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Abstract We consider random walks and Lévy processes in a homogeneous group
G. For all p > 0, we completely characterise (almost) all G-valued Lévy processes
whose sample paths have finite p-variation, and give sufficient conditions under which
asequence of G-valued random walks converges in law to a Lévy process in p-variation
topology. In the case that G is the free nilpotent Lie group over R?, so that processes
of finite p-variation are identified with rough paths, we demonstrate applications of
our results to weak convergence of stochastic flows and provide a Lévy—Khintchine
formula for the characteristic function of the signature of a Lévy process. At the heart
of our analysis is a criterion for tightness of p-variation for a collection of cadlag
strong Markov processes.

Keywords Homogeneous groups - Rough paths - Lévy processes - Random walks -
Tightness of p-variation - Stochastic flows - Characteristic functions of signatures

Mathematics Subject Classification Primary 60G51; Secondary 60H10

1 Introduction

This paper focuses on several questions regarding Lévy processes and random walks
in homogeneous groups, with a particular focus on applications to rough paths theory.
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Let G be a homogeneous group (in the sense of [15]) equipped with a sub-additive
homogeneous norm and the corresponding left-invariant metric. We can summarise
the three main results of the paper as follows.

e (Theorem 5.1) Given a Lévy process X in G, we determine (almost) all values of
p > 0 for which the sample paths of X have almost surely finite p-variation.

e (Theorem 5.5) We give sufficient conditions for a sequence of (interpolated and
reparametrised) random walks in G to converge weakly to a (interpolated and
reparametrised) Lévy process in G in p-variation topology.

e (Theorem 5.17) In the case that G = GV (R?), the step-N free nilpotent Lie group
over R?, we determine a Lévy—Khintchine formula for the characteristic function
(in the sense of [11]) of the signature of the random rough path constructed from
a Lévy process in G.

We apply the second of these results in the context of rough paths to show weak
convergence of stochastic flows in several examples. Notably, we provide a significant
generalisation of a result of Kunita [29] and of a related result of Breuillard, Friz and
Huesmann [7].

We take a moment to discuss how our work relates to the appearance of cadlag
rough paths in the current literature. Friz and Shekhar [17] recently introduced a
broad extension of rough paths theory to the cadlag setting. Their work in particular
generalises the notion of rough integration and RDEs and significantly extends earlier
work of Williams [36] who gave pathwise solutions to differential equations driven
by Lévy processes in R¥.

As a family of cadlag rough paths of particular interest, Lévy process in GV (R¥)
of finite p-variation for some 1 < p < N + 1, were studied in [17]. Such Lévy p-
rough paths bear a resemblance to Markovian rough paths constructed from subelliptic
Dirichlet forms on L2(GN(Rd)), first studied in [19] and recently in [10—12], in the
sense that both processes may be viewed as stochastic rough paths whose evolution
depends entirely on its first N iterated integrals.

The method we employ here to give meaning to cadlag rough paths is to connect
left- and right-limits with continuous paths and treat the resulting object as a classical
rough path. We therefore do not address directly the concept of a cadlag RDE in
this paper, but emphasise that our methods relate closely to Marcus SDEs and that
Theorems 5.1 and 5.17 can be seen as generalisations of two related results in [17]
(discussed further in Sect. 5). We mention however that the method of proof used for
our main results, which is based on approximating a Lévy process by a sequence of
random walks, is different to the methods used in [17].

We also point out that our methods treat general interpolations, which depend
arbitrarily on the endpoints of jumps, on the same footing as the simpler linear inter-
polation used in Marcus SDEs. Examples of interest of such non-linear interpolations
date back to the works of McShane [33] and Sussman [35] on approximations of
Brownian motion (discussed further in Examples 5.12 and 5.14), and recently in the
work of Flint, Hambly and Lyons [14].

A crucial result for our analysis, which we believe to be of independent interest,
is a criterion for tightness of p-variation of strong Markov processes taking values
in a Polish space (Theorem 4.8). This result is a generalisation of the main result of
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Random walks and Lévy processes as rough paths 893

Manstavicius [32], which provides a criterion for a strong Markov process to have
sample paths of a.s. finite p-variation. Our proof of Theorem 4.8 is a simplification of
the stopping times technique adopted in [32].

Finally, we mention that while most applications presented in this paper concern
geometric rough paths, and thus only require consideration of the free nilpotent Lie
group, we have attempted to make statements in their natural level of generality. In
particular, we believe that our results may prove to be of interest for studying random
walks and Lévy processes in the Butcher group, which correspond to branched rough
paths in the sense of [21,22] (see also Remark 3.2 below).

Outline of the paper

In Sect. 2 we discuss iid arrays and Lévy processes taking values in a general Lie
group. Our only contribution in this section is the construction of a sequence of random

walks (X"),>1 associated with a Lévy process X such that X" 2 X in the Skorokhod
topology, and for which tightness of p-variation is simple to verify. In Sect. 3 we
recall several preliminary facts about homogeneous groups and spaces of paths of
finite p-variation.

Section 4 is devoted to the proof of Theorem 4.1, which shows tightness of p-
variation for a collection of random walks in a homogeneous group. This is a central
result used in the proofs of the three main aforementioned theorems, which we state
and prove in Sect. 5. In Sect. 5.3.1 we also provide several applications of Theorem 5.5
to weak convergence of stochastic flows.

In “Appendix A” we introduce the concept of path functions, which serve to connect
the left- and right-limits of cadlag paths, and collect several technical results used
throughout Sect. 5. In “Appendix B” we describe conditions under which sample
paths of a Lévy process possess infinite p-variation (used to complete the proof of
Theorem 5.1).

2 Iid arrays and Lévy processes in Lie groups
2.1 Notation

Throughout this section, we fix a Lie group G with Lie algebra g, and identify g with
the space of left-invariant vector fieldson G. Let u1, . . ., u,, be a basis for g. We equip
g with the inner product for which uy, ..., u,, is an orthonormal basis. For an element
yEgwewritey = Y /L, y'u;. When x is an element of a normed space, we denote
its norm by |x]|.

We further fix an open neighbourhood U C G of the identity 15 € G, such that U
has compact closure and exp : g — G is a diffeomorphism from a neighbourhood of
zero in g onto U. Let & € C°(G, R) be smooth functions of compact support such
that log(x) = Z:": 1 & (x)u; for all x € U (that is, & provide exponential coordinates
of the first kind on U). We denote & : G +— g, §(x) = Y /L, & (X)u;.
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894 I. Chevyrev

For a metric space E, denote by D([0, T'], E) the space of cadlag functions x :
[0, T] — E equipped with the Skorokhod topology (see, e.g., [3, Section 12]). We
shall use the symbol o to denote spaces of paths whose starting point is the identity
element 1. For example D, ([0, T'], G) denotes the set of all x € D([0, T], G) such
that xg = 1.

2.2 Preliminaries on iid arrays and Lévy processes

An array in G is a sequence of a finite collection of G-valued random variables
(Xnt, ...y Xnn)y>1. We call the array iid if, forevery n > 1, Xp1, ..., Xy, areiid. We
will always suppose that an iid array X,,; is infinitesimal, i.e., lim, o P[X,1 ¢ V] =
0 for every neighbourhood V of 1. Furthermore, for all n > 1 we let

B, =K [E(an)] €9,

andforalli, j € {1,...,m}

Ay =E [&5(Xa)E (Xan)] -

For a collection of elements xi, ..., x, in G, we define the associated walk x €
D, ([0, 1], G) by

g ift €[0,n7")
Xy = . —1
X1 ... X|tn] ifte[n™, 1],

and for an array X,,;, we refer to the associated random walk X" to mean the sequence
of associated walks built from the collections (X1, ..., Xun).

Recall that a (left) Lévy process in G is a D, ([0, T'], G)-valued random variable X
with independent and stationary (right) increments. We refer to Liao [30] for further
details.

We call a Lévy triplet (or simply triplet) a collection (A, B, 1) of an m x m
covariance matrix (A"/)”" —1> an element B = 37, Biu; € g, and a Lévy measure
IT on G (see [30, p. 12]).

A classical theorem of Hunt [26] asserts that for every Lévy process X in G, there
exists aunique triplet (A, B, IT) such that the generator of X is given forall f € C, 3 (G)
and x € G by

fim ™ L (%) = 0] = 3 8 /)00 + 32 A i o)

ij=1

+ /G [f(xy) —f@ =) & (y)(uif)(X)] M(dy).

i=1

Conversely, every Lévy triplet gives rise to a unique Lévy process.

@ Springer



Random walks and Lévy processes as rough paths 895

We will heavily use a characterisation due to Feinsilver [13] of when a G-valued
random walk converges in law to a Markov process as a D, ([0, 1], G)-valued random
variable. The following is a special case of the main results of [13].

Theorem 2.1 (Feinsilver [13]). Let X,,; be an iid array of G-valued random variables
and X" the associated random walk. Denote by F, the probability measure on G
associated with X, 1. Let X be a Lévy process in G with triplet (A, B, IT).

Then X" B X as D, ([0, 11, G)-valued random variables if and only if

(1) limy0onFy(f) = TI(f) for every f € Cp(G) which is identically zero on a
neighbourhood of 1,

(2) lim; oo nB, = B, and

(3) foralli,je{l,...,m},

lim nAL/ = Al —l—/Géi(x)Sj(x)H(dx).

n—o00

The following notion of a scaling function will be used throughout the paper.

Definition 2.2 (Scaling function). A continuous bounded function 6 : G — R is
called a scaling function if

(1) 0(1g) =0,

(i) O(x) > Oforall x # 1g,

(iii) there exists C > 0 such that |£|2 < C6, and

(iv) there exists ¢ > 0 such that 6(x) > c for all x € G\U.

Let X,,; be an iid array in G. We say that 6 scales the array X,,; if

supnE [6(X,1)] < 0.

n>1

The importance behind the above definition is that given a scaling function 6 which
scales X,;, the rate with which 6 decays at 1 will determine the values of p > 0 for
which the p-variation of the associated random walk is tight (Theorem 4.1).

Example 2.3 In the case G = R, the prototypical example of a scaling function is
1 A |- |%. For a general Lie group G, the example extends as follows: let ¢ > 0 be
sufficiently small such that W :={exp(y) | y € g, |y| < ¢} is contained in U. Then

6(x):=1{x € UNc* A @) + 1{x ¢ U} (2.1

is a scaling function.

Remark 2.4 Suppose that 0 is defined by (2.1) and that X,,; is an iid array in G such
that the associated random walk converges in law to a Lévy process. Then a simple
consequence of Theorem 2.1 is that 6 scales the array X,,;.
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896 I. Chevyrev

2.3 Approximating walk

In this subsection, given a Lévy process X in G, we construct an iid array X,; for
which the associated random walk X" converges in law to X. The array X,; has the
advantage that it takes values in either the support of the Lévy measure of X, or in
a set which shrinks to the identity as n — oo. This makes the walk X" significantly
easier to analyse than the increments of X itself and will be used in the proofs of
Theorems 5.1 and 5.17.

Throughout this subsection, let X be a Lévy process in G with triplet (A, B, IT).
Fori € {1, ...m} define

I = {0 <y<?2 ‘/ 1& ()Y TT(dx) = oo} .
G
Define also the sets of indexes

J:[je{l,...,m}‘Aj’j>O],
K={kefl,...,m}|1¢Ty}.

Fork e E define
B* — B¢ —/ £ (0TI (dx),
G

andlet K = [k € K | B¥ # 0}.
For n sufficiently large so that I[T(U®) < n/2, let

hy, =inf {h > 0| T ({|E(x)| > h} UU®) < n/2}.

Define U, = {x € U | |£(x)| < h,} and note that w,, :=IT{U,} < n/2. Remark that
lim;,_, 5 h;, = 0 which implies that U,, shrinks to 15 as n — oo.

Define on G the probability measure ju, (dx) :=w), 1l{x € US}I(dx). Observe
that by Holder’s inequality, for all ¢ > 1

1/q
fU E@IN@x) < (n/2)' 711 ( /G & (x)|qn<dx)> : @22)

For every n > 1,letY, = Ynlul +---Y"u,, be a g-valued random variable such
that forall k € K

bE=F [Y,’;] = (1 — wy/n)"'n" "B,
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Random walks and Lévy processes as rough paths 897

and for all k ¢ K

by =E[Yf] = = w7t (Bk—/ sk(x)n(dx>>,
Uy

and with covariances for all i, j € {1, ..., m}
E [(Y,i — b,i)(Y,{ - b{;)] =(- wn/n)—ln—1Ai,j.

In particular, note that Y,’; = b,"1 a.s. foralli ¢ J. Remark that setting ¢ = 2 in (2.2)
implies

lim n~! / & ()T (dx) =0,
n—oo c
from which it follows that sup,,- n|b’ | < co. Moreover, it holds that
lim E [(Y,g' — by - b,ﬁ')] —0.
n—oQ

It follows that we can choose Y, such that exp(Y},) has support in a neighbourhood V,,
of 1¢, such that V,, shrinks to 15 as n — oco. Denote by v, the probability measure
of the G-valued random variable exp(Y),).

Finally, let X,; be the G-valued random variable associated to the probability
measure (w,/n)u, + (1 — wy/n)v,, and let X,, ..., X,, be independent copies of
Xu1-

Consider the random walk X" associated with X,,;. Then a straightforward applica-

tion of Theorem 2.1 implies that X" 2 X as D, ([0, 1], G)-valued random variables.
We also record the following two simple lemmas whose proofs we omit.

Lemma 2.5 Let 0 < q1,...,qm < 2 be real numbers such that q; ¢ T for all
ie{l,....m},qg =2foralli € J,and q; > 1 foralli € K. Let 0 be a scaling
function such that 6(x) = Zlm:l |& (x)|?" for x in a neighbourhood of 1G. Then 6
scales the array X1, ..., Xun-

Lemma 2.6 Let 0 be a scaling function on G which scales X,;. Let V be a neigh-
bourhood of 1g, and let f : supp(IT) UV +— R be a bounded measurable function
such that f is continuous on supp(I1). Furthermore, suppose that

m

f- f(lG)—stxx) Z a; j& (x)§;(x)| = 0.

lim
x—1g 9( ) zj=l

Then for all n sufficiently large, X;1 € supp(I1) UV a.s., and

Jim nB[f(Xn1) = f(1e)] = Q.
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898 I. Chevyrev

) 1 n
B'bi+ = Y Al +/G |:f(x) — f(g) —Zbigi(x)] I (dx).

i=1

3 Homogeneous groups

In this section we collect several preliminary facts about homogeneous groups. For
details, we refer to [15] and [25].

Throughout this section, we fix a homogeneous group G. That is, G is a nilpotent,
connected, and simply connected Lie group endowed with a one-parameter family
of dilations (group automorphisms) (83)x~0, which, upon identifying G with its Lie
algebra g by the exp map, is given by

8 (i) = A% u;
for a basis uy, ..., u, of g and real numbers d,, > --- > d; > 1. We equip G
with a sub-additive homogeneous norm ||-|| which induces a left-invariant metric

d(x,y) = ||x7y|| (see [25]).
For the remainder of the section, we identify G with g by the diffeomorphism

exp : g — G, and write x = Y _x'u; for x € G. Note that |||x||| = Y |x{|V/di is
also a homogeneous norm on G and thus equivalent to [|-]]. .

For a multi-index o = (al, oo™, al >0, we define deg(a) = Zl’-”zl o'd;, and
for x € G, write x¥ = (xl)‘)‘1 (e By the Campbell-Baker-Hausdorff (CBH)
formula, for all i € {1, ..., m} there exist constants C (’1 8 such that

Gy =x'+y + ) ClpxyP, 3.1)
a,p

where the (finite) sum runs over all non-zero multi-indexes «, 8 such that deg(o) +
deg(p) = d;.

Example 3.1 Recall that a Lie group G is called graded if its Lie algebra is endowed
with a decomposition
g=g'®..0g" (3.2)

suchthat [g', g/] € g/, where g* = Ofork > N (and where we allow the possibility
that g = 0 for some k < N). Every graded Lie group can be equipped with a
natural family of dilations (6,),~0, and thus a homogeneous structure, for which
di, ..., dy, are rational numbers with d; = 1, given by §, (u) = Akl forall u € gk,
where ¢ = min{k > 1 | g" # 0} (and conversely, if dy, ..., d,, are rational for a
homogeneous group G, then G can be given a graded structure [15, p. 5]).

Recall also that a graded Lie group G is called a step-N Carnot group (or stratified
group in the terminology of [15]) if the decomposition (3.2) further satisfies [g;, g;] =
gi+j» where gy = 0 for k > N. Every Carnot group is a homogeneous group with
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Random walks and Lévy processes as rough paths 899

a natural family of dilations given by §; (1) = Ay forall u e gk (so that d; €
{1,..., N}), and for which the metric d can be taken as the Carnot—Carathéodory
distance [2, p. 38].

The Carnot group which will be particularly relevant in Sect. 5.3 for applications in
rough paths theory is the step-N free nilpotent Lie group G (R) over R?, which we
recall is, by definition, the space where geometric p-rough paths (for | p| = N) take
value. For further details concerning the theory of geometric rough paths, we refer
to [18].

Remark 3.2 Another homogeneous group which plays an important role in the theory
of rough paths is the step-N Butcher group GN(R?) over R? (see [21,22]). Recall
that GN (R?) is canonically embedded in GV (R?), and that GV (RY) admits a natural
grading under which GV (R?) is not a Carnot group (see [22, Remark 2.15]).

The group GV (R¥) is, by definition, the space where branched rough paths take
value (which form a genuine extension of the notion of geometric rough paths). We
mention that branched rough paths were recently studied in [8] to give a rough path
perspective on renormalisation of stochastic PDEs in the theory of regularity struc-
tures [9,23]. Lévy processes in GV (R?) in particular form a family of stationary
stochastic processes closed under appropriate renormalisation maps (see [8, Sec-
tion 4]).

3.1 Paths of finite p-variation

For p > 0 and functions x, y : [s, ] — G, define the p-variation distance

1/p

dpvar (51X Y) = d X, ¥) + sup | Y diuyp Vi)’ |
DCls,t] tjeD

where the supremum runs over all partitions D of [s, ] and where we have used the
shorthand notation x,, , = X, Ix,. Define also the p-variation of x by ||x|| povar[s,t] =
dp»var;[s,t](x» 1), and

dO;[s,l](Xa y) =d(Xs,ys) + sup d(Xy,v, Yu,v)

u,vels,t]

and

doo;[s,t](xs y) = sup d(Xu, Yu), ||X||oo;[s,t] = dOO;[S,[](Xv Ig).

u€els,t]

We will drop the reference to the interval [s, ] when it is clear from the context. For
convenience, we record the following standard interpolation estimates.

Lemma 3.3 (1) Forall p' > p > 0andx,y : [s,t]—~ G

dpvar(X,y) = 2maX{O’(l_p)/p,}(”X”p—var + ”ynp»var)p/p/dO(X, y)l—p/p"
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900 I. Chevyrev

(2) There exists C > 0 such that for all X,y : [s, t] — G withX; =y,
d (X < d, 1/dy 1—=1/dm
o(X,¥) < do(X,y) < Cmax{deo(X,y), doo (X, ¥) " (||X[|oo + [1¥loo) }.

Proof (1) is obvious. To show (2), it follows from an application of the CBH for-
mula (3.1) and the equivalence of ||-|| and ||||||, that forall g, h € G

¢~ || < cxmaxtiiall, 1l /e ] 1=,

The conclusion now follows by the identical argument used to prove [18, Proposi-
tion 8.15]. O

For p > 1, let CPY¥([0, T], G) denote the space of continuous paths of finite
p-variation equipped with the metric d_yar.[0,7]. Note that CP¥¥ ([0, T'], G) is a
complete metric space due to the lower semi-continuity of X > [|X|[,_yar;[0,7] (under
pointwise convergence).

Note that, except in trivial cases, CP™V* ([0, T], G) is non-separable. How-
ever, it is not difficult to show that CP,'Var([O, T1, G) contains a separable subset
Co’p,"’ar([O, T], G) which contains CP¥¥ ([0, T], G) forall 1 < p < p’. Indeed, let
C8([0, T1, G) denote the space of curves which are concatenations of one-parameter
subgroups of G, i.e., all curves y : [0, T] — G of the form

I — Ir—1
V(f)=)/(fk1)eXP<m10gxk)» t€lt-1.0l, kedl,....n},  (3.3)

where D = (tp=0<1t; <--- <t, =T)isapartition of [0, T] and x1,...,x, € G
(and where for clarity we have broken the convention of identifying G with g). Then for
p > 1, define C%P¥¥([0, T, G) as the closure of C4([0, T], G) N CP¥¥([0, T], G)
in CPV¥([0, T1, G).

Remark 3.4 In the case that G is a Carnot group with decomposition (3.2),
CcOrvar ([0, T1, G) is precisely the closure of the horizontal lifts of smooth paths
y € C%([0,T], g").

To show the claimed properties of C 0.pvar([0, T, G), note that for x € G, the
path y : t +— exp(tlogx) has finite p-variation if and only if x' = 0 for all
i € {l,...,m} such that d; > p, in which case there exists C; = Ci(p,G) > 0
such that ||y||p,var;[0‘1] < C1||x]]. Forx : [0, T] — G, and a partition D C [0, T],
let xP € C3([0, T1, G) be the interpolation of x along D defined as y in (3.3) with
Xp = x;}lx,k and XOD = Xo. One can then readily show (e.g., by Lemma A.5)
that suppco.7] HXDHp-var < C2|IxX|[p.yar- Hence for all x € CPY([0, T], G)
and p > p > 1, by Lemma 3.3, dp/_var;[o,T](xD, x) — 0as |D] — 0,
which shows that C”Y¥ ([0, T], G) C CO'P/'Var([O, T1, G) as claimed. The fact that
CcO%rvar ([0, T1, G) is separable (and thus Polish) is also easy to show (e.g., by con-
sidering y € C#([0, T'], G) with rational coordinates and using a similar argument as
the proof of Lemma A.5).
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Random walks and Lévy processes as rough paths 901

The following result will be important in our classification of G-valued Lévy pro-
cesses of finite p-variation.

Proposition 3.5 Let p > 0 and (X,)n>1 be a sequence of D([0, T, G)-valued ran-
dom variables such that (||Xnl|p-var;j0,71)n=1 Is a tight collection of real random

variables. Suppose that X,, 2 X as D([0, T, G)-valued random variables.

(1) It holds that ||X||[,_V3I;[0’T] < o0 a.s..
(2) Suppose further that p > 1 and X", X are C([0, T'], G)-valued random variables.

Then for all p' > p, X, 2) X as Co’p,"’ar([O, T1, G)-valued random variables.

Proof (1) Note that X — [|X][,.y4 i @ lower semi-continuous function on D. Since
D([0, T'], G) is Polish, we may apply the Skorokhod representation theorem [27,
Theorem 3.30], from which the conclusion easily follows.

(2) Tt follows from Lemma 3.3 that every set of the form A N {x € C([0, T], G) |

[1x] |p_var;[0’T] < R}, where R > 0 and A is a compact subset of C ([0, T'], G) (for

uniform topology), is a compact subset of CO'P/'Var([O, T1, G). Hence (X;)n>1
is a tight collection of C 0.p'-var ([0, T], G)-valued r.v.’s, and so converges in law

along a subsequence to some CO”’/'V”([O, T], G)-valued r.v. X. Since X, E X as

C([0, T], G)-valued r.v.’s, it necessarily follows that X 2 X, which concludes the
proof.
O

Remark 3.6 A version of Helly’s selection principle (see [34, Theorem 2.4]) states
that any uniformly bounded sequence of functions x” : [0, T] — G for which
sup,,> 1 [IX" [l pvar;jo,77 < 00 for some p > 1, has a subsequence such that X"t — x
pointwise.

4 p-variation tightness of random walks

We continue to use the notation of the previous section. Consider an iid array X,k
in the homogeneous group G, and let X" be the associated random walk. The main
result of this section is Theorem 4.1, which provides sufficient conditions under which
(I1X" I p-var:[0,1))n=1 1s tight. In its simplest form, Theorem 4.1 implies that whenever
X" converges in law to a Lévy process in G, and the array X, is scaled by a scaling
function 0, then (||X" [ ,-var;[0,1))n=>1 i8 tight for all p > k > 0, where « depends only
on the scaling function 6.

Let&y, ..., &, € C°(G) and £ : G — g be smooth functions and U a neighbour-
hood of 15 for which the conditions at the start of Sect. 2 are satisfied with respect to
the basis uq, ..., u,.

Theorem 4.1 Let X1, ..., Xy, be an iid array of G-valued random variables and
X" the associated random walk. For every i € {1,...,m}, let 0 < q; < 2 be a real
number, and define

k = max{qi1dy, ..., qmdn}-
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902 I. Chevyrev

Consider the following conditions:

(A) for every fixed h € [0, 1], (X})u>1 is a tight collection of G-valued random
variables;

(B) foralli € {1,...,m}, sup,>n|E[&(X,1)]| < oo;

(C) the array Xy is scaled by a scaling function 0, where 0 = Y /L |&|% on a
neighbourhood of 1.

Then, provided (A), (B) and (C) hold, (X" )1 is a tight collection of D, ([0, 1], G)-
valued random variables and, for every p > «, (||X"| Ip_var; [0.1)n>1 IS a tight
collection of real random variables.

Remark 4.2 Suppose that for a Lévy process X in G, X" 2 X as D, ([0, T], G)-
valued random variables. Then conditions (A) and (B) are automatically satisfied by
Theorem 2.1 (and (C) is satisfied upon choosing ¢; = 2 for alli € {1,...,m} by
Remark 2.4).

The remainder of the section is devoted to the proof of Theorem 4.1, which can be
split into three parts. The first part is collected in Sect. 4.1 and comprises a general
p-variation tightness criterion for strong Markov processes. The second part, which
is the most technical part of the proof, is collected in Sect. 4.2 and establishes the
bounds required to apply the results of Sect. 4.1 for the case p > d,,. The third part is
collected in Sect. 4.3 and treats the case p < d,,. Roughly speaking, in the third part
we decompose X" into the lift of a walk in a lower level group, for which the previous
two parts apply, and a perturbation on the higher levels, for which the p-variation can
be controlled directly.

4.1 p-Variation tightness of strong Markov processes

In this section we give a criterion for p-variation tightness of strong Markov processes
in a Polish space (Theorem 4.8), which is inspired by the work of Manstavicius [32].
Let (E, d) be a metric space and x : [0, T'] — E a function. Define

M(x):= sup d(x,X;s),
5,1€[0,T]

and, for § > 0,
v5(%) = sup [k = 0 3002 1 <nsn < < b dg % ) > 60 S K.
Note that quantity vs(x) measures the maximum number of oscillations of x of mag-

nitude greater than § over non-overlapping intervals. Observe the following basic
inequality which serves to control [[X]| ,_yar [0, 71

o
XY oz < D277 P0pr (%) + M ()P w1 (x). 4.1

r=1
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For § > 0, define the increasing sequence of times (t}s (x))?‘;o by Tg (x) = 0 and
forj>1

: B
r}s(x) _ {mf {t € [tj_l(x), T] supu,ve[rﬂl(x)ﬁt]d(xu, Xy) > 8}

oo if the above set is empty.

Lemma 4.3 Let X be a D([0, T], E)-valued random variable for a Polish space
(E,d). Let §, h > 0 such that there exists g € (0, 1) for which a.s. for alli > 0

Pl (X) - X) < hlf(X),....15X)] < ¢ 4.2)

(where we use the convention oo — o0 = 00). Then
1
Evs(X)] < fT/mmo

Proof Note that for any function x : [0, T] — E, it holds that vs(x) is the largest
integer j for which T}S (x) < T, and thus

PL»s(X) = j1=P[X) < T].
For i > 0, consider the event A; = {rl.‘SH(X) — tl.‘S (X) > h}, and note that
P [rj‘-s(X) < T] <P [at most [T/ h] of (Ai){:_é occur] .

Consider a real random variable Z distributed by the negative binomial distribution
with parameters ([T/ k1, q), i.e., Z counts the total number of iid Bernoulli trials with
success probability ¢ until exactly [7/h] failures occur. It follows from the uniform
bound (4.2) that

]P’[at most [T/ h] of (A;)! 1occur] <P[Z > ]

(where one considers A; as a failure with probability at least 1 — ¢g), so that
1
Elvs(X)] =E[Z] = fT/hTE-

O
We now show how one can verify the condition of Lemma 4.3 for a strong Markov

process. We first restrict attention to the set of times on which a process is allowed to
move.
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904 I. Chevyrev

Definition 4.4 For a metric space (E, d) and a D([0, T], E)-valued random variable
X, call a (deterministic) open interval (s, t) C [0, T'] stationary if

P[Vu € (s, 1), Xy = Xs] = 1.

Let Zx C [0, T] denote the union of all stationary intervals, and let Rx = [0, T]\Zx
be its complement.

Example 4.5 For the random walk X" € D([0, 1], G) associated with an iid array
Xyj in a Lie group G, we have Rx» = {0, 1/n,..., (n — 1)/n, 1}.

We emphasise that the role of Rx is only technical in that it allows us to easily
formulate bounds uniformin s € Rx (such as those in Theorem 4.8 and Corollary 4.9)
which hold for random walks and for which the same bounds would not hold when
taken uniformly over all s € [0, 7] (though for completely harmless reasons). The
following lemma is a variant of Gthman—Skorokhod [20, Lemma 2, p. 420] (in which
the notion of Rx does not appear).

Lemma 4.6 (Maximum inequality). Let X be a cadlag (not necessarily strong)
Markov process taking values in a Polish space (E, d).
Let h, § > 0 and suppose there exists ¢ € [0, 1) such that

sup sup sup P**[d(Xy, X;) > 8] <c. 4.3)
SERX xeE t€ls,s+h]

Then for all s € Rx and x € E, it holds that

P [d(X,, X, 5
IP’”|: sup d(XS,X,)>25:| < [, Xo4) > 8]
te

[s,5-+h] l—c
Proof Lets € Rx and observe that a.s.
sup d(X;, X;) = sup d(Xs, X;).

tels,s+h] tels,s+h]NRx

Consider a nested sequence of partitions D,, C [s, s + 2] N Rx such that

lim sup d+(t,D,) =0,

=00 re[s,s+h|NRx
where d4(t,D,) :=t —sup{u < t|u € D,}. Since X is cadlag, it holds that

sup d(X;,X;) = lim sup d(X;, X},),
tels,s+hlNRx = eD,

where the right side is non-decreasing in n since D, are nested.

@ Springer



Random walks and Lévy processes as rough paths 905

It thus suffices to show that for any partitionD = (t) = s, ..., ty) C [s, s+h]NRx,
we have

P |:sup d(Xy, X)) > 28 . (4.4)

_ P A Xpin) > 8]
[iED B

1—c

To this end, for i € {0, ..., n}, consider the events
Ci:={dXy;, Xs4n) > 8}
and
B; :={d(X;, X;;) > 26}.
Define the o-algebras F ; := 0 (X,,)s<u<;. Observe that (4.3) implies that a.s.
E* (UG} | Fop] < e

Moreover, consider the disjoint events F; := B{ N ... N B{_; N B;. Then for all i €
{0,...,n}

F; N Cic C Cyp.
Since each F; N C; is disjoint and F; is Fj ;,-measurable, we have

n
PS* [Col = Y P [F N Cf]
i=1
n

= Y B [URE [CT | 7]

i=1

> (1—0) ) P [F].

i=1

Finally, (4.4) now follows from the fact that

ti eD

n
ZIP’” [F] =P |:sup d(Xs, X;.) > 25} )

i=1
O

Corollary 4.7 Let X be a cadlag strong Markov process taking values in a Polish
space (E,d). Let h,§ > 0 and c € [0, 1) satisfy (4.3). Then for alli > 0, a.s.

C
P I:Ti44§1(X) — ¥ X) <t X), ..., r5‘5(X)] <
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906 I. Chevyrev

Proof Observe that 145 (X) takes values a.s. in Rx, and that the event {Tl v 1 X) =
i48 (X) < h} is contained inside {sup;c[, r, 11 d(X;, X¢) > 23}. Conditioning on

the stopping times {ri‘ks X), ..., 1:6“S (X)} and using the assumption that X is a strong

Markov process, the desired result now follows from Lemma 4.6. O

We now obtain the following p-variation tightness criterion for strong Markov
processes. Recall the quantity M (X) = sup; ;0,714 (Xr, X5).

Theorem 4.8 Let M be collection of cadlag strong Markov processes on [0, T'| taking
values in a Polish space (E, d). Suppose that

(a) (M(X))xem is tight, and
(b) there exist constants a, k,b > 0 and ¢ € [0, 1/2) such that for all § € (0, b]

sup sup sup sup P[AX, Xp) >8] <c
XeM seRx x€E t€s,s+h ()]

where h(8) :=aé".

Then for any p > «, (||XI| p-var;[0,7])XeM s a tight collection of real random vari-
ables.

Proof Let p > k. We claim that it suffices to show

sup 27PE v (X)] < 4.5)
XeM g

Indeed, observe that (4.5) implies that (v{(X))xe A is tight. It then follows, by (a) and
the estimate (4.1), that (4.5) implies (||X[|,_yar;[0,77)XeM 18 tight as claimed.
It thus remains to show (4.5). By (b) and Corollary 4.7, it holds that for all § € (0, b]

sup P[00 = 520 < h®) | 4 (00, .. 7 (0] = ——
XeM 1—

Hence, by Lemma 4.3, for all § € (0, b]

1 1—c
sup E[vas(X)] < [T/h(3)] — <(1+T5§"/a) ;
XeM 1-— T 1—2c
from which (4.5) readily follows. O

Corollary 4.9 Let (X"),>1 be a sequence of cadlag strong Markov processes on [0, T']
taking values in a Polish space (E, d). Suppose that

(i) for every fixed rational h € [0, T], (X )n>1 is a tight collection of E-valued
random variables, and
(ii) there exist constants K, B8, y, b > 0 such that for all § € (0, b] and h > 0

hb
sup sup sup sup P [d(X!, X)) >8] <K_—.
n>1seRxn xeE tels,s+h] 8
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Then (X™),>1 is a tight collection of D([0, T'], E)-valued random variables, and for
any p > y/B, (X"l p-var;[0,71)n=1 is a tight collection of real random variables.

Proof First, note that (ii) applied to small / allows us to verify the Aldous condition for
the sequence (X"),>1 (see, e.g, [28, p. 188], though note one should restrict attention to
sequences of stopping times 7, taking values in Rx» a.s., which is a trivial modification
to the usual Aldous condition). Together with (i), it follows that (X"),>; is a tight
collection of D([0, T'], E)-valued random variables ([28, Theorems 4.8.1, 4.8.2]).

Observe that M is a continuous function on D ([0, T], E), from which it follows
that (M (X")),>1 is tight. Moreover, observe that (ii) implies that there exists a > 0
such that for all § € (0, b]

)

W | =

sup sup sup sup PF[d(X],X]) >3] <

n>1seRxn xeE tels,s+h]

where h = a8¥/P. 1t follows that the conditions of Theorem 4.8 are satisfied with
k& = y/B, so that indeed (||X"|[-yar;[0,77)n>1 is tight for all p > y/B. O

4.2 Proof of Theorem 4.1 in the case p > d,,

We continue using the notation of Sect. 3. In particular, we identify G with g via the
exp map.

Remark 4.10 We note here that Corollary 4.9 and the bound (4.6) in the upcom-
ing Lemma 4.12 are sufficient to establish that conditions (A), (B) and (C) imply
that (X"),>1 is a tight collection of D, ([0, 1], G)-valued random variables and that
<4l p—var;[O,l])nZ 1 is tight for all p > « V d,,, which proves the statement of Theo-
rem 4.1 subject to the restriction p > d,.

Observe that an inductive application of the CBH formula (3.1), along with the
multinomial identity (z; + - -+ + z,)” Zk1+ o= (k1 / K )zlf‘ ..zfi”, yields the
following lemma.

Lemma 4.11 Forall xy,...,xx € G and every indexi € {1, ..., m}, it holds that
Ldi ]
i i a «,
(rex)' = Y0 g+ ) Z Yo Conael X
1<a;<k r=2o1,....0r 1<aj<--<a,<k
where Zal oty indicates the (finite) sum over all non-zero multi-indexes a1, . . ., o,

such that deg(a1) + - - - + deg(a) = d; and cfx are constants.

TyeensOp

Recall that X" denotes the random walk associated to the iid array X1, ..., Xp;.

Lemma 4.12 Use the notation from Theorem 4.1 and suppose that (B) and (C) hold.
Let y :=dy Vv «, and fori € {1,..., m} denote by Y™"" € D,([0, 1], R) the random
walk associated with the R-valued iid array X,
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908 I. Chevyrev

Then there exists K > 0 such that foralln > 1, k € {1,...,n}and § € (0, 1]

X 5] < kX 4.6
Pl|x = o] = k55 “6)
and, foralli € {1, ..., m} such that g; < 1,
i k/n
p[|vi, >8]<K87. @7

Proof We first claim that it suffices to consider the case || X,1|| < ¢ a.s. foralln > 1,
where ¢ > 0 may be taken arbitrarily small. Indeed, let ¢ > 0 and note that there
exists ¢ > 0 such that 8(x) > c for all x € G with ||x]|| > ¢. Since 6 scales X, it
follows that there exists C; > 0 such that for alln > 1

Pl Xnll > €] < ¢ 'E[6(X,1)] < C1/n,

and hence
P[max 1 Xnall > e} =1—(0—=P[IXull = eD* < Cik/n.
1<a<k

It follows that foralln > 1 and k € {1, ..., n}

> §, max || Xl < 8j| + Cik/n,

1<a<k

P ([t | > o] < [

and similarly for P HYk/ln

> 8]. Replacing X, by

X — Xk if [[ Xl < &
nk lg otherwise,

we note that (B) and (C) imply that the same conditions hold for the iid array X ;zk
It thus suffices to prove the statement of the lemma for the iid array X/, instead as
claimed.

We henceforth assume that || X,,1|| < € a.s., where ¢ > 0 is sufficiently small so
that x € U whenever ||x|| < &. We first show (4.7). Leti € {1, ..., m} such that
q; < 1. Then there exists C, > 0 such that

LA

where the second inequality is due to (C). It follows by Markov’s inequality that there
exists K > 0 such that (4.7) holds foralln > 1,k € {1,...,n},and § € (0, 1].

k/n

qi k
<E [Dxfmwi} < Cok/n.

a=1
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We now show (4.6). By Lemma 4.11, it suffices to show that for all i € {1, ...m},
r € {l,...,|d;]}, multi-indexes o1, ..., o such that deg(oy) + - - - + deg(ey) = d;
(with a’i = 1 in the case that r = 1), there exists K > 0 such that for all n > 1,
kef{l,...,n}and d € (0, 1]

1/d;
k/n
P Yooooxuxu ) >8 < K= (4.8)
1<a<--<ar<k
To this end, let us fix i € {1,...,m}, r € {l,...,|d;]}, and multi-indexes

af, ...,ar such that deg(oy) + - - - + deg(a,) = d;. Consider first the case r > 2.
Define

yi=d; vmax{q;d;|j€{l,...,m},d; <d;}.

By Markov’s and Jensen’s inequalities (observing that y; < 2d;)

1/d;
P DD ¢/ R ¢/l
1<ay<---<ar<k
27 vi/2d;
<87VE DD ¢/ R ¢/ : (4.9)
1<a;<---<a,<k
To bound the last expression, for a multi-index o = (al, ...,a™), denote |a| =

al + .-+ o™, Note that due to the assumption || X,1]| < € a.s., (B) is equivalent to

sup supn |E [X;‘l‘l]| < o0. (4.10)

la|=1n>1
Furthermore, by (C) and the Cauchy—Schwartz inequality,

sup supnE [|X%|] < oo. 4.11)

l¢|>2n>1

Consider now the expression

2
E >ooooxuoxe | ] (4.12)
1<a<--<ar<k
Since X1, ..., X,, are independent, (4.12) splits into a sum of terms of the form

E [Xfi] ...E [Xf}{] with 8; > 0. Call the simple degree of such a term the number
of B; > 0. The minimum simple degree of any term is evidently  and the maximum
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is 2r, and one readily sees that there exists C3 > 0 such that for all » > 1 and
k € {1,...,n}, the number of terms of simple degree s € {r,...,2r} is bounded
above by C3k*®. Furthermore, since X, 1, . . ., Xp, are identically distributed, it follows
from (4.10) and (4.11) that there exists C4 > 0 such that the absolute value of every
term of simple degree s is bounded above by C4n~%. Since 2 < r < sand k < n, it
follows that

E oo oxa xe || < Cstk/n)?.

1<a;<---<a,<k

Therefore, from (4.9) and the fact that d; < y; < y, we obtain (4.8). This completes
the case r > 2.
It remains to consider the case r = 1. Define now y; :=d;(¢q; Vv 1). It holds that

1/d; givl

Pl Xi,| =8|<sVE[|l) X,

1<a<k I1<a<k

Denote u, = E [X:“] Then there exist Cg, C7 > 0 such that

giv1 qiV1
El| D Xl |=E[] D] Xoa—ttn+
I<a<k 1<a<k
qu]
SCE|| D Xug—pa|  +1k/n®Y!
1<a<k
. qiV1 .
<Cr(E| Y Xy — it + (e/m) ]
1<a<k

where the first inequality is due to (4.10), and the second inequality is due to the
(discrete) Burkholder—Davis—Gundy inequality and the fact that g; < 2. It now follows
from (C) and (4.10) that

qiv1
[P R P R [
l<a<k
<Gy (k/n + kn~ @V 4 (k/n)q,-vl)
< Cio (k/n).
Since y; < y, this completes the case r = 1 and the proof of the lemma. O
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As mentioned in Remark 4.10, Corollary 4.9 and the bound (4.6) are now sufficient
to prove Theorem 4.1 for the case that p > d,,,.

4.3 Proof of Theorem 4.1 in the case p < d,,

Lemma 4.13 Use the notation from Lemma 4.12 and suppose that (A), (B) and (C)
hold. Foralli € {1, ...,m}, it holds that (YZ'l)nzl,he[O,l] is a tight collection of real
random variables.

Proof By Remark 4.10, (X"),>1 is a tight collection of D,([0, 1], G)-valued ran-
dom variables, from which it follows that (maxj<g<y |X;k|)n21 is tight for all
i e{l,...,m}. We may thus suppose that || X;1|| < R a.s. for some large R > 0 and
alln > 1.

Consider the decomposition X Zk = Aur + Bux where

Ak = X 11 X ]| < €}
and
By = X} e < || Xl < R}
We take here ¢ > 0 sufficiently small so that ||x|| < ¢ implies x € U. It suffices to
prove that (Zl;zl Bua)n>1,kell,...,n) and (Z';:l Ana)n>1kefl,... n) are tight collections
of real random variables.

Let C; = Ci(¢) > 0 be such that C;0(x) > |x?|1{e < ||x|| < R} forall x € G.
Since 0 scales X, it holds that

n>1

k
2 Bua
a=1

sup E <sup C1nE[0(X,1)] < oo,
n>1,kefl,...,n}

,,,,,

Now observe that (B) and (C) imply that sup,>; n |E [A,]| < co. Moreover (C)
implies that there exists C, > 0 such that |&; ()c)|2 < (C0(x) for all x € G and
i €f{l,...,m}.Since A,y = 1{||Xuall < €}&i(Xna), and Apy, ..., Ay, are iid, it
follows that

2

k n
sup E Z Ana =< sup Z IE[AnqAnpll < 00,
n>1,kefl,...,n} a=1 n>1 a.b=1
k . .
and thus (3",_; Ana)n=1ke(l,...n) is also tight. O
Fori € {1,...,m}, let g> be the subspace of g spanned by {uj | j > i}. Note

that g~ is an ideal of g, and so we can define the Lie algebra g' = g/ ¢! and the
projection map 7' : g — g'. The dilations 8, on g give rise to a natural family of
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dilations on g, and thus to a homogeneous group G' associated with g'. Equivalently,
G' = g/g”", where we have identified g with G and g>’ with a normal subgroup of
G. We implicitly equip G’ with an arbitrary sub-additive homogeneous norm ||-||. For
notational convenience, we also let G? = {1} be the trivial group and 7° : G > G°
the trivial map.

Corollary 4.14 Use the notation from Lemma 4.12 and suppose that (A), (B) and (C)

hold.

(i) Leti € {1,...,m}and p > d; vV k. Then (Hn’X” |'|p—va.r;[0,l])n21 is tight.

(ii) For everyi € {1,...,m} such that q; < 1, (HY””H
P > dqi.

p-var;[O,l])nZI is tight for all

Proof (i) Observe that /X" is the random walk associated with the G'-valued
iid array 7/ X, from which the conclusion follows by Corollary 4.9 and the
bound (4.6) of Lemma 4.12 (cf. Remark 4.10).

(i) From Corollary 4.9 and the bound (4.7) of Lemma 4.12, it suffices to check that
condition (i) of Corollary 4.9 holds for the processes (Y”’i)nzl. However this
follows from Lemma 4.13.

O

Recall that we identify G with g via the exp map. For functions z : [0, T] — G
andy : [0, T] — R, define the function

x=z2+Yy:[0,T]— G, X =12+ yiiy,.

