ o &, <p>|ds} < fIVar«s, @ PEN2ds < .
0 0

Besides, E ((£, 9)?PsE(p)?) = q25(P)ll¢ll3 + Ps(9)(p)* < s(L + Dllgl%. so
that Z; (¢) is well defined. We shall now prove that for any « < 0,

2
sup )\'—ZKE [(Z;((p?’)) :| < 00, (20)
ze[o,T],peM,welg?fM

9 In particular, almost surely, for all ¢ € C®°(M) and p € M, t +—> (Hfu(t),go) is measurable and
bounded.
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which together with Lemma 50 shall yield the claim. We fix now x < 0. Let us first
prove that the expectation of the second integrand in H;(I (E)E) is almost surely of
homogeneity «. Indeed, according to Theorem 43, there exists Cr > 0, such that, for
al0 <t <T,p,qge M, with p #¢q,

T 4pg? ds +o0 dv
k:(p, ) §CT+/ e - =cr+/ e
0

d(p.g)* v
ar

< og(d(p. @)l 2n

Since

E[(& Ps&(p). )] = Pso(p),

it follows that for any « < 0,

sup  E[EKE(p) oIl = sup  |Ki(@})(p)] < CrA¥.
I’EM*‘/’GB%;SM peM,weB?’;M

Setting I,y = EPE —&EP&(p)and : Iy @ = Iy — E[Ip,s],10 it remains to
estimate

t
(ZL k) = (2L, ) — ENZL, )] =/O Iy @),
2,8 /
For any ¢ € BTPM,s,s >0,

E[(: Ly 5 @p)( Ty 2 0)]

= /M(pm/(q, @) + Pysy (P, P) — 20,49 (q, Py () dg

+ sz(ps(q, q") = ps(p. 4Py (. ") — Py (p. )¢} (@)¢}(q)dgdq’.

and

E[(: Z}, :, ¢})°] = /M (k2.1(q, @) + ka.c (p, p) — 2ka.1(q, P9} (q)7dg
+ /W(kt(q, 4 — k(P N (g, 4 — ki (p, )0 @) e )dadg’

<2 /M(kz,z(q, 9) + ki (p. p) — 2kas(q. )@ (q)*dq.

10 Where we denote the distribution (Ellp,s], ) :==E[{Ip,s, 9)].
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where the second line follows from the Cauchy-Schwarz inequality. It follows from
Lemma 54 below, that there exists C > 0, such that for any ¢ € BrT:SM, tel0,T],

El(: TI(EL(E)), -, ¢}l < C / d(p, 9> 6@ Pdg.
M
Hence forany A € (0, 1] and ¢ € B;:SM,
El(: Z}, 1, ¢5)*1 < CA7°.

O

Lemma54 For any v > n > 0,T > 0, there exists C > 0, such that for any
qeM,tel0,T],

lk2.1(q, @) + ko (p, p) — 2ka.i(q, p)| < Ct"d(p, ¢)*2". (22)

Proof On the one hand, according to (18) and Theorem 43, the left-hand-side of (22)
is uniformly bounded by Cr¢, for all ¢+ € [0, T], for some C7 > 0. On the other
hand, the estimate (22) would hold true, with n = 0, if K, would be replaced by a C?
symmetric function on M2. Indeed if K : M? — R is a C? symmetric function,

|K(q,q) + K(p, p) —2K(q, p) S/ V2,5, Vi3, K (vs, Vi) lloodrds, (23)

0<r,s<l

where the index below the connexion symbol indicates the variable on which the latter
is acting, and y is a geodesic from p to g. According to Theorem 43, one can therefore
consider K ,Z’N = fot s PNds in place of K ,2, as soon as N is large enough. This same
theorem ensures that there exists a smooth function ® : [0, T'] x M?> — R>0 such
that forall t € (0, T], p,q € M,

d(p.g)?

pN(p.q) = @rr)y~lem 2 ®(r, p.q).

2
Let us set g, (r) = 2711—re_7, for any r, T > 0. We shall apply (23) to K;, =
/ ; sPSN ds, for any fixed ¢ > 0. Up to a constant, the integrand of the right-hand-
side of (23) is bounded by [; (d(p, @)IIV1y,qr 0 d(ys, vl + V1.5, Vay,qr od
(vs, vr)|l) dt. Let us set R = d(p, q). The first term can be bounded by

2

R 2
—|r—s| 1
¢ e U/2 u
2

Rtlr 5|2 u

2 (1o _ R 2
R T s —rle 2 dt < R%|s —r|
&

<CrR*s —r|log——,
>~Llr |S rl g|s—r|R2
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and the second by

t R2 )2 2 ()2 T e’}
R2/ (rfl—i-#) e F e < R? (2 log 72—%/ e’“/zdu>
e T |s—r|R R2(r—s)2/t

)

< CTRzlog m,

for some constant C7 > 0. These two bounds, once integrated in (23), imply that
for any @ > 0, the left-hand-side of (22) is bounded by C7d(p, ¢)>~*, uniformly on

p,q € M and ¢t € [0, T]. Using the bound min{a, b} < a1 fora, b, ne,1)),
gives (22). O

9 Appendix - Higher order “polynomials”

We recall the regularity structure of polynomial functions in flat space RY given in
[9]. It is used to abstractly describe functions in C” (Rd ), y > 0, and also forms a
central ingredient for general regularity structures associated with singular SPDEs.
Lety >0andn = |y], thatisn € Ny and y € (n, n + 1]. For simplicity of notation
let d = 1. Define

T flat .= @ span{X~},

where span{X‘} denotes the one-dimensional vector space spanned by the abstract
symbol X*. Hence Ty, ~ R*1.

Given x, y € R and £ € Ny, we define the linear maps, IT, : 7/ —c D’ (R)
and Iy : 7/1at — T /lat which are uniquely determined by

M/ x? = (- —x)°
flat 34 ¢ i yi
i x .=Z<i>(x—y) ' (24)

i<t
In this case one has H{MF{ZQT = H;l‘”r for all T € Tf;4. One can use this
regularity structure to describe regular functions.

Lemma 55 ([9, Lemma 2.12]) Let f : R — R. Then f € C”(R) if and only if there
exists f : R — TT19 with fo(x) = f(x) and

~ 1 ~ _
) =T FOlle S e — yI7 =

In that case fg(x) = f(Z)(x),E =0,...,nH

' Here we recall the notation of fg (x) as the component of f (x) on the ¢-th homogeneity, i.e. the
coefficient in front of X*.
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9.1 Higher order covariant derivatives

We want to mirror as best we can the flat space polynomial model described above, in
the general context of a closed d dimensional Riemannian manifold. In order to do to
this we need to store higher order derivatives of functions f : M — R in a coordinate
independent fashion. There is a canonical way to do this on a Riemannian manifold
by making use of the associated Levi—Civita connection.

