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Abstract We study ridge-regularized generalized robust regression estimators, i.e.

1< T
B = argmingegy ~ > pi(Yi = XiB) + SIBIP, where Yi = e +X;po,

i=1

in the situation where p/n tends to a finite non-zero limit. Our study here focuses on
the situation where the errors €;’s are heavy-tailed and X;’s have an “elliptical-like”
distribution. Our assumptions are quite general and we do not require homoskedasticity
of €;’s for instance. We obtain a characterization of the limit of ||3— Boll, as well as
several other results, including central limit theorems for the entries of B\
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96 N. El Karoui

1 Introduction

Robust regression estimators are a standard and important tool in the toolbox of modern
statisticians. They were introduced in the late sixties [36] and important early results
appeared shortly thereafter [22,23]. We recall that these estimators are defined as

~ _ 1 o
Bp = argmingcpy o Zp (Y; — XiB), ey
i=1

for p a function chosen by the user. Here Y; is a scalar response and X; is a vector
of predictors in R”. In the context we consider here, p will be a convex function.
Naturally, one of the main reasons to use these estimators instead of the standard
least-squares estimator is to increase the robustness of ,Ep to outliers in e.g. ¥;’s.
Formally, this robustness result can be seen through results of Huber (see [24]), in the
low-dimensional case where p is fixed. Huber showed that when ¥; = X Bo + €,
and when ¢;’s are i.i.d, under some mild regularity conditions, 8, is asymptotically
normal with mean Sy and (asymptotic) covariance

_, E(¥?0)

X'X ,
(XX) [E (' (e)]?

where ¥ = p’. (2)

The question of understanding the behavior of these estimators in the high-
dimensional setting where p is allowed to grow with n was raised very early on in
[23, p. 802, questions b—f]. These questions started being answered in the mid to late
eighties in work of Portnoy and Mammen (e.g. [28,31-34]). However, these papers
covered the case where p/n — 0 while p — oo.

In the papers [16,17], we explained (mixing, as in [23], rigorous arguments, simula-
tions and heuristic arguments) that the case p/n — « € (0, 1) yielded a qualitatively
completely different picture for this class of problems. For instance, under various
technical assumptions, we explained that the risk ||Ep — Poll2 could be characterized
through a system of two non-linear equations (sharing some characteristics with the
one below), the distribution of the residuals could be found and was completely dif-
ferent of that of the ¢;’s, by contrast with the low dimensional case. Furthermore,
we showed in [4] that maximum likelihood estimators were in general inefficient in
high-dimension and found dimension-adaptive loss functions p that yielded better
estimators than the ones we would have gotten by using the standard maximum likeli-
hood estimator, i.e. using p = —log fe, where f is the density of the i.i.d errors €;’s.
(We subsequently showed in [15]—which is an initial version of the current paper—
that the techniques we had proposed in [16] could be made mathematically rigorous
under various assumptions. See also the paper [9] that handles only the case of i.i.d
Gaussian predictors, whereas El Karoui [15] can deal with more general assumptions
on the predictors. Donoho and Montanari [9] also make interesting connection with
the Scherbina—Tirrozi model in statistical physics—see [38,40]. For other interesting
results using rigorous approximate message passing techniques, see also e.g. [2].)
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In the current paper, we study a generic extension of the robust regression problem
involving ridge regularization. In other words, we study the statistical properties of

~ . 1 & T
B = argmingcpp ; Zpi(Yi — Xl/lB) + 5”[3”2’ where Y; = ¢; + Xl{ﬂo.
i=1

We will focus in particular on the case where there is no moment restriction on
€;’s. Furthermore, a key element of the study will be to show that the performance
of E is driven by the Euclidean geometry of the set of predictors {X;}"_,. To do so,
we will study “elliptical” models for X;’s, i.e. X; = A; Xj, where A} has for instance
independent entries. We note that when A; is independent of X; and E (Alz) =1,
cov (X;) = cov (X}). Hence these families of distributions for X;’s have the same
covariance, but as we will see they yield estimators whose performance vary quite
substantially with the distribution of A;’s. As we explain below, the role of A;’s is
to induce a “non-spherical geometry” on the predictors; understanding the impact of
Xi’s on the performance of E is hence a way to understand how the geometry of the
predictors affects the performance of the estimator. We note that in the low-dimensional
case, when X;’s are i.i.d, X’X/n — cov (X1) in probability under mild assumptions,
and hence the result of Huber mentioned in Eq. (2) shows that the limiting behavior
of Ep defined in Eq. (1) is the same under “elliptical” and non-elliptical models.

Our interest in elliptical distributions stems from the fact that, as we intuited for
a related problem in [16], the behavior of quantities of the type X; "QX; for Q deter-
ministic is at the heart of the performance of ﬂ Hence, studying elhptlcal distribution
settings both shed light on the impact of the geometry of predictors on the performance
of the estimator and allow us to put to rest potential claims of “universality” of results
obtained in the Gaussian (or geometrically similar) case. We note that in statistics
there is a growing body of work showing the importance of predictor geometry on
various high-dimensional problems (see e.g. [8,13,14,18,20]).

One main motivation for allowing p; to change with i is that it might be natural
to use different loss functions for different observations if we happen to have infor-
mation about distributional inhomogeneities in {X;, Y,-}l’.l: |- For instance, one group
of observations could have errors coming from one distribution and a second group
might have errors with a different distribution. Another reason is to gain information
on the case of weighted regression, in which case p; = w;p. Also, this analysis can
be used to justify rigorously some of the claims made in [16]. Finally, it may prove
useful in some bootstrap studies (see e.g. [19] for example).

In the current paper, we consider the situation where By is “diffuse”, i.e. all of its
coordinates are small and it cannot be well approximated by a sparse vector. In this
situation, use of ridge/¢, penalization is natural. The paper also answers the question,
raised by other researchers in statistics, of knowing whether the techniques of the
initial version [15] could be used in the situation we are considering here. Finally, the
paper shows that some of the heuristics of [3] can be rigorously justified.

When p; = p for all i, a natural question is to know whether we can find an optimal
p, in terms of prediction error for instance, as a function of the law of ¢;’s—in effect
asking similar questions to the ones answered by Huber [24] in low-dimension and
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98 N. El Karoui

in [4] in high-dimension. However, the constraints we impose in the current paper on
both the errors (i.e. we do not want them to have moments) and the functions p;’s
make part of the argument in [4] not usable and might require new ideas. So we will
consider this “optimization over p;’s and t” in future work, given that the current
proof is already long.

The problem and setup considered in this paper are more natural in the context of
robust regression than the ones studied in the initial version [15], where the chosen
setup was targeted towards problems related to suboptimality of maximum likelihood
methods. However, the strategy for the proof of the results here is similar to the strategy
we devised in the initial [15]. There are three main conceptual novelties, that create
important new problems: handling ellipticity and the fact that 8y # O requires new
ideas in the second part of the proof (i.e. “Appendix 4”). Dealing with heavy tails
and appropriate loss functions impacts the whole proof and requires many changes
compared to the proof of [15]. Conceptually, this latter part is also the most important,
as it shows that all the approximations made in earlier heuristic papers are valid, even
in the presence of heavy-tailed errors. This situation is of course the one where these
approximations, while having clearly shown their usefulness in giving conceptual
and heuristic understanding of the statistical problem, were the most mathematically
“suspicious”. So it is interesting to see that they can be made to work rigorously,
especially since the probabilistic heuristics developed in these earlier papers allow
researchers to shed light quickly on non-trivial statistical problems.

We now state our results. We believe our notations are standard but refer the reader
to section Notations (immediately before Eq. 9 below) in case clarification is needed.

2 Results

The main focus of the paper is in understanding the properties of

~ . 1 - T
B = argmingeg, — > 0i(Yi = XiB) + SIBIP. where Yi = Xifo +ei. (3)
i=1

andt > 0.Forall 1 <i <n,wehave¢; € Rand X; € R”,
We prove four main results in the paper:

1. we characterize the £,-risk of our estimator, i.e. I|E— Boll2;

2. we describe the behavior of the residuals R; = Y — X l/ E and relate them to the
leave-one-out prediction error 7; ;) = ¥; — X l/ ﬁ(i);

3. we obtain an approximate update formula for 8 when adding an observation (and
show it is very accurate);

4. we provide central limit theorems for the individual coordinates of E

For the sake of clarity, we provide in the main text a series of assumptions that
guarantee that our results hold. However, a more detailed and less restrictive statement
of our assumptions is provided in the “Appendix”.
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2.1 Preliminaries and overview of technical assumptions

We use the notation prox(p) to denote the proximal mapping of the function p, which
is assumed to be convex throughout the paper. This notion was introduced in [29]. We
recall that

1
prox(cp)(x) = argminyeR <cp(y) + E(x - y)z) , or equivalently,
prox(cp)(x) = (Id + cw)_l(x), where ¥ = p.

We refer the reader to [5,29], or [37, Sect. 7.3], for more details on this operation.
Note that the previous definitions imply that

Vx, prox(cp)(x) + ey (prox(cp)(x)) = x.

We give examples of proximal mappings in the “Appendix 6”.

We now state some sufficient assumptions that guarantee that all the results stated
below are correct. The main proofs are in the “Appendix”. The proofs done in the
“Appendix” are done at a much greater level of generality than we are about to state
and various aspects of those proofs require much weaker assumptions than those we
present here. We start by giving an example where all of our conditions are met.

Example Our conditions are met when

e p/n— k € (0,00).

e ¢;’s are i.i.d Cauchy (with median at 0).

e X; = AjX;, where A; € R and A; € R” are independent. };’s are i.i.d with
bounded support; X;’s are i.i.d with i.i.d (0, 1) entries, or i.i.d entries with
bounded support and mean 0 as well as variance 1. {A;}"_,, {A;}]_, and {€;}}_,
are independent.

o fBoisa“diffuse” vector with Bo(i) = u; »//P,0 < lu; p| < Cande.”:l uip = p,
Le. |Boll2 = 1.

e p; = p foralli’s and p is convex. ¥ = p’ is bounded and ' is Lipschitz and
bounded. sign(y (x)) = sign(x) and p(x) > p(0) = 0.

We note that this last condition is satisfied for smoothed approximation of the Huber
function, where the discontinuity in v at say 1 is replaced by a linear interpolation; see
below for more details. Note however that the Huber function has a priori no statistical
optimality properties in the context we consider.

Sufficient conditions for our results to hold

e p/n has a finite non-zero limit.

e p;’s are chosen from finitely many possible convex functions. If ¥; = p],
sup; [Villoo < K, sup;|¥/llc < K, for some K. 1/ is also assumed to be
Lipschitz-continuous. Also, for all x € R, sign(y;(x)) = sign(x) and p;(x) >
pi(0) =0.
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100 N. El Karoui

e X; = A; &, where X;’s are i.i.d with independent entries. A;’s are independent
and independent of A;’s. The entries of A;’s satisfy concentration property in the
sense that if G is a convex 1-Lipschitz function (with respect to Euclidean norm),
P(GX) —mg| > 1) < Cexp(—ctz), for any t > 0, mg being a median of
G (&;). We require the same assumption to hold when considering the columns of
the n x p design matrix X'. X;’s have mean 0 and cov (&;) = 1d,,. We also assume
that the coordinates of &; have moments of all order. Furthermore, for any given
k, the kth moment of the entries of &} is assumed to be bounded independently of
n and p.

e E (A7) = 1, E (1}) is bounded and sup, _;,, |A;| grows a most like C(logn)*
for some k. A;’s may have different distributions, but the number of such possible
distributions is finite.

e ¢;’sareindependent. They may have different distributions, but the number of such
possible distributions is finite. Those distributions are assumed to have densities
that are differentiable, symmetric and unimodal. Furthermore, we assume that if
fi is the density of one such distribution, lim, o0 xf; (x) = 0. {X;}7_,, (A}
and {¢;}7_, are independent.

e || Boll2 remains bounded. Furthermore, ||By|loc = O(n~°), where 1/4 < e.

e The fraction of time each possible combination of functions and distributions for
(pi, L(€), L(A;)) appears in our problem has a limit as n — 00. (L(€;) and L(A;)
are the laws of ¢; and A;.)

We now state our most important results (several others are in the “Appendix”, where
we give the proof) and our proof strategy; naturally, the two go together to provide a
sketch of proof. We postpone our discussion of both the assumptions and our results
to Sect. 2.3.

2.2 Results and proof strategy
2.2.1 Characterization of the risk of 3

Consider Edeﬁned in Eq. (3) and assume that ¢ > 0 is given, i.e. does not change
with p and n. Under the technical assumptions detailed in Sect. 2.1, we have:

Theorem 2.1 As p, n tend to infinity while p/n — « € (0, 00), var (||,§— Boll?) —
0. Furthermore, ||,B\— Boll — r, (k) in probability, for r, (k) a deterministic scalar.
Call Wiy = €; +r, (k)N Z;, where Z; is a N (0, 1) random variable independent of €;
and A;. Then there exists a constant c,(k) > 0 such that

[limy,— 00 37y E (Iprox(c, ()27 p)) (W))] =1 —k+1cpK),

. (Wi —prox(c, ()22 pi)[Wi 1)
K[hmﬁmiz;’:]E( P )]+r2||ﬂo||2cf,<x)=x2r§(x>.

“
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On the impact of predictor geometry on the performance on... 101

We note that

(x — prox(c, ()27 pi)[x])?
»”

= 5 ()27 Y7 (prox(c, (k)47 pi) 1),

so in case A; takes the value O, we can replace the expression on the left hand side
by that on the right hand side, which does not involve dividing by Al.z. This alternative
expression also shows that there is no problem taking expectations in our equations.

The previous system can be reformulated in terms of prox((c, (K))\i2 pi)®), where
f* represents the Fenchel-Legendre dual of f. Indeed, Moreau’s prox identity [29]
gives

prox((cp)*)(x) = x — prox(cp)(x).

This is partly why we chose to write the system as we did, since it can be rephrased
purely in terms of prox([c,, (K)Al-zpi]*), aformulation that has proven useful in previous
related problems (see [4]).

We note that 7, (k) and ¢, (x) will in general depend on 7, but we do not index those
quantities by 7 to avoid cumbersome notations.

2.2.2 Organization of the proof and strategy

The proof is quite long so we now explain the main ideas and organization of the
argument. Recall that if

F(B) = Zml nmz

we have

3: argminﬁeRp F(pB).

The proof is broadly divided into three steps.

First step. The first idea is to relate ,B\ and B\(i)’ the solution of our optimization
problem when the pair (X;, Y;) is excluded from the problem. It is reasonable to
expect that adding (X;, ¥;) will not change too much 7; ) = Y; — X', ,3(1) when

J #i,andhencethat7; ; ~ R; =Y; — X', ﬂ when j ;é i. Armed with th1s intuition,

we can try to use a first-order Taylor expansion of ,8 around ﬂ(,) in the equation
VF (ﬂ) = 0 to relate the two vectors. This is what the first part of the proof does,
by surmising an approximation n; for ,3 ,3(,) — following along the intuitive lines
above but non-trivial to come up with at the level of precision we need. Much work
is devoted to proving that this very informed guess is sufficiently accurate for our
purposes. Since “the only thing we know” about Eis that VF (B\) = 0, we work on
VF (,B\) —VF (,B\(i) + n;) to do so, and show in our preliminaries (see “Appendix 2”)
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102 N. El Karoui

that controlling this latter quantity is enough to control || ﬂ ,3(,) n; ||. Once our bound
for ||,8 ﬁ(l) —n; || is established, we use it to bound E (| ||,3 Boll> — ||,3(,) — Boll?l )
and use a martingale inequality to deduce a bound on var (|| ,3 Boll ), which we show
goes to zero. The corresponding results are presented in Sect. 2.2.3 and the detailed
mathematical analysis is in “Appendix 3”.

Second step. The second step of the proof is to relate E to another quantity 3, which
is the solution of our optimization problem when the last column of the matrix X
is excluded from the problem—see Sect. 2.2.4 below and “Appendix 4” for detailed
mathematical analysis. Call V' the corresponding design matrix. In our setting, it is
reasonable to expect that rj,[p) = ¥i — Xi(p)Bo(p) — VIy =Y — XI’E A first order
Taylor expansmn of VF (,6) around (¥’ ol p)) and further manipulations yields an
informed “guess”, denoted b below, for ,8 and in particular for ﬂ p» the last coordinate
of ﬁ A large amount of work is devoted to proving that the quantity we surmised—
denoted b, below—approximates ,B » sufficiently well for our purposes—once again
by doing delicate computations on the corresponding gradients. Since b, has a rea-

sonably nice probabilistic representation, it is possible to write E (bf,) is terms of

other quantities appearing in the problem, such as ¥; (rj[,)) (Where ¥; = p/) and
a quantity C p that is the trace of the inverse of a certain random matrix. Because

b, approximates Ep sufficiently well, our approximation of E (bf,) can be used to

yield a good approximation of E (||,§— Bo ||2). However, we want the approximation
of E (||,§— ,30||2) to not depend on quantities that depend on p, such as r; [, and
C:,p. Further work is needed to show that the approximation of E (||,§— ,Bo||2) can
be made in terms of 7; (;)’s—which we used in the first part of the proof—and a new
quantity ¢;, which is the trace of the inverse of a certain random matrix, as was Cr, p.
The resulting approximation for E (|| ﬂ Boll ) is essentially the second equation of
our system—see Proposition (2.4) for instance.

Third step. The last part of the proof—see Sect. 2.2.5 and “Appendix 5” for detailed
mathematical analysis - is devoted to first showing that 7; ;) = ¥; — X[ B;) behaves

asymptotically like ; + A;,/E (||E— Boll?) Z;, where Z; ~ N(0, 1). The work done
previously in the proof is extremely useful for that. Finally, we show that c; is asymp-
totically deterministic. The characterization of c; is essentially the first equation of our
system—see Theorem 2.6 below. After all this is established, we can state for instance
central limit theorems for ,/8\,, and interesting quantities that appear in our proof.

The following few subsubsections make all our intermediate results precise. Armed
with the above explanation for our approach, they provide the reader with a clear
overview of the arc of our proof. The detailed mathematical analysis is given in the
“Appendix”.

2.2.3 Leave-one-observation out approximations
We call the residuals

Ri=Y,—XB=¢€—X/(B~Po.
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On the impact of predictor geometry on the performance on... 103

We consider the situation where we leave the ith observation, (X;, Y;), out. We call

~ . 1 , T
B = argmingey Fi(B), where Fi(B) = — > p; () + X;0— X;8) + S IBI.
J#i

We use the notations

- ~ 1 -
Py =€j — Xj(Bi) — Po) and S; = - Z Vi (Fjan X X
J#i
Note that 7'} (;)’s are simply the leave-one-out residuals (for j # i) and the leave-one-

out prediction error (for j = i).
Let us consider

~ ~ 1 _ - ~
Bi = Bau) + ;(Si + 71d) " X, i (prox (i pi) (7 i) 2 Bay + i
where
1 _ 1 _ -
ci = ~X[(S; + 7ld) 'X;, and n; = ~(8; +7ld) "X (prox(ci o) (Fi, (1))

We have the following theorem.

Theorem 2.2 Under our technical assumptions, we have, for any fixed k, when t is
held fixed,

~ = polyLog(n)
sup [|B — Bill = O, (— .
1<i<n n
Also,
- polyLog(n)
sup sup|rj i) — Rj| =0 (— s
Lsizn ki J (@) J k nl/2
N olyLog(n)
sup |R: — prox(cipi) (Fi )| = O, (%) :
1<i<n n
Finally,
~ polyLog(n)
var (18 = pol3) =0 (T :

A stronger version of this theorem is available in the “Appendix”. (We say that a
sequence of random variables W, = Oy, (1) if (E (|W,|*))!/¥ = O(1).)

There are two main reasons this theorem is interesting: it provides online-update
formulas for Ethrough B; , with guaranteed approximation errors. Second, it relates the
full residuals, whose statistical and probabilistic properties are quite complicated to the
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104 N. El Karoui

much-simpler-to-understand “leave-one-out” prediction error, 7;,(;). Indeed, because
X; is independent of ,8(,) under our assumptlons the statistical properties of :3(1)

are much simpler to understand than those of ,6 X;.

2.2.4 Leave-one-predictor out approximations

Let V be the n x (p — 1) matrix corresponding to the first (p — 1) columns of the
design matrix X. We call V; in R?~! the vector corresponding to the first p — 1 entries
of Xj,ie. V! = (X;(1),..., X;(p—1)). We call X(p) the vector in R” with jth entry
Xj(p), i.e. the p—th entry of the vector X ;. When this does not create problems, we
also use the standard notation X ; , for X ; (p).

We use the notation Sy = (yé Bo(p)), i.e. yp is the vector corresponding to the
first p — 1 coordinates of Sy.

Let us call 7 the solution of our optimization problem when we use the design
matrix V instead of X. In other words,

— . 1 & T
= argmin, et~ Y piei = Vi (y — o) + S lIvIl> (5)
i=1
For stating the following results, we will rely heavily on the following definitions:

Definition We call the corresponding residuals {r; ,1}/_,, i.e. ri[p) = € + V/yo —
V!y. Let

1 ¢ Iy
up =~ Wip)ViXi(p), &p =~ iV,
i=I i=l

We have u, € RP~1and &, is (p — 1) x (p — 1). We call

A 1 - / / —
&0 =~ XTI Gigp) — 1), (S + Tl Ny
i=1
s 1 v
Ny £ = ; Xi (P (i p))-
We call
N &n 1Ny
piﬂO(p)tJrénJrﬁHén’ ©
and
~ [ ¥ —(6, +tld)"lu
b= [ ﬁo(p)} +1bp = o(p)] [ " f’} : ™
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On the impact of predictor geometry on the performance on... 105

Theorem 2.3 Under our Assumptions, we have, for any fixed t > 0,

_ o~ IyL
1B -5l <0y, (”” Og(”))

[n1/2 A ne]z
In particular,
~ . polyLog(n)n'/?
Vn(Bp —b,) =0y, (W )
polyLog(n)n'/?
[nl/z A ne]2

polyLog(n) y polyLog(n)n'/?
ﬁ/\ ne [nl/z A ne]2 !

sup | X/(B — b)| = O, (
1

sup |Ri — ri(pil = OL, ([
1
Let us call
1 » I, ,
c; = —trace ((S + 7ld) ) , Wwhere S = — E Vi (R)X: X;.
n 3
We also have:

Proposition 2.4 Under our assumptions,
P\? 2 2 Ply 2 N(F 2
(Z) E (1B - pol3) = 2= > (leckiviprox(eri o) G P?)
n nn

+ 22 BolIE (e%) +o(1).

Furthermore,

—1/2

sup le; — Al-zc,| =0, (n polyLog(n)).
1

2.2.5 Final steps and related results

Lemma 2.5 Under our assumptions , as n and p tend to infinity, i; ¢y behaves like

€ + Xiy/E (||,§— Boll?) Zi, where Z; ~ N(0, 1) is independent of €; and 1;, in the
sense of weak convergence.

Furthermore, if i # j, i; iy and Fj (j) are asymptotically (pairwise) independent.
The same is true for the pairs (; (i), A;) and (Fj (j), Aj).

Theorem 2.6 Under our assumptions, when p/n — « € (0, 00), ||/’3\ — Boll —
rp(k), where r, (k) is deterministic. Call W; = €; + Ajr,(k)Z;, where Z; ~ N (0, 1)
independent of €; and A;. Call

1< 1
n = - E = li n ,
G n; (1+xk?w{<prox(xk%pi>(wi)>) and G(z) = Jim Gu()
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106 N. El Karoui

Hu@) = 3 E (ki prox(i o) W) and H() = lim_ H ).
i=l1

Under our assumptions, c; — c, (k) in probability, where ¢, (k) is the unique solution
of the equation G(x) = 1 — k + tx. Furthermore, r,(«) solves

K27 () = icH(c, () + 21l Boll>c (k).

We note that the equation G(x) = 1 — k + tx translates into the first equation
of our system (4). This is a simple consequence of the properties of the derivative of
Moreau’s proximal mapping—see Lemma 3.33.

The last equation of Theorem 2.6 is the second equation of our system (4). (The fact
that the limits of G, and H,, exist simply come from our assumptions that the proportion
of times each possible triplet (p;, L(€;), L(A;)) appears has a limit as n — 00.)

From this main theorem follows the following propositions.

Proposition 2.7 &, — & in probability, where § =k /c,(k) — T > 0.
N, = N(0, v?) where

IR | : 2,2 2 N
v = lim =~ Y E (397 1prox(c, ()220 (W)

i=1
Finally, when Bo(k) = O(n~1/?),

VLt + 8B — Bo(k)E] = N (0, v?).

The previous result can be used with v replaced by 13,21 = %2?:1 Al.zl/fiz[prox
(cr)»,.zp,-)(ﬂ,(i))] and & replaced by w, = p/(nc;) — 7 in testing applications—
see the discussion after Proposition 3.30 for justifications. Naturally, since for all
X, A%l//lg[prox(cf)\%pi)(x)] =[x — plrox(c,)Lini)(x)]/ct when ¢; > 0, ﬁ,% could also
be written and computed using this alternative formulation.

We note that w,, is computable from the data. In our setup, X;’s are estimable using
the scheme proposed in [14] and 13,% can therefore also be estimated from the data.
Hence, the previous proposition allows for testing the null hypothesis that 8y(k) = 0,
forany 1 <k < p.

We are also now in position to explain the behavior of the residuals.

Proposition 2.8 When our assumptions are satisfied and we further assume that A;’s
are uniformly bounded, we have

sup |R; — prox(Aic,(k)pi) (i i))| = or, (1).

1<i<n

The behavior of the residuals is therefore qualitatively very different in this high-
dimensional setting than its counterpart in the low-dimensional setting.
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2.3 Discussion of assumptions and results
2.3.1 Why consider elliptical-like predictors?

The study of elliptical distributions is quite classical in multivariate statistics (see
[1]). As pointed out by various authors (see, in the context of statistics and random
matrix theory [8,13,20]), the Gaussian distribution has a very peculiar geometry in
high-dimension. It is therefore important to be able to study models that break away
from these geometric restrictions, which are not particularly natural from the point of
view of data analysts.

Under our assumptions, in light of Lemma 3.37, it is clear that

X%, XX
— — A L

=op(l), and sup
i#]

= op(1).

In the Gaussian (or Gaussian-like case of i.i.d entries for X;, with e.g. bounded entries
which satisfy the assumptions we stated above), A; = 1. Hence, Gaussian or Gaussian-
like assumptions imply that predictor vectors are situated near a sphere and are nearly
orthogonal. (This simple geometry is of course closely tied to—or a manifestation
of the—concentration of measure for convex 1-Lipschitz functions of those random
variables.)

This is clearly not the case for elliptical predictors, though under our assumptions,
cov (X;) = Id,, even in the “elliptical” case we consider in the paper. So all the
models we consider have the same covariance but the corresponding datasets may
have different geometric properties.

We show in the paper that the role of the distribution of A;’s in the performance
of the estimator depends on much more than its second moment, as Theorem 2.1
makes very clear. This is a situation that is similar to corresponding results in random
matrix theory—see e.g. [13,18]. It is therefore clear here again that predictor geometry
(as measured by ;) plays a key role in the performance of our estimators in high-
dimension. This is in sharp contrast with the low-dimensional setting—see [24]—
which shows that in low-dimensional robust regression, what matters is only cov (X;).

These types of studies are also interesting and we think important as they clearly
show that there is little hope of statistically meaningful “universality” results derived
from Gaussian design results : moving from independent Gaussian assumptions for
the entries of X; to i.i.d assumptions does not change the geometry of the predictors,
which appears to be key here as our proof’s reliance on concentration of quadratic
forms in &; makes clear. As such, while interesting on many counts, for instance to
allow discrete predictors, moving from Gaussian to i.i.d assumptions is not a very
significant perturbation of the model for statistical purposes. This is why we chose to
work under elliptical assumptions. See also [8] for similar observations in a different
statistical context.

In conclusion, the generalized elliptical models we study in this paper prove also
that many models may be such that the predictors have the same covariance cov (X;)
but yield very different performance when it comes to 1im||§ — Boll- They therefore
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provide a meaningful perturbation of the Gaussian assumption, give us insights into
the impact of predictor geometry on the behavior of our estimators, and give us a
rough idea of the subclass of models for which we can expect similar (or “universal”)
performance for E

Examples of distribution for X; satisfying our concentration assumptions Corollary
4.10 in [27] shows that our assumptions are satisfied if X; has independent entries
bounded by 1/(2+/¢). Theorem 2.7 in [27] shows that our assumptions are satisfied if
A; has independent entries with density fi, 1 < k < psuchthat f;(x) = exp(—ug(x))
and u/(x) = /c for some ¢ > 0. Then ¢ = ¢/2. This is in particular the case for
the case where X; has i.i.d AV/(0, 1) entries: then ¢ = 1 and ¢ = 1/2. We discuss
briefly after Lemma 3.35 in the “Appendix” the impact of choosing other types of
concentration assumptions.

2.3.2 Non-sparse Bo: why consider £y/ridge-regularization?

In this paper, we consider the case where fy cannot—in general—be approximated in
£>-norm by a sparse vector. This is a situation that is thought to not be uncommon in
biology (see, in a slightly different context [12], and many similar references), where
sparsity assumptions are often/sometimes in doubt.

In other words, if S is a sparse vector (e.g. with support of size o(p)), we necessarily
have when Sy is diffuse (i.e. all of its entries are roughly of size p~1/?) ||fo —s|| + 0.
In the situation we consider, it is in fact unclear whether any estimator can be consistent
in £7 for Bp. One interesting aspect of our study is that the System (4) might allow us to
optimize (atleast in certain circumstances) over the functions p; s we consider to get the
best performing estimator in the class of ridge-regularized robust regression estimators
for By and hence potentially beat sparse estimators (in the same line of thought, there
are of course numerous applied examples where ridge regression outperforms Lasso
in terms of prediction error).

Finally, one benefit of our analysis is that we have a central limit theorem for the
coordinates of E(see Proposition 2.7), which makes testing possible. In the situation
where Sy has some large entries (of size up ton~'/4~", 5 > 0) and many small ones [of
size o(n~1/2)], this central limit theorem and its more refined version in Proposition
3.30 could help in designing better performing estimators by using scaled versions
of {,Bk} t—1> Which we would threshold according to the result of our test. In other
words, these central limit theorems for the coordinates of ,B are the gateway to the

construction of Hodges-type estimators in the setup we consider.

2.3.3 A remark on the fixed design case

We have worked in this paper with a certain class of random designs. It is not unusual
to do so in robust regression studies—see the classic papers by Portnoy [31,32,34]. In
many areas of applications, it is also unclear why statisticians should limit themselves
to the study of fixed designs, in particular when they do not have control over the
choice of the values of the predictors, i.e. they cannot design their experiments.
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However, it is also interesting to understand what remains valid of our analysis in
the case of fixed design. We note that our analysis gives already a few results in this
direction.

In fact, since we have shown that var (||,§— ,80||2) — 0, we have shown that

E (var (I8 = oll21X) ) — 0 and var (E (118 = Bol2IX)) — o,
because
var (I8 = foll2) = E (var (18 — fol?1X) ) + var (E (1B — Bol*IX) ) .
Therefore, with probability (over the design X) going to 1,
1B = Boll> = (k) — Oin Py -probability.

(Pie;yr_, -probability simply refers to probability statements with respect to the random
€;’s, the only source of randomness if the design matrix X is assumed to be fixed.) In
other words, if the design is fixed, but results from one random draw of a n x p matrix
satisfying our distributional assumptions, Theorem 2.1 applies with probability (over
the choice of design matrix) going to 1.

We note that ||,§ — Boll is an especially important quantity in terms of prediction
error in our context, which is why our short discussion above focused on this quantity:
if we are given a new predictor vector X,,.,,, we would naturally predict an unobserved
response Yo by X/ Eand hence, if Ynew = €new + X " ow B0, our prediction error

new
will be PE,cpp = €pew + X;ww(,Bo - B). Qf course, if XnewAhas mean O and satisfies
cov (Xnew) = 1dp, Ex,., [(X)ew(Bo — B))?] = 1180 = Bll5. Hence the expected
squared prediction error will be var (€,0) + || 8o — B II%, provided €,,¢,, is independent

of Xpew.

2.3.4 Optimization with respect to T and p

Just as the classic work of Huber on robust regression started by establishing central
limit theorems for the estimator of interest (as a function of p) and proceeded to find
optimal methods in various contexts (see [24]), one objective of our work is to pave
the way for answering optimality questions in the setting we consider. An important
first step to do so is therefore to obtain results such as Theorem 2.1.

A natural question is therefore to ask what are the optimal p;’s in the context we
consider, where optimality might be defined in terms of minimizing r, (x) in Theorem
2.1 or v? in Proposition 2.7. For an example of such a study for rp(k) in a slightly
different context, see [4]. Similarly, optimization over t should be possible. We leave
however these questions for future work, since they are of a more analytic nature. (We
have had success in [4] in the situation where A; = 1 and the errors are log-concave
and hence not heavy-tailed, but the technique we employed in that paper does not
apply readily here.)
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We also note that in our context the optimal t — say for prediction — is in general
not going to be close to 0, so the fact that our current study requires 7 > 0 is not a
problem (see also [3]).

As can intuitively be seen from Proposition 2.7, the fact that ||E— Boll goes to a
non-zero constant has two sources: bias induced by the ridge-regularization and the
fact that each of the p coordinates has fluctuations of size n~!/2. Its asymptotically
deterministic character comes on the other hand from our analysis in “Appendix 3.
This is in contrast with the low-dimensional case where p is fixed, where ||E — Boll
goes to a non-zero constant simply because of bias issues and the law of large numbers.

In light of Proposition 2.7, it is clear that T plays in this problem a fairly similar role
to the one it plays in low-dimension: it trades bias for variability in each individual
coordinate. By contrast with the low-dimensional case however, even if we consider the
case p < n, the fact that the number of coordinates is of the same order of magnitude
as n means that even for small t (and hence low-bias), ||B\— Boll has a non-zero limit.
The fact that this limit can be somewhat large is what suggests using values of t that
are not close to 0. Interestingly, this is of course the situation encountered in practice
in many real-world problems where p and n are large. A case in point is the situation
where By = 0, in which case the optimal value of t is clearly co; using T = 0 would
put us back in the situation of [17], which would result in much worse performance

for 1B — Boll-

2.3.5 Possible extensions

Less smooth p’s and r’s While our approach is quite general and allows us to handle
designs that are far from being Gaussian, the proof presented in this paper still requires
some smoothness concerning p;’s and 1;’s. On the one hand, results such as the ones
obtained in [4] suggest that it is often the case that optimal loss functions in high-
dimension are smoother than in low dimension. So the fact that we require ¥;’s to be
smooth is a source of less concern that it would be in low dimension. (Note also that
the classic papers [28,32] also require smoothness properties on .)

Though it is unclear whether the Huber function is optimal in any sense for the
problems we are looking at, and hence whether it warrants a special focus, let us
discuss this function in some detail. For the sake of simplicity let us focus on the
situation where the transition from quadratic to linear happens at x = 1. Then

X if x| <1
Yx)=9 . . = .
sign(x) if |x| > 1

So v is not differentiable at 1. However, it is easy to approximate this function by a
function whose derivative is Lipschitz. As a matter of fact,if 0 < n < 1, 1//,’] such that

1 iflx] <1—n
Uy =15 iflxled—n, 1),
0 if x| > 1
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is 1/n-Lipschitz. Furthermore, v, the corresponding antisymmetric function with,
when x > 0,

x if0<x<1-07,
Y =11-4 -5 ifxed—n ),
1-3 ifx > 1,

can be made to be arbitrarily close to 1 and similarly for the corresponding p;,, picked
such that p, (0) = 0.

Our results apply to p;, for any n > 0. It seems quite likely that with a bit (and
possibly quite a bit) of further approximation theoretic work, it should be possible to
establish results similar to Theorem 2.1 for the Huber function by taking the limit of
corresponding results for p,, with 5 arbitrarily small.

We note that most of our proof (in particular “Appendices 3 and 47) is actually
valid with functions p;’s that can change with n. In particular, many results hold when
Y/ are L;(n)-Lipschitz with L;(n) < Cn®. So one strategy to handle the case of the
Huber function could be to use v, with , = 1/log(n) for instance and strengthen
the arguments of “Appendix 5” in the Appendix—in this very specific case where ,),
has a limit—to get the Huber case as a limiting result. Because our proof is already
long, we leave the details to the interested reader and might consider this problem in
detail in future work.

Weighted robust regression One motivation for working on the problem at the level
of generality we dealt with is that our results should allow us to tackle among other
things weighted robust regression. For instance if €;’s or A;’s in our model had different
distributions, it would be natural to pick the corresponding p;’s either as completely
different functions, or maybe as p; = w; p, with w; deterministic but possibly depend-
ing on the distribution of €;’s or A;’s. In the case where ¢;’s and A;’s come from finitely
many possible distributions, our results handle this situation.

Most of our results—i.e. those of “Appendices 3 and 4”’—are true even when w;’s
are allowed to take a possibly infinite set of different values. If ¢; s are i.i.d, A; s arei.i.d
and w;’s are i.i.d and these three groups of random variables are independent of each
other, our arguments can be made to go through without much extra difficulties. The
main potential problem is in “Appendix 57, but then distributional symmetry between
the R;’s on one hand and the 7; (;) on the other hand becomes helpful, as it had in [15].
So it is very likely that our results could be extended to cover this case at relatively
little technical cost.

3 Conclusion

We have studied ridge-regularized robust regression estimators in the high-dimensional
context where p/n has a finite non-zero limit. Our study has highlighted the impor-
tance of the geometry of the predictors in this problem: two models with similar
covariance but different predictor geometry will in general yield estimators with very
different performance. We have shown this result by studying the random design case
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in the context of elliptical predictors and looking at the influence of the “ellipticity
parameter” A; on our results. Importantly, this shows that no statistically meaningful
“universality” results can be derived from the study of Gaussian or i.i.d-designs, since
their geometry is so peculiar (i.e. they are limited to the case A; = 1 for all i’s).
The technique used in the paper seems versatile enough to be useful for several other
high-dimensional M-estimation problems.

