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Abstract Suppose that X is a simple random walk on Zz for d > 3 and, for each
t, we let U(t) consist of those x € ZZ which have not been visited by X by time .
Let 7oy be the expected amount of time that it takes for X to visit every site of Zg.
We show that there exists 0 < ag(d) < a1(d) < 1 and a time t, = tcov(1 + 0(1)) as
n — oo such that the following is true. For o > o1 (d) (resp. @ < ap(d)), the total
variation distance between the law of U («t,) and the law of i.i.d. Bernoulli random
variables indexed by ZZ with success probability n~%? tends to O (resp. 1) as n — oo0.
Let 7, be the first time 7 that [U/(t)| = n?~*¢. We also show that the total variation
distance between the law of U/ () and the law of a uniformly chosen set from Zﬁ with
size n9=%4 tends to 0 (resp. 1) for o > a1 (d) (resp. @ < ap(d)) asn — oo.
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1 Introduction

Suppose that X is a simple random walk on ZZ for d > 3 started from the stationary
distribution. For each x € Z4, we let

T, = min{t > 0: X(t) = x}
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be the first time that X visits x. For + > 0 we define the process (Qy(¢)) and the set
U (t) respectively by

0:(t)=1(ty >1) forxeZ! and U@)={xeZl:0.() =1}

The purpose of the present work is to study the law of the set /(¢) for different
values of 7. The correlation structure of (Q,(#)) was analyzed in the physics liter-
ature by Brummelhuis and Hilhorst [3,4]. They show that the probability that any
two given points x, y € Zg which are far from each other are not visited by time ¢
is asymptotically the same as in the case in which the points are independent, i.e.,
P (Qx(t) =1,0,0) = 1) ~P(Q,() = l)]P’(Qy(t) = 1) ast,n — o0 at a certain
rate. This leads them to assert that 2/(¢) is “statistically uniformly distributed at large
distances” [4, Section 4]. In this article, we study in what sense the entire joint law
of (Q« (1)) is uniformly distributed for “large” times ¢ rather than focus on its finite
dimensional distributions.

In order to state our results and put them into better context with the existing
literature, we first introduce the following parameters for X. The maximal hitting time
(thit) and cover time (t.oy) are respectively given by

i = max Ey [7,] and 7oy = max Ey |:max Tyi| .
X,y x y

The times fhjt, feoy are related in that feoy = thi¢ log(n?) (1 + o(1)) (see [16] as well as
[15, Chapter 11], in particular [15, Exercise 11.4]). The rate at which the o(1) term
tends to O will be important for technical reasons so in some cases we will describe
times in terms of #yj; or other ways rather than directly in terms of #.,y. For measures
w and v, we recall that the rotal variation distance is given by

[ = vty = sup|n(A) — v(A)]
A

where the supremum is taken over all measurable subsets A.

We will analyze the structure of U/ (¢) at times of the form «f.,y for ¢ > 0. We
mention here three important regimes of «. The firstis when« > 1. Itis a consequence
of work by Aldous [1] that for any « > 1 and ¢ > af.,y We have U(r) = @ with high
probability. The case that« = 1 was studied by Belius [2] using random interlacements
[21] and later by Imbuzeiro-Oliveira and Prata [13,19] using hitting time estimates
[12]. The main focus of [2] is to obtain the Gumbel fluctuations of the cover time of
Zg and as a consequence of his analysis he shows in [2, Corollary 2.4] that the set of
uncovered points at time g = i (log(n?) + B) for B € R suitably rescaled converges
to a Poisson point process on (R/Z)? of intensity e“#A where A denotes Lebesgue
measure on (R/ Z)d. This was improved upon in [13,19], where it is shown that the
Gumbel fluctuations for the cover time hold for more general graphs. Moreover they
show that the total variation distance between the law of U/ (#g) and that of a random
subset of ZZ where points are included independently with probability e #n~¢ tends
to0asn — oo. The regime of times considered in [2,13,19] is special because |/ (tg)]
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istight as n — oo for any fixed B € R. Additionally, the law of the evolution of I/ (tg)
as f3 varies is also described in [13,19].

The final regime of times is when o € (0, 1). In contrast to the cases described
above, for such choices of « the size of |U/(¢)| grows with n. In particular, it is shown
in the proof of [18, Theorem 4.1] that it follows from [1] that |U/(¢)| = pd—ad+od)
with high probability as n — oo. The combinatorial method of [13,19] does not
extend directly to this regime of times because the number of possible sets one is
led to consider is simply too large. The following alternative “uniformity” statement
for U(t) was proved in [17]. If ¢ € (%, 1) (resp. ¢ € (O, %)) then U(¢) is (resp.
is not) “uniformly random” in the following sense. Suppose that }V C ZZ is chosen
independently of X where each x € ZZ isincluded in V independently with probability
%. Then the total variation distance between the laws of V\U/(#) and V tends to O (resp.
Dasn — oo fora € (%, 1) (resp. (0, 3)). That is, for € (3, 1), U(t) in a certain
sense does not possess any sort of systematic geometric structure that would make it
possible to determine from V\U (¢) the location of the points in U/ (¢). The threshold
o = % is important because |Zg\(V\L[(t))| = %nd + O(nd—ad+to)y for o € (0, %)
while |ZZ\V| = %nd + 0(n?/¥+°M) by the central limit theorem, so in this case the
two sets can be distinguished for elementary reasons. We remark in passing that a
similar problem for “thin” 3D torii is considered in [5] and the d = 2 version of this
problem is solved in [18] using results from [9].

In contrast to [17], in this work we are going to study the asymptotic law of U/ (¢)
itself in the sense of [13,19] in the regime of times with « € (0, 1) without adding the
extra noise. It will be rather important for us to choose the time ¢ at which we consider
U (t) very precisely since we will later need a very accurate estimate of P (7, > ¢). In
the theorem statement which follows, ¢, indicates a time which we will define later in
the article (Eq. (4.3)) and it satisfies

ty = thitlog(n?) (1 + 0(1)) = teoy (1 + 0(1)) asn — oo.
For any « > 0 we denote by v, , the law of {x : Z, = 1}, where the Z, are
i.i.d. Bernoulli random variables indexed by Zg with success probability n~%¢. We

will write £(-) to indicate the law of a random variable. Our first main result is the
following.

Theorem 1.1 For each d > 3 there exist a(d), a1(d) € (0, 1) with ag(d) < a;1(d)
such that for all o € (a1(d), 00) we have

LWU(aty)) = vanllTv = 0o(1) asn — oo (L.1)
and for all @ € (0, ap(d)) we have
LU @ty)) — vegulltv =1—0(1) asn — oo. (1.2)

In analogy with [9], we refer to the points in U («t,) as “«-late” for X. The reason
for the terminology “late” is that the amount of time required by X to hit them is much
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larger than the maximal hitting time. Our definition of «-late is slightly different than
that given in [9] because we use #, instead of #qy.

Let py be the probability that a simple random walk in Z¢ starting from 0 returns
to 0 before escaping to co. The values of «g(d) and «(d) from Theorem 1.1 are
explicitly given by

1 —2)d+d
+ Pd and «1(d) = e )d +dk where k =d A 6.
2 (k —2)(d + 1) +dk

ap(d) =

The threshold o (d) is special because, as we show in Sects. 4 and 5, U («t,) with high
probability has neighbouring points for o € (0, ap(d)) but does not for & > ap(d). In
fact, for every o > «(d) the distance between any pair of distinct points in U («ty)
is at least n”d with high probability. That is, the minimal distance between distinct
points in U («t,) jumps from 1 to being larger than n”? as « crosses the threshold o (d)
with high probability. We emphasize that o (d) > % for alld > 3 and oo (d) — % as
d — oo. The value % is significant due to the connection between this work and [17]
described above.

Theorem 1.1 describes the asymptotic behavior of the law of Z/(¢) at a deterministic
time ¢ of a specific form. In our second main result, we describe the asymptotic behavior
of U(t) where 7 is the first time ¢ that I/ (¢) contains a certain number of points. More
specifically, for each « > 0, we let

7, = inf{t > 0 : |U®@)| = n?~9).

We also let W, be a subset of ZZ picked uniformly at random among all subsets of
Zz containing exactly n¢~*? points. Then we have the following:

Theorem 1.2 Suppose that d > 3 and that ap(d), «1(d) € (0, 1) are as in Theo-
rem 1.1. For all o € (x1(d), 00), we have

LU (ta)) = LOWa)llTv = 0(1) asn — o0 (1.3)
and for all @ € (0, ap(d)) we have
ILU(te)) = LOWe)lITv = 1 —o(1) asn — oo. (1.4

We will derive Theorem 1.2 from Theorem 1.1 using an estimate which gives that
the first hitting distribution of X on A C Zg, where A is a set of points which is
“well-separated,” is closely approximated by the uniform distribution on A.

A number of questions naturally arise from this work (exact values where the
transitions from non-uniformity to uniformity occur, existence of a phase transition,
behaviour for @ € (0, ao(d)), other graphs, etc.) which we state more carefully in
Sect. 7.
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1.1 Relation to other work

The structure of U («et.oy) for d = 2 was also studied in the physics literature by [3] and
later in the mathematics literature by [9]. In contrast to the case that d > 3, U (attcov)
for d = 2 is not uniform for any o € (0, 1). In particular, the last visited set tends
to organize itself into clusters which are of diameter up to nf where g = B(a) > 0
for any a € (0, 1). The reason for the difference is that random walk for d = 2 is
recurrent which leads to longer range correlations while for d > 3 it is transient. Thus
the process of coverage in the two regimes is very different. The work [9] is part of a
larger series which also includes [6—8] and the proofs of Theorems 1.1 and 1.2 employ
several techniques which are present in the articles of this series.

1.2 Notation and assumptions

Throughout this article, we shall always assume that d > 3 unless explicitly stated
otherwise. For functions f, g we will write f(n) < g(n) if there exists a constant
¢ > 0 such that f(n) < cg(n) for all n. We write f(n) 2 g(n) if g(n) < f(n).
Finally, we write f(n) =< g(n) if both f(n) < g(n) and f(n) 2 g(n). Many of
the proofs will involve a number of different constants which we will often indicate
simply by c. We write P without the subscript 7 to indicate the law of a simple
random walk in Z¢ started from stationarity. We will also write P, to indicate the law
of the random walk when started from x. We denote by E and E, the corresponding
expectations.

1.3 Strategy

The proofs of Theorems 1.1 and 1.2 require many different estimates. We now provide
an overview of the different steps and how they fit together. Throughout, we assume
that we have fixed some value of « € (0, 1) and d > 3.

Spatial decomposition We fix two small parameters €, ¢ € (0, 1) and let 8 = « — ¢.
We then partition Zif into disjoint boxes of side length n” + n? and consider in each
such box concentric sub-boxes of side lengths n? — n¥ and n? (see Fig. 1). We let Sp
denote the collection of the latter type of concentric boxes and for each § € Sg we
let S (resp. S) be the box with side length n? + n? (resp. n — n%) which contains
it (resp. is contained in it). We also let A = Zﬁ \ Uses, S be the region between
the outside and inside boxes. Note that |A| =< n?=9 x p@=DF+¢ — pd=F+¢ The
probability that a given point is not visited at time at, is n=*@(1+0(); this follows
from the proof of [18, Theorem 4.1] using [1] as mentioned earlier and the vertex
transitivity of ZZ (we will also give a more precise version of this result which is
specific to ZZ). Consequently, for & > (d + ¢)/(d + 1) we can choose ¢ > 0 small
enough so that we have A N U («t,) = @ with high probability. Therefore it suffices
to prove the uniformity of the last visited points which are contained in Uges, S. This
leads us to consider the following modified version of the problem. We let U(aty)
consist of those points in each box S for § € Sg which have not been visited by
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||

Fig. 1 Four boxes of side length nP 4+ n? in the spatial decomposition of Zf{ used in the proofs of
Theorems 1.1 and 1.2 are illustrated above. The white inner boxes represent the concentric boxes of side
length nP. We denote by Sg the collection of all such white boxes and for each S € Sg we let § (resp. S)

be the concentric box of side length nP +n¥ (resp. nP — n%) which contains it (resp. contained in it). For
a > (d+¢)/(d+1), with high probability there are no unvisited points in A = fo\ USeSﬂ S. Inthe setting
of the modified version of the problem described in Step 1 in Sect. 1.3, conditional on the entrance and exit
points of the excursions that X makes between the boundaries of the boxes in S € S,g and S, the sets of
unvisited points in the different S for § € Sg are independent. Shown are a few such excursions in dark
blue. The entrance (resp. exit) points are indicated by green (resp. red) disks. These are just a caricature;
in the proofs ¢ is taken to be much smaller than 8 so most of the excursions are in fact very short and end
very close to where they start (color figure online)

the first time that the number of excursions made by X from 35S to 3S by time at,
exceeds the typical number E. We show that we have sufficiently good concentration
for the number of such excursions up to a given time so that U (at,) = U(aty) with
high probability. We then prove the uniformity of U (). This modified problem is
useful to consider because the random variables (U (at,) N S) SeSy are independent
conditional on the o-algebra F generated by the entrance and exit points of these
excursions. Thus to bound the total variation distance between £(U (at,)) and vy, it
suffices to bound the expectation of the sum of the total variation distances between
the conditional laws of the last visited set in each S for § € Sg given F and a random
subset of S where points are included independently with probability n=%¢ (explained
below).
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Fig. 2 (Continuation of Fig. 1)
A single box S of side length

nP + n? is shown along with the
corresponding concentric box

§ € S with side length nP.
Inside S, three points are shown
and around each point we have
placed two concentric balls.
Conditional on the number and
entrance and exit points of the
excursions (illustrated in orange
above) that X makes across each
of these spherical annuli during
a given number of excursions
across §\S, the events that each
of the points are hit are
independent (color figure online)

Uniformity in each box Our strategy for proving the uniformity of U(aty) N S fora
given S € Sg is based on the same high level idea used in [13,19] (inclusion—exclusion
and the Bonferroni inequalities) though the implementation is different. The first step
is to show that for each ¢ > 0 there exists M < oo so that with high probability
maxges, [U(at,) N S| < M. We also show that with high probability Z/(at,) N S is
“well-separated” in the sense that for some choice of y > 0, the distance between any
two distinct points x, y € U(at,) N S is at least n?. Thus to bound the total variation
distance, we can restrict our attention to finite, well-separated sets. To complete the
proof, we need very precise hitting estimates in order to determine the probability that
any given such set § C S for § € Sg is not visited by X during its first E excursions
from 5 to 3S. This needs to be sufficiently precise so that we can sum the error over
all possible well-separated subsets of S of size M and then sum that error over all of
the boxes in Sg. To accomplish this, we put spherical annuli (see Fig. 2) around each
of the points in § with in-radius n?#/¢ for k = d A 6 and out-radius n¥ (the sizes
and the value of ¢ are chosen to optimize several error terms). Conditional on the
number of excursions N that X makes across each such spherical annulus and their
entrance and exit points as well as the corresponding data for the first E excursions
from 9 to 8 S, the events that the centers of these balls are hit are independent. Another
concentration estimate implies that N is with high probability very close to the typical
number made by X by time «t,, so we can replace it with this deterministic value.
Moreover, estimates for discrete harmonic functions [14] give us that the probability
that a given excursion hits a point does not depend strongly on its entrance and exit
points. Putting everything together finishes this step.

Non-uniformity for small o The next step in the proof of Theorem 1.1 is to establish
the existence of wg(d), i.e., that for small values of « the total variation distance
between the law of U/ («t,) and (Z,) tends to 1 as n — o0. The idea is to show that for
sufficiently small values of ¢, the number of unvisited points which have an unvisited
neighbour is much larger for U/ («t,) than for (Z,).
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Uniformity of U(ty) The final step is to deduce Theorem 1.2 from Theorem 1.1. The
main idea is to show that for any well-separated collection of points A, the first exit
distribution of X from Z¢\ A is close to the uniform measure on A provided X starts
sufficiently far from A. By Theorem 1.1, if we fix ¢ > 0 very small and run X until
time (@ — &)t then we know that U ((¢ — €)t,) is close in law to a random subset
of Zg where points are included independently with probability n =@~ Using the
aforementioned estimate, for + > (« — ¢€)t, the random walk X decimates U/ (¢) by
removing points one by one uniformly at random. The estimate for the uniformity of
the first exit distribution is good enough that we can sum the error over the <n? (@84
points necessary to remove until the last visited set has size exactly n¢ =4
we choose ¢ > 0 small enough.

provided

1.4 Outline

The remainder of this article is structured as follows. In Sect. 2, we establish several
concentration estimates for the number of excursions that X makes across annuli of
different widths. Next, in Sect. 3 we establish a number of estimates related to the
probability that an excursion of X hits points. The purpose of Sect. 4 is to prove some
preliminary results on the structure of the last visited set. In particular, we show that
the points which have not been visited by time «z, for large enough values of « are
typically far from each other. In Sect. 5, we complete the proof of Theorem 1.1 and in
Sect. 6 we derive Theorem 1.2 from Theorem 1.1. Finally, in Sect. 7 we list a number
of open questions which naturally arise from this work.

2 Excursions

Letr < R. We write S(x, r) for the box centered at x of side length r and B(x, r) for
the closed Euclidean ball centered at x of radius r, i.e.

S(x,r)=x+[—[%],...,[%]] and B(x,r) = IyeZz: Z(y,-—x,-)zfrz],

where addition is defined modulo n. For a set A we define the boundary d A to be the
outer boundary, i.e.

0A ={y e A: Jx € A° adjacent to y}.

For sets E(x,r) = B(x,r)orS(x,r) and F(x, R) = B(x, R) or B(x, R) with
E(x,r) € F(x, R) we define a sequence of stopping times

9o =inf{t >0: X () € 0E(x, 1)},
op =inf{t > 19 : X(¢t) ¢ F(x, R)}
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Uniformity of the late points of random walk on Zﬁ ford >3 1009

and inductively we set

Tr+1 = Inf{t > o : X () € 0E(x,r)}
or41 = inf{t > 7y X(8) € F(x, R)},

where E and F will be understood from the context.

Definition 2.1 We call a path of the random walk trajectory an excursion if it starts
from F(x, R) and it comes back to d F'(x, R) after hitting E(x, r).

We now define N E *°(r, R, t) to be the total number of excursions across the annulus
B(x, R)\S(x, r) before time t. More formally for E(x,r) = S(x,r) and F(x, R) =
B(x, R) we let

k
N°(r, R, t) = min [k >0: Z(U,' —0i_1) + (0p — 109) > t} .
i=1

Similarly we define NZP(r, R, ) for the number of excursions in the annulus
S(x, R)\S(x, r) before time ¢ and finally N;"°(r, R, t) for the excursions across
B(x, R)\B(x, r) before time z.

Lemma 2.2 Let R > 10\/31" and let Y; be the exit point of the j-th excursion across
B(0, R)\B(O, r) or across B(0, R)\\S(O, r). Then (Y;); is a finite state space Markov
chain. Let T be its stationary distribution. Then the mixing time of the chain is of order
1, i.e. there exists ko < 0o such that tmix = ko and ko only depends on d. Then there
exists a positive constant ¢ such that for all m and N we have

”E(YN»s YmN) _ﬂ®m”TV Sme ‘ *

Proof See Appendix 1. O
Definition 2.3 For R > 10+/dr we let

T, % =Ez [o1 — 00l
i.e. Tfl’; is the expected length of the excursion when the walk is started on 053(0, R)
according to the stationary distribution 7 of the exit points of the excursions across
the annulus B(0, R)\S(0, r) as given in Lemma 2.2. We define T R - similarly except

that the excursions are across the annulus B(0, R)\B(0, r). Note that we chose R >
10+/dr, so that the box is included in the ball in all dimensions.

Lemma 2.4 For each v € (0, 1/2) there exists no > 1 and a positive constant ¢
such that for all n > ng the following is true. Suppose that n/4 > R > 10/dr and
t =< n?logn. Then for all 8 > 0 such that r*>n=V=1/2 < 1 and $n¥ < 1 we have
that for all x

P (NP R ¢ 1A, AT]) S Ve e,

where A = t/((1 + 8T %) and A" = t/((1 — )T ).
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Remark 2.5 We note that Lemma 2.4 holds when we replace NP°, T:° by N°:°, T°:°
respectively. The proof is identical to the one given below.

Proof of Lemma 2.4 To simplify notation throughout the proof we simply write N| =

N XD’O (r,R,t)and T, p = Tr'!jl’;. In order to avoid carrying too many constants, we will

prove the result for = n? logn. The proof for ¢ < n?logn is exactly the same. Let

N = kon¥, where kg is the mixing time of the exit point chain as in Lemma 2.2.
Note that A, A’ < r?=2logn by Lemma 8.3. In the following proof we will write

either A, A’ or the expression above depending on whichever is more convenient.
We first show that

P(N; < A) < Ne @ A/N | p=eN, Q.1
Let V; = 0; — oj— for all i > 1. By the definition of N we get
A
P(N| < A) :IP’(ZV,- + (00 — 10) = t).
i=1

It is easy to see that there exists a positive constant ¢ such that
P (00 —=n? ﬁ) < eV, 2.2)

Indeed, og — 19 is the time it takes for the random walk to exit the ball B(x, R) when
started from d3(x, r). Since R < n/4 and the total variation mixing time fix =< n3(see
for instance [15, Theorem 5.5 and Example 7.4.1]), the probability that this time is
>n? is <1/2, so iterating the Markov property proves (2.2). Since t = n?logn we
obtain

P(N;i < A) f]P(N] <A,oo—ro<n5/2)+P(N1 <A,Uo—rozn5/2)
A 1 i
]P’(;Vi >t(1—m))+e
c 1 —cN
P(§%>t(l—m))+e ,

since ¢ < 1/2. It thus suffices to show for some positive constant ¢ we have that

IA

IA

A
1 2
f - - < —c6“A/N —cN
]P’(Z;V, >z<1 nd5/210gn))NNe +e N, (2.3)
1=

In order to prove (2.3) we will establish the concentration of the sequence (V;);.
The idea is that if we allow enough time so that the corresponding exit point chain
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Uniformity of the late points of random walk on Z% ford >3 1011

of Lemma 2.2 mixes, then the times (V;); are essentially i.i.d. so we can apply a
concentration inequality for i.i.d. random variables.

24 . .
Lett = t(1 — nd,s/lz oz rdcjz},llogn) for a positive constant c;. We will set the

value of ¢ later in the proof. Observe that

A
1
P(gvi >t (1 - —nd—5/210gn))
1=

N-1 d+2y
SP(ZVI- ar )—HP’( Vi >t) (2.4)
i=1

d/rd 2

Since by Lemma 8.3 we have E [V;] uniformly over all starting points in
aB(x, R), by the Markov property we have by possibly decreasing the value of ¢ > 0

d+y
cin _
max]P’x(V,'z dz)ge‘N
X ré—

Hence using the union bound we get that

d+2y
(Z vz )5 Ne~<V. 2.5)

By decreasing the value of ¢ > 0, the above is in turn <e~“V . It remains to bound the
second term appearing on the right hand side of (2.4). By applying a union bound and
the strong Markov property we get

A A/N Y
]P’(ZV,->I’)§Nm;1x]P’x ZV,N>— (2.6)
i=N

Let (Z;) be i.i.d. distributed according to 7 and (W;) be i.i.d. excursion lengths across
the annulus B(x, R)\B(x, r) when the starting point is Z;. Let (¥;) be the exit points
of the excursions of the random walk. Then we couple (V;);>n with (W;);>n as

follows: by Lemma 2.2 the optimal coupling for Y = (Yn, Yon,...,Y4) and Z =
(Z1, ..., Zayn) satisfies

A
P(Y # Z) = [|IL(Y) — L(Z)|ty < Ne—CN.

Then we take V; = W; if Y¥; = Z;, otherwise we take V; and W; to be independent.
Hence this gives that

2 (i) = £ ()], = 1) - £y = eV @)
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By decreasing the value of ¢ > 0, the above is <e ™V

w1 and po we have for any event D that

. Note that for any two measures

n1(D) < u2(D) + [lur — p2lltv.

Thus letting K = tN, by (2.7) we have
A/N A/N
P> Vin>K|<P[D Wi>K|+e N 2.8)

i=1 i=1

Since Z; ~ 7, it follows that E [W;] = T, g for all i. Using Kac’s moment formula
[11] we obtain for all j € N and a positive constant ¢

E[W/] = j1e/T/y.
Thus for & > 0 we have

o
E [e9W'] <14+0Tx+ D (cOTyr) .
j=2

Choosing 6 = ¢16/ T, g we get that

8)2 8)?
E[eewl] S e S CLL Ay G S CLIL A
1—ccié 1 —ccié

and hence

A/N

. oW VMY i (
P ;W,>K S(E[e 1]) exp (—0K)

- A 54 (cc18)? c18K
X — | C — .
= ©xp N ! 1 —ccié T, r

Since 8r9 2 V=12 < 1 and $n¥ < 1, substituting the values of A and K and
choosing ¢ > 0 sufficiently small we get that for n sufficiently large

A/N
P Z W; > K| < eiC/SzA/N,
i=1

where ¢’ is a positive constant. Hence this together with (2.5), (2.6), and (2.8) proves
2.1).
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Uniformity of the late points of random walk on Z% ford >3 1013

Next we show that
P(Ny > A') S Ne VAN 4 omeN, 2.9)
By the definition of N| again we get
"
P(N; > A') = ZV+(00—‘EO)<t <P[> Vi<t

i=1 i=N

Using the same coupling as before, it suffices to prove that there exists a positive
constant ¢’ such that

U
P z Wi < (1 =0T, rA < e—c’azr/(T,,RN)’

where (W;); are i.i.d. excursion lengths started from i.i.d. points (Z;); distributed
according to 7. By Chernoft’s bound we have for 6 > 0 that

AN ,
ZWZ —S)T’RA s(E[e“’wl])A/Nem—“)Tr«RA//N. (2.10)

Using that e < 1 —x + x? and that E[W}] < cTr?R by Kac’s moment formula
[11], we have

E[e™] <1 =0T, 5 +6%E[W}] <1 =0T, 1 + 67T,
< exp (—GTr,R + c@zTr?R) .
By taking 6 = ¢16/ T, r and plugging everything into (2.10) we deduce
AZ/]“VW<t <ex A32 a )
— ——8ci(1 —cc
i N p N 1 1
Choosing c¢1 > 0 small enough makes 1 — ccj positive, hence

A'/N
Z W< — )< e—cSZA’/N.