(where addition is taken in g). The following lemma is a simple consequence of the
fact that (x;'x,)" = (z;'z,)! foralli € {1,...,m — 1}, and

&%) = (2, '2)" + 3 — s

Lemma4.15 Letz : [0, T] — G andy : [0, T]+— R be functions, and letx = z+Yy.
Then for any p > 0 there exists C = (p, G) > 0 such that

1/dm
Xl pvario 71 = € (2l pvaro 71 + ¥ aeto.r) -

Lemma4.16 Let p > O andi € {1, ..., m} be the largest index such that d; < p
(with i = 0 if no such index exists). Consider elements x1,...,x, € G and let X €
D, ([0, 1], G) be the associated walk. For j € {;' +1, e m}, let yj e D,([0, 1], R)
be the walk associated with the real numbers x{ e, x;{.

Then there exists C = C(p, G) > 0, such that

1/d;

paaeionn = C | Jo'x{] o+ 20 ]
Xl p-var: 0.1 = pvar;[0,1] ‘ZH y p/d;j-var;[0,1]
j=i
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Proof By induction on m and Lemma 4.15, it suffices to show that if p < d,,, and

xpt = 0forall k € {1,....n}, then |IXl|pvaro1y < Cu|[7"7'X[| 0.1y This
in turn follows from the CBH formula (3.1) and an application of Young’s partition
coarsening argument (see, e.g., [31, p. 50]). O

We now have all the ingredients for the proof of Theorem 4.1.

Proof of Theorem 4.1 The fact that (X"),>1 is a tight collection of D, ([0, 1], G)-
valued random variables follows directly from Corollary 4.9 and the bound (4.6) of
Lemma 4.12 (cf. Remark 4.10).

Let p > k. Decreasing p if necessary, we may suppose p # d; for all
ief{l,...,m}.Leti € {1,...,m} be the largest index such that d; < p (withi =0
if no such index exists). Define Y/ as in Lemma 4.12, and note that ¢ j<pl/dj <1
forall j € {i + 1,...,m}. It follows by Corollary 4.14 that (||='X"||

and (| |Yn’] | |p/dj-var;[0,l
Lemma 4.16 that (||X" || ,-var;[0,1])n=>1 18 also tight. O

p-var; [0,1])"21
]),,21 are tight for all j € {i 4+ 1, ..., m}. We conclude by

5 Lévy processes in homogeneous groups
5.1 Finite p-variation of Lévy processes

Consider a homogeneous group G and recall the notation of Sect. 3. Recall also the
definitions of I';, J, and K from Sect. 2.3. The following is the main result of this
subsection.

Theorem 5.1 Let p > 0 and X be a Lévy process in G with triplet (A, B, T).

(1) Then ||X]lpyar;10,1] < 0© a.s. provided that all of the following hold.:
(i) p>2djforall j € J;
(ii) p>dy forallk € K;
(iii) p/d; > sup{l';} foralli € {1, ..., m}.
(2) Then ||X|l pyar;[0,1] = 0© a.s. provided that one of the following holds:
(iv) p <2dj for some j € J;
(v) p < di for somek € K;
(vi) p/d; € T'j for somei € {1,...,m}.

Remark 5.2 Note that Theorem 5.1 does not completely determine all values of p
for which [IX]|,.var;j0,11 < 0© as. (e.g., when p/d; = sup{l';} ¢ I'; for some
i € {1,...,m}). Comparing Theorem 5.1 with known results for R-valued Lévy
processes [6], we suspect that (ii) and (iii) can be replaced by p > di, Yk € K, and
p/di ¢ T';,Vi € {1, ..., m}, respectively, which would complete the characterisation.

Remark 5.3 In [17], the authors determined sufficient conditions under which a Lévy
process in the step-2 free nilpotent Lie group G*(R?) possesses finite p-variation for
p € (2,3), along with a partial converse that their conditions cannot in general be
weakened ([17, Theorem 50]). In this context, Theorem 5.1 generalises this result
toall N > 1 and p > 0 and provides a sharp converse. In particular, the Carnot—
Carathéodory Blumenthal-Getoor index § introduced in [17] for a Lévy measure on
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G (R?) relates to our definition of I'; by g = max{d; sup{I'1}, ..., dp sup{I",,}}, in
which case (iii) reads p > 8.

For the proof of Theorem 5.1, we require the following lemma.

Lemma 5.4 Let X be a Lévy process in G with triplet (A, B, T1). Assume p > 0
satisfies (i), (ii), and (iii) of Theorem 5.1.

Let X,; be the associated iid array constructed in Sect. 2.3 and X" the associated
random walk. Then (||X" || ,.yar.[0,1))n>1 IS tight.

Proof Let0 < p’ < p such that p’ also satisfies (i), (ii), and (iii) of Theorem 5.1. For
alli € {1, ..., m}, define g; :=2 A (p’/d;), and let 0 be a scaling function on G such
thato = Y ", &% in a neighbourhood of 1¢.

Observe that ¢; ¢ I'; foralli € {1,...,m},q; = 2forall j € J,and g > 1

for all k € K. Thus, by Lemma 2.5, 6 scales the array X,,;. Moreover, since X" 2) X
as D, ([0, 1], G)-valued random variables, it follows that the array X,,; satisfies the
conditions of Theorem 4.1 with the above 6 and ¢y, ..., g, (see Remark 4.2). Since
p > max{qdy, ..., gndny}, it follows that (]|X"| |p_var;[011])n21 is tight. O

Proof of Theorem 5.1 (1) follows from Lemma 5.4 and part (1) of Proposition 3.5,
while (2) follows directly from Corollary B.3 and Proposition B.4. O

5.2 Convergence in p-variation

In this subsection we consider continuous random paths (X"’q’)nzl, X%, constructed
from a random walk X" and a Lévy process X by connecting their left- and right-
limits with a path function ¢, and give conditions under which X”*‘i’EX"’ as
CPY¥([0, 1], G)-valued random variables. All relevant material on path functions
is collected in “Appendix A”.

Theorem 5.5 Let X,,; be an iid array in G and X" the associated random walk.

Let X be a Lévy process in G with triplet (A, B, I1). Suppose that X" 2) X as
D, ([0, 11, G)-valued random variables and that 0 scales X,;, where 6 = Z?;l |&; 4
in a neighbourhood of 1 for some 0 < q; < 2.

Let W C G be a closed subset such that supp(I1) € W and X,,1 € W a.s. for
alln > 1. Let p > max{l,q1dy, ..., qmdn} and ¢ : W Cf'var([O, 11,G) a
p-approximating, endpoint continuous path function.

Then | |X¢| |p—var; [0,1]

ngp’-Var([O’ 11, G)-valued random variables.

D
< oo a.s., and for every p' > p, X" S X% gs

Remark 5.6 In the statement of Theorem 5.5, note that, a.s., X;_ ! X; € supp(Il) for
every jump time ¢ of X (e.g., [30, Proposition 1.4]). Hence, for any (measurable)
path function ¢ defined on supp(I1), X% is indeed a well-defined C, ([0, 1], G)-valued
random variable.
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Proof By Theorem 4.1, it holds that (||X" || ,yar;[0,1))n>1 1s tight, and thus, by Propo-
sition A.7, (

|X”'¢ | |p_var 0 1]),121 is also tight. Since ¢ is endpoint continuous on W, it

follows by Proposition A.4 that X"¢ 3 X% as C, ([0, 1], G)-valued random variables.
The conclusion now follows from Proposition 3.5. O

5.3 Applications to rough paths theory

We apply the results so far developed in the paper to the theory of rough paths and
stochastic flows. Following Example 3.1, denote by G (R?) the step-N free nilpotent
Lie group over R? and let gV (R?) be its Lie algebra. For the remainder of the paper,
unless otherwise stated, we shall always let G = GV (R?) and g = gV (RY). Being a
Carnot group, G comes equipped with a natural homogeneous structure and we note
that ug, ..., ug can be identified with a basis of R<.

Forl < p < N+ 1, we let WGSZ,,(Rd) = CPV([0, T, G), equipped with the
metric dp.var;[0,7], denote the space of weakly geometric p-rough paths. Given an
elementx € WGQ, (R?), and a collection ( fi)fl:l of vector fields in Lipl”"‘_1 (R?)
fory > p > 1 and aninteger k > 1, there is a unique solution to the rough differential
equation (RDE)

dy: = f(y)dx;, yo € R°. (5.1

We refer to [18] for further details on (geometric) rough paths theory.

5.3.1 Stochastic flows

Let U§(_0 1 yo — yr denote the flow associated to (5.1), which we recall is an
element of Diff*(R¢), the group of C*-diffeomorphisms of R¢. Recall that the map
Ur_o: WGQ p(Rd ) > Diff* (R¢) is a continuous function on WG p(Rd) when
Difff (R¢) is equipped with the C*-topology ([18, Theorem 11.12]). The following
result is now an immediate corollary of Theorem 5.5.

Corollary 5.7 Suppose the assumptions of Theorem 5.5 are verified for some 1 <
p<N-+1. Lety > p, k > 1 aninteger, and (fl-)fi:l a collection of vector fields in
Lip" PF=1(R®). Let U; _, : WGR,(R?) > Diff* (R¢) be the associated flow map.

Then U IX:(S 2u 1Xio as Diff*(R®)-valued random variables.

We demonstrate how one can apply Corollary 5.7 to show weak convergence of
stochastic flows in the following three examples, the first of which extends a result of
Kunita [29].

Example 5.8 (Linear interpolation, Kunita [29]). Let Y,,1, ..., Y,, be an iid array in
R4 such that the associated random walk Y” converges in law as a D, ([0, 1], Rd)-
valued random variable to a Lévy process Y in R?.

We claim that ODE flows driven by the piecewise linear interpolation of the random
walk Y” along Lip” %=1 vector fields, for any y > 2, k > 1, converge in law as
Diff* (R¢)-valued random variables.
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Indeed, setting G := G2(RY), consider the G-valued iid array X, := e¥ni Tt fol-
lows that X,; is scaled by any scaling function ¢ on G for which 6 > Z?:l 51
Moreover, using the fact that §; oexp € C2° (R?), one can readily see by Theorem 2.1

that X" 2 X as D,([0, 1], G)-valued random variables, where X is a G-valued Lévy
process. Finally, consider the 1-approximating, endpoint continuous path function

¢ exp(RY) > C,([0, 11, G), p(e¥), = e'™.

Then X"? is (a reparametrisation of) the lift of the piecewise linear interpolation of
Y". Furthermore, the conditions of Theorem 5.5 are satisfied for all p > 2, so that

Xn¢ —D> X? as CS”’ ([0, 1], G)-valued random variables, from which the desired
claim follows (Corollary 5.7).

Remark 5.9 In the previous example, it is easy to see that RDEs driven by X? coincide
(up to reparametrisation) with general (Marcus) RDEs driven by X (in the sense of [17,
Section 6]) and thus with Marcus SDEs driven by Y.

Remark 5.10 The previous example extends the main result of Kunita [29, Theorem 4,
Corollary p. 329]. The main restriction of Kunita’s result is the assumption that the
vector fields fi, ..., fz, along which Y” drives an ODE, generate a finite dimensional
Lie algebra, which essentially allows one to reduce the problem to a random walk
on a Lie group (see [29, p. 340]). Our approach, based on convergence under rough
path topologies, bypasses this restriction and provides a natural interpretation of the
limiting stochastic flow as the solution of an RDE.