We have also obtained central limit theorems for the coordinates of Ethat can be
used for testing whether Bo(k) = 0 for any 1 < k < p. However, our focus was
mostly on the case where B is diffuse, with all coordinates small but contributing
to Y; = ¢ + X Bo. Our results also provide a very detailed understanding of the
properties of the residuals R;.

All these results were obtained without moment requirements on the errors €;’s.

Finally, our characterization of the risk of these estimators raises interesting analytic
questions related to finding optimal loss functions p;’s in the context we consider. We
plan to study these questions in the future.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

Appendix 1: Assumptions and technical elements

Recall that the focus of the paper is on understanding the properties of

~ 1 ¢
B = argmingeny — " pi (e = X}(B — Po)) + S 1B ®)
i=1

where T > 0. Forall 1 <i <n,wehave¢; € Rand X; € R”.

Different parts of the proof require different assumptions. So we label them accord-
ingly.

Most of our proof (“Appendices 3 and 4”) is carried out for functions p; ,, that may
vary with n, so our assumptions reflect this and we carry out most of our work at this
level of generality. However, we do not make the dependence of p; , on n explicit to
avoid cumbersome notations. Having these results available should make future work
on weighted regression or work of a more approximation-theoretic nature (for instance
using a sequence p; , to approximate a function p; that is not smooth) easier. This is
one of the prime motivations for working at this level of generality.

Naturally, our assumptions are more and more restrictive as the proof progresses,
so the summary of assumptions we provided in the main text is obtained by going
through the assumptions and simply tallying the more restrictive ones. A sketch of
proof is provided in Sect. 2.2.2, which should be helpful in navigating the detailed
proof we provide in this “Appendix”.

Before we delve into the details of the assumptions needed for each part of the
proof to work, we summarize for the convenience of the reader the assumptions we
need for the whole proof to go through.
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Assumptions under which the whole proof goes through

A1l p/n has a finite non-zero limit

A2 || Boll remains bounded. Furthermore, || Bylloc = O(n~°), fore > 1/4

A3 p;’s are twice differentiable, and convex. If ¥; = pl.’ , we assume that

sign(y; (x)) = sign(x) and p; > 0 = p;(0). Furthermore, there exists C such

that [/ lo < C, [[¥//llec < C and ¥/ is assumed to be Lipschitz. The functions

pi’s can be chosen among finitely many possible functions (over all n).

e A4 X; = )\ A;. A;’s are random variables with A; € R. A; € R? are independent
and identically distributed. Their distribution is allowed to change with p and n.
The entries of X; are independent. Furthermore, for any 1-Lipschitz (with respect
to Euclidean norm) convex function G, if mg(x;) is a median of G(&;), for any
t >0, P(IGX) —mgxyl > 1) < Cy exp(—Cntz), C, and C, can vary with
n. For simplicity, we assume that 1/c, = O(polyLog(n)) and C, is bounded in
n. X;’s have mean 0 and cov (&;) = Id,. We also assume that the coordinates
of &; have moments of all order. Furthermore, for any given k, the kth moment
of the entries of A; is assumed to be bounded independently of n and p. Also,
forany 1 < k < p, the vectors @y = (X (k), ..., X,(k)) in R” satisfy: for any
1-Lipschitz (with respect to Euclidean norm) convex function G, if mgg,) is a
median of G(®y), forany t > 0, P(|G(Ok) — mg@,| > 1) < Cp exp(—cntz),
C, and ¢, can vary with n. As above, we assume that 1/c, = O(polyLog(n)).

e A5 };’s are independent of each other and {X;}7_,. E (1) = 1 and E (A}) < C
and sup; -, —,, || = O, (polyLog(n)).

e AG6 ¢;’s are independent of {X,-}?:1 and {Ai};’zl and of each other. Furthermore,
for any r € R, if Z ~ N(0, 1), independent of ¢;, €; + rZ has a (differentiable)
density f;, which is increasing on (—oo, 0) and decreasing on (0, co). Finally,
1im|t\—>oo tfi,r(t) =0.

e A7 A;’s can have different distributions. Similarly, ¢;’s can have different distri-

butions. However, the number of choices for the triplet (p;, £(X;), L(€;)) is finite

(over all n). Furthermore, the fraction of times each such triplet appears in our

problem—see Eq. (8) has a limit. (L(¢;) just means the law of €;.)

We note that the entries of X; do not need to have the same distribution. Our condition
Ad is satisfied when A; have i.i.d N(0, 1) entries, or independent entries that are
bounded by a constant and have mean 0 and variance 1. (See [27, Corollary 4.10].)

Condition A7 just means that if for instance p; = p and A;’s are i.i.d but €;’s can
come from 3 distributions, the fraction of €;’s coming from each of these three distri-
butions has a limit as n — oo. This last condition mostly plays a role in guaranteeing
that we can take limits in various expressions. The simplest case is of course when
pi = p, Ai’s areii.d and ¢;’s are i.i.d, in which case there is only one possible choice
for the triplet (p;, L(A;), L(€;)).

We now state the conditions under which we carry out the proof. We state them in
one place for the convenience of the reader. A discussion follows immediately after
the statement of all the conditions.
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First part of the proof (“Appendix 3”)

For the first part of the proof (i.e. “leave-one-Observation-out”), we work under the
following assumptions:

e O1: p/n has a finite non-zero limit.

e 02: p;’s are twice differentiable, convex and non-linear. y; = p.. Note that ¢/ > 0
since p; is convex. We assume that sign(y; (x)) = sign(x) and p; > 0 = p; (0).

e O3: sup, ; [¢i(x)| < CpolyLog(n) where C is constant. This is natural in the
context of robust statistics, since it means that we allow p;’s to grow at most
linearly at infinity. This assumption is for instance verified for Huber functions.
Furthermore, v/ is assumed to be L; (n)-Lipschitz with L; (n) < Cn®, a > 0. (We
here have in mind smoothed Huber functions.) We also assume that sup; || wi’ loo <
CpolyLog(n). Finally, we assume that % Yol wl.z lloo < C, where C is a constant
independent of 7.

e 04: X; = )\; X;. A;’s are random variables with 1; € R. A; € R? are independent
and identically distributed. Their distribution is allowed to change with p and n.
Furthermore, for any 1-Lipschitz (with respect to Euclidean norm) convex function
G, if mgx,) is a median of G(&;), for any t > 0, P(|G(&X;) — mg)| >
) < C, exp(—c,,tz), C, and c, can vary with n. For simplicity, we assume
that, 1/c, = O(polyLog(n)) and C, is bounded in n. X;’s have mean 0 and
cov (&) = Id,. We also assume that the coordinates of &; have moments of all
order. Furthermore, for any given k, the kth moment of the entries of A is assumed
to be bounded independently of n and p. {X;}?_, and {A;}_, are independent.

e O5: {A;}!_, and {A;}]_, are independent of {¢;}?_,. €;’s are independent of each
other.

e O6: sup;_;, Al L2 L, = Oy, (polyLog(n)) and A;’s are independent. Further-
more, E (Alz) = 1. (Note that this implies that cov (X;) = cov (&};).)

e O7:1 —2a > 0and ||Bp|| = O(polyLog(n)).

Note that we do not assume that ¢;’s have identical distributions. Assumption
04 is satisfied for instance when X; are A'(0,1d,) or have i.i.d entries bounded by
polyLog(n)—see [27] (this reference guarantees the concentration result we require
is satisfied; the moment conditions need to be checked by other methods, but this
is generally much simpler, as the case of Gaussian random variables clearly shows).
Importantly, note that Q4 does not require the entries of X; to be independent; see [27]
or [13] for examples of A; satisfying O4 with dependent entries. In other respects, the
assumption E ()\12) = 1 plays a very minor role mathematically and could be relaxed to
E (klz) is uniformly bounded without problems. Statistically, it is however important
as it guarantees that cov (X;) = Id, in all the models we consider.

Second part of the proof (“Appendix 4°)

For the second part of the proof (i.e. “leave-one-Predictor-out”), we need all the
previous assumptions and
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e P1: &;’s have independent entries. Furthermore, for 1 < k < p, the vectors
Or = (X1(k),..., X, (k)) in R” satisfy: for any 1-Lipschitz (with respect to
Euclidean norm) convex function G, if mge,) is a median of G(®y), for any
t >0, P(IG(Or) —mge,l >1) < Cy exp(—Cntz), C, and c, can vary with n.
As above, we assume that 1/c, = O(polyLog(n)).

o P2 L3 Y]l = O(1).

o P3: ||Bolloc = O(n™®), where € > 0. Furthermore, ||yl < C, where C is a
constant independent of p and n. e satisfiesa + 1/4 —e < 0.

e P4: 1/2 — 20 > 0 and min(1/2,e) — o — 1/4 > 0. The latter implies that
min(1/2,e) —a >0

We note that according to Corollary 4.10 and the discussion that follows in [27],
Assumptions O4 and P1 are compatible. O4 and P1 are for instance satisfied if the
entries of X;’s are independent and bounded by polyLog(n). Another example is the
case of X; ~ N(0,1Id p)» in which case ¢, is a constant independent of the dimension.
Note that we do not assume that the entries of X; have the same distribution.
We note that if for instance @« = 1/12 and e = 5/12, all the conditions in P3-P4
are satisfied. When o = 0, they simply become e > 1/4.

Last part of the proof (“Appendix 5”)

For the last part of the proof, when we combine everything together, we will need the
following assumptions on top of all the others:

e F1: the ¢;’s may have different distributions; however, they may only come from
finitely many distributions. Furthermore, for any r € R, if Z ~ N (0, 1), indepen-
dent of €;, €; +rZ has a differentiable density f; , which is increasing on (—o0, 0)
and decreasing on (0, 00). Finally, lim;|— o0 2f; - (t) = 0.

o F2: % Yo ilille = OC). ¥/ has Lipschitz constant L;(n). Furthermore,
i izt L ¥illeo = O().

e F3: o < 1/6and o + 1/3 < 2min(1/2,e)

e F4: there exists C independent of n and p such that E ()L?) <C.

e FS5:);’s may have different distributions, but the set of possible distributions for A;
is finite. Similarly, p; may be different functions, but the set of possible functions
pi may be is finite. Also, the number of distinct triplets (po;, L(€;), L(A;)) is finite
(over all n). Furthermore, the proportion of each such distinct triplet has a limit as
n — oo.

Condition F3 is clearly satisfied in the case « = 1/12 and € = 5/12 we mentioned
above. On the other hand, condition FS5 requires that @ = 0, since it prevents p; from
changing with n. (We note that since FS5 is required only at the very end of the proof,
one could probably weaken its requirements considerably if another situation that the
one we investigate really called for it.)

We refer the reader to Lemma 3.39 and the discussion immediately following it for
examples of densities for ¢;’s satisfying F1. We note that smooth symmetric (around
0) log-concave densities will for instance satisfy all the assumptions we made about
the €;’s. See [25,26] for instance. This is also the case for the Cauchy distribution (see
Theorem 1.6 in [7]). The latter is the most relevant reference here since we care about
heavy-tailed €;’s.
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Discussion of the assumptions

Assumptions concerning the loss functions We wanted to investigate in this paper the
situation where ¢;’s have no moment restrictions, as befits “classical” robust statistics
studies. As such, it is natural to assume that ;’s remain bounded, which is part
of assumption A3. We think that interesting results can be found in “Appendices 3
and 4”: in particular for dealing with v; functions that are not smooth and require
approximations by ; , functions that are smooth, but also for bootstrap studies for
instance. This is why the paper handles those cases, even though we do not use fully
these results in the main statements of the paper. We note that in specific cases, one
would simply need to modify various arguments in “Appendix 5 to handle limits of
those ;.

Assumptions concerning the predictors Assumption O4 is a bit stronger than we
will need. For instance, “Appendices 3 and 4” do not actually require the A;’s to have
identical distributions; “Appendix 5 would work if we assumed that X;’s were coming
from finitely many distributions, with the proportion of A;’s picked from a particular
distribution having a limitas n — oo. The functions G we are working with will either
be linear or square-root of quadratic forms, so we could limit our assumptions to those
functions. However, as documented in [27] and discussed briefly in the introduction, a
large number of natural or “reasonable” distributions satisfy the O4 assumptions. Our
choice of having a potentially varying C, is motivated by the idea that we could, for
instance, relax an assumption of boundedness of the entries of &;’s—that guarantees
that O4 is satisfied when &; has independent entries—and replace it by an assumption
concerning the moments of the entries of A;’s and a truncation of triangular arrays
argument (see for instance [42]). We also refer the interested reader to [13] for a
short list of distributions satisfying O4, compiled from various parts of [27]. Finally,
we could replace the exp(—C,#%) upper bound in 04 by exp(—c,t?) for some fixed
B > 0 and it seems that all our arguments would go through. We chose not to work
under these more general assumptions because it would involve extra book-keeping
and does not enlarge the set of distributions we can consider enough to justify this
extra technical cost. Importantly, O4 allows the entries of &;’s to be dependent.

To give a concrete example, let us consider the situation where the entries of X;
are independent and symmetric with an exponential density chosen to have variance
1. Then it is clear that sup; ; X ()] < K[log(n)]2 almost surely as n, p — oco. Our
analysis and assumptions then apply to the predictors X; = A;s,i,, with T';, =
Xi 1) x| o <Klog(my? Where s, is chosen so that 1/s2 = var (F,-,n) (the variance of
the entries of I'; , is not 1, since it is a truncation of A; but it is easy to see that
var (F,-, n) — 1).Note that X; = X; almost surely, and therefore our statistical problem
is not affected. Very minor modifications to the arguments of “Appendix 5” are then
needed to handle s,, and show that our results go through. Naturally the same argument
could be made for other (non-exponential) distributions as long as sup; j | ()] <

K [log(n)]z. ‘We note that our method should also be able to handle ¢, such that 1/c,
grows faster that polyLog(n) and hence deal with an even broader class of predictor
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distributions, but we chose not to do this in full details to limit the book-keeping burden
in an already long proof.

Notations We will repeatedly use the following notations: ¥; = X/ Bo+¢;; polyLog(n)
is used to replace a power of log(n); Amax (M) denotes the largest eigenvalue of the
matrix M ||| M]]|, denotes the largest singular value of M. We call T = % Z?:l XiX;
the usual sample covariance matrix of the X;’s when X;’s are known to have mean 0.
We say that X < Y in Ly if E (|X¥) < E (JY ). We write X £ Y to say that the
random variables X and Y are equal in law. We use the usual notation ;’3\@) to denote
the regression vector we obtain when we do not use the pair (X;, ¥;) or (X;, €;) in our
optimization problem, a.k.a the leave-one-out estimate. We will also use the notation
X () to denote {X1, ..., X;_1, Xi41, ..., X,}. We use the notation (a, b) for either
the interval (a, b) or the interval (b, a): in several situations, we will have to localize
quantities in intervals using two values a and b but we will not know whether a < b
or b > a. We denote by X the n x p design matrix whose ith row is X. We write
a A b for min(a, b) and a Vv b for max(a, b). If A and B are two symmetric matrices,
A > B means that A — B is positive semi-definite, i.e. A is greater than B in the
positive-definite/Loewner order. The notations op, Op are used with their standard
meanings, see e.g. [41, p. 12] for definitions. For the random variable W, we use the
definition |W| ., = [E (|W|k)]l/k. For sequences of random variables W,, Z,, we
use the notation W,, = Oy, (Z,) (resp W, = or,(Z,)) when [|W, |, = O Z,|lL,)
(resp | Wy, = o(llZ,ll1,)). For a vector vin R?, ||v]| is its Euclidean norm, whereas
lvllo = maxi<k<p [v(k)|. For a function f from R to R, || flloc = sup,egr | f(X)].

Remarks We call
1 & T
2
F(p) = ;2@(@ + Xifo = XiP) + 5 18I, O
1=
Note that under our assumptions on p, ,B\is defined as the solution of

f(B) = 0 with (10)

1
VF = f(B) =~ —XiVi(ei + Xifo = X{B) + . (11)

i=1
Recall the following important definitions.

Definition We call

Ri=¢€ + Xpo— X;E(i.e. the residuals), (12)
1 n
S= ;Zl/f;(R»XiX;, (13)
i=1
1
¢; = —trace (S + t1d) 7. (14)
n
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Appendix 2: Preliminaries
General remarks

Proposition 3.1 Let 81 and B> be two vectors in RP. Then, when p;’s are convex and
twice-differentiable,

1
1B = Ball = —11.F(BY) = f (B 15)

Proof Let B1 and B, be two vectors in R”. We have by definition
FB) — f(B2)

] n
=t =)+~ > X [Vi (e + X[ Bo — XiBa) — Vi (e + X[ Bo — X B1)].

i=1
We can use the mean value theorem to write

Vi(ei + X;Bo — XiB2) — Vi(ei + XiBo — XiB1) = Vi (V. x4y, x5, x5, Xi (B1 = B2),

where y* X! B0 X1 X isintheinterval (¢;+ X! Bo—XB1, €; + X fo— X| B2)—recall

that we do not care about the order of the endpoints in our notation.
Hence,

FBD) = F(BD) = T(B1 — By + ~ Zw(G+Xﬁoxﬁ1Xﬁ2)X,-X;(ﬂ1—ﬂz),

which we write

F(BD) — f(B2) = (Spy.p, + Tldp)(B1 — Bo), (16)

where

Sﬁlvﬁz - Zw < 6 +X/ Bo, X/ﬂl X/ﬁz) Xle/. (17)
This shows that

Bi — Ba = (Sp,.p, +TId,) L (F(B1) — f(B2)).

Since p;’s are convex, ¥/ = p;’ is non-negative and Sg, g, is positive semi-definite.
In the semi-definite order, we have Sg, g, + t1d, > 7ld,. In particular,

1
1B1 = Ball = 1. (BY) = F (B2
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Proposition 3.1 yields the following lemma.

Lemma 3.2 For any fi,

~ 1
1B = Al = —ILF B

The lemma is a simple consequence of Eq. (15) since by definition f (B\) =0.

Our strategy in what follows is to come up with “good candidates” for 8y, for which
we can control f(f;) and transfer the information we will glean about the statistical
properties of B to Ethrough Lemma 3.2.

On 8]l and |8 — Boll

We show in the following lemma that ||//3\|| and ||,f3\— Bo|l cannot be too large.

Lemma 3.3 Let us call W, (b) = £ 31| X;; (e + X/b), W, € RP.
We have, if Dy, vy, is the n x n diagonal matrix with (i, i)-entry ¥;(Y;) =

Vi(ei + X Bo),

1

PO 1
IBI = —Wa (Bo)l = ;\/n—zlézD{w,-(m};;lXX’D{W»};;] Lu,

and if Dy, €, is the n x n diagonal matrix with (i, i)-entry V;(€;),

—~ 1 1 /1
1B = Foll = lFoll + —IWa (O = llBoll + ;\/n—zlilD{x/n(e[)};'IXX/D{«/f;(en};'l L.

