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Abstract We construct a sequence of Markov processes on the set of dominant
weights of an affine Lie algebra g considering tensor product of irreducible highest
weight modules of g and specializations of the characters involving the Weyl vector
p. We show that it converges towards a space-time Brownian motion with a drift,
conditioned to remain in a Weyl chamber associated to the root system of g. This
extends in particular the results of Defosseux (arXiv:1401.3115, 2014) to any affine
Lie algebras, in the case with a drift.

Mathematics Subject Classification 17B67 - 35R37 - 60J65

1 Introduction

In [2] we have studied a conditioned space-time Brownian motion which appears
naturally in the framework of representation theory of the affine Lie algebra sl: a
space-time Brownian motion (¢, B;);>¢ conditioned (in Doob’s sense) to remain in a
moving boundary domain

D={rzeRi xRy:0<z<r},

which can be seen as the Weyl chamber associated to the root system of the affine
Lie algebra sl,. The present paper deals with the case of any affine Lie algebras. Let
us briefly describe the framework of the paper. First we need an affine Lie algebra g.

As in the finite dimensional case, for a dominant integral weight A of g one defines
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650 M. Defosseux

the character of an irreducible highest-weight representation V(1) of g with highest
weight A, as a formal series defined for / in a Cartan subalgebra f of g by

chy(h) = D dim(V (3),)e"",
"

where V (1), is the weight space of V (1) corresponding to the weight p. This formal
series converges for every £ in a subset of the Cartan subalgebra which doesn’t depend
on A. A particular choice of an element 2 € b in the region of convergence of the
characters is called a specialization. Let us fix a dominant weight w once for all. For
a dominant weight A, the following decomposition

chochy, = D Mi(B)chg,
BePy

where M, (B) is the multiplicity of the module with highest weight 8 in the decom-
position of V(w) ® V(A), allows to define a transition probability Q,, on the set of
dominant weights, letting for § and A two dominant weights of g,

chg(h)

—Chx(h)chw(h)MA(ﬂ)’ ey

Qu(*, p) =

where / is chosen in the region of convergence of the characters. Such a Markov chain
has been recently considered by C. Lecouvey, E. Lesigne, and M. Peigné in [4].

It is a natural question to ask if there exists a sequence (%), of elements of ) such
that the corresponding sequence of Markov chains converges towards a continuous
process and what the limit is. One could show that there are basically three cases
depending on the scaling factor. Roughly speaking the three cases are the following.
When the scaling factor is n=%, with @ € (0, 1) (resp. @ > 1), the limiting process
has to do with a Brownian motion conditioned—in Doob’s sense—to remain in a
Weyl chamber (resp. an alcove) associated to the root system of an underlying finite
dimensional Lie algebra. When o = 1, the limiting process has to do with a space
time Brownian motion conditioned to remain in a Weyl chamber associated to the root
system of the affine Lie algebra. Figure 1 below illustrates three distinct asymptotic
behaviors in the case when the affine Lie algebra is sly. The Weyl chamber C is the
area delimited by gray and light gray half-planes. Essentially, when the scaling factor
isn~% witha € (0, 1), one could show that the A-component of the limiting process
is +o00 and that its projection on R is a Brownian motion conditioned to remain
positive. When the scaling factoris n = witha > 1, one could show that the projection
of the limiting process on Ry Ag + Ra lives in an interval (dashed interval within
Fig. 1) and that its projection on R is a Brownian motion conditioned to remain
in an interval. When the scaling factor is n~!, the projection of the limiting process
on Ry Ag + Raj is a space-time Brownian motion conditioned to remain in C, the
time axis being R4 A¢ and the space axis being Roq. This is this last case which is
considered in the paper, for any affine Lie algebras. The convergence for the other
values of « could be obtained with similar arguments as the ones developed in this
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Affine Lie algebras and a conditioned space-time Brownian motion 651

Fig. 1 The affine Weyl
Chamber corresponding to Agl)
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paper. Nevertheless the case when ¢ = 1 seems the most interesting case in our context
as the limiting process in this case, is the only one that is really specific to the affine
framework. Thus we prefer to focus on this case. In this way we lose in generality but
hope to win in clarity.