~

Recalling that A and A’ are up to constants equal to r¢~2logn by Lemma 8.3, the
result follows by combining (2.1) and (2.9). m|
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Definition 2.6 Fix 8 € (0, 1). We let W be a random variable whose law is equal to
that of the number of excursions the random walk makes across the annulus S(0, n? +
n?)\S(0, n?) during one excursion across B(0, 10/dnP)\S(0, n?) when the starting
point of the excursion on 953(0, 10+/dn? ) is chosen according to 7 from Lemma 2.2.

In the proofs of Theorem 1.1 and 1.2 we will take 8 = o — ¢ for some small ¢ > 0.
We suppress the dependency of W on $ to lighten the notation.

Lemma 2.7 The random variable W defined above is stochastically dominated by
the sum of 2d independent geometric random variables of parameter p < n?~? and
satisfies

E[W] = nf~¢.

Proof We start by proving that E[W] > nf~%. We note that the stationary dis-
tribution is up to multiplicative constants the same as the uniform distribution on
3B(0, 108/dn?), i.e. for all x € 3B(0, 10v/dn?) we have

1

T(x) x ———.

dB(0, 10v/dnP)
See for instance [14, Lemma 6.3.7]. We can realize the random walk X in the following
way: let U be a simple random walk on Z and V be a simple random walk on Z4~!
which is independent of U. Let £(i) be i.i.d. Bernoulli random variables with success
probability (d — 1)/d. Write r (k) = >_, £(i) and set

Z(k) = (U(k —r(k)), V(r(k))).

Then it is elementary to check that Z is a simple random walk in Z¢, and hence
X (k) = Z(k) mod n is a simple random walk on Zif .

With r = n + n?, we let xop = ([r/2],...,[r/2], —[r/2]) and let A be the set of
points of 3S(0, n + n¥) that are within distance nf /16 of xq. Then if 7 is the first
hitting time of 3S(0, nf + n?) after having first hit 3S(0, n#), then it is easy to see
that

P(X(z) € A) = po.

where py is a positive constant. Indeed, it is a standard fact that with positive probabil-
ity Brownian motion stays close to a given continuous function f : [0, 1] — R? for
all times ¢ € [0, 1]. Hence the above claim is true for a Brownian motion started uni-
formly on d8(0, 10+/dn?). The result for random walk follows by Donker’s invariance
principle [10, Theorem 8.6.5].

We now let

B
T = min It >1: V@) —=VE() > %] ,
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Uniformity of the late points of random walk on Z% ford >3 1015

i.e. T is the first time that V (r(-)) reaches distance n? /4 from where it hit 3S(0, n? +
n?) attime r(7). Let s(t) = t — r(t). Note that s(T') — s(t) gives the number of steps
that the random walk makes in the first coordinate axis during the time interval from
7 to T. Then there exist positive constants p; and ¢4 depending only on d such that

]P’(S(T) —s(t) > cdnzﬂ) > p1. (2.11)

Onthe event {X (t) € A} the random variable W is greater than or equal to the number
E of excursions that U makes from n? to n? + n? before time 7. Then using (2.11)
we get that for all u

P(E>u) > P (E > u, 5(T) — s(v) > can®, X (1) € A)
> P (E >ul|s(T)—s(t) > cdnzﬁ) .
Since U is independent of V, on the event s(T') — s(t) > cdnzﬂ, the random variable

E stochastically dominates the number of excursions that a one dimensional walk
started from 0 makes from 0 to n¥ until time c¢yn?#. It now immediately follows that

E[E] > nf~¢.
We now turn to show the first assertion of the lemma. Let (Z!, ..., Zd) be a simple
random walk in Z¢. Fori = 1, ..., d, we let

. ; B ]
e A; be the number of excursions that Z* makes from —%- to —%- — % before

hitting +10+/dn?
e B, be the number of excursions that Z' makes from % to % + % before hit-
ting +10+/dn?.
It is not hard to see that once the random walk hits 0S(0, nf 4+ n?), then the number of

excursions it makes from 9S(0, n?) to S(0, n? 4 n?) before hitting 30, 104/dn?)
is stochastically dominated by

d
D (Ai + By).
i=1
It follows from the gambler’s ruin estimate that the A;’s and B;’s are geometric of
parameter n¥~#, hence this completes the proof of the lemma. O

Claim 2.8 Let X be a geometric random variable of success probability p € (0, 1/2]
taking values in {1, 2, ...}. Then for all j we have

IE[XJ']<L!..
S5

Proof See Appendix 1. O

@ Springer



1016 J. Miller, P. Sousi

Lemma 2.9 Foreach ¢ € (0, 1/2) there exists ng > 1 and a positive constant ¢ such
that for all n > ny the following is true. Fix B, ¢ € (0, 1) and t =< n4 logn. For all
8 > 0 such that SnPd=2—¥~=1/2 < 1land sn¥ <1 welet

tE[W] — tE[W]
E@,6) = To and E(t,8) = o (2.12)
1+ S)Tnﬁ,]O\/;lnﬁ (- S)Tnﬁ,IO«/anﬁ

Then for all x we have
P (NXD’D(nﬂ, nb +n%,1) ¢ [E@, ), E(t, 5)]) < nv exp (_Ca2nﬁ(d—2)—x//) + e—cnw.

Proof To simplify notation throughout the proof we write B = E(t, §), B’ = E(t, 8),
Ny = N*°(nP,10/dnP 1), and Ny = NP, nP 4-n?,1). Let N = kon¥, A, and
A’ be as in Lemma 2.4 with r = n?, R = 10/dn? and § replaced by §/2. We start
with the upper bound. We have

P(N; < B) <P(N; < A)+P (N, < B, N| > A).

The first probability can be bounded using Lemma 2.4. We first notice that all
excursions across S(x, nf + n?)\S(x, nP) are contained in the excursions across
B(x, 105/dnP)\S(x, n?). Hence it follows that we can bound the second probability
by the probability that in the first A excursions of the annulus B(x, 10/dnf)\S(x, n#)
the number of excursions from 39S (x, nf) to dS(x, n? + n?) is at most B. Let W; be
the number of excursions across the “thin” annulus (i.e. S(x, n? 4+ n?)\S(x, n#))
during the i-th excursion across the “big” annulus (i.e. B(x, IOﬁnﬂ)\S(x, nP)). We
first show

A
IP’(Z Wi < B) < Ne~ednPTTV | peN, (2.13)

i=1
By a union bound and the strong Markov property we get

A/N

A A
B
IP’(Z W < B) < ]P’(Z W < B) < N max P, ZI: Wiv <5 | @14
iI=

i=1 i=N

Let (Z;); be i.i.d. distributed according to 7 on 95(0, 104/dnf) and let (V;); be
i.i.d. with the same distribution as W when the starting point of the excursion on
dB(0, 104/dn? )is Z;. Let (Y;); be the exit points of the excursions of the random walk.
Then under the optimal coupling of ¥ = (Yy, ..., Ya/n) and Z = (Zy, ..., Za/N)
we get from Lemma 2.2

A _.
PY #2)=ILY) = LD = Ne"N.
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Uniformity of the late points of random walk on Z% ford >3 1017

Thus we can couple (W;); with (V;); by letting V; = W; if ¥; = Z; and otherwise
taking V; and W; to be independent. This now gives

2 (W) — £ ()], = 1e0n = £y = Te .

We obtain
A/N A/N

B A—CN
P ;W,-N<N <P §w<ﬁ + e (2.15)

By adjusting the value of ¢ > 0, the error term above is <e “V. So now we need to
bound the probability appearing on the right hand side of (2.15). Applying Chernoff’s
inequality we get for 6 > 0

A/N
B A/N A/N
P z Vi < N <E [6_0 2l V"] ABIN — | [e_ew] eeB/N, (2.16)

i=1

where the last step follows since the (V;); are i.i.d. with V; ~ W for all i. Using the
inequalities

2
efxfl—x+% forx >0 and e*>1+4+x forallx € R.

we obtain
—ow 0% > 6 2
E[e ]sE L—0W 4+ S W? | <exp —QE[W]—l—?E[W] . @.17)

Combining (2.16) and (2.17) we thus have that

A/N 2
B A 0 B
P lz_l Vi< 5| e (ﬁ (—eE[W] +5E [WZ]) +eﬁ)

(A921E [W?]  AGE[W] n)
= exp - )

2N N

where n = §/(2(1 + §)). Setting § = ]EI[E‘EVVZ%, we deduce that

A/N 2 2

B AnE[W]
]P) V < — < ex —_—— .
Zi:l i=N|= p( 2NE[W2])
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From Lemma 2.7 and Claim 2.8 we see that there exists a positive constant ¢ such that
E[W]? /E [Wz] > ¢. This implies that there exists a positive constant ¢’ such that

A/N

B c'A8?
P Z Vi< —| <Zexp (— ) .
= N N

Since A =< nf@=2) logn by Lemma 8.3, the above together with (2.14) and (2.15)
proves (2.13) and this completes the proof of the upper bound.
For the lower bound in the same way as above we have

P(N,>B)<P(N;>A)+P(N, > B, N; < A').

For the first term we use Lemma 2.4. For the second term we replace again this event by
the event that in the first A’ excursions across the “big” annulus there were at least B’
excursions across the “thin” one. Hence if (W;); are as before, setting H = N ’E [W]
we have

A
P(N,> B Ny <A) <P ZW,» > B’

i=1

AN

B H N—-1
§Nm§1xIP’x -El W1N>F—N +P _IWi>H .
1= 1=

From Lemma 2.7 we immediately get that
N—1 N—1
IP’(Z Wi > H) < IP’(Z Gi > H),
i=1 i=1

where (G;); are i.i.d. each having the law of the sum of 2d independent geometric
random variables of success probability n¥~#. Using Claim 2.8 we then get that for a
positive constant ¢ that

N—-1
P(Z W; > H) <e N,
i=1

Using the same coupling as before we obtain

A'/N , A'/N , /
B — H B —H A
P z Wiy > <P § Vi > + —e N,
i=1 W N i=1 l N

where the (V;); are i.i.d. and distributed according to the law of W. By possibly
decreasing the value of ¢ > 0, the error term above is <e “V. By Lemma 2.7 and
Claim 2.8 we have for a positive constant c; that

@ Springer
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0/E [

E|e 9W]—1+9E[W]+ZJ—]Sexp(G]E[W]—i—

j=2

(c10E [W])? )
1—c0E[W] ]

Let n = 6/(2(1 — §)). Using the above, Chernoff’s inequality, and substituting the
expression for B’ gives

A'/N B

OH A (c10E [W])? A1 +mE[W]
sexpw)w( (om0 oo (2520

Setting 6 = con/E [W] for a positive constant ¢; to be determined and recalling that
= N2E [W] we get

A'/N B’ 2A' i
B A
Z Vi > < exp(c2nN) eXP(—Q);V (1 1 —6166;262'7))

Using the assumption n¥ < 1 and taking ¢ > 0 sufficiently small we get for a
positive constant ¢’ and all sufficiently large n that

A'/N ,
> vis EoH ) eram
< N

~

and, since A’ < n#“@=2) logn by Lemma 8.3, this finishes the proof of the lemma. O

Definition 2.10 Fix ¢, 8 € (0, 1). Let 3,3 be a partition of ZZ into (disjoint) boxes of
side length nf + n? (we will suppress the dependency on ¢). For each A € 3/3 we let
A (resp. A) be the box of side length n? (resp. n? — n?) which is concentric with A
and we let Sg (resp. Sp) be the collection of all such concentric boxes with this side
length. For each z € Uges, A we let S; be the element of Sg which contains z and
S the element of Sg which contains z. We let A = Z\ Uges, S be the collection of
points of the torus that lie in the annuli between the boxes of side length n? + n¢ and
the concentric boxes of side length nf — n?.

Definition 2.11 Fix ¢, 8 € (0, 1) and recall the definition of E from Lemma 2.9. For
every z € Zd\A and R > r we define N_(r, R, t) to be the number of excursions
across the annulus B(z, R)\B(z r) during the first E(¢, §/4) excursions across the
annulus S\ S, where S, and S are as in Definition 2.10.