We recall the notion of higher order covariant derivatives of functions f : M — R
on a Riemannian manifold with Levi—Civita!? connection V (see for example [14,
Lemma 4.6]).

(Y2
Definition 56 Define V°|, € [T; M| = [T, M5 by,

VO, f = F), (VIpf, X1 (p)) = (dlpf, X1 (p)),

and then inductively by;

(Yl f. X1 (@@ X (1)

= [xlwf—lf, XH® - Q® Xe>] Ip

14
“Y VT X @ ® X1 @ Vi X ® X1 @+ @ X0,

m=2
where X1, ..., X, are arbitrary vector fields on M.

A few remarks are in order.

1. As the notation suggests, V| pf isindeed tensorial, i.e. the right side of the previ-
ously displayed equation really only depends on the vector fields, { X; }fz 1» through
their values at p.

2. Intheliterature V f sometimes denotes the gradient of f. We never use the gradient
of a function in this work.

3. We shall also sometimes write Vﬁ,f = (V£|pf, W) forany W € (TpM)®Z.

For a curve y in M we will write

/1t s TyoyM — Ty

for parallel translation along y . For a tensor field W along y we write

~w
w1,

for the covariant derivative of W along y .

12 general, V can be any affine connection.
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Lemma 57 If f is an £-times continuously differentiable function in a neighborhood
ofpe M,veT,M,and y,(t) := exp,(tv), then

14

il f ) =V'o f. forallveT,M. (25)
More generally, if ¢, n € Ny, f is an (£ + n + 1)-times continuously differentiable
function in a neighborhood of p € M and Wy := //;(y,)®* Wy, then

a* ¢ O+k
ﬁerf = V;}U(z)‘@k@W,f VO<k<n+1. (26)
Proof Let y, (1) := exp p (1v) s0 that y, () solves the geodesic differential equation,
Vi (t) /dt = 0 with p, (0) = v. The proof is completed by showing (by induction)

that
k

d
il ) =V, o fforl sk <t @7)

The case k = 1 amounts to the definition that V,, f = vf = df (v) forallv € TM.
For the induction step we have by the product rule;

k+1 d
- — _vk — Vk+1 Vk
arertd e )= V5 e =V aean S T Ve 1 men S
k+1
= Vissn S

wherein the last equality we have again used the product rule to conclude that
T [%v ©®F] = 0. The result now follows by evaluating (27) at k = £ and t = 0.
The more general assertion in (26) is proved similarly. One only need to observe that
%W, = 0, by definition of parallel transportation, and hence the presence of W; in
the expressions in no way changes the computations. O

Definition 58 (Symmetrizations) If V' is a real vector space and £ € N, we let Sym, :
V@t — V@ denote the symmetrization projection uniquely determined by

1
Symg(v1®~-~®ve)=aZva(1)®-~-®va(4)

: (TES[

where Sy is the permutation group on {1, 2, ..., £} . Often we will simply write Sym
for Sym, as it will typically be clear what £ is from the argument put into the sym-
metrization function.

As usual we let V* denote the dual space to a vector space V and let (-, -) denote
the pairing between a vector space and its dual. We will often identify (V*)®* with
[V@’ZTk where the identification is uniquely determined by

Y
(8]®...---®6‘[,U1®~'~®U(>=£1(U1) ~~~~~ et (v) v {EI]. lCV*and {v;}f:] cV.
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We also identify (V*)®* with the space of multi-linear maps from V¢ — R using,

® and (v}, C V.

Ti,....v)) = (T, v ® - Qug) VT € (V¥)
Under these identification we have

(Sym[T1, W) = (T, Sym[W]) ¥ T € (V*)®* and W € V&,

Remark59 If T € [V*]W and vy, ..., v € V, then
ii| —zgy=0T ((slvl —}—-..—i—szv()@@) = Z T (v (1)s sV (2))
dsy s TS o(1)s -+ s Vo

g€eSy

and therefore,

Sym(T]( )= g T (1o ++--+s00)®)
m Ulyooroh Up) i= —— oo gy ==y = S1U Sov .

y 1 ¢ 098, dst s1 s¢=0 1V1 V¢

This formula shows that the symmetric part Sym [7'] of T is completely determined
by the knowledge of T (v, v, ..., v) forallv € V.

®¢
Definition 60 Let EZT;‘ M denote the symmetric tensors in [T;‘ M ] and for T €

®¢
[T[f M ] , let Sym([T] e E‘ZT[;|< M denote the symmetrization of T as above.

Example 61 If U is an open subset of M and f is £-times continuously differentiable
on U, then Sym [Vz f ] defines a local section (over U) of S¢T*M. Moreover since
v®% is symmetric for all v € T, M we may write (25) as

4

arl_, f @) = (Sym [Vf,f] , v®e>, forallv e T,M. (28)
=

Theorem 62 (Taylor’s Theorem on M) Let £,n € No, p € M, v € T,M, y,(t) :=
exp,, (tv), //1(vo) = Ty M — Ty,yM, Wo € T, M®, and W, = //t(yv)@’zwo
If f is (£ + n + 1)-times continuously dlﬁ‘erentlable on U, where U is an open set
containing y, ([0, 1]), then

1
E+k t+n+1
Vinf = Z k'v stowy _!/o [Vy'u(?@("“)@vv,f] (I =0tdr.(29)

When € = O the previous equation reads as (also see [5, Theorem 6.1])

21 1!
Flexpy ) = Y gV + o [ [0 ] a0 ar

k=0
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- Shmls )
~ / (sym[vpsh ] v @D (= 0yrar, 30)
where
5 (sym v, 702 = £ ().

Proof Letg (t) := Vﬁ,t f and recall that the standard Taylor’s theorem with remainder
states;

n

1 1!
g =2 —¢“ O+ ;/O "V —n"dr.

k=0

The results now follow by using Lemma 57 in order to compute the g (¢) for
l1<k<n+1. O

Remark 63 Since parallel translation is isometric it follows (continuing the notation
in Theorem 62) that

L+n+1 Y 1 1
‘V);v(l;)@b(nﬂ)@W f‘ HV M f” ®(K+n+1) ”v”n+ [[Woll
(1)

and hence

l+k
f Zk' v®"®Wo ‘

IWoll - max HV“”“J‘H ey - (prexp, )" 6D

}/ ()

<
~ (n+1)!

Since M is acompact Riemannian manifold it is necessarily complete and therefore,
by the Hopf-Rinow theorem, for each ¢ € M we may find at least one v € T), M such
that ¢ = exp » (V) and d (g, p) = |v|. Using these remarks we can reformulate (30)
as follows.

Corollary 64 If f is (n + 1)-times continuously differentiable on M, p,q € M, and
v € TyM is chosen so that ¢ = exp, (v) andd (q, p) = |v|, then

n

f (@) :Zkl' <Symvk| f, U®k>+0f (d(p q)n+1>

k=0
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where

01 10.0%)] = -y g o [ 1]+

Furthermore if f is n-times continuously differentiable on M then

n

1
f@=Y_ E<Symvk|pf, v®") +or(d(p.)").
k=0 "

Definition 65 (Taylor approximations) Suppose that U C M is an open subset of M,
p € U, f an-times continuously differentiable function on M and ¢ > 0 is sufficiently
small so that By (p, €) C U and ¢ is smaller than the injectivity radius of M. We then
define, Tay’, f € C* (Bm(p, €)) by

n

(Tay 1) @)= 3 <Sym VI S [expy! <q)]®k>.

k=0

Remark 66 With this notation, Corollary 64 reads as
f@= (Tay’}, f) (@) +oys(d(p.q)").

In the case M = R< and f is a polynomial of degree at most n, it follows by
Taylor’s theorem that f = Tay’;, f forall p € R?. So in the flat case the error term
here is no longer present.

Lemma 67 If f is a n-times continuously differentiable function on M and f (q) =
1 (d (p, q)”) , then (Vf) (p) = 0 for any n™* - order differential operator V and in
particular, Vk|,,f =0forall0 <k <n.

Proof Let (W, U) beachartonwith p € U and ¥ (p) = Oand define F := foW~! ¢
cr (U =V U )) . Then the give assumption implies F (x) = o (|x|”) and therefore

for any x € R? and t € R small we have F (tx) = o (¢") from which it easily follows
that

k

0= (J%F (tx) |10 = <(DkF) 0), x®k> forall 0 < k <n.

As (Dk F ) (0) is symmetric and x € RY was arbitrary we may conclude that

(D¥F)(0) =0 € (Rd)*®k for 0 < k < n. As any n™ - order differential opera-
tor U on C" (M) may be written locally as

Vf:lé(:)((DkF) (\Il),Wk>
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for some smooth functions, Wy : U — (R? )®k for each 0 < k < n, it follows that
n n
W () =Y ((DF) o We () = Y {(DFF) ) Wi () =0
k=0 k=0

O

Corollary 68 If f a n-times continuously differentiable function on M and V is an n'"
- order differential operator, then

W e =V (Tavy £)] )

and in particular,
Vil f = [V, (Tayy £) | )

Sfrom which it follows that V|, f is a linear combination of {Sym vk |Pf}Z=0 .

We will make the last assertion of Corollary 68 more explicitly in Corollary 74 and
Remark 76. The upshot is that there is no loss of information in only keeping track of
the symmetrizations of the covariant derivatives.

Corollary69 If f € C*° (M), p,q € M withd (p, q) then for 0 < k < n we have

Hvqu [f - (Tay';, f):lH < mo?f‘é‘l v o (f — Tay!, f) H d(p, g1k,

where v 1= exp;1 (q).

Proof Let us apply the estimate in (31) with f replaced by g := f — Tay’;7 f keeping
in mind that V|, [ = (Tay';, f)] — 0 for 0 < k < n by Corollary 68. This allows
us to conclude for Wy € T, M®* that

1
Vi [ =Ty £]] = = ol max vt wity - d (p. )"k
Vi, [ = Tav} ]| = gy Il - g, [ e o 40
where v 1= exp;1 (g) . As the map Wy — Wj is an isometry it follows that
1
- ()] = gt 7o
H |q f ypf =+ 11—k 0=r=1 8 [T; (t)M]®( +1) (P, q)
O
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9.1.1 Symmetric parts of covariant derivatives determine all derivatives

We will now make Corollary 68 more precise.

Definition 70 If (x, U := dom(x)) is a chart on M, let D* denote the flat covariant
derivative on 7TU determined by D* % =0forl <j<d.

Remark71 1If V = Z?:l Vj% is a vector field on U and v € T, M then DV =

Z?:l (ij)'%bn. Us'ing D".% =0, %t easily follows that for all £ € N and any
£-times continuously differentiable function f we have

e D o\ 0 9
(A

m
and in particular (D%)* fextru.

Lemma 72 Suppose that (x, U := dom(x)) is a chart on M, D = D" is the flat
covariant derivative of Definition 70. Then, there exists a family of sections Qg , €
I' [Hom [TU®", TU®£]] for 1 < € < n, such that Q, , = id and for all n-times
continuously differentiable functions f,

n

(V| f, W) = Z(Dﬂpf, Q@,nw> VW e[r,M]®". 32)
(=1

Proof Let D = D* and I" be the End (T'U) — valued connection one form on TU so
that V.= D + T. It is enough to verify that (32) holds on a basis for TPU®”. To this
end, leti; € {1,2...,d},for1 < j <nandletV; = Bi,.j.Then,

X

(V. Vi) =vif =(Df, V1),

which shows that (32) holds for n = 1. For the sake of completing the proof by
induction, let us now assume that (32) holds at level n — 1 and below. In particular we
assume

n—1
<Vn71fs Vn—l ®---Q Vl) = Z(Defv QZ,n—an—l R Vl>~
=1

On one hand,

v, <V”—1f, Vo1 ® - ® vl)

=(V'f,Va® - ® V1>+<V”‘1f, W, Vi1 ®® V1]>
=(V'"f,Vu® - ® V)
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n—1

(v Ve e M () e e i),

k=1

while on the other hand (using the induction hypothesis, the product rule, and DV = 0

for all k),

ViV Ve @@ ) =

|
_

n

Vn <le’ Ql,n—an—l ®---Q V1>

=1
n—1
<D“+1fV®Q v, ®~~®V>
s Vn tn—1VYn—1 1
=1
n—1
+ Z(sz, (Dv, Qen—1) Va1 ®---® V1>
=1
<D”f,Vn®"'®Vl>
n—2
T Z(sz’ Va® Qen-1Vn-1® -+ ® V1>
=1
n—1
+ Z(Defﬁ (Dv, Qen-1) Va1 ® -+ ® V1>-
=1

Comparing the last two displayed equations shows,

Vi geav S = (D" f,Va ® - @ Vi) +(Df, [Dv, Q1n1] Va1 ® -~ ® V1)

n—1

+ Z(Defv Vn &® Q(*l,nfl'vnf

(=2

1®"'®V1+[DV,,QK,n71]Vn71®"'®V1>

n—1
_Z<Vn_lfyvn7]®"'®F(Vn)vk®"'®vl>-

k=1

From this expression it follows
claimed in (32).

that Vr\l/n®~~®V| f may be expressed in the form
O

Corollary 73 Let us continue the notation in Lemma 72. Then, there exists

O¢n el [Hom [TU®", TU®‘3]] . forl<t<n,

such that Qn,n = id and for all n-times continuously differentiable functions f,

(D" f W)= Xn:<sym [Vlf] , Qe,nW>, VW eTM®",

=1

(33)
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Proof The proofis again by inductiononn.Forn = 1, wehave Dy f = Wf = Vy f,
so there is nothing to prove. For the inductive step, suppose that (33) holds at level
n — 1 and below. From (32) with W replaced by Sym,, W, it follows that,

n

(Sym [V" ], W)= (v" . Sym, W)= 3" (D" f. Qc.n Sym, W)

=1
n—1
= (D" £, W)+ (D f. Qe Sym, W),
=1

wherein the last equality we have used that D" f is already symmetric. From the
previous equation along with the inductive hypothesis, we conclude that (D" f, W)
may be expressed as described in (33). O

Corollary 74 If V is a covariant derivative on T M, then there exists
07, e T [Hom [TM®" TM®" ||, for1 <€ <n,

such that Q,Zn = id and for all n-times continuously differentiable functions f,

(VI W) = Z(Sym 3 QZnW>, VW eTM®", (34)
=1

Proof First suppose that M = U, as in Lemma 72. Then combining the results of
Lemma 72 and Corollary 73, there exists O} , € T [Hom [T u®, Tu ®Z]] such that

(34) holds for all W € TU®M . Let {x, }va=l be a collection of charts on M such that

{dom ()c(,()}fx\’:1 is an open cover of M and {wa}ﬁ:’:l be a partition of unity relative to
this cover. To complete the proof we define

N
v . X
0, =D Y Q)
a=1

We note the following corollary for completeness.

Corollary 75 If V is a covariant derivative on TM and L is a linear n™ - order

differential operator on C*° (M) , then there exists smooth sections, Wy € T’ (Z’Z ™ )
for 0 < £ < n such that

Lf =) "Vy, fforal f e C™(M). (35)
=0
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Proof By definition Lf is locally given by Lf = > j_, (D" f, A,) for some A, €
r (ZKTU) . Using Corollaries 73 and 74, we may locally express Lf as in (35). The
global picture may then be constructed using a partition of unity argument. O

Remark 76 Our Proof of Corollary 74 was local in nature and hence does not give
much information about how the Qevn depend on V. It is possible to give a global

Proof of Corollary 74 which would show that QZn may be constructed from certain
combinations of covariant derivatives of the torsion and curvature tensor of V. Here
is a sketch of this argument. In this sketch we let v A w := v ® w — w ® v for any
v,weT,M.

1. If vi,...,vy, € Ty,Mand 1 <i < n, then

n
VU71®"'®UI'+2®[U1'+I AV ]®Vi-1®-- Qv !
= <Vﬁn7é;:éavi+z [R ¢, Vi_lf] Vit ®V ®Vi—1 Q- ® v1>

+<V,’,’;é.‘..{@vi+2 [VT(.,-)Vi_lf] Vi1 QU V1 ® - ® v1>

where R (-,-) Vi~! f is the appropriate action of the curvature tensor of V on
Vi=l f and T is the torsion tensor of V.

2. As a consequence of item 1. and the fact that every permutation is a composition
of transpositions, it follows that for any permutation o € S,,,

n—1

Vg(,(,,)@--@v(,(])f = Vﬁn@"'@l}l f + Z (Vef’ Q (O')e’n U, ®:-Q Ul> s (36)
=1

where Q (), € ' [Hom [T M®", T M®"]] are constructed from certain combi-
nations of covariant derivatives of the torsion and curvature tensor of V.
3. Summing (36) on ¢ and then dividing by n! and setting

1
Qf,n = ; Z Q(U)E,n
o€eS,

shows

-1
(SymV"f v, @ ®@vi)=(V'"f,,® - ®vi)+ <Vef,Qe,nvn®-~-®v1>,
-1

=

o~

(37)
where the Q;, € T [Hom [T M®", T M®‘]] are constructed from certain combi-
nations of covariant derivatives of the torsion and curvature tensor of V.

4. Using (37) recursively then shows there exists Qevn el [Hom [TM®”, TM®£]]
such that

(V' f 0, ® - @)= (SymV" £, v, ® - ®v))

@ Springer



428 A.Dahlqvist et al.

n—1

+Z<Symvzf, Qvan®--~®v1>,
=1

where each QeV , 18 constructed from certain combinations of covariant derivatives
of the torsion and curvature tensor of V.

9.2 The polynomial regularity structure and model

We are now ready to set up to regularity structure for “polynomials” up to order n on
a manifold.

Definition 77 Fixn > Oandlet 7 =@D)_, =*T*M be the vector bundle over M with
fiber at p € M given by

n
T, = @ TIM. (38)
=0

On each fiber of £¢T*M we use the norm induced by the Riemannian metric. With
this norm, for T € EZT;M, X e (T,M)®*

I{z, X)I = IlIX].

The vector bundle 7 will be used to store higher order derivatives of functions.
On flat space R such “abstract Taylor expansions” were realized as honest functions
using polynomials, see (24). Polynomials are the simplest function that have specified
derivatives at one point. On the manifold we instead choose polynomials in exponential
coordinates.

Definition 78 (Realization of an abstract polynomial) For 7 = (10,..., 1) € 7,
define

(Mp7) (2) := <r, Z [exp;1 (z)]®e>
=0

Y u <[exp;1 (z)]W) .

=0

These local “Taylor polynomials™ are a good substitute for the usual Taylor poly-
nomials in the flat space theory, as Lemma 79 and Corollary 80 below demonstrate.

Lemma79 Let A = Ao+ A1+---+A, €T, with Ay € E‘ZT;‘M,forE =0,...,n,
and define
n
9 (q) :=T,A=>" Ayexp," (@)®").
=0
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Then,
¢ (p) = Ag and Sym[(V)lg0|p] =/{llA,, Ve=1,...,n.

Proof Let y, (t) = exp,, (tv). Then,

0 O 0) = Y Actexp, (%) = Y14 (v¥)

=0 =0
and hence by Lemma 57
14 de 14
View = 27| o) = (v¥).
" li=0
which suffices to complete the Proof by Remark 59. O

We now have the immediate corollary of this lemma.

Corollary 80 Lett € Ty M. Then, fori =0, ...,n,

Oz, i=4

Sym[V|,I1,7] =
ymiVip M7l {O, else.