The paper is organized as follows. In Sect. 2 we describe the conditioned process
occuring in our setting when representations of affine Lie algebra sl are considered.
This is a space-time Brownian motion with a positive drift conditioned (in Doob’s
sense) to remain forever in the time-dependent domain D. We show by purely proba-
bilistic arguments that the theta functions play a crucial role in the construction of the
process, which is unlighted by the algebraic point of view developed in the following
sections. The vocation of this section is to give an idea of the probabilistic aspects of
mathematical objects occuring in the paper. In Sect. 3 we briefly recall the necessary
background on representation theory of affine Lie algebras. We introduce in Sect. 4
random walks on the set of integral weights of an affine Lie algebra g, and Markov
chains on the set of its dominant integral weights, considering tensor products of irre-
ducible highest weight representations of g. We show that the Weyl character formula
implies that they satisfy a reflection principle. In Sect. 5 we consider a sequence of
random walks obtained for particular specializations involving the Weyl vector p of
the affine Lie algebra, and prove that its scaling limit is a space-time standard Brown-
ian motion with drift p, living on the Cartan subalgebra of g. We introduce in Sect. 6
a space-time Brownian motion with drift p, conditioned to remain in an affine Weyl
chamber and prove that it satisfies a reflection principle. We prove in Sect. 7 that this
conditioned space-time Brownian motion is the scaling limit of a sequence of Markov
processes constructed in Sect. 4 for particular specializations involving p.

2 A moving boundary problem

Lety € R, and (X;,t > 0) = ((r7, B,V), t > 0) be a space-time Brownian motion.
For (1, x) € R x R, P, x) denotes a probability under which (B,y )¢>0 is a standard
Brownian motion with drift y, starting from x, and 7; = u + ¢, for all + > 0. Consider
the subset D of R? defined by
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652 M. Defosseux

D={rzeR xRy :0<z<r},
and consider an application 4 defined on the closure D of D by
h(u, x) :=Pg (¥t 20,0 < B,y <17,

(u,x) € D.Wheny € (0, 1), aclassical martingale argument shows that the function
h is the unique bounded harmonic positive function for the space-time Brownian
motion killed on the boundary 9 D, i.e.

1
VY(t,x) e D, (58” + yoy + Bt) h(t,x) =0,

which satisfies the following boundary conditions
vVt >0, h(t,0)=h(t1)=0,

and the condition at infinity

lim h(t,x)=1.
(t,x) = 400 :
7oy

Such a problem is usually referred to as a moving boundary problem (see for instance
[1]for areview of various problems specifically related to time-dependent boundaries).
Actually the function A can be determined using a reflection principle involving the
group of tranformations W generated by linear transformations s, k € Z, defined on
R? by

si(t, x) = (t, 2kt —x), (t,x) € R%.
Let us explain how. For k € Z, define #; as the transformation on R? given by
te(t, x) = (t, 2kt + x),
(t, x) € R%. The group W is actually a semi-direct product
{Id, so} x {t, k € Z},

and D is a fundamental domain for the action of W on R2. The following proposition
is immediate.

Proposition 2.1 For (u, x), (u +1,y) € R?,

Pyg(uv) (Xe = s0(u +1, ) = e OB 0 (X; = (u +1, )

Py (X = teu +1,y)) = e RO MIP (X, = (u+1,y)),
fork € Z, where P, \(X; = (u +1t, y)) stands, by a usual abuse of notation, for the

probability semi-group of (X;):>0.
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Affine Lie algebras and a conditioned space-time Brownian motion 653

The probability semi-group of the space-time Brownian motion killed on the bound-
ary of D satisfies a reflection principle. Let {e], e2} be the canonical basis of R? and
(-, .) be the usual inner product on RZ. Let T denote the first exit time of D. The
reflection principle is the following.