Also,
1'D? .1
(Y
1Wa (B> = ——VSC[1X X/ n .
Therefore, under our assumptions O1-06,
22 lp »
E (1B17) = = C?polyLog(n). and (1)
-~ 1
E (1B1) = —CpolyLog(n). (19)

Similarly, for any finite k,

E (18 = fols) = C [ 180l + polyLogtm) 7*]
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In the case k = 2, we have the more precise bound
E (I8 - foll3) < [Ilﬁoll + 20 ZE (vl )} .

Proof The first and key inequality simply comes from applying Lemma 3.2 with
B1 = 0, after noticing that f(0) = —W,,(Bo).
The second one comes from using 81 = By and noticing that f'(8p) = — W, (0)+1Ho.
We note that under our assumptions, according to Lemma 3.38,

1 1
[11X'X/nlll2 = Or, (polyLog(m)), and — 3 “y2(Yi) < — 3 |1 o = OCD),

i=1 i=1

which gives all the results about L; bounds.
The last result about £k = 2 follows from computing E (|| W, (0) ||2) =
E% > 7 E (¥/?(€)) and using the bound
—~ 2
1B = Boll* < 2[1Boll* + ;IIWn(O)IIZ-

o About E (|[W,(0)]?)
For the sake of clarity, we now explain in detail why E (||W,, (0)||2) = %% D

E (V7 (e)).
Recall that

1 n
Wa0) =~ > Xivhi(ei).
i=1

Hence,

1
WA (0)[* = W, (0)' W, (0) = ) D XIX i€V ().
iJ

Since ¢;’s and X;’s are independent, using the fact that E (X;) = 0 and that ;’s are
bounded, we have

E(IW,01?) = ZE (1%:07) E (v @)

Now, E (| X;|?) = E (trace (X/X;)) = E (trace (X;X})). Since E (X;) = 0,
E (X,-X;) = cov (X;) =1d,. Hence, E (||X,~ ||2) = p. And we conclude that

E(IW,)17) = — ZpE (vien).

This gives the announced result. O
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Appendix 3: Approximating ﬁby /’3\(,-): leave-one-observation-out

We consider the situation where we leave the ith observation, (X;, ¥;), out. By defi-
nition,

2 . 1 / / T 2
B = argmingegs Fi(), where Fi(B) = 3" p; (&) + X0 — X;B) + TII.
J#i
We call
_ ;. | )
i =€j — X;(Biy — Bo) and §; = p Z Vi (Fja) X X
J#

We also call

1 1
1B = == 3" Xy (€5 + Xjho = X}B) + 7B = (B) + = Xivi (&1 = X[(B — v).-
J#

We have of course

fi(Buy) = 0.
Let us consider
~ 1 - y -
Bi = Buy + ;(Si + 71d) ™ X, i (prox (i pi) (7. i) 2 Bay + i (20)
where
1 / —1
¢i = —=X;(S; +7Id)” X;, and 21
n
1 -
i = —(Si + TId) T X (prox(ci pi) (i, 1)- (22)

These definitions and the approximations they will imply can be understood in
light of the probabilistic heuristics we derived for a related problem in [16,17]. The
interested reader is referred to those papers—where we made a large effort to explain
our intuitive ideas—for more information and intuition; given page limit requirements,
we do not give a complete heuristic derivation of our results and refer the reader to Sect.
2.2.2 for adetailed explanation of our strategy. We note however that the rigorous proof
requires refinements over the intuitive ideas. Those aspects are of a more technical
nature and become apparent only through the analysis that we present here.

One of our aims is to show Theorem 3.9 below, which shows that we can very
accurately approximate ﬂ 3 by ,8, Note that the statistical properties of /31 are easier to
understand that those of ﬂ our high-quality approximations will allow us to transfer
our understanding of El to E
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Deterministic bounds

Proposition 3.4 We have, with E, defined in Eq. (20),

~ o~ 1
1B = Aill = —IRill. (23)

where
1 ~ -
Ri = - Z [Vf} (r*(X;. Bay. mi)) — I/f}(rj,(i))] X; X', (24)
J#i

and y*(X;, ,B\(i), ni) is in the (“unordered”) interval (Fj ), Tj i) — X;n,-)z(ej +
X'Bo— X' By, €j + X;Bo — X', Bi).
Proof The proof and strategy are similar to the corresponding ones in [15]. However,
since there are delicate cancellations in the argument, we give all the details.

We recall that Y; = ¢; +~le;60.

Since f;(Bi)) = 0, and B; = Bq) + i,

~ ~ -~ 1 ~
FBi) = 1B — fi(Buy) = —;Xilﬁi(Yi — XBi)

1 —~ —~
+ ZXj [I//j (Yj - X}ﬂ(i)) —Vj (Yj - X (Bay + m))] + ;.
J#
By the mean-value theorem, we also have
v (Yj - X};%) — v (Yj — X', (B + m)) = G X
+ I:W; (V*(va B\(i), 77i)) — w}(fj,(i))] X}m,
where y*(Xj, B\(i), ni) is in the (“unordered”) interval (¥; — X}B\(,-), Y; — X; (73\(0 +

ni)),ie. (Fj i), Fji) — X}m)-
Hence, if R; is the quantity defined in Eq. (24),

1 ~ ~
. DX [I/fj(Yj — XBi) — v (¥j — X5 (B + m))]
J#
1 g
= ZW}("j,(i))XjX;ni +Ri,
j#
=Sini +R;.

In light of the previous simplifications, we have, using
1 ~
FB) = fi(B) — ;Xiwi(Yi — X;p) and fi(Bi)) =0,
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the equality
~ 1 ~
f(Bi) = _;Xﬂ/fi(yi — X/ B) + (S; + tld)n; + R;.
Since by definition, 1; = 1 (S; + t1d) ™! X; i (prox(c; pi) (7, 1))

1 -
Si +tld)n; = ;Xil/fi (prox(c; pi) (Fi (i)))-
In other respects,
Yi — X\Bi = Fi.y — civi (prox(c; pi) (Fi.i))-
When p is differentiable, x — ci (prox(cp)(x)) = prox(cp)(x) Elmost by definition of
the proximal mapping (see Lemma 3.31). Therefore, ¥; — X[8; = prox(c; pi) (7i (i)
and
1 pe
—;Xﬂﬁi(Yi = X;Bi)+ (Si + tld)n;
1 - -
= ;Xi [ =i (prox(ci pi) (7)) + Wi (prox(ci pi) (Fi i) ] = 0
We conclude that
f(B) =TRi.

Applying Lemma 3.2, we see that

~ o~ 1
1B = Ail = ZIRill.

On Ri

Clearly, controlling R; is the key to controlling ||,§ — E, I, so we need to develop
insights into R;.

Lemma 3.5 We have

[P,
nill = —=——=Wiim)l 25
il < Tt Jn AGEOY (25)
and
S / * = l”

IRill < IIZ]1] i (VT (X s Bays mi) i) ——| i (i, )]

25up j " (X B i) = ()‘f vi(Fio
(26)
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We note that under our assumptions, we have

|Vi (Fi.i))| < Vi llso < CpolyLog(n)

and, using Lemma 3.35

sup X0 Or, (sup [Ai]).
ion i
Proof This proof is essentially obvious. We refer the reader to a corresponding one
given in [15] in case details are needed. O

Ony*(X;, ,g(,»), ni) and related quantities

V(X Biy: 1) — ¥ (Fj.) |, which is
essential for turning Eq. (23) into a useful bound. We proceed by first getting a better
understanding of Eq. (26).

1
We now show how to control i SUPji

Lemma 3.6 Suppose, as in our assumption O3, that ! is L; (n)-Lipschitz. Then,

sup [ (v (X By, 1) = ) )| = | sup Lin) [ sup Xl
J#i 1 J#i

<i<n
Proof By definition, we have
lv* (X}, Bays m) — Fj.l < 1Xmil.

The bound follows immediately, using the fact that v is L; (n)-Lipschitz.

Stochastic aspects

Recall that we have by definition
- 1 -
Xni = i (prox(cipi) (7))~ X (Si + 71dp) ™1 X;.

We can therefore bound |R;|| by

IRl < | sup |X;(Si + 7ldp) 71X sup; ;= Li (n) || X; |
o N4 Jn

J#i n

11Z]1]2 (1% (i, i) |1 (prox (c; pi) (Fi, i) -

Therefore, we also have

—1
1Rl < [ sup 2T X N sy, L) 1Kl 5o
= j;fl-) n Jnt Jn 21 ¥ lloo-
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This bound on ||R;|| shows that we can control ||,§ — E, || in Lg provided we can
control each terms in the above product in L3, by appealing to Holder’s inequality
and Proposition 3.4.

We now turn our attention to the various elements of the bound on ||R; || and show
that we can control them under our assumptions.

Onsup; ; 1X',(S; + t1d) "' X; /n|

We will control X; (S; + tId)~' X; /n by appealing to Lemma 3.36.

Lemma 3.7 Suppose X;’s are independent and satisfy Assumption O4; suppose A;’s
satisfy 06. Then

1 X;
sup | X';(Si + t1d) 7' X;/n| < — sup | f”pozyLog(n)
J# n i TN

in Ly, for any finite k. Note also that under our Assumption O4, for any finite k,

sup [124 1/ /] = Oz, D).
JF#i

Proof The proof follows from that of Lemma 2.3 in [15]. Indeed,
IX(Si 4+ 1) X /] = || X (S + TId) " X /).
The proof of Lemma 2.3 in [15] shows that

sup | X/ (S; + 71d) "' X /n| < L sup L 1yt gy ek
J#i NI RN

in L, when SUp 4 ”zi\/,ﬁ” = Oy, (1); this latter result is shown in [15] (see the

discussion after Lemma 2.3 or Lemma 3.35 in the current “Appendix” applied to

Fi(X;) = || ;| and noting that E (| ) < VE (14 1) = /).

Now our assumptions O6 concerning sup; |A;| = Oy, (polyLog(n)) guarantee that
the bounds we announced are valid. O
Consequences

We have the following result. Recall that v/ is assumed to be Lipschitz with Lipschitz
constant L; (n).

Proposition 3.8 Under Assumptions O1-06, we have

[sup; << Li M1I1¥il1%
nt

[Rill =Or, ( polyLog(n)) )
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Furthermore, the same bound holds for sup; <; <, | R || with sup; ; <, | 12, (instead
of |Will%,) in the right-hand side.

Proof The proof follows by aggregating all the intermediate results we had,

using Holder’s inequality and noticing that under our assumptions, |||§|||2 =

Oy, (sup; Xl.zc,jl) = Oy, (polyLog(n)). This latter result is shown in Lemma 3.38.
The statement concerning sup; <; <, [|'R; || follows by the same arguments. O

We can now prove and state the following result, which relates residuals to leave-
one-out-prediction errors and give a way to do online update from B;) to B.
We recall that §; is defined in Eq. (20).

Theorem 3.9 Under Assumptions O1-07, we have, for any fixed k, when t is held
fixed and L; (n) < Cn?,

sup |B — Bill = O

1<i<n

(polyLOg(n) >
L\— -

nl-«o

In particular, we have

Vi <i<nE(IF - BI?) = OpolyLog(n)/n>>).

Also,
N polyLog(n)
sup sup|r;j i) — Rj| =0 (— .
t<izn jA O “\ nle
Finally,
. polyLog(n)
sup [R; — prox(cipi)(Fi,i))| = Or, (nl/T : 27)
1<i<n

We note that we could state a slightly finer result involving L; (n) and various powers
of || ||co- However, we will not need such fine results in what follows, so we opt for
slightly coarser but easier-to-state statements.

Proof The first two results simply follow from our work on [|R;]|.
The third result follows from the coarse bound

sup 7y = Rj| = sup | X} (B = Po)| = sup |X; (B = )| + sup1; (B — P |
J#I J#i

J” X/
= <li/<n \/— )\/_”,3 ,31 I +SUP| nils

”j;%”) = Oy, (polyLog(n)) under our assumptions. Our

and the fact that (suplS j<n

results on ||//3\ — E, || give control of the first term. Control of the second term follows
from Lemma 3.7 and the assumption that v; is bounded by CpolyLog(n).
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Let us now turn to the final result, i.e. the approximation of the residual R; by a
non-linear function of the leave-one-out prediction error 7; (;). Recall that

Ri =€ + X[po— X;B = e + X{Bo — XiBi — X{(B — Bo).
Now, given the definition of El , we have
X;Bi = X;Bw + civilprox(cipi) (i )]
Hence, since almost by definition, if y = prox(cp)(x), y 4+ c¥(y) = x, we get
€ + X;po — X,/B: = 7 i) — civilprox(c; p;) (Fi, (i)) ] = prox(c; p;) (i (i))-
So we have established that
Slilp R; — prox(ci pi) (Fi,iy)| = Slilp |xl’.(,§; - E)}

and the result follows from our previous bounds. O

On the limiting variance of || 3]|2 and [|8 — Bo I

An interesting consequence of our leave-one-observation-out work is that we can use
the ideas and approximations developed above to show that ||,§ — Boll and ||,§|| are
asymptotically deterministic (in other words, they can be approximated asymptotically
by deterministic sequences).

Proposition 3.10 Under our assumptions O1-07,
var (||E||2) — O0asn — oo.

Therefore ||;§\||2 has a deterministic equivalent in probability and in L.
More precisely, we have

polyLog(n)
n1—2a

var (11B1%) = o( ).

The same results are true for var (||,§— Bo ||§) provided || Boll = O(polyLog(n)), as in
Assumption O7.

Proof We use the Burkholder/Efron—Stein inequality to show that var (||,§||2) goes to
0 as n — oo. In what follows, we rely on our approximations and our assumptions
to have enough moments for all the expectations of the type E (||,§||2k ) to be bounded
like polyLog(n)/t3*. Note that this the content of our Lemma 3.3.
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Recall the Efron—Stein inequality [11]: if W is a function of n independent random
variables, and W(;) is any function of all those random variables except the ith,

n n

var (W) < Zvar (W — W(,-)) < ZE <(W — W(l.))2) .
i=1 i=1

In our arguments below, ||,B\||2 plays the role of W and ||,/3\(l-)||2 plays the role of

W(,') .
We first observe that

E (1812 = 18w I”1) =2 [E (1187 = 1B 121) +E (1A 12 = 1B *1?) ]

Of course, using the fact that,B /3 Bi +ﬁl and |||,3||2 — ||;3, || 22 = [(,3 B (B+
B)1?, and hence (B — B;)' (B + Bi) = 2(B — Bi)'B — B — Bill%, we have

IBI2 = 1B 12 = OL, (1B = Bill*) + /0L, (polyLog(m)I1B — Bi 1),

by the Cauchy-Schwarz inequality, since E (||§||k) exists and is bounded by
KpolyLog(n) /.
Using the results of Theorem 3.9, we see that

-~ ~ lyL
E (1112 - 1AI7F) =0 (%"f(”)) )

provided o < 1/2.
On the other hand, given the definition in Eq. (20),

~ ~ 1 _ -
1Bi 11> = WBiy P = 2= By (S: + T1d) ™ X i (prox(ei pi) 7 i)
1 _ -
+ 3 X{(S; + ) XY (prox(ci pi) (i, y)-

Since B\(i) and S; are independent of X;, and |||(S; + tId) Y| < 1/t B?i)(si +

rId)~'Xx; = Op, (|A] ||//3\(l~) ||/C,],/2), using our assumptions O4 on &; applied to linear
forms. Recall also that sup; | [lcc = O(polyLog(n)). Therefore, we see that both

terms are Oy, (polyLog(n)/nc,i/z).
We conclude that then

B 2 2]? lyL
E (‘”ﬂi”z — 180 I?| ) -0 (1%;’%(")) .
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Taking W = ||B]|2 and W(;y = || B¢ ||? in the Efron-Stein inequality, we clearly see
that

var (IB1?) =0 (M) = o(1).

nl—2a

This shows that || E % has a deterministic equivalent in probability and in L.

e About || — Bol.

The results are obtained in a similar fashlon usmg our bound on ||/3 - Poll and
replacing everywhere in the arguments || /3|| by || ,3 Boll, and || ﬁl|| by || /3, Boll-
The condition || Bol| = O(polyLog(n)) plays a role to guarantee in Lemma 3.3 that
1B — Boll = O, (polyLog(n)).

Let us now provide some more details. As above, we write

E (118 = foll® = 1B, — o) = 2 [E (118 = Boll> = 15 — fol*1)

E ('”Ef — Boll® = 1Ba) — ﬂollzlz)] .

o~

Of course, using the fact that 8 = ,3 ,BZ—i—,B, and ||| B — ,30||2—||,3, Boll |2f [(B—
Bi) (B+Bi—2p0) 1%, andhence (B—B,)' (B+Bi—2P0) = 2(B—B1) (B—Po)—I B—Bill%,

we have

11 = Bol> = 1B = Boll2P = Or, (1B = Bill*) + /O, (polyLog(m) 1B — Bi ).

by the Cauchy—Schwarz inequality, since E (||E— ,30||k) exists and is bounded by
K polyLog(n)/t*. This latter fact follows from Assumption O7 and Lemma 3.3.
Using the results of Theorem 3.9, we see that

~ ~ lyL
E (118 - Boll* = 13 — fol*1?) =0 (pojTof(”)) = o),

provided o < 1/2.
As above, given the definition in Eq. (20),

- - 1~ _ 3
1B = Boll* = 1Baiy — Boll* = 2— (B = Bo)' (S + 71d) "X Wi (prox(ci p1) (i, (i)))
1 _ 3
+-3 X[(S + 1d) 2X: Y (prox(c; o) (i, 1)))-
Since E(i) — Bp and S; are independent of X;, and |||(S; + rId) Y| < 1/7, (,B}i) —
Bo)(Si + TId) "' X; = O, (1% 1I1Bu) — Boll/ca'?). using our assumptions O4 on X;

applied to linear forms. Recall also that sup; || {;||cc = O(polyLog(n)). Therefore, we
see that both terms are Oy, (polyLog(n)/ nC,l,/ 2).
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We conclude that then

B; B 2 lyL
. (‘”’3" — Boll* = 1By — Aol ) =0 (M) :

n

Taking now W = ||,§— Boll?> and Wiy = ||,§(,~) — Bol|? in the Efron-Stein inequality,
we clearly see that

~ lyL
var (I8 = fol?) = 0 (L"g(’”) = o().

n172a

This shows that ||,§— Bol|* has a deterministic equivalent in probability and in L;. O

Appendix 4: Leaving out a predictor

In this second step of the proof, we do need at various points that the entries of the
vector X; be independent, whereas as we showed before, it is not important when
studying what happens when we leave out an observation.

Let V be the n x (p — 1) matrix corresponding to the first (p — 1) columns of the
design matrix X. We call V; in R”?~! the vector corresponding to the first p — 1 entries
of X;,i.e. Vl./ = (X;(1),..., X;(p—1)). We call X(p) the vector in R" with jth entry
X;(p),ie. the p—th entry of the vector X ;. When this does not create problems, we
also use the standard notation X ; , for X ; (p).

We use the notation By = (yy Bo(p))', i.e. yo is the vector corresponding to the
first p — 1 coordinates of By.

Let us call 3 the solution of

— . 1 ¢ T 5
y = argmin,, g1 ;pi (e = Vilr =y + ZlIvII”. (28)

o~

Note that (J(;) is the solution of the original optimization problem (3) when X; (p) is

replaced by O.
In this part of the paper, we will rely heavily on the following definitions:

Definition We call the residuals corresponding to this optimization problem {r; [, }7_;,
in other words

ripl =€ + Vivo = V/7.

