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Abstract The results of this paper build upon those first obtained by Sznitman and
Zeitouni (Invent Math 164(3), 455-567, 2006). We establish, for spacial dimensions
d > 3, the existence of a unique invariant measure for isotropic diffusions in random
environment on R which are small perturbations of Brownian motion. Furthermore,
we establish a general homogenization result for initial data which are locally mea-
surable with respect to the coefficients.
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1 Introduction

The results of this paper should be seen as an extension of those first obtained in
Sznitman and Zeitouni [12] for stationary diffusion processes in random environment
onRR?, ford > 3, which are a small perturbation of Brownian motion and which satisfy
a restricted isotropy condition and finite range dependence. The framework depends
upon an underlying probability space (£2, F, IP), which can be viewed as indexing the
collection of all equations or environments described, for each x € R and w € £,
by the coefficients

A(x,») € S(d) and b(x,w) € RY, (1.1)
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for S(d) the space of d x d symmetric matrices.
More precisely, the stationarity is described by a group of transformations {7}, g«
preserving the measure of £2 and satisfying, for each x, y € R? and w € £2,

Ax +y, ) =Ax, tyw) and b(x +y,w) = b(x, 1yw). (1.2)

There exists R > 0 quantifying the finite-range dependence such that, whenever
subsets A, B C R4 satisfy d(A, B) > R, the sigma-algebras

o (Ax,w),b(x,w) | x € A) and o (A(x,w),b(x,w) | x € B) are independent.

(1.3)
The coefficients are isotropic in the sense that for every orthogonal transformation
r : RY — R? preserving the coordinate axis, for every x € R¢, the random variables

(rb(x,w), rA(x,w)r') and (b(rx,w), A(rx,w)) have the same law. (1.4)

Finally, the perturbation is described, for a parameter n > 0 to be chosen small, by
the condition

[b(x,w)| <n and |A(x,w)—1I| <n on R? x 2. (1.5)

We remark that these assumptions are identical to model considered in [12] and are the
continuous counterpart of the model first studied in the discrete setting by Bricmont
and Kupiainen [2].

The coefficients will be sufficiently regular to guarantee, for each x € R and
w € §2, the well-posedness of the martingale problem corresponding to the generator

= Z 1]()’ a))

1]1

+Z ,(y,w>—

where we have written A = (g; ])l =1 for the diffusion matrix. See Stroock and
Varadhan [11, Chapter 6, 7]. We denote by Py, the corresponding probability measure
on the space of continuous paths C([0, c0); Rd) and recall that, almost surely with
respect to Py ,, paths X; € C([0, 00); Rd) satisfy the stochastic differential equation

dXt = b(X[, (l))dt + U(X[, C())dBt,
Xo = x,

for A(y, w) = o(y, w)o(y, ®)', and for B; a standard Brownian motion under Py ,
with respect to the canonical right continuous filtration on C([0, c0); Rd).
We now present our main result where in the statement we write, for every mea-

surable subset E € F, using the transformation group appearing in (1.2),

Pi(w,E) =Py, (tx,® € E). (1.6)
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Theorem 1.1 There exists a unique probability measure w on (§2, F) which is
absolutely continuous with respect to P and satisfies, for everyt > 0 and E € F,

w(E) =/ Pi(w, E) dm.
Q

Furthermore, 7w is mutually absolutely continuous with respect to P and defines an
ergodic probability measure with respect to the canonical Markov process on 2 defin-
ing (1.6).

Theorem 1.1 is obtained by analyzing the long term behavior of solutions u :
R? x [0, 00) x £2 — R satisfying

u = 3 (AQy, @) D) +b(y,®) - Duon RIx (0,00, |

ux,0,0) = f(x,w) on R4 x {0}, '

since, for 1 : £2 — §2 the indicator function of E € F, for fr(x, w) = 1g(tyw), if
ur(x,t, w) satisfies (1.7) with initial data fg(x, w), then, foreach w € £2 andr > 0,

up(0,t,w) = Eo o (IE(Ix,w)) =Py (tx,a) € E) = P/(w, E).

Indeed, along an exponentially increasing sequence of time scales L,%, see (2.18),
the invariant measure 7 is first identified, for every E € F, as the limit

. H 2
7(E) = lim E (uE(O, L2, a))) .

We prove that the limit exists in Propositions 3.10 and 3.11 and, in Proposition 3.12, we
prove that w defines a probability measure on (£2, F) which is absolutely continuous
with respect to P.

An almost sure characterization of 7 is then established along the full limit, as
t — 00, for a class of subsets £ € F whose indicator functions satisfy a version of
(1.3), see Proposition 4.3. Precisely, on a subset of full probability depending on E,

tl_i)rgouE(O,t,w) =n(E). (1.8)

Here, we use crucially the results of [12], where it is shown that, with high probability,
there exists a coupling at large length and time scales between the diffusion process
generated in environment w by coefficients A(y, w) and b(y, w) and a Brownian
motion with deterministic variance, see Control 2.2. Notice, however, that this coupling
cannot in general provide an effective comparison between solutions of (1.7) and
solutions 7 : RY x [0, 00) x £2 — R satisfying, for @ > 0 defined in Theorem 2.1,
the deterministic equation

= %Au on R? x (0, 00),

w(x,0,0) = f(x,w) on RYx {0}, (1.9
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since, for stationary initial data, we expect

lim u(0, 1, w) :/ fO,w)dr and lim u(0, ¢, w)
11— 00 Q 11— 00

- /Q £(0, @) dP = E(f(0, )).

However, in Proposition 3.9, this coupling does provide a means by which the
solution of (1.7) can be effectively compared, with high probability, on large length and
time scales, to a quantity which, for suitable initial data, is nearly constant. That is, with
high probability, we obtain an effective comparison between the solution u(x, t, w)
of (1.7) at time erl 1 With the solution of (1.9) at time Lfl - 6L% corresponding to
initial data u(x, 6L,2,, ).

This is essentially to say that u (x, Lﬁ 11 w) is an averaged version of u (x, 6Lﬁ, ),
where we provide a quantitative version of the averaging in Proposition 4.4 for subsets
whose characteristic function satisfies a version of (1.3), see Propositions 4.2 and 4.3.
In combination, the comparison and averaging complete the proof of (1.8).

Finally, in [12], localization estimates for the diffusion in environment w are
obtained with high probability, see Control 2.3. We use this localization in Propo-
sition 4.6 to upgrade the convergence along the discrete sequence Lﬁ to the full limit,
as t — 00, at the cost of obtaining the convergence on a marginally smaller portion
of space. The proof of invariance and uniqueness then follow by standard arguments,
see Proposition 4.7 and Theorem 4.8.

As an application of Proposition 4.6, we establish a homogenization result for
oscillating initial data which are locally measurable with respect to the coefficients.
Precisely, we define, for each R > 0, the sigma algebra

ogr =0 (A(x,w),b(x,w) | x € BR),

and consider functions f € L®(R? x £2) which are stationary with respect to the
translation group {7}, .re and satisfy f(0, w) € L>(82, op,), where L*°(£2, o)
denotes the space of bounded o, -measurable functions on £2.

Theorem 1.2 Suppose that f € L (R x ) and R > 0 satisfy, for each x, y € R4
and w € $2,

fx+y o) = fx tyo),

with f(0, w) € L®(82, o). Foreache > 0, let u® : R? x [0, 00) x §2 — R denote
the solution to

uy = %tr(A(x/e, w)D?u) + %b(x/e, ) - Du¢ on R? x (0, 00),

u¢(x,0,w) = f(x/e, w) on RY x {0} . (1.10)
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There exists a subset of full probability such that, as € — 0,
u¢ — / f(O, w) dr locally uniformly on R x (0, 00).
2

These methods also apply to equations like (1.10) involving an oscillating righthand
side and to the analogous time independent problems. See Theorems 5.2 and 5.3.

We remark that, in the case b(y, w) = 0, the existence of an invariant measure and
applications to homogenization were established by Papanicolaou and Varadhan [9]
and Yurinsky [13]. Furthermore, when equation (1.7) may be rewritten in divergence
form, results have been obtained by De Masi et al. [3], Kozlov [5], Olla [6], Osada [7]
and Papanicolaou and Varadhan [8]. We point the interested reader to the introduction
of [12] for a more complete list of references regarding related problems in the discrete
setting.

The paper is organized as follows. In Sect. 2, we present our notation and assump-
tions as well as provide a summary of the aspects of [ 12] most relevant to our arguments.
We identify the invariant measure in Sect. 3 and, in Sect. 4, we prove that the invari-
ant measure is indeed invariant and unique. Finally, in Sect. 5, we prove the general
homogenization result for functions which are locally measurable with respect to the
coefficients.

2 Preliminaries
2.1 Notation

Elements of R¢ and [0, oo) are denoted by x and y and ¢ respectively and (x, y)
denotes the standard inner product on R?. We write Dv and v; for the derivative of
the scalar function v with respect to x € R9 and ¢ € [0, 0o), while D?v stands for the
Hessian of v. The spaces of k x [ and k x k symmetric matrices with real entries are
respectively written M**! and S(k). If M € M**! then M" is its transpose and | M|
isits norm [M| = te(MMHY2. If M is a square matrix, we write tr(M) for the trace
of M. The Euclidean distance between subsets A, B C RY is

d(A,B) =inf{la—b||ac A,be B}

and, for an index A and a family of measurable functions { f; : RY x 2 — R« }a e
we write

o(fy(x,w) | x € A,a € A)

for the sigma algebra generated by the random variables fy (x, w) forx € Aando € A.
For U c R?, USC(U; RY), LSC(U; R?), BUC(U; R%), Lip(U; RY), C*A(U; R?)
and CK(U;R?) are the spaces of upper-semicontinuous, lower-semicontinuous,
bounded continuous, Lipschitz continuous, B-Holder continuous and k-continuously
differentiable functions on U with values in R?. For f : R — R, we write Supp(f)
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for the support of f. Furthermore, Br and Br(x) are respectively the open balls of
radius R centered at zero and x € R?. For a real number r € R we write [r] for
the largest integer less than or equal to r. Finally, throughout the paper we write C
for constants that may change from line to line but are independent of @ € £2 unless
otherwised indicated.

2.2 The random environment
There exists an underlying probability space (2, F, P) indexing the individual real-

izations of the random environment. Since the environment is described, for each
xeRYandw € 2, by the diffusion matrix A(x, w) and drift b(x, w), we may take

J-‘:a(A(x,w),b(x,w) | x e]Rd). 2.1
Furthermore, we assume this space is equipped with a

group of ergodic, measure-preserving transformations {7y : 2 — 2}, cpe, (2.2)

such that the coefficients A : RY x 2 — S(d) and b : R? x £2 — R are bi-measurable
stationary functions satisfying, for each x, y e R? and w € £2,

Alx +y,0) = Alx, tyw) and b(x +y,w) = b(x, Tyw). 2.3)
We remark that the ergodicity is not an assumption, and can be deduced from (2.1)
and (2.7).
We assume that the diffusion matrix and drift are bounded and Lipschitz uniformly
for w € §2. There exists C > 0 such that, forall y € R and w € £2,
Ib(y,w) =C and [A(y,w)|=C 2.4
and, forall x, y € RY and w € £2,

|b(x, w) =b(y, )| = Clx —y| and [A(x,®) = A(y,w)| = Clx —y|. (2.5)

In addition, we assume that the diffusion matrix is uniformly elliptic uniformly in £2.
There exists v > 1 such that, forall y RY and w € £2,

1
-1 <A(y,w) <vl. (2.6)
%

The coefficients satisfy a finite range dependence. There exists R > 0 such that,
whenever A, B C RY satisfy d(A, B) > R, the sigma algebras

c(A(x,w),b(x,w) | x € A) and o(A(x,w),b(x,w) | x € B) are independent.
2.7)
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The diffusion matrix and drift satisfy a restricted isotropy condition. For every orthog-

onal transformation r : RY — R? which preserves the coordinate axes, for every
d

x € R4,

(b(rx, w), A(rx,w)) and (rb(x,w), rA(x, w)r') have the same law.  (2.8)

And, finally, the diffusion matrix and drift are a small perturbation of the Laplacian.
There exists g > 0, to later be chosen small, such that, for all y € RY and w € £2,

1b(y, )| <no and [A(y, ®) —I] < no. 2.9)

To avoid cumbersome statements in what follows, we introduce a steady assump-
tion.

Assume (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9).  (2.10)

The collection of assumptions (2.4), (2.5) and (2.6) guarantee the well-posedness
of the martingale problem set on R4, for each w € §2 and x € RY, associated to the
generator

1< 32 d 3
~ a"()’»w) + b(yaw)_a

see [11, Chapter 6, 7]. We write Py , and E ,, for the corresponding probability mea-
sure and expectation on the space of continuous paths C([0, c0); R9) and remark that,
almost surely with respect to Py ,,, paths X; € C([0, c0); ]Rd) satisfy the stochastic
differential equation

dX; = b(X;, w)dt + o(X;, w)dBy,

(2.11)

Xo = x,

for A(y, w) = o(y, w)o(y, ®)', and for B, a standard Brownian motion under Py ,
with respect to the canonical right-continuous filtration on C([0, 00); RY).

We write P, = P x Py, and E, = E x E, , for the corresponding semi-direct
product measure and expectation on £2 x C([0, 00); R4). The annealed law P, inherits
the translation invariance and restricted rotational invariance implied by (2.3) and (2.8).
In particular, for all x, y € R4,

Ex+y(Xt) ZEy(x + X)) =x +Ey(Xt), (2.12)
and, for all orthogonal transformations r preserving the coordinate axis and x € RY,
Ex(rXy) = Eqx(Xy). (2.13)

This stands in contrast to the quenched laws Py ,, for which no invariance properties
can be expected to hold, in general.
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416 B. J. Fehrman

2.3 A review of [12]

In this section, we review the aspects of [12] most relevant to our arguments. Observe
that this summary is by no means complete, as considerably more was achieved in
their paper than we mention here.

We are interested in the long term behavior of the equation, for a fixed, Holder
continuous function f : RY — R,

{ut = Jtr(A(x, ®)D*u) + b(x,w) - Du on R? x (0, 00), 2.14)

u= f(x) on R x {0}.

This is essentially achieved by comparing the solutions of (2.14) to the solution of the
deterministic problem, for @ > 0 identified in Theorem 2.1,

— ¥ A d
[u[ = 2 Au on R X (07 OO), (215)

7= f(x) on R?x{0},

along an increasing sequence of length and time scales.

The constant @ defining (2.15) is identified in [ 12, Proposition 5.7] through a process
we describe after introducing some notation. Fix the dimension

d >3, (2.16)

and fix a Holder exponent

1
B e (O, §j| and a constant a € (O, IO‘(:%} . (2.17)

Let Lo be a large integer multiple of five. For each n > 0, inductively define
La
£, =5 [?"] and L,y =4{,L,, (2.18)

so that, for L sufficiently large, we have %L,]ﬁ“ < Ly+1 < 2L+ Foreachn > 0,
for ¢ > 0, let

K = exp(co(loglog(L,))?) and &, = exp(2co(loglog(L,))?), (2.19)

where we remark that, as n tends to infinity, «, is eventually dominated by every
positive power of L,. Furthermore, define, for each n > 0,

D, = Lyk, and D, = Ly,i,. (2.20)
We choose L sufficiently large so that, for each n > 0,

Ly < Dy < Dy < Lyt1, 4Ry <&ns1 and 3Dpi1 < L2, (2.21)
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The following constants enter into the probabilistic statements below. Fix mg > 2
satisfying
(14 a)™ 2 <100 < (1 +a)™" !, (2.22)

and § > 0 and My > O satisfying
5 mo+2
8= 5,3 and Mo > 100d(1 + a)™07"=. (2.23)

In the arguments to follow, we will use the fact that § and M are sufficiently larger
than a.

We now describe the identification of @. Recall, for each x € R? and w € 2, the
quenched law Py ,, on C([0, c0); R9) and, for each x € R4, the annealed law P, on
£2 x C([0, 00); Rd). The constant o is seen effectively as the limit of the effective
diffusivities, in average, of the ensemble of equations (2.14) along the sequence of
time steps L%. However, so as to apply the finite range dependence, see (2.7), the
stopping time

T, = inf {s > 011X, — Xo| > bn] (2.24)

is introduced, for each n > 0, and the approximate effective diffusivity of ensemble
(2.14) is defined as
1 2
oy = d_L%EO[lXTn/\L%' ]. (2.25)
The following theorem describes the control and convergence of the o, to @, see [12,
Proposition 5.7].

Theorem 2.1 Assume (2.10). There exists Ly and cq sufficiently large and ny > 0
sufficiently small such that, for all n > 0,

1 —(1+5)8
5, Sn < 2v and |oyq1 — oyl < Ln( )
Vv

which implies the existence of @ > 0 satisfying
1 _ . _
— <o <2v and lim o, =uw.
2v n—o00
We discuss next the coupling between solutions of (2.14) and (2.15). The first step

involves comparing solutions of (2.14), for each n > 0, at time L,%, with respect to a
Holder norm at scale L, to solutions of the deterministic problem

o, d
Upy = 3 Auy, on R% x (0, 00),
[un,t —fx)  on R x {0} (2.26)
To do so, introduce, for each n > 0, the rescaled Holder norm
[f(x) = f()
| fla = sup | f(x)| + LE sup u- (2.27)

xeRd xX#y l[x — )’|ﬁ
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A localized control of the difference between solutions of (2.14) and (2.26) at time
L2 is obtained via a cutoff function. For each v > 0, let

X0 =1AQ=DDs and x0)=x (3). (2.28)

and define, for each x € R? and n > 0,

Xnx (V) = X30ar, (Y = X)- (2.29)

The following result then describes the desired comparison between solutions of (2.14)
and (2.26), at time L%, for Holder continuous initial data.

We emphasize here that this control depends upon x € R?, w € £ and n > 0. It
is not true, in general, that this contraction is available for all such triples (x, w, n).
However, as described below, it is shown in [12, Proposition 5.1] that such controls

are available for large n, with high probability, on a large portion of space.

Controll 2.2 Fixx e R, w € 2 andn > 0. Let u and u, respectively denote the
solutions of (2.14) and (2.26) corresponding to initial data f € C%P(R?). We have

a0 (403 L) = 00, LD o = L1 1

The final control we will use concerns tail-estimates for the diffusion process. We
wish to control, under Py 4, for X; € C([0, 00); R4 ), the probability that

X; = max | X; — Xo| (2.30)
t

0<s<
is large with respect to the time elapsed. The desired result is similar to the standard
exponential estimates for Brownian motion at large length scales.

As with Control 2.2, this control depends upon x € R4, w € £ andn > 0. Itis not
true, in general, that this type of localization control is available for all such triples
(x, w, n), but it is shown in [12, Proposition 2.2] that such controls are available for
large n, with high probability, on a large portion of space.

Controll 2.3 Fixx € R4, w € 2 andn > 0. For each v > D, forall |y — x| <
304/dL,,

v
Py,w(Xz% > v) < exp (—D—) .

n

We now introduce the primary probabilistic statement concerning Controls 2.2 and
2.3. Notice that the event defined below does not include the control of traps described
in [12, Proposition 3.3], which play in important role in propagating Control 2.2 in
their arguments. Since we simply use the Holder control there obtained, we do not
require a further use of their control of traps.
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Consider, for each x € R, the event
B, (x) = {w € £2 | Controls 2.2 and 2.3 hold for the triple (x, ®, n).}. (2.31)
Notice that, in view of (2.3), for all x € R4 and n > 0,
P(Bn(x)) = P(B,(0)). (2.32)

It is therefore shown that the probability of the compliment of B, (0) approaches zero
as n tends to infinity, see [12, Theorem 1.1].

Theorem 2.4 Assume (2.10). There exist Ly and cq sufficiently large and ny > 0
sufficiently small such that, for each n > 0,

P (2\B, (0) < L, ™.
We henceforth fix the constants Lg, co and ¢ appearing above.

Fix constants L, co and g satisfying (2.21) and the hypothesis of
Theorems 2.1 and 2.4. (2.33)

We conclude this section with a few basic observations concerning Control 2.2,
Control 2.3 and the Holder norms introduced in (2.27). Since Control 2.2 cannot be
expected to hold globally in space, it will be frequently necessary to introduce cutoff
functions of the type appearing in (2.28). The primary purpose of Control 2.3 is to
bound the error we introduce, as seen in the following proposition.

Proposition 2.5 Assume (2.10) and (2.33). Fixx € R, w € 2 and n > 0 and
suppose that Control 2.3 is satisfied for the triple (x, w, n). For f € L>®(RY) satisfying

d (SUPp(f), By i, (x)) > D, +30vdL,,

let u(y, t) satisfy (2.14) with initial data f(y). Then, for each |y — x| < 30v/dL,,

_ d(Supp(f), y)

,L2 <ex
lu(y, L] = p( D,

) Il Lo (Ra)-

Proof The proof is immediate from the representation formula for the solution. We
have, for each y € Rd,

u(, L) = By (£(X12).
Therefore,

Uy, LD = Py (X522 dSupp(f), ) £l s
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Since d(Supp(f), B30ﬂL,1 (x)) > D, + 30«/3Ln, and since Control 2.3 is satisfied
for the triple (x, w, n), this implies that, for all |y — x| < 30\/3L,,,

d(Supp(f), y)

lu(y, L2)| < exp (—
" Dn

) £z ey

which completes the argument.

The following two elementary propositions will be used to extend Control 2.2 to a
larger portion of space. The first is an elementary and well-known fact concerning the
product of Holder continuous functions.

Proposition 2.6 For each n > 0, for every f, g € CO#(R?),

1f&ln = 1f1nlgln-

The second will play the most important role in extending Control 2.2. The only
observation is that the Holder norms introduced in (2.27) occur at the length scale L,,.
Therefore, a function agreeing locally with Holder continuous functions on scale L,
must itself be globally Holder continuous. The proof is elementary and can be found
in [12, Lemma A.1].

Proposition 2.7 Let I be an arbitrary index and n > 0. If f : R — R and
{g,- ‘RY — R}ie[ are such that, for a collection {x;};c; C RY,

f=g on B(x;,20¥/dL,) and Supp(f) C | JB(xi, 10VdL,),  (2.34)

iel
then

|f|n = 3SUP|8i|n-

iel
3 The identification of the invariant measure

In order to identify the invariant measure, we will analyze the long term behavior of
the solution u : R? x [0, 00) x £2 — R satisfying

[ut = S tr(A(x, ®)D*u) + b(x,w) - Du on R? x (0, 00), a1

u=f(x,w) on R4 x {0}.

Therefore, to simplify the notation in what follows, we write, for each s > 0 and
w € 2,

R f(x,w) = ux,s, w),

for u(x, s, w) satisfying (3.1) with initial data f(y, w).
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We will be particularly interested in translations of functions f € L% (£2) with
respect to the translation group {7} <<, and therefore assume in many of the propo-
sitions to follow that a function f : RY x £2 — Ris stationary with respect to {7}, cpa-
Precisely, for each x, y € RY and w € £2,

fx+y 0= fx ryo). (3.2)

For every f € L®(RY x £2) satisfying (3.2), we identify a deterministic constant
7 (f) € R which is effectively identified as the limit of the sequence defined, for each
n >0, by

E (RL;I £(0, a))) . (3.3)

And, for 1 : £2 — R the indicator function of a measurable subset £ € F, by taking
fE(x, w) = 1g(tyw), we define a measure 7 : F — R on (§2, F) by the rule

n(E) =7 (fE)- 34

We will prove that 7 is a probability measure on (£2, F) which is absolutely continuous
with respect to P. And, for every f € L®(R? x ) satisfying (3.2),

T(f) :/ fO,w) dr.
2

The following two propositions describe the basic existence and regularity results
concerning equation (3.1) for bounded and stationary initial data.

Proposition 3.1 Assume (2.10). For each w € 2 and f € L®(R? x §2) there exists
a unique solution u(x, t, w) : R¢ x [0, 00) x 2 — R of (3.1) satisfying, for each
T>0andw e 2, u(x,t,w) € BUC(Rd x [0, T1) with, for each w € $2,

luCx, 1, )l Lo (R x10,00)) = I (X, @)l oo (e

Furthermore, if f(x,w) satisfies (3.2), then for each t > 0, the map u(x,t,w) :
R? x 2 — R4 is stationary. Precisely, for each x,y € R%, t > 0 and w € £2,

u(x,t, yw) =ulx +y,t, ).

Proof The existence and uniqueness of a solution to (3.1) satisfying the above
estimates, for each w € £2, is an elementary consequence of (2.4), (2.5) and
f e LOO(Rd x £2). See, for instance, Friedman [4, Chapter 1, Theorem 12]. The
stationarity is a consequence of (3.2) and the uniqueness since, for each w € §2, both
u(x,t, ryw) and u(x + y, t, o) satisfy (3.1) for ryw.

Proposition 3.2 Assume (2.10). Foreachw € 2,t > 1 and g € L R?), for C > 0
independent of w € 2 and t > 1,

R g (x, W)l cosray < ClIgN oo wra)-
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Proof Fix w € 2 and g € L°°(]Rd). Recall that, for each r > 0 and x € RY, see (4,
Chapter 1, Theorem 12],

Rtg(-wi) = Ex,w (g(XI)) = /]Rd p(xstv }%a))g()’) dy, (35)

for p(x,t,y, ) : RY x (0, o0) x R > R satisfying, foreach0 <t < I,for C > 0
and ¢ > 0 independent of w,

P 1.y, @) <Crd2e= B and Dy p(x. 1.y, w)| < Crm D2,
(3.6)
First, we observe that for each x € R and ¢ > 0, using (3.5),

|Rig(x, )] < llgl oo aa- (3.7)

It remains to bound the Holder semi-norm.
Whenever x, y € R4 satisfy |[x — y| > 1,

IR1g(x, 0) — Rig(y, ®)] < 2llgll ooy < 21x — Y llglpooray.  (3.8)
And, whenever x,y € RY satisfy |[x — y| < 1, since (3.5) and (3.6) imply that

R18(x, ) is Lipschitz with constant determined by || g || ;oo (ra), for C > O independent
of w € £2,

IR1g(x, ) — Rig(y, ®)| < Clx — yllgll gy < Clx — yIPlIgll oo ray.  (3.9)
Therefore, for each x, y € RYandr > 1, using (3.7), (3.8) and (3.9),
IR g(x,w) — Rig(y, w)| = |R—1(R1g(x, w) — Ri1g(y, w))|
< sup [Rigx,®) — Rig(y, 0| < Clx — yPllgll pomay.  (3.10)

x,yeRd

The claim follows from (3.7), (3.8) and (3.10), since w € §2 and g € LOO(Rd) were
arbitrary.

Before proceeding, it is convenient to introduce some useful notation. We write,
foreachn > 0and f € Co’ﬂ(Rd),

Ryf(x, ) =u(x, L2), (3.11)
for u(x, t) satisfying

uy = L tr(A(x, 0)D?u) + b(x,w) - Du  on RY x (0, 00),
u= f(x) on R? x {0}.
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Similarly, for each n > 0 and f € CO#(RY),
Ry f(x) =Tn(x, 1), (3.12)
for u, (x, t) satisfying

Uy = 3 A, on R? x (0, 00),
i, = f(x) on R? x {0}.

And, finally, for each n > 0 and f € C%#(R%),
Spf(x,w) = Ry f(x,w) — Ry f(x). (3.13)

This allows us to restate Control 2.2 in the following equivalent way, where we recall
from (2.29), for each x € R4 and n > 0, the cutoff function Xn.x-

Controll 3.3 Fixx € R, w € 2 and n > 0. For each fe Co’ﬂ(Rd),

nxSn fln < L2 | fln-

We now make two elementary observations concerning the interaction of the heat
kernels R, introduced in (3.12) and the scaled Holder norms introduced in (2.27), and
an observation concerning the localization properties of the kernels R,,. Notice that, in
the following proposition, we make use of Theorem 2.1, which in particular provides
a lower bound for the «,,. This lower bound ensures that the kernels R, provide a
sufficient regularization, uniformly in n > 0, for our arguments to follow.

Proposition 3.4 Assume (2.10) and (2.33). There exists C > 0 satisfying, for each
n>0and f € L®(RY),

|§nf|n = C”f“LOC(Rd)'

Proof Fixn > 0and f € L®(R?). In view of (3.12), for each x € R¢,
Rof(x) = / @ra, L2~ 2e WAl (yy gy,
Rd

Therefore, .
IRy f OO Looray = I f | oo ey (3.14)

It remains to bound the Holder semi-norm.
For each x € RY,

— _ _ x—y Cv—vl2 2
DR, f(x) = n~ 2 (4a, L2)1/? / e WALy £ (v dy.

Rd (40[,,L%)(d+1)/2
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Therefore, in view of Theorem 2.1, for each x € R?, for C > 0 independent of n > 0
and f € L®(RY),

- _ _ w2
DR, f ()] = |9 (day L)™'/ /R ye P £ (40 L2) 2y + x) dy‘
< CL I f | oo ray-

So, whenever x, y € RY satisfy 0 < |x — y| < L,,

181 Bnf @) = Raf ()]

o SO Wl s = S 1 g (B15)

And, in view of (3.14), if |x — y| > L,,

|Enf(x) _Enf(y”
lx — ylf

Ly < 20 fll oo ey (3.16)

The claim follows from (3.14), (3.15) and (3.16).

The following observation is elementary and well-known. The kernels R,, preserve
Holder continuous initial data.

Proposition 3.5 For eachn > 0 and f € C%F(R?),
IRy fln < | fln-

__ Finally, the following proposition describes the localization properties of the kernels
R,,. Here, notice again the role of Theorem 2.1 and recall the cutoff function introduced
in (2.28).

Proposition 3.6 Assume (2.10) and (2.33). There exits C = C(d) > O and ¢ > 0
independent of n such that, for each f € L>®(R%),

_ =2
IRy (1= xp ) fO)] = Ce™ | fll oo ray-

Proof Fix n > 0. Then, for C = C(d) > 0,

) _ Cy—l2 2
Rall = xp)FON = [ (e, L2t £ (y) dy
RN\Bj;
o0

)
< C||f||LOO(Rd)/[) " 2 dr.
n Unln

Therefore, using Theorem 2.1, there exists ¢ > 0 independent of n such that, for
C=C() >0,

— _r2 _ =2
|Rn(1 _ Xﬁn)f(0)| E Ce Kn/4an||f”LOO(Rd) S Ce CKanHLOO(Rd)?

which completes the argument.
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We are now prepared to begin our identification of the measure. In order to exploit
the finite range dependence in what follows, see (2.7), we introduce localized versions
of the kernels R,,. Define, foreachn > 0 and w € §2,

R, f(x,w) =i(x, L2, w),

for u :E6b,, x [0, 00) x 2 — R? satisfying
= f(y, w) on B65n(x)x{0}UBBﬁl~)n(x)x[0, 00).

(3.17)
The following proposition describes the basic properties of the solutions to (3.17).

{ﬁ[ = %tr(A(y, w)D%*i)+b(y, w) - Di  on B6B,, (x) x (0, 00),
i

Proposition 3.7 Assume (2.10). For eachx € R and f € L®°(R? x ) there exists
a unique solution u(y, t, w) : B6ﬁ,, x [0, 00) x 2 — R of (3.17) satisfying, for each
T >0xeR andw € £, u(y,t,w) € BUC(EGDn(x) x [0, T]) with, for each
w € £2,

llay, ¢, w)llLOO(E6l~)n(x)x[O,oo)) < f(, w)”LOC(]R"x.Q)-

Flfrthermore, if f(x,w) satisfies (3.2), then for each n > 0 and k > 0, the map
(R)Ff(x,w) : R? x 2 — R is stationary. Precisely, for each x,y € R¢ and
w € §2,

(&) 7o mor = (&) 7oty

Proof Fix n > 0 and k > 0. The existence and uniqueness of a solution to (3.17)
satisfying the above estimates, for each w € £2, is an elementary consequence of
24),(2.5) and f € LOO(Rd x §2). See, for instance [4, Chapter 3, Theorem 9]. The
stationarity is a consequence of (2.3) and the uniqueness since, for each w € §2 and
x,y € R if ii(-, -, w) satisfies (3.17) corresponding to w on ijn (x +y) x [0, 00)
then it (- + y, -, w) satisfies (3.17) corresponding to Tyw on EGD,. (x) x [0, 00).

We now obtain Controls 2.3 and 3.3 on a large portion of space, with high proba-
bility. Define, for each n > 0,

A, = {a) €2 |we By(x) forall x € L,Z¢ N [-2L2,,, 2L5+2]d.} ,
and, for eachn > 0, B B _
A=A, NA1 N Ao, (3.18)

The following proposition provides, for each n > 0, a lower bound for the probability
of A,. We remark that, in view of (2.17) and (2.23), the exponent (2(1 + a)2 —1d —
My < 0.
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Proposition 3.8 Assume (2.10) and (2.33). For each n > 0, for C > 0 independent
of n,

P(2\A,) < CL’(12(1+a)2—1)d—M0‘

Proof In view of (2.32), for each n > 0, for C > 0 independent of n,

~ d
P(2\A,) < > P (2\By() <C (L7 2/Ln) B(2\B,(0).

2 2
xeL,ZN[-2L; 5,215 514

Therefore, using Theorem 2.4, for each n > 0, for C > 0 independent of n,
P(Q\An) < CL(Z(H—a)Z—l)d—Mo
—_ n N

This implies that, for each n > 0,

P(@\A0) = P(2\A,) + P (2\Aui1) + P (2\Ar2)
<cC (ng(l-i-a)z—l)d—Mo n L5l2J£11+a)2*1)d*M0 _{_Li%ilzﬂl)z*l)d*ﬁ’lo)

< CLSI2(1+a)2—1)d—MO’

which completes the argument.

The following proposition is the essential step toward constructing the invariant
measure and provides the first comparison between R, 1| f(x, ®) to R, f(x, w) for
environments in the subset A,, defined in (3.18). Notice that the estimates contained
below depend upon the unscaled S-Holder norm of the initial data. Since the identifi-
cation of the measure requires us to consider initial data f € L®(R? x £2), we will
later use Proposition 3.2 and apply the following result to R; f(x, ). Observe that,
in view of (2.17) and (2.23), the exponent 8 — 7(§ — Sa) appearing below is negative.

Proposition 3.9 Assume (2.10) and (2.33). For eachn >0, w € A,, 1 <k < €£+1
and f € COPRY), for C > 0 independent of n,

— k26 [~ \O 75—
sup  [(RugD)* f(x, 0)—(Rn) (R) f@, )| <CLETTOSD) £l cop ay.

XEB4ﬁ[)n+l

Proof Fixn > 0,w € Ay, 1 <k < Eﬁ_H and f € Co’ﬁ(Rd). In what follows, we
suppress the dependence on @ € £2. Notice that (2.18), (2.19) and (2.20) imply that,

: 2
since 1l <k < Goys

4vVkDyy1 < Dyys. (3.19)

Also, notice (2.21) implies that, in the definition of A,,,

3Dys2 < L2, (3.20)
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And, recall that

(RurD)* £(x) = (R)M £ (x).

Fixx € B, s, and define the cutoff function ¥y x : R? — RY, recalling (2.28),

Xnx(¥) = Xp,,,(y —x) on RY. (3.21)

Since
Rn fllLooray = ISl Looray, (3.22)

and since x € B4\/E[),,+1 and w € A,, Control 2.3, Proposition 2.5, (3.19) and (3.20)
imply that

IR £(x) — (R Fa Ry ()] = [(RDFE™ (1 = 7 )R f ()]
< e 2| £l oo (rdy-

Proceeding inductively,

2 ~ —
IR £ (x) = (Finx Rn)™ )] < keZe 2| £l oo Ry
<yl 2 fll oo ray- (3.23)

We now write

2 — 2
Gonx Ra) " £6) = (xS + Fnx Rn) " 00,

and, for nonnegative integers k; > 0,

(Xn xSn+an 1) f(x)
ke2 . “
= Z Z (Xn,xﬁn) ’ Xn.xSn ()h(‘n,xﬁn) - Xn.xSn (Xn x n) JF(x).

m=0 ko4 -4k +m=ke2

Since, for each n > 0,

| £ln < LI 1l cos ray.

and since x € By Dot and w € A,, Proposition 2.6, Proposition 2.7, Control 3.3,
Proposition 3.4, Proposmon 3.5, (3.19) and (3.20) imply that
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ke2

Z Z ()Zn,xin)ko )Zn,xSn ()h(‘n,xﬁn)k1 cee X}z,xSn (Xn X n) f(x)

M=T ko -+-kyy +m=k2

ke2 2
<> kG 3MLET| £l cop e
= m n CO.B(R4)-

m=7

Therefore, for C > 0 independent of n, using (2.17) to write 4a + 24’ < 5a, since
1 <k < €2, the lefthand side of the above string of inequalities is bounded by

nt1s
< 3" 5—=5 7(5-5
> ;Lff*m( DY fllcosgay < CLETTCTD| £l cos gay, (3.24)

m=7

where we remark that 8 — 7(6 — 5a) < 0 in view of (2.17) and (2.23).
It remains to consider

6
> > (G R) FuaSu (FuxBa) o RS (FnaRa) " f 0.
m=0 kot +ky+m=kt}
(3.25)
We will prove that, up to an error which vanishes as n approaches infinity, the above
sum reduces to

) 7 (R £ ().

To do so, we consider each summand in m individually.
For the case m = 0, the single summand is

(XnxR n) f() (3.26)

For the case m = 1, observe that, as a consequence of the assumptions x €
B, N and w € A,, Proposition 2.6, Proposition 2.7, Control 3.3, Proposition
3.4, Proposition 3.5, (3.19) and (3.20), this summand in (3.25) may be bounded by
using (2.17) to write 4a + 242 < 5a,forC > 0 independent of n,

— 2_
Z (Xn,an)k Hn.xSn (Xn x ) fx)— (Xn x )k@,, : HonxSn f (X)

ko-+ky +1=kl%

k02 _ _
< ( 1”)3Ln5||f||mw) < CLY 7PN £l oo mays (3.27)
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where we observe that 5a — § < 0 in view of (2.17) and (2.23). Furthermore,

L S k21 S k21 - = k€2
(Xn,an) XnxSn f(x) = (Xn,an) YnxRn f (x) — (Xn,an) I ().
(3.28)
Notice the additive cancellation between (3.26) and the final term of (3.28).

In the following, we use the fact that, for every f € L®(RY),

IS fll oo ey = 201 f 1 oo ey

Fix 2 < m < 6. In this case, as in the case m = 0 and m = 1, Proposition 2.6,
Proposition 2.7, Control 3.3, Proposition 3.4 and Proposition 3.5 allow us to reduce
the sum to the single term k; = O forall 1 <i < m. Observe that, since x € B, N9

n+1
andw € A,

~ Yk - ~ 5 \km kf% my —mé
Z (Xn,an) KnxSn - - - (Xn,an) S| = m "L, ”f”LOO(Rd)'

K #0

And, generally, for | <i <m, since x € B4«/1?l3n+1 andw € Ay,

z ()h('n,xin)k0 X~n,xSn s (Xn,xﬁn)ki ()h(‘n,xsn)mii f(x)
ki #0, k;j=0if j>i
(kz,% —m+i
<

; )2"1—"3"L;"3||f||mw>-

Therefore, for C > 0 independent of 2 < m < 6 and n, using (2.17) to write
da +24? < 5Sa,

(~ R ko k2—m ;- g\
E Xn,x n) (Xn x n) fx) — (Xn x n) (Xn,x n) Jf(x)
kot -k +m=k2

ko2 — i _
< Z( )2’" BL Nl oy < CLY PN 1l oo (e (3.29)

where we observe that 5a — § < 0 in view of (2.17) and (2.23).
Furthermore, again using Proposition 2.6, Proposition 2.7, Control 3.3, Proposition
3.4, Proposition 3.5 and (3.14), since x € B4«/l?ﬁn+1 andw € A,,foreach2 <m <6,

— 2_ 2_
‘(Xn,an)kén " ()Zn,xSn) fx) — (Xn x )ki,, " ()Zn,xsn)m ! Hn.x R f ()
— 2_
= ()?n‘an)kgn " ()Zn,xsn)m ! )zn xR f(x) = 3m_1L£lm_l)8”f”L°°(Rd)'
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Proceeding inductively, for each 2 < m < 6, for C > 0 independent of m and n,

—m

Zom . ~ m—
()Zn,xsn) fx) — (Xn X n)k@,, Xn.xSn (Xn X n) ! fx)

< CL | f Nl oo rey

_ 2
()zn,x Rn)kzn

where we observe that

(Xn X n fx)+ Z Xn X n ke X~n,xSn (X~n,an)m_1 fx)

m=1

Y0 (G Ra)® £ (). (3.30)

= ()zn,an

And, using the assumptions x € B PN/ IEACES Ayand 1 <k < £2 n41» Control 2.3,
Proposition 2.5, Proposition 3.6, (3.19) and (3.20), there exists C > 0 and ¢ > 0
independent of n and such that

— _ — 2_
()?n,an)ke’% ° ()?n,an)ﬁ f(x) - (Rn)ken ° (Rn)6 f(x)

< CO L 022 ]| oo a- (3.31)

Therefore, following the sequence of inequalities (3.20), (3.23), (3.24), (3.26),
(3.27), (3.29), (3.30) and (3.31), we have obtained an effective comparison between

(Ru+1 ¥ £ (x) and the quantity regularized by the heat kernel (En)kz'% -6 RS f(x) which
takes the form, for C > 0 and ¢ > 0 independent of n,

ke2—6 2 ke2—6
(R )F F0) — (Ra)"™ " (R)® £ = [(R)* f(x) — (R)™ " (R)® f(0)]
< Clulae 2| fllpooay + CLE 7O fllcopay + CLY 1 f ] oo -
(3.32)

In view of (2.17), (2.18), (2.19) and (2.23) there exits C > 0 independent of n such
that, for all n > 0,

2, o002 < CLET0-50 g 13079 < Cpp-T6-50)

And, since || f || oo ray < || fllco.6(ray, We have, using (3.32), for C > 0 independent
of n,

_ 2_
(R )F £(x, ) = (R) " (R)® f(x, )] < CLETO759 fllcopgay. (3.33)

Finally, since @ € A,, using (3.18) and the fact that 6D < L? for each

ye[— Ln+2, n+2] , we have, using Control 2.3 and (3.17),

nt2’
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-~ \6
(R® (@) = (Ra) f ()] < 6671 f | v ey (3.34)

We write

— _ _ ~ \0
‘(Rn)“5 (R0 F@) — B (R) F
— _ ~\6
(Rn)kel% ‘ )N(n,x ((Rn)6 - (Rn) ) fx)

— 2_ -~ \6
+ ‘(Rn)“" * (= ) ((Rm - (%) ) f@)

=<

and observe that, using Proposition 3.6, (3.19), (3.20), (3.22) and (3.34), since x €

B4J/€Dn+1 and 1 <k < eﬁﬂ, for C1 > 0 and c¢; > 0 independent of n,

2_ 2_ ~ \0
()" R £ @) = (Ra) ™ (Ra) £ ()| < Cem I fll ey (335)

Since || fll pooray < II.flc0.6(ray and since (2.17), (2.18), (2.19) and (2.23) imply that
there exists C > 0 satisfying, for all n > 0,

—ClKkn —7(6-5
Cre 1 < CLE7T0=5a),

we conclude that, in view of (3.33) and (3.35),

k26 (5 \6 76—
(Rus)* Fx,0) = (Ra) "0 (Ra) (6,0 = CLETTO) £ cop g,

Sincen > 0,1 <k < /(2 |,w€ Ay, x € B, jip,,, and f € CO#(R?) were arbitrary,
this completes the proof.