Proposition 2.2

PunyX;=@+t,y), T=t)=e"" zdet(r)e*2k2“*2kx+(}”’k(“*")"”)
X IP)rtk(u,)c)(Xt =(u+t,Yy)),
where the sum runs over r € {Id, so}, k € Z.

Proof As X1 € D, one obtains using a strong Markov property and Proposition 2.1
that for (u, x), (u +1¢,y) € D,

e VX Z det(r)efzkzufzkxﬂyrtk(u,x),el)]p”k(u’x)(Xt —u+t,y),T<t)
re{ld,so},keZ
equals 0. Moreover

e—}/x Z det(r)e_ZkZM_zk)H_(yrtk(u’x)’el)Prtk(u,x) (Xt — (M +1, y)’ T > t)

re{ld,so}.keZ
equals
PuxyXi =@+t y), T>1).
Proposition follows by summing the two identities. O

One obtains for the function % the following expression.

Proposition 2.3 For (u, x) € D,

I, ) =2 shiy (x + 2ku))e 2=y,
keZ

Proof Summing over y such that (f + u, y) € D in Proposition 2.2 and letting ¢ go to
infinity gives the proposition. O

_Actually W can be identified with the Weyl group associated to an affine Lie algebra
sly. Writing X; = Ao + Bty%, t > 0, where Ag and o are defined below, the
Doob’s h-transform of (X;);>¢ is a Markov process conditioned to remain in a Weyl
chamber associated to the root system of the affine Lie algebra sly. The following
sections extend this construction to any affine Lie algebras and relate identities from
Propostions 2.2 and 2.3, which are particular cases of Propositions 6.4 and 6.1, to

representations theory of affine Lie algebras.
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654 M. Defosseux

3 Affine Lie algebras and their representations

In order to make the reading more pleasant, we have tried to emphasize only on
definitions and properties that we need for our purpose. For more details, we refer the
reader to [3], which is our main reference for the whole paper.

3.1 Affine Lie algebras

The following definitions mainly come from chapters 1 and 6 of [3]. Let A =
(@i, j)o<i, j<i be a generalized Cartan matrix of affine type. That is all the proper prin-
cipal minors of A are positive and det A = 0. Suppose that rows and columns of A are
ordered such that det A # 0, where A= (@i, j)1<i,j<i-Let (b, II, ITY) be arealization
of A with IT = {ay, ..., oy} C h* the set of simple roots, ITY = {ozg, R alv} ch,
the set of simple coroots, which satisfy the following condition

aj(ozl-v)za,-,j, i,j 6{0,...,1}.

Let us consider the affine Lie algebra g with generators ¢;, f;,i =0, ...,[, h and the
following defining relations:

lei, fil = 8ijoy,  [h.ei]l = ai(h)ei, [h, fi]l=—ai(h)f;,

[h,h']=0, forh,h' €b,

(ade;)! %ie; =0, (adfi)'~ f; =0,
foralli, j =0,...,[. Let A (resp. A) denote the set of roots (resp. positive roots)
of g, O and QV the root and the coroot lattices. We denote a;, i, ..., the labels of

the Dynkin diagram of A and al.v ,1 =0,...,[ the labels of the Dynkin diagram of
! A. The numbers

1

!
h = Zai and hY = Zaiv,
=0

i=0

are called, respectively, the Coxeter number and the dual Coxeter number. The element

n
_ VY,
K = E a;a;,
i=0

is called the canonical central element. The element é defined by

n
8= Zaio{i,
i=0
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Affine Lie algebras and a conditioned space-time Brownian motion 655

is the smallest positive imaginary root. Fix an element d € h which satisfies the
following condition

ai(d) =0, fori =1,...,1, apd) =1.
The elements a(\)/ e, alv ,d, form a basis of . We denote hr the linear span over R

of ag e, ozlv , d. We define a nondegenerate symmetric bilinear C-valued form (.|.)
on b as follows

aij . .
(aiv|an):a—§a,~j i,j=0,...,1
J

(|d) =0 i=1,...,1
(ag |d) = ag (d|d) = 0.

We define an element Ag € h* by
Ao(e)) =80i, i=0,...,1; Aod) =0.
The linear isomorphism

v:bh— b

hs (h].)

identifies h and h*. We still denote (.|.) the induced inner product on h*. We record
that

@Blai) =0, i=0,....1, (]6)=0, (Ao =1
(Klej) =0, i=0,....1, (K|K)=0, (Kl|d)=ao.

The form (.|.) is W-invariant, for W the Weyl group of the affine Lie algebra g, i.e.
the subgroup of G L(h*) generated by fundamental reflections s, o € I1, defined by

sa(B) =B — Blae, B ebh”

We denote h (resp. GR) the linear span over C (resp. R) of /', ..., ;. The dual

notions h* and f)ﬁi are defined similarly. Then we have an orthogonal direct sum of
subspaces:

h=0r ® (CK +Cd); b* = bk @ (C5+CAy).
We set hg = g + RK + Rd, and b = b + RS + RA,.

Notation For A € h* suchthat A = aAg+z+b8,a,b € C, z € h]*f@ denote A the
projection of 2 on CA¢ + h* defined by A = aA( + z, and by A its projection on f)*
defined by A = z.
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656 M. Defosseux

We denote W the subgroup of GL(h*) generated by fundamental reflections s,
i=1,...,1.Let Z(W.0") denote the lattice in EOJR spanned over Z by the set w.ov,
where

l
oY = E a’a)’,
i=1

and set M = v(Z(W.OV)). Then W is the semi-direct product 7' x 14 (Proposition
6.5 chapter 6 of [3]) where T is the group of transformations #,, « € M, defined by

te(A) = A+ A(K)a — ((Ma) + %(am)x(m) 5, Aeh*.

3.2 Weights, highest-weight modules, characters

The following definitions and properties mainly come from chapter 9 and 10 of [3].
We denote P (resp. P4) the set of integral (resp. dominant) weights defined by

P={reb":(ho')eZ i=0,...1}

(resp. P ={A e P: (k) >0,i=0,...,1}),
where (., .) is the pairing between § and its dual h*. The level of an integral weight
A € P, is defined as the integer (§|)). For k € N, we denote Pk (resp. Pf) the set of
integral (resp. dominant) weights of level k defined by

Pf={Le P:(5|») =k).
(resp. PX = {x € Py : (8|A) = k}.)

Recall that a g-module V is called h-diagonalizable if it admits a weight space decom-
position V = @; g+ Vs by weight spaces V;, defined by

Vi,={veV:Vhebh, h.v=»xrh)v}
The category O is defined as the set of g-modules V which are h-diagonalizable with
finite dimensional weight spaces and such that there exists a finite number of elements
M, ..., As € b* such that

P(V)CUi_{mebh™:x —pneNAL},

where P(V) = {A € b* : V,  # {0}}. One defines the formal character ch(V) of a
module V from O by

ch(V)y= > dim(V,)e".
HePV)
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Affine Lie algebras and a conditioned space-time Brownian motion 657

For A € Py we denote V (1) the irreducible module with highest weight A. It belongs
to the category 0. The Weyl character’s formula (Theorem 10.4, chapter 10 of [3])
states that

Zwew det(w)e”’()‘+p)_p
Maea, (1 — eyl

ch(V(D) = @)

where mult(«) is the dimension of the root space g, defined by
ge=1{x€g:VYhen, [hx]=alh)x},

for« € A and p € b* is chosen such that p(aiv) = 1,foralli € {0,...,[}. In
particular

[T = em)ml@ = 5° det(w)er @ 3)

aeA L weW

Letting e (h) = e ™ e p, the formal character ch(V (1)) can be seen as a function
defined on its region of convergence. Actually the series

> dim(V (2),)e M

neP

converges absolutely forevery i € hsuchthatRe(5(h)) > O (seechapter 11 of [3]). We
denote ch;, (h) its limit. For B € b such that Re(B|8) > 0, let chy (8) = chy (v~ 1(B)).