Lemma 2.12 For each ¥ € (0, 1/2) and B € (0, 1) there exist no > 1 and a positive
constant ¢ such that for all n > nq the following is true. Let nf > R > 10r and
8 € (0, 1/3) satisfy
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1020 J. Miller, P. Sousi

sn¥ <1 and snPU=2D=V-12 <,
Ift < n%logn, then forall 7 € Z‘,{\A we have that
P (Na(r, R.1) ¢ [L(t), L(1)]) < n exp (—C82rd_2n_‘” ) b’

where L(t) = ——== and L) =

o
(1+5)T (=575

Proof We define N. - to be the number of excursions across the annulus B(z, R)\B(z, r)
up to time (1 — §/2)t and we let T be the time it took for the E(t, §/4) excursions
across the “thin” annulus S(z, n? +n?)\S(z, nP)to complete. Notice that on the event
{T > (1 —6/2)t} we have ]Vz < N; hence we get

P (NZ < L(t)) <P(T <(1-6/2)1) +]P’(]Vz < L(t)) . (2.18)
We recall the definition of E(¢, §/4)

E[W]t

E.9/4) = (14 8/4)T°

B 10v/dnb
The first probability on the right side of (2.18) can be written as

P(T <(1—=8/2)1) =P (N, > E(t, 8/4)). (2.19)
Let

(1 —§/DEIWI: _ (1—=8/2(1+8/4)
—8/8)T"° 1-5/8

E(t,6/4) < E(t,§/4).
nb 105/dnb

Let Ny = N2nP, nf +n?, (1 — §/2)1). Applying Lemma 2.9 we get that
P (N2> E(t,8/4) <P (N2> T) <n'exp (—c52nﬁ(d—2>“/’ ) +em” (2.00)

For the second probability on the right side of (2.18), we apply Lemma 2.4 to obtain
for all § € (0, 1/3) that

_ - 1—8/2)1 : "
P(N, <L) <P(N. < A DN et e’ (301
(1 +8/3T 5

Combining (2.18), (2.19), and (2.21) we deduce
P (N, < L(t)) SnVe s’ g emen? (2.22)

and this finishes the proof of the first part.

@ Springer



Uniformity of the late points of random walk on Z% ford >3 1021

We define N/ to be the number of excursions across B(z, R)\B(z, r) by time (1 +
8/2)t.Let T be as in the first part of the proof. Notice that on the event {T" < (1+6/2)¢}
we have N/ > N.. So

P(N, >L(t) <P(T > (1+8/2)0) +P (N, > L(1)). (2.23)
By the definition of 7" we have
P(T>0+62)t)=P (Nﬁ < E(, 8/4)) . (2.24)

Applying Lemma 2.9 we get that if

(1 +3/2):E W]
T (1+5/4)T°°

nB,10:/d) nﬂ

then writing N; = N;*“(nf, nf +n?, (14 8/2)t) we have
P(Ny <T) Snbe @ gmen?, (2.25)

It is now easy to see that for all § > 0 we have I' > E(z, §/4), and hence combining
(2.24) and (2.25) we obtain the following bound for the first probability on the right
side of (2.23):

—esPADY L en

P(Ny <E@) <P(Nj<T)<n’e (2.26)

By Lemma 2.4 we can bound the second probability on the right side of (2.23) by:

1468/2)t .
P(N,>Lw®) <P N, > M <nVe —cd?r2 V| —en? (2.27)
(1- 8/4)T
Inserting the bounds from (2.26) and (2.27) into (2.23) concludes the proof. O

3 Hitting probabilities

In this section we collect some results about hitting probabilities of simple random
walks in Zg for d > 3. Some of the proofs are deferred to Appendix 1. We start by
recalling Harnack’s inequality (see e.g. [14, Theorem 6.3.8]).

Lemma 3.1 (Harnack’s inequality) For all d > 1 there exists a positive constant cg
such that the following is true. Let R > 2r and let f be a positive harmonic function
on B0, R) C 74, Then for all x,y € B(0, r) we have

;E;;:l—l—cd-(%).
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Proof See Appendix 1. O

Lemma 3.2 There exists a constant Cq > 0 depending only on d such that the fol-
lowing is true. Let n/4 > R > 2r such that both r, R tend to infinity as n — oo and
letz € Zg with ||z|| < r/4. We denote by tg the first hitting time of (0, R) and by
T, the first hitting time of z. Then for all x € B(0, r) and all y € B(0, R) we have

Py(r; <t | X(zr) = y) = C (1+0( )+0(1)+0(”Z”))

Proof See Appendix 1. O

Remark 3.3 To avoid confusion, we emphasize that 7, 7y and 7, will always refer to
hitting times of a point, while 7, and tg to hitting times of boundaries of balls.

Remark 3.4 The constant C; from the statement of Lemma 3.2 is given by ¢/ G(0),
where ¢, is the constant from [14, Theorem 4.3.1] and G is the Green’s function for
simple random walk on Z¢. That is, G (0) is equal to the expected number of visits to
0 made by simple random walk started from O before escaping to co.

Definition 3.5 We define py to be the probability that a simple random walk on Z¢
started from O returns to 0.

Remark 3.6 For d = 3, it is well-known (see e.g. [20]) that p3 =~ 0.34. It is also easy
to see that p; — 0 as d — oo. Note that py is equal to the probability that a simple
random walk in Z starting from 0 visits a given neighbour of 0 before escaping to co.

Lemma 3.7 Letn/4 > R >2r - ocoandx,y € Zﬁ satisfying ||x — y|| = o(r). We

denote by tr the first hitting time of B(x, R) and by t, (resp. ty) the first hitting time
of x (resp. y). Then for all a € 0B(x, r) and all b € 0B(x, R) then we have

2C 1
P, (tx/\fy<TR|X(TR)—b)_(1+pd(;rd2(1+0(1)+0(;)+0(r2)).
3.1

Moreover, if x and y are neighbours, then we have
2Cy 1
]P)a(fx/\fy<TR|X(TR)=b):W(1+O( )+0<—2))
(3.2)
Proof By Bayes’ formula we have

P, (XTR =b|ltx ATy < rR)
Py (X7p =)

(0 (5 <

Po (tx ATy < Tr | X(tp) = b) = Po (tx A Ty < TR)
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where the second equality follows by the strong Markov property and Harnack’s
inequality (Lemma 3.1). Let

7 = Zl(X(t) € {x,yhH
=0

be the number of times that X visits either x or y before hitting d53(x, R). Then it is
easy to see that

E.[Z]
Eo[Z | e ATy < r]

P, (rx ATy < tR) =
Note that we can write
Z=2 1(X® e lx,y)— D LX®) € {x, y). (3.3)

=0 r=tp

Applying [14, Theorem 4.3.1] and the strong Markov property we thus have

2C4G(0 1 1

where the o(1) term disappears when x and y are neighbours. For the denominator we
have

TR
E, [Z ’ Tx ATy < rR] =E, |:Z 1(X (@) € {x, y}):| P, ('L’x <t ATy < rR)
t=0

+Ey |:Z 1(X() € {x, y}):| P, (ry < T | T ATy < rR) .

=0

Consequently, using the representation for Z from (3.3) it is easy to see by applying
[14, Theorem 4.3.1] again and the last part of Remark 3.6 that

1
Eo[Z | 1x Aty < TR] < GO + pa) + O (W)

with equality when x and y are neighbours. Putting everything together yields the
result. O

4 Separated points

In this section we define the time ¢, referred to in the Introduction and we prove that
with high probability at time at, for @ € (0, 1) large enough the points in the last
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visited set are at distance at least n” for some y to be defined later. We prove these
results in a certain setup which we describe below in order to make them compatible
with the proofs of Theorems 1.1 and 1.2.

Setup Let B = a — ¢ for some ¢ > 0 small enough to be determined later. As in Defini-
tion 2.10, we divide the torus into boxes of side length nf +n? with ¢ € (0, 8) and we
will make use of the notation described there. For every S € Sg we write tg for the first
time that the random walk has made E (a1, 6/4) = at,E[W]/((1+ 8/4)TnDﬂ’°10\/3nﬁ)
excursions across the annulus surrounding S, where W is as in Definition 2.6
and r = n2¢/¥

§ = rC=D12p¥ = peQ=D/c4V wherek =d A6 4.1)

and ¥, ¢ > 0 will be fixed later. We will explain the choice of the value of § in
Remark 5.4 in Sect. 5.

We recall A = Zﬁ \ Uses, S is the collection of points of the torus that lie in the
annuli between the boxes of side length n? + n® and the concentric boxes of side
length n? — n®.

As in Definition 2.10, for every z ¢ A, we write S; € Sg for the unique box in Sg
that contains z. We now consider the process ¥ = (Y;), defined by ¥, = 1(z; > 75,)
forz ¢ Aand Y, =0 forz € A.

For any ¢ > 0 we recall that the definition of the collection of ¢-separated subsets
P(¢) was follows

P) ={U CZj: |lx =yl = n’, Vx,y € U}. (4.2)

We will now define the time ¢, that was introduced in the statement of Theorem 1.1
(but not defined there). We set

log(n)T %7,
f = n20/¢ ¥ 4.3)

Py (t, < Tpe)

The precise value of ¢ and the radii in (4.3) are selected to optimize several error terms
in Claim 5.1 and Eq. (5.12) in Sect. 5 and it is explained in Remark 5.4.

We remind the reader that we write PP (t; < t,,¢) for the probability that z is hitin an
excursion across the annulus B(z, n%)\B(z, n**/*) when the random walk starts from
the uniform distribution on Zg. (Lemma 3.2 gives an error bound which is independent
of the starting point.)

The following lemma implies that ¢, = fcov(1+0(1)) and itis proved in Appendix 2.

Lemma 4.1 Forallr, R — oo with R = o(n) and r = o(R) as n — 0o we have

0,0

rnR

—— =t (1 1 .
Pz < t8) hit(1 +o(1)) asn — oo
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The following lemma concerning the hitting probability of a point up to «z, is a
standard fact (see for instance [17, Theorem 1.6] or [2, Lemma 2.3]). We include the
proof here for completeness.

Lemma 4.2 For every x € Z;’f we have
P(ty > aty) < n—d

Proof Let ¢ be as in the definition of 7, and r = n?%/, R = n¥ and N, be the
number of excursions across the annulus B(x, R)\B(x, r) before time at,. Let A =
at,/(1+8)TS, ,)and ¥ € (0,1/2) be asin Lemma 2.4 and § as in (4.1). Writing

n2¢/x pe
Exc(x, i) = {x not hit in the i-th excursion}, we then have

P(ty > aty) < P(tx > aty, Ny > A) + P(Ny < A)

A
< P(ﬂ Exc(x, i))+IP’(Nx < A).

i=2

We took the lower index in the intersection to be 2 rather than 1, because the first
excursion has a positive chance of starting in B(x, r), while the second does not. Let
a; = X(t;) and b; = X (0;), where t;, 0; are defined at the beginning of Sect. 2. Let
F =o0({(ai,b;) :i =1,..., A}) be the o-algebra generated by a;, b;. Notice that
conditional on F the events Exc(x, i) are independent for i = 2, ..., A. Writing 7
for the first hitting time of dB(x, R) we therefore get

A A
}P’(ﬂ Exc(x, i)) =E [HP (Exc(x, 1) | f)}

i=2 i=2

A
=E [HIP’,“ (tx <R | X(1R) = bi):| :

i=2

From Lemma 3.2 we immediately get for all i > 2 that

Cy 1
Pai (Tx < TR | X(‘L’R) = bl) =1- —n2¢p(d—2)/K (1 + 0 (—n(p(K—Z)/K)) .

Hence we deduce

A Cd 1 A—1
P(QEXC(JC, l)) = (1 T p20d=2)/k (1 +0 (nw(xz)/x)))
i=

Cy 1
<exp|—(A— l)nz(p(d—_z)/,( 1+0 nek—2)/k
1
<exp (—ad logn (1 +0@)+ 0 (—nw(K—Z)/K ))) exp (0 (”_2(p(d_2)/’())

=nd (1 +0 (8 logn 4 n~#=2)/x logn)) ,
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1026 J. Miller, P. Sousi

where for the second inequality we used the expression for A and ¢, and Lemma 3.2.
Recalling that § = n~@=2#/+V¥ and v € (0, 1/2) small enough we thus see that

A
P(ﬂ Exc(x, i)) <n7,

i=2
By Lemma 2.4 (since the choice of § satisfies the assumptions) we get
P(Ny < A) <n~%

and this concludes the proof. O

Lemmad4.3 Fix0 < ¢ <gpandc > 0. Let U € P(¢) with |U| < c. Then we have

1
E |:H Y“:| Sf ned|U|(1+o(1))’

uel

where the constant in S depends only on c. Moreover, for any u € Zg we have
< 1
]P (Yu == 1) ~ W.

Note that the final part of Lemma 4.3 is not the same as Lemma 4.2, because we
consider the hitting probability after the random walk has made a certain number of
excursions across Sy \ Sy rather than at time «,.

Proof of Lemma 4.3 Around every u € U we place two balls of radii r = n?¢/< and
R = %ng. We let N,, be the number of excursions across the annulus that is created by
the two balls during the first E (at,, §/4) excursions across the “thin” annulus EM\SM R
where E is as in Lemma 2.9 and we will set the value of § later in the proof. We then
have

E {H Yu} < D P(Nu < L(ar)) +E [H Y, 1(N, > L(at*))} .44

uelU uel uel

where L(t) is defined in the statement of Lemma 2.12. We let F be the o-algebra
generated by X(t;(u)) and X (o;j(u)) for all u € U, where t;(1) and o;(u) are
defined at the beginning of Sect. 2 with respect to the annuli B(«, R)\B(u, r). Writing
Exc(u, i) = {u not hit in the i-th excursion} we have

L(aty)
E [H Y, 1(N, > L(at*)):| <E|P ﬂ ﬂ Exc(u,i) | F

uelU uel i=2

Given F the events ﬂiLz(;l*>Exc(u, i) are independent over different # € U, and
hence
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Liaty)
E [H Y, 1(N, > g(m*))} <E H P ﬂ Exc(u,i) | F||. 4.5)
uelU uelU i=2

By Lemma 3.2 we have

L(aty)

c, | L)1
P( () Excw.i)|F|= (1 TR (1 +o (nw—zw)))

i=2

Ca(L(aty) — 1) 1
= exp (_ n2d=2EK (1 +O (nc(xzwx))) ‘

We now set § = n~@=28/k+V and ¢ € (0, 1/2) very small. Using Lemma 4.1 we
get

L( ) ) anZ(d72)§/K IOg(}’ld) (1 N (1)) anz(‘l*””" IOg(}’ld) (1 N (1))
o = ] = o .
= Ca(1+9) Cy

Substituting this expression for L («t,) in the inequality above we deduce

L(aty)

1
, d
P g Exc(u,i) | F | <exp (—alog(n )(1 +0(1))) S —d (o) (4.6)
i=

Lemma 2.12 together with (4.4), (4.5) and (4.6) give
E < —1
H Yu |3 ned|U|(1+o(1)) ©
uelU

Note that in the above argument if U = {u}, then we can place two balls of radii
n%¢/% and n? around u and hence we lose the 1 + o(1) term in the expression for L.
Therefore we get

1
]P)(YMZI)S/W

and this concludes the proof. O

Lemmad4.4 Fix0 < ¢ <@andc > 0. Let U ¢ P(¢) with |U| < c. Suppose that
U viewed as a subset of the graph which arises by adding edges between all of the
vertices of Zfl at distance at most n® consists of f components. Then

E |:H Yu] < n*adf*ad(1*Pd)/(1+1?d)+0(1)’
uel

where pg is as in Definition 3.5 and the constant in < depends on ¢, d, ¢ and ¢.
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Proof First we decompose U into its f connected components, i.e. every component
contains points that are within distance n* from some point of the same component. If
two points belong to different components, then their distance is at least n°. Let a be
the number of components (A;) containing exactly one point and let b be the number of
components (A}) containing at least two points. Since U ¢ P(¢), it follows that b > 1.
Fori =1,...,aweletY); = 1(z, > tga’_),where A; ={a;}.Fori=1,...,bwe
pick x;, y; € A; distinct such that || x; — y; || < n® and we set Y2, = 1(ty;, Ty, > ‘L'Sxi).
Note that for { > 0 small enough Sy, = Sy,. Letk = Z?:l 1(|lx; — yi|l < n/00d),

For j =1, ..., b we place two balls centered at each x; satisfying ||x; — y;| <
n¢/0d) of radii n>¢/¢ and n® /2. For each j not satisfying the above condition we
place two balls around x; of radii n® /U5 and p¢/004) 12 We also place two balls
of the same radii around the corresponding y;. As in Lemma 2.12 we denote by
N, = N,(n*/4 n¢ /2, at,) and N, = N, (n¢/(3D n8/A0D 2 1) for u € U. By
conditioning on the events {N,, > L(at.)} and {N,, > L(at,)} depending on the radii
of the balls that we placed around u and using (3.1) in the case when ||x; — y;| <
n¢/(0d) we get exactly in the same way as in the proof of Lemma 4.3 that

a b
E |:H Yu:| <E H Yl,i . H Y2,j < nfozda . n72adk/(l+pd) . n72ad(bfk) . no(l)'
i=1 j=1

uelU

Since k < b,a+ b = f,and b > 1 from the above we deduce

E |:H Yu:| < pedf —ad(1=pa)/(pa+D)+o(D)
uelU

and this finishes the proof. O

Proposition 4.5 Fixa > (1 4+ pg)/2,0 <y <20 — 1 and let

Z, = Z L(tx > 75,)1(1y > ‘Esy).

x,yllx—yll<n¥

Then E [ZV] =o(l)asn — oo.

Remark 4.6 We will show in the proof of the lower bound of Theorem 1.1 that the
threshold (1 + pg)/2 is sharp: for o € (0, (1 + p4)/2) the random variable Z,, from
the statement of Proposition 4.5 tends to oo almost surely for any y > 0.

Proof of Proposition 4.5 For 0 < ¢ < ¢ to be determined shortly we write

Z, = z Lz > 15,)1(1y > tg_v)

x,yillx—yl<nt

+ Z Lz > 15,)1(1y > 'Csy).

x,ymné <|lx—yll<n¥
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From Lemma 4.4 with f = 1 we get

E Z 1(zx > 75,)1(zy > 75,) < nd+de . p=2ed/(patHtol)

x,y:llx—yll<n¢

Hence for ¢ < 2a/(pg + 1) — 1 we get that the above upper bound is o(1) as n — oo.
From Lemma 4.3 with |U| = 2 we get

E Z 1(ty > t5,)L(zs, > 75,) | S pdtdy . p—2ed(+o()

x,ymné <[lx—yll<n¥

Therefore taking y < 2o — 1 we conclude that E [Zy] = o(1) as n — o0 and this
completes the proof. O

5 Total variation distance

In this section we give the proof of Theorem 1.1. As mentioned in Sect. 1.3 we will
proceed by using the concentration estimates from Sect. 2 to reduce the problem to
proving the uniformity of the last visited set in each box in an appropriately chosen
partition of Zﬁ. In order to establish the latter we will use the general strategy employed
in the proof of [19, Theorem 6].

Let t, be as defined in (4.3) in Sect. 4. Let Q = (Q;) where O, = 1(7; > «t,) and
Z = (Z.), where Z. are i.i.d. Bernoulli random variables of parameter n~%?. Recall
the definition of A, the process ¥ and the collection of boxes Sg, where g = o — ¢,
defined in the setup subsection at the beginning of Sect. 4 and in Definition 2.10. We
define O by setting O, = 0 forall z € A and 0. = Q. forz ¢ A. We also define Z
by setting Z, =0forz € Aand Z, = Z, forz ¢ A.

Claim 5.1 If o, ¢ and ¢ satisfyd — (d + 1)a + € + ¢ < 0, then we have as n — oo
1£(Q) = L)ty = o(1) and |L(Z) — L(Z)|v = o(1).

Proof Using the obvious coupling between Q and 0 we get
1£(Q) — LDty <PEz e A: Q: = 1) < [AIP(z; > ar,).

Since the volume of each annulus is of order 74~ DP+¢ and the total number of annuli
in the torus is of order n?~%f using Lemma 4.2 we get

I1£(Q) — L(O) Ity < n?™ . pld=Dbte  pad — yd=dihatete — (1),

where in the last step we used the assumption of the claim. In exactly the same way
we get the result for Z and Z. O
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1030 J. Miller, P. Sousi

Lemma 5.2 We have
P(Q #Y)=o(l) asn— oo.

We prove Lemma 5.2 at the end of this section. We now proceed to the proof of
Theorem 1.1.
Proof of Theorem 1.1 Part I, existence of a1(d) Let « > (1 4+ p4)/2. The statement
of the theorem is equivalent to showing

I1£(Q) — L(Z)lltv = o(1) asn — oo.

By the triangle inequality for total variation distance we have

1£(Q) = LDty < 1£(Q) = L) llrv + 1£(0) = LX)ty
+IILY) = LD v + 1£(Z) = L(Z)||TV-
By Claim 5.1 and Lemma 5.2 it is enough to show that
IL(Y) = L(Z)|lrv = o(1) asn — oc.
Since Y, = Zz = 0 for z € A, in the total variation distance we only consider the
distance between the law 1 of (Y;) ¢ 4 and the law v of (Z;) ¢ 4.

For y = 2« — 1 — 2¢ we recall that the definition of the collection of n? -separated
subsets of Z\ A is given by

P(y) ={S CZN\A:Vx,y €S, |x -yl =n"}.

For the total variation distance between p and v we have

I = vlitv = D (1) = ()4 + D (1(S) — (), 5.1)
seS S¢S

where abusing notation we write
u® =P, =1,2z€8, Y%, =0u¢ AUS).

Let Z,, be as in Proposition 4.5. Since (@ — b)4 < a for a, b > 0, we can bound by
Markov’s inequality

DS = v+ = D (S <E[Z,]=o(D).
S¢S S¢S

where the last equality follows from Proposition 4.5, since y € (0,2« — 1) and
a > (1 + pg)/2. Let M satisfy d — ad — edM < 0. For B € Sg we define the
collections of sets

Sp={S5e€S:5SCB} and Sy={Se€S:|SNB| <M, VB € Sg}.
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Using again (a — b)4+ < a fora, b > 0 we now get

DS =y = D WS=vENt+ D (u(S) — v+

SeS SeS\Su SeSy
< D0 S+ DS —v(S))+.
SeS\Su SeSy

We now show that ZSeS\SM uw(S) =o(l)asn — oo. Settingd = {x ¢ A: 1, >
75, } we get by the union bound

> wS =PUecS\Sy)=P@EFB €S WeS:|W|=M+1,WCUNB)
SES\SM

dp
< Z P (W CU) < nd—dP (1\/7 l)n—ad(M+1)(l+o(l))
BeSp,WeSp +
|[W|=M+1
ndB(M+1) 1
< pd—dp —ad(M+1)(1+0(1)) _ d—edM—ad+o(l),
B (M + 1) (M + 1)

where in the second inequality we used Lemma 4.3. Since d — ad — edM < 0 we
obtain that

> wS) =o(l) asn— oo.
SES\SM

Therefore we only need to show that

Z (n(S) —v(8)+ =o0() asn — oo. 5.2)

SeSu

Let F denote the o-algebra generated by X (7;(S)) and X (0;(S)) forall § € S s and
i > 0, where 7;(S) and o; (S) refer to the stopping times as defined at the beginning
of Sect. 2 with respect to the annulus S\S. Then conditioning on J, the collections
(Y;)zep, for B € Sg become independent. Therefore using the independence and
Jensen’s inequality, we have

D =vS)s= > E[PF.=1zeS. Y, =0ug¢gAUS|F)]-v(), .

SeSy SeSm

<> E|:<H P(Y.=1,z€SNB,Y,=0,uecB\(AUS) | /) — [] v(SﬂB)) }
+

SeSy BGS;; BGS,{;
<D D E[PY.=1,2€8.Y,=0ueB\(AUS) | F)—v(SNB)),].

BESﬁ SeSp
|SI=M
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Around every z € Zﬁf\A we place two balls of radii r = n?%/ and R = n? and
we write N, for the number of excursions across the annulus 5(z, R)\B(z, r) during
the first E (aty, 8/4) excursions across S;\S, as in Lemma 2.12, where we recall
§ = n?@=/x+V from (4.1) and we take ¥ > 0 very small. In some of the calculations
below we have substituted the values of » and R, except in a few places in order to
emphasize the cancellation. We set

s t
=% and U= —" (5.3)
(T+5T7 =D

and using Lemma 2.12 we get that there exists C > 0 such that ZSGSM (m(S)—v(8))+
is upper bounded by

> D E[P(Y.=1.z€8.Y% =0,ueB\(AUS),N, € (L, L), weB|F)

BeSp SeSp
IS1=M

(SN B)), | +nCe . (5.4)
We now focus on the first term appearing in the expression above. We use the same
technique as in the proof of [19, Theorem 6]. By the inclusion—exclusion formula it

is easy to see that

P(Y.=1,z€8,Y,=0,ue€ B\(AUS), N, € (L,L"),w € B | F)

nf —|SUCANB)|
— Z (=1t Z [ H Y, 1(N, € (L, L))‘]—"}
=0 WE(B\(SZUA)) ucSUwW

and

nf —|SU(ANB)|

1\ /SI+¢
vSNB = > (=Dt > (W) ,

(=0 WE(B\(SZU'A))

where for a set P and ¢ € N we write (12 ) for the collection of subsets of P of size

L.LetK =1,..., w to be determined later. Applying the Bonferroni
inequalities as in [13,19] the sum in (5.4) is upper bounded by

1 |S[+€
[ rnilwv, e L ’ }':| - (W) )
n

veSUW

(> 3| 3 (¢

BeSp SeSp WG(B\(Siu.A))

IS|<M N

YD (W%)‘SHZK. (5.5)

BeSp EV\GSB We (B\(YUA))
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We start by showing that the second term in (5.5) is o(1). Indeed, it can be bounded

by
d d s+2K
<ty P\ (nP —s\ (1
~ s 2K nod

- nd—dﬂ z ndﬂs . n2dﬁK . 1
— - s! (ZK)! nods+2adK

M
_ nd—dﬁ Z 1 1 - 1 d—ad+de—2dKe
- ndes '

& pdest2aeK SI2K)! T (2K)!

Choosing K > 0 such thatd — ad +de —2d Ke < 0 gives that the above expression
is o(1). This leads us to choose K > 1‘;‘% Next we turn to bound the first term
appearing in (5.5). To do that we split the sum over all W € (B \(SZUA)) into the sets
W such that W U § € S and into those W such that W U S ¢ S. We also bound the
positive part by the absolute value, so that we may forget about the term (—1)¢. Hence

now we focus on proving that the following is o(1):
(5.6)

1 |S|+€
u«:[ H Y,1L(N, € (L, L") ‘ ]-':| - (W) }
veSUW

(5.7)

2K
>IDIDNEDS [
BeSg |§T§/€I =0 Weugs\;sétj:))

|: H 1 |S|+¢
E Y,L(N, € (L,L") ’ ]—':| - (T)
veSUW n ¢

2K

353 D |
BeSp SeSp =1 B\(SUA)
ISI=M Weugusés )

Claim 5.3 Thereexistsa1(d) € (0, 1) depending only ond such thatforallo > a1(d)
we have that the sum in (5.6) is o(1) as n — 0Q.