We call
1 - / 1 - / /
up=-— 21 Vi) ViXi(p), and &, = Zl i) Vi Vi
1= 1=
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Note that u, € RP~!and &, is (p — 1) x (p — 1). We call

n s = Z X)W (rifp) — (&) + tld) " 'u,, (29)
and
A 1
N, = NG ;Xi(l’)%(ri,[p])- (30)

We will show later, in “On &, of Appendix 4 that £, > 0. However, we will use this
information from the beginning and there are no circular arguments. We note that &,
depends on the coordinate we are considering, here p. So it should be written &, (p).
However, to avoid cumbersome notations, we keep the notation &, unless there are
ambiguities or we need to stress what coordinate we are referring to. This happens
only in parts of “About ¢;’s, §,, N, and the limiting distribution of 3( p)” of Appendix
5 below.

We consider

&n 1 N,
b, = +— 31
P ﬁo(p)r+€n NEETR (31)
Note that when &, > 0, we have
opy = "N Ty ¥ it Xi(p)YiGigp) — Tbyy |
En % S X2 (rip) — (& 4 tld)~lu,

Indeed, essentially by definition, Bo(p) = [(t + §,)b, — n’l/sz]/E,,; hence b, —
Bo(p) = [n"'2N, — tb,1/&,. We call

~ [y B —(6p+r1d)—1u,,}
b—[ﬁo(p)}ﬂbp ,30(17)][ ) : (32)

The aim of our work in the second part of this proof is to establish Theorem 3.20 on
p-39, which shows that ||b— EH = O(polyLog(n)/n) in L. Because the last coordinate
of b, b p» has a reasonably simple probabilistic structure and our approximations are
sufficiently good, we will be able to transfer our insights about this coordinate to ,8 P>
the last coordinate of ,8 This is also true when considering /n (b, ,8 p), SO our
approximations will be interesting at that scale, too.

The approach and approximating quantities we choose—as well as the intuition
behind those choices—can be understood by using variants of the ideas discussed in
our work in [3,16] and [17].
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Deterministic aspects

Proposition 3.11 We have

~ o~ 1 ~
18 = bl = —Ibp = Po(p)| sup Idi,pl|IIEIII2\/II(6p+T1d)*1up||2+1- (33)

1<i<n
where d; , = [wi/(y;fp) — Yl (rip)] and y:p is in the interval (e; + V/yo — V!V, €; +

X! Bo — X|b).
Furthermore,

_ 1 « 1 «
1S+ 1)~ upl? < — 3 XFPIW[ i) = — D A7 i (p) X7 (0)-(4)
i=1 i=1
As we saw in Eq. (15) and Lemma 3.2, we have

1B =5l < =Ilf DI,

Q| =

where

~ | — ~
Fb) === Xivi (e + Xifo — X[b) + tb.

i=1

We note furthermore that, by definition of ,

s Iy P
g = — Z Vivii (6 + Vivo = Vi7) + o7 = 0p-1.

i=1

The strategy of the proof is to control f (3) by using g(¥) to create good approxi-
mations and then recalling that g(¥) = 0,,_1.

Proof The proof strategy and ideas are tied to the technique developed in [15]; how-
ever, because there are a number of delicate cancellations in the argument, we give
it in full details. (Naturally, coming up with good approximating quantities required
much work.)

a. Work on the first (p — 1) coordinates of f (5)

We call f,_1 (B) the first p — 1 coordinates of f(B). We call ¥, the p-dimensional
vector whose first p — 1 coordinates are 3 and last coordinate is By (p), i.e.

7
Vext = [ﬂow)] '

For a vector v, we use the notation vcepmp « to denote the p — 1 dimensional vector
consisting of all the coordinates of v except the kth.
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Clearly,
fp1(B) = fp_1(B) — g

1 « ~ N ~ N
=== Vilvitei + XiBo = XiB) = i(ei + Vivo = ViP)] + tbeomp.p = 7).

i=1

We can writePy using the mean value theorem, for yl.’j‘p in the interval (¢; — V/(¥ —
Y0), € — X; (b — Bo)),
Viler + X{Bo — Xb) — vi(ei + Viyo = V{P)
=Y/ (V) X| Fexs — b).
= Y[ i1 p) X} Fext — b) + (W] )) — V] i p)1 X Fext — b).

Let us call

dip = ¥/ (")) — ¥i(ripD],
8ip = W] (V) — Wl (i p) X Fexs — b).

l N ~
Rp = _Z Zdi,pVin/'(Vext - b)

i=1

‘We have with this notation

~ l & =~ ~ ~
fp—l(b) = _; Z wi/(ri,[p])vixl/'(yext - b) + T(bcomp,p - )/) + Rp £ Ap + Rp-
i=1

We note that by definition,

)

- .
Vext = b =[b, = fo(p)] [(6” +f11d) ””}
Ecomp,p - ? = _[bp - ,30(]7)](6[7 + TId)ilup-

Therefore, X/ (Vex: — b) = (b, — Bo(P)1[V/(Sp + 7ld)'u), — Xi(p)], and

1 & _
Ap = —(by = Bo(p)) (; > i) Vi [V/(S, + 710wy — Xi(p)
i=1
+7(S) + 7Id) My ).
Recalling the definition of &, and u,, we see that
A, = —(b, — Bo(p) (6,,(6,, oIy —up + (S, + rId)’lup) — 0,1,

since (&, + tld) ! + 1(&, + rld) ! =1d.
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We conclude that

f,_1(b) =R,.

b. Work on the last coordinate of f (E) ~
We call [ f(b)], the last coordinate of f(b). We have shown above that

Vilei + X[ Bo — Xib) — Wi(ei + Vivo — ViD)
= Y i1 p) X Fext — b) + [W] (")) — U] i p )1 X Fext — b).
Recall the notation
8ip = W/ () — Wit pDIX] Fext — b).
Clearly,
Vi€ + X! Bo — X/b) = i (ri1p) + ¥l i (p) Xt Fext — ) + 81 p,
= Wi itp) + W Cip) 8y — Fo(p)] [ V(S + 1)y

—=Xi(p)]+6ip.

We therefore see that
~ 1 <&
LF®1,+ > Xi(p)sip
i=1

1 n
=— in(p) (i (rip)

i=1

1) by = Bo(p) | V/(S + 1)~ uy = Xi(p) ) + 7By,

1 n
=== > X)) — (bp = Bo(p)u}, (S + TId) "y
i=1

1 —
+(6) = Bo(P)— D Y [p) X7 (p) + 7by,

i=1

l n
=- [; > Xi(p)itrigp) — rbp]
i=1
1 n
+ (b, — Bo(p)) (; D U i) X (p) — (S + ﬂd)lup) :
i=1

1
_ |:—N,, _ fb,,] + (Bp = Bo(p)én,
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We conclude that

~ 1 < 1< ~
F By === Xi(p)ip=——> & pXi(P)X|Fers = D).
i=1 i=1

Representation of f (E)
Aggregating all the results we have obtained so far, we see that

~ 1 & N o~
f(b) = <_; ;di,pxixj) (Vext —b),

Iy / &, +tld)~!
:—(bp_.BO(P))<;§di,pXiXi> |:( P il) upi|.

We conclude immediately that

1@ < 16, — Bo(p)] sup 1dip IS 1112/ 1S, + Tl up |2+ 1. (35)

1<i<n

This gives Eq. (33). The rest of the proof follows easily with mild modifications
from [15] and we do not repeat it here. O

Stochastic aspects

From now on, we assume that X'(p), is independent of {V;, €;}7_,. This is consistent
with Assumption P1. (Recall that X; = A;&; and therefore V; = A;V;.) Note that
Assumption O4 is satisfied for ) if it is satisfied for A;: convex 1-Lipschitz function
of V; can be trivially made to be convex 1-Lipschitz function of A; by simply not
acting on the last coordinate of Aj.

Naturally, a large amount of the rest of the proof consists in showing that we can
bound || £ ()| sufficiently finely for our results to hold true. So we will work on
bounding each term in the product appearing in Eq. (33) in the rest of this section.

The last term is very easy to bound. In fact, using Eq. (34), we have

_ 11 ¢
18 + I up? = —= 3 19 laodi X2 (p),
i=1

and

. sup; [ lloo 1
(&) + 7ld) "y P < =223 a2 ().

i=1
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Hence, under assumptions O3-04 and 06, we see that, for any fixed &k and at t fixed,

(&, 4+ t1d)'u, ||* = O, (polyLog(n)).

As an aside, we note that p does not play any particular role here. If we considered
the same quantity when we remove the kth predictor, and took the supover 1 <k < p
of the corresponding random variables, the same inequality would hold, in light of our
work in e.g. Lemma 3.37.

The previous equation guarantees that

2

< (1 + (&, + tId)'u,|1*) = O, (polyLog(n)).

‘(6p+rld)_1u,,
—1

We conclude, using Eq. (33), that

~ o~ 1 =~
I8 —bll =Or, (;PolyLog(n)lbp — Bo(p)| sup |d;,| |||2|||2) ;

1<i<n

provided the terms appearing inside the O, have enough moments to enable us to
use Holder’s inequality.

Recall that Lemma 3.38 gives IZ]]]2 = Oy, (polyLog(n)) under our assumptions
01-07. Atahigh level, we expect sup; ; -, 1d; »| and [b, — Bo(p)] to be small, which
“should give us” that

B — bll = O, (polyLog(n) sup |d; pllb, — Bo(p)D).

1<i<n
In fact, we will show in Proposition 3.12 that b ,— Bo(p) = O, (polyLog(n)[n~'/2v
n~®]) and in Proposition 3.19 that SUP| <j<p |di.p| = Oy, (polyLog(n)[nO‘_l/2 \%
n(x—e])_

These are the key bounds we will need in showing that ||,§ — EH is small.
We now turn our attention to showing these two results.

On by — Po(p)

We recall the notations

1 < 1 <
N, = 7 lefi(ri,[pj)xi(p) = 7 Z)‘il/fi(ri,[pj)-)(i(p),
i=1 i=1
l n
n =" D Vi) X (p) — (S + TId) .
i=1

Under our assumptions, we have E (X;) = 0 and cov (&;) = Id, and hence
E (Xlz (p)) = 1. Recall that since we assume that X'(p) is independent of {V}, €;}_,,
X (p) is independent of {"i,[l’]}:‘l:l'
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Proposition 3.12 We have

by, — Bo(p)| < f INpl+[Bo(p)] = INp| + llBolloo-

f

Furthermore, under assumptions 01-07 and P1, N, = O, (polyLog(n)) and there-
fore, when t is held fixed,

b, — Bo(p)| = Or, (polyLog(m)n™""* + || Bollso)-
Proof From the definition of b, we see that, when &, # 0

Np B0(p)
— Bo(p) = ﬁ—t+€n T Tre,

We will see later, in “On &, of Appendix 4 that &, > O (there is no circular arguments,

it is simply more convenient to postpone the investigation of the properties of &,). It
immediately then follows that

1
|6, < —=—INpI + 1Bo(P)I-

/Nt

Using independence of X'(p) and {V}, €;
for instance,

and E (X;(p)) = 0 for all i, we have

tl’

E(V) = > (@) B (W97 0im)
i=l1

whether the right-hand side is finite or not. Using our bounds on max Al.z and
sup; | Vi lloo, We therefore have

E(V) = ;E (%2 14 1%E (32) = O(1) = O(polyLog().

Simple computations also show that N, has as many moments as we need and that
for any finite k, under our assumptions,

N, = Oy, (polyLog(n)).

We therefore have

[bp = Bo(p)| = —=-Or, (polyLog(n)) + sup [Bo(k)|.

\/_ 1<k<p

O

@ Springer



138 N. El Karoui

Oné,

Let us write &, using matrix notations. Let Dy, () bethe n x n diagonal matrix such
that o

D‘/fi/(r..[p])(is i)= Iﬂ;(ri,[p])~

The notation Dw’((ri‘[p])]?:l might make it clearer that we are referring to a unique
matrix and not a sequence of matrices indexed by i but we use Dv,’_/(,ﬂlm) because it is
a less cumbersome notation.

We also denote by X (p) is the last column of the design matrix X. Then we have

1 )12 12
El’l — ;X(p) DI/I[-’(F.,[I,])MDI//;(V.,[p])X(p)’ (36)
where
D2 v -1 v'D)?
M=1d, — 2 (Zyip o vrd) e 3y
- Jn n Vi p) N

This simply comes from elementary linear algebra and representing u, and &, in
matrix form. For exampl.e, nu%, = ).((p)’le_/(,._w)V. .
We are now ready to investigate in more detail the properties of &,.

Lemma 3.13 We have
& > 0.

Furthermore, under Assumptions O01-07 and P1, if D, is the diagonal matrix with
ith entry Aj,

1 12 172 _ 2.
o — irace (Do, Dif5,  MDUG Dy )| = O 2P Fi Vi D/ (e |
(38)
Proof Let us first focus on
-1
1 ip V' Dy 1V 12
M =1d, — ;DW,{(V«,[p])V . + 7ld \% Dlﬂ,-/(r-,[p])'

The first part of the proof is very similar to the corresponding arguments in [15].
When t > 0, it is clear that all the eigenvalues of M are strictly positive, i.e. M is
1/2

positive definite. Indeed, if the singular values of n~!/2D VD)
i\rlp

V are denoted by o7,

the eigenvalues of M are 7/ (Ul.2 + 7).

Therefore, since &, = %U/MU with v = D'/ X(p), & > 0.
Vi (r.p)

Since M is symmetric and has eigenvalues between O and 1, we also have, using
e.g. Lemma V.1.5 in [6],
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172 1/2

0 = Dl//;(r,_[p])MDlﬁi/(r.,[p]) = D‘/fl'/(r-.[p])'

The matrix M is independent of A'(p) under Assumption P1. Dwi/(,‘_[p]) is also
independent of X' (p). Of course, we have X (p) = D;, X (p), where D, is the diagonal
matrix with (7, i) entry A;.

Since X, satisfy the necessary concentration assumptions under Assumption P1,
we can now appeal to Lemma 3.37 to obtain

1/2
lﬂi’(h_[p])

172

MDW;(rwlpJ

Lxpyp X(p)—ltrace<D;,D1/,2 MD'? D,\.)
n ) n AR Vi)

_ 1 2.
=0y, —C sup A7y (rip)) | -

n 1<i<n

m}

We now take a slight detour from the aim of showing that we have a very good
approximation of E through b by working on finer properties of &, and b,. These
properties will be essential in establishing the validity of the system (4).

To get a finer understanding of &,, we now focus on the properties of

12
Wi (. [p)

1/2

1
—trace (DMD MD M_,[p])z)ki) .

The previous lemma shows clearly why this is natural.

About%trace(DMDl/z MD'? D,\l.)

Vi 1p)) V(. pp)

Lemma3.14 Let us call &, = 137 yl(ri,)V;V/ and S,(i) = &, —
%W{(Vi,[p]) Vi V/. Let us also call

1
Cr,p = —trace ((GP + TId)_l) ;
n
1
& = ~V/(Sp(0) +T1d) Vi = Afer .

Then we have under Assumptions O1-07 and P1, if M is the matrix defined in Eq.
(37),

L race ad, — M) — ltrace(DA p'2  mp'/? DA) c
n " n Y )T T ) T np

1 n
< [sup 1¢i q =D Vi, 39)
i i=1
We also have

1 p—1
—trace (Id, — M) = —— — 1C¢ p.
n n
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Proof We call d;; = wi’ (ri,[p1)/n. Of course, by using the Sherman-Morrison-
Woodbury formula (see e.g. [21], p.19),

Mii=1=di;V/(V'Dy. . V/n+ tId)"'v;,
V/(S,() + tld) "1V,
YT+ di VIS, + Tld) Y
1
T 1 4du VIS, + Tl

=1-

Recall that we are interested in %Zl A?wi’(r,-,[p])Mi,,- = %(DMDZ,%R“)])

M Dll//%r : ])D,\i). Note that, since trace (AB) = trace (BA),
i\l

trace (Id,, — M) = trace ((617 + rId)_IGI,)

= p — | — ttrace ((GP + tId)_l) =p—1—ntcy .

This shows the second result of the lemma.
On the other hand,

trace (Id,, — M) = Z(l - M; ;)

V(G ,(i Id)~'y;
=Y d ((©p® + 7ld) (40)
— T+

diiV!/(S, @) + tld) "1V,
With our definitions, we have, since )Ll.zc,,p +¢ = rllvl/(ep(i) + 7Id)~ 'V,

1 1
 race (dn = M) = (; D (h',[p])Mi,i> Ce.p
]

1 / ;i
o Z Vit i V/(S,G) + tld)~1V;”

It immediately follows that

1 1
—trace (Id, — M) — (Z Zx%x//l!(ri,[p])Mi,,-) Cr.p
1

1
= [SQP ICiI] - PIRAGERN

as announced. m|
The previous result will be especially useful as an approximation result if we can

show that ¢;’s are small, since assumption P2—which we will use later—implies that
% Y ¥/ lloo cannot be too large. This is what we do in the next few pages.
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Controlling ¢;

The main problem that arises when trying to control ¢; is the fact thatr; [ ,; appearing
in &, (i) depend on V;. This prevents us from using concentration of quadratic forms
results such as those shown in Lemma 3.37. So further approximations arguments
are needed. Of course, the idea of using a leave-two-out residuals to approximate
{rj,(p1}j= immediately comes to mind. Hence our work in “Appendix 3” will later
play a key role in showing that ¢;’s are small.

Lemma 3.15 Suppose we can find {rﬁl%p }j#i independent of (A;,V;) and K, such
that

supsupw,(rﬁ’{,,,) Vi)l < K.

L

Then
polyLog(n)

T.4/NnCy

provided K, has 3k uniformly bounded moments.