3.3 Theta functions
Connections between affine Lie algebras and theta functions are developed in chapter

13 of [3]. We recall properties that we need for our purpose. For A € P such that
(8]A) = k one defines the classical theta function ®; of degree k by the series

O, = e_%l)‘S Z el
aeM

This series converges absolutely on { € § : Re(6(h)) > 0} to an analytic function.
As

3 Z det(w)Oyn) = Z det(w)e”™,

wew weW

this last series converges absolutely on {/ € § : Re(§(h)) > 0} to an analytic function
too.
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658 M. Defosseux

4 Markov chains on the sets of integral or dominant weights

Let us choose for this section a dominant weight @ € P, and & € hpr such that
5(h) e RE.

Random walks on P We define a probability measure i, on P letting

dim(V
im( (w)ﬂ)em’h)

Mo(B) = cho () )

B eP. 4)

Remark 4.1 1f (X (n), n > 0) is arandom walk on P whose increments are distributed
according to (4, keep in mind that the function

. chy(iz + h)\"
Z € h]R = (—Chw(h) ) S

is the Fourier transform of the projection of X (n) on bﬁ%

Markov chains on P4 Given two irreducible representations V(1) and V(w), the
tensor product of g-modules V (A) ® V (8) decomposes has a direct sum of irreducible
modules. The following decomposition

VO)® Vi) = > MBIV (),

BePy

where M, (B) is the multiplicity of the module with highest weight 8 in the decompo-
sition of V(@) ® V (1), leads to the definition a transition probability Q,, on Py given
by

Chﬂ (h)

Ow(i, B) = chy (n)chy, (1)

M;(B), A.B € Py. )

Forn e N, w € Py, B € P, denote m,e:(f) the multiplicity of the weight § in
V(w)®". Forn € N, A, B € Py, denote M;_,en(B) the multiplicity defined by

Vo) @ V(@)® = D Myguen(B)V(B).

BePy

The Weyl character formula implies the following lemma, which is known as a con-
sequence of the Brauer-Klimyk rule when g is a complex semi-simple Lie algebra.

Lemmad4.2 Forn € N, A, 8 € Py one has

Mygoen(B) = D det)meen (B + p) — (. + p)),
weW
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Affine Lie algebras and a conditioned space-time Brownian motion 659

Proof See Proposition 2.1 of [5] and remark below. The proof is exactly the same in
the framework of Kac-Moody algebras.

Let us consider the random walk (X (n)),>0 defined above and its projection
(X (n)) n=0on (RAg + hﬁ) Denote P, the transition kernel of this last random walk.
The next property is immediate.

Lemma 4.3 Let By, Ao be two weights in (RAg + 6]’&). The transition kernel P,
satisfies for everyn € N,

o(B—Ro.h) meen (B — Ao)

PhG, Bo) = D )

BeP:f=po

Let us consider a Markov process (A(n)),>0 whose Markov kernel is given by
(5). If A1 and A, are two dominant weights such that Ay = A (mod §) then the
irreducible modules V (A1) and V (A7) are isomorphic. Thus if we consider the random
process (A(n),n > 0), where A(n) is the projection of A(n) on (RAg + hf@) then
(A(n),n > 1) is a Markov process whose transition kernel is denoted Oo.

Proposition 4.4 Let By, Lo be two dominant weights in (RAg + 6;’[‘{), and n be a
positive integer. The transition kernel Q,, satisfies

chg, (h)e‘wo’

] ) o
0, (ho. fo) = - det(w)e G0t Ct I BEG (R + p) — p. o)
w ChAO (h)e (Mo, h) u;/ w

Proof Using Lemma (4.2), one obtains for any dominant weight 19, fo € (RAo+§p),

A __ Cha®) D (B—B.h)
20, = M n
Qw( 0> Bo) Ch)xo (h)ChZ)(h) . e A,w® B
BePL:p=Po

__ chgp(m) (B—B.h) _
peP:A=po weW

chg, (h)e~(Fo-h) Moo~ to) ) (T
=P N det(w)e! 0TI GRorLM P Gy (g 4 p) — p, Bo).
chy, (h)e=(o-h) u%:v ¢

5 Scaling limit of Random walks on P

Letusfix p = hVAg+ ,5, where 5 is half the sum of positive roots in [)* Forn € N*,
we consider a random walk (X" (k), k > 0) starting from 0, whose increments are
distributed according to a probability measure u,, defined by (4) with w € Pﬁ and

h = %v’] (p). In particular X" (k) is an integral weight of level 7¥k for k € N.
Proposition 5.1 gives the scaling limit of the process (X" (k), k > 0),
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660 M. Defosseux

Proposition 5.1 The sequence of processes (%):( "([nt]), t > 0),>0 converges towards

a standard Brownian motion on bfﬁ& with drift p.

Proof The key ingredients for the proof are Theorems 13.8 and 13.9 of [3], which
provide a transformation law for normalized characters. The two theorems deal with
two different classes of affine Lie algebras. Let us make the proof in the framework of
Theorem 13.8. The proof is similar in the framework of Theorem 13.9. For the affine
Lie algebras considered in Theorem 13.8 one has that forn > 1 and z € [;*,

1
ch, (—(p + z))
n

2 =
ERTEI I 47°n Ptz
= Cne2n||ﬂ+zll z Su.ne ATV ChA( % Ao + 2ir % ,
AP modCs
i i f — latpl? Jlpl i fici
where Cj, is aconstantindependentof z,m = T Y and S, A is acoefficient

independent of z and n, for A € ijv. Notice that the sum is well-defined as for
A1 = Ap mod C§ one has

o 4xla 47%n 0+ 7 _,. 4x2n 47%n b+ 2z
e "M chy, (tho —I—Zinphv ) =e "7V chy, (tho +2im phv )

Let us prove the convergence. Let i € {I,...,/}. One has (h¥ Ag, ;) = 0, which
implies that V(1" Ag)pvag—e; = {0}. Consequentely,

1
if € Pand dim(V (kY A)g) # 0, then = h¥ Ag — Zikcxk,
k=0

where i is a nonnegative integer, for k € {1,...,[}, and i( is a positive integer,
which implies that (8|Ag) < —1. Moreover, the action of f, for k € {0,...,1}, on
an integrable highest weight module being locally nilpotent, the number of weights
B such that dim(V(hVAo)ﬁ) # 0 and (B|Ag) = —1 is finite. As the characters are
defined on the set

{A € h* : Re(A]8) > 0},

by absolutely convergent series, it implies that
2

4mw“n . ,5+Z
ChthO (h—VAO+2l7T Y )

is equal to
4nr? i E
I+ +eme 7 > dim V(hVAo)ﬁe(ﬁlzm ),
B:(BlAg)=—1
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Affine Lie algebras and a conditioned space-time Brownian motion 661

where lim;, _, oo €(n) = 0. Thus

472 o [nt]
lim (chtho(ﬂAo+2mp+z))

n—00 hY hY

=1 (©6)

LetA e va such that (A|Ag) = 0. As previously, if 8 € P anddim(V (A)g) #0
then (B|Ag) < 0, and the number of weights 8 such that dim(V(A)g) # 0 and
(B|Ao) = 0 is finite. Thus,

472n Cp+z
chA( R Ao +2im R )

is bounded independently of n. Besides, one easily verifies that for such a A one has
ma > mpvp, and that ma = myv p, implies A = h¥ Ag. Thus

[nt]

2 . ptz
472n ChA(4T[ n A() + 217'[ otz

1+ > _Soh—na—m )4 i A
Sw. hVA 4r?n - p+z
AePI\(vAgmodcs Y chyy ag (T Ao + 2im G

converges towards 1 when n goes to infinity. The last convergence and Theorem 13.8
of [3], recalled at the beginning of the proof, imply

X [n]
chy, (5 (p +2))

lim = . _ esllotall?
n—00 _ 472n _
CnSw.hv g€ AT Ay Chtho(%Ao +2im ph_-tz)
Finally, using convergence (6) one obtains
1 [nt] . )
lim w _ SUFHIP-IAP),
nee chy, (5 0)
which achieves the proof by remark (4.1). O

6 A conditioned space-time Brownian motion
Denote C the fundamental Weyl chamber defined by
C=f{xeb*: (x,a))>0,i=0,....0.

Let us consider a standard Brownian motion (B;);>0 on f)ﬁé We consider a random
process (t; Ao + Bi)i=0 on (RAg + fo)i%). For x € (RAg + 6]’&), denote Pg (resp.
P?), a probability under which 7, = (x|8) + thY, ¥Vt > 0, and (B;);>¢ is a standard
Brownian motion (resp. a standard Brownian motion with drift p) s_tarting from Xx.
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662 M. Defosseux

Under IP’g (resp. PY), the stochastic process (t; Ao + B;):>0 has a transition probability
semi-group (p;);=0 (resp. (p;)r=0) defined by

1 S WTER— .
pi(x,y) = B )Le 2|y =l Lyis)=thv+x15), X,y € RAg + bp).
71)2
1 I RTE PTY) o
(resp. py'(x, y) = 2 )Le 2w =P sy—inv g x1s), Xy € (RAQ + BR).)
71)2

Let X; = ;Ao + By, for t > 0, and consider the stopping time 7" defined by
T =inf{t >0: X; ¢ C}.

The following proposition gives the probability for (X;),>o to remain forever in C,
under PZ, for x € C.

Proposition 6.1 Let x € (RAg + %) N C. One has

PO(T = +00) = > det(w)e™" =),
weW

Proof 1f we consider the function & defined on (RA + f)ﬁ‘%) by
h() =PL(T =o00), *e (RAg+bhE)NC,

usual martingal arguments state that / is the unique bounded harmonic function for
the killed process (X;A7):>0 under P2 such that

h()) =0, forX € dC, (7
and

lim A(X/a7) = 17— 8)

11— o0

Let us proves that the function defined by the sum satisfies these properties. First
notice that the boundary condition (7) is satisfied. Moreover, as x is in the interior of
C, formula (3) implies that

Z det(U))E(x’w(p)_p)

weW

is positive and bounded by 1. Choose an orthonormal basis vy, ..., v; of bffg and
consider for w € W a function g, defined on R x R! by

gu(t, x1, ..., x) = ellAorxwlo)=p),
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where x = xjv; + - - - + xv;. Letting A = Zﬁ:l Ox,x;» the function g, satisfies

LAt nvo : )d ! 2 =0. O
SA+ D (0, vy gw = Zllw(p) = plI” + (plw(p) — p) =0. )

i=1

As the function g = > det(w)g,, is analytic on R x R, it satisfies (9) too. Ito’s
Lemma implies that (g((tia7, BiaT))s>0 is a local martingale. As the function g is
bounded by 1 on {(z, x) € R’jrx]Rl stAo+x1vi+- - xv € CLL(8((TiaTs BiaT))i>0
is a martingale, i.e. g is harmonic for the killed process under P} . It remains to prove
that the condition (8) is satisfied. For this, we notice that for any w € W distinct
from the identity, p — w(p) = Zﬁ:o kia;, where the k; are non negative integers not
simultaneously equal to zero. As almost surely

one obtains
lim g, (X;) =0
—>00
for every w € W distinct from the identity. As the function g is analytic on R x R,

the expected convergence follows. O

The following lemma is needed to prove a reflection principle for a Brownian
motion killed on the boundary of the affine Weyl chamber.

Lemma 6.2 Forx,y € by, t € Ry, w € W, one has
S — —x)—(V— Vv [
p?(wx, wy) = eWO=X)=(y=x).h AO)p?(x, ).