Remark 5.11 Breuillard, Friz and Huesmann [7] showed a result analogous to the
above example in a special case where the limiting Lévy process Y is Brownian
motion. The main analytic tool used in [7] is the Kolmogorov—Lamperti criterion to
show tightness of (|[Y"l1/,-Hs1;[0,1))n>1- This is of course stronger than tightness of
(I1Y" I p-var:[0,1))n=1, and cannot hold whenever the limiting Lévy process has jumps,
which demonstrates an example where the tightness criterion Theorem 4.8 can be used
as an effective alternative to the classical Kolmogorov—Lamperti criterion.

In the following example we demonstrate how Example 5.8 generalises to non-
linear interpolations with essentially no extra effort.

Example 5.12 (Non-linear interpolation). As in Example 5.8, let Y,; be an iid array

in RY such that Y" 3 Y for a Lévy process Y in RY.

Instead of piecewise interpolations, consider now any g-approximating endpoint
continuous path function ¥ : R? > (10, 11, RY) for some 1 < g < 2.Setagain
G = G*(R?) and define the injective map f : R? — G by

fx) =S ),
where S5 : CZY ([0, 11, RY) — €™ ([0, 1], G) denotes the level-2 lifting map.

Consider the iid array X,,j := f(¥y;). It follows readily from the assumption that
is g-approximating that X,; is again scaled by any scaling function 6 on G for which
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6 > Zflzl |£;|%. We now make the assumption on ¢ and Y, thatforalli, j € {1, ...m}
the following limits exist:

D' = nlingon]E (& (f (Yn1))],

Chi= lim nE [& (f (Ya)&;(f (Ya)] = /R G O)E(f (0)TT(dx).

This occurs, for example, whenever every &; o f is twice differentiable at zero, but in
general will depend on the array Y,,; and the path function .

Under this assumption, it follows from Theorem 2.1 that the random walk X"
associated with the array X,; converges in law to the Lévy process X with triplet
(C, D, E), where E is the pushforward of I1 by f.

Define now the ¢-approximating, endpoint continuous path function ¢ : f (R?) —
Ca™™ (10, 11, G) by

¢ (f (%) = S2(¢¥ (x)).

Observe that the conditions of Theorem 5.5 are again satisfied for all p > 2, so that

X"-¢ 2) X% as Cg P[0, 1], G)-valued random variables.

Note that X9 is, up to reparametrisation, the lift of Yy (which is itself, up to
reparametrisation, the random walk Y” interpolated by the path function ). It follows
that ODE flows driven by YV along Lip? %~ vector fields, for any y > 2, k > 1,
converge in law as Difff-valued r.v.’s to the corresponding RDE flow driven by X%
(Corollary 5.7).

Remark 5.13 McShane [33] considered non-linear interpolations of the increments of
Brownian motion and showed strong convergence of the corresponding ODEs to the
associated Stratonovich SDE with an adjusted drift. We note that the family of path
functions ¥ to which the above example applies includes the non-linear interpolations
considered by McShane ([33, p. 285]) (provided that Y, are also sufficiently well
behaved, e.g., the increments of Brownian motion, to ensure that the limits C . and
D' exist). The above example can thus be seen as a weak convergence analogue for
general Lévy processes of the results in [33]. In a similar way, the following example
is analogous to the results of Sussman [35] on non-linear approximations of Brownian
motion.

Example 5.14 (Perturbed walk). As in Examples 5.8 and 5.12, let ¥;,; be an iid array

in R? such that Y” z Y for a Lévy process Y in R?.

Let N > 2 and as before denote G = GN(R?) and g = gV (R?). Fix a path
y € c;-var([o, 11, R%) such that v:= log(Sy(¥)o.1) is in the center of g (that is,
vi =0foralli € {l,..., m}suchthatd; < N).

In this example we wish to consider the random path Z" e C!™V'([0, 1], RY)
defined by linearly joining the points of Y", and, between each linear chord, running
along the path n= /Ny
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Define the closed subset
W= {exp(y) exp(h) |y e RY A > 0} cG.

Note that for every x € W decomposes uniquely as x = exp(y) exp(Av) for some
y € R? and A > 0. Define then the I-approximating, endpoint continuous path
function ¢ : W +— C}¥ ([0, 1], G) by

_Jexp2ty) ifr € [0, 1/2]
¢ (exp(y) exp(Av)); = {exp(y)SN(kl/Ny)zz_l ifre /2 1],

Consider the G-valued iid array X,,; := exp(¥y;) exp(rf1 v) and the associated ran-
dom walk X”. Observe that X% is (a reparametrisation of) the level-N lift of the path
7" described above.

We now claim that X” 3 X for a Lévy process X in G. A straightforward way to

show this is to take local coordinates o1, ..., 04 € C° (Rd) so that o := Zf: 1 Oilt
is the identity in a neighbourhood of zero, and write the triplet of Y as (A, B, IT) with
respect to o1, . .., 04. Define the functions

f RO g, fu(y) = £V,

so that §(X,x) = fn(Ynk). Note that, since v is in the centre of g, there exists a
neighbourhood of zero V C R4 and ng > 0 such that for all n > ng

d
F2) =) oi(ui + £ + ha (),
i=1

where h;,, = 0 on V. It readily follows that

lim supk [E [ f,(Yi1) — £(e"™)] — Qn| =0,

k—o00 n>1

where
d .
0ui= Yo Bui+ [ m»y e
i=1

Observe now that for all y € R?, lim,_ o0 h,(y) = £(e”) — o (y), so that by
dominated convergence,

d
Jim 0, =Y Bui+ [ (e@)—am) Ny = 0ea

i=1
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from which it follows that
lim nE[fa(Ya1) — fn(0)] = Q.
n—o00
Since nf, (0) = v for all n sufficiently large, we obtain that the following limit exists:
D:= lim nE[£(X,1)] € g.
n— o0

Furthermore, letting & denote the pushforward of IT by exp, one can show in exactly
the same way that

Ch = lim nE [ (Xn)Ej (Xm)] fG £ (1) (1) E(dx)
exists for all i, j € {1, ..., m}, and that
Jdim nE[f(Xn1)] =/Gf(x)E(dx)

for every f € Cp(G) which is identically zero on a neighbourhood of 1. It follows

by Theorem 2.1 that X" z X as claimed, where X is the Lévy process with triplet
(C, D, B).
Finally, one readily sees that X,; is scaled by any scaling function 6 on G for which

d
0= &P+ Y &l
i=1

1<i<m
di=N

It now follows by Theorem 5.5 that forall p > N, X" D X9 as %710, 11, G)-
valued r.v.’s. In particular, ODE flows driven by the random paths Z" along Lip? 7*~!
vector fields, for any y > N, k > 1, converge in law as Diff*-valued r.v.’s to the
corresponding RDE flow driven by X? (Corollary 5.7).

Remark 5.15 Note that the previous Example 5.8 is a special case of Example 5.14
by taking v = 0 and y the constant path y = 0. Building on Remark 5.9, one can
verify that RDEs driven by X? coincide (up to reparametrisation) with the associated
Marcus SDEs driven by Y with an adjusted drift given by appropriate N-th level Lie
brackets of the driving vector fields (cf. [16] and [18, Section 13.3.4]).

5.3.2 The Lévy—Khintchine formula for Lévy rough paths

In this subsection we determine a formula for the characteristic function (in the sense
of [11]) of the signature of a Lévy rough path.
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Recall that for every x € WG, (R9)Y, there exists an element
o0

S)o,7 = (1. S 7. S®)G 7. -..) € T(RY) = [ R,
k=0

called the signature of x, where S (x)’(‘)’T encodes all the k-fold iterated integrals of x.
A fundamental result in rough paths theory is that S(x)o,r belongs to a certain group
G (R?) contained in the set of group-like elements of T ((RY)) (for the tensor Hopf
algebra structure). Furthermore, for every linearmap f € L(R4, L(R¢, R¢)), the series
S, £k (S(X)S,T) converges absolutely to an operator f(S(x)o.7) € L(R¢, R¢)
(which is precisely the flow U} _, associated with the RDE (5.1) upon treating f as
a collection of linear vector fields on R¢).

For a finite-dimensional complex Hilbert space H, let u(H) C L(H, H) denote
the Lie algebra of anti-Hermitian operators on H and U (H) C L(H, H) the group of
unitary operators on H. Note that every f € L(R?, u(H)) naturally induces a map
f: G(RY) +— L(H, H) (which is continuous for the topology on G (RY) introduced
in [11]) given by f(x) = Y poo f@*(x*), where x* € (R?)®F denotes the level-k
projection of x. Note that f satisfies f(x) € U(H) and f(xy) = f(x)f(y) for all
x,ye GRY,ie., f: GRY) — UH) isa unitary representation of G(RY).

One of the main results of [11] is that for any WG, (R%)-valued random variable
X, the following characteristic function

L(R?, u(H)) — L(H, H),
[ E[f(SX)o.1)], (5.2)

where H varies over all finite dimensional complex Hilbert spaces, uniquely deter-
mines S(X)o.7 asa G (R?)-valued random variable G (R) (more generally, this result
holds for every G (R?)-valued random variable).

Remark 5.16 Boedihardjo et al. [5] have recently established a conjecture of Hambly—
Lyons [24] on the kernel of the map S : WG2 ,,(Rd ) > T((RY)). A consequence
of the main result of [5] is that for all x,y € WGQP(Rd), SX)o.r = SYo,r &
U = U¥<—o for all collections ( f,-);l:1 of vector fields in Lip¥ (R¢) with y > p
(not necessarily linear). In combination with the results from [11], it follows that for
any WGQ p(Rd)-Valued random variable X, knowledge of the map (5.2) uniquely
determines the law of every RDE driven by X.

We now state the aforementioned formula for the characteristic function of the
signature of a Lévy rough path. For a subset W C G, path function ¢ : W +—
CPY™([0, 11, G), and a linear map f € L(R?, L(R¢, R?)), we adopt the shorthand
notation

fo : Wi LR R, fu(x):=f(S(P(x))o,1).

By interpolation (Lemma 3.3), one can readily verify that f is continuous whenever
¢ is p-approximating and endpoint continuous. Finally, we canonically treat g =
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g" (R?) as a subspace of the tensor algebra T (R?), so that for any Lie algebra b, every
f € L(R?, ) extends uniquely to a linear map f : g — b.

Theorem 5.17 (Lévy—Khintchine formula). Let X be a Lévy process in G with triplet
(A, B, TN). Suppose that for some 1 < p < N + 1, [IX]||p.yar;jo,7] < 00 a.s.. Let
¢ : supp(IT) — CEZY™([0, 11, G) be a p-approximating, endpoint continuous path
Jfunction defined on supp(IT).

Then for every finite-dimensional complex Hilbert space H and f € L(R?, u(H)),
it holds that the function

fo—idg =Y i) : supp(IT) > L(H, H)

i=1

is [1-integrable, and that

E[f(SX?)0,1)] = exp (TWx(f)), (5.3)

where

"o 1 o
UX(f) = Y B [+ 5 Y AN fwi)f ()
= a2

+ /G [f¢(x) —idy — ) & (x)f(un] M(dx).

i=1

Remark 5.18 Note that every pair (X, ¢) as in Theorem 5.17 naturally gives rise
to a convolution semigroup (u;);~0 of probability measures on G(R?) (which
we recall is a Polish but, if d > 1, non-locally compact group, [11]) given by

u; = Law [S(Xﬁ)’”)o,t], where Xﬁ,’” € C([s, t], G) denotes the connecting map
applied to the restriction X}[S . Moreover, treating ¢ as a map supp(IT) = G(R?),

x = S(¢(x))o.1, and every f € L(R?, u(H)) as unitary representation of GRY),
Theorem 5.17 bears a close resemblance to other forms of the Lévy—Khintchine for-
mula stated in terms of unitary representations of Lie groups (see, e.g., [1, Section 5.5]).