1 _ 1
sup |¢i| = Or, <|:?Kn|||2|||2 + + n—r]polyLog(n)> . (4D
14

Proof We call

AMip = Z Vi )ViVy
J#l

Then, using for instance the first resolvent identity, i.e. Al — gl = A_I(B —
A)B’l, we see that

1 -~
(S, () + TId) ™" — (AM; ), + 71d) |2 < —2 KnlllZll2,

since ||| 3 ViV/|Il2 < [IIZ]]l2. In particular,

|| Vil? 1
—K IZ 2
n

1
‘ V(&) + tld) "'V ——V(AM,,,—i—rId) ly,

However, since AM; , is independent of (A;, V;), we can use Lemma 3.37 and see
that, since V; = A;V;,

sup
1<i<n

IyL
oy, <p0y ozm) ﬁ)’
T

i
nc,  1<i<n

1 A2
“V/(AM; , + T1d) Vi — “Ltrace ((AMZ-,,, + rId)_1>
n n

by using the fact that Amax(AM; , + 7Id)~1) < L.
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Using the operator norm bound we gave above, we also have

1 1 T
Z trace ((AM,-,,, + tId)_l) — trace ((G,,(i) + tId)_l) < SKIENRE.
n n T n

We conclude that

1 A2
sup |=V/(6,(i) + tId)~'V; — “Ltrace ((61,(1') + rId)_1> (42)
I<i<n n
1 S p , IVilI*] | polyLog(n) 2
=0 = Kpl|IT =z vl
Li ([12 nlll |||zlill}2n[n+ P o Sup A
(43)

Now, it is clear that under O1 and O4, sup; _; | V; I1?/n = O, (1) and finally

sup
1<i<n

1 = polyLog(n) 2
=0 — K, |l|Z —_— Arv1].
L ([fz D ][é‘?ﬁn‘

Control of Ltrace ((&,(i) + tId)~!) — Ltrace (&, + 1d)7!)
Using the Sherman-Woodbury-Morrison formula, we have

L, , -1 )‘1'2 : -1
~V/(S,() + 71d) Vi——trace<(6p(l)+rld) )
n

(6,30) +tld) ! — (&, + rld)~!
YD) (8,() + Tld) TV V(S , () + Tld) !
no g Wy ) + o1d) 1Y

After taking traces, we see that

Q| =

0 < trace ((GP(i) + rId)*l) — trace ((GP + tId)’]) <

3

since V/(&,(i) + 7Id)72V; < 1v/(6,() + t1d) 71V,
Therefore,

1

1 , I .
0 < ~trace ((6,,(1) + 71d) ) ~ —trace ((6,, + 71d) ) < —

We conclude that

Gl =0 [IK IS, + RoLos) 1] 2
su i| = — — = 4+ — sup A ,
lgilg)n l b 2" : T/NnCy nt lgilg)n :
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provided we can use Holder’s inequality. In effect, this requires K, to have 3k
moments. O

Control of K,

A natural choice for r(.’% ! defined in Lemma 3.15 is to use a leave one out estimator
of 3, where the ith observation (and hence V;) is ommitted. Hence, all the work done
in Theorem 3.9 becomes immediately relevant.

Lemma 3.16 Suppose we use for {ri.i)[ p]} j+i the residuals we would get by using a

leave-one-out estimator of , i.e. excluding (V;, €;) from problem (28).
With the notations of Lemma 3.15, we have under assumptions O1-07 and P1

K, =0y, (nza_l/zpolyLog(n)) .

In particular, for any fixed t,
sup |¢i| = O, (n2“_1/2polyLog(n)> )
1

Proof Let us call §, (i) random variables such that

sup |r§'l,)[p] = rjpil = 8n ().

J#i
Applying Theorem 3.9 with R; =rj ) and 7 ;) = r;’;)[p], we get
. polyLog(r)
sup(8,(i)) = Or, (nl/T
1

The control of K, follows immediately by using our assumptions on v/, specifically
the fact that it is Cn*-Lipschitz. O

Important remark: the previous remark has important consequences for ¢; defined
in Eq. (21). Indeed, we have the following corollary.

Corollary 3.17 Let c¢; be defined as in Eq. (21) and c; be defined as in Eq. (14). Then,
under assumptions O1-07 and PI1, we have

sup l¢; — Afcr| = Op, (n** ' 2polyLog(n)). (44)
l

The corollary follows from drawing analogy between these quantities and the situation
investigated in Lemmas 3.14, 3.15, and 3.16; we now give a detailed proof.
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Proof We have now established that

1 . _ olyLog(n)
Sup |- V/(8,(i) + 71d) ™' Vi = 27¢r | = Oy, (&)
1

n1/22a

Recalling the notation

-1
1 1 &
cr = ;trace |:; Z wl.’(Ri)X,'X,{ + rId,,i| ,

i=1

we see that this quantity is the analog of C; , when we use all the predictors and not
only (p — 1) of them.

Indeed, ¢; in Eq. (21) is defined, in the notation of the proof of Lemma 3.15 as
an analog of %VI/(AML[, + 7Id)~'V;, with the role of {r;f)[p] } j+i being played by the
residuals obtained from the leave-one-out estimate of 3, excluding (X;, ¥;) from the
problem. Lemma 3.15 in connection with Theorem 3.20 shows that sup; | % VI (AM; ,+
Id)~ly; — AI.ZCT”,,| = O, (polyLog(n)/nl/2_2“) under our assumptions. Passing
from the p— 1 dimensional version of this result, i.e. Lemma 3.15, to the p-dimensional
version gives the approximation stated in the corollary.

We therefore see that

sup |¢; — Afer| = Op, (n**~'polyLog(n)).

1

Further results on &, and b,

We can combine all the results we have obtained so far in the following proposition.

Proposition 3.18 We have, under Assumptions O1-07 and P1,

et + 1) - Lt = o, (P 45)
Furthermore, under Assumptions O1-07 and P1-P3, since ||Bollcc = O(n~°),
(Z) nk (16, — o) = - Sk (tcpititrimP?)
i=1
+nT B (PE (2,) +o().  (46)

Both equations in this proposition are very important for this paper. The first one gives
us a very precise idea of the behavior of &, in terms of C; ,, which we will see in
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“Appendix 5” is relatively easy to understand. This first equation is also a stepping
stone towards the first equation of the System (4).

The second equation, on the other hand, is a stepping stone towards the second
equation of System (4) in our main theorem, Theorem 2.1.

Proof e First equation
The proof of Eq. (45) consists justin aggregating all the previous results and noticing
that ¢; , < (p — 1)/(n7) and therefore remains bounded. Indeed, we have

p—1
n

1
—1TCrp = ;trace (Id— M) = 0.

This latter quantity was approximated in Lemma 3.14 by

1 1/2 1/2
(;trace (D vitr i ™MP vf,-’(r-,m)) Cup

. . 1 1/2 1/2 .
And in Lemma 3.13, we approximated &, by (ntrace (Dw,{(rulm)MD‘//,',(’-,[pJ))). This

gives the result of Eq. (45), by simply keeping track of the approximation errors we
make at each step.

e Second equation

Recall that by definition (see Egs. (31) and (30)),

V[T + )by —Efo(p)] = Np = % g)\ﬂpi (ri,[pD X (P)-
Therefore,
Copv/n [(T + &b, — Bo(p)] + Tho(p)] = % iZ::Cz,p?»ilﬁi (ri,(pDXi (p),
or
Cr, p/n(t + &b, — Bo(p)] = % gcr,pkilﬁi(h,lp])/’fi(l?) — Crp/nTBo(p).

We note that C; ,A;¥; (ri [p]), which depends only on {;,V;, €;}!_,, is independent

i=1"
of {X;(p)}!_,. (If needed, see the definition of C; , in Lemma 3.14.)
Since &;(p)’s are independent with mean O and variance 1, we conclude that

E (2t +&0 [0, — Bo(p)]’)

_ % Xj;E ([Cr,p)\iwi(ri,[p])f) + n‘L’z,B(%(P)E (C%,p) .

@ Springer



146 N. El Karoui

Given the result in Eq. (45) and our bound on /n[b, — Bo(p)] in Proposition 3.12,
this means that

(Z) nE (16, — Boto1?)
= % Xn:E ([c,,,,x,-wi (ri,[p1>]2) +nT?B5(p)E (03,;,) +o(1).
i=1

In this last equation, we make use of Proposition 3.12 and Assumption P3 since under
this assumption n||,80||gopolyL0g(n)n2"‘_l/ 2 5 0. This is what allows us to replace
C:,p(t + &) by p/n without loss of accuracy in going from the second-to-last to the
last equation. O

We now need to control d; ,, to show that our approximation of Eby bin Proposition
3.11 will yield sufficiently good results that they can be used to prove Theorem 2.1.

Ond; ,
Recall the definition

dip= [W,-/(pr) — Yl (ri )],
where yfjp € (7i,[p1s i [p) + Vi), With

(S, + 7ld)"tu,
-1

vi = [by — Bo(p)IX; [ } 2 [by — Bo(p)]7i.

(The fact that ", € (ri,[p), ri,[p) + vi) follows from writing the definition of

Y: — X|b.)
We have the following result.

Proposition 3.19 We have, under Assumptions O1-07 and P1-P3, at fixed T,

polyLog(n)n®
sup|d; | = Or, (— :
L

nl/2 A ne

Proof Note that we can rewrite
-1
T = Xl/ [(617 +i11d) Mpi| — ‘/i/(Gp + _L_Id)—lup _ Xl(p)
Recall that u, = %V’ Dv,i/(,_’[p])X (p). We can also rewrite it as
= 1V’D X
p =V Dyt 1yt (P)-
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Using independence of X'(p) with {(};, €;)}7_,, and our concentration assumptions
on X (p) formulated in P1, we see that according to Lemma 3.36, we have

sup |V/ (&, 4 t1d) |
i

polyLog(n) 1 _
=0y, <T sqp” ;D)\[z%/(r.,[p])V(gp + 7Id) IV,' I,
n 1

where we look at V/(&, + tId) " lu p as a linear form in X'(p). Note that we have
absorbed the sup; |A;| in the polyLog(n) term.

Now,
||lD V(S, + tld) "'y ||?
n AU p) P !
V' D? Vv
1 A2y (r.
= V(6 + tld)" — (g rpa)y
n ' n
VD,V D%,V
Notice that &, = % Hence, w =< |||DA.21//.’(r. m)|||26,, and
we conclude that
V'D? V 2
1oy 1 ) -1 Vil
~Vi(G) + Tld) T (8 + Tl TV = 1Dy 12

_ v

sup AU (ri 1p1)-
nt ip 1‘/0( t,[p])

We also note that sup; | X; (p)| = O, (polyLog(n)/./C,) under O4, 06 and P1, using
the results of “Appendix 7”. So we conclude that

olyLog (n) Vi 2
sup |7;] = O, <% [1 + \/ sup A7V (rifp1) sup —— | |,
' Cu i i

l
olyLog(n)
=0y, <% [1 + /supx,?w,%r,-,[pp]) ,
n 1

= Oy, (polyLog(n)) .

Recalling that |b, — Bo(p)| = O, (n~/?polyLog(n) + | Bolloc), e finally see that

<polyL0g(n) )
Jnane )’

sup [v;| = Or,
l
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Under our assumption that 1//1.’ is Cn“-Lipschitz, we see that

olyLog(n)n*
sup|d; p| = Or, (%) .
1

nl/2 A ne

3.1 Final conclusions

We can now gather together our approximation results in the following Theorem.

Theorem 3.20 Under Assumptions O1-07 and P1-P3, we have, for any fixed t > 0,

~ o~ polyLog(n)n“
B —bll <O, (m
In particular,
~ polyLog(n)n®+1/2
Vn(Bp —bp) = O, ( [n1/2 A ne)? ’
Lo~ polyLog(n)n®+1/2
S‘;P|Xi(/3_b)| =0, ( [n1/2 A ne)2 ’

polyLog(n) y polyLog(n)n®+1/?
/n Ane [n1/2 A n®)? ’

We note that the index p in the previous theorem plays no particular role and similar
results holds when p is replaced by any k, 1 <k < p.

sup [R; — ri[p)l = OL, ([
l

Proof The Theorem is just the aggregation of all of our results, using the key bound
on ||,§— 5|| in Proposition 3.11.

The last statement is the only one that might need an explanation. With the notations
of the proof of Proposition 3.19, we have R; — ri [y = Xl’ (; — E) — v;. The results
on sup; |v;| in the proof of Proposition 3.19 as well as the bound on sup; | X l/ (5 — E)|
give us the announced result. O

Combining the results of Eq. (46) and the previous theorem, we see that under
Assumptions O1-O7 and P1-P4,

(B) k(8 - por?)
- % Xn:E ([Cr,p)‘iWi (ri,[p])]2> +nt?B(p)E (03,,,) +o().
i=1

Since p did not play any particular role as compared to any other index in our analysis,
the same result holds when p is replaced by k, 1 <k < p.
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Dividing the previous expression by n on both sides and summing over all the
indices 1 < k < p, we finally get

(2) & (1 - o13)
= ’ll i [’ll iE ([Cr,k)m/fi (ri,[k])]z):| + 72 iﬁg(k)E (cik) +o(1). (47
k=1L" i=1 1

Our aim now is to further simplify the above expression to get the second equation
of our system.

3.1.1 Onc, pand c,

We now show that C; ;’s are all close to the same quantity, which turns out to be c;.

Proposition 3.21 We have, under Assumptions O1-07 and P1-P3,

polyLog(n)n“ polyLog(n)n®*+1/2 y polyLog(n)
Jn A n [n1/2 A n®]? n ’

sup |er — Cr il = Oy,
l<k<p

Of course, we also have 0 < ¢; < p/(nt) and 0 < C < p/(nt).

Proof Let us recall the notation
1 n
§=- 21: ! (R)X X,
i=

Ifwecall =137 w/(R)V;V/anda = 1 3" | y/(R)X?(p), we see that

S = (F V) :
V a
According to Lemma 3.40, we see that, since ¢, = rlltrace ((S + tld ,,)_1),

1 11
|c; — —trace ((F + tId,,_l)*]) | < — +a/t.
n n T

It is clear that under our assumptions, a = Oy, (polyLog(n)), since

1 1 o
a=—3 WX (p)Vi(Ri) < polyLog(n)~ Zl 27 X7 (p) = O, (polyLog(n)),
1=

i=1

using e.g. our work in “Appendix 7”. Since v/ is Cn®-Lipschitz and

polyLog(n)i| y [polyLog(n)n““'l/ziD

sup |R; — r; =0
iP| i = ripil Ly ([ i An® [n1/2 A ne]2
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we have

polyLog(n)n® polyLog(n)n?*+1/2
/n An® [n1/2 A ne)? ’

sup |/ (Ri) — ¥ (ri,[p)] = O, ([

Hence, using arguments similar to the ones we have used in the proof of Lemma 3.15
(i.e. first resolvent identity, etc...), we see that

‘%traee ((F + rId)_l) — %trace ((Gp + rId)_1>

o 20+1/2
_oy, <|:polyLog(n)n ] y |:p01yL0g(n)n ]) .

Jn An® [n1/2 A n®)2

Since C;,p = %trace ((G pt rId)_l), the result we announced follows immediately.

We note that p did not play a particular role here and hence taking the sup over those
indices only adds a polyLog(n) term to the approximation. Hence our approximation
is valid also for sup; 4, lcz — Crkl. O

We are now ready to prove the last proposition of this section, which will help us
get the second equation of our System (4).

Proposition 3.22 Under Assumptions O1-07 and P1-P4,
P\? 5 2 rPly 2\ 2
(2) E(1B = Bol3) = 2= ST (lechiviproxtec i Gi)1P)
n nn izl
+721BolPE (ci) +o(l). (48)

Furthermore, when all \;’s are non-zero,

z 20\ P2
1 ZE [CT)» i (pmx(CT)L G (1)))] ZE <[Vz,(l) prox(cf)», pz)(l’z,(t))] )

2
ll )"i

Proof In light of the result in Proposition 3.21 and Assumption P3 which guarantees
that || 8o ||% is uniformly bounded in p and n, we see that

p p
Y BKE () = Y AWE (c2) + o) = IAI3E (c2) +o(1).
k=1 k=1
Therefore, Eq. (47) implies that
PYE(1F- o) = 22 3 [ L3 B (fen 2
() E(B-miz) =1 DD (tecariviCiuP?)
+T21BoIBE (c2) + o(1).
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Using Theorem 3.20 and our bound on ||//[|o from Assumption O3, we see that

ZE <[Crkk Vi (Ri)] ) +o(1).

k 1

ZE (tecariviGiP?) =

k 1
Thanks to Proposition 3.21 we also have
P
> E (leckivi(ROP) +o()

%XZ: (Cr,k)»ilﬂi(Ri)]2> é
=E

k
(teckivi(ROP) + o1,

In light of Eq. (27) and Assumption O3, we have

1 o 3 )
=3 E (Leckivi(prox(cip) Fp)I) + o(D).
" i=l1

- ;E (teckivi(ROP) =

Lemma 3.32 and specifically the computation of the derivative of prox(cp)(x) with
2,

respect to ¢, allows us to bound the error |y; (prox(c; p;)(x)) — ¥ (prox(c A p;)(x))|
for all x. In light of this, we see that, by using Corollary 3.17, we can re-express the

previous equation as

LS E (e (RIP) =+ S (leckii rox(ecd 2o G o)) + o1,
= i=1

since Eq. (44) in Corollary 3.17, gives sup; |¢; — M| = Oy, (nzo"l/zpolyLog(n)).
When A;’s are all different from 0, we can rewrite this equation as
e 223 (prox(c: A2 o) (7i,i)))] ) oth,

1 n
P (tecrivi(ROP) = ZE < e

Finally, since almost by definition,

Vx € R, x = prox(cp) (x) + ey (prox(cp) (x)),

E [Ct)L i PTOX(Cr)» pi) (i, (z)))]
n Z 22
rl i) — PfOX(Crl pz)(rl (1))] )

1
=Z§E< 22

we have

O
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Appendix 5: Last steps of the proof

We now reach the last steps of the proof and two important tasks remain to be com-
pleted. The first one is understanding the limiting behavior of 7; ;) and showing that
it behaves like €; + A;r,(x)Z; in the limit, where Z; ~ N(0, 1). With a little bit of
further work, the corresponding results will give us in connection with Proposition
3.22 the second equation of our main system (4).

The second main task is then to show that c; is asymptotically deterministic, i.e. it
converges towards a non-random number.

On the asymptotic distribution of 7; ;)

We have the following lemma.

Lemma 3.23 Under Assumptions O1-07 and P1-P4, as n and p tend to infinity,

Fiiy =Yi — X;,Bk(,-) behaves like €; + A, /E (||,§— ﬂ0||2)Z,-, where Z; ~ N (0, 1) is

independent of €; and A;, in the sense of weak convergence.
Furthermore, if i # j, i; ;) and i'j (j) are asymptotically (pairwise) independent.
The same is true for the pairs (7; iy, Ai) and (¥} (jy, Aj)

Proof Werecall that X; = A; X; and hence 7; ) = ¥; — X’,E(l) =€ — A X’(,E(l)—ﬁo)

o First part The e only problem is of course showing that (,B(l) — Bo)' & is approx-
imately (0, E (||ﬂ Boll )) Recall that ,3(1) is independent of &; and that &; has
mean 0, cov (X;) = Id,, and that, for any finite k, the first k absolute moments of its
entries are assumed to be bounded uniformly in 7.

Recall that we showed in Proposition 3.10 that var (||,§— ,30||2) — 0. Thanks to
Lemma 3.3, we also know that E (||,§— ﬂo||2) is uniformly bounded. Furthermore,
in the proof of Proposition 3.10, we showed that E (||,§||2 — 11Ba I?) — 0 and that
E (IIB = Boll* = By — Boll?) = 0

Let us now show that (B — fo)'A; behaves like (0, E (| By — Boll?)). We
employ a similar strategy as was done in [15] but give the argument in details since it
requires some new work.

We need a simple generalization of the standard Lindeberg-Feller theorem (see e.g.

[39]). Indeed, if ay, (k) are random variables with \/>"¢0_, a (k)2 = A,, E (A2)
remains bounded in n, and ay, ,(k)'s are independent of X;, we see that: a) if Z ~
N(0,1d,), independent of a, ,(k), then a,, pZ ~ A;N where N ~ N(0, 1) and
independent of A, (conditionally and uncondltlonally on ay, p); b) Theorem 2.1.5
and its proof in [39] hold provided ) "_, E (|an,p(k)| ) = o(1). The proof simply
needs to be started conditionally on aj, », and the final moment bounds are then taken
unconditionally. This very mild generalization gives, if ¢ is aC? function, with bounded
2nd and third derivatives,
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ve > 0, [E (9G] ,4)) ~ E @(AN))|

; - 2\ L 18P0 & 5
= K (eloPUeE (Y anp (0 ) + =23 "E (lar,(0F) )

k=1 k=1

where K is a constant that depends on the second and third absolute moments of the
entries of A&j. It is therefore independent of n and p under our assumptions on A;.
To make matters clearer, we allow ourselves to use the notation v or v(k) to refer
to the kth coordinate of the vector v.
In our setting, a,, p(k) = ,E(i)(k) — Bo(k). Recall that we have shown that
~ olyLog(n)n®
B~ o) = O, (PNENR)

The same arguments we used apply also to ,8(,)( p), the pth coordinate of the leave-
one-out estimate ﬂ(,) So it is clear that

B lyL 3
E (1) — Bo(p)I') =0 (M)

[n1/2 A ne]6
We conclude that
r . IvL 3a+1
E (Z By — ﬁo(k)|3) =0 (%) = o(1).
k=1

This, in connection w1th Corollary 2.1.9 in [39], shows that (ﬂ(l) — Bo)' X; behaves
asymptotically like ||ﬂ(,) — Bolll N in the sense of weak convergence.

Since B — Boll — E (IBi) — Boll) — 0 in probability and E (|| By — Boll)
remains bounded under our assumptions, Slutsky’s lemma guarantees that

(Biy — Bo)' X; behaves like E (| B¢y — foll) N
asymptotically, in the sense of weak convergence—by which we mean that the differ-
ence of their characteristic functions goes to 0. Using the fact, which can be shown

using results in the proof of Proposition 3.10, that E (|| B¢y — oll) —E (IIB — Boll) —
0 and Slutsky’s lemma, we see that

(B — Bo)' ;i behaves like E (|8 — Boll) N
in the sense of weak convergence. R
‘We note that the same reasoning applies when replacing aj, , (k) = B;) (k) — Bo(k)
by a,, (k) = A; [,3(,) (k) — Bo(k)], provided A; has 3 moments. This shows that

2By — Bo)' X = (Buy — Bo)' Xi behaves like E (I8 — oll) 2N
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This shows the first part of the lemma, since E (||,§— Bol) = /E (||,§— Boll?) +o(1)
by Proposition 3.10.

e Second part For the second part, we use a_leave-two-out approach, namely
we use the approximation 7; ;) = € + X0 — ,3(1) i =€+ X po— ,B(U)X +
o7, (1) and similarly for 7; (;) (this is clear from Theorem 2.2; ,3(, /) is computed by
solving Problem (3) without (X;, ¥;) nor (X, Y;)). It is clear that 7; ;) and 7; ()
are asymptotically independent conditional on X;), i.e. all the predictors except X;
and X ;. But because their dependence on X;;) is only through ||/3(l N Poll, which
is asymptotlcally deterministic by arguments similar to those used in the proof of
Proposition 3.10, we see that 7; (;y and 7; () are asymptotically independent.

After this high-level explanation, let us now give a detailed proof. The arguments
we gave above apply to ﬂ(, ) as they did to ,B(l) In particular, since

P lyLog(n)n3+!
E (Z 1By (k) — ﬁo(k)|3> -0 (%) = o(1),
k=1

we also have

<

D 1Bijy (k) = Bo(k)P = op (1),
k=1

Of course, B\(,- i) depends only on {X(;j),€ij)}. We call P;) the joint probability
measure P;jy = l_[k;t(i, ) PXy.e» 1.e. probability computed with respect to all our
random variables except (X;, €;) and (X, €;) (we slightly abuse notation and do not
index this probability measure by n for the sake of clarity).

Sowe ha)/\e found E(;.), depending only on (X(ijy, €(ij)), such that P (Ef; ;) — 1
and Y0, |Bij)(k)—Bo(k) > = o(1) when (Xij). {€x bk, ) € Eﬁj)~The arguments
we gave above (treating a,, ,’s as deterministic quantities) then 1mply that, when
(X(ij)- €i.) € EGjys

(B}ij) — Bo)' X;|(Xij), €ij)) behaves like ||,§(ij) — BolIN.

Let us now use characteristic function arguments. Let o; = (,3(, = Bo)' X; and

(ﬂ(l/) - ,30) X
Let (wi, wj) € R2 be fixed and

x (w;, U)j) —E (et(wla,-+wzaj)> —E (el(wla[+w2a, [1E(" ) + l[E( I :I)
ij ij

Since P([Ef;;)1) = Puj ([Ef),

since the modulus of the functions we are integrating is bounded by 1.
Now

1) — 0, we canjustfocusonE e’(wl"‘l+w2“1)15f ))
ij
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since 1 E) is a deterministic function of (X}, €:j)). Independence of X; and &X;
implies that

E (e’(w‘“i+w2"f)|X(ij>» e(ij)) =E ("X ij). €ip) E ("1 X)) €ijy) -
Also, our conditional asymptotic normality arguments above imply that
. a2 2 . 2
Len, [E ("% X ijy. €qijy) — e w1 2Pan /ol ] — 0
in P(;jy-probability. We therefore have

(i)
in P(;jy-probability.
So we conclude that

E <1En ez(wlai+wza,>) _E (15?' ‘)e—(TU%/2+w§/2)||l/3\(ij)—/30||2) 0.
ij

Since P(E Zlij)) — land|| B\(,- H—Boll 2 is asymptotically deterministic by arguments
similar to those used in the proof of Proposition 3.10, we see that

E (1 E(,jj)e*(w%/erw%/z)||B\(ij)*f50||2) _ e L@i2+w3/DE(1Biy—AlP)] s .
Therefore,

E (el(wlai+w2aj)) ) (etwla,-) E (ethozj) - 0.

This proves that «; and «; are asymptotically independent. It easily follows that the
same is true for 7; (; and 7} ().

The same leave-two-out approach also shows asymptotic pairwise independence
of the pairs (A;, 7i (i) and (A}, 7} (j)), since B\(ij) is independent of A; and A ; under
Assumption 06, which guarantees independence of the A;’s.

The lemma is shown. O

On the asymptotic behavior of ¢,

We are now in position to show that ¢; = %trace ((S + 7ld p)’l) is asymptotically
deterministic. This result will require several steps.

Lemma 3.24 We work under Assumptions O1-07, P1-P4 and F2-F4.
Consider the random function
- 1
gn(x) = — . ,
o ; 1+ X229 (prox(x 12 pi) (Fr.i))

defined for x > 0.
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Let B > 0 be in Ry. We have, for any (x, y) eR%, and0 < x <B 0<y<B,

sup [gn (X)) — gn(¥)I

1 n
<=3 (11l + BLM Wil
n i=1

In particular, under P2 and F3-F4 we have, for C a constant independent of n and
12

C. (49)

> |

p* ( sup |8n(X) = gn (M) > 3) =<

(x.):lx—y|<n,0=x<B,0<y<B

Hence, g, is stochastically equicontinuous on [0, B] for any B > 0 given.

We used the notation P* above to denote outer probability and avoid a discussion
of potential measure theoretic issues associated with taking a supremum over a non-
countable collection of random variables (see e.g. [41, Sect. 18.2]). We refer the reader
to e.g. [30] for more details on stochastic equicontinuity. While we could probably
avoid appealing to abstract concepts like outer measures here, we use this approach
because it is a standard tool in empirical process theory and helps us avoid side
measurability discussions that would distract us from the main focus of our proof.

Proof Let us consider the function, defined for x > 0,
1

) ad
B (x) = = — ALp) ().
R B L s 7% B i

The last equality comes from Lemma 3.33.
We have, since 1/11.’ is non-negative because p; is convex,

Yu,

BP0 = hP0)| = 2w (prox(xa2 o) @) = yiF v (prox (viZ o) @) A1
Therefore, since x, y > 0, for all u,

)hi:')(x) - h;”(y)] < A7 lx = Y1 (prox(x A7 pi) () + A7y (prox (x4} pi) (u))
—{ (prox(yA7 pi) (w)) -

In particular, if |x — y| <np,and x V y < B, withx, y > 0, for all u,
sip (100 = AP ()| = A2y prox(xi o) w))

yilx—y|<mxvy<B

+ B} sup ! (prox (x22 p;) (u))
yix—y|<n,xVy<B

— ! (prox (yA? pi) (w))].
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Under assumption O3, v/ is L; (n)-Lipschitz. Therefore, for x; = xA?, y; = yA? >
0’

Vu, | (prox(x; p;) () — ¥ (prox(y; pi) (u))|
=< Li(n)|prox(x; pi) (u) — prox(yi pi) ().

We recall that, according to Lemma 3.32,

d C Yiprox (o) W)
 prox(xp) (u) = — : :
ox I+ x 9] (prox(xpi) ()

Hence,
0
Supla—PYOX(XPi)(u)I = ¥illoo-
X X
We finally conclude that

Vu, Y] (prox(x; p) () — ¥ (prox(y; p) )| < [Li M1 ¥illoc|xi — YilT A 2019/ lloc-

We therefore have, when x Vy < B,and x, y > 0,

Yu, sup
yilx—yl=n

B () = B )| = 3 (prox(6aF o) @) + BAILi () 193 oon.
Therefore, for x, y > 0,

Vi, sup D@ = AP 0] = a2l oo + nBLOA 1Y .
(x.y):lx—yl<n.xVy<B

Since the right-hand side does not depend on u, we also have

sup sup 1000 = D) = 3019l + nBLI DA 1 -

U (x,y):lx—y|<nxVvy=B

Naturally, g, (x) can be written as

l —
0
gn(x) = " E h;i,(l_) (x).

i=1

Therefore, for any x, y > 0, we have

i, () i, (@)

B 1,0 D
| gn (x) gn(y>|sn;|h~ x) —h (.
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The bound we have obtained above on sup, |h,(f)(x) — hff)(y)| when x and y are
sufficiently close to one another can now be used. This shows that for x given, if
x,y>0,|x —yl<npandx VvV y < B, we have

sup 1gn(x)) — gn (V)]

=N,VU=AZDO, UV

1 ¢ /
<1 D (R0l + BLIA Vi)
i=1

Under assumptions P2 and F3-F4, we can now take expectations and get the result in
L1, since all the terms on the right hand side are bounded in L under those assump-
tions.

We have established stochastic equicontinuity of g, (x) on [0, B]. m|

Lemma 3.25 Let us call G,,(x) = E (g,(x)). Let B > 0 be given. For any given
X0 < B,

gn(x0) — Gnlxo) = or,(1).

Under Assumptions O1-07, P1-P4 and F1-F5, we also have

E* ( sup |gn(x) — Gn(X)I) — 0.

0<x<B

Proof Under assumptions F1 and FS, we can divide the index set {1, ..., n} into K
subsets A1, ..., Ak, where K is finite (with n), in which (X;, €;);ic4; play a symmetric
role. Hence, var (g, (xp)) can be expressed as a sum of variances and covariances of
finitely many functions of finitely many random variables (A;, 7; (;)): for those random
variables, we just need to pick a representative in each subset {A ;} 5.(:1.

We note that since v/ is Lipschitz and hence continuous, g, is an average of bounded
continuous functions of the random variables of interest to us.

Asymptotic pairwise independence of (%;, 7 (;y)’s, and the fact that v/ can only be
one of finitely many functions imply that

var (gn(x0)) — 0
and therefore gives the first result.
Let us now pick € > 0. By the stochastic equicontinuity of g, and our bound in

Eq. (49), we can find x1, . . ., xg, independent of n, such that for all x € [0, B], there
exists / such that, when n is large enough,

E (Ign(x) = gn(x)]) < €.

Note that

180 (x) = Gn (O] = |80 (x) = gn (XD + |80 (x1) = Gu(x1)| +1Gn(x1) — Gu(x)].
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We immediately get

E* ( sup [|gn(x) — Gn(x)|) <2 +E < sup [gn(x1) — Gn(xl)|) .

0<x<B I<i<K
Because K is finite, the fact that for all /, |g,(x;) — G, (x;)| — 0 in Ly implies that

supy <<k 18n(x1) — Gn(x))| — Oin Ly. In particular, if n is sufficiently large,

E ( sup |gn(xr) — Gn(xl)|> <e
1<i<K

The lemma is shown. |

Lemma 3.26 Assume O1-07, PI-P4 and F1-F5. Call c; = %trace ((S + 'L'Idp)_l).
Call as before

n
1
gn(x) ==Y S—
T S U a2 (prox (oA o) (i)

Then c; is a near solution of

B—rx—l—i—g,,(x):O,
n

ie. & —rteo — 14 gu(cr) = or, (1), when 3a — 1/2 < 0.
Asymptotically, near solutions of

e 22— rx 14 g, (1) =0,
n
are close to solutions of
p
Ap(x) = ; —tx —1+E (g.(x)) =0.

More precisely, call T, « = {x : |A,(x)| < €}. Note that T, < (0, p/(nt) 4+ €/7).
For any given €, as n — 00, near solutions of 8,(x,) = 0 belong to T,  with high-
probability.

Our assumptions concerning the possible distributions of €!s, specifically F1, guar-
antee that as n — 09, there is a unique solution to A, (x) = 0.

Hence c; is asymptotically deterministic.

Proof Note that g, (x) < 1.
Let §, be the function

5n(x) = f —rx — 1+ g (),
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and A,(x) = E (§,(x)). Call x, a solution §,(x,) = 0 and x, ¢ a solution of
Ay (xp0) =0.Since 0 < g, < 1, we see that x, < p/(nt), for otherwise, §,(x) < 0.
The same argument shows that if x > (p/n +€)/t, Ay(x) < —e and x ¢ Ty .
Similarly, near solutions of §, (x) = 0 must be less or equal to (p/n +€)/7.

e Proof of the fact that c; is such that §,(c;) = o(1)

An important remark is that c¢; is a near solution of §,(x) = 0. This follows most
clearly from arguments we have developed for €., so we start by giving details through
arguments for this random variable. Recall that in the notation of Lemma 3.14, we
had

p—1
n

1
—1TCrp = r—ltrace (Id, — M).

Now, according to Eq. (40),

n

1 1 1
—trace(Idn—M)zl——Z / — : )
n n L4+ 9] (ritp) V(&) + tld) 1V,

i=1

According to Lemmas 3.14, 3.15 and 3.16, we have

! olyLog(n
sup |-V} (&, (i) + 71d) Vi — a2er,,| = Oy (Lg())

l /22

Of course, whenx > 0andy >0, [1/(1 +x) — 1/(1 +y)| < |x — y| A 1. Hence, we
see that

n

1 2”: 1 1 Z 1
n 1+ 1//i/(”i,[p])%Vi/(Gp(i) + ‘L’Id)_1 Vi n 1+ w;(ri,[pj))h,'zcr,p

i=1 i=1

1
= E 19/ lloo-
n-

i=1

< sup
1<i<n

l / . =1y, _ 12
V/(&,(0) + t1d) 'V —aleq,

We conclude that

1 1
p/n—1Cr,— 14— =0y, (n~ /2% polyLog(n)).
or n ; 1+ )\,-th,pw,'/(ri,[p]) g

Exactly the same computations can be made with c¢;, so we have established that

1< 1
n—tcr—1+-Y — =0, (0 polyLog(n)). | (50)
pin-re ity ;Hcfx%w;(&-) ‘ povoE

Now we have seen in Theorem 2.2 that

sup | R; — prox(ci pi) (Fi ))| = O, (n~"/***polyLog(n)).
1
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Through our assumptions on 1/, this of course implies that

sup |9/ (Ri) — ¥{[prox(c; pi) (7i, i)l = Or, (n~"/>+**polyLog(n)).

We have furthermore noted that sup; |¢; — A%crl = Oy, (n=Y 2+2‘)‘polyLog(n)) in
Corollary 3.17. Using Lemma 3.32, this implies that

‘PTOX(CiPi)(ﬁ‘,(i)) - PrOX(?»izCr)(fi,(i))‘ < IWilloslci — Aleel
and hence
! Tprox(ci pi) (i, )1 — Wi Iprox (Al ez pi) (Fi,i))1| = Or, (I%illoon™"/*T*polyLog(n)) .

Gathering everything together, we get
W/ (Ri) = ] (prox(32ee pi) (i) = Ory (Wil + 111~ />3 polyLog(m)).

So we have established that 8,(c;) = Oy, (n~/2+3¥polyLog(n)).

o Final details

Note that for any given x, §,(x) — A, (x) = op(1) by using Lemma 3.25. In our
case, with the notation of this lemma, B = p/(nt) + n/t, for n > 0 given.

This implies that, for any given € > 0

sup [6,(x) — Ap(X)] <€,
x€(0,p/(nt)+n/7]

with high-probability when » is large. Therefore, for any € > 0, if x,, is a solution of
8n(xn) =0,

|A, (xp)] < € with high-probability.

This exactly means that x,, € T,  with high-probability. The same argument applies for
near solutions of 8, (x) = 0, which, for any € > 0 must belong to 7,, ¢ as n — oo with
high-probability. Of course, there is nothing random about 7,  which is a deterministic
set. Note that 7,  is compact because it is bounded and closed, using the fact that
G, = E (g,) is continuous.

If T;, o were reduced to a single point, we would have established the asymptotically
deterministic character of c;.

Given our work concerning the limiting behavior of 7; ;) and our assumptions
about €;’s, we see that Lemma 3.39 applies to lim,_, oc A, (x) under assumption F1.
Therefore, asn — oo, T, ¢ is reduced to a point and c; is asymptotically non-random.
(Note that assumption F1 is stated in terms of the properties of densities of random
variables of the form ¢; +r Z; where Z; is N'(0, 1), independent of ¢; and r is arbitrary;
Assumption F1 also gives us guarantees for €; + rA; Z; at A; given by a simple change
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of variable. The W;’s appearing in Lemma 3.39 are of the form €; + |X;|rZ;, so
assumption F1 is all we need for Lemma 3.39 to apply.) O

Proof of Theorem 2.1
We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1 As we had noted in [16],

1
1+ ey’ (prox(cp) (1)

0
5 Prox(ep) (1) = prox(ep)'(1) =

So A, can be interpreted as
p ¢
A,(x) = - x—1+ - ZIE (prox(x)\%,oi)’(;’i,(i))> .
i=

The fact that ¢, is asymptotically arbitrarily close to the root of A, (x) = 0 gives us
the first equation in the system appearing in Theorem 2.1. The second equation of the
system comes from Eq. (48). Theorem 2.1 is shown, with ¢, («) being the limit of c..
]

About ¢;’s, &,, Np, and the limiting distribution of ﬁ (p)

Theorem 2.1 as well as many of our intermediate results have interesting consequences
for various quantities we encountered. Let us now state them.

When we use the expression “under our assumptions”, we mean assumptions QO1-
07, P1-P4 and F1-F5.

3.1.2 Onc;’s

Recall that in Corollary 3.17 we had shown that under our assumptions O1-0O7 and
P1-P4

sup |c; — A7cc| = O, (polyLog(m)n®*~ /%)

1

Since we have now shown that ¢; has a deterministic limit ¢, (), we have the following
lemma.