Proof Let W € (?)%) such that W U S € S. Note that |W U S| = |S| + ¢. Note that
since y = 2o — 1 — 2¢, if we take ¢ satisfying the assumption of Claim 5.1 and ¢ > 0
sufficiently small, then n¥ < n?. Hence we can use Lemma 3.2 to get that almost

surely
C, 1 L'(|S|+6)
(-5 (o ()

IE|: H Y,1(N, € (L, L") ’ ]—']

veSUW

C 1 L(|S|+0)
(= (oGmr))
ré— n‘/’(K—z)/K

IA

IA
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Substituting the value of f, into the expressions for L and L’ from (5.3), using
Lemma 3.2 and the value of § (recall Eq. (4.1)) we get that

I— ard=2 log(nd) 140 n¥ d 58
= —Cd + Py an (5.8)
d-2 d ¥
,_ar log(n“) n

From (5.8) and using that for all x we have e™ > 1 — x we get

C 1 L(|S|+¢)
(=55 (10 (o)
Cy 1
<exp (—L(|S| + 075 (1 +0 (W)))
nV
= exp (—a log(n®)(|S| + £) (1 +0 (m)))

v
= n~d(SIHO exp (—a log(nd)(IS| + £)0 (—" ))

nee—2)/x
nw
n

where in the last inequality we used that for all x > 0 we have e < 1 — x +x2 and
that | S| + £ is at most M + 2K which is independent of n. Similarly substituting the

value of L" and using 1 — x > e”"z}62 for x € (0, 1/2) we obtain

c, | L'(ISI+0)
(1555 (o ()

/ Cq 1 ’ 1
= exp | ~L'(S1+ 0% (140 () ) ~ L'USI+ 00 (55

d nl/f
= exp (—(x log(n“)(|S| + ¢) (1 + 0 (W)))

v
= n~%4USI+0 exp (— log(n?)(IS| + €)O ("—))

nPG—2)/k
—ad(|S|+0) d —,11//
>n (1 —log(n“)(IS| +0)O (nw(,(—z)/x)) :

Putting everything together we deduce

1\ /IS¢
]E[ H Y,L(N, € (L, L") ‘ ]-":| - (W)
veSUW

nY logn )

—ad(|S|+€)
<n (IS1+00 (—W(K_z) =
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Therefore the sum in (5.6) is bounded from above by

< —ad(S|+£) n¥ logn
D3> > n (|S|+£)0(W—2)/K) (5.10)

BeSg gef]ﬁ[ =0 We(B\‘SeUf”)
IS1= wusSeS

2K dpe ¥
n —ad(1S|+0) n¥ logn
Z Z Z o (Is1+ 60 9 —2)/K
BeSpg SeSp =0
[S|<M

IA

IA

M pabs K nY logn
nd—dﬁ Z Z(M + ZK)n—OldS—SdZ 0 ( )

i s! = n‘P(K—Z)/K
S= =l
d—dp k- —eds—ed! n¥ logn
=SS 2kt ()
s=0 (=0
< nd 6D Jog g, (5.11)
Thus if
¢
d—dB—Z(c—2)+y <0, (5.12)
K

then this last quantity is o(1). Recall that ¢ was taken to satisfy ¢ < (d + Do —d —¢
from Claim 5.1. These two inequalities together give that

(k —2)d +dk ek —2) +dex + Yk
YT Ur Dk -2 +de | @+ Dk —2) +dx

Since we can take ¢ and ¢ as small as we like, we deduce that for any

(k —2)d +dx
= d , 513
DA+ Dtax N >-13)
the sum in (5.10) is o(1) as n — oo and this finishes the proof of the claim. O

Remark 5.4 We now explain how we chose the values of r, R, and §. The error terms
that come from the hitting estimate Lemma 3.2 are O (r/R) and O(1/ r2) where r and
R are the in and out radii, respectively, for the annulus that we put around each point.
From the expressions (5.8) and (5.9) for L and L', respectively, we get the additional
factor of 1 + O(8) where § is as in (4.1). Combining the different estimates yields
an error term which is of order O(r/R) + O(1/r?) + O(8). From the concentration
result (Lemma 2.12) the smallest value of § that we can choose is of order r @~4/2,¥
In particular, the value of r essentially determines the value of §. The largest value of
R that we can take is of order n¥ because we need the outer boundary of the annulus
centred at a point x € S for § € Sg to fit inside S. Given this choice, it is not hard to
see that the optimal choice of r is =<n?%/¥.
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It only remains to show that the sum in (5.7) is o(1). This will follow from the
following two claims:

Claim 5.5 Ify € (0,28 — 1), thenas n — o0

2K 1 [S|4+L
>332 % () -
BeSp SeSp (=1 WE(B\(SZUA))
ISI=M WUSES

Proof Clearly we have

53 % 5 (m%)ﬂ"‘esnd—dﬂ D ﬁ

BeSy SeSp (=1 yye (B\SUA) UCB:
Posionr . WeCTT U¢S,|U<M+2K

WuS¢S
M+2K 1
— ,d—dp
=n Z Z podm’
m=2 UCB:
U¢S,|U|=m

(5.14)

We now bound the total number of sets U C B with U ¢ S such that |U| = m. Since
U ¢ S, there exist two points of U that are at distance less than n” from each other.
The number of ways of choosing these two points is <n# . n4¥ . Then we have to pick
another m — 2 points. Therefore we get

dp dp(m—2)
WWCB:UeS U =m)|<n®.n® (" Y<ndb pdvr .
m—2 (m —2)!
(5.15)
Hence (5.14) is
M+2K dB(m—2)
nn 1 < pd—2dp+dy—ed (5.16)

< pd—dp g . pdv
~n Z n n (m—2)! podm ~
m=2

Since y = 2a — 1 — 2¢ we get that the expression in (5.16) is o(1) as n — oo. O

Claim 5.6 Forall @ > a1(d) we have as n — oo that

2K
DI IE|: I1 Yul(Nue(L,L’)):|:o(l). (5.17)

BeSp SeSp (=1 B\(SUA) ueSUW
p ‘S‘SM WE( £ )
WUS¢Sp
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Proof Fix¢ > 0; we will determine its precise value later. First we define the collection
of the ¢ -separated subsets of the box B similarto Sect. 4: Sp(¢) = {U € B : |[x—y| >
n®,Vx,y € U}. The expression in the left side of (5.17) is upper bounded by

ZZ% > JE[H Yu]sz D IET|:HY,{|

BeSp SeSp (=1 yye(B\SUAy  Luesuw BeSp UCB:U¢Sp, LueU
|S|<M ¢ |U|<M+2K
WUS¢Ss
UCB:U¢Sp, uel

[UI<M+2K,UeSp (%)

+ nd—db Z ]E[H Yu] =1+1I

UCB:U¢Sp, uel
[UI<M+2K.U¢Sp(?)

For the term 7, using (5.15) and Lemma 4.3, since U € Sg(¢), we get

M+2K 1
< d—dp ap . dc ,dpm=2) | _ o d+ds—2df—ed+o(1)
Isn 2 P enton padm(ito(n) " :
m=2

If ¢ € (0,200 — 1 — &), this last quantity is o(1). It remains to bound /1. We view
U ¢ Sp(¢)with U C B as a subset of the graph which arises by adding edges between
all of the vertices of ZZ at distance at most n¢. Writing S(¢, f, m) for the collection
of sets U € B with U ¢ Sp(¢) and |U| = m that consist of f components, we have

IS, f,m)| S nT . pd8 =D o — 1y,

since first we choose one point for each component among the n?# possible points
and then we connect the remaining m — f points to the already existing components.
This upper bound and the same explanation appears in [19]. Using also Lemma 4.4
we deduce

11 < nd=# > E [H Yui|

UCB:U¢Spg, uelU
U¢Sp(¢),|U|<M+2K

M2k m=] ndBf pdtm—1)

< d—dp
~n Z Z edf+ad(1—pa)/ 1+ pa)+o(h)
m=2 f=1

— pd—20d/(4pa)+dl(M+2K—1)+o(1)

Since for all d we have a1(d) > (1 + pg)/2, by taking ¢ sufficiently small we see
that this last quantity is o(1) and this finishes the proof of the claim and the proof of
Part I of the theorem. O
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Proof of Lemma 5.2 We recall from (4.1) that § = n?@=D/“+¥ and recall from the
setup in Sect. 4 that for § € Sg we write Ty for the first time that X has made

E(aty,§/4) = at, E[W] /(1 + 8/4)Tnmﬂ’,010\/3nﬂ) excursions across the annulus S\ S.

We now let

Us={zeS:m.>15} and U= | ] Us.
SESﬁ

Note that it suffices to show that P (U (atx) = U) = 1 —o(1). If xg is the center of the
box § € Sg, we write Ng(t) = Ny (nP, nP 4+ n?, 1). Since the value of § satisfies the
assumptions of Lemma 2.9 we immediately get
P (Z/I(at*) g Q) <P (EIS € Sg : Ns(aty) < E(aty, 5/4)) =o0(1) asn — oo.
(5.18)

Therefore, it remains to show that P ({ € U (at,)) = 1 — o(1). We first note that

P (min Tg > aty(l — 28)) =1-0(Q). (5.19)
SeS,z;

Indeed, by Lemma 2.9 we have

P (min g < at(l — 28)) =P (EIS € Sp ity < aty(l — 28))
SGSﬁ

< n?=P (Ng(ar (1 — 28)) > E(at,, 3/4))

< nd=dB exp (_C,,u—z)(ﬁ—zw/x)w) = o(1).

since 2¢/k < B by Claim 5.1 provided that ¢ > 0 is sufficiently small. For each box
S € Sp and each point z € S, let o, be the first time that X[ ) has made

0,0

Tnﬁ ,10nf

excursions across the annulus B(z, 10n#)\B(z, n?). Then we have

]P’(minoz < at*) = IP’(mincrZ < aty, Smgl Tg > oty (1 — 28)) + o(1)
Z Z

Cop
10£,8
< nle’(NZO"’(nﬁ, 107, 201,8) > —*) +o(1) = o(1),
Tnﬁ,IOnﬂ

where the final assertion follows from Lemma 2.4. (Lemma 2.4 is stated and proved for
t < nlog n. The same result and proof are also applicable for times r > 1n3/2%¢ for any
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fixed ¢ > 0. In this case the exponent in the first error term becomes ¢/ (Tnofgo1 onf n¥)).)
Consequently,

P (mzincrZ > at*) =1-0(),
and hence it follows that
P{z:1;, >0} CU(aty)) =1—o0(1). (5.20)

In order to show that P (U € U(at,)) = 1 — o(1), it suffices to show that

P({z:t. >0} =U) =1—o(D).
By (5.18) and (5.20) we only need to show that

PUC{z:7,>0))=1—o(). (5.21)
In order to prove this, we are going to get a bound on the probability that X visits
a given point z € U N S in the time interval [ts, 0;]. By Lemma 3.2 we obtain for

constants ¢y, ¢2, ¢3 > 0 that

]P(rz <o,z EZA) =P(zishitin[t5,oz] | z EZA)
= P (z is hitin E excursions | z € )

<1- (1 - %)E <1-—exp (cznfg(dfz)w logn) < can— A @=D+2Y
We now use the above estimate to prove (5.21). We have
PUZ{z:1.>07}) < ZP(Tz <o, z€U) =Z:]P’(tz <o, |lzelU)P(z el)
z z
SE[Ul]esn™ @220 (522)

From Lemma 4.3 we immediately get

E[u] =D P, =1 Sni (5.23)

Therefore combining (5.22) and (5.23) we deduce
P (Q Q {z:1,> gz}) < nd*“d*%(dfz)ﬂ‘p’

and using (5.12) it follows that for ¢ sufficiently small this last quantity is o(1) as
n — oo and this concludes the proof. O
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Proof of Theorem 1.1 Part II, existence of an(d) We define

W= > 1LQ:=0y=1) and U= > L(Z,=2Z,=1).
x,yflx—yll=1 x,yllx—yll=1
(5.24)

Since P (Zy = Zy = 1) = n72%¢ we getthat E[U] = n972% Lete € (0, 2apq/(1+
pa)). Then we have

1£(0) — L(Z) |ty > P (W > nd—Zad/(l+pd)—£d) _P (U > nd—2ad/(l+pd)—sd) .
By Markov’s inequality we immediately get

P (U > nd_zad/(l+pd)_8d) =o0(l) asn — o0
since € < 2apq/(1 + pg). It thus remains to show that

P (W > nd*Z“"/MPde) =1—o0(l) asn— oo. (5.25)

Let L = {(x;, yi)};':ls be a grid of points such that ||x; — y;|| = 1 for all i and
lxi — yill > nt/? for all i # j. We now place two balls around each pair of points

.. 2 . .

x;, y; of radii R = néld /2andr = ne/4" et N; be the number of excursions in the
annulus around the point x; up to time «t,. Let E; be the event that neither x; nor y;
is covered during the A" = at, /(1 -8 )T:_”];) excursions of the annulus around them,

where § = r®=9/2p¥ for some ¥ > 0 sufficiently small. We now define
ndfs
W= Z 1(E)).
i=1
Then by the union bound and Lemma 2.4 we have that
P(3i:N;i>A)=0(l) asn— oo.
Therefore we get as n — oo that

P(W<W)<P(3i:N; > A) =o(l).