Remark 81 Let x be exponential coordinates around p € M, i.e. suppose that x =

(x!, ..., x?) where {x' (¢) };1: , are the coordinates of exp;l (g) relative to some basis

{u,-}l‘.l=1 of T, M. Then with v = Zle viu; € T,M,
df

d
Y iSO = 2o f (ex, (10)

(s

ir...ig=1

(symlv], 71, 0°")
d

d 0 . .
14
Z <Sym[V Ipf1s (m, cees m>>v” TR

i...0p=1

from which it follows that
0

Gl . .
di,.i, f(p) = Sym[V*|, f] <ax—”m) Vi, .. ig=1...d.

Definition 82 (Transportation) Let ', : 7|, — 7|, be defined by ', 47 := T,
where

1 4
7 1= Sym [V, ve=o0.....n,

which makes sense for d(p, g) < §, the radius of injectivity of M.
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Remark 83 For n > 2 this transport will in general also go “upwards.” That is, if
7 € 14|y some @ < n, then in general Iy ., T will have components in homogeneities
strictly larger than «. This is not allowed in the original formulation of a regularity
structure by Hairer [9, Definition 2.1]. As we have seen in the main text, this poses
no problem, since our modified definition of a model (Definition 14) allows for it. We
moreover believe that any transport that wants to achieve the following lemma for a
“polynomial model” is forced to do this.

The definitions have been arranged so that IT;t and IT1,I", ., T agree at p to order
n:

Lemma84 Lett € T|, and p,z € U where U is a sufficiently small neighborhood
of q. If V is a differential operator of order k < n defined on U, then

IV [T — T yt] @) | Sy Izld(z, p)" -
Proof Let
g () = (My7) (2).

so that

(Mplpeqt) (2) = (Tay’;g) ()

where Tay), was defined in Definition 65. Using Corollary 69, we have the estimate,

il )]

(n +1—k)! 0<t<1 HV |VL([) (g TayP )H -d (p, Z)n+1 k

where v = exp;1 (z). For d(z,p) < eand 0 < ¢t < 1, let [p,z], =

exp <t exp;l (z)) so that t — [p, z], is the geodesic joining p to z parametrized
by [0, 1]. Then we have

max H \ARRY (g — Tay), g)‘ = max HV"+1 ltp.21, (g — Tay/, g) H

0<r<l1 0<r<l
< v, (g — Tay), g) H

< max
w:d(w,p)<d(p,z)

and so we have

V41 [ = (v 0)]|
1
< — max
(n+1—=k)! wdw,p)<d(p.z)

AR lw <g - Tayr;) g) H -d (p, Z)n+l_k .
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For the proof of the first half of Theorem 92 below, it is convenient to introduce as
in [5] the notion of a parallelism on a vector bundle, E, over M.

Definition 85 (Diagonal domains) Let I/ be an open set on M. An open set DY ¢
M x M is a U — diagonal domain if it contains the diagonal of I/, that is AY =
U peut (P> P) S DY. A local diagonal domain is a VV — diagonal domain for some
nonempty open V CM.

If U = M, we write D := D and refer to D simply as a diagonal domain.

Definition 86 (Parallelisms) Let E be a vector bundle over M and Hom (E) — M xM
be the associated vector bundle over M x M with fibers, Hom(q, ) (E) := L (E ., Eq)
for (q, p) € M xM, where L ( Ep, E q) denote the set of all linear transformations from
E, to E;. A smooth local section U € I' (Hom (£)) with domain D (i.e. U (g, p) €
L (E,, E4) forall (¢, p) € D) is called a parallelism if U (p, p) = id,. If U is only
defined on a local diagonal domain, we refer to U as a local parallelism.

Example 87 (Parallel translation and parallelisms) One natural example of a paral-
lelism when (M, g) is a Riemannian manifold and E is equipped with a covariant
derivative, VE, is to define

U¥ q.p) = //f (1= exp, (rexp,' @) ).

where p,q € M are “close enough” so there is a unique vector v, with minimum
length such thatg = exp,, (v p) and // f) denotes the parallel translation operator on E

relative to V. For our purposes below E will be a bundle associated to 7M and V£
will be the induced connection on this bundle associated to the Levi—Civita covariant
derivative on (M, g) .

Example 88 (Charts and parallelisms) Each chart (W, I/) induces a local parallelism
on (T*M)®* for any £ € N as follows. If A € (T[;“M)®‘z is expressed as

d

.....

i1,...ip=1

then we define U" (¢, p)A € Ty M®" by

.....

i1,...lg=1

In other words, U ¥ (g, p) is uniquely determined by requiring

U¥(q, p)A L| ®...®i| =(A i| ®...®i|
4 P)% Syl gwic 9] T\ Hen ' Jwic P

forallg €e Y and 1 < iy,i2,...i¢ < d.[This example is basically a special case of
Example 87 where one takes V to be the flat connection, DY, defined in Definition 70.]

@ Springer



432 A.Dahlqvist et al.

With the aid of a parallelism, we can now define the notion of y — Holder section,
S, on E. In what follows we assume that E is equipped with a smoothly varying inner
product, (-, -) z . We do not necessarily assume that V£ is compatible with (-, -) ; or
that U (p, q) is unitary for all (p, g) € D.

Lemma 89 Let S be a continuous section of a vector bundle E. Let (U, D), (U’, D) be
parallelisms on E. Then for every compactum K C D

1U(q. p)S(p) = Sl < Ck (I1U'(q, P)S(p) = S(@)I| +d(p,9)) . Vp.q € K.

Proof We work in a local trivialization. Let U, U’ : R x RY — GL (R") be smooth
functions such that U (x, x), U’ (x, x) = id, which we view to be a parallelism on
the trivial bundle, R? x RN over R¢. A continuous section of this bundle may be
identified with a continuous function, S : R? — RY Then

U (e, »)S() = SOOI < 11 (U x, y) = U'(x, ) SOOI+ U (x, »)S() = S

The statement then follows from smoothness of U, U’, the fact that they coincide
at x, x and local boundedness of S. O

Lemma90 Let f € C(M), y > 0andn = |y]| € Ng. Then f € CY(M) (as in
Definition 10) iff is f a n-times continuously differentiable function on M and for any
(local) parallelism U on the vector bundle X" T*M, Sym[V"| f] satisfies

|U(q, p) Sym[V"], f1 = Sym[V"|y f1| S d(q., p)"". (39)
Proof Recall from Definition 10, that f € C (M)isinCY (M)iff fow ™! € CY (¥ (1))
for every coordinate chart (W, I/). These conditions are equivalent to f being n-times

continuously differentiable and the n™ — derivatives of f o W~! being locally (y — n)-
Holder on W (i) . The latter condition may be expressed as saying

\UY(q, p)D"|, f — D"l f1 Sd(gq, p)? ™", (40)

where D = DY is the flat connection defined in Notation 70. From Lemma 72 and
Corollary 73 we may express

D" f =Sym[V"f]l+Lf (41)

where L is a linear differential operator of order at most n — 1. As Lf is continuously
differentiable it follows that

(q.p) = UY(q.p)(Lf), — (Lf),

is continuously differentiable and vanishes at g = p and therefore (by the fundamental
theorem of calculus)

\U¥(q, p) (Lf), — (Lf),| S d(g. p). (42)
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From (41) and (42) it follows that (40) is equivalent to
U (g, p) Sym[V"|, f1—Sym[V"|, f1| S d(g, p)’ " (43)
Lastly using Lemma 89 we conclude that the estimates in (43) and (39) are also

equivalent. O

Theorem 91 Fixn € Ny and construct T and (I1, ') as above. Then T is a regularity
structure (in the sense of Definition 13) and (I1, T") is a model of transport precision
n + 1 (in the sense of Definition 14).

Proof The fact that 7 is a regularity structure is immediate. Let us now set 8y = § to
be the injectivity radius of M and for g € M, let U, := exp, (Br,m (0g, dm)).
We have to check that

II(IT, D) lg;m < 00.

The homogeneity estimate, |(I1,7, ¢;)| < AL, for T € Ty p follows from the fact

that I, T is a monomial of order £ in exp‘,_,1 -coordinates. Lemma 84 gives the transport
precision, i.e.

(g7 — 0y qt. )| S A" forall T € T,

Let D be the covariant derivative induced by the chart exp;l. Using Lemma 72 we
get

o 9 0] W) = (7 (g ) symim)

|
.ﬁs

(D1p7e (exp;H%*) . Qin Sym (W1 )|
1

I ~
Il

1n
<Y dp. )t IlIW
i=1

<d(p, ) ™Il

and hence ||, ¢llm S d(p, ¢)*™", which finishes the proof. O

We are finally able to characterize C? (M) in terms of the “polynomial” regularity
structure.

Theorem 92 Let y € (0,00)\N and f : M — R a continuous function. Then,
f € CY (M) if and only if there is f € 2V (M, T)"3 with fo (p) = f (p). In that

case,

~ 1
fetp) =45 Sym[V*|, f1.

13 The space of modelled distributions was defined in Definition 18.
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Proof (= ) Let f € CY (M) and define
. Ly] 1
fpy=2_ 5 SymlVI, £,

£=0

ie. fr(p) := Sym[V¢|,f]for 0 < £ < |y] =: n. We have to check that f €
PY(M,T),ie.forall £ < |y]andd(p,q) <§

f (@) —TCgepf (P lle Sd(p.g) "

or equivalently, using the definition of I'y —, if

¢@ = (1,7 ()@,
we must show
[sym [Vl (f = 9)]| S d (@’ (44)

{ =n:
Recall y —n € (0, 1]. Now the term to bound in (44) reads as

Sym [V"qu -V [Z(vfw, exp;%-@"ﬂ’

i=0

< |sym [Vl = V71, [(971, 1 exmy 0% ]|
n—1 ' ‘
+ 3 [sym [V, [, 1 expy O]
i=0
By Lemma 80
Sym [v"|q [(v"|,,f, exp;,l(-)@i]] =0, atq = p.
and since the expression is smooth in ¢ we can focus on
[Sym [V, £ = V71, [(971, £, exp, " 0]
Define on the vector bundle X" 7*M the parallelism
U(g, p)S = V"|4(S, exp;l(-)@’"). (45)
Then by Lemma 90

| Sym[V"|, f1=Ul(q, p) Sym[V"|, f1l S d(q.p)" ™",
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so for £ = n we are done.
£=0,...,n—1: We need to show (44). It is enough to bound for w € T, M, with
v:=exp;, (),

[VE, (f = &)y (/i (r)w)®9)] < lwltd (p, q)7 ¢

Here //;(yv) : Ty,y)M — T,,)M denotes the parallel transport along y,(f) :=
exp, (tv).
For this purpose, define

W=/t )w1 ®---Q//r (yu) we,

and F := f — g. Since W, and y, (¢) are parallel along y, (¢) it follows that
d—kva—v“k FYO<k<n—¢
ditk "Wt T o ew, - = '

Therefore by Taylor’s theorem and the fact that V| pFp=0for0 <m < n,14 we

have

n—{—1

1 1 1
¢ — 1 gltk L n o et
VWIF = I{ZO k!vv®k®W0F+(n i 1)!/(; [V;}U(t)@”*Z@W,F] (1—1) dt
v 1 -1
= n L1 n—t—
S (n—t— 1)!/0 [me@"—e@w,F] (1= dt. (46)

Since g is smooth we apply the fundamental theorem of calculus to find

t
n _un n+1
V}}U(t)®("_()®W,g - VU®(n—l)®W0g +/(; V);v(f)®(n74)+l®wrgdt
t .
_un n
= Vv®<n—z)®wof+/(; V;}U(r)@”*‘)“@)w,gdt
= Viauogwy + 0 (111707 W)

Using this estimate, it follows that

V! F=V" f=v [+ 0 ("9 wyl
@2 0w, T Ty, 0w, v®I-0 W, v or)-

Since

Vi oei-ogw, = Vo f U/ )00 @ (/i (n) w)®*

= (U(p, o)V |y, f s v O w®").

14 This follows by the very construction of g along with Corollary 74 and Lemma 80.
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As shown in the step £ = n, we then get
V! eovgm f — Viso-ogy /| = Cd0n @), pY ™ ol Jul” = C ol .
and hence
—L —0+1 ¢ 01
9 oo, F| < [C 1ot 4 0 (1= 41) [ 1wl < 1ol ul.
Plugging this estimate back into (46) shows,
V6, F| = Clor =l

which completes the proof of (44).
(<=
Recall that y € (n, n + 1], for some n € Np.
Step 1: We will show that f is n-times differentiable and %Sym[v‘Z fl = fg for
£ =0, ...,n. This will be done by induction.
So assume for some £ =0, ..., n — 1 we know that

e | is {-times differentiable
o LSym[Vifl=/fi, i=0,...,¢

By Taylor’s theorem (Theorem 62)

-1
1 ; ,
flexp,) =) 7 Sym[V/], f] (v®,/>
j=0""
l =t ¢ S 1\ ®F
* € — 1)!/0 (1 =07 Sym[V=]y, () f] (yv(t) ) (47)

Now by assumption

| Sym[V |y (f — )1l S d(g. p)’ ™",
where
¢@ = (1,7 ) @.