Lemma 3.27 We have under our assumptions O01-07 and P1-P4

sup|Ri — prox(Ajce pi) (7i, i)l = O, (n**~'2polyLog(n)).
1
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Hence, under (all of) our assumptions we have asymptotically, for any given i
|Ri — prox(hie, (k) pi) (7, i) = o, (1).
If we furthermore assume that \;’s are uniformly bounded, we have

sup |R; — prox(Aic, (i) pi) (Fi.iy)| = or, (1).

1<i<n
Proof Lemma 3.32 implies that

sup |prox(ci p)[x] — prox(c2p)[x]| < [¥]lsolc1 — c2l.

xeR

Therefore, Corollary 3.17 implies that

sup [prox(AZc, pi) (Fi.iy) — prox(cipi) (7 i)

1<i<n

< sup||¥illoo sup lc; — A7cc| = O, (polyLog(n)n

1 1

20-1/2y

So in light of Theorem 3.9 we conclude that

2a—1/2

sup| R; — prox(A7ce pi) (i, i) = Or, (n**~/*polyLog(n)).
1

Since ¢ is bounded by p/(nt) and therefore so is ¢, (), we see that convergence
in probability of ¢; to ¢, (k) implies convergence in L; for any k. Using Holder’s
inequality, we therefore see that

E (suﬂg Iprox (A7 e pi)[x] — proxu%cp(mpi)[xu) < /E ((cr = €p())?) E (19).

This gives us the second result of the lemma.
The last result is shown by simply remarking that

sup sup [prox (A7 ce pi)[x] — prox(Afe, (k) p)[x]| < (sup A7) lcr — e (k)]
1

i xeR

Onég,
We have the following lemma.

Lemma 3.28 Under our assumptions, &, — & in probability, where & is deterministic.
Furthermore, &, is bounded in L and hence in probability.
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We also have

-1 —1
gi=L rtop() =Lt top(D),

nc,, » nee
and C,,, as well as ¢, are bounded away from 0 in probability.

We note that using the last result and arguments in the proof below, we have, with the
notations of Theorem 2.1

_r-1
B ne, (k)

Proof The proof follows easily from the result of Proposition 3.18 which gives us that
p—1 _
Ce.p(En +7) = “—— = Op, (n™ /*"**polyLog(m)) = op (1),

Since we have shown that C; , converges to a deterministic constant (recall that
¢ — C;,p — 0), we see that it is also the case for &,. Note also that §, <
S X2(P) 1Y llos» 50 E (£,) remains bounded under our assumptions.

To get the last result of the lemma, we just need to show that we can divide in the
above display by ¢; , and still have something that converges to 0. We now show that
Cz,p 1s bounded below. Note that

p—1

Cr,p - m = Op(l).

Since &, is bounded in probability, we see that % is bounded away from 0 in

probability, which guarantees that C; , is bounded away from 0 in probability.
The results involving ¢, immediately follow by appealing to Proposition 3.21. O

On N,

Recall that by definition, we had

1 n
N, = Wi ;Xi(p)lﬂi(n,[p])-

We have the following result.

Lemma 3.29 Under our assumptions, N, is asymptotically N (0, v,%), with

v? = % ZE (A?tﬂ?(prox(cr?x,z,oi)(fi,(i)))> .

i=1
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Furthermore, there exists v such that v — v, so that
N, = N(0, v?).

The same result applies to Ny, for 1 <k < p.

As the proof makes clear, we can replace in the asymptotic statements above v,% by
A2 1 : 2.2 2 ~
= L (prox(eci2on Giin) -
Proof Note that we can write
|
Ny == ; X (P)hi i (i p)).

Under our assumptions X; (p)’s are independent and independent of {A; ; (r; [ p)) }?:1 .
The mild generalization of the Lindeberg-Feller argument given in the proof of Lemma
3.23 now applies, using in the notation of that lemma ay, , (k) = n~1/2y, Vi (ri,[p)) and
recalling that |v; (r; [p))| < [Villeo- Since A;’s have 4 uniformly bounded moments
under our assumptions, the fact that

N, behaves like A, (0, 1)

follows immediately, where A2 = Y7_, a,zl, ) = % - )\izwl.z(ri,[p]). We note
that E (A%) <1 Z?:l 1 ||%o = O(1) under our assumptions.

— n
Work similar to the one done in the proof of Proposition 3.22 shows that under our
assumptions

1 ¢ "
A2 = =37 3302 [prox(edd o) i) | = o, (1.
" i=1

Asymptotic pairwise independence of (A;, 7; ;) and (A}, 7'j (j))—see Lemma 3.23—
in connection with Assumption F5 guarantees that

1 & .
var (; Xl:)‘-?sz[prox(cr)"?lol)(rl,(l))]) — 0.
i=

We conclude that A% is asymptotically deterministic and so is A,,. By Slutsky’s lemma
we have

N, behaves like N (0, v,%
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where

I+ .
vy = p Y E ()»,‘2%2 [PrOX(Cr)»%pi)(ri,(i))]) ;

i=1

since E (Aﬁ) —v2 = 0.

We note that under our assumptions ¢; has limit ¢, («) and ; is a bounded con-
tinuous function (one of only finitely many possible functions). Also, A;’s have 4
moments. Therefore, since 7; (;) behaves asymptotically like €; + A;r,(x)Z;, where
Z; ~ N (0, 1) independent of ¢; and rp(k) is deterministic, we see that v,% has a limit
v2. Of course,

0?2 = nll>lrolo % XH:E <A121//12 [prox(cp(K))»l-zp,‘)(fi,(i))D .

i=1

In the notation of Theorem 2.1, we can rewrite v as
1 n
2 . 2.2 2
v = lim - Zl E (327 [prox(c, 0320 (W) )
i=

e Minor technical point: It is true that Al.zlpiz[prox(cp(/c))\?p,')(ﬂ’(i))]) is not a
bounded continuous function of (A;, 7; (;)). However, [Al.z ANM ]1#1.2 [prox(c, (K)Al.zpi)
(7i,iy)]) is, for any M. Since A; has 4 moments, it is easy to see that

E (|02 A M197 [prox(eo ()22 o0 i) | = 4292 [prox(e, (032o G |)

E ()

il

=<

This standard approximation/uniform integrability argument shows that
E (3242 2 N _ 2.2 2 0 N(W
i Wi lprox(c, ()A; i) (Fi i) ) — E (A7 [prox(c, ()27 pi)(Wi)]) — 0,

since M can be chosen arbitrarily large.

e Going from N, to Ny

Our arguments apply also if p is replaced by k, with 1 < k < p, since p does not
play a particular role here. We note that as defined above A% depends on p but its
approximand v,Zl does not. So once again p does not play any role in the definition of
the limiting variance and hence Ny has the same limitas N, forall 1 <k <p. O

Asymptotic normality of Ep

One of the aims of the previous results was to lead to a fluctuation result for ,B\,,.
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Proposition 3.30 We have, with the notation of the previous lemmas,

Vil +E)Bp — Bo(p)inl = N (0, 7).
Furthermore, provided By(p) = O(n~'2), we also have

Vil + 8By — Bo(p)E] = N (0, vP).
Similarly, we have for all 1 < k < p: provided By(k) = O(n~1/?),

Vil + 6B — Bo()E] = N (0, v?).

The proof of the proposition we give below shows that £ in the previous display can
be replaced by any quantity w, such that &, — w,, = op(1). This in particular the case
if we choose w,, = p/(nc;) — 1, according to Lemma 3.28.

The main advantage of this w, is that it is computable from the data. And we can
therefore test the null hypothesis that Bo(p) = 0, since we can approximate v> by
% Z?:] k%y[f% [prox(ct)»l.2 0i)(Fi (iy)] according to the proof of Lemma 3.29.

Proof Recall that we have shown in Theorem 3.20 that

Jn(By —b,) =op(1).

Recall that we showed that &, = Oy, (1) under our assumptions. It is easy to verify
that the same is true for &, its limit. We also see that

V(T +E) By —b,) = o0p(1).
Recall that by definition,
V(T + )b, — £Bo(p)] = Np.
So we conclude, using Slutsky’s lemma that
V(T +E)Bp — EnPo(p)] => N (0. 17).
When Bo(p) = O(n~1/?), we see that
V(& = £)(Bo(p)) = op (D).

Furthermore, in this setting /nb, = Op (1) and hence ﬁﬁ\p = Op(1). We conclude
that then

VnBp(E — &) = op(1).
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Therefore,

VLT + E)Bp — EaBo(p)] = V/nl(x + £)Bp — EBo(p)] + 0p (1)

and we get the second result of the proposition through Slutsky’s lemma.

¢ Extending the result from Bp to Ek

We note that &, in the above argument actually depends on p also—we avoided writing
out the dependence earlier to avoid cumbersome notations. We now make it explicit
for clarity. Our arguments above guarantee that

V(T + & (R) B — £ (k) fo(p)] = N (0, v,
where as explained in Lemma 3.29 v does not depend on k. As explained above, if
Bo(k) = O(n=1/?), Jn(E — &,(k))(Bo(k)) = op(1) for all k’s. Very importantly, &

does not depend on p, since it is by definition § = (p — 1)/(nc,(k)) — 7. So we
conclude that for all k, when By (k) = O(n~'/?),

V(T + £, () B — & () Bo(p)] = V/nl(x + &) B — EBo (k)] + op (1).

Since the left hand side weakly converges to N (0, v?), we conclude by Slutsky’s
lemma that for all k,

V(T + 6B — EBo(k)] = N (0, v?),

provided By (k) = O(n~1/?). o

Appendix 6: Notes on the proximal mapping

In this section of the Appendix we remind the reader of elementary properties of the
proximal mapping. The proofs, when needed, can be found in e.g. [15].

Lemma 3.31 Almost by definition, we have
prox(cp)(x) + ¢y (prox(cp)(x)) = x.

Let p be differentiable and such that \r changes sign at 0, i.e. sign(¥ (x)) = sign(x)
for x # 0. Then,

prox(cp)(0) = 0.
Furthermore,

[¥ (prox(cp)(x))| < [¥(x)].
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Also,

[V (prox(cp)(x)| < |x|/c.
We will also need the following simple result.

Lemma 3.32 Suppose x is a real and p is twice differentiable and convex. Then, for
c > 0, we have

D ros(ep) () — PR )
acl NP = Ty prox(ep) ()
and
d _ YPprox(ep)(v))
g0 P Proxep) X)) = = e ()

In particular, at x given ¢ — p(prox(cp)(x)) is decreasing in c.

We also make the following observation, which is useful to obtain a compact repre-
sentation for the system of Eqgs. (4).

Lemma 3.33 We have

1
1+ i/ (prox(cp) (x))

0
a—prox(cm(x) =
X

1

eI is a bounded,

Moreover; at c fixed, when ' is continuous, x — e
continuous function of x.

A proof of the first fact follows immediately from the well-known representation (see
[29])

prox(cp)(x) = (Id + cy) ™' (x).

The second result is also immediate, since ¥ > 0.
We finally make notice of the following simple fact.

Lemma 3.34 The function ¢ — [ (prox(cp)(x))]* (defined on R ) is increasing,
for any x.

Examples for the sake of concreteness, we now give a couple examples of proximal
mappings.

L. if p(x) = x?/2, prox(cp)[x] = 7.
2. if p(x) = |x|, prox(cp)[x] = sgn(x)(|x| — ¢)+, i.e. the “soft-thresholding” func-
tion.
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Appendix 7: On convex Lipschitz functions of random variables

In this section, we provide a brief reminder concerning convex Lipschitz functions of
random variables. The proofs can be found in [15].

Lemma 3.35 Suppose that {X;}!_, € R? satisfy the following concentration prop-
erty: 3Cy, Cy, such that for any G;, a convex, 1-Lipschitz (with respect to Euclidean
norm) function of X;,

P(IGi(X;) —mj| > 1) < Cyexp(—Cnt?),

where m; is deterministic.
Let us now fix {F;}_,, n functions which are convex and I1-Lipschitz in X;. Then if
Fn = sup; |F;(X;) — m;|, we have, even when the X;’s are dependent:

I if uy = Jlogm)/Cs E(F) = un + Cof @/Cry/Togn) = LEL(1+C,yf
(2logn)). Similar bounds hold in Ly for any finite given k.

2. when C, < C, where C is independent of n, there exists K, independent of n such
that F, /u, < K with overwhelming probability, i.e. probability asymptotically
smaller than any power of 1/n.

3. m; can be chosen to be the mean or the median of F; (X;).

In particular,

Fn = O(polyLog(n)/~/Cn)
in probability and any Ly, k fixed and given.

We note that similar techniques can be used to extend the result to situations where
we have P(|G;(X;) —m;| > 1) < C, exp(—cntﬂ), with 8 # 2. Of course, the order
of magnitudes of the bounds then change: in particular, wherever ,/C, appears, it
would have to be replaced by C,]/ P But since under our assumptions 1/c is at most
polyLog(n), this would effectively have no impact on our results.

We now turn our attention to a slightly more complicated setting.

We recall that we denote by X ;) = {X1,..., X;—1, X;41, ..., X,,}. If I is a subset
of {I,...,n}ofsizen — 1, we call X; the collection of the corresponding X; random
variables. We call X ;¢ the remaining random variable.

Lemma 3.36 Suppose X;’s are independent and satisfy the concentration inequal-
ities as above. Consider the situation where Fy (-) is a convex Lipschitz function
of 1 variable; Fy (§) depends on X through X, only and we call Ly, the Lips-
chitz constant of Fy (-) (at Xy, given). Ly, is assumed to be random, since X,
is. Call mr, = mFi(X1,§)|XIk’ m being the mean or the median. As before, call

o VI (Xl_;) —mp, | Then F,, = O(y/logn/Cy sup; < ;< ,Clj) in prob-
ability and in </ Ly, i.e. there exists K > 0, independent of n, such that
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E( sup E%k>
1<j<n ’

Hence, F,, is polyLog(n)/C}/2 SUp| <<, L1; in «/Loj.

E(7") = K(/logn/c,)*

We repeatedly use the following lemma in the proof.

Lemma 3.37 Suppose the assumptions of the previous Lemma are satisfied. Consider
01 = %X ’[?M X I where My, is a random positive-semidefinite matrix depending

only on le whose largest eigenvalue is Amax,1;- Assume that E (X;) = 0, cov (X;) =
Id, and nc, — oo. Then, we have in Ly,

sup )‘max,lj

1<j<n nCn  1<j<n

1 olyLog(n)
sup |Qr; — —irace (MIJ.)‘ =0y, <w ) )

The same bound holds when considering a single Q; without the polyLog(n) term.

On the spectral norm of covariance matrices

Lemma 3.38 Suppose X;’s are independent random vectors in RP, satisfying O4,
and having mean 0 and covariance 1d,. Suppose that 1;’s satisfy 06. Let ¥ =
LS XiX|. Then,

1112 = Op (polyLog(n)c; ).
The results hold also in Ly.

Proof The proof is exactly similar to that given in [15], which gives, following a
simple adaption of the well-known e-net argument explained e.g. in [40], “Appendix
17 that

1 & _
1= XX{|ll = Or,(c; ).

i=1

It is clear that

~ 1 &
111112 = Csup A)I- D X lll2,

1<i<n i=1
and the result follows immediately. O
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Appendix 8: Miscellaneous results
An analytic result
We now study the roots of F(x) = 0, where
p 1 n
Foy =2 - —14-YE <(pr0x(xkl?pi))/(Wi))
n ni

where W;’s are random variables and (prox(xp)) (t) = %prox(x,o)(t)
_ 1
T Ixy/ (prox(xp) (1) ©

‘We now show that under mild conditions on W;’s this equation has a unique solution.
We allow W; to depend on the random variables A;’s.

Lemma 3.39 Suppose that W;’s have smooth densities f;(t, A;) with sign( fi’ (x, X))
= —sign(x). Suppose further that limy| oo |t] fi (t, X;) = 0 and that sign(y; (x)) =
sign(x). Then, if

Fitx) =2 = vx = 14+ E ((prox(iado)) W)
n

the function F; is decreasing, with F!(x) < —t. Hence, the same applies to F.
In particular, the equation F(x) = 0 has a unique solution.

Proof We call
Gi(x) 2 E ((prox(xifo)) (W)
and
Gix, 1) 2 E ((prox(x22p)) (Wl )
Of course,
B ((proxe220)) (W) 11,) = [ rox(xido)) (0 it iyt

Using contractivity of the proximal mapping (see [29]) we see that lim;|_ » prox
(xkl.zpi)(t)ﬁ (¢, ;) = 0 under our assumptions.
Integrating the previous equation by parts, we see that

Gi(x, 7)) = — / (prox(xA7p)) (1) £ (¢, hi)dt.
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To compute G (x, A;), we differentiate under the integral sign (under our assumptions
the conditions of Theorem 9.1 in [10] are satisfied) to get

Vi (prox(xA7 pi) (0) ] (1, 1)
L+ 2279 (prox(xA7 o) (1))

G (x, 2) =

Under our assumptions, sign(y; (prox(xkl.zpi)(t))) = sign(r) and sign(f/(t, 1;)) =
—sign(t), so that

Vi # 0, sign(; (prox(xA7 pi) (1)) f} (1. 1)) = —1.
Since the denominator of the function we integrate is positive, we conclude that
Gi(x,2;) <0 and G}(x) <0.
Since F/(x) = —t + Gj(x), we see that F/(x) < —t < 0. Therefore F; is a
decreasing function on R.. Of course, prox(0p)(#) = ¢, so that F;(0) = p/n and
lim,_, o F;(x) = —o0, since, for instance,

1 <1
1 + xy/[prox(xp)(t)] —

0 < prox(xp)' (1) =

So we conclude that the equation F;(x) = 0 has a unique root. (Since F; is differen-
tiable, F; is of course continuous.)
We note that

1 n
Fo=—3 F).
i=1

Therefore, F(0) = p/nand F'(x) < —z.So F is decreasing, differentiable and hence
has a unique root. O

Remark the conditions on the density of W are satisfied in many situations. For
instance if W; = € + ri;Z, where € is symmetric about 0 and log-concave, Z is
N(0, 1), independent of A; and €, and r > 0, it is clear that the density of W satisfies
the conditions of our lemma. Similar results hold under weaker assumptions on € of
course. For more details, we refer the reader to e.g. [7] and [25,26,35].

In particular, we recall Theorem 1.6 in [7] which says that the convolution of two
symmetric unimodal distributions on R is unimodal. Hence, when € has a symmetric
and unimodal distribution, so does W; = € + A;r Z, for any r. This is for instance the
case when € has a Cauchy distribution.

A linear algebraic remark

We need the following lemma at some point in the proof.
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174 N. El Karoui

Lemma 3.40 Suppose the p x p matrix A is positive semi-definite and

A= <F, ”) .
V' a
Here a € R. Let T be a strictly positive real. Call 'y =T + t1d,_1. Then we have

1+0'T %

trace ((A + 7ld )71) = trace (l"fl) 4+ — "
b ! a—i—r—v/Ff_lv

In particular,

’< 1+a/r.
- T

trace <(A + tId[,)_1> — trace (Fr_l)

The proof is simple and we refer the reader to [15] for details if needed.
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