Proof Notice that wx = wx. For w € W, wx = wx, p?(w(i), w(y)) = p?(x, y)
and (wx —x|Ag) = (wy —t|Ag) = 0, which implies the identity. Forw = #,, « € M,
one has

pYwx, wy) = pd(hYua + %, hY (u + Ha + 3)
1

_ |7+thY a—5| |
- 1
(2nt)?2

-1
e 2

Lot=n+19)
= pO(F, e 2 (W @) 12071 (@ly—2)

= W=x)=(y=x),h AO)p?(f, ).

In the following, by a classical abuse of notation,

PA(X, =y, T >1), or (X, =y, T > 1),
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664 M. Defosseux

x,y € (RAp + fc)i"%), t > 0, stands for the semi-group of the process (X;);>0, with
drift or not, killed on the boundary of C. We first prove a reflection principle for a
Brownian motion with no drift.

Lemma 6.3 Forx,y € (RAO—l—f;]’fQ) in the interior of C, such that (y|8) = (x|8)+th",
we have

PYX, =y, T > 1) = D det(w)e™ """ p(wg, y),
weW

= > det(w)e T OMA0 pO(x u(y)).

weW

Proof Lemma 6.2 implies in particular that we need to prove only one of the two
identities. Let us prove the second one. Actually Lemma 6.2 implies that for o € II
such that s, (X7) =0

Ex,(1x,—my) = e« ARy (1 = S7wy),

which implies that

Ex ( Z det(w)e(y_wy’thO) let, X;zwy) =0.

weW
Then lemma follows from the fact that
E, ( z det(w)e(y_w(y)’thO)1T>t, x,=wy) = Ex(Ix,=y, 7>1)-
weW

O

Proposition 6.4 For x,y € (RAg + l;]’f{) in the interior of C, such that (y|§) =
(x]8) +thY, we have

PA(X, =y, T>1)= Z det(w)e(w(x)_x’p)ptp(w(x), y)
weW

= D det(w)e " pf (x, w(y)),
weW

Proof The result follows in a standard way from Lemma 6.3 from a Girsanov’s theo-
rem. O

7 Scaling limit of the Markov chain on P,

For x € (RAg + fo)]’f{), Proposition 6.1 and identity (3) imply in particular that the
probability P/ (T = +o0) is positive when x is in the interior of C. Let (Fi)i=0 be
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the natural filtration of (X;);>0. Let us fix x € (RA + 6;&) in the interior of C. One
considers the following conditioned process.

Definition 7.1 One defines a probability QY letting

P4, (T = +00)

o _
S = ( PY(T = +00)

1T>t,A)a fOI‘AE]'—t, IZO

Under the probability QF, the process (X 1)r>0 1s a space-time Brownian motion
with drift p, conditioned to remain forever in the affine Weyl chamber. Let (x,,),>0 be a
sequence of elements of P, such that the sequence (%)nzo converges towards x when
n goes to infinity. For any n € N*, we consider a Markov process (A" (k), k > 0)
starting from x,, with a transition probability Q, defined by (5), with w € ijv
and h = %v‘l(p). Notice that for n, k € N, A" (k) is a dominant weight of level
khY + (x,|8). Then the following convergence holds.

Theorem 7.2 The sequence of processes (%I_\” ([nt]), t = 0) converges when n goes
to infinity towards the process (X;,t > 0) under Q.

Proof Propositions 4.4 and 5.1 imply that the sequence of processes (%1_\" ([nt]), t >
0) converges when n goes to infinity towards a Markov process with transition prob-
ability semi-group (g;);>0 defined by

v

qt(xs )’) = I'0()6)

> det(w)e™ D0 pl (w(x), y). x.y € (RA+ b).
weW

where ¥ (x) = >, cw det(w)e¥(P)=P) Propositions 6.1 and 6.4 imply that

(x )—M(T:”LOO)IP(X— T>1), xye®RAg+h:)
qt ’y_Pﬁ(TZ—l—OO) X t_ya ) 7y 0 R/
which achieves the proof. O
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