We now prepared to provide the initial characterization of the invariant measure
7w : F — R.In view of Proposition 3.9, foreachn > O and f € Loo(Rd X §2), define

~\0
Tu(f) =E ((R) RIf(O, w)) . (3.36)

The following two propositions prove that, foreach f € L (RY x £2) satisfying (3.2),
the sequence {rr,, (f)}52, is Cauchy. Notice in particular that the rate of convergence
depends only upon the L°°-norm of the initial condition.

Proposition 3.10 Assume (2.10) and (2.33). For eachn > 0 and f € L®(R? x 2)
satisfying (3.2), for C > 0 independent of n,

17ttt (f) = T ()] < CLETTOTDY £ oo -
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Proof Fixn > 0and f € L®(R? x ) satisfying (3.2). Since

IR fllpso®ix@y < 1fllpo®ax @)
we have, for each w € A,;, using Control 2.3 and (3.17),

6
|(Ra)® R1 £ 0, 0) = (Rus1) RiFO. )| <6671 fllpwaxgys  (33T)

and, using Proposition 3.2 and Proposition 3.9 for k = 6, for C > 0 independent of n
and f,

— 6026 [ ~ 6
[(Ra)® Ri 0, 0) = (Ra)*"° (Ra) R1£(0, )]
< LY R £ (x, @) oy
= CLg_m_Sa)||f||L°°(Rd><Q)- (3.38)

Since (2.17), (2.18), (2.19) and (2.23) imply that there exists C > 0 satisfying, for
eachn > 0,

—kn —~7(5-5
eK“§CL5 ( a)’

we have, for each w € A,;, in view of (3.37) and (3.38), for C > 0 independent of n,

< CLET7O73D| £l oo ma -

(3.39)
Therefore, since Proposition 3.1, the stationarity guaranteed by (3.2) and Proposi-
tion 3.7 imply that, for each x € R¢,

‘(Rn+1)6 Rif0.0) — Re) " (R,) Rif0.0)

2_ - \0
E((E)“" ° (R) le(x,w)) = (f),

and since (2.17) and (2.23) imply that, for each n > 0,

Ll(12(1+a)2—1)d—M0 < L£—7(6—5a)’

by Proposition 3.8 and (3.39), for C > 0 independent of r,

7ns1(f) = Ta ()] < CLETTOSD| £l o i gy + 20 fll oo a2y P (2\ An)
< CLE7C7 fll poora 2y

which, since n > 0 and f € L®(R? x £2) were arbitrary, completes the argument.
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Proposition 3.11 Assume (2.10) and (2.33). For each f € L®(RY x 2) satisfying
(3.2) there exists a unique T(f) € R satisfying

ﬁ(f) = nlllgo nn(f)o

Furthermore, for eachn > 0, for C > 0 independent of n and f,

700 (f) =T < Cllfllpoorare) z LB-T6-50),

m=n

Proof In view of (2.17), (2.18) and (2.23), since 8 — 7(8 — 5a) < 0, the ratio test
implies that

o0
3 LA <o

m=0

Since, for each f € LOO(Rd x §2) stationary in the sense of (3.2), Proposition 3.10
implies that the sequence {7, (f)}52, is Cauchy, there exists a unique 7(f) € R
satisfying

Jim g, (f) =7 (/). (3.40)

Furthermore, for each f € L®[RY x £2) satisfying (3.2), the triangle inequality,
Proposition 3.10 and (3.40) imply that, for each n > 0, for C > 0 independent of n
and f,

70 () = TP = D w1 (F) = T (O] < Clf lpooangy D, LT,

m=n m=n
which completes the argument.

We now identify what is shown in the next section to be the unique invariant measure.
For every E € F, write 1g : 2 — R for the indicator function of £ C £2, and define
fE : Rix 2 >R using the translation group {7y}, cga, see (2.2),

fE(x, 0) = 1(1y0). (3.41)
We define 7 : F — R, for each E € F, by the rule
T(E) =7 (fE), (3.42)

and prove now that 7 defines a probability measure on (£2, F) which is absolutely
continuous with respect to P.

Proposition 3.12 Assume (2.10) and (2.33). The function v : F — R defined in
(3.42) is a probability measure on (2, F) which is absolutely continuous with respect
to P.
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Proof For each E € F, since 0 < fg < 1 on RY x 2, the comparison principle
implies that, for each n > 0,

0<m(fp) =1,
and, therefore, for each £ € F,
0<n(E)=7(fE) < 1. (3.43)

Furthermore, since fy; is identically one and, since fj is identically zero, we have, for
eachn > 0,

T, (fe) =1 and m,(fy) =0.

Therefore,
n(2)=1 and nw(¥) =0. (3.44)

It remains to prove that 7 is countably additive and absolutely continuous.
Let{A; }j’i | C F beacountable collection of disjoint subsets. Since, for eachn > 0
and 1 <m < oo,

moa) = Rifim 4 (X ,w) dPy ,dP,
T (fur, ) /(z/C([o,oo);Rd) vfur, a;Xerzat,» @) dPow
for the stopping time

T,,:inf{s20|Xs¢B6bn},

the dominated convergence theorem implies that, for each n > 0, there exists k,, > n
such that

1
Ta e, a0 = TSy )] = =

Therefore, in view of Proposition 3.11, since each initial condition has unit L°°-norm,
the triangle inequality implies, for C > 0 independent of #,

(0) ()

Furthermore, since the {A;}72, are disjoint, for each n > 0,

1 — 5 5—5
<-+C > LA, (3.45)

m=n

kn kn
n(U Ai)= Zn(A,»). (3.46)
i=1 i=1
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Therefore, in view of (3.45) and (3.46), since we choose k,, > n,

oo kn oo kn
T (U A,-) -7 (U A,-)‘ = lim |7 (U A,-) - Zn (A)
i=1 i=1 i=1 i=1
7 (G Ai) - iﬂ(Ai)
i=1

i=1

lim
n—oo

=0,

which, since the family {A;}7°, was arbitrary, completes the proof of countable addi-
tvity.

We now prove the absolute continuity. We first show that whenever E € F satisfies
P(E) = 0 we have Ry fg(x, w) = 0on R4 for almost every w € £2. To do so, recall
that there exists a density p(x, 1, y, w) satisfying foreachx € R, w € 2and E € F,

leE(xsw) Z‘/Rd p(-xv lv y’a))fE()’»w) dy

Furthermore, for each x € RY and w € £2, the probability measure defined by
p(x,1,y,w)dyon RY is equivalent to Lebesgue measure. See, for instance [4, Chap-
ter 1, Theorem 11].

Fix E € F satisfying P(E) = 0. Then, for each x € RY, using (2.2) and P(E) = 0,
by Fubini’s theorem

E (Ry fi(x. ) = / / px, 1, y, )1 (zy0) dydP
2 JR4

=/ / p(x, 1,)’,60)1E(Tya)) dPdy = 0,
R J R

since 1g(tyw) = 0 almost everywhere in £2 for every y € R9. Therefore, Fubini’s
theorem implies that, forevery x € R?, there exists a subset A, C £2 of full probability
such that, for every w € Ay,

R fE(x, w) = 0.

Define the subset of full probability

A= ﬂ Ay,

xeQd
and observe that, foreachw € A and x € Qd,
Ry fe(x, w) = 0.

Since Proposition 3.2 implies that, for every w € §2, wehave Ry fg(x, w) € C 0.8 (Rd ),
we conclude that, for every x € RY and w € A,
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R fe(x, w) =0,

and, therefore, for every w € A andn > 0,

- \6
(Ra) Rife©.0) =0,
Since P(A) = 1, this implies that, for each n > 0, 7, (fg) = 0 and, therefore, that

w(E) = 0. Since E € F satisfying P(E) = 0 was arbitrary, this completes the
argument.

In the final proposition of this section, we prove that for each f € L®(R? x 2)
satisfying (3.2), the constant 7w ( f) characterizes the integral of f (0, ) with respect
to . This is essentially an immediate consequence of the definition of 7 and the fact
that the kernels R; preserve the L°°-norm of initial data.

Proposition 3.13 Assume (2.10) and (2.33). For every f € L®(R? x ) satisfying
(3.2),

T(f) =/ f(0,w) dm.
Q

Proof We recall, for every subset E € F and w € §2, the definition fg(x,®) =
1£ (tyw), and from which it follows immediately by definitions of 7 and 7 that

7 (fE) =n(E) =/ fO,w)dr =/ 1p(w) dm. (3.47)
2 2

And, since foreveryt > 0,n > 0w € 2 and f € LOO(Rd),
IR f (x. )l ooy < I fllpooqray and (| Ry f(x, @)l pooqray < 11l wa)-
we have, for eachn > O and f, g € LR x £2) satisfying (3.2),
70 (f = @ = 1m0 (f) = 7 (@] = | f — 8l Lo x )
Therefore, for every pair f, g € L®(R? x £2) satisfying (3.2),

7)) =TI < I1f — gll~@ixa) (3.48)

The claim now follows from (3.47), (3.48) and the definition of the Lebesgue integral.