Remark 5.19 Theorem 5.17 can be seen as an extension of a related result on the
expected signature of a Lévy p-rough path for 1 < p < 3 ([17, Theorem 53]) in
which ¢ is taken as the log-linear path function ¢ (e*) = €'*, Vx € g, and additional
moment assumptions on the Lévy measure are required to ensure existence of the
expected signature.

We first record the following estimate which is readily derived from standard Euler
approximations to RDEs ([18, Corollary 10.15]).

Lemma 5.20 Let 1 < p <y < N + 1, 0 a scaling function on G, W C G a subset,

and ¢ a path function defined on W such that lim,_ 1 ||¢ (x)| |;_var_ (0.1] /0(x) = 0.
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Then for all f € L(R?, L(R¢, R®)), it holds that

N . - 1
Ry f¢(x>—1dRe—;s,-(x>f(ui)— 3 1<i2,-<m & ()& (0) f (i) f (u )] = 0.

di+d;j<N

Proof of Theorem 5.17 Without loss of generality, we cam assume 7' = 1. Let V be
a bounded neighbourhood of 15 and W :=supp(IT) U V. Note that ¢ shrinks on the
diagonal (see Remark A.2), so we can find a path function ¥ : W +— C([0, 1], G)
which is also p-approximating and shrinks on the diagonal and such that ¥ = ¢ on
supp(I1) (e.g., let ¥ (x) be a geodesic from 15 to x for all x € V\supp(I1)).

Let X,1, ..., Xun be the iid array constructed in Sect. 2.3 associated to X, and
let X" be the associated random walk. Due to the shrinking support of the random
variables Y,; from Sect. 2.3, observe that

foreverye > 0, P [X" ¢ supp(l'[)g] = 0 for all n sufficiently large, 5.4)

where we recall the notation supp(IT)® from Section A.1. In particular, for all n suf-
ficiently large, X" € W9 as., so that X"¥ is well-defined. Observe that, due to 5.4)

and Proposition A .4, Xn¥ E XY as C,([0, 1], G)-valued random variables.
Let p < p’ < N + 1. Since X[ p-var;[0,1] < 00 a.s. by assumption, we deduce
from Theorem 5.1, Lemma 5.4, and Proposition 3.5, that

XV B XV 2xo as CS’P"V“([O, 1], G) — valued random variables,

where the equality in law follows from the fact that v = ¢ on supp(Il) and X €
supp(IT)° a.s. (see Remark 5.6).

Foralli € {1, ..., m}, define ¢, :=2 A (p/d;), and let 8 be a scaling function on
G such that 6 = )L |&% in a neighbourhood of 1¢. It follows from Lemma 2.5
and part (2) of Theorem 5.1 that  scales the array X,,;.

Since v is p-approximating, it holds that lim,_, 1 ||/ (x)] |Z-var; 0.1] /0 (x) = 0 for
all y > p.For f € L(RY, u(H)), observe that fy is a map from W to the unitary
operators on H (thus bounded) and is continuous on supp(IT). Since fy = f, on
supp(IT), it now follows from Lemmas 5.20 and 2.6 that

Tim B[ fy (Xa1) — idn] = Ux(f),
and thus

Jim E[fy (Xa)]" = exp(¥x (/).
Since the array X,,; is iid, note that for all n > 1

E[f(SX"") o] =E[fy(Xa)]".
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Since X"V 2 X? as WG,y (R%)-valued r.v.’s, and X > f(S(x)0.1) is a continuous
bounded function on WG, (R?), we obtain (5.3). O
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Appendix A: Path functions

In this section we introduce and study the basic properties of path functions, which
serve to systematically connect the left- and right-limits of a cadlag path. Throughout
the section, let (E, d) be a metric space and equip C ([0, 7], E) and D([0, T'], E) with
the uniform and the Skorokhod topology respectively.

Definition A.1 ForasubsetJ C Ex E,wecall¢ : J — C([0, 1], E) apath function
defined on J if

¢(x,y)o=x and ¢(x,y)1 =y, Y(x,y) € J.
We say ¢ is endpoint continuous if ¢ is continuous and
¢(x,x); =x, V(x,x) e J, Yt € [0, 1].

For p > 1, we say ¢ is p-approximating if for every r > 0 there exists C > 0 such
that for all (x, y) € J withd(x,y) <r

||¢(-x’ y)”p-var;[o,l] S Cd(-xv )’)

When E is a Lie group, we say ¢ is left-invariant if there exists a subset B € E such
that J = {(x,y) |x~'y € B} and

(x, y) = xp (g, x~ 'y, Y(x,y) € J, Vi €0, 1].

Note that for a Lie group G and a subset B C G, there is a canonical bijection
between functions ¢ : B — C([0, 1], G), for which

¢(x)o=1¢ and ¢(x); = x, Vx € B, (A.1)
and left-invariant path functions defined on J:={(x,y) | x~'y € B}. Whenever
we speak of a path function ¢ defined on a subset B C G, we shall mean that ¢

satisfies (A.1) and shall identify ¢ with the corresponding left-invariant path function
defined on {(x, y) | x~'y € B}.
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A.1. The connecting map on the Skorokhod space

For apathx € D([0, T], E) and a time ¢t € [0, T'], define Ax; :=(x;—,X;) € E X E
and ||AX, || :=d(X/—, X;). We call ¢ a jump time of x if ||Ax;|| > 0.
For a subset J/ € E x E and ¢ > 0 define the subset of cadlag paths

JE:={xe D0, T],E)|Vt € [0, T], ||AX;]| > ¢ = AX; € J}.

In particular, x € J if and only if all the jumps of X are in J. In the case that E is a
Lie group and B C E, we set B := J¢ where J := {(x, y) |x_1y € B}.

For a path function ¢ : J — C([0, 1], E), we now define a map x x? from J©
to C([0, T], E). The construction is similar to the method considered in [17] and [36]
of adding fictitious times over which to traverse the jumps.

Consider x € JO. Let #;, 12, ... be the jump times of x ordered so that HAX,I || >
||Ax, || = ... withzj < 2j41if||Ax; || = [|Ax;,,,||. LetO < m < oo be the number
of jumps of x. We call the sequence (¢ j)’;l:1 the canonically ordered jump times of X.

We henceforth fix a strictly decreasing sequence (r; 2, of positive real numbers
such that Zﬁl r; < 0o.Define the sequence (ny)}'_,byno = 0,andfor1 < k < m+1
let ny. be the smallest integer such that ng > nx—1 and ry, < ||Axg||.

Letr:= Y}, ry,. Define the strictly increasing (cadlag) function

m
T [0.T] > [0.T 47l t(t) =t+ Y ra 1t <1},
k=1
Note that 7(r—) < t(¢) if and only if r = #; for some 1 < k < m + 1. Moreover, note
that the interval [t (fx—), T(#)) is of length r,, .

We now defineX € C([0, T +r], E) by

. X; if s = t(¢) for some r € [0, T],
X, =
: o (X —, th)(sfr(tkf))/rnk if s € [t(tx—), T(tg)) forsome 1 <k <m + 1.

Denote by 7, the linear bijection from [0, 7] to [0, T + r]. We finally define
x?:=Xo1, € C(0,T), E)
and the associated time change
wi=tlotr:[0,T] [0,T].
We call the map x x? from JO to C ([0, T, E) the connecting map.
A.2. Measurability and continuity

The main result of this subsection is a continuity property of the connecting map,
which we summarise in Proposition A.4.
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Random walks and Lévy processes as rough paths 925

Forasubset J C E x E, we say that a path function ¢ : J +— C([0, T'], E) shrinks
on the diagonal if for every bounded set B C J and ¢ > 0, there exists § > 0 such
that for all (x, y) € B withd(x,y) <&

sup d(¢(xv y)tv y) < é&.
tel0,1]

Remark A.2 Observe that every left-invariant, endpoint continuous path function
defined on a subset of a Lie group shrinks on the diagonal.

Lemma A.3 Consider J C E x E and a path function ¢ : J — C([0, 1], E) which
shrinks on the diagonal. Suppose that ¢ is endpoint continuous on a subset K C J.
Let x € K° and a sequence x(n) € J° such that X(n) — X in the Skorokhod
topology as n — 00, and such that for every ¢ > 0, there exists no > 0 such that
x(n) € K¢ forall n > ny.
Then 1im,,— o0 doo:[0,71(X(n)?, x?) = 0.

Proof Let & > 0. By uniform continuity of x?, there exists 7 > 0 such that

sup d(x¢ x¢) < €.

1 s
[s—tl<n

Let 1, #2, ... be the canonically ordered jump times of x, and denote [s;, u;) :=
[tx(ti—), Tx(#;)). Foranotherelementy € D([0, T, E),lett], t}, . . . be the jump times
of y and [s, u}) := [ty (t/ =), Ty(t])). Let (nx){"_, and (n}()km;] be the corresponding
sequences for x and y respectively (where m and m’ are the number of jumps of x and
Y.

Denote by A* the set of continuous, strictly increasing bijections A : [0, T] —
[0, T] and let id € A* be the identity map. Consider on D([0, T], E) the Skorokhod
metric

o(x,y)i= inf max{dociio.r)(.id). ducifo.r1(X 0 1. V)

Let § > 0 (which we shall send to zero), and suppose that there exists A € A* such
that deo.j0,71(X 0 A, y) < 8 and dwo; (0,7 (A, id) < 8.

Observe that there exists an integer k > 1 such that)»(tl.’ )=t foralli € {1,...,k},
and, denoting by vy < --- < v (resp. vj < --- < vp) the same set of points as
1, ..., 1 (resp. 1], ..., t;) ordered monotonically, it holds that A(t') € [v;, vi41) for
all ¢ € [vj,v;,). In particular, it holds that d(y,’_/_, X;—), d(y,i/, x;) < & for all
ie{l,... k}.

Moreover, by choosing § sufficiently small, we can assume that n; = n; for all
i €{1,..., k}andthatk is sufficiently large so that, by making Zj‘;k 1 j sufficiently
small, it holds that |ty (¢") — 7x(A(t'))| < n for all ¢ € [v], v}, ) (this is where we

have used the condition n; < | |Axtj | |).
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926 I. Chevyrev

In particular, it holds that that for all t" € [v], v} )

¢ ¢ ¢ ¢ ¢ ¢
Aoy X0y = A0y X)) T4 a0 X0y

<d(yy,Xpq) + €
<§+e. (A.2)

This covers all points not in an interval [s;, u}) (note that no assumptions on ¢ were
needed yet except that ¢ (x, y) itself is a continuous path for each (x, y) € J).

Now we let y = x(n) for some n. We may choose n sufficiently large, such that
o (X,y) < é and such that Ay, € K foralli € {1, ..., k}.

Due to the continuity of ¢ ‘K C ([0, 1], E) at Ax,, € K, it follows that for all
w’ € [s/,u})and i € {1,...,k}, there exists w € [s;, u;) such that [w" — w| < n and
d(xf,, yi,) < &, so that

dy?.x0) <dy?, x8) +dxf.x?) < 2e.

Finally, since ¢ shrinks on the diagonal, we may further decrease § if necessary so
that for all w’ € [s}, u’j) and j > k, it holds that |w’ — u/j| < nand d(yi,, yf/) <e.
j

Now u/] = 1y(¢') for some ¢" € [0, T'], and thus, by (A.2),
dlyy Xy) <8+,
from which it follows that
d(yz,, Xi/) < d(yi/, yf}) + d(yg,j, xf,]) + d(xf,j, xi,) <8+ 3e.