Hence

Sym[V*(,, ) f1 = Sym[V],, i gl + O(tv]’ ™).
Plugging this into (47) and using the fact that |y, (¢)| = |v| we get

l—1 1 ' ‘
f(exp, () = ijO S Symlv' 11 (o%)
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1
RNy

1
| =0 symiv s (7,0%) + 0G0,
@s)

Now, since g is smooth and %)}v (t) =0, we have

d . .
Vg (7 %) ] = V0 (70 02D and

d? ) -
ar? [Vzh’”(’)g (y” (’)W)] =V*08 (J/u (t)®“+2>>

and therefore by Taylor’s theorem (in one variable) together with Lemma 57

sym| VI8 | (7 0°)
= [V hwe] (7 ©%)
= [V1pe] (+%) + £ [T 1] (+540) + 0 (1r012)
— Sym [v‘f|pf] (vW) +7Sym [v@+1|pg] (vw“)) +0 (Itv|£+2>

— Sym [vﬁ,,f] (UW) F 1+ D frr(p) (v®<“”) o (|zv|€+2) (49)

A simple integration by parts argument shows

1! v 1

Combining (48), (49) and (50), we get

£—1
1 ; ; 1
S (expy ) = 3 5 Symivl, f) (v7) + 7 Sym(v*1,11 (+*)
/:
+fer1(p) (v¥D) + O (). (51

As v — exp, (v) is a local diffeomorphism, it now follows from (51) that f is
£ + 1 times differentiable at p and moreover since,

14

J . ) A
Flexpy o) = 3° S SymIV 17 (v27) +1 ferap) (v20) + 001,
j=07"

we may conclude, using Lemma 57 that

+1

e+l sern) _ 4" ; ®(E+1)
VL f () = T lmo f@xpyr0) = (€ 4+ D (p) (v240)
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Then by Remark 59 it follows that

L SymIv £, = foi(p)
(€ +1)! P SR
Step 2: So far we have shown that f is n-times continuously differentiable and that
Sym[V£|pf] = fe(p) for £ =0, ..., n. Then with U defined in (45) we have

|Sym[V" |y 1= U(g, p) SymIV", 11 1 (@) = Tgep fDln 41 D V"4, felp)l.

L<n—1

The second to last term is of order d (g, Ap)”_" by assumption. Moreover, for £ <
n — 1, by Corollary 80, we have V"|,I1, f;(p) = 0. Hence the last term is of order
d(g, p) <d(q, p)’". By Lemma 90 we hence get that f € C¥(M). O

9.3 A reformulation: the jet bundle

In this section we briefly outline that the “polynomial” regularity structure is in fact
(isomorphic to) the jet bundle. In anticipation of possible future work with vector
bundle valued equations, we formulate this in the general setting of a vector bundle
E 5 M with model fiber being a real finite dimensional vector space V. The connec-
tion to the previous sections is proven in Theorem 99. We then conclude by showing
Taylor’s theorem in this setting, Theorem 103. We leave the complete construction of
a polynomial regularity structure and its model in this fibered setting to future work.
For background on vector bundles, we refer to [13, Chapter 10] and [16].

For eachm € M, let I" (m) be the germ of C*°-local sections of E whose domain
contains m. Fixing an integer n € Ny, we define an equivalence relation on I" (m) as
follows. Let (x, u) be a chart and local frame such that m € dom (x) = dom (u). We

say S, T € I' (m) are equivalent and write S AT provided
(a;gf [u_l (S — T)]) (m) = 0 for all |a| < n, (52)

where u ! (p) ==u (p)_l : E, — V is the inverse of the linear operator, u (p) :

n
@,

V — E,.Itis well known and easy to check that is an equivalence relation which
(by the chain and product rules) is independent of the choice of chart and local frame
(x, u) as above.

The equivalence relation in (52) may also be written as S AT provided

Dk [(u*ls _ u*lT) ox*l] (x (m)) = 0 for0 < k <n

where for an open subset, U € R?, a € U, and g € C*® (U, V), (Dkg) (a) is the
k-linear form on R defined by

(Dkg) @ @1, v) = (... 00,8) (@ Yvr,.... 0 € R
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Asmixed partial derivatives commute, (Dk g) (a) is symmetric and hence (Dk g) (a)
is completely determined by its values on the diagonal, v = --- = v = v and thus

we may also write S AT provided

(o T s =Ty o ) (xom) o= D[S —u ' T) o~ ] (x ) 02

=0for0<k <nandv e R?,

Definition 93 Givenn € No, m € M,and S € T" (m), let j S be the n-jet of S at m
defined to be the equivalence class

j,’},S::{Ter(m):siT}.

The n-jet bundle of E, denoted by J” (7), is the vector bundle whose fiber over
meMisJ) () := {jn’;S:SeF(m)}.

We will identity J” (;r) with the vector bundle @ZZOEI‘ (T*M) ® E. The iden-
tification that we will give is not canonical but will depend on choosing covariant
derivatives, VZ and VM on E and T M respectively. We now fix such a pair of covari-

o E M . . .
ant derivatives. We denote by Z—l (resp. Vd—[) the covariant derivative of sections of E
(resp. T M) along curves in M.

Definition 94 Forv € T, M, let o, (¢) := exp (tv) := exva (tv) so that
M

v
— =6y (1) =0and 6, (0) = v & T,, M.

By the inverse function theorem, there exists an open ball B C T,, M centered at
0y, € T;ym such that U := exp (B) is an open neighborhood of m, and exp : B — U
is a diffeomorphism.

Definition 95 Continuing the notation above, let x := exp |l_]1 :U—-BCTyM=
R? and for p = exp (v) € U with v = x (p) we let

u(p)i=//Y" (@) : En — E,.

Hence (x, U) is chart on M centered at m and u is local frame defined on U C M.
[Note that o, and x both depend on V¥ and u depends on both VM and V¥ even
though this dependence is being suppressed from the notation.]

The next proposition is the key to coordinate free description of “lr,

Proposition 96 Letk € No, m € M, VE and VM pe any covariant derivatives on E
and T M respectively, and (x, u) be the chart/frame as in Definition 95. Then for any
Sel (m),

VE\*
(E) S (6 (1)) |10 = (a,’j [(u*‘s) ox*‘]) (x (m)) forallv e TyM.
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[Note that by construction x (m) =0, € T,, M .]

Proof Let v € T,,M be given and then choose § € (0, 1) such that o, (¢) exists for
t € [0, 8].Since oy (s) = 0y (15), 01yl[0,5] 1 a reparametrization of o, on [0, 18], we
may conclude that

u(oy ) =u 0 ) = //Y () =//7" (@) forall0 <1 <.
Using this observation along with x L) = exp (tv) = oy (t) , we find
(a,’j[(u—ls) ox_l]) (x (m)) = (u_lS> ox_l]>(0)

o (u_lS) ox~! (1v)

%

Y
—

=~

=0 [ @ ()" 5 @, 1) ]

[
[

>~

|t=0

\_/\_/»v

A RRICHON

2|9 B Bs B

TN TN TN N

k
) li=0 [S (0 (1))].