4 The proof of invariance and uniqueness

In this section, we prove that the measure 7 defined in (3.42) is the unique invariant
measure which is absolutely continuous with respect to P. Furthermore, 7 is mutually
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absolutely continuous with respect to P and defines an ergodic probability measure for
the canonical Markov process on 2 defining (1.6). We observe that, for each ¢ > 0,
w € 2 and E € F, for P;(w, E) defined below and as in (1.6),

R: fE(0, 0) = Po,o(tx,0 € E) = P(w, E).

In order to prove invariance, therefore, it suffices to prove that, for each + > 0 and
E e F,

n(E) = / R, f£(0, w) dr.
2

See Proposition 4.7.
To exploit the finite range dependence we define, foreach R > 0,7 > landw € £2,
the localized kernels ;
Rirf(x,w) =lgr(x,t, w), 4.1

forii : Br(x) x [0, 00) X §2 — R satisfying

iR =} tr(A(y, 0)Dig)+b(y, ) - Diig on Br(x) x (0, 00),
ur = f on Bpr(x)x{0}UdBg(x)x][0, c0).
4.2)
The following proposition controls the error we make due to this localization. And,
in contrast to Control 2.3, we obtain this control globally for x € R? and w € £2 at
the cost of an effective length scale which is significantly larger than that appearing in
Control 2.3. That is, this control is effective at length scale approximately ¢ whereas
Control 2.3 is effective at length scale approximately /7.

Proposition 4.1 Assume (2.10). For each x € R, t>1,we 2and R > 0, for
C > 0 independent of x, t, w and R, for every f € L®(R%),

(R—Ct)%r

IR f(x,0) = Rig f(x, @) < || fllpooaye™

Proof Fix R > 0,t > 1, x € R and w € £2. Introduce the stopping time Tg :
C([0, 00); R?) — R defined by

Tr =inf{s > 0| Xy ¢ Br(x)}.
Then, for each f € L>®(R?), for X[ = supp<s<,| Xy — Xol| defined in (2.30),
IR f(x, @) = Rig f(r, )| < I fll ooty Prow (X7 = R). 4.3)
We recall that, almost surely with respect to Py ,,, for By a Brownian motion on R4

under Py ,, with respect to the canonical right-continuous filtration on C([0, 00); RY ),
paths X € C([0, 00); R?) satisfy the stochastic differential equation
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dX; = b(Xs, w)dt + o (X, w)d B,
Xo = x.

Therefore, using the exponential inequality for Martingales, see Revuz and Yor [10,
Chapter 2, Proposition 1.8], and (2.4) and (2.5), for every R > 0, for C > 0 indepen-

dent of Ié, t,x and w,
R2

Pio (X;" >R+ Ct) <e G (4.4)

Therefore, by choosing R=R-C T)4 in (4.4), we conclude in view of (4.3)
that, for C > 0 independent of x, 7, @ and R,

(R-Cn%

IR f(x,0) = Rrf(x, )| < [ fllpooraye™ €7,
which, since x, ¢, w and R were arbitrary, completes the argument.

We define, for each subset A C R?, the sub sigma algebra of F
op =0 (A(x,w),b(x,w) | x € A). 4.5)

The following proposition uses stationarity, see (2.3), to describe the interaction
between the transformation group {7}, g« and the sigma algebras o 4.

Proposition 4.2 Assume (2.10). For every subset A C R? and y € R¢,
1y (04) = {1y(B) | B€oa} =04_,.
Proof Fix A C RY. We identify S(d) with R@+D4/2 and write By and By+1)a)2

for the Borel sigma algebras on R? and R@*T1D4/2 respectively. Observe that o4 is
generated by sets of the form, for fixed x € A, By € By and Ba+1)4/2 € Ba+1)d/2,

b(x,w) ' (By) ={w e 2 | b(x, ) € By}, (4.6)

and
Alx, w)_l(B(d+1)d/2) ={we 2| A(x,») € Batnap}- 4.7

Furthermore, since the group {7y}, g« is composed of invertible, measure-preserving
transformations, for every fixed y € Rd,

7y (0a) = {1yB | B € 04},

is a sigma algebra generated by sets of the form, for fixed x € A, By € By and
Buynas2 € Basnayzs

7 (b(x, w)*l(Bd)) and T, (A(x, w)*l(B(dH)d/z)) . (4.8)
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And, in view of the stationarity (2.3), for each y € RY, x € A, By € By and
Buynas2 € Basna) 2,

7 (b @) (Bo) = bx.ty0) T (B = b =y, @) (B, 49)
and

Ty (A (x, )" (B(d+1)d/2)) =A(x, T-y0) " (Ba+na2) = A=y, ©) " (Ba+1as2)-
(4.10)
We therefore conclude, using (4.6), (4.7), (4.8), (4.9) and (4.10), for each y € RY,

Ty (04) = Ty0 (A(x — ¥y, w),b(x —y,w) | x € A) = 04_,. 4.11)
Since A C R was arbitrary, this completes the argument.
We will later use the fact that
F=o (A(x,a)),b(x,a)) | x € Rd) =0(U UBR)-
R>0

This will allow us to obtain our general statement after considering measurable subsets
E C £2 in the algebra of subsets Ug~oop,, where it is shown in the next proposition
that for these subsets we can effectively apply the finite range dependence, see (2.7).

Proposition 4.3 Assume (2.10) and (2.33). Suppose that, for R > 0, E € F satisfies
E e OB, - Foreachx € R t > 1 and Ry > 0, see (3.41) and (4.1),

o (Rt,szE(X,w)) C OBpy g, (x)-

Proof Fix E € F and Ry > O satisfying E € OBg,» X € RY, ¢t > land Ry > 0.In
view of the definition (4.1),

o (Rurafe(x. @) Co (AG.0). b o). f0.0) |y € Bry().  (4.12)

And, since fg(y, w) = 1g(tyw) and using Proposition 4.2, since £ € OB, » for every
d
y € R4,

o (fE(y, ) = {t—y(E), 2\1_y (E)} C 1_y(0B,,) = Oy, +y- (4.13)

Therefore, in view of (4.12) and (4.13),

o (Rz,szE(x,w)) Co U OBg,+y | = OB, (x)+Br, = OBryir, (x):
yEBRz(x)
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which, since Ry, E € op PREIES and R, were arbitrary, completes the argument.

Recall that in Proposition 3.9, with high probability, we obtained an effective com-
parison between the kernels

—2-6
R,y1 and R, RS,
where, in view of Theorem 2.1, the expectation is that the presence of the heat kernel
will result significant averaging for appropriate initial data. The following proposition
quantifies the effect of this averaging.

Proposition 4.4 Assume (2.10) and (2.33). Suppose that, for Ry > 0, E € F satisfies
E € OBg, - Foreachn > 0,1 <k < Eﬁ and t > 0 there exists C = C(t,R1) > 0
independent of E, n and k, and there exists { > 0 independent of Ry, E, n, k and t,
such that

ke2—6 ( ~ \© C B B
(R)" ™" (Ra) Risa fi (v o) =mu(Re )| > = | <Ch-HOLE,

n

P sup

re B4‘/Eﬁn+ 1

Proof Fix E € F and Ry > O satisfying E € OBg,» 1 = O,n>0and1 <k < Z%.
We define B
R, = 6D, (4.14)

and observe that, in view of Proposition 4.1, for every x € RY and w € 2, for C 1 >0
independent of n, k, x, t and w,

~ _ (6Dn=Cy(+0)3
Riti fE(x @) — Ry, my fE(X, ©)| < ||fE||L00(RdX_Q)e Cr(+n

_(6Dp—C1 (4%

<e aa+n (4.15)

In order to obtain better localization properties, we consider the quantity

2_6/~\0 ~ -~ \0 ~
(R " (Ra) Risiomo f£0, ) = /R ok (Ra) Revig fe (v @) dy,

(4.16)
where, for each y € R4,
Pk () = (@ (kL2 — 6L2)) =42 I an kL, =61,
Here, observe that Theorem 2.1 implies, for C > 0 independent of n,
1Pk oo ey < Ck™42L, ¢ (4.17)
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We now define, for eachn > 0,

2_ ~\6 ~ ~ \0 ~
#u (R, f£) =E ((ﬁn)“ﬂ *(R) Rivir fE O, w>)=E((Rn) Riti.k, [0, w)),

(4.18)
and see, in view of (4.15), for each n > 0,

6Py —CU+1)3.

7 (R f£) — 7on(Ry fE)] < e oo, (4.19)

Furthermore, using the stationary (2.3), and since ff is stationary in the sense of (3.2),
we have, for each x € Rd,

—6 (/~ \0 ~ . \0 -
#u (R f£) =E ((E)“3 * (&) R1+t,R2fE<x,w))=E ((R) R1+,,R2fE<x,w>).

} ~ (4.20)
The definition of R, in (3.17) and the choice of R, = 6D, in (4.14) imply that, for
each x € R and w € £2,

~ \0 - ~
(Ra) Revr.rafie (o) = Ropa 40, fE (X, @),
and, using Proposition 3.6, for each x € R4,
-~ \0 -
o ((Ra) Restr oG @) ) € OBy = OBy 0 (B21)

Therefore, for R > Qasin(2.7), wheneverx, y € R4 satisfy |[x—y| > 12[),, +2R{+R,
the random variables

-~ \0 - -~ \6 -
(R,,) Ri+1,r, fE(x, w) and (Rn) Ri+1,r, fE(y, w) are independent. (4.22)

We now write 7, = 7, (R; f) and compute the variance

— ~ \0 - 2
E(((En)kl% 6 (R,,) Riy1 R, fE(0, w) — ﬁn) )
< \6 ~ i
=E (/ / Pk (Y) Pk (2) ((Rn) Risiry fE(y, w) — ﬂn)
RY JRY

\6 .
X ((Rn) Ri11,r, fE(Z, ®) —ﬁn) dydz). (4.23)

Since there exists C = C(R;) > 0 such that, for all n > 0,

CD, > 12D, + 2R, + R,
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and since, for each x € R? and w € £2,

\6 - ~
~1< (R) Rivt.po fE(, @) — 7 < 1,

we have, in view of (4.22), for C = C(R;) > 0 independent of n, k and ¢,

— kf2—6 [/~ \O ~ 5 2
B( (@) (&) R fe00 =) )< [ ] pusopas aves,
rd Jch,

Therefore, using (4.17), for C = C(R;) > 0 independent of n, k and ¢,

ke2—6 (= \© Y\ —d)2y—d 7 —d)2=d -
E((@) " (Ra) S0, w)—nn) )ka LD < ek PRl

(4.24)
and, together with (4.24), Chebyshev’s inequality implies that, for C = C(R;) > 0
independent of n, k and 7,

2_ -~ \0 -
P (‘(En)un o (Rn) Rt—H,szE(Os a)) - ﬁ'n

> 1/;2,,) < Ck=2pd+2g4d,

(4.25)
We will now extend a version of this estimate to the whole of B, N E
Fix 0 < y < 1 satisfying, in view of (2.16) and (2.17),
! 1 hich impli 2 1 (4.26)
— <y <, ichimplies — <y < 1. .
1+4+a 4 W P d Y