O

In the following proposition, we equip all topological spaces with their respective
Borel o-algebras.

Proposition A.4 Suppose E is a Polish space, K C J C E x E are measurable sets,
and ¢ : J — C([0, 1], E) is a measurable path function.

(i) Then J¢ is a measurable subset of D([0, T1, E) for all ¢ > 0, and the connecting
map @ . J9— C([0, T1, E) is measurable.

(ii) Let X be a D([0, T1, E)-valued random variable such that X € K° a.s.. Let
(X)n>1 be a collection of D([0, T], E)-valued random variables such that X,, €

J% a.s. and X, 2) X as D([0, T], E)-valued random variables. Suppose further
thatforevery e > 0,lim,» P [X,, ¢ K®] = 0, and that ¢ is endpoint continuous
on K and shrinks on the diagonal in J.

Then Xf 2) X? as C([0, T1, E)-valued random variables.

@ Springer



Random walks and Lévy processes as rough paths 927

Proof (1) Measurability of J¢ is an easy consequence of the measurability of the
finite-dimensional projections x — Xx; on D([0, T'], E) ([3, Theorem 12.5]). To
show measurability of the connecting map, note that it suffices to show that for
every s € [0, T'], the map x — x? (s) is measurable (cf. [3, Example 1.3]), which
in turn follows easily from the construction of x?.

(ii) Note that the condition lim,, o, P[X,, ¢ K¢] = 0 for all ¢ > 0 implies that

Y, =X, UX, ¢ K 1(X, ¢ K'2),1(X, ¢ K4, .0

isasequence of D([0, T'], E) x {0, I}N—valued random variables which converges
inlaw to Y:=(X, 0, 0, .. .). The conclusion now follows from an application of
the Skorokhod representation theorem [27, Theorem 3.30] and Lemma A.3.

O

A.3. p-variation

The main result of this subsection is Proposition A.7, which shows that a p-
approximating path function does not significantly increase the p-variation of a cadlag
path.

We first require the following lemma, whose proof was inspired by [17, Lemma 22].

Lemma A.5 Let (E,d) be a metric space and x : [0, T] — E a function (not
necessarily cadlag). Let (I,),>1 be a countable collection of disjoint open subintervals
of [0, T] and set I :== U1 I,. Definey : [0, T] — E byy, =X, fort € [0, TI\I,
andy; = X, fort € (cy,dp):=1,.Let p >0and C =1+2- 2(p=DVO0 4 3(p—DVO,
Then

o0
p (p—1)Vv0 p 14
XD a0, 71 = (€ 43770 XN sty + € 1V o1

n=1
Proof Define the super-additive functions wx(s, ) = ||x|] Z—var; 5] and wy(s,t) =
||y||§_var;[s’tj. Let D = (to, 11, .. ., tx) be a partition of [0, T'].

Denote by J1 = (a1, b1), ..., Jm = (am, by) those intervals I, which contain
some partition point¢; € D, ordered so thatb; < a4 forall j € {1,...m —1}. Call
ablock a consecutive run of partition points ¢;, #j11, . . ., t, either all in J, forsome r €
{1, ..., m}, in which case we call it red, or all outside 7, in which case we call it blue.

We call a consecutive pair of partition points ¢;, t;+1 € D which lie in different blocks
either red-red, red-blue, or blue-red depending on their respective blocks (note there
are no blue-blue pairs). For convenience of notation, set Jo = (ag, bp) := (—00, 0)
and Jy 41 = (@m+1, bmt1) = (T, 00).

Forr € {1,...,m} and ared block ¢, j11, ..., 1, in J, we have

n
> dx_,.x:)" < wxlar, by).
i=j+1
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Forr € {0,...,m} and a blue block ¢, ¢j41, ..., t, between J,, J.11 we have

n n
Z d(xtl‘,lvxti)p = Z d(yl,‘,pytl‘)p S wy(br, ar+1)~

i=j+1 i=j+1
Forr € {1, ..., m} and ared-blue pair #;, t; | with #; € J, and t;4| between J,, J, 41,
we have
d(xtl‘ ) Xl,ur])p S 2(p71)v0 [d(xli ) Xbr)p + d(Xbr ) Xl,ur])p]
< 20 [w(ar, br) + wy by, tig1)] -
For r € {0,...,m — 1} and a blue-red pair #;, t;1| with t; between J,, J,+1 and

tiv1 € Jry1, We have

d(xt,‘ ) Xl,ur])p S 2(p71)v0 [d(xl‘,‘ ) Xar+1)p + d(xa,Jr] ’ Xt,ur])p]

< 2(P=DvO [a)y(ti, ar+1) + wx(ar41, br+1)] .

Finally forr € {1, ..., m — 1} ared-red pair ¢;, t;+1 witht; € J, and t;41 € J,41, we
have

d(xli ’ XT,‘Jrl )P = 3(1771)\/0 [d(xt,' ’ Xb,)p + d(Xbr, Xa,+1)p + d(xar+1 ’ thur] )p]

= 3(p—1)v0 [a)x(ah b)) + a)y(bh ar+1) + wx(ar+1, br+l)] .

Since wy and wy are super-additive, the conclusion now follows from splitting the
sum Zle d(x;_,,X)? into blocks and consecutive pairs in different blocks. O
Corollary A6 Let p > 1, J C EXE, ¢ : J — C([0,T], E) a path function,

and z € JO. Suppose that there exists C > 0 such that ||¢(z;—, zt)||p_var;[0)1] <
Cd(z;—, 7;) for every jump time t of . Then

p —1 -1 p
||Z¢Hp-var;[0,T] = (1 +2P 37+ CP(1+2P +2.37 )) ||Z||p—var;[0,T] .

The following result now follows immediately from Corollary A.6 and from the
definition of a p-approximating path function (Definition A.1).

Proposition A.7 Let p > 1, J € E X E,and ¢ : J — C(0,T],E) a p-
approximating path function. There exists a continuous function  : [0, 00) > [0, 00)
such that for some R,e > 0, ¥(x) = Rx for all x € [0,¢), and such that

X[ varsfo.r) = VU1K pvarcjo.7)) for all x € J°.

Appendix B: Infinite p-variation of Lévy processes in Lie groups

The purpose of this section is to establish conditions under which sample paths of a
Lévy process have infinite p-variation. The methods are all well-known for the case
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G = R4, so we mostly provide indications of how they extend to a general Lie group.
Throughout this section, we use the notation from Section 2.

Let X be a Lévy process in a Lie group G with triplet (A, B, IT) and let 7 =
inf {t > 0|X, ¢ U} be the first exit time of X from U. Let yo € g\log(U) be a
distinguished point and consider the g-valued process

log(X,) ift €0, 1)

Yt= .
Y, =y ift>r.

For ¢ > 0, define the g-valued process Y := s’l/z(Yg,) fort € [0, 1]. Let B be a g-
valued centred Brownian motion starting from zero with covariance matrix (A"/)?" =1
with respect to the basis uy, ..., Uy.

Lemma B.1 It holds that Y¢ i()) B as D, ([0, 1], g)-valued random variables.
£—

Proof Note that for every ¢ > 0, Y? can be considered as a g-valued Markov process
(for which every point outside ¢ ~/? log(U) is absorbing). Writing L and Ly for the
generators of Y¢ and B respectively, it suffices to show that Lf f — Lgf in Co(g)
for all f € C2°(g) (see, e.g., [27, Chapter 17]). This in turn follows from writing the
generator of X in the log chart and performing a straightforward limiting argument. O

Proposition B.2 Suppose A" > 0 for some i € {1, ..., m}. Then

P |:lim supt 1216 (X)| = oo:| =1.

t—0

Proof Let ¢ > 0. Lemma B.1 implies that there exist §, &9 > 0 such that for all
0<e<eg

P [8_1/2|Ei(X5)| > c] > 5.

Observe that, by the CBH formula, there exist a neighbourhood V of 15 and a constant
C > Osuchthatforallx,y e V

&) < 16 0) — & @)+ CIE@> + ClE() 1> (B.1)

For k > 1, define g; := 37k €o. Then by Lemma B.1 and the first BoreléA§Cantelli
lemma there exists a strictly increasing sequence (k(7)),>1 such that

P |:lim sup &) C (|s;(xgkm))|2 n |§(X€k(m71)|2) > c/2] —0. (B2
n—oo

On the other hand, since X, ¢, _, 2 Xe —g and the r.v.’s (Xg, ¢, )k>1 are indepen-
dent, the second BorelaAsCantelli lemma yields

. —-1/2
P |:hm supsk(né |§i(X€k(n)s5k(n)fl)| > c] =1.
n—0oo
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Sincelim;_, o X; = 1 a.s., we now readily deduce from (B.1), (B.2), and the definition
of g that

. —-1/2 c
P |limsupe & (X )| > —] =1.
|: k—>oop k ' o 4«/§

As ¢ > 0 was arbitrary, the conclusion follows. O

Corollary B.3 Suppose A" > 0 for some i € {1,...,m}. Then

Pl sup Y &Ky )P =00| =1
DC[O,]]thD

Proof By Proposition B.2, lim sup,_, t~11& (X,)|? = oo a.s.. Since X has stationary
and independent increments, the conclusion follows from an application of the Vitali
covering argument (see [6, Proposition p. 68], or [18, Theorem 13.69]). O

The following is a form of the classical Blumenthal-Getoor index [4] adapted to
the setting of Lie groups. Recall the definitions of I'; and K from Section 2.3.

Proposition B.4 (Blumenthal-Getoor index). Leti € {1, ..., m}and g > 0. Then

Pl sup > [EX )l =00 |=1 (B.3)
DC[O’l]tkED

if either

(i) q € Ty, or
(ii) i € K andg < 1.

Proof Define f € C.(G)by f(x) = 1 —exp(—|&;(x)|?). Since X has independent and
stationary increments, we can readily show (cf. [4, p. 499]) that (B.3) holds whenever

lirr(l)flE[f(X,)] = 0. (B.4)
11—

It thus suffices to show that (B.4) holds in both cases of (i) and (ii):

(i) Let (¥,),>1 be a non-decreasing sequence of non-negative functions in C*°(R),
each vanishing on some neighbourhood of zero, and such that lim,— o ¥, (x) =
|x|? for all x € R. Then for f,,(x):=1 — exp(—v,,(§;(x))), we have

tlin(l)[_lE[fn(Xt)] =f Sa()I(dx) = C/ Y (i (x)T(dx) —— o0,
— G G n— 00

where the final convergence follows from g € I';. Since 0 < f, < f, we
obtain (B.4).
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Random walks and Lévy processes as rough paths 931

(ii) Since g < 1, for every integer n > 1 we can find ¢, € C*°(R) such that

[V, (x)] < |x|? for all x € R and such that v, (x) = nx/ﬁi for all x in a
neighbourhood V,, of zero. Note that we may suppose A" = 0 and ¢ ¢ I'; (as
otherwise the desired result follows by Corollary B.3 or by case (i)). Then for
Jo(x):=1—exp(—v,(&(x))), a straightforward calculation shows that

1in6f‘1E[fn(X,)] =n <1 +n*1/ fn(x)l'l(dx)> - 0,
— G n—oo

where the final convergence follows from ¢ ¢ I'; and | f, (x)| < C|¥, (& (x))].
Since again f;, < f, we obtain (B.4).
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