The following is now an immediate corollary of Proposition 96.

Corollary97 Ifn e Ng,m € M, VE and VM pe any covariant derivatives on E and
T M respectively, and S, T € T (m), then S T iff

vE\F vE\F
<?) li=0 [S (0w )] = (?) li=0 [T (oy (2))] forO <k <nandv € T,,M.

Definition 98 If S € I' (m) and n € Ny, let tay}, (S) : T,,M — E,, be the function
defined for all v € T, M by
n 1 VE k
tay, (5) (v) == Y~ ( ) li=0 [S (0 (1))]. (53)

P k! \ dt

According to Proposition 96, we may rewrite (53) as
"1
tay” (S) (v) = kzo = (a,’j [(u—ls) ° x_l]) 0)

which shows that tay?, (S) € P, (T,,M, E,,) , the linear space of degree n-polynomial
on T,,M with values in E,. Let us further note that DX [(u='S) ox~'](0) €
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=k [T;¥M] is uniquely determined by

%Dk[(lflS)ox o == (3k[(u_15)ox_l]) 0)

where v — 2 (3% [(u='S) o0 x~1]) (0) is the k-homogeneous part of tay?, (S) . Hence
we may view tay” (S) as taking values in ok (T,;: M ) ® E,,. Finally observe that, by

Corollary 97, if S ~ T, then tay), (S) = tay), (T'), i.e. we may view tay’, (S) to be a
function of j! S rather than of S. This simply reflects the fact that if L is any n-order

differential operator on I' (E) then (LS) (m) = (LT) (m) whenever S Ar

Theorem 99 To each n € Ny, the jet bundle J" (1v) is non-canonically isomorphic to
Do [Zk (T*M) ® E] . In more detail, if VE and VM are covariant derivatives on
E and T M respectively and m € M, then the associated Taylor map,

tayy, : Iy (1) > &g [ (TiM) @ En | 2Py (T M En) (54

is a linear isomorphism of vector spaces.

Proof In the lead up to the statement of the theorem we have already shown tay?’, in
(54) is a well defined linear map and that its kernel has dimension zero. So to finish
the proof we need only show tay’, is surjective. To this end let Q € P, (T,,M, E)
which we decompose and let

1N
O (v) 'Zﬁ(d_t> li=0Q (tv)

be the k-homogeneous part of Q. By Taylor’s theorem, we know that Q (v) =
ZZ:O Ok (v) . Using (x, u) from Definition 95, we then let

S(p) = So(p) :=u(p) Q(x(p) forall peU.

Then S € I" (m) and moreover foreachO <k <mnandv € T,,M,

1 (VE 1 (d\F .
—(—) =08 (0 (1)) = < t) =0 [ @y 1) 7' S (0 )]

k' \dt k' \dr
1 /d
:ﬁ<dt) lr=0 [Q (x 0 0y (1))]
1 /d\F
:ﬁ<dt> li=0 [Q (tv)] = O (v).

Thus it follows that

(tayy, So) (v) = ZQk(U) 0 (v)
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which shows tay],, is surjective and completes the proof. O

In order to write out tay), more explicitly, let V denote the covariant derivative
k —_
constructed on any of the bundles [T*M ]® ® E which is constructed from V£ and

VM in such a way that the product rule holds. Note that VXS is then a section of
[T*M1®* ® E, so forv € T,,M

<VkS, v®k>,

is an element of E,,. This is consistent with earlier notation, where for £E = M x R
the pairing was real valued.

Proposition 100 IfS € I' (m) and v € T, M, then

n n

Lk k 1 k k
(tay),S) (v) = Z o <V S, v® > = Z 0 <SymV S, v® >
k=0 k=0
k-times
e
where VES =V ... V5.
Proof We will show by induction that
vENK
<E> S (o) (1) = <ka, &y (z)®"> for k € Np. (55)

The case k = 0 is trivial, and the case k = 1 holds, since
vE E
—=8(00 (1) = VL S = Vi, = (V8.6 (1)

For the induction step we compute;

vE k+1 VE vE k vE . ' o
(5) S(av(r»:E(W) S (00 (1) = — (V¥8. 6, (0%*)

T M®k
= (chu(z)vks, G (t)®k> + <VkS, &y (t)®k>
_ <Vk+1 S. 6, (t)®(k+1)>’
wherein we have used,
TM®k k ' M .
j=1
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as o, () is a VM -geodesic and the induction step in complete. Evaluating (55) at
t = 0 then shows

k n

n E
(v 8) 0 = Y (%) oS (o @) = Y = (vEs. ve¥)

k=0 k=0 "
as desired. O

In the case of the trivial bundle £ = M x R, Theorem 99 shows that the jet bundle is
just another representation of the “polynomial” regularity structure of the preceeding
section. We finish this section, by showing Taylor’s theorem in the setting of general
vector bundle presented here.

Definition 101 Forn € Nog, m € M, and S € T" (m) , define

(TayfnS) (p) = (tayzS) (expzl (p))
for p € U = exp (B) as in Definition 95.
Remark 102 Taking E = M x R, this is consistent with Definition 65.

Theorem 103 (Taylor’s Theorem) If S € I' (E) is a smooth section, m € M, and
n € Ny, then

S (exp (v)) = //1 (0v) [(tayy,S) () + pn ()] forv € B (56)
where

1 1 EN (n+1)
pn (V) = —,[ /1 (@)~ (-) S(oy (1) (1 —0)"dr.
n:Jo dt

Alternatively we may express (56) as (recall Definition 95 for the definition of u)
S (p) = u ()| (Tay,$) (0 + pu (ex0" (1)) for p e U.

Proof Forve B C T,,M, lets (t) :=//; (ov)_1 S (oy (1)) € E,,. Applying Taylor’s
theorem with integral remainder to s implies

n

1
s(D) = Z%S(k) 0) +%/0 sUED (1) (1 — 1) dr.
2kl !

and hence

S(exp (v)) = S (oy (1) = //1(0v) s (1)

n

1
=//1(0v) [Z %s“) (0)+% /0 s @y =1y dt}

k=0 "
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!
Pt k! \ dt

= //1 (o) [(tay},S) (V) + pu (v)] (57)

n 1 VE k
=//1 (o) Z—(—) 108 (00 (1)) + pu (V)

where ]
1
on (V) = ;/0 sPD (6 (1 — 1) dt. (58)

Combining (57) and (58) with the identity,

g\ 0D £\ 0D
sOD (1) = <E) [//, ()" S (o4 (t))] =//i (o) <E> S(ov (1)),

completes the proof. O
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