Since fE is stationary in the sense of (3.2), the stationarity (2.3) and (4.20) imply that,
for C = C(R;) > 0 independent of n, k, and ¢,

ke2—6 [~ \© = - -
P sup (®)" " (Ra) Resmo fer, @) = 7| = 1/
xE(«/%L,l+])VZdﬂB4ﬁén+l
d
4VkD _
< N/ n+1y k—d/zlzgug;dEcﬁjﬂﬁsﬂk_yd/zml (1+a)y)d’
(\/ELnJrl)

where we observe (4.26) implies that —yd/2 < —1 and (1 — (1 + a)y)d < O.
Therefore, in view of (2.18) and (2.19), there exists { > 0 and C = C(Ry) > 0
independent of n, k, and ¢ such that
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ke2—6 (=~ \© -~ . -
P sup ‘(En) (Rn) Riy1,r, fE(X, @) — 7| = 1/ky,
ve(VRLui) 7408, g5,

< koL (4.27)

Using Theorem 2.1, Proposition 3.1 and (4.16), for each w € £2 and x € R4, for
C > 0 independent of n, k, t and R,

ke2—6 (=~ \© = —1/27 -1
10 (Ra)""™" (Ra) " Resrope S (s )l < [ Dypn() dy=Ch 2L

(4.28)
Since, for each x € B4ﬁﬁ,l+l there exists y € (vkL,11)"Z% N B4«/El~)n+1 satisfying

[x —y| < C(«/EL,,H)V for C > 0 independent of n, we conclude that, in view of
(4.28),

— \k2—6 (= \O 5 .
sup ‘(Rn) " (Rn) Rt—l—l,szE(xaa))_nn

XEB““/ZB;H—]

— k26 (= \0 =
< sup ‘(R,,) (Rn) Riy1,r, fE(x, ®)
Y
xe(\/l;L,Hl) ZdﬁB“\/Zf)nJrl

a4+ C (JEL,,H)H . (4.29)

Because (2.18) and (2.19) imply that there exists C > 0 independent of n such that,
forallm > 0and k > 1,

y—1
(VELit1) = Clin, (4.30)
for C = C(Ry) > 0 independent of n, k, and ¢, using (4.27), (4.29) and (4.30),

P sup |(§n)k€%_6 (R11)6Rt+l,szE(xaw) — Ttn| > £ = Ck_(l+§)L,:;~
x634ﬁ5n+1 Kn
4.31)
Finally, since (2.19) and (2.20) imply that there exists C = C(¢) > 0 such that, for
C; > 0asin (4.15), forall n > 0,

(6Dp—Cy (1+1)%

e [STIED) < C/kn,

we conclude in view of (4.15), (4.19) and (4.31) that there exists C = C(R;,t) > 0
independent of n and k such that

— \kE2—6 (= \0 C _ -
B sup (R () Ret felroo)=mu(Rfp)l > — | <Ck UL,

XEB4\/%[_)71+1 "
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which, since E, Ry, n, k and ¢t were arbitrary, completes the argument.

The following proposition is essentially a restatement of Proposition 3.9 best suited
to our current circumstances, where we recall the definition of the subsets {A,, },‘1’10 in
(3.18).

Proposition 4.5 Assume (2.10) and (2.33). Forevery E € F,n > 0,1 <k < Ei_H,
t > 0and w € Ay, for C > 0 independent of E, n, k, t and w,

ke2—6 (= \6 75—
p  |(Rut)* Ri fer, @)= (Ra) ™ (Ra) Ris fi(x, ) <CLETTO7,

XEB4‘/ZDn+1

Proof FIX E € F,n > 0,1 <k < ZYZLH and w € A,. In view of Proposition 3.2,
there exists C > 0 independent of E, n, k, t and w such that

| Ri+: fENco.sray < CIfENLoray < C.

Therefore, since w € A,, Proposition 3.9 implies that, for C > 0 independent of E,
n, k and w,

_ ~ \0
swp  1(Ru ) Rise S0, 0) — (Ra) 70 (Ra) i fe(x, )

XEB4«/1;[~),!+1

< CLET7OPDN Ry fellcos gay < CLE 707,

which, since E, n, k, t and @ were arbitrary, completes the argument.

Observe that the convergence obtain in Proposition 4.5 occurs along the discrete
sequence of time steps kL% on 4k D,,. We now upgrade this convergence along the
full limit, as ¢+ — oo, using Control 2.3. The cost is that the convergence now occurs
on a marginally smaller portion of space.

Proposition 4.6 Assume (2.10) and (2.33). Suppose, for some Ry > 0, E € F satisfies
E e GBRI.Foreachn >0,1<k< ZiH andt > 0, for C = C(Ry,t) > 0and
¢ > 0 appearing in Proposition 4.4,

C
P sup sup  |RyR14(x, 0) =1, (R, fE)| > — | <Ck~UFO L%,
Kn

kLy,<s<(k+DLy,, *€Byip, |

Proof Fix E € F and R > 0 satisfying E € OBg,» 1 = 0,1<k< Eﬁﬂ and r > 0.
We observe that, in view of (2.17), (2.19) and (2.23), foreach n > 0, for ¢ > 0 defined

in Proposition 4.4, there exists C > 0 independent of n satisfying,

L5—7(5—5a) S C/Izn,
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2

and, foreachn > 0and 1 <k < £n+l’

2
L22(1+a) —1)d—My < k—(1+§)L;§_

Therefore, Propositions 3.8, 4.4 and 4.5 imply that, for C = C(Ry, t) > 0independent
of E, n and k,

C
P sup ‘(Rnﬂ)k Ry fEx, @) —my (R )| > — | < Ck_(IH)L,;{.
XEB4‘/1:15)1+1 Kn
4.32)
Recall the cutoff function y, N defined in (2.28). For each x € B KD and

kL2 | <s < (k+1)L2,, we write

|Rs Ry 41 fE(X, @) — 0 (R fE)| = Ry w2, ((Rn+l)k Riyi fE(x, @) —ﬂn(Rth))‘

=

Ryiz2, Xoih, ((Rust) Rise fie (v, ) =R f) |

+

Roaiz, 0= gip,.) (Rae0) Rie fi (v, )= R f))
Since, for each x € R? and w € £2,

—1 < (Ryt1)* Riss fE(x, @) — ma (R, fE) < 1,

we have, foreachw € A, and x € B«/I?L3n+1 , using Control 2.3, since 0 < s —kLiJrl <

2
Ln—H’
Ry iz, (1= 2ayip,) ((Rue) R f(r.0) = (R f) )| < €700
(4.33)
Furthermore, for each x € R? and w € £2,
R iz, okt ((Rust) Risa fie (. @) = mu(R fe) )|
= swp (R Rist fi(r, @) = 7R )] (4.34)

XEB4ﬁﬁn+l

To conclude, observe that (2.17), (2.18), (2.19) and (2.23) imply that there exists
C > 0 satisfying, for each n > 0,

e < C/iky.

Therefore, because I<L’21+1 <s<(k+ 1)Lfl+] was arbitrary, using (4.33) and (4.34),

for C = C(Ry,t) > 0 independent of E, n and k,

@ Springer



446 B. J. Fehrman

C
P sup sup  |RyRi4 fE(x, ®) — mn(R; fE)| > =

2 2 ~
kL2 <s<(k+D)L2, ¥€Bip, | n

C
<P sup  [(Ruy1)* Rigs fE(x, ) — 70 (R fE)| > = +P(£2\Ap) .

rE 34\/1;[3;1-%—] "

2

Since, foreachn > 0and 1 <k < En+1’

LR+ =Dd=My < =40 [~

in view of Proposition 3.8 and (4.32), for C = C(Ry, t) > 0 independent of E, n and
ks

C
P sup sup IR R4 fE(x, ®) — 7y (R, fE)| > IZ_

2 2 -
kLn+1§S§(k+l)Ln+l XeB\karH»l "

< Ck—(H-C)L;C’

which completes the proof.

We are now prepared to present our main result. Define, foreachn > 0,1 < k <
Eﬁ_H,t > 0and E € F satisfying, forsome R; > 0, E € OBg, ,forC =C(Ry,t) >0
as in Proposition 4.6,

By (E) = qowe 2| sup sup  |RyRiq fE(x. @) — (R fE)| < <
kL2, <s<(+DL2, Y<Bgp n
(4.35)
and, for each n > 0,
E%H_l
By(E)= [ Buii(E). (4.36)
k=1

We have, using Proposition 4.6, for each n > 0,1 > 0, E € F satisfying, for some
R >0,F ¢ OBg, » for C = C(Ry,t) > 0 independent of n and E,

Gl Gyl
P(2\Bui(E) < D P(2\Burs(E)) < > Ck-HOL S < CL, %
k=1 k=1

And, in view of (2.18), for each r > 0 and E € F satisfying E € OBg, for some
R1 > 0,

o]

D P (2\By.(E)) < oc.

n=0
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We therefore define, foreacht > O and E € F satisfying E € OB, » for some Ry > 0,
the subset

$2,(E) = {a) € §2 | There exists n(w) > 0 such that, foralln > n, w € Bn,t.} ,
4.37)

where the Borel-Cantelli lemma implies that, for every ¢+ > 0 and E € F satisfying
E € OB, » for some Ry > 0,

P(2,(E)) = 1.

We now present the invariance property of the measure 7. In the proof, we use that

fact that
F = G(U UBR).
R>0

That is, the sigma algebra F is generated by subsets satisfying the hypothesis of
Proposition 4.3.

Proposition 4.7 Assume (2.10) and (2.33). For every E € F andt > 0,
n(E) =7 (R fg) = / R fE(0, w) dm.
2
Proof We define

F=J oss. (4.38)
R>0

and observe that F is an algebra of subsets of §2. That is, Fis ~closed under relative
complements and finite unions. Furthermore, for every E € F, there exists R} =
Ri(E) > 0 satisfying E € oy, .

Fixt > Oand E € F. For every w € £2,(E)N 20(E), (4.35) and (4.36) imply that
7(E) =7 (fg) = lim RyR1f£(0.0) = lim RyRis1f5(0.0) = F(R: fp).
And, in view of Proposition 3.13, since R, fg satisfies (3.2),
T (R fE) = /Q R: fE(0, ) dr.
Therefore, for every t > O and E € F R

w(E) =/ R: fE(0, w) dr.
2
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To conclude, the absolute continuity of w with respect to IP and the dominated
convergence theorem imply that, using a repetition of the argument appearing in
Proposition 3.12, for each ¢ > 0, the rule

E — / R, fE0, w) dm
2
defines a probability measure on (£2, F). Therefore, since
F=o(F),

the Caratheodory Extension Theorem implies that, for every E € F and ¢t > 0,

n(E):/ R: fE(0, w) dm,
2

which completes the argument.

In the final proposition of this section, we prove that the invariant measure 7
is the unique invariant measure which is absolutely continuous with respect to P.
Furthermore, 7 is mutually absolutely continuous with respect to P and defines an
ergodic probability measure for the canonical Markov process on £2 defining (1.6).
The proof of ergodicity is presented for the convenience of the reader, since it is
virtually identical to that presented in [9, Theorem 2.1].

Recall that the ergodicity of (2.2) implies that whenever E € F satisfies, with
equality up to sets of measure zero,

7 (E) = E forevery x € RY then P(E)=1 or P(E)=0. (4.39)

Theorem 4.8 Assume (2.10) and (2.33). There exists a unique invariant measure
which is absolutely continuous with respect to P. Furthermore, the invariant measure
is mutually absolutely continuous with respect to P and defines an ergodic probability
measure for the canonical Markov process on §2 defining (1.6).

Proof The measure 7 constructed according to (3.42) was shown in Proposition 3.12 to
be absolutely continuous with respect to P and, was shown to be invariant in Proposition
4.7. It therefore suffices to prove the uniqueness.

Suppose that p is a probability measure on (§2, F) which is absolutely continuous
with respect to [P and satisfies, for eacht > 0 and E € F,

M(E)Z/QerE(O, w) dp. (4.40)

Fix E € F. In view of (4.35) and (4.36), for every w € §2o0(E), as t — 00,

R fE(0, w) = 7 (E).
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Furthermore, since w is absolutely continuous with respect to P,
n($20(E)) = P(820(E)) = 1. (4.41)

Therefore, the dominated convergence theorem, (4.40) and (4.41) imply that
n(E) = lim / R fE(0, w) dpu = / n(E)dp = n(E).
11— 00 Q Q

Since E € F was arbitrary, and since F is an algebra of subsets, the Caratheodory
Extension Theorem implies, using the fact that 7 = o (F), we have, forevery E € F,

n(E) = u(E),

which completes the argument.

The argument for mutual absolute continuity proceeds by contradiction. If not, the
Lebesgue decomposition theorem implies that there exists a subset E C §2 satisfying
0 < P(£2\E) < 1 and 7 (£2\E) = 0, and with [P absolutely continuous with respect
to r on E. Since

1 =n(E) =/ R fEQ0, w) dr :/ / p©0,1,y, o) 1g(tyw) dy dr,
Q 2 JRd

and since 7 is absolutely continuous with respect to [P, this implies that, for almost
every w € E with respect to P, and for almost every y € R?, we have yo € E.
Fubini’s theorem therefore implies that, for almost every y € R?, up to a set of
measure zero,

1, (E)=E.

And, since the map y — 1g(tyw) is continuous from R? to L! (£2), we conclude that,
for every y € R?, up to a set of measure zero,

(E)=E.
Therefore, using (4.39), we have P(E) = 0 or P(E) = 1, a contradiction, which
completes the proof of mutual absolute continuity.
We now prove the ergodicity. Suppose that, for E € F and ¢ > 0, we have
R: fE(0,w) = Py(w, E) =1 foralmostevery w € E withrespectto .
Since PP is absolutely continuous with respect to 7, this implies

R fE(0, w) = P(w, E) =1 foralmostevery w € E withrespectto P,

which, by repeating the above argument, implies E € F is an invariant set under
the transformation group {t,},.re. Therefore, because (4.39) implies P(E) = 0 or
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P(E) = 1, we conclude that, since 7 is absolutely continuous with respect to P, either
n(E) =0orn(E) = 1, and this completes the argument.

5 A Proof of Homogenization for Locally Measurable Functions

In this section, we characterize the limiting behavior, as € — 0, on a subset of full
probability, of solutions u€ : RY x [0, 00) x £ — R satisfying
ué = %tr(A(x/e, w)D?u) + %b(x/e, w)-Du¢ on RY x (0, 00), 5.1)
u(x,0, ) = f(x/e, w) on RY x {0}, '

for initial data f € L% (R? x £2) stationary in the sense of (3.2) and which is locally
measurable in the sense that, for some R > 0, f(0, w) € L*(82, o).

The local measurability ensures that the triplet (A (x, w), b(x, ®), f(x, w)) satisfies
a finite range dependence in the sense of (2.7), and the following three statements can
be extended to this situation by a repetition of the arguments appearing in Sect. 4. We
remark, however, that after a rescaling the case of local measurability and Theorem
5.3 below are enough to prove the convergence, on a subset of full probability, for
each p € R?, of the approximate first-order correctors

1
sV (y) = 5 (A, w)D*v®) + b(y, ®) - (p + Dv®) on RY,

in the sense that, on a subset of full probability, as § — 0 and using the isotropy (2.8)
to obtain the final equality,

—5v°(0, w) —>/ p b0, w) dr = 0.
2

See for instance Bensoussan et al. [1, Chapter 3] for the role of correctors in the
periodic homogenization theory of equations like (5.1) with non-oscillating initial
data and elliptic analogues.

In what follows, for each E € J R0 OBy recall the subset of full probability
£20(E) defined in (4.37), and the related subsets B, o(E) defined in (4.36).

Theorem 5.1 Assume (2.10) and (2.33). Suppose f € L®(RY x £2) satisfies (3.2)
and, for some Ry > 0, satisfies f(0,w) € L*°(£2, O'BRI). For each € > 0, write u¢
for the solution of (5.1) with initial data f (x /€, w). On a subset of full probability, as
€ — 0,

u¢ > mw(f) = / f(0, w) dr locally uniformly on RY x (0, 00).
2

Proof Observethat,foreachn >0, f, g € LOO(Rd x §2) satisfying (3.2)and o, B € R,
we have

ma(af + Bg) = amy(f) + Bra(g) and 7(af + Bg) = am(f) + 7 (g).
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Furthermore, for each f, g € L®(RY x ), foreachn > 0,
170 (f) = Tn (| = ma(f = = If = gllLerixe)-
and
T(f) =TI =7(f = = lIf = 8llLemixe)

It therefore suffices, using the definition of the Lebesgue integral, to prove the the-
orem for translates under {7.}, g« of indicator functions corresponding to locally
measurable sets in F.

Fix Ry > Oand E € OBg, - We write u€ for the solution of (5.1) with initial

data fg(x/e,w). Observe that, for each € > 0, u(x,t, w) = u(x/e, t/ez,a)) for
u:RY x [0, 00) x 2 — R satisfying

uy = Str(A(y, w)D*u) + b(y, w) - Du on R? x (0, 00),
u(x,0,w) = fe(x, ) on R4 x {0}.

It therefore remains to prove that, on a subset of full probability, for each R > 0,

lim sup lu(x,t,w) —(fg)| =0. 5.2)

€0 (x 1)eBgjc x[R2/€2,00)
We now prove that (5.2) is satisfied for every w € §2¢(E), for every R > 0.
Fix R > 0 and w € §209(E). Since w € §2o(E), choose €| > 0 such that, whenever
O<e<e,n>0and1 §k<£%satisfy

kL: < R*/e* < (k+ L2,

we have w € B, o(E). And, in view of (2.19) and (2.20), choose €2 > 0 such that,
whenever 0 < € < € satisfies, forn > 0and 1 <k < E%,

kL? < R*/e* < (k+ 1)Ly,
we have
(k+ HR?L? < kD>

Define € = min {€, €,} and observe that, whenever 0 < ¢ < € satisfies, forn > 0
and 1 <k < £2,

kL? < R?/e® < (k + 1)L2,

it follows that w € B, o(E) and Bg/e C B kD, Therefore, Proposition 4.6 implies,

whenever 0 < € < € satisfies, forn > 0and 1 <k < E%,
kL2 < R?/€* < (k + 1)L2,
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for C > 0 independent of 7,

sup lu(x,t, w) = T(fE)| = C/ky + suplma(f) —T(f)I.

(x,1)€BR/e x[(R?+€2)/€%,00) n>n

This, in view of Proposition 3.11, completes the argument, since 7 — oo as € — 0,
and since R > 0, Ry > 0and E € OBy, Were arbitrary.

Finally, as an immediate consequence of Theorem 5.1, our methods also imply the
homogenization of equations involving an oscillating righthand side,

u§ = Ltr(A(x/e, ®)D*u) + Lb(x/e) - Du¢ + f(x/e,w) on R? x (0, 00),
u¢ =0 on R? x {0},
(5.3)
and, the homogenization of analogous time-independent problems, like

ut = %tr(A(x/e,w)Dzuf) + éb(x/e,a)) -Du + f(x/e,w) on RY, (5.4)

for righthand side f(x,®) satisfying (3.2) with, for some R > 0, f(0,w) €
L%°(82, o). The following two theorems summarize the results.

Theorem 5.2 Assume (2.10) and (2.33). Suppose f € L®[R? x 2) satisfies (3.2)
and, for some R| > 0, satisfies f (0, w) € L*°(82, OBg, ). For each € > 0, write u€ for
the solution of (5.3) with righthand side f (x /€, w). On a subset of full probability, as
€ —> 0,

u(x,t,w) = T (f) = t/ f(0, w) dr locally uniformly on R? x [0, 00).
2

Proof Fix f € L®[R? x 2) and Ry > 0 satisfying (3.2) and f(0,w) €
L(82, 0py,). For each ¢ > 0, let u® : RY x [0, 00) x £ — R satisfy (5.3) with
righthand side f(x /€, @) and let i€ : RYx[0,00)x 2 >R satisfy (5.1) with initial
data f(x/e, w). We observe that, for each € > 0,

t
ue(x,t,w)z/ i(x,s,w)ds on RY x[0,00) x £2.
0

This, in view of Theorem 5.1, completes the proof.

Theorem 5.3 Assume (2.10) and (2.33). Suppose f € L®(RY x §2) satisfies (3.2)
and, for some R > 0, satisfies f(0, w) € L*°(£2, OB, ). For each € > 0, write u€ for
the solution of (5.4) with righthand side f (x /€, w). On a subset of full probability, as
€ — 0,

u® - T(f) = / f(0, w) dr locally uniformly on R4,
Q
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Proof Fix f € L®MR? x £) and R; > 0 satisfying (3.2) and f(0,w) €
LOO(Q,UBRI). For each € > 0, let u€ : R? x 2 — R satisfy (5.4) with right-
hand side f(x/e, w) and let i€ : R? x [0, 00) x 2 — R satisfy (5.1) with initial data
f(x/e, w). We observe that, for each € > 0,

o0
u€(x, ) =/ e i (x,s,w)ds on R?x .
0

This, in view of Theorem 5.1, completes the proof.
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