So we can now bound
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It thus suffices to show that
P (W = nf=20d/04p0=2d) — 1 — (1) asn — oc.

Let F be the o-algebra generated by X (7;(x;)) and X (07 (x;)) for all i and j, where
7;(x;) and o (x;) are as defined at the beginning of Sect. 2. Then given F the events

E; become independent. From (3.2) of Lemma 3.7 and using 1 — x > e=*=2 for
x € (0, 1/2) we get that for all i and all » sufficiently large

2Cy
P(Ei'f)z( Tt pari2 ())
1
rd

>exp|—A L +0 A
(1+ pa)ri=2

> p—2ad/(+pa)+o(l)

~

From the above it follows that for all n sufficiently large
E [W ‘ ]-"}
E I:W ’ _7_-} _ pd—20d/(I+pa)—ed -
i 2 k
and hence by Chebyshev’s inequality we get

P (VT/ < nd—Zad/(1+pd>—sd) ) [IP’ (VT’ < pd=2ad/(+po)—sd | ]_—)]

]E[W‘]—"} _
A I e Ao

2 =[7+]

Since conditional on F the events E; are independent, we get

<E|P ‘W—E[W‘}'] >

var(W|F) = Zvar(l(Ei)|]-") = Z (]P’ (E; | F)—P(E; | ]—')2) <E [W ‘ ]-‘} .

i

Therefore, we deduce

~ 1 1
d—2ad/(1+pg)—ed <
P (W =n ) = 4E _ S d—2ad] (4 pa)—e+o(D)
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Setting ap(d) = (1 + pg)/2 gives that for all @ € (0, ap(d)) if we take ¢ sufficiently
small the quantity above is o(1) and this concludes the proof of the theorem. O

6 Exact uniformity
In this section we prove Theorem 1.2. We start with a preliminary lemma.

Lemma 6.1 Fixy > 0. Let A C Zg satisfy A € S(y) (recall (4.2)). Then for all x
such that dist(x, A) > n? and all 7 € A we have

1
Py (X(t4) =2) = m L O(AIR79DY asn = oo,

where T4 is the first hitting time of A.

Proof We let

1—

P'(x, y) <1].

tunif = min {¢ > 0 : max
unif [ = n(y) =2

X,y

Then it is standard that funir =< c(d)n? with ¢(d) only depending on dimension. Let
¢ > 0 be sufficiently small. We define

Ty = inf {t > nfuir : X (1) € A}.
Then we have

Py (X(ta) =2) =Py (X(TA) =2,TA = ngtunif) + Py (X(TA) =23,74 < ngtunif)
=Py (X(f;‘,) = Z) - Py (X(t;;) =2,74 < ngtunif) + Py (X(TA) =23,T4 < nstunif) .

6.1)
By the Markov property we have
Py (X(t)) =z) = D Py (X (1)) = 2. X(n"tunit) = )
y
=D Py (X(ta) = 2) Py (X (n° tuni) = y)
y
= (14 0™™)) Pr (X(za) =2, 6.2)

where the last equality follows from Proposition 8.1. Let 1:2' be the first return time to
A. By reversibility we have for all z € A
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Pr (X(ta) = 2) =2Pn (XO)¢AX(DEA,....X(r-1)¢AX(1)=2)

t>0

:ZIP’H XO)=z,X()¢A, ..., Xt—1)¢ A, X(1t) ¢ A)

t>0

=D A@P.(X() EA,....X(1) ¢ A)

t>0

=D 7@P: (1} > 1) =7 @E: [r]]. (6.3)

t>0

Since A € S(y), it follows that for all w € A we have A N B(w) = {w}, where
B(w) = B(w, n¥/2). This now gives that for all w € A

Eu [ti1(t) < wBw)] =K and Py, (1) > t9Bw) = (6.4)

where K and s are independent of w and 735y, is the first hitting time of 0B(w).
Therefore we get

E. [tf] =E: [tf 1t} < wBe)] +E: [t4 1(xf > 18]
=K +E, [t 1t} > nype)]. (6.5)

Using (6.4) we obtain for all z € A

E: [ti 1ty > 1356)] = Bz [Ex sy [2al] P2 (74 > asco)
= 5E; [Ex (e [7al] (6.6)

Writing for shorthand Eyg [F] = E, []Ex(fam)) [F]] we deduce

Eop[tal = Egp [thL(ta = ntunir)| + O(n*)
= Eop [th] — Eon [thl(ta < nftunir)] + O0*T). 6.7)

Using again Proposition 8.1 as in the last step of (6.2) we have
Eos [74] = (1+ 0™ Ex [1a]. 68)
We also have
Eo [t41(ta < ntunit)] = EgB [t4 | T4 < n°tunit| Pos (ta < n°tunit)  (6.9)

and since max, y E [ry] = n4 (this follows from instance from Lemma 8.3 forr = 1)
we obtain

Eos [t} | ta < n*tumic] S 0> +n? <nd. (6.10)
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Writing G(x,y) = E, [Zi“;‘é 1(X(t) =y)] for the Green kernel we have by
Lemma 8.2 that

Py (v < tui) < D, GOB@,w) = 0 (JAIn792), (611)

weA

since dist(w, dB(z)) > n¥ /2 for all w € A. By the union bound we get
A
Py (tunif < Ta < n°tunif) < n2+5|—dl = O(|A|n*~9%%). (6.12)
n
Therefore, from (6.11) and (6.12) we deduce

Pys (ta < ntunif) = Pys (ta < tfunit) + Pas (funit < T4 < n°tunir)
= 0(|AIn™747), (6.13)

since y € (0, 1) and ¢ > 0 is sufficiently small. Similarly we have
Py (ta < n°tunit) = O(Aln~7@2). (6.14)
Substituting (6.10) and (6.13) into (6.9) we get
Eos [th1(ta < n®tunit)] S n|AIn =772, (6.15)

Plugging (6.8) and (6.15) into (6.7) gives

Egp [ra] = (14 0 ™)) Ex [ral + 00| Al ™7 "2) + 0(n**)
=E, [tal + O |AIn~ 74Dy + 0(n*®). (6.16)
Combining (6.16) with (6.1), (6.2), (6.3), (6.5), (6.6) and (6.14) results in

K +sE; [T (d—
P (X (o) = 2) = A oA,

Since the first term appearing in the sum above is independent of z by summing the
above equality over all z € A we get

K +sEq [t —y(d—
1=14| (—nd”[ A]) + (AP,

This implies that

K +sExlral _ 1 + O(An—"4-D),
nd |Al

@ Springer



Uniformity of the late points of random walk on Z% ford >3 1045

Finally we get

P, (X(t4) =2) = ﬁ + O(JAln~7@=2)

and this finishes the proof. O

Proof of Theorem 1.2 Part I, existence of a1(d) Let ty = (o — ¢)t,, where ¢ — ¢ >
o1(d) and a1 (d) is as in Theorem 1.1. For each x € Zﬁf we let Z, = 1 with probability
n~4@=#) and 0 otherwise, independently over different x € ZZ. Weset V = {x €
Z¢ : Z, = 1}. Then by Theorem 1.1 we have that

ILWU(@)) — LV)]ITv = 0(1) asn — oo,

where we recall that /() is the uncovered set at time ¢. Therefore there exists a
coupling of V and U/(#1) such that

PU(t) £ V) = o(l) asn — oo. (6.17)

We now describe a coupling of the laws of U/ (t,) and W,,: First we fix y € (0, 2(« —
e) — 1). We couple U(t1) and V using the optimal coupling. If |V| < nd—ed or
V ¢ S(y), then we generate U(t,) and W, independently. If |V| > n¢=* and
V € S(y), then we keep running the random walk until it has visited n¢ — n¢=%¢
points. We also remove points from V independently at random until we are left with
a set on n¢~? points. Note that the resulting set is equal in distribution to W,.

Let &1, ..., &y _ya—a € U(ty) be the first [V]| — nd—od points in V visited by the
random walk after time #. Let {; be uniformin V. Foreach2 < j < |V|— nd—od e
inductively let ¢; be uniform in V\{¢1, ..., {j—1}. Then by Lemma 6.1 there exists a
coupling of (§;) and (¢;) such that

P& # 6 |V =U@) € SO & = & V) <, [V] = n=00)
< pvd=D) | 2d—adte) 6.15)

We first couple &1 and ¢ using the above coupling. If this succeeds, then we couple
& and ¢ in the same way. If at some point the coupling fails, then we let the two
processes evolve independently. Therefore we get

P U(te) #We) <PUM) # V) + P (|V| > nd—“d“) +P(V ¢ S»)
(6.19)
+P (ai <|VI:& #¢ |UN) =V, |V|<n? ¥ v ¢ 8<y>) . (6.20)

Since E[|V|] = n?~%¢ by Markov’s inequality we get as n — 0o

P0w>nWW“)=mn. 6.21)
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Using Lemma 4.5 and (6.17) or by a straightforward calculation we obtain that for
Yy €0, 2(x—¢)—1)

PV ¢S) =PUM) ¢ S(y)) + o) =o(]). (6.22)
By the union bound we now have

P (3= IVIts £ 6 U =V, IV <08V € S())

3
<pv@-2 (ndfothre) — v (d=D+3d—3ad+3e

Using the expression for o1 (d) given in (5.13), choosing ¢ sufficiently small and taking
y = 2(x — ¢) — 1 — ¢ give that the above quantity is o(1), since « — ¢ > «1(d). This
together with (6.19), (6.21) and (6.22) implies that

PU(ty) #V)=0(1) asn — o0

and this concludes the proof. O
Proof of Theorem 1.2 Part I, existence of ao(d) The proof of this part follows in the
same way as the proof of the existence of «o(d) in Theorem 1.1. Let ag(d) be as in
Theorem 1.1 and ¢ > 0 with & + ¢ < «ap(d) with ¢ > O sufficiently small. We let
0, =1 €lU(ty)) and Z, = 1(u € Wy). Then we define

W= > LQ:=0y,=1 and U= > 1LZ:=2Z=1).

x,y:flx—=yll=1 x,yilx—yll=1

Then for all x, y € Z¢ distinct we have

and hence E [U’] = n?=22d Jett; = (a + €)tx. Then on the event {7, < 11} we
have W' > W, where W is defined in (5.24) in the proof of Theorem 1.1 Part II. Take
€ € (0,2apa/(1 + pg)). Then we have

|£@) = LOVliry = B (W' = pf=2ed/0po=ed)

_p (U/ - nd72ad/(l+pd)fsd) .
By Markov’s inequality we get
P (U/ > nd*2“4/<1+Pd>*€") —o(1) asn — oo,
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since ¢ € (0, 2apyq/(1 4+ pg)). By Markov’s inequality again we have

1

W:o(l) asn — 00,

P(rg > 1) =P (jU()] > n'~) <

where we used that E [|1/(11)|] < n9~4@+)_ Therefore we get

P (W’ > nd—2ozd/(l+pd)—£d) > P (W’ > pd—20d/(+pa)—ed o _ fl)

>P (W > nd72ad/(1+pd)fds) —o(1) =1—o(1),

where the last equality follows from (5.25) in the proof of Theorem 1.1 Part II and
this concludes the proof. O

7 Further questions

Throughout, we let &g (d) (resp. @1(d)) be the largest (resp. smallest) value such that
the assertions of (1.1)—(1.4) hold.

Question 1 What are the precise values of @o(d) and @1 (d)? Is it true that &g (d) cor-
responds to the threshold oo (d) = (1+ pg4)/2 above which U/ () with high probability
does not have neighbouring points while below which it does (as shown in Sects. 4 and
5)? Is there a phase transition: is it true that @o(d) = o (d)? Our lower bound «g(d)
for &g (d) converges to % asd — oo. Is this the correct asymptotic value of both g (d)
and o (d) in the d — oo limit (in agreement with the threshold for non-uniformity in
the sense of [17])?

Question 2 What is the asymptotic law of U («t,) for « € (0, @o(d))? We proved in
Theorem 1.1 that U («t,) for @ € (0, ap(d)) is not uniformly random by showing that
it contains more neighbours than a random subset of Zg where points are included
independently with probability n~%?. The arguments of Sect. 4 generalize to give that
for any o € (0, 1) there exists k = k() and ¥ > 0 such that each ball of radius n”
contains at most k points with high probability. This suggests that there is a way to
describe U («t,) by:

(i) sampling points in Zg independently with probability =<n~%? and then
(i1) decorating the neighbourhood of each such point in a given way.

Question 3 For what class of graphs beyond Z‘,f for d > 3 do the results of Theo-
rems 1.1 and 1.2 also hold?
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Appendix 1: Elementary estimates

We begin by recording a few elementary estimates for Markov chains and random
walks. Afterwards, we will give the proofs of several results stated in the text. The
following is a restatement of [17, Proposition 3.3].

Proposition 8.1 Suppose that p°(-,-) denotes the transition kernel for a time-
homogeneous Markov chain on a countable state space with a unique stationary
distribution . For every s,t € N,

max [|p™* (v, ) = wlry < 4max [ p'(x, ) = wlrvlp* () = wlry (7.

PGy ’ p'(x,y)
w(y) —oxy o w(y)

max ||p' (x, ) — 7ll7v. (7.2)
X,y X

It is easy to see that the following result can be derived from [14, Theorem 4.3.1].

Lemma 8.2 Let G(x,y) = E, [Z;‘f{) 1X@) = y)] , Where tyyir is the uniform mix-
ing time of random walk on ZZ. There exists a constant ¢1 > 0 depending only on
d > 3 such that

G(x,y) <ci(l+|x —yD*™? forallx,y e Z{.

The following is a standard hitting time estimate for random walk.
Lemma 8.3 Forallr < n/4 we have

nd

max E, |t = —.
erﬁ x[ dB(O,r)] d—2

Proof of Lemma 2.2 1Tt is clear that the sequence of exit points is a Markov chain.
Since it is irreducible on a finite state space, it has a unique invariant distribution 7.

Fix y € dB(0, R). We let f(x) = P (X(tr) =y | X(7,) = x). Then f is a har-
monic function and since R/r > 10+/d, then B(0, r) or S(0, r) are separated from
daB(0, R), so we can apply Harnack’s inequality (Lemma 3.1) and thus we get a con-
stant ¢ > 1 such that for all x, z € dB(0, r) or x, z € 35(0, r) we have

1
;f(z) < f@) <cf(@)

uniformly over all y € 95(0, R). From that it follows that if v, is the law of Y; given
that Y; | = x, then for all x, z € 3B(0, R)

—V; < Vx < Cvg.
c
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By using the optimal coupling between v, and v, we get that for all x, y
e =yl = 1= 0@ An@ < 1— =S v =1-+
X yITV = . X y\K) = c . X - ¢

Therefore, since d (¢) (defined in [15, Section 4.4])) is sub-multiplicative, we get that

for all ¢
_ 1\/
d(t) < (1 — —) .
c

This now immediately gives that fpix = ko < oo and independent of the size of the
state space.
Let u denote the law of (Y, ..., Y,un), then we have

_ 1 _ _
I =7y = 5 20 IO ) =G0 T )

ViseesYm

1 _ -
3 D Gl s yme) 2]y = F) - F (),

where we write (y;j|y1,...,yj—1) for the conditional probability that Y;y = y;
given Y;y = y; forall 1 <i < j — 1. Using Proposition 8.1 we get

wyilyt, .., yj=1)
7(yj)

=14 0™ N).

N

Substituting in the formula above we get for me™" < 1

_ 1 _ - _ _
I =7y =5 5 T Tlm) |+ 0" = 1| Sme™ ™,

Visees Ym

where in the last step we used that
e* —1<10x forx < 1.

If me™™ > 1, then the bound of Lemma 2.2 is trivially true and this completes the
proof. O

Proof of Claim 2.8 Since p € (0, 1/2], we have that p/(1 — p) < 1, and hence
. e . e .
IE[X]] = fo(l —p)lp< Zx]efpx.
x=1 x=1

@ Springer
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We are now going to compare the sum appearing on the right hand side above to the
integral floo xJe~P* dx. The function f(x) = x/e™P* is increasing for x < j/p and
decreasing for x > j/p. We thus have

[j/pl=1

L/l e S .
/ xle P dx = Z / x/e P dx > Z kie=kr
1 k=1 k k=1
and

00 ) o k+1
/ x'e P dx = Z / x) e P dx
[ k

ilpiH k=Lj/p1+1
(o) (0.¢]
D R e D D
k=[j/p]+1 k=[j/pl+2
Therefore we get
oo L/pl-1 00 ‘
Dkle =" ke 4 f(Li/pD + fMi/pI+ D+ D ke
k=1 k=1 k=[j/pl+2

Since the function f achieves its maximum at j/p we have that f(x) < (j/p)/e™/
for all x. Using the above inequalities we get

o0 ) 00

D ke <2(j/p)le +/ x/e™P dx.
1

k=1

It is easy to see that the integral appearing above is equal to j!/p/ (it is the Gamma
function), and using Stirling’s formula we get

oo i
ije_kp <L
k=1 P!

and this finishes the proof of the claim. O

Proof of Lemma 3.1 By [14, Theorem 6.3.8, equation (6.19)] and using the fact that
R > 2r we get that there exists a universal constant ¢ such that for all u, v € B(0, r)
with |lu —v] =1

@) — F@)] < el ;”). 73)

By Harnack’s inequality (see for instance [14, Theorem 6.3.9]) we get for a universal
constant ¢, that

. erg%fr) fWw) <caf . (7.4)
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Letug = x,uy,...,u¢—1,u¢ =y be the shortest path from x to y such that ||u; 11 —
ui|| = 1 for all i. Notice that the assumption x, y € B(0, r) gives that £ < 2r and
u; € B(0, r) for all i. We thus obtain

-1 -1

PAC N 1‘ _ @ - fOI 3> f i) = fldl _ zle(ui) L 2aer
f) F) = F) Rf () R

’

i=0

where in the second inequality we used (7.3) and for the last one we used (7.4).
Therefore we deduce

% 140 (%) (1.5)

and this concludes the proof. O

Proof of Lemma 3.2 Let G be the Green kernel for simple random walk in Z¢. Then
by [14, Theorem 4.3.1] we have that as ||x|| — oo, then

G(x) €d +0( ! )
X)) = —— —_— R
[|x]|4—2 [l x4

where ¢4 is a constant that only depends on the dimension d. By Bayes’ formula we
have

P, (z, < & | X(rg) = y) = 2 X (R) ;y(;zr:) ’:R)yfv* (T <) (76

We now treat the term P, (1, < tg) and the ratio Py (X(tgr) =y |1, <7TR)/
P, (X(tr) = y) separately. By transitivity in expressions involving the Green ker-
nel we will take z = 0. However, ||z|| refers to the setting without the translation.
Since the Green kernel is harmonic outside of 0, we can apply the optional stopping
theorem to get

G(x) = GO)Py (z; < 1p) + Ex [G(X(7r)) | T8 < 7] (1 = Py (7, < 7))
Since R — [lzl| = IX(zp)ll = R+ |zl and r — [lz]| < llx[| < r + |[z]| and we have

that ||z|| < r/4,r, R = o0 as n — 00 by substituting in the asymptotic expression
for the Green kernel, we get

Cd r\d-2 1 lzll
Py (r; < 1) = W (1 + 0 ((i) ) + 0 (}”_2) + O (T)) . (1.7

Now it remains to bound the ratio

Py (X(zr) =y | 1, < TR) _ P, (X(zr) =)
Py (X(tr) =) Py (X(tr) =)
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where the equality follows by the strong Markov property. If we set f(w) =
Py, (X (zg) = y), then it is easy to check that f is harmonic in B(0, R). Since by
assumption x, z € B(0, r) Lemma 3.1 gives

JJ:(()ZC)) 140 (%) (1.8)

Plugging (7.7) and (7.8) into (7.6) and setting Cy = ¢4/ G (0) gives

C 1 :
Px(rz<rR|X(TR)=y)=M_f2(1+0(%)+0(r_2)+0(||i_||))

and this concludes the proof. O

Appendix 2: Proof of Lemma 4.1

We start with some preliminary results. Throughout we assume that R = o(n) and
R > 2r. First we let T = 01 — 09, where the o;’s are defined in Sect. 2 and we take
F(x, R) = B(0, R) and E(x, r) = B(0, r). We start by proving that up to small error
the expectation of v does not depend on the starting point of X on d5(0, R).

Proposition 9.1 There exist constants c1, co > 0 such that for all u,v € 9B(0, R)

we have
E R\
ﬁ —1 <c|— .
E,[7] n
We prove the above proposition after establishing the following two lemmas.

Lemma 9.2 There exists a constant C > 1 such that the following is true. Suppose

that Q1 < Qa with Q1 > 2r and Q > Q2 > 2Q1. Let E; g = {T38(0,0) < TaB0,r)}
and o = min{t > 0: X (t) € 0B(0, Q2)}. Then

P, (X(U) =w | Er,Q)
P, (X(0) = w | Erp)

=<

<C forallu,v € dBO, Q1) and w € B0, Q>).

af =

Proof Note that the functions
ur> fu) =P, (X(0)=w,E.g) and ur> gu) =P, (E.g)

are harmonic in 5(0, 02)\B(0, r). Consequently, it follows from Harnack’s inequality
(Lemma 3.1) that there exists a constant C; > 1 such that

Ci — h()

1 h
< (w) <C; forh=f,g andall u,ve dB(0, Q1) and w € IB(0, Q7).
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Since we have

Pu(X(@) =wlEro) _ f)/gw) _ f@) g)
P, (X(o)=w|E.g) [f(/ew) f) g’

by taking C = Cf proves the statement of the lemma. O

Lemma 9.3 Let E, o be as in Lemma 9.2, where Q = 2k R for some k and let o
be the first time that X hits 0B(0, Q). There exist constants c1, co > 0 such that the
following is true:

P, (X(0) =w | E;g)
P, (X(a) =w | Er,Q)
and w € 9B(0, Q).

1)
— l‘ <] (g) forallu,v € 3B(0, R)

Proof Foreach1 < j <k,welet Q; = 2J R. Note that Or = O0.Lemma9.3 irrg)lies
that there exists a constant pg > 0 such that if u,u € 9B(0, Q j—1) and Y, Y are
random walks starting from u, v respectively both conditioned on the event E, o and
o}, o; denotes the first time that they hit 95(0, Q) then

]P(Yoj = 5/) Z 100

Let o1 be the first time that X hits d53(0, Qr—1). By iterating this, it follows that
there exists a constant p; € (0, 1) such that for all u, v € d3(0, R) we have that

> P (X)) =21 Ero) =Py (X(or1) =z | Erg)| < p{ 7. (7.9)
z€0By—_1

Let o be the first time that X hits d3(0, Q). Then it follows that

P, (X(0)=w | E;g) =Py (X(0) =w | Ep)
Py, (X(0) = w | Erp)

P, (X(U) =w | Er,Q) _ql=
P, (X(0) =w | Ey.q)

< > |Pu(X(or1) =21 Erg) =Py (X(ox—1) =z | Erg)|
ZEBBk,1

P.(X(oc)=w]| E)
X .
P, (X(0) =w | Epp)

By the strong Markov property, we note that

P,(X(o)=w | E > min Py, (X(o)=w| E .
v (X (o) | r,Q)_beaB(O’Qk_]) b (X (o) | Er0)

Combining this with (7.9) and using Lemma 9.2 we see that the above is bounded
from above by
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1054 J. Miller, P. Sousi

P,(X(oc)=w | E
max Lo (X@=wlEo) e
a.b€dB0.0k-1) Py (X(0) = w | Er0)

and this finishes the proof. O

Proof of Proposition 9.1 Fix y € d3(0, R). Let & be the length of time it takes for the
random walk, after hitting d3(0, Q) where Q = n/2, to come hit d53(0, r), and then
hit 9B(0, R). Then for y € dB(0, R), we have that

Ey [§1(Er0)] <Ey[r] <Ey [t80,8)] + Ey [E1(Er0)].

Since in each round of the mixing time, the random walk has a positive chance of
being outside of B(0, Q), it follows that there exists a constant C > 0 such that

E, [§1(E. )] < Ey[t] < Cn® +E, [§1(E, 0)].
Let o be the first time that X hits 3(0, Q). We have that,

E, [(L(E )] = D Eul€IP, (X(0) =w | E, )

deBQ

(1+p1 e l)) > Eu[§1P: (X(0) =w | Erg) (Lemma9.3)
wedBg

= (140 ") E [ 0]

Combining, we have thus shown so far that
(1 _ pl_(k_l)) [EL(E.0)] < By [1] < Cn? + (1 + oy - “) [E1(E.0)].

The result then follows because E. [§ 1(E,,o)] =< n?/r?~? from Lemma 8.3. O

Proof of Lemma 4.1 Let N be the index of the first excursion from dB(x, R) back
to itself through d3(x, r) which hits x. Then from Lemma 3.2 it follows that N is
essentially a geometric random variable with expectation

rd=2

1 rd=2
o (1 vo(L)+o (72)) = o),

since r = o(R). Let ¢; be the length of the i-th such excursion. If z € dB(x, R), then
we have that

o] = ZE [¢i | N = i]P(N > i) —E: [t80.8)] (7.10)
i=1

=D E ¢ | N=i]P(N =i)+ 0@ (7.11)
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Proposition 9.1 gives that
E.[¢ | N>i]=Tg(1+o0(1)),

and hence putting everything together we obtain

0,0

rnR
Py (fx < TBB(X‘R))

E; [t] = (I +o(D).

If z ¢ B(x, R), then

0,0

rR
P, (Tx < TBB(x,R))

E. (2] =E: [taB0.p)| + (1+o(1)).

In this case, by Lemma 8.3 we have E. [ty5(:,z)] = O(n?/R97?), and hence from
the above we get that if z ¢ B(x, R), then

0,0

rnR
Py (tx < T9Bx.R))

E; [t] = (14 0(1)).

If z € B(x, R), then we have that

0,0

rnR
Py (tx < T9B(x.R))

E. [t] <E; [wB0e.p)] + (I +o(1)).

Therefore, combining everything we get that

0,0

rnR
P, (Tx < TBB(X,R))

thit = (I+o0(1))

and this concludes the proof. O
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