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Abstract Aldous (Math Proc Camb Philos Soc 128:465-477, 2000) introduced a
modification of the bond percolation process on the binary tree where clusters stop
growing (freeze) as soon as they become infinite. We investigate the site version of
this process on the triangular lattice where clusters freeze as soon as they reach L™
diameter at least N for some parameter N. We show, informally speaking, that in the
limit N — oo, the clusters only freeze in the critical window of site percolation on
the triangular lattice. Hence the fraction of vertices that eventually (i. e. at time 1) are
in a frozen cluster tends to 0 as N goes to infinity. We also show that the diameter of
the open cluster at time 1 of a given vertex is, with high probability, smaller than N
but of order N. This shows that the process on the triangular lattice has a behaviour
quite different from Aldous’ process. We also indicate which modifications have to
be made to adapt the proofs to the case of the N-parameter frozen bond percolation
process on the square lattice. This extends our results to the square lattice, and answers
the questions posed by van den Berg et al. (Random Struct Algorithms 40:220-226,
2012).
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1 Introduction

Stochastic processes where small fragments merge and form larger ones are quite
useful tools to model physical phenomena at scales ranging from molecular [24] to
astronomical ones [29]. The majority of the mathematical literature on such coagu-
lation processes treats mean field models: The rate at which the fragments (clusters)
merge is governed only by their sizes—neither the physical location nor their shape
affect this rate. See [7] for a review. Stockmayer [24], introduced a mean field model
for polymerization where small clusters (sol) merge, however, as soon as a large cluster
(gel) forms, it stops growing. In contrast to the mean field models, we consider a model
which takes the geometry of the space and the shape of the clusters into account. Fol-
lowing van den Berg et al. [26], and Aldous [4], we introduce the following adaptation
of Stockmayer’s model. Let G = (V, E) be a graph which represents the underlying
geometry and N € N. For every vertex v € V, independently from each other, we
assign a random time t, which is uniformly distributed on [0, 1]. At time ¢ = 0, all of
the vertices of G are closed. As time increases, a vertex v tries to become open at time
t = 1. It succeeds if and only if all of its neighbours’ open clusters (open connected
components) at time ¢ have size less than N. Note that as soon as the diameter of a
cluster reaches N, it stops growing, i.e freezes. Hence the name N-parameter frozen
percolation. Note that we can also consider an edge (bond) version of the model above
where edges turn open from closed. This edge version of the process was introduced
by van den Berg etal. [26].

We are particularly interested in the N-parameter frozen percolation models for
large N on graphs such as d dimensional lattices, since they are discrete approximations
of the space R?. Herein we restrict to the case where d = 2. We will mainly work on
the triangular lattice. We will see that the behaviour of this model is rich and interesting
too, but in a very different way from the model studied by Aldous [4].
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Frozen percolation in two dimensions 715

Let us turn to the model introduced and constructed by Aldous [4]. It is the edge
version of the model on the binary tree where we replace the parameter N by co
in the description above. An edge e of the binary tree opens at time 7, as long as
the open clusters of the endpoints of e are finite. In view of this model, one could
also try to construct a similar, so called co-parameter, model on the triangular lattice.
However Benjamini and Schramm [6] showed that it is impossible. Exactly this non-
existence result motivated van den Berg et al. [26] to extend the model of Aldous
for finite parameter N: in this case, the N-parameter frozen percolation process (both
the vertex and the edge version) is a finite range interacting particle system, hence
the general theory [18] gives existence. Here we examine how the existence and non-
existence of the co-parameter models manifest in the N-parameter models with large
N. We concentrate on the two dimensional case specified as follows.

We work on the triangular lattice T = (V, E) with its usual embedding in the plane
R2. That is, the vertex set V is the lattice generated by the vectors e; = (1,0) and
e, = (cos (r/3), sin (1t /3)):

V = {ae, + be,|a, b € Z}. (1.1)

The vertices u and v are neighbours, i.e (4, v) € E or u ~ v if their L? distance is 1.
We consider the model where we freeze clusters as soon as they reach L*° diameter
(inherited from IR?) at least N. For the case where the underlying lattice is Z> and for
different choices for diameters of clusters see the discussion below Conjecture 1.8.

Van den Berg et al. [28] investigated the edge version of the N-parameter process
on the binary tree. They found that as N — oo, the N-parameter process on the binary
tree converges to the co-parameter process in some weak sense. This result raises the
question if there is a limit of the N-parameter frozen percolation processes on the
triangular lattice as N goes to infinity. The non-existence of the co-parameter process
suggests that the N-parameter model may have a remarkable (anomalous) behaviour
in the limit N — oo. It turns out that there is a limiting process, but this process is, in
some sense, trivial:

Theorem 1.1 As N — o0 the probability that in the N -parameter frozen percolation
process the open cluster of the origin freezes goes to 0.

To get some intuition for the behaviour of the process, let us for the moment forget
about freezing, and call the resulting process the percolation process. That is, at time t,
the vertex v becomes open no matter how big are the open clusters of its neighbours.
Thus at time ¢, a vertex v is open with probability ¢ independently from the other
vertices. Hence at time ¢ we see ordinary site percolation with parameter ¢. Recall
from [22] that the critical parameter for site percolation on the triangular lattice is
pe = 1/2. So at each time t < 1/2 there is no open infinite cluster, and there is a
unique infinite open cluster when ¢ > 1/2. Moreover, by [3] at time r < 1/2, the
distribution of the size of the open clusters has an exponential decay. Note that if a
site is open in the N-parameter frozen percolation process at time ¢, then it is also
open in the percolation process at time 7. Hence at time ¢t < 1/2 the N-parameter
frozen percolation process and the percolation process do not differ too much when
N is large: even without freezing, for all K > 0 the probability that there is an open
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716 D. Kiss

cluster with diameter at least N in a box with side length K N goesto0as N — oo. To
our knowledge, there is no simple argument showing that, roughly speaking, freezing
does not take place at times that are essentially bigger than 1/2, which is one of our
main results:

Theorem 1.2 Forall K > 0 andt > 1/2, the probability that after time t a frozen
cluster forms which intersects a given box with side length K N goes to0as N — oo.

Compare Theorem 1.2 with [4,28] where it was shown that clusters freeze through-
out the time horizon [1/2, 1] for N € NU {oo} in the edge version of the N-parameter
frozen percolation process on the binary tree. (Note that the critical parameter is 1/2
for site percolation on the binary tree.) As it turns out, our method provides a much
stronger result than Theorem 1.2. To state it we need some more notation.

Let P denote the probability measure corresponding to the percolation process. For
afixed p € [0, 1], we call a vertex v € V p-open (p-closed resp.), if its T value is less
(greater resp.) than p. We denote by P}, the distribution of p-open vertices.

We borrow some of the notation from [19]. Recall the definition of V from (1.1).
The L distance of vertices in T is the L distance inherited from RZ2. That is, for
v, w € V the distance d (v, w) between v = (v, v2) and w = (w;, wy) is

d @, w)=v—wle

= max {lv; — w1, [v2 — wal}.
Fora, b, c,d € R, witha < b, ¢ < d we define the parallelogram
[a, b] X [c,d] := {kgl +le, |k ela,blNZ, 1 €lc,d] OZ}.
We denote the outer and inner boundary of a set of vertices S € V by

0S:={veV\S|IueS: u~v}, and (1.2)
0;S:={veS|TueV\S: u~uv}

respectively. Let ¢/ (S) = SUAS denote the closure of S. For the parallelogram centred
around the vertex v with radius a > 0 we write

B (v;a) :=[—a,a]lX[—a,a] 4+ v.

We denote the annulus centred around v € V with inner radius ¢ > 0 and outer radius
b > a by

A (v;a,b) := B (v; b)\B (v; a).
We call B (v; a) the inner, B (v; b) the outer parallelogram of A (v; a, b).
We say that there is an open (closed) arm in an annulus A (v; a, b) if there is an

open (closed) path from 0 B (v; a) to 9; B (v; b) in A (v; a, b). We write o for open and
¢ for closed. A colour sequence of length k is an element of {o, c}¥. Foro € {o, c}¥,
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Frozen percolation in two dimensions 717

we denote by Ay » (v; a, b) the event that there are k disjoint arms in A (v; a, b) such
that the vertices of each of the arms are either all open or all closed, moreover, if we
take a counter-clockwise ordering of these arms, then their colours follow a cyclic
permutation of o.

In the case where v = 0 = (0, 0) we omit the first argument in our notation, that is
B (a) = B (0; a) etc. We use the notation

Tk (@, b) := P2 (Ako (a, b)) (1.3)

for the probability of critical arm events.
In the following we use the near critical parameter scale which was introduced in
[13]. For a positive parameter N and A € R it is defined as

(N) := ! + A N~ (1.4)
P = ey T e (LN) '

where alt denotes the colour sequence (o, c, 0, ).

Before we proceed, let us stop here and let us briefly explain the formula (1.4).
Suppose that a vertex v is a closed pivotal vertex, i.e. it is on the boundary of two
different open cluster with diameter at least N. The two open clusters provide two
disjoint open arms starting from neighbouring vertices of v. Since the open clusters
are different, they have to be separated by closed paths, which provide two disjoint
closed arms starting from v. Hence the event A4 4;; (v; 1, N) occurs. By (1.3), we
get that the expected number of pivotal vertices in B (N) is O (N 2714,a1, (1, N )). Let
A > 0. Let us look at the percolation process in the parallelogram B (N) in the time
interval [1/2, p, (N)]. The probability that a vertex opens in this time interval is
p» (N) — 1/2. By a combination of (1.3) and (1.4) we see that the expected number
of pivotal vertices which open in this interval is O (1). Hence the parameter scale in
(1.4) corresponds to the time scale where open clusters of diameter O (N) merge. See
[13,14] for more details.

The considerations above suggest that the parameter scale (1.4) is indeed useful
for investigating the N-parameter frozen percolation process. We write Py for the
probability measure corresponding to the N-parameter frozen percolation process.
The following stronger version of Theorem 1.2 is our main result.

Theorem 1.3 For any ¢, K > 0 there exists . = A (¢, K) and Ny = Ny (¢, K) such
that

Py (a cluster intersecting B (K N) freezes after time p) (N)) < &
forall N > Nj.

In [26] the authors investigated the diameter of the open cluster of the origin at time
1. Their main result is the following.

Definition 1.4 For ¢ € [0, 1] let C (v; t) denote the open cluster of v € V at time
t €[0,1]. Weset C (t) := C(0; 1).

Definition 1.5 For C C V, let diam(C) denote the L°°-diameter of C.

@ Springer



718 D. Kiss

Theorem 1.6 (Theorem 1.1 of [26]) For the bond version of the N -parameter frozen
percolation on the square lattice we have

lim inf Py (diam(C (1)) € (@N.bN)) > 0
—> 00

fora,b e (0,1)witha < b.

Analogous result holds for the (site version of) N-parameter process on the trian-
gular lattice. In the following corollary we supplement this result. It is an extension
of Theorem 1.1.

Corollary 1.7 For any ¢ > O there existsa = a(¢),b = b(e) € (0,1) witha < b
and No = Ny (¢) such that

Py (diam(C (1)) € (aN,bN)) > 1 — ¢

forall N > Nj.

The results above suggest the following intuitive and informal description of the
behaviour of N-parameter frozen percolation processes on the triangular lattice for
large N: At time 0 all the vertices are closed. Then they open independently from each
other as in the percolation process till time close to 1/2. Then in the scaling window
(1.4), frozen clusters form, and by the end of the window, they give a tiling of T such
that all the holes (non-frozen connected components) have diameter less than N but,
typically, of order N. After the window, the closed vertices in these holes open as in
the percolation process restricted to these holes. At time 1 the non-frozen vertices are
all open.

Hence the interesting time scale is (1.4), moreover it raises the question if there is
some kind of limiting process which governs the behaviour of the N-parameter frozen
percolation processes as N — oo in the scaling window (1.4). We have the following,
somewhat informal, conjecture:

Conjecture 1.8 When we scale space by N and time according to (1.4), we get a non-
trivial scaling limit, which is measurable with respect to the near critical ensemble
of [13,14]. Moreover, the scaling limit completely describes the frozen clusters of the
N-parameter frozen percolation as N — 00.

Let us mention some generalizations of our results. We considered the site version of
the NV-parameter frozen percolation on the triangular lattice above. We believe that our
results hold for bond and site versions of the N-parameter frozen percolation models
on two dimensional lattices as long as they have sufficient symmetries, e.g invariant
under reflection on a line and rotation around a point with some angle ¢ € (0, 7). We
only consider the case of the bond version on the square lattice in detail. See Remark
3.7. Our results remain valid when we use some different distance instead of the L>°
distance in the definition of the N-parameter frozen percolation process, as long as
the used distance resembles the L°° distance. Examples of such distances include the
L? distances for some p > 1, or when we rotate the lattice T. Finally let us mention
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Frozen percolation in two dimensions 719

that when we freeze clusters when their volumes (number of its vertices) reach N, we
get a quite different process.

Let us briefly discuss some related results. A version of the N-parameter frozen
percolation process on Z and the binary tree were investigated in [9]. We already
referred to [4] where Aldous introduced the co-parameter frozen percolation process
on the binary tree. However, we did not mention that this model has another interesting,
so called self organized critical (SOC), behaviour: For all # > 1/2, the distribution
of the active clusters at time ¢ have the same distribution as critical clusters. Clearly,
the N-parameter frozen percolation process on the triangular lattice does not have
this property. A mean field version of the frozen percolation model on the complete
graph was investigated by Réth in [20]. He showed that this model has similar SOC
properties. Let us mention some results on another closely related model, the so called
self-destructive percolation. Van den Berg and Brouwer [25] introduced the model
and investigated its properties in the cases where the underlying graph is the binary
tree and the square lattice Z>. Recently, the model on Z¢ for d = 2 [17], for large d
[1] and on non-amenable graphs [2] was investigated. Finally, we refer to [8] where a
dynamics similar to frozen percolation was investigated on uniform Cayley trees.

Organization of the paper

In Sect. 2, we introduce some more notation, and briefly discuss the results from
percolation theory required to prove our main result: We start with some classical
correlation inequalities in Sect. 2.1. In Sect. 2.2 we introduce mixed arm events where
some of the arms can use only the upper half of the annulus, while others can use the
whole annulus. Here we also recall some of their well-known properties and discuss
some new ones. In particular, we note that the exponent of the arm events increases
when we increase the number of arms which have to stay in the upper half plane.
The proof of this statement is postponed to Sect. 6.1 of the Appendix. In Sect. 2.3 we
describe the connection between the correlation length with the near critical scaling
(1.4). We prove Theorem 1.3 and Corollary 1.7 in Sect. 3 assuming two technical
results Proposition 3.5 and 3.6. In Sect. 4 we introduce some more notation and the
notion of thick paths. There we prove Proposition 3.6. In this proof a deterministic
(combinatorial/geometric) result, Lemma 4.5, plays an important role. The proof of
this lemma is postponed to Sect. 6.2 of the Appendix. The most technical part of the
paper is Sect. 5 where we prove Proposition 3.5. In Sects. 5.1 and 5.2 we investigate
the vertical position of the lowest point of the lowest closed crossing in regions with
half open half closed boundary conditions. We combine these results with the ones in
Sect. 2 and conclude the proof of Proposition 3.5 in Sect. 5.3. This finishes the proof
of the main result.

2 Preliminary results on near critical percolation
We recall some classical results from percolation theory in this section. With suitable

modifications, the results of this section also hold for bond percolation on the square
lattice unless it is indicated otherwise.
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720 D. Kiss

2.1 Correlation inequalities
We use the following two inequalities throughout the paper. See Section 2.2 and 2.3
of [15] for more details.

Definition 2.1 Let A C {o,c}V and U C V. We say that an event A C f{o, e}V is
increasing in the configuration in U, if for all w € A we have @’ € A where

, wyoro forveU
. =
v wy forv e V\U.

That is, turning some closed vertices in U into open ones can only help the occurrence
of A. We say that A is decreasing in the configuration in U, if its complement is
increasing in the configuration in U. In the case where U = V we simply say that A
is an increasing/decreasing event.

The first inequality is due to Fortuin et al. [12]:
Theorem 2.2 (FKG) For any pair of increasing events A, B we have
P,(ANB)>P,(A)P,(B).
The second is due to van den Berg and Kesten [27] for an extension for general events
see [21].

Theorem 2.3 (BK) Let A, B be increasing events, then
P, (ADB) < P, (A)P,(B),

where ALIB denotes the disjoint occurrence of the events A and B.

2.2 Mixed arm events, critical arm exponents

Recall the definition of arm events from the introduction. There the arms were allowed
to use the whole annulus. We introduce the mixed arm events, where some of the arms
lie in the upper half of the annulus, while others can use the whole annulus:

Definition 2.4 Let/, k € Nwith 0 <[ <k, and a colour sequence o of length k. Let
veVanda,b € (1,00) witha < b. The full plane k, I mixed arm event with colour
sequence o in the annulus A (v; a, b) is denoted by Ay ;.» (v; a, b). It is the normal
k arm event A » (v; a, b) of the Introduction with the extra condition that there is a
counter-clockwise ordering of the arms such that the colour of the arms follow o, and
the first [ arms lie in the half annulus A (v; a, b) N (Z X [0, c0) + v). When v = 0,
we omit the first argument from these notations.
We extend the definition (1.3) for mixed arm events by defining

T to (@, b) :=Pip (Aio(a,b)).
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Frozen percolation in two dimensions 721

Remark 2.5 In the case k = [, we get the so called half plane arm events.

We fix ng (k) = 10k for k € N. Note that the event A; ; » (n, N) is non-empty
whenever ng (k) < n < N. Let us summarize the known critical arm exponents
for site percolation on the triangular lattice. To our knowledge, Theorem 2.6 in its
generality is not known to hold for bond percolation on Z?.

Theorem 2.6 (Theorem 3 and 4 of [23]) Let [, k € N and o be a colour sequence of
length k. We define a (o)

e fork = 1,1 = 0 and any colour sequence o as

5
ayo (o) == T

e fork > 1 andl = 0, when o contains both colours, as

K2 —1
12

ag, (o) ==

e fork =1 > 1 and any colour sequence o as

k(k+1)

ag (o) == G

In these cases we have
Trt.o (no (k), N) = N~oki(@+oD)

as N — oo,

To our knowledge, for general k and [, neither the value, nor the existence of the
exponents is known. We expect that the exponents do exist. We will see in Proposition
6.5, that if ok ; (o) and o, (0) exists for some k,/,m € Nand o € {o, c¥* with
m <1 ,then oy, (0) < oy (o). Since we do not need such general result, we only
prove the following proposition in detail.

Proposition 2.7 For any k > 1, there are positive constants ¢ = c (k), ¢ = € (k)
such that
k1,0 (no (k), N) < ¢N™*mp 0,6 (no (k), N) (2.1)

forl =1,2,..., kuniformly in N and in the colour sequence o.

Remarks 2.8 1. We do not need the exact values of the critical exponents of Theorem
2.6. For our purposes it is enough to show that certain arm events have exponents
at least 2.

2. Proposition 2.7 and its generalization also hold for mixed arm events in bond
percolation on the square lattice.
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Proof of Proposition 2.7 Proposition 2.7 is a simple corollary of Proposition 6.3 of
the Appendix. Loosely speaking, it states that conditioning on the event that we have k
armsin A (a, b), these arms wind around the origin in ¢ log (b/a) disjoint sub-annuli of
A (a, b) for some small but fixed positive constant ¢ with probability at least 1 — (%)K
for some k > 0. The proof of Proposition 6.3 can be found in the Appendix. O

Remark 2.9 Recall that we do not know in general if the exponents o ; (o) exist or
not. Nonetheless, on the triangular lattice, Proposition 2.7 and Theorem 2.6 and the
BK inequality (Theorem 2.3) give that for any colour sequence o, there is an upper
bound with exponent strictly larger than 2 for my ; 5 (no(k), N) when

e k>6,and/ > 0, or
e k>5and/>1,or
e k>4and!/ > 3.

For arm events with exponents larger than 2 in the case of bond percolation on the
square lattice see Remark 2.14 below.

Another well-known attribute of critical arm events is their quasi-multiplicative
property. For the full plane, respectively for half plane, arm events this property is
shown to hold in Proposition 17 of [19], respectively in Section 4.6 of [19]. Simple
modifications of these arguments apply to mixed arm events. We introduce the notation
= when the ratio of the two quantities is bounded away from 0 and co. We have:

Proposition 2.10 Lerk > 1 and o € {o, c}*. Then

k1o (M1, N2) T 1,6 (N2, N3) X Tk 1.0 (N1, N3)

uniformly in ng (k) < ny <np < ns.

In the following lemma we consider arm events where the open arms are p-open
and the closed arms are g-closed where p,q € [0, 1] with p not necessarily equal
to g. When p and g are of the form (1.4), then we call these arm events near critical
arm events. In this case the probabilities of these events are comparable to critical arm
event probabilities. The following lemma is a generalization of Lemma 8.4 [14] and
Lemma 6.3 of [10].

Lemma2.11 Let v € V, A,A2 € R and a,b € (0,1) with a < b. Let
Az’ll’:‘f’N (v; aN, bN) denote the modification of the event Ay » (v; aN, bN) where
the open arms are p;, (N)-open and the closed arms are py, (N)-closed. Then there
are positive constants ¢ = ¢ (A1, A2, k) and No = No (A1, A2, a, b, k) such that

P (A2 i aN. bN)) < ek g @N, bN)

for N > Ny.

Proof of Lemma 2.11 It follows from either of the proof of Lemma 8.4 of [14] or from
the proof of Lemma 6.3 of [10]. O
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Frozen percolation in two dimensions 723

In the following events we collect some of the near critical arm events which have
upper bounds with exponents strictly larger than 2. These events play a crucial role in
our main result.

Definition 2.12 Leta,b € (0,1), 11,12 € R, K > 0and N € N with a < b. Recall
that the event Az,ll’jf‘N (v; aN, bN), roughly speaking, is defined as having k arms in
a certain annulus, with the ‘first’ / arms stay in the upper half plane with boundary
passing through v. One can also define events where these first / arms utilise the lower,
left or right half plane with boundary passing through v.

Let VA€ (a, b, A1, A2, K, N) denote the union of the events Az"l’f’N (v;aN,bN)

for (k,1) € {(4,3),(5,1),(6,0)}, 0 € {0, c},v € B(KN) as well as the versions
of these events where the first / arms can only use the lower, left or right half of the
annulus A (v; aN, bN). We define N A (a, b, 1, A2, K, N) as the complement of the
event above.

We show that for fixed b, K, A1 and 1,, we can seta € (0, 1) so that the probability
of NA(a, b, A1, A2, K, N) becomes as close to 1 as we require for large N. More
precisely, we prove the following:

Corollary 2.13 Thereis & > 0 suchthat foralla, b € (0, 1), witha < band 1, M €
R there are positive constants ¢ = ¢ (A1, A2, K) and No = Ny (a, b, A1, A2, K) such
that

a&‘

PWNA(a, b, r1,22, K, N)) > 1 —

for N > Nj.

Proof of Corollary 2.13 Suppose that one of the arm events in Definition 2.12, for

example Az,ll’ff’N (v;aN,bN) for some v € B (KN), occurs. Then the event

Aﬁ‘l’zZ’N (LZaNJ z;2aN, %N) occurs for some z € V withz € B ((a;—ak )
Combination of Remark 2.9 and Lemma 2.11 gives that there are constants ¢’ =
¢’ (M, A2), No = No(a,b, A1, )r), and a universal constant & > 0 such that the

probability of one of these events is at most

{ 2a 2+e
|\ — (2.2)
b/2
for N > Ny. The same argument works for other arm events which appear in Defin-

ition 2.12, and provide an upper bound similar to (2.2). Hence (2.2) combined with
|B ((“;ak )| =0 (a‘z) concludes the proof of Corollary 2.13. O

Remark 2.14 To our knowledge it is not known if the direct analogue of Corollary 2.13
holds on the square lattice. The reason is that the exponent a5 o (o) and 3 3 (o) is not
known for general o. This is due to that the colour switching argument (Proposition
19. of [19]) cannot be transferred to bond percolation for the square lattice, or at least
not without additional considerations.
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We recall the proof of Theorem 24 and Remark 26 of [19], where it is shown that
as(o,c,0,0,c) =2and 33 (c, 0, c) = 2 for lattices with sufficient symmetries, in
particular for the square lattice. This implies that a version of Corollary 2.13 holds for
the square lattice if we modify Definition 2.12 so that we only forbid the occurrence
of those arm events where the required set of arms contain
o three half plane arm events with colour sequence (o, ¢, 0) or (c, o, ¢), or
o five full plane arms with colour sequence (o, c, 0, 0, ¢) or (c, o, ¢, ¢, 0)

as a subset. See Remark 26 of [19].

2.3 Near-critical scaling and correlation length

Recall that in Sect. 1 we already gave an explanation for the near critical parameter
scale (1.4). In this section we give a different interpretation of this parameter scale,
which is connected to the correlation length introduced by Kesten in [16].

We say that there is an open (closed) horizontal crossing of a parallelogram B :=
[a, b] X [c, d] if there is an open (closed) path connecting {[a]} X [c, d] and {|b]} X
[c,d] in [a, b] X [c, d]. For the event that there is an open (closed, resp.) horizontal
crossing of B we use the notation H, (B) (H. (B), resp.). One can define similar
events for vertical crossings, which we denote by V, (B) and V. (B) respectively. For
¢ € (0, 1/2) the correlation length is defined as

L:(p) = {min {nl]PP (Ho (B (n))) < 5} when p < p,

min {n|P, (H, (B (n))) > 1—¢} when p > p,.

Remark 2.15 The particular choice of ¢ is not important in this definition. Indeed,
Corollary 37 of [19], or alternatively Corollary 2 of [16], gives that

Le(p) < L (p)

for any ¢, ¢’ € (0, 1/2) uniformly in p € (0, 1).

We show that the control over the near critical parameter A gives a control over the
correlation length in Corollary 2.17 and 2.18 below. Recall the remark after Lemma
8 of [16]:

Proposition 2.16 For any fixed ¢ € (0, 1/2), we have

P = pel (Le (p))* a0 (1, Le () = 1
uniformly for p # 1/2.
Note that for fixed ¢ > 0, the correlation length L, (p) is a decreasing (increasing,

resp.) function of p for p > p. (p < p¢, resp.). By combining this and Proposition
2.10 we get:

Corollary 2.17 Forall . € R\ {0} and ¢ € (0, 1/2),

Le (pi. (N)) < N. (2.3)
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Corollary 2.18 Forany C > 0 and ¢ € (0, 1/2) there exits .1 = ,1 (C, ¢) > 0 and
N1 = Nj (C, €) such that for any A € R with |A| > A1 we have

Le (pi.(N)) <CN

for N > Nj. Also, for any ¢ > 0, and ¢ € (0, 1/2) there exists A> (c,&) > 0 and
Ny = Nj (c, ) such that for any L € R\ {0} with |A| < Ay we have

Le (pn (N)) = ¢N

for N > Nj.

Remark 2.19 On the triangular lattice, a ratio limit theorem for 74 ¢ 41/, Proposition
4.7 of [13] holds. This combined with the definition of L. (p), and Proposition 2.16
shows that the following stronger statement holds on the triangular lattice. See also
Theorem 10.7 of [14].

Claim For all L1, Ay € Rwith A1 < A2, A1x2 > O and ¢ € (0, 1/2) there are positive
constants ¢ = ¢ (¢), C = C (¢) and Ng = Ny (e, A1, Ap) such that
eN AT < Le (pr (N)) < CN 27

forall A € [A1, Ap] and N > Nj. O

Standard Russo—Seymour—Welsh (RSW) techniques and the definition of the cor-
relation length give that the control over the correlation length gives a control over
the crossing probabilities of parallelograms. This combined with the two corollaries
above show that the control over the near critical parameter gives control over the
crossing probabilities. See Corollary 2.20 and 2.21 below:

Corollary 2.20 Foralli € Randa, b € (0, o), there are constantsc = ¢ (a, b, A) €
©0,1),C=C{(a,b,)) € (0,1)and Ng = Ny (a, b, L) such that

¢ < IP)m(N) (H, ([0,aN]X [0,bN])) < C
¢ <Pp,v) (He ([0,aN1R [0, bN]) < C

for N > Np.

Corollary 2.21 Let§ € (0, 1), and a, b € (0, 00). There exists Ay = A1 (§,a,b) > 0
and N1 = Ny (8, a, b) such that for all .. > Ay

Py, v) (Ho ([0,aNTR[0,bN]) > 1 — 8

for N > Ni. Furthermore, there exists .o = A, (8,a,b) < 0 and N» = N, (8, a, b)
such that for all .. < Aj

Py, vy (He ([0, aNIX[0,bN]) > 1 =6

for N > Nj.
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Similar RSW techniques show that it is unlikely to have crossing in a thin and long
parallelogram in the hard direction in the critical window. See Remark 40 [19] for
more details.

Corollary 2.22 Let A € R, and a, b € (0, 1). There exist positive constants ¢ = ¢ (1),
C = C (A) and Ny = No (A, a, b) such that

Py, vy (Mo ([0, aNTB [0, bN1)) < Cexp (_c%)

for N > Nj.
The following event plays a crucial role in the proof of our main result.

Definition 2.23 Let a,b € (0,1), A;,A» € R,and N € N with a < b. Let
NC (a, b, 11, 22, K, N) denote the event that for all parallelograms B = [0, aN] X
[0, bN] + z with z € B (K N), there is neither a p;, (N)-open nor a p;, (N)-closed
horizontal crossing in B.

The following Corollary 2.24 follows from Corollary 2.22 by arguments analogous to
the proof of Corollary 2.13.

Corollary 2.24 Let a,b € (0,1), A1, A2 € R, and N € N with a < b. There are
positive constants ¢ = ¢ (A1, A2), C = C (A1, A2) and Ny = Ny (a, b, A1, L2) such
that

b
P (NC(a, b, A1, 42, K, N)) > 1—Ca %exp (—c—)
a

for N > Nj.

We finish this section by stating two lemmas which will be used explicitly in the
proof of our main result.

Lemma 2.25 Let A € R, a,b € (0, 00) and ¢ > 0. Then there are positive integers
k=k(\,a,b,¢e)and Ny = Ny (A, a, b, €) such that

Py, (v) (there are at least k disjoint closed arms in A (aN,bN)) < ¢

for N > Nj.

Proof of Lemma 2.25 This is a consequence of Corollary 2.20 and the BK inequality
(Theorem 2.3). The proof also appears in the proof of Lemma 15 of [19]. O

Definition 2.26 Let a,b,c,d, f € R witha < b,c < d and f > 0. We say
that there is an open (closed) f-net in B = [a, b] K [c,d] if there is an open
(closed) vertical crossing in the parallelograms [a +i | f|,a+ (G + 1) [ f] — 1] K
[c,d], and there is an open (closed) horizontal crossing in the parallelograms
[a, ] X [c+jlLf],c+(G+DLf]=1]fori = 0,1,...,[(b—a)/|Lf]] and
J=0,1....1d—=0o)/Lf1]

For A € Rand § € (0, 00), N (A,8, K, N) (N, (1,8, K, N), resp.) denotes the
event that there is a p, (N)-closed (p, (N)-open, resp.) N-netin B (K N).
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Lemma 2.27 Let ¢,5, K > 0. There exists Ay = A1 (,6,K) € R and N1 =
Ni (g, 8, K) such that

PW,(A,8,K,N)>1—¢

for N > Ni. Moreover there exist .o = Ay (€, 8, K) € Rand N, = N> (¢, 8, K) such
that

PWN:(A,8,K,N))>1—¢

for N > Nj.

Proof of Lemma 2.27 This is a consequence of Corollary 2.21 and the FKG inequality
(Theorem 2.2). O

3 Proof of the main results

We prove our main results Theorem 1.3 and Corollary 1.7 in this section assuming
Proposition 3.5 and 3.6.

Definition 3.1 In the N-parameter frozen percolation process we call a vertex frozen
at some time ¢ € [0, 1], if either it or one of its neighbours have an open cluster with
diameter bigger than N at time ¢. If a site is not frozen at time 7, then we say it is active
at time 7. Note that both frozen and active sites can be open or closed. We say that F
is a (open) frozen cluster at time t € [0, 1] if it is a connected component of the open
vertices at time ¢ with diam(F) > N. In the case where t = 1, we simply say that F
is a frozen cluster.

Recall Definition 2.26. We observe the following.

Observation 3.2 Let K > 0 and N € N. Then in the N-parameter frozen per-
colation process there is no frozen cluster at time p) (N) in B (KN) on the event
Ne (A, 1/6, K +2, N). Henceon N (A, 1/6, K +2, N), avertexin B (KN) is open
(closed, resp.) in the N-parameter frozen percolation process at time p; (N) if and
only if it is p; (N)-open (p, (N)-closed, resp.).

We show that the number of frozen clusters intersecting B (K N) in the N -parameter
frozen percolation process is tight in N.

Lemma 3.3 Let K > 0and N € N. Let FC (t, K, N) denote the number of frozen
clusters intersecting B (K N) at time t € [0, 1] in the N -parameter frozen percolation
process. Then for all ¢ > O there exists L = L (¢, K) and Ny = Ng (¢, K) such that

Py (FC(1,K,N)> L) <«

for N > Nj.
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Proof of Lemma 3.3 By Lemma 2.27 we set A = A (¢, K) € R such that
1
Py (N (X, 1/6, K +4, N)) > 1—58 3.1

for N > Nj (e, K). Let F be an open frozen cluster which intersects B (K N). From
Observation 3.2 we get the vertices of d F are closed at p, (N) in the N-parameter
percolation process on the event AV. (A, 1/6, K +4, N).

Let us cover the parallelogram B (K N) with the annuli

A, = A(IN/20] z; LN/20], IN/10]) withz € B ([20K ).

Suppose that there is an open frozen cluster in the N-parameter frozen percolation
which has a vertex in B (K N). The construction of the annuli above gives that there is
z € B([20K1) such that B (LN /20] z; [ N/20]), the inner parallelogram of A, con-
tains a vertex of this open frozen cluster. Since the diameter of B (| N/20] z; [N/10])
is less than N, this cluster has to cross the annulus A;. Hence for each open frozen
cluster intersecting B (K N), we find at least one open frozen crossing of an annulus
A,. Moreover, if there are k > 2 different frozen clusters crossing the annulus A,
then there are at least k disjoint closed frozen arms which separate the open frozen
clusters in A; at time 1. By the arguments above, these arms are p; (N)-closed. Thus
the number of different frozen clusters intersecting B (| N/20] z; [ N/20]) is bounded
above by 1 Vv [, where [, is the number of disjoint p; (/N)-closed arms of A,. Hence
by the translation variance of the N-parameter frozen percolation process we have

Py (FC(1,K,N)> L, No (1, 1724) <Ppny | D, (Vi) =L
z€B([20K 1)

<Ppw (Elz € B ([20K7) such that [, > (2 [20K] + 1)~2 L)

< 220K+ 1)2P,, ) (zo > (220K + 1)~2 L). (3.2)

ByLemma225wesetL =L (e, K) > (220K + 1)2 and N, = N; (e, K) such
that

1
P,, o) (10 > L/2002) <5 QI20K1+1)7
for N > N,. This combined with (3.2) gives that
1
Py (FC(1,K,N) > L, N (%, 1/6,K+4,N))<§8 (3.3)

for N > N;. We set Ny := N V N,. A combination of (3.1) and (3.3) finishes the
proof of Lemma 3.3. O
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Definition 3.4 For v € V and A € R let C, (v; A) = C, (v; A, N) denote the active
cluster of v in the N-parameter frozen percolation process at time p; (N). We omit
the first argument from the notation above when v = 0.

We state the two propositions below which play a crucial role in the proof of
Theorem 1.3. The proofs of these propositions are rather technical, so we postpone
them to the next section. The first proposition shows that for o« > 0, it is unlikely to
have an active cluster at time p; (N) which intersects B (K N) and has diameter close
toaN.

Proposition 3.5 Forall » € Rand ¢, K,a > 0, there exist 0 = 0 (M, a, ¢, K) €
(0,1/2) and Ny = Ny (7, a, &, K) such that

Py (3v € B(KN) s.t.diam(C, (v; 1)) € (@ —O)N, (¢ +0)N)) < ¢

for N > Nj.

The second proposition claims that if there is a vertex v such thatdiam (C, (v; A1, N))
> (1 4 6) N then some part of C, (v; A1, N) freezes ‘soon:

Proposition 3.6 Letr 6 € (0,1), ¢ > 0 and A1, K, € R. Recall the notation
FC(t,K 4+2,N) from Lemma 3.3. There exists A, = Ay (A1,0,¢€) and Ny =
No (A1, 0, €) such that the probability of the intersection of the events

e Jdv € B (KN) such that diam(C, (v; A1, N)) > (1 +60) N, and
e none of the clusters intersecting B ((K 4+2) N) freeze in the time interval
(P (N), pay (N)], e

FC (p2,(N). K +2,N) = FC (p3,(N), K +2.N)

is less than € for N > Nj.

Before we turn to the proof of our main results we make a remark on how to adapt
the proofs for the N-parameter frozen bond percolation process on the square lattice.

Remark 3.7 The arguments in Sect. 3, 4, and 5 and in the Appendix can be easily
adapted to the N-parameter frozen bond percolation on the square lattice. Some care
is required when we use Corollary 2.13: As we already noted in Remark 2.14, the
direct analogue of Corollary 2.13 does not hold on the square lattice. However, one
can check that the version of Corollary 2.13 which was proposed in Remark 2.14 is
enough for the proofs appearing in Sects. 3, 4, and 5.

3.1 Proof of Theorem 1.3
Proof of Theorem 1.3 The proof follows the following informal strategy. Consider the

following procedure. We set A1 = 0. We look at the N-parameter percolation process
at time p;, (N). We have two cases.
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In the first case all the active clusters at time p;, (N) intersecting B (K N) have
diameter less than N. Hence no cluster intersecting B (K N) can freeze after p;, (N).
We terminate the procedure.

In the second case there is v € B (K N) such that the active cluster C, (v; A1, N) has
diameter atleast N. Using Proposition 3.5 we set 6 such that the diameter of this cluster
is at least (1 4+ 0;) N with probability close to 1. If diam(C, (v; A1, N)) < (1 +61) N,
then we stop the procedure. If diam(C, (v; A1, N)) > (1 4+ 01) N, then using Proposi-
tion 3.6 we set Ay > A1 such that some part of C, (v; A1, N)N B ((K + 2) N) freezes
in the time interval [ Pa (N), po, (N )] with probability close to 1. If indeed some
part of C4 (v; A1, N) N B ((K + 2) N) freezes in the time interval [ py, (N), p, (N)].
then we iterate the procedure starting from time p;, (N). Otherwise we terminate the
procedure.

Using Lemma 3.3 we set L such that the event where there are at least L frozen
clusters intersecting B ((K + 2) N) attime 1 has probability smaller than ¢ /2. In each
step of the procedure either the procedure stops, or the number of frozen clusters
intersecting B ((K + 2) N) increases by at least 1. Hence the event that the procedure
runs for at least L steps has probability at most /2.

Moreover, we set the parameters A;, 6; fori > 1 above such that with probability at
least 1 — ¢/2 we terminate the procedure when there are no active clusters intersecting
B (K N) with diameter at least N. Thus with probability at least 1 — ¢ the procedure
stops within L steps, and we stop when there are no active clusters with diameter at
least N intersecting B (K N). Hence A = Ay satisfies the conditions of Theorem
1.3, which finishes the proof of Theorem 1.3.

Let us turn to the precise proof. By Lemma 3.3, there is L = L (g, K) and N| =
Nj (e, K) such that

Pyv(FC(,K+2,N)>1L)<¢g/2, (34)

where F' (¢, K 4 2, N) counts the number of frozen clusters intersecting B ((K + 2) N)
attime ¢ € [0, 1].

We define the deterministic sequence (;, N/, 6;, N/'), o inductively as follows.
We start by setting A1 = 0.

Suppose that we have already defined A; for some i € N. We use Proposition 3.5
to set 6; = 6; (¢) and N/ = N/’ (&) such that

Py (3v € B(KN) s.t. diam(C, (v, A;)) € [N, (1 +6;,) N)) < g2~ 2

for N > N/

Suppose that we have already defined 6; for some i € N. Then by Proposition
3.6 we set Aj+1 = Aj+1(¢) and N; | = N;, (¢) such that the probability of the
intersection of the events

e Jv € B (K N) such that diam(C, (v; A;)) > (1 + 6;) N, and
e FC(py(N),K +2,N)=FC (ps,,(N),K +2,N)

is less than 2~ ~2¢ for N > Ni/+1' Note that the event
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{FC (py,(N), K +2,N) = FC (ps.,(N), K +2,N),
FC(p),(N),K,N) < FC(1,K,N)}

is a subset of the union of the events appearing in the definition of 6; and A; for
i > 1. Thus the construction above gives that

py (FC (P (N). K +2.N) = FC (piyy (N, K +2.N. ) _pmic1, (35
FC (py,(N),K,N) < FC(1,K,N)) = '
fori > 1.
We set Ny = \/ZL:]1 (Ni’ Vv Nl.”). By (3.4) we have

Py (a cluster intersecting B (K N) freezes after time p;, ., (N ))
=Py (FC (pi,,,(N),K,N) < FC (1, K, N))

FC(pi,. (N),K+2,N) <L )

=Py <F(,K+2, N))+PN(FC (Prp. (N). K. N) < FC(1, K, N)

L+1
FC (py,(N), K +2,N) = FC (ps,,,(N), K +2,N)
e ]PN(U L Pl oy < P .0

i=1
L+1
FC (ps,(N),K +2,N) = FC (ps,,,(N), K +2,N)
=e/2+ Z}PN ( FC (ps.,(N). K. N) < FC (1. K, N)
1=
L+1
<e/24+ > 27 e <

i=1

for N > No where we applied (3.5) in the last line. This finishes the proof of Theorem
1.3. O

3.2 Proof of Corollary 1.7

Proof of Corollary 1.7 For A € Rand N € Nlet NF (A\) = NF (A, N) denote the
event that no cluster intersecting B (SN) freezes after time p, (N). By Theorem 1.3
there is A = A (¢) and N1 = N (¢) such that

Py(NF ) >1—¢/3 3.6)

for N > Nj.

First we consider the case where the origin is in an open frozen cluster at time
1, that is diam(C (1)) > N. Note that on the event N F (1), this frozen cluster was
formed before or at p, (N). Hence on this event there is a p; (N)-open path from the
origin to distance at least N /2. Hence the event Ai‘é‘:’ (1, N/2) defined in Lemma
2.11 occurs.
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Let us turn to the case where diam(C (1)) < N. Recall the notation C, (1) from
Definition 3.4. Itis easy to check that C (1) = C, (A) on the event{diam(C (1)) < N}N
NF ()).

If diam(C, (A)) < aN, then 3C, (1) N B (2aN) # () for large N. Since v €
dC; () N B (2aN) is frozen, it has a neighbour which has an open frozen path to
distance at least N /2. On the event N F (}), this path is p, (N)-open. Hence the event
AT())‘ON (2aN, N /2) occurs. This combined with the argument above, for a € (0, 1)
and N > N, = 1/a we have

{diam(C (1)) € [0,aN) U[N, o)} N NF () € A}yY 2aN, N/2).
Hence by Lemma 2.11 there is ¢ = ¢ (1) and N3 = N3 () such that

Py (diam(C (1)) € [0,aN) U[N, 00), NF (1)) <P (Af;g;;v (2aN, N/z))
< P2 (A1, (2aN, N/2))
for N > N3. Theorem 2.6 gives that there is a = a (¢) and N4 = N4 (¢) such that
Py (diam(C (1)) €[0,aN) U [N, c0), NF (A)) < cPy2 (Al,,, (2aN, N/2)) < /3.
(3.7
for N > Njy.
Finally, Proposition 3.5 gives b = b (¢) and N5 = N5 (¢) such that

Py (diam(C, (A)) € [BN, N), NF (1)) < Py (diam(C, (1)) € [bN, N))

<¢/3 (3.8)

for N > Ns.
Since C (1) = C, (A) on the event {diam(C (1)) < N}N NF (L), a combination of
(3.6), (3.7) and (3.8) finishes the proof of Corollary 1.7. O

4 Proof of Proposition 3.6
4.1 Notation

Let us introduce some more notation. For u = (u1, u2), v = (v1, v2) € V, we say
that u is left (right, resp.) of v if u1 < vy (u1 > vy, resp.). Similarly we say that u
is below (above, resp.) v if uo < vy (u2 > vy). For a finite set of vertices W C V
we say that v = (vy, v2) € W is a leftmost (rightmost, resp.) vertex of W if for all
w = (wg,w2) € W, v < wy (v; > wy, resp.). We define the lowest and highest
vertices of W in an analogous way.

Recall that for v, w € V,v ~ w denotes that v and w are neighbours in T. We extend
this notation for subsets of V : For S, U C V, S ~ U denotes that 3s € S,3u € U
such that s ~ u. Moreover, S ~ U denotes that S ~ U does not hold.
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Definition 4.1 Letn € N. We say that a sequence of vertices v', v, ...,

by p, is a path if

v", denoted

o v ~ vt fori=1,2,....,(n—1),and
e v' £ v/ wheni #j fori,j=1,2,...,n

We say that p is non self touching, two of its vertices are adjacent, then they are
consecutive. That is, if u, w € p with u ~ w then there is some i € Nwith 1 <i <
n — 1 such that either (u, v) = (v', v'*t1) or (u, v) = (v'!, v’). We consider our paths
to be ordered: v! is the starting point and v" is the ending point of p. For u, w € p
we say that u is after w in p, and denote it by w <, uifu = v! and w = v/ for some
i,jeNwithl < j <i <n. Foru,w e p,u <, wdenotes that either u = w or
u <, w. When it is clear from the context which path we are considering, we omit
the subscript p. For u, w, z € p we say that w is in between u and z if u < w < z or
u>w > z. Foru,z € p withu <, zlet p, , denote the subpath of p consisting of
the vertices between u and z.
We say that two paths py, p2 are non-touching, if p; ~ p».

Definition 4.2 Let n € N and sequence of vertices vl v 0, satisfying

o vi ~ypitl modngory 1 2 5 and

e v' #v/ wheni # jfori,j=1,2,...,n

A loop v is the equivalence class of the sequence (v], v, .., v”) under cyclic
permutations, i.e v is the set of sequences (v/, v/ modn - yjtn=l modn) for
j =1, 2 ,n. v is non-self touching if for all (w w2 , w") € v, the path
(w 1 S W' 1) is non-self touching.

Wlth a sllght abuse of notation, we say that a loop v contains a vertex v and denote
itbyv e vifv = vl for some i € {1,2,...,n}. Let v,w € v with v # w and
let p denote the unique path which starts at v and represents v. With the notation of
Definition 4.1, let v, 4, := py,» denote the arc of v starting at v and ending at w.

4.2 Thick paths

Definition 4.3 Let M < N be fixed. The M-grid is the set of parallelograms
B((2M + 1)z; M) for z € V. Let © be a sequence consisting of some parallelo-
grams of the M-grid. We say that 7 is an M-gridpath, if for any two consecutive
parallelograms B, B’ of 7 share a side, i.e |83 N B’| > 2.

Definition 4.4 Let C be a subgraph of T, D C V and a,b € N. We say that C is
(a, b)-nice in D, if it satisfies the conditions

1. C is a connected induced subgraph of T,

2. 9C is a disjoint union of non-touching loops, each with diameter bigger than 2b.

3. Letu,v € 9C N D with d (u, v) < a. Then u, v are contained in the same loop y
of 0C, and diam(yu,v) A diam(yvﬂu) <b.

In the case where D = V, we say that C is (a, b)-nice.
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Let C be (a, b)-nice for some a,b € N. Condition 3 of Definition 4.4, roughly
speaking, says that if there is a corridor in C with width less than a, then it connects
two parts of C such that one part has diameter at most b. This suggests that when b
is small compared to diam(C), then we can move a parallelogram with side length
O (a) in C between two distant points of C. This intuitive argument leads us to the
following lemma.

Lemmad4.5 Let a,b € N with a > 2000. Let C be an (a, b)-nice subgraph of
T. Then there is a |a/200 — 10]-gridpath contained in C with diameter at least
diam(C) — 2b — 2a — 12.

We use the following ‘local’ version of Lemma 4.5:

Lemma 4.6 Let a,b,c € N with a > 2000. Let C be subgraph of T which is
(a, b)-nice in B (c). Let C' be a connected component of C N B (c). Then there is a
La/200 — 10]-gridpath contained in C’ with diameter at least diam (C’) —2b—2a—12.

Proof of Lemmas 4.5 and 4.6 The proof of Lemmas 4.5 and 4.6 have a geomet-
ric/topologic nature, hence they are moved to Sect. 6.2 of the Appendix. O

We recall and prove Proposition 3.6 in the following.

Proposition 3.6 Let 6 € (0,1), e, K > 0 and A € R. Recall the notation
FC(t,K+2,N) from Lemma 3.3. There exist A = Ay (A1,0,¢€) and Noy =
No (A1, 0, €) such that the probability of the intersection of the events

e dv € B (KN) such that diam(C, (v; A1, N)) > (1 +6) N, and
e none of the clusters intersecting B ((K 4+ 2) N) freeze in the time interval
(Pr (N, pay (N)], ice.
FC (ps,(N),K +2,N) = FC (ps»,(N),K +2,N)

is less than € for N > Nj.

Proof of Proposition 3.6 By Lemma 2.27 we choose Ao = Ao (¢, K) < Ay and N| =
Ni (g, K) such that

PN (Ao, 1/6, K +6,N)) > 1 —¢/3. 4.1
By Corollary 2.13 we choose n < /10 and N, = N» (1, 8, Ao, A1, K) such that
PWNA@2n,0/10, 10,11, K +4,N)) > 1—¢/3 4.2)
forall N > Nj. Let
E :=N. (%, 1/6, K +6, N)NNA2n,0/10, 1o, A1, K +4, N).

Claim 4.7 Letu € B (KN)withdiam(C, (u; A1, N))> (14 6) N.ThenC, (u; A1, N)
is (nN, %N)—nice in B (u; 2N) on the event E.
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Proof of Claim 4.7 Let us check the conditions of Definition 4.4. Condition 1 is sat-
isfied by the definition of C, (u; A1, N).

All the holes of C,; (u; A1, N) contain a frozen cluster, which have diameter at least
N. This combined with Z%N < N, shows that Condition 2 of Definition 4.4 holds.

Let x,y € 0C, (u; A1, K) N B (u; 2N) with d (x, y) < nN. We have two cases.

Case 1. x,y lie in different loops of 9C, (u; A1, N). For i = x,y, let y;
denote the loop containing i. Furthermore, let y; denote the connected component
of i in y; N B (i;2N). We have diam(y;) > N. Moreover, y; C B (i;2N) C
B ((K +4) N). Observation 3.2 gives that on the event N, (Ao, 1/6, K + 6, N), 7
is py, (N)-closed. Hence each of y, and y) gives two closed p;,, (N)-closed arms in
A (x;2nN, N /2). Moreover, the frozen clusters neighbouring x and y provide two
disjoint p;, (N)-open arms. Hence there are 6 disjoint arms in A (x; 2nN, N /2), thus
NA(2n,0/10, Ao, A1, K + 4, N) occurs.

Case 2. x, y lie on the same loop of dC,, (u; A1, N). This case can be treated similarly
to Case 1, with the difference that if x, y violate Condition 3 of Definition 4.4 then we
get 6 arms in A (x; 2nN, 10—0N). Hence N A€ (21, 6/10, Ao, A1, K + 4, N) occurs.

Hence in both cases E€ occurs. Thus on the event E all the conditions of Definition
4.4 are satisfied for C, (u; A1, N), which finishes the proof of Claim 4.7. O

Let us turn back to the proof of Proposition 3.6. Let u € B (KN) with
diam(Cy (u; A1, N)) > (1 +6)N. Let C, (u, A1, N) denote the connected compo-
nent of u in C, (u, A1, N) N B (u;2N). Since diam(C, (u; A1, N)) > (14+60)N
and & < 1, we have diam((fa (u; Ay, N)) > (14+6)N. By Lemma 4.6 we set

n=mn() e (0,0/100) and N3 = N3 (0) such thaton theevent E, forallu € B (KN)
with diam(C, (u; A1, N)) > (1 +6) N there is a [nN J-gridpath p, C C, (u; A1, N)
with diam(p,) > (1 +6/2) N for N > N3.

Lemma 2.27 gives that there is Ay = X3 (¢, n, K) and Ny = N4 (e, n, K) such that

PN, (k2. n/2, K +4,N)) > 1—¢/3 4.3)
for N > Ny (s, n, K). We set No := \/7_, N;. Let

G :=ENN,(x,n/2,K +4,N),
M :={3v € B(KN) s.t. diam(C, (v; A1, N)) > (1 +6) N} NG.

Combination of (4.1), (4.2) and (4.3) gives that
P (G") <e¢ 4.4)

for N > Nj.

Recall that for N > Ny, onthe event E foru € B (KN), withdiam(C, (u; A1, N)) >
(1 4+ 0) N thereisa [nN J-gridpath p, C Cy (u; A1, N) withdiam(p,) > (1 + 0/2) N.
On the event NV, (A2, /2, K + 4, N), this gridpath p, € B ((K + 2) N) contains a
D, (N)-open component with diameter at least N. Hence on the event M, at least one
cluster intersecting B ((K + 2) N) freezes in the time interval (PM (N), p5, (N )].
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That is
M S {FC (p:,(N),K +2,N) < FC (ps,(N), K +2,N)}.
Thus

{Fv € B(KN) s.t. diam(Cq (v; A1, N)) = (1 +0) N} N {FC (ps,(N), K +2,N)
= FC (p»,(N).K +2,N)} C G,

which together with (4.4) finishes the proof of Proposition 3.6. O

5 Proof of Proposition 3.5
5.1 Lowest point of the lowest crossing in parallelograms

Recall the notation of Sect. 4.1.

Definition 5.1 Let R be aconnected subgraphof T andletr C d R. Wedefine £ (R, r)
as the (random) set of lowest vertices v € R such that v is closed, and there are two
non-touching closed paths in R starting at a vertex neighbouring to v and ending at r.

Consider the site percolation model on the triangular lattice with parameter
p € [0, 1]. We investigate the distribution of £ (R, r) in the case where p = p; (N),
R=B (bN) and r=top (B (bN)):=[—-bN,bN]IX{|bN|+1}for reR and b > 0.

Definition 5.2 For a parallelogram B, let HCr (B) denote set of paths in B which
connect the left and the right sides of B. For p € HCr (B), let Be (p) = Be (p, B)
denote the set of vertices in B which are ‘under’ p. It is the set of vertices v € B\p
which are connected to the bottom side of B. Furthermore, we define Ab (p) =
Ab(p, B) := B\ (pU Be (p, B)).

Lemma 5.3 Leta,b € (0, 1) with 5a < b. Fork,l, N € Nwithl < k we define the
parallelogram

Bix:=[—aN,aN]K ((2% — 1) aN, (2% — 1) aNi| 5.1

and the event
Ly =:{L (B (bN), top (bN)) N By # #}. (5.2)

That is, L; i is the event that at least one of the lowest vertices of B (bN) with two non-
touching closed paths B (bN) to the top side of B (DN) is in the parallelogram B .
Let A1, Ay € R. Thenthere exist C = C (a, b, L1, A2) and No = Ng (a, b, L1, A2, k)

such that for all . € [, M2]and k,l € Nwithl <k — 1 we have
Py (Lik) < Ck~! (5.3)

for N > Ny. In particular, the upper bound in (5.3) is uniform in .
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Fig. 1 The continuous line represents y. The dashed paths are the closed crossings of D, which allow
us to prolong y. The dashed-dotted paths are the open parts of & (y). They, together with y, prevent the
occurrence of closed vertices below the lowest point of y with two closed arms to the top side of B (bN)
after the shift

Proof of Lemma 5.3 For k < 5 the statement is trivial, hence we assume thatk > 5 in
the following. We extend the notation in (5.1) and (5.2) for/ € {—k, -k + 1, ..., —1}.

First we show that there exist ¢ = ¢ (a, b, A1, A2) > 0 and Nog = Ny (a, b, A1, A2)
such that for all [, m € [k, k — 11N Z withm + 1 <[ we have

cPp. vy (Lik) < Ppovy (L U Ling1 k) 5.4

for N > Nyo.Let S = S(I,m,k) : V — V denote a shift which moves the paral-
lelogram Bj i to a subset of By, x U By,+1 k. The shift S naturally induces a map on
the configurations w € {0, ¢}V by S (w) (v) = w (S’1 (v)). Roughly speaking, we
prove (5.4) by showing that positive proportion of the configurations w € L; i satisfy
S (®) € Ly ULy 41,k We achieve this by showing that, conditioning on L, g, all the
crossing events of Fig. 1 occur with probability bounded away from 0. Let us turn to
the precise proof.

Letk, I be given. Let sy, (sg, resp.) denote the left (right, resp.) endpoint of top(bN).
We say that a path p € B (bN) Utop (bN) is good, if it

e starts at s; and ends at sg,
e it is non-self touching,
e and one of its lowest points is in By k.

Let p be some given good path. Recall Definition 5.2 and let Be (p) = Be (p, (B (bN))).
Let H, denote the event that there are two open paths in Be (p) N [-bN,bN] X
[aN , b—22a N ] from the left and right sides of the parallelogram [—bN,bN] X
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[aN, 2524 N] to p. Let y denote the lowest non-self touching path in B (bN) U
top (bN) which starts at s; and ends at sg, and of which all the vertices outside of
top (bN) are closed. On the event L ; y is good.

Let p be a fixed good path. Let O, denote the event that there is path v such that

e v C By :=[-bN,bN]K [-bN, 2N],

e v connects the left and the right sides of the parallelogram B; := [-bN,bN] KX
[an. N1,

e v is a concatenation of some open paths which lie in Be (p) N By, and of some
subpaths of p.

Clearly, O, is an increasing event. On O,, let & (p) denote the lowest path which
satisfies the conditions in the definition of O,. Recall the definition of decreasing
events from Definition 2.1, and the definition of y from Case 1. Let us condition on
the event that all the vertices of p\rop (bN) are closed. Then the event {y = p} is
increasing on the configuration in B (bN) \p, and it only depends on the configura-
tion in Be (p). Hence a combination of the FKG inequality and Corollary 2.20 gives
that

PPA(N) (L[’k N 0],)
= z Py, v (0p N {y = p}| p\top (bN) is closed)
pgood
x Py, vy (p\top (bN) is closed)
= 2. By (ly = pll p\rop (bN) is closed)
p good
x Py, vy (0, | p\top (bN) is closed) Py, vy (0\top (bN) is closed)
> > Py ({y =p}l p\top (bN) is closed)
p good
X Pm(N) (H, (B1)) PPA(N) (p\top (bN) is closed)
> c1 (A1, A2, a,b) Py, vy (Lik) (5.5)
forcy =cy (a,b, A1, X2) > 0and for N > Ny = Ny (a, b, A1, A2).
For W C V and € {o,c}V, ow € {o, c}" denotes the restriction of w to the
configuration in W. That is ww (v) = w (v) for v € W. Recall Definition 5.2. Let

¢ € HCr (By) be arbitrary. It is easy to check that the event L; x N O, N{& (y) = ¢}
is decreasing in the configuration in Ab (¢). Let us take the parallelograms

b b
By :=[-bN,bN]X | -N, =N |,
4 2

3
By := [-bN,bN]K [ZbN, bN} ,
1 1
By = |:—bN, —EbN} X [ZbN, (b + 4a) N}
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1 1
Bs := |:§bN, bN} X [ZbN, b+ 4a) N} .

Let
D :="H (B2) NHc (B3) N Ve (Bg) NV (Bs).

Clearly, D is adecreasing event. Hence a combination of the FKG inequality and Corol-
lary 2.20 gives that for ¢ = ¢ (a, b, A1, A2) > 0and N > N> = Nz (a, b, A1, A2)
we have

Pp,. vy (Lk,l no,N D)
= ZZPW(N) (Lk,l No,N{EW =¢in D| WiUBe(t) = G)
é‘ o
X Pp, V) (@ruBe) = )
> ZZPm(N) (Lii N Oy NHE (¥) = ¢} | @wcuBer) = 0)
{ o
X Pp, ) (D 0pupe) = 0) Ppovy (@cuBe) = 0)
=2 2 Poaw) (Lii N 0y N5 ) = £} | weusecs) = o)
g‘ o

X Pp, vy (D) Py, vy (@¢UBe(r) = 0)

262(a,b,)»1,?»2)zz
; o

x Py, vy (Lt N Oy N{E (v) = &} | wruBer) = 0) Ppav) (@cuBer) = 0)
=ca(a,b, 1, 22) Py vy (Lki N Oy) (5.6)

where the summation in ¢ is over HCr (Bg) and the summation in o is over
{0, c}*YB¢®) Tn the third line we used that D does not depend on the configuration in
¢ U Be(£).

There is N3 = N3 (k) such that for N > N3 and forall I,m € [0,k—1]NZ
with [ > m there is a shift S = S ([, m, k) which moves the parallelogram B; ; to
a subset of By, x U Bj,4+1.k. Let us take a configuration w € {o, c}V which satisfies
Ly, N O, ND. Then the shifted configuration S (w) satisfies L, x U Ly +1,k- See Fig. 1
for more details. Hence for N > N vV N> vV N3 we have

Ppovy (Link U Lms1.k) = Py, vy (Lt 0 Oy ND)

> c1e2Pp, vy (Lik) (5.7)
by a combination of (5.5) and (5.6). This finishes the proof of (5.4). Now we conclude
the proof of Lemma 5.3. By summing over m € {—k, —k + 1,..., =2} in (5.7) we
get that
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-2
Py, vy (Lit) < (k= D7 erer Z Py, vy (Lmk U Lint1.k)

m=—k
-1
< 261C2k_1 Z Pp.avy (Lmqk)

m=—k

< ck™!

for some C = C (a, b, A1, A2). In the last line we used that L,, x N L,y = ¥ for
m # m'. This finishes the proof of Lemma 5.3. O

Remark 5.4 Let a, b, A, A1, A2 be as in Lemma 5.3. Standard RSW techniques give
that there is ¢’ = ¢’ (a, b, A1, A2) > 0 and Ny = Ny (a, b, A1, A2) such that

Py, vy (L (B (BN),t (bN)) N B (aN) # #) = ¢’

for N > Ny. This, combined with arguments similar to the proof of Lemma 5.3, gives
that there is C' = C’ (a, b, A1, A) > 0 and N; = N; (a, b, A1, A2, k) such that

Ppv) (Lik) = €'k~

for N > Ny uniformly for/ < k.

5.2 Lowest point of the lowest crossing in regular regions

Recall Definition 5.1. Let B C B’ be parallelograms, and let R be a subgraph of T
with B C R C B’. Furthermore let »r C dR. Our next aim is to compare the event
L(R,r)NB # ¥toL(B,top(B’)) N B # ¥ in the case where the pair (R, r) is
‘regular’. We make this precise in the following.

We say that a subgraph H C T is simply connected, if it is connected and for all
loops 0 € H, all of the finite components of T\o are contained in H.

Definition 5.5 Leta, b € N such that 5a < b. A pair (R, r) is (a, b)-regular, if

1. R is a connected induced subgraph of T,

2. B(a) S RC B,

3. r COR,suchthat@ #r ; o R. Furthermore, r and d R\r are self-avoiding paths
such that R is on the right hand side, as we walk along them.

4. r C [-b,b] X [5a, D].

Lemma 5.6 Leta,b € (0, 1) with5a < band) € R. Let (R, r) be (aN, bN)-regular.
Fork,l, N € Nwithl < k we define the events

Lix (B (2bN), top (B (2bN))) := {L(B (2bN), top (2bN)) N By i # 0},
Lix(R,r) = {E (R,r)N By # Q}, (5.8)
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4bN

Fig. 2 The dashed paths are the closed crossings of the event D which allow us to prolong y. The dashed-
dotted paths are the open parts of & (y). They, together with y, prevent the occurrence of closed vertices
below the lowest point of  with two closed arms to the top side of B (2bN)

Bix :=[—aN,aN]K ((2% — 1) aN, (2% — 1) aNi|. 5.9)

Let A1, Ay € R. Then there exist C = C (a, b, L1, A2) and Ny = Ng (a, b, A1, A2, k)
such that for all . € [, 2] and k,l € Nwithl <k — 1 we have

where

Pp, v (Lik (R, 1)) < CPy, vy (Lik (B (2bN), top (B (2bN)))) (5.10)

for N > Nj.

Proof of Lemma 5.6 The proof follows the arguments of the proof of Lemma 5.3. Our
aim is to show that, conditioning on L; ; (R, r), the open and closed crossings of Fig. 2
occur with probability bounded away from 0.

Let s;. (sg, resp.) denote the starting (ending, resp.) vertex of 7. We say that a path
p € RUris good, if it

e starts at s; and ends at sg,
e it is non-self touching, and
e one of its lowest points is in By k.

Let p be a fixed good path. Let Be (p, R) denote the set of vertices in R ‘under’ p.
It is the intersection of R with the connected component of dR\r in ¢/ (R) \p. Let
Ab (p, R) := R\Be (p, R). Recall Definition 5.2.

Let O, denote the event that there is path v such that

e v is non self-touching,

e vV C By :=[-2bN,2bN]X [—aN,2aN],

e v connects the left and the right side of the parallelogram B := [-2bN,2bN] KX
[aN,2aN],

@ Springer



742 D. Kiss

e V\R C Bj and the vertices in v\ R are open, and
e cach of the paths of v N R is a concatenation of some open paths which lie in
Be (p, B (bN)) N By, and of some subpaths of p.

Let y denote the lowest non-self touching path in RUr which starts at s;, and ends at sg,
and of which all the vertices outside of r are closed. Note that on the event L; x (R, 1),
y is good. By simple modifications of the arguments in the proof of Lemma 5.3 we
get that there are ¢; = ¢1 (a, b, A1, A2) > 0 and N1 = Nj (a, b, A1, Ap) such that

Pp, vy (Lik (R, 1) N O0y) = ci1Pp, vy (Lik (R, 1)) (5.11)

forl,ke NO<I<k-—1,A€[A, Ay]for N > Nj.

Recall Definition 5.2. Let ¢ € HCr (B (2bN)). On the event L;x (R,r) N
0, we have R N (ZK[3aN,bN]) C Ab(&(y), B(2bN)). Hence the event
Lk (R,7)N 0Oy, N{§ (y) = ¢} 1is decreasing on the configuration in Ab (¢, B (2bN)).
Let B = [-2bN,2bN] X [3aN,4aN], B3 = [-2bN,—-bN] X [3aN,2bN],
By = [bN,2bN] X [3aN,2bN] and D = H, (B2) NV, (B3) NV, (By). The argu-
ments of the proof of Lemma 5.3 give that there exist ¢ = ¢> (a, b, A1, A2) > 0 and
N> = N (a, b, A1, A2, k) such that

Py, (L[,k (R,r)N 0Oy, N D) > Py, vy (Ll,k (R,r)N 0},) (5.12)
forl,k e N,0 <l <k—1,A € [A1, A2]for N > Np.Notethat L;  (R,7)N O, ND C

Lix (B(@2bN),top (2bN)). See Fig. 2 for more details. This combined with (5.11)
and (5.12) finishes the proof of Lemma 5.6. O

A combination of Lemma 5.3 and 5.6 gives the following:

Corollary 5.7 Suppose that the conditions of Lemma 5.3 hold. Then there exist ¢ =
c(a,b, A, ) and Ny = Ny (a, b, A1, Ap, k) such that

Pp.vy (Lik (R. 1)) < ck™!

forl=0,1,....,k—1, A € [A, Ap] and N > Nj.

5.3 The diameter of the active clusters close to time 1/2
We turn to the N-parameter frozen percolation process. In the introduction we indi-
cated that the N-parameter frozen percolation process exists since it is a finite range

interacting particle system. It is also true that the process is measurable with respect
to the 7 values.

Definition 5.8 Fort € [0, 1]and J C V let
Fr(J)i=0{rw <s}|lweJ,sel0,1])

denote the o-algebra generated by the t values of the vertices in J up to time ¢.
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The following lemma follows from the arguments in the second lecture of [11].

Lemma 5.9 For N € N, the N-parameter frozen percolation process is adapted to
the filtration F; (V).

Recall the notation C, (v; A) from Definition 3.4. We prove the following proposi-
tion.

Proposition 3.5 Forall . € Rand ¢, K, > 0, there exist0 = 0 (A, o, &, K) > 0
and No = No (A, «, €, K) such that

Py Qv € B(KN) s.t.diam(Cy (v; 1) € (@ — )N, (@ +O)N)) <& (5.13)

for N > Nj.

Proof of Proposition 3.5 Due to the length of the proof, we first give an outline. Let
A, &, K, o as in the statement of Proposition 3.5.
For simplicity, we only give a sketch which shows that we can choose 6 € (O, “T“)
such that
Py (diam(C, (1)) € (¢ —O) N, (¢ +0) N)) < ¢ (5.14)

for large N.

Let us denote by X, y a pair of sites in the active cluster of the origin for which
d (x,y) = diam(C, (1)). We consider the case where X is one of the lowest and y is
one of the highest vertices of the active cluster. The other case where the diameter
is achieved as a distance between a leftmost and rightmost vertex can be treated in
a similar way. Let x (y, resp.) denote a vertex which is a neighbour of X (y, resp.),
and lies below (above, resp.) it. Note that x and y are closed frozen vertices at time
P (N).

In Step 1 we apply Observation 3.2 and Lemma 2.27 to set 1 so that with probability
close to 1, there are no frozen clusters at time p;, (N) in B ((o +2) N). Hence in
the case where A9 > A the statement of Proposition 3.5 follows. In the following
we assume that Ap < A, and the event in (5.13) is non-empty. We investigate the
configuration close to x. In Step 2, we show that with probability close to 1, there is
a unique frozen cluster F close to x. By Step 1, we can assume that it froze at time
Dy (N) for Ap € [Ag, A]. In Step 4, we show that with probability close to 1, there is
a graph R C T such that its boundary consists of a p; . (N)-closed arc, denoted by
e, and a py . (N)-open arc. In Steps 3,5 and 6 we show that with probability close to
1, we can impose some extra conditions on R and r. and on the configuration in R.
We get a pair (R, r.) with the following properties:

e JR is a certain outermost circuit, which is measurable with respect to the r-values
in T\'R, (Step 4)

e x is one of the lowest vertices of R with two non-touching p; . (N)-closed arms in
R tore, (Step 4)

e no matter how we change the t values in R, the N-parameter frozen percolation
outside R does not change up to time p; (N), (Step 3)

e satisfies a technical condition (Step 5)
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e y e T\cl (R) (Step 4).

Let us condition on the 7-values in T\'R. The first and the third property of (R, r.)
implies that at time p; . (IV), the vertices in R are open with probability p; . (N) and
closed with probability 1 — p; . (N) independently from each other. This combined
with y € T\'R allows us to decouple the locations of x and y. Since d (X,y) =
diam(C, (1)), to prove (5.14), it is enough to show that the second coordinate of x is
not concentrated when we condition on the configuration in T\R. We would like to use
Corollary 5.7 for the pair (R, r.). Unfortunately, this pair (R, r.) might not satisfy all
the conditions of Definition 5.5. To solve this problem we use the technical condition of

Step 5 and we construct the pair (7@, FC) from (R, r.) using a deterministic procedure
in Step 6 such that

e RC R,

e atranslated version of (7%, Fc) is (@3N, ap N)-regular as of Definition 5.5 for some
oy, a3 > 0, and _

e x is one of the lowest vertices of R with two non-touching p; . (N)-closed arms in
R to 7.

We apply Corollary 5.7 to (ﬁ, Fc) and get the required deconcentration result and
finish the proof of Proposition 3.5. We make this argument precise in Step 7. O

Remark The structure of the proofs in Steps 2-6 is an arm event hunting procedure.
We take a some small neighbourhood of x. We deduce that if the required condition
is violated, then certain mixed near-critical arm events or crossing events of thin
parallelograms occur. These events have upper bounds with exponents strictly larger
than 2. This implies that by choosing the neighbourhood small enough, we can set
their probability as small as we want. In particular, we get that the probability of the
event where the condition of the step is not satisfied is as small as required, and finishes
the proof of the step.

Let us turn to the precise proof.

Step 1. We set A such that with probability close to 1, at time p,, (N), none of the
open clusters intersecting B (2o + K + 2) N) are frozen.
By Lemma 2.27 we choose Lo = Ag (@, ¢, K) and Ng = Ny (e, ¢, K) such that the
event
Eo =N (Ao, 1/24,2a + K + 4, N) (5.15)

has probability at least 1 — &/20 for N > Ny. Then by Observation 3.2 we have that
none of open clusters intersecting B ((2« + K + 2) N) are frozen. In particular, if a
vertex v € B ((2a + K +2) N) is closed at time p; (N), then it is p;, (N)-closed.
Moreover, if v € B (2o + K + 2) N) is open at time p; (N), thenitis p; (N)-open.
This finishes Step 1.

Remark Note that in the definition of E( above, we set the second argument of ;. to
1/24, which is smaller than 1/6 which appears in Observation 3.2. The reason for this
choice will become clear in Step 3.
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Q
S

diam (Cq(u; N)))

Fig. 3 The closed boundary of C, (1) gives rise to the closed arms c¢;, and cg from x to 9B (x; aN/2).
The frozen vertex neighbouring x provides the arm op

Let 6 e (0, MT“) Fori = 1,2, let BA" = BA!(0) denote the set of vertices
v € B (KN) such that there are ¥ (v) = (%1 (v), %2 (v)), ¥ (v) = (51 (), 32 (v)) €
C, (v; A) such that

yi (v) =% (v) =d (X (v), Y (v)) = diam(C, (v; 1)) € ((@ —O) N, (@ +0) N).
(5.16)
Note that

{Fv € B(KN) s.t. diam(C, (v: 1)) € (@ — 0) N, (@+0) N)} = {BAIUBAZ ﬂ)}.
(5.17)

Letu € BAZ. In the following we define quantities which depend on the value of u. In
notation we only indicate the dependence on u in the first appearance of these quanti-
ties, or when we want to emphasize this dependence. For each u € BA? we fix a pair
(x,¥) = (%, y) (u) which satisfies (5.16). It can happen that there are more than one
candidates for x or y. In this case we choose one of them in some deterministic way. (E.g
we can set X and y as the leftmost vertex among the candidates.) Let x = x (u) (y (1),
resp.) denote a (deterministically chosen) neighbour of x (¥, resp.) below X (above y,
resp.). The active cluster C, (u; 1) lies between the horizontal lines passing through x
and y denoted by e, and e,. Since 0 < a/2, the outer boundary of C, (u; 1) provides
two non-touching closed half plane arms in x 4+ Z X [0, 00) to distance o N /2 starting
from x. Since dC, (u; A) C B ((2a + K + 2) N),by Step 1, on the event E( these arms
are p;, (N)-closed. We denote the one on the left (right, resp.) hand side by ¢, = ¢y, (1)
(cg = ¢ (u), resp.). Apart from their common starting point, ¢z and cg do not even
touch, since any active path connecting x to y separates them. Since x is a closed
frozen vertex, there is at least one open frozen neighbour of x. From this vertex there
isa p, (N)-openarmop = op (u) to distance at least N /2. See Fig. 3 for more details.
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Let B, B’ € (0, 1) with B < B’. Recall the definition of the events N'A (B, g’) :=
NA(B, B A ho, 20+ K +2,N)and NC (B, B'):=NC (B, B/, 1, ko, 20 + K +2,
N) from Corollary 2.13 and 2.22. In the following we introduce the constants ¢«; > 0
fori = 1,2, 3 such thata; /ot 1 > 1. Letas € (0, "‘TM).Letz =z (u) € V such that

X =x () € [-a3N, asNI®(—a3N, a3N]+|asN | z. Notethat z € B ({%])
We define B3 = B3 (1) := B (lazN] z; a3 N). Note that throughout the arguments
below, we will assume that &y > o2 > &3, however, we will set their precise values

only in later stages of the proof.

Step 2. We show that with probability close to 1, there is only one frozen cluster close
tox =x (u) forallu € BAZ.

Leta; € (0,%1), By = Bi () := B(laaN]z;a1N) and Ay = Aj (u) :=
A (La3 N|z;a1N, % N ) Suppose that there are at least two different frozen clusters
in Bj. On the event Ey we find 5, 2 mixed near critical arms in A; : the two py, (N)-
closed arms ¢y, and cpg, the two p; (N)-open arms from the two frozen clusters, and
a p;, (N)-closed arm separating them. Let £} := NA (on, %) Hence we get:
Claim 5.10 Onthe event EgNE,Vu € BAZ2, thereis a unique frozen cluster denoted
by F = F (u) which intersects By (u). Let Ar = Ap (1) € [Ao, A] such that F froze at
Par (N).On EgN Eq, avertex in By (u) is open in the N-parameter frozen percolation
process at time p; . (N) if and only if it is p; . (N)-open.

In the following two steps we write open (closed, resp.) for p; . (N)-open (p; . (V)-
closed, resp.) if it is not stated otherwise. We finish Step 2 by applying Corollary 2.13
and we set | such that

P(E)>1—-—¢/20 (5.18)

for N > Njp (e, Ao, A, K).

Step 3. We say that a circuit is py, (N)-open-closed, or simply open-closed, if it
consists of a p;.. (N)-openand a p; . (N)-closed arc. Suppose that there is a p; . (N)-
open-closed circuit close to and around x. We show that with probability close to 1,
no matter how we change the t values inside this circuit, the N-parameter frozen
percolation process does not change till time p; (N) outside of the circuit.

Letayp € (0, o1 A %), and B> € (a2, @1) be some intermediate scale. We define the
parallelograms

By =B> (1) := B (lazN ] z; oo N),
By =B, () := B (la3N] z; foN),
Ay =Ar (u) :== A(leaN] z; o N, a1 N),
Ay =A5 (u) := A(lasN | z; BN, a1 N).

Let BL = BL (u) denote the set of bordering lines of F\B}, that is the top- and
bottom-most horizontal, left- and rightmost vertical lines which intersect F\ B;. We
rule out the case where there is a line in BL which intersects B in the following
technical claim.
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Claim 5.11 Let
Eé =NA 22, 01 — 282) ﬂNC(Z,BQ, 2a1). (5.19)

Then

EoNE|NE),C EgNEN {Vu € BA2, Ve € BL (u) we have e N (F\B}) = @}.

Proof of Claim 5.11 Let u € BA?. When the bottom-most line of F \ B} intersects
B),then F C (ZX[—p2N,00)) + a3 N] z. We see 4 half plane arms: ¢z, cg give
two closed and op gives an open arm, a fourth closed half plane arm separates F from
the line Z X {|B2N |} + a3z N | z. Hence N A (282, a1 — 282) occurs.

If the topmost line of F'\ B intersects B, then the closed arms ¢y and cg stay in
the parallelogram

[—aiN, i N]K [-B2N, oN] + a3 N | z.
In particular, ¢z gives a closed crossing of one of the parallelograms

[N, =B NIX[=BoN, poN]+ [azN | z or
[B2N, a1 NI X [-BoN, BoN] + lazN] z.

That is, the event N'C¢ (282, 2a1 — 2/82) occurs.
When a leftmost bordering line of F \Bé intersects Bé, then we find that the arms
in A (lazgN] z; BN, a1 N) induced by ¢, cr and op stay in half plane

[2B2N,00) x R+ |asN] z. (5.20)

The frozen cluster F is separated from the line {—28> N} x R+ a3 N ] z. This provides
an additional closed arm in the half plane (5.20), which together the arms induced by
cr, cg and op give 4 half plane arms, hence the event N A° (82, a1 — 282) occurs.
The case when the rightmost bordering line of F'\ B} intersects B}, can be treated
similarly.
With the notation (5.19) we get that on the event Eg N E1 N E), none of the lines
of BL intersect Bé, which finishes the proof of Claim 5.11. O

Now we proceed with Step 3. Let u € BA?. Suppose that there is an open-closed
circuit OC = OC (u) around x in By. Let I = I (#) denote the union of the finite
connected components of T\ OC. Let us change the 7 values of the vertices in / in
some arbitrary non-degenerate way (that is, the new t values are all different), but keep
the original values outside /. Let us run the N-parameter frozen percolation dynamics
for this modified set of T values. We denote this new process by F PP’ and FP P
denotes the original process. Our next aim is to show that the processes F P P and
F P P’ coincide on V\ B till time p; (N) on some event E; independently from the
choice of the new t values.

Recall the definition of E from (5.15) and the remark after Step 1. Since vy < o1 <
1/24 and I C B», the definition of Eg and Observation 3.2 give that the processes
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FPP and FPP’ coincide on V\I up to time p;, (N). In particular, the closed arc of
OC stays closed till time p; . (/V) in both processes. Hence it acts as a barrier for the
effect of t values in /. By Step 2, the open arc of OC is a subset of F'.

Case 1. The process FP P’ differs from FP P outside of R at some time ¢t €
[0’ Prr (N )]

By Claim 5.11 on the event Eg N E N E} if these two processes differ outside
I, then in the process F P P’ a frozen cluster F’ emerged before time p;, (N) such
that F'\1 # F\I. By the arguments above, we get that F’ froze in at time p;,,, (N)
with A € [Ao, Ar]. Let BL' denote the set of bordering lines of F'\ B}. With careful
examination of the proof of Claim 5.11 one can see that the arguments applied there
can also be applied to the new process F P P’. We get that, on the event Eg N E1 N E}
none of the lines of BL' intersect B, no matter how we modify the t values in /. This
implies that '\ has two connected components F| and F} such that diam(F/) < N
for i € {1,2}, but diam(Fl’ U Fz/) > N. Since I C By, each of F|, F} contains a
Pi,. (N)-open arm in the annulus A5 = A7 (u) := A (lasN|z; 22N, f2N). When
for somei € {1, 2} Fl./ lies above ¢ and cg, then we get a 4, 3 near critical arm event:
the closed arms induced by ¢z, cg and the open arm induced by F/ stay above ey,
and op provides the fourth arm in A}. Hence N A (a2, B2) occurs. If both of F|, F}
lie below ¢y, and cp then we get a 5, 2 near critical mixed arm event in A’z/ 1CL,CR
induce closed half plane arms in A}. F|, F; induce two open arms. Since F| and
Fz/ are different connected components of F’\ 1, there is a fifth, p;, - (N)-closed, arm
separating F| and F} in AJ. Hence N A (a2, B2) occurs. Let Ex = ESNN A (a2, B2).

Case 2. FPP and FP P’ coincide on V\I till p,, (N), but differ outside of R at
some time ¢ € (p;LF (N), pa (N)].

By Claim 5.11 and from that the two processes coincide outside of R, we get
that a frozen cluster F’ is formed at time p;, (N) in the new process. Moreover,
F'\I = F\I.However, the two processes differ at some time 7 € (p, (N), px (N)],
hence an additional frozen cluster F” has to emerge in this time period using some of
the vertices in /. This induces the 5, 2 near critical mixed arm event of Step 2. Hence
we proved the following claim.

Claim 5.12 Onthe event Eg N E; N Ey, we have that Vu € BAZ2, if there is a Dir (N)-
open-closed circuit around x = x (#) in B, (1) then no matter how we change the
values inside this circuit, the frozen percolation process outside it does not change till
time p; (N).

We finish Step 3 by applying Corollary 2.13 and 2.24: we fix the value of 8, and
op such that
P(E2) >1—¢/20 (5.21)

for N > N> (e, Ao, A, a, K).

Step 4. We show that with probability close to 1, there is a p;,. (N)-open-closed circuit
around x, such that the location where its colour changes in the circuit is ‘far‘ above x.

Letu € BA% Letaz € (0,a2), B3 = B3(u) := B(lasN]z;a3N) and A3z =
A3 () == A(lasN] z; 3N, arN). Let 83 € (a3, @) be an intermediate scale. We
cut the annulus A3 into three subannuli using two other intermediate scales B3, 3
with a3z < 83 < B3 < B3 < aa:
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200N

CR.

(v + 03)N

Fig.4 The closed arm ¢y g separates oy and op in A3 2. Hencecy, cg, 0p, cp g, o give 5, 2 near critical
mixed arms

Az o= A30 W) := A(lasN] z; a3N, B3N),
Az =A31 () = A(lasN]z; B3N, B5N),
A3z =A32 ) = A(lasN]z; 5N, a2 N).

Let ¢r (cg) denote the closed arm induced by ¢z, (cg) in A3 1.

If ¢;, and cp are not connected by a closed path in A3 o N C, (u; A), then there is a
open arm separating them. Hence we see a near critical 4, 3 arm event: ¢y, cg and the
open arm separating them induce half plane arms in A3 . The fourth full plane arm
in Az is induced by 0p. Thus the event N"A° (a3, B3) occurs.

Ifé;, € [-B4N, —B3N| W [—a3N,83N] or cg € [B3N, BN | K [—a3N, 83N],
then we find a closed horizontal crossing in a narrow parallelogram. Hence the event
NCE (a3 + 83, B — B3) occurs.

In the following we assume that both ¢;, and cg leave the corresponding parallelo-
grams. Let wy, (wg, resp.) be an open frozen vertex neighbouring a vertex of ¢y, (Cg,
resp.) which is outside of the aforementioned parallelogram.

Suppose that there is no open arc in A3 connecting wy, to op. Since wy, is open
frozen at time p;,. (N), it has a p;, (/V)-open path to distance N /2. Let o7, denote
the part of this path till the first time it exits A3. Note that o and op are disjoint, and
they are not connected by an open path inside A3. We have two cases depending on
where o7 leaves Aj.

When it leaves A3 by exiting its outer parallelogram, then we get a 5, 2 near critical
arm event in A3 > : two half plane closed arms induced by c;, and cg, two open arms
induced by o7, and op an extra closed arm separates oy and op in A3 . Hence the
event NV A°¢ (ﬁé otz) occurs. See Fig. 4.
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Fig. 5 The outer boundary of
the union of the regions
surrounded by the above two
open-closed circuits is open.
Hence there is an open, but no
open-closed, circuit surrounding
both of these circuits

When oy, leaves A3z by entering its inner parallelogram, then we get a similar 5, 2
arm event in A3 o. Thus N A (a3, B3) happens. In a similar way we can show that
when wg is not connected to op in A3, then N/ A° (,Bé, az) U N A€ (a3, B3) occurs
(Fig. 5).

Let

E3:=NC (a3 + 83, B5 — B3) NN A (a3, B3) NN A (B3, a2) NN A(az, B3).

Note that wy, wg € (ZX [52N, axoN]) + a3 N | z, and that some parts of ¢y and cg
are parts of the closed arc of the open-closed circuit we constructed. See Fig. 6 for
more details. We arrive to the following claim.

Claim 5.13 On the event Eg N E1 N E; N E3, Yu € BA? there is a py () (N)-open-
closed circuit OC = OC (u) with the following properties:

1. it is contained in A3 (#) and surrounds B3 (i),

2. the locations where the colour changes in OC is contained (Z X [63N, aa N]) +
|_053 NJ Z

3. the endpoints of the closed part of OC lie in the parallelogram [—ao N, o N] X
[63N,a3N]+ azN] z,

4. as we walk from the outside of By = B (laz N ] z; ap N) on any of the closed arms
cL, or cg towards x, we hit the closed part of OC at its endpoints for the first time.

We finish Step 4 by choosing the values of 83, 85 and 83. The probability of E3
is an increasing function of a3 for B3, B3, 83 fixed. By Corollary 2.13 and 2.24 we
choose the value of 83, ,Bé, 83, a3 such that the probability of the event E3 is at least
1 — £/20. We only fix B3, g5, 83 and require a3 to be small but unspecified so that

P(E3)>1-¢/20 (5.22)

for N > N3 (¢, @3, Ao, A, @, K). We choose the value of «3 in Step 6.

In the following we will consider a certain outermost open-closed circuit. As
brought to our attention by Vincent Tassion, outermost open-closed circuits are not
well-defined in general: see Fig. 5. The following claim gives a sufficient condition
for the existence of the outermost open-closed circuit. The proof of the claim is simple
and left for the reader.
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20N

Fig. 6 The circuit around B3 consists of the open arc drawn with continuous line subpaths of ¢;, and cg
and the closed arc in A3 o

Claim 5.14 Let a,b > 0 with a < b, and @ € {o,c}*@P  Suppose that
® € A, (a,b) and there is an open-closed circuit in w surrounding B(a), i.e
® ¢ A4 qi(a, b). Then there is a unique outermost open-closed circuit surrounding
B(a).

Before Step 5, let us summarize what we have proved up to now. Let u € BA?, and
suppose that the event Eg N E1 N E2 N E3 («3) holds. Using Claim 5.14, it is easy to
see that the outermost open-closed circuit which satisfy the conditions of Claim 5.13
is well-defined. Let OC denote this outermost circuit, and a. (a,, resp.) denote the
closed (open, resp.) arcs of OC. Further simple considerations give:

Claim 5.15 On Eg N E1 N E> N E3 («3), for any deterministic open-closed circuit
OC, one can check the occurrence the event {OC = OC} by looking at the 7 values
in the closure of the unbounded component of V\OC.

Let R denote the connected component of B3 in T\OC. Let r, € a, and r, C ac
denote the open and closed parts of 9R. The pair (R, ), OC and the configuration
in T\R satisfy the following conditions:

1. R is a connected induced subgraph of T (definition of R)

2. B(laa3N]z;03N) = B3 SR C B, = B (laaN] z; apN) (by Claim 5.13)

3. 9Ris disjoint union of non-empty self avoiding paths r. and r,,, which are oriented
such that R lies on the right when we walk along them. We orient a. (a,, resp.)
so that the orientations of a. and r. (a, and r,, resp.) are compatible.

4. re,ae C[—ooN, o N1 X [—a3N, aa N1+ a3 N | z, (by the proof of Claim 5.13)

5. the endpoints of a, denoted by s;, and sg lie in the parallelogram [—ay N, ap N1 X
[63N,a3N]+ a3 N ] z, (by Claim 5.13)
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6. when we walk along ¢, (cg, resp.) towards x, we hit OC first at vertex sy, (sg,
resp.), (by Claim 5.13)

7. for every vertex v € a,, there is a closed path in B>\'R to d By, (OC is outermost)

8. for every vertex v € a., there is an open path in By\R to dBy or to
(cz Ucp)\cl (R). (OC is outermost).

Note that the first three conditions coincide with the first three conditions for the pair
(R — laaN] z,rc — lazN] z) being (w3 N, ap N)-outer-regular of Definition 5.5. We
add an extra condition in the next step.

Note that the vertex x has two non-touching closed arms to r.. Moreover, by Condi-
tion 6 above, x is one of the lowest vertices in R with this property. With the notation
of Definition 5.1 we have that x € L (R, r.) in the N-parameter frozen percolation
process at time p; . (V).

Step 5.Letu € BA?. Suppose that the event EqN E1NE>N E3 holds. Let W = W (u)
denote the connected components of R N (ZR[— |lazN] + 1, [SazsN | — 1]). Let
Smia (R) denote the unique element of VYV which contains B3z as a subset. We show
that with probability close to 1, 3S;,iq N1e = @.

We define er = er (u) := (ZX{|SasN] + 1}) + |eaN]z and ep = ep (u) :=
(ZR{— |lasN] — 1}) + lasN] z. Suppose that 3 S,,;4 Nre # @, letw € 3S,,;4 (R)N
re N er. Consider the parallelogram B=2B (w; 63N /2). Let wy, and wg denote the
vertices of a, where we exit B the first time as we walk on r, starting from w towards
sz and sg, resp. The part of a. between wy and wg cuts B into two pieces. Let B;
(BE, resp.) denote the part which is on the right (left, resp.) hand side of a. when
we walk from w; to wg. Let A; = BI\B (w; 6a3N) and Ap = BE\B (w; 6a3N).
By Condition 8 above Ag contains an open arm. We claim that A; also contains an
open arm. Suppose the contrary. Then there must be a closed non self-touching arc in
A preventing the occurrence of the open arm. Note that this arc is contained in R.
Then the lowest vertex of this arc has two disjoint p; . (N)-closed arms to a., and it
lies lower than x € B := B (la3N] z; a3N). This contradicts x € L (R, r.) which
was shown in the lines before Step 4. See Fig. 7. Hence A; has an open arm, which
together with the open arm of Az and the two closed arms of w provide a 4, 3 near
critical mixed arm event. Hence the event E = N A (6a3, §3/2) occurs. Thus we
arrive to the following claim and we finish Step 5.

Claim 5.16 Onthe event Eg N E| N E> N E3N E4, we have 3S,,,,4 (R) Nr. = 0.

Step 6. Recall Definition 5.5. We show that with probability close to 1, we
can cut down some parts of R and get a pair R and 7. such that the pair

(7~2 — lasN]z, 7 — lazN ] z) is (3N, ar N)-regular and

L(R,r)NB :c(fz,fc) N B.
_Letu € BAZ. Suppose that the event Eg N E; N Ey N E3z N E4 occurs. Let
R = R (u) be the connected component of S,,;s (R) in R\ USEW:&SﬂrC;t(/) cl (S)

and 7. = dR\r,. The conditions before Step 5 and Claim 5.16 gives that the pair
(7% — lasN]z,7c — lazN ] z) is (a3 N, ap N)-regular.
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Fig. 7 The grey area represents Aj. If there is no open arm in A; then there is a closed arc in A;. This
contradicts with x being one of the lowest vertices of C, (1)

For R C T and r C 9R let T A (R, r) denote the set of closed vertices v € R
such that v has two non-touching closed arms in R to r. Let M denote the connected
component of S,,;4 (R) in R\er. We show the following:

Claim 5.17 Let
Es := N A (6as, Bs) UN A (B4, 83/2). (5.23)

On the event ﬂ?:o E; Yu € BA?, the pair (7%— lasN ]z, 7c — lazN ] z) is
(3N, ap N)-regular, and
TAR, r) "M =TA (R fc) nM.

In particular,

E(R,rc)ﬁBz,C(f%,Fc)ﬂB

Proof of Claim 5.17 From the definition of (R r) it follows that (T.A (R, rc) N M)
C (T.A (7~2, FC) N M). Hence itis enough to show that (TA (7?, Fc) \TA (R, rc))ﬂ
M = (. Suppose the contrary, that is Jv € (TA (7%, Fc) \TA(R,r))NM.Letc)
and c% denote two non-touching closed arms starting from v and ending at v! € 7.

and v? € 7. respectively. Since v € TA (R, r.) \T A (7@, FC), we can assume that c,lj
cannot be extended in such a way that it connects to r, and this extension is disjoint
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205N

1

Fig. 8 If c% N Ag,0 = 0, we see 4 half plane arms in A4  : the two closed induced by ac, a closed arm ¢y,

and an open arm o, which separates cll) from a,

from and does not touch cg. Hence v! € 7e\re, and v! € er.Let S € W such that

v! € 8S. Note that S N r. # @. Let s, s denote the endpoints of the connected
component of vl in 89S Ner. At least one of s! and s2 is in re. Let sle re. Let By €
(6a3, 83/2) be an intermediate scale. We divide the annulus A('; 63N, 83N /2) into
the annuli

Aso = A'; 6a3N, B4N),
A4l = A@'; B4N, 53N /2).

We have two cases. If c% N As0 # ¥, then we see 4 half plane arms in A4 : ac
provides two closed arms, and each of ¢! and ¢2 gives one closed arm. Hence the
event N A€ (6as, B4) occurs. If c% N A4 = ¥, we have 4 half plane arms in A4 : a,

provides two closed arms, c,ﬂ another closed arm, moreover, we get an open arm which

separates c,lj from a.. See Fig. 8 for more details. Hence the event A A€ (B4, 83/2)
occurs. By (5.23) this finishes the proof of Claim 5.17. O

By Corollary 2.13 we set o3 such that
P(EsNEs)y>1—¢/20 (5.24)
for N > N5 (e, a3, Ao, A, a, K). Let
E=EsNEINE;NEsNE4NEs.

@ Springer



Frozen percolation in two dimensions 755

The combination of the lines in the beginning of Step 1, (5.18), (5.21), (5.22) and
(5.24) gives that
P(E)>1—¢/4 (5.25)

for N > \/>_, N;. This finishes Step 6.
Step 7. We set 0 > 0 such that Py (BA2 #= @) < ¢/2 for large N, and conclude the
proof of Proposition 3.5.

Forv e V, let
Z () = {Elu € BA? such that z (u) = v}.
Hence
{BA2 £ @} - U zw
e
and
Py (BA2 £ 0, E) < >  Py@ZwnE (5.26)

ves(| =52))

Note that on the event Z (v) N E, Claim 5.10 and the arguments above give that
Co s 1), F (u), Ap (u), R (), re (u), R (u) and 7 (u) do not depend on the choice
of u € BA? as long as z (u) = v. Except for C, (u, 1), we omit the argument u# from
the notation above.

We setk := | 1/26]. Recall thatd (x, y) = d (%, §) ++/3 = diam(C, (u; 1)) ++/3,
and diam(C, (u; 1)) € (¢ —0) N, (¢ + 0) N). On the event Z (v) there is a unique
I =1(y) €0,k —1]NZ such that x € B; ; where

Bk = By (v)
[ [+1
= [—a3N,a3N] X ZE —1)a3N, ZT —1)asN |+ lasN]v.

Recall from the lines above Step 5 we have x € L (R, r.). From Claim 5.17 we
have L(R,r.)NB =L (7%, Fc) N B where B = B (laz3N ]| v; a3 N). Hence on the

event Z (v) N E, we have £ (7%, Fc) N By x # . Let (R, r) be a fixed pair. Hence

]P)N (Z (U)v E7 (Rv rC) - (Rv r))
=Py (z ), E, (R, 7)) = (R, ), L (1%, F) N Bix # ¥ attime p;, (N)) (5.27)

where (Ié f) denotes the pair we get when we cut down some parts of R as in Step 6.

Recall Definition 5.8. Lemma 5.9 gives that the N-parameter frozen percolation
process is adapted to the filtration (F; (V))¢[o,1;- Hence for all u € BA?, [ and
AF are Fp, (n) (V) -measurable functions, and {(R,r.) = (R, 1)} € Fp, v (V). By
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Claim 5.12 we have that on the event Z (v) N E N {(R, r.) = (R, r)} the t-values
in R do not influence the frozen percolation process in V\ R up to time p; (N ). This
combined with Claim 5.15 gives that there is a function f such that f ( L F)
Fp,. vy (VAR)-measurable for all R, [, . Moreover, it satisfies

1{Z(v),E,(R.re) =(R,r).l =1, Ap €drr} =f (R, 1, Ar) 1{Z (v), E},

(5.28)
for [ € [0, k — 1] N Z and Lebesgue almost every ¢ € [0, 1].
Hence
Z(),E,l=1Ap €dhp
( ) N By, # ¥ attime p; _ (N) Foan) (VAR)
Z (), E
SRS E(R r)mBlwéVjattlmer (| T (VAR)

forl € [0,k — 11N Z and Lebgsgue almost every *r €0, 1].
From Step 6, we have that R € R. Claim 5.17 shows that we can apply Corollary
5.7 in the following. We have

Py (z ). E.L (1%, f) N By, # @ attime p;, (N)| Fpv) (VAR))
<Py (,c (1?, f) N B;, # P attime p;, (N)’ Fpuy (V\R))

= ]PPXF(N) (,C (jé, }7) N Bi,k =~ @)
< Clk_l (5.29)

for N > Ng (Ao, A, @3, a2, k) with ¢; = ¢1 (Ag, A, @3, ap) of Corollary 5.7. A combi-
nation of (5.29) and (5.28) gives that

. ZW),E,(R,re) =R, r),l =1, Ar = Ap,
M ¢ (1?, F) N By # B at time py, (N) |Fp v (V\R)

<cak ' f (R, AF)
for N > Ng. Hence
Py (Z(W)NE) <cik L. (5.30)
for N > Ng.
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(5.30) combined with (5.26) gives that

IA

Py (BA2 £ 0, E) > PN(Z@NE)

()

cok ™! (5.31)

IA

with ¢ = ¢2 (Ao, A, a3, a2, K) for N > Ng. We set 0 such thatk = |[1/260] > 4cp/¢.
A combination of (5.31) and (5.25) gives that

IA

Py (BA2 £ @) Py (BA2 £ 0, E) + Py (E)

ok ' +e/d<e)2 (5.32)

A

for N > N' =\, Ni.
A proof analogous to that of (5.32) gives that there is N/ = N” («a, A, K)

Py (BAl " @) <&/2 (5.33)

for N > N”. A combination of (5.17), (5.32) and (5.33) finishes the proof of Propo-
sition 3.5.
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6 Appendix
6.1 Winding number of arms

Here we prove Proposition 2.7. The proof is motivated by [5]. There, among many
other things, it was shown that when there are k disjoint open arms in A (M, aM)
(a > 1), then, with conditional probability at least 1 — a~¢, and uniformly in M, are
also k disjoint open arms which wind around the origin at least c loga times where
c, € are positive constants. The arguments here are similar to those in Step 2 of the
proof of Theorem 5 in [5].

We prove a slightly different result, namely that if we have k disjoint arms with any
colour sequence o € {0, c}¥ in A (M, aM), than with conditional probability at least
1 — a™*, these arms wind around the origin at in at least ¢ loga disjoint subannuli
of A (a, b) for some c, ¢ > 0. Following [19], we recall the notion of well separated
arms. We modify Definition 7 of [19] for annuli:
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Definition 6.1 Consider some annulus A = A (v; M, tM) and a parallelogram B =
B ;M) for M € N, 7 € (1,00) and v € V. Let st, sp, s, sg denote the top,
bottom, left and right sides of B. Let C = {c;}|<;<; be a set of j disjoint arms in A
such that for each i, all of the vertices of ¢; are open or all of them are closed. Let z;
be the endpoint of ¢; on B (v; tM). Let n € (0, 1], we attach a parallelogram r; to
z; as follows:

i+ [-nM gMIR[0,2,/mM]  ifz; €57
zi +[-nM, gMIK [0, —2./mM] ifzi € sp
zi +[-2ynM, 0] K [-nM, nM] ifz; €51
zi +[0.2MM| R [—nM, nM]  if z; € sg.
We say that C is n-well-separated on the outside, if the two following conditions

are satisfied:

1. The extremities z; i = 1, 2, ..., j are neither too close to each other:
Vi #1,d(zi,z1) > 10/nM,
nor too close to the corners Z; [ =1, 2, 3, 4 of B:
Vi, j, d(zi, Z;) = 10/nM.

2. Eachr; is crossed vertically when z; € s Usp, and horizontally when z; € s; Usg
by some crossing ¢; of the same colour as ¢;, and

¢; is connected to ¢; inz; + A (1, \/ﬁM)

We say that a set C = {c;};<;<; of disjoint arms in A can be made n-well-separated
on the outside, if there exists an set ' = {c;}l <i<j of disjoint arms in A which is
n-well-separated on the outside, and cl’. has the same colour and endpoint on d B (v; M)
asc;fori =1,2,...,].

Similarly to Definition 6.1, we define the n-well-separation on the inside. The
following statement follows from Lemma 15 of [19].

Lemma 6.2 For t € (1,00), and § > 0, there exists n(5§) > 0 such that for any
positive integer N, we have

Py /2 (any set of disjoint armsin A(N,tN) canbemade

n-well-separated onthe outside) > 1 — 6.

Moreover, the same statement holds for well separated arms on the inside.
We prove the following proposition.

Proposition 6.3 Let k, N € N, a € (10,00), and o a colour sequence of length
k. We divide the annulus A (N, aN) into the annuli A; = A (Z’N, 2’+1N) fori =
0,1,..., Llogz (a)J — 1. Let W denote the set of indices i for which all the arms
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in Azjy1 wind around the origin at least once in the counter-clockwise direction for
i=0,1,..., |_10g2 (a) /3J — 1. There are positive constants ¢ = c (k), € = ¢ (k) and
No = Ny (k) such that

P12 (Ak,o (N, aN), IW| = clogya) = (1 —a™°) w0 (N, aN)

foralla € (1,00) and N > Nj.

Remark 6.4 Proposition 2.7 follows from Proposition 6.3, since W = ¢ on the event
Ak.1.c (N,aN)when! > 1.

Proof of Proposition 6.3 For a < 2, the statement is trivial. Hence in the rest of the
proof we suppose that a > 2. Classical RSW techniques [15] give that for all k € N
there is &1 = €1 (k) > 0 such that

ko (N,aN) > a™*! 6.1)

uniformly ina > 2, N > l and o € {o, c}k.
Let n € (0, 1/10). Let 1S; (OS;) denote the event that any set of disjoint arms of
A; can be made n-well-separated on the inside (outside). Let WS denote the set of

indices i € {0.1,...... % | = 1} for which 0S5 and 552 both hold. Notice

that the events {i € WS} fori =1,2,..., logTﬂJ — 1 are independent. Moreover,
by Lemma 6.2, for any § > 0 there is 1 (§) € (0, 1/10) such that

Pip@ieWs) >1-4.
Combining this with Hoeffding’s inequality we set cp, 8,  such that
P12 (IWS| < cologa) < a2, (6.2)
This and (6.1) gives that

P12 (Ako (N,aN) N{IWS| > colog (a)}) = mre (N,aN)—Py; (IWS|<cologa)
> ko (N,aN) —a !
> (1—a ) 1y (N, aN) (6.3)

forall N.
Let us fix an integer i € {0, 1,..., ngTz“J — l}. Condition on the event

Ao (N, 2FIN) N Ag 5 (252N, aN) N {i € WS} and on the configuration in
A (N,aN)\Asz;4+1. This conditioning gives that all the arms in A3z; can be made 7n-
well-separated on the outside, and all the arms in A3; 17 can be made n-well-separated
on the inside. This imposes some conditions on the configuration in A3;y; : there is a
finite collection of disjoint parallelograms in which certain crossing events have to be
satisfied. In order to have k arms with colour sequence ¢ in A (N, aN), it is enough
to connect, with the right colour, the k-tuple of parallelograms corresponding to the
well separated versions of these arms on the inner parallelogram to those on the outer
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parallelogram of A3; . There might be more than one choice for this pair of k-tuples
of parallelograms. In this case we choose a pair in some deterministic way.

We connect the corresponding pairs of parallelograms by disjoint tubes of width
ﬁ23i+1N in Az;41 as in the proof of Lemma 4 of [16] (see Fig. 9 of [16]), with the
difference that these connections are special: We chose these tubes such that each of
them winds around the origin at least twice in the counter-clockwise direction. We
add an additional tube which avoids the ones above, connects the boundaries of the
inner and the outer parallelograms of A3;4 and winds around the origin at least twice
in the counter-clockwise direction.

With standard RSW techniques one can show that the probability of the event that
the original tubes are crossed in the hard direction by a path with the appropriate
colour, and the additional tube is crossed in the hard direction by an open and a closed
path is at least 1 > 0. Here & = h (k, n) is independent of i, N and the location of the
parallelograms we connected. The open and closed crossings of the additional tube
forces all the arms of A (N, aN) to wind around the origin in A3z;4; at least once in
the counter-clockwise direction. Hence the event {i € W} occurs.

Thus the probability of {i € W} conditioned on the event Ay , N {i € WS} and
on the configuration in A (N, aN) \ A3+ is at least 4. Note that the event {i € W}
only depends on the configuration in A3;+1. Hence, when we condition on the event
Ak.o (N,aN) and on the realization of W S, the set W stochastically dominates a set
Z, where the elements of Z are sampled from W S independently from each other with
probability #.

Hence for ¢ > 0 we have

P12 (IW| = clogya |Ax.s (N,aN))
> P (IW] = clogya, IWS| > cologya | Ako (N, aN))
=> Pip(IWlz clogya | Aco (N.aN), WS = )Piya(Ws = S| Ao (N, aN) )
N

> Z]P,/z( 1Z| = clogy a ‘AM (N, aN), WS =S5 )]P’l/z(WS =S ‘Akf,, (N, aN) )
S
(6.4)

where the summation over S € 10, 1, ... logTzaJ — 1} with [S| > cg log, a. We split

this sum in (6.4) depending on the number of elements of S, and we get
Pij2 (W] = clogy a| Ao (N.aN))
>P (Y =clogya) > Pip(IWS|=I|Aws (N.aN))

[>cplog, a

=P (Y = clogya)Pip (IWS| = cology a | Ars (N,aN)), (6.5)

where Y is a random variable with distribution Binom (colog, a, h). Using Hoeffd-
ing’s inequality, we set ¢ = ¢ (h), &2 (h) > 0 such that

P (Y > clog, a) >1—a %2, (6.6)
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By substituting (6.6) and (6.3) to (6.5) we get that
Pijp (IW] = clogya [Ake (N,aN)) = (1 —a™*) (1 —a™®)

for all @ > 2 and N, which finishes the proof of Proposition 6.3. O

With suitable adjustments of arguments above, one can show that the following
generalization of Proposition 2.7 holds.

Proposition 6.5 For any k € N, there are positive constants ¢ = ¢ (k), ¢ = ¢ (k)
such that for all 1,I' e Nwith0 <[ <I' <k

1o (no (k), N) < cN ™ my v o (ng (k), N)

uniformly in N and in the colour sequence o.

6.2 Existence of long thick paths in nice regions

Recall the Definition 4.3 and 4.4. First we prove Lemma 4.5 which is the special case
of Lemma 4.6 where C is (a, b)-nice. Then we show how to modify the proof of
Lemma 4.5 to deduce Lemma 4.6.

Lemma4.5 Let a,b € N with a > 2000. Let C be an (a, b)-nice subgraph of
T. Then there is a |a/200 — 10]-gridpath contained in C with diameter at least
diam(C) — 2b — 2a — 12.

Remark 6.6 We believe that the constants in Lemma 4.5 are not optimal.

Proof of Lemma 4.5 Recall the lines below Definition 4.4. To prove Lemma 4.5, it
is enough to find a path ¢ in C such that diam(¢) > d — 2b — 2a — 12 and ¢ +
B (a/100 — 5) C C. We construct ¢ by the following strategy.

We put hexagons on the vertices of T in the ‘usual” way: The hexagon corresponding
to the vertex v is the regular hexagon with side length 1/+/3 centred around v with
one of its sides is vertical. These hexagons give a tiling of the plane R?. Using this
tiling, we look at C as the region in R? which is the union of the hexagons which are
centred around the vertices of C.

Let x, y € C such that d (x, y) = diam(C). Let y C R? be a shortest curve
connecting x and y in the region C, that is, y is a continuous map of [0, 1] such that
0 is mapped to x and 1 is mapped to y. We get the path ¢ from y as follows. First
we cut down two pieces of y one from its beginning and one from its end. We call
the resulting path y2. Then we walk along 2, and if there is a point of C ‘close by’
on the left (right, resp.) of 2, then we make a ‘small’ detour to the right (left, resp.).
We get the path ¢ from y?2 after these detours. We show that ¢ indeed satisfies the
conditions above, and finish the proof of Lemma 4.5.

We gave a strategy which involved continuous curves and regions in the plane R.
We adapt it to the triangular lattice in the following precise proof.
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Let x = (x1,x2),y = (31, y2) € C such that d (x, y) = diam(C). We further
assume that x; < y; and d (x, y) = y; — x1. The other case where d (x, y) = y» — x3
can be treated similarly. Let y denote a shortest (having the least number of vertices)
path which starts at x, ends at y, and it is contained in C.

Note that there are (2’7) shortest paths between the vertices 0 and ne; 4 ne, in T.
However, most of them do not follow closely the straight line between the points 0 and
ne; +ne,. Hence y usually does not resemble a shortest continuous curve connecting
x and y.

Step 1. We choose a specific shortest path between x and y.

For u, v € T, let s (4, v) denote the line segment connecting « and v in R2. This
segment naturally induces an oriented path o («, v) in T as a sequence of the midpoints
of the hexagons which are intersected by s (u, v) as we walk along it from u to v. Note
that it can happen that the segment s (u, v) contains a side of a hexagon. In this case,
we put only one of the neighbouring hexagons to o (u, v). We say that o (u, v) is a
triangular grid approximation of the segment s (#, v). Note that o (u, v) is a shortest
path between u and v in T.

Recall the notation in Sect. 4.1. Let v, u, u’ € 7 with v < u, u’ and u ~ u’. Then
forall w € o (v, u) thereis w’ € o (v, u’) with w ~ w’. Hence for v € 7 there are
two cases:

o cither Yu € y, ;)\ {v} we have o (v, u) \ {v} ~ dC, or
e Jw = w (V) € yy,y\{v} such that Vu € p, ,,\{v, w} we have o (v, u) \{v} ~» 9C,
but o (v, w)\{v} ~ 9C.

We perform the following procedure. We start at x. If the first case above holds for
v = x, then we replace y by o (x, y) and finish the procedure. In the second case
we replace yx w(x) by o (x, w (x)), and repeat the procedure for yy(x)y starting from
w (x). At each step of the procedure, we move at least one vertex further on y, hence
the procedure terminates in at most |y | steps. Let y denote the path we get at the end.
At each step of the procedure, we make modifications such that the new path is in C
and its length is the same as the old path’s. Hence y C C and |y| = |y]|.

We finish Step 1 by with the following consequences of the construction above: y
resembles a shortest curve in R? : It is a sequence of triangular grid approximations
of line segments in R?. Moreover, we have the following claim.

Claim 6.7 As we walk along y, we turn to the left (right, resp.) at v € y if it has a
neighbour in dC on the left (right, resp.) of y. Thatis, if u, v, w € y withu < v < w
and o (u,v),o (v,w) C y, with o (u,v) Uo (v,w) # o (u,v), thenv ~ dC N
T (u, v, w), where T (u, v, w) denotes the triangle spanned by the vertices u, v, w.

Step 2. We introduce some notation and assign labels to some of the vertices of y .
Let

ST :={v=(1,v) eV |x<v<y}.

By possible shortening y and redefining x and y, we can assume that y C ¢l (ST),
y NoST = {x, y}and d (x, y) = diam(C).
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We set o := |a/6] — 2 > 0, and define
ST :={v=(vi,w) €V |xi+b+ia < <y —b—ia}

fori e {1,2}. Let x! (yi resp.) denote the last (first, resp.) vertex of y which is in
thehalfplane{v =, m) eV |v <x +b+l(x}({v [vg > y1 — b —ia},resp.).
Let y' = y,i ,i. Note that ST!' > ST2 and y?2 is a subpath of y!.

Leti € {1, 2}. Since y' is a shortest path, it is non self-touching. This combined with
yinasT! = {xi, y! } we get that y/, cuts ¢l (S T! ) into two connected components.
Let ST} (ST' g, resp.) denote connected component ¢/ (ST*) \y* which is on the left
(right, resp.) had side of ' as we walk along it.

Forv € y we put a label [ (v) € {L, R, N G} as follows. We denote the set of
vertices W1th label X € {L, R, N, G} by )/X First we define the labels R and L :
Forv € y2, wesetl(v) = L (I (v) = R, resp.) if ST', N B(w;a) NAC # @
(STIR N B (v;a) NAC # B, resp.). To show that the labels L, R are well-defined,
we have to check that for v € y? at most one of the sets ST', N B (v;a) N dC
and ST'x N B (v; &) N AC is non-empty. Since 2« < a, this follows from Condition
3 of Definition 4.4. Let B := |a/3]. For v € y2\ (y7 Uy}) we setl(v) = G if
B (v; B)N (yfui) =@, and [ (v) = N otherwise.

Since 4o + 28 < a, it is a simple exercise to prove the following claim using
Condition 3 of Definition 4.4, which finishes Step 2.

Claim 6.8 Letu € yLl and v € )/1%. Then there is w € yGl which is in between u and
v.

Step 3. We define the neighbourhoods F, and G, for v € y2.

If [ (v) € {G, N} then we set F,, := B (v; @) and G, := B (v; B).

Ifl (v) € {L, R}, let f1 (f 2,resp.) as the last vertex when we go backward (forward,
resp.) from v along y which is in B (v; «). If it has label L (R, resp.) then we define
J as the connected component of B (v; «) \y 1, ¢2 on the right (left, resp.) hand side

of ys1 s2. Similarly we define ¢! and g2 in the box B (v; B), and G,.
The combination of 4o < a, Claim 6.7 and Condition 3 of Definition 4.4 gives that

(vprgUyve p)NBw; g—1) =0
Hence we get
Claim 6.9 F, N B (v; B) = G, forv € y2.

Step 4. We investigate the neighbourhood G,.

Claim 6.10 G,N3C =P forv e y?,and G, Ny' =W forv € y} Uy}

Proof of Claim 6.10 First we show that G, N dC = @ with a proof by contradiction.
Suppose that G, N dC # @. The definition of labels give that if G, N dC # ¢, then
[ (v) = L or R. We further suppose that / (v) = L. The case where [ (v) = R can be
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<
<

2a

Fig. 9 The path yx,y V 0y, V Yuw,y, is shorter than y by at least %a vertices

treated similarly. We choose w so that it is one of the closest vertices to v among the
vertices of G, N dC. See Fig. 9.

By the definition of the label L, we have that w € ST% N B (v; B). Since w € G,,
i.e. wisontherighthandside of ys1 2 in B (v; «). Hence some subpath of y ! \Yrt1, 2,
denoted by v, has to separate w from v in F,. Let us walk from v to w on o (v, w),
till we hit v. Let us denote the explored path by o (v, v/ ) where v’ is the last point
of the exploration. Let ' be the path we get when we replace the part of y between
v and v' by o (v, v'). Consider the case v' <, v. The other case where v’ >, v can
be treated similarly. The number of vertices of o (v, v ) is at most 2. However, the
number of vertices in v before v’ is at least @« — 8. Moreover, }yfu ,v] > o — 5. Hence

lyl=|y'| =2 —B)—28

2
> goz > 0. 6.7)

The definition of w gives that o (v, v ) C C, thus ¥’ C C. Hence y' connects x and
y in C and by 6.7, it is shorter than y. This contradicts the definition of y, hence
GyNaC =@forv e yz.

The proof of G, N yl =@ forv e y2 is quite similar to the one above, hence we
omit it, and finish the proof of Claim 6.10 and conclude Step 4. O

Step 5. We define the path ¢.
Wesete = |B/4] — 2. For j € {L, R}, let

Uj= | B:e). (6.8)

veyjz
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S T%Q\U \y? (S T%\U ®\y2, resp.) has one infinite connected component which we
denote by Zg (Z, resp.). Let £; denote the shortest pathindZ; NS T2 which connects
the left and the right side of S75. We orient {1 (g, resp.) so that Zy (Zg, resp.) is on
the left (right, resp.) hand side. Note that ¢; , ¢ are left-right crossings of ST2.

Note that ¢z, ¢z and y2 are non self-touching paths. Since Zg, Z; and y? are
disjoint, y2 is sandwiched between ¢; and ¢g. Hence ¢7, ¢R, y2 can have common
vertices, but they cannot cross each other. Thus we get the following claim.

Claim 6.11 Letv € ¢ N¢g. Thenv € p2.
Condition 3 of Definition 4.4 implies the following claim.

Claim 6.12 Letv € ¢ N¢g. If w, the next vertex after v on )/2 exists, thenw € ¢ Ulk.
Let Z;) = (7, 7?)) be the directed graph induced by the directed paths ¢;, (g and

5 L = - — — 2 — .
y<. Thatis G = (V, E) where V = ¢ U¢g Uy~ and (u,v) € E if and only

ifu,vev,u~vandu <, v for some v € {{1., {r. y*}. Using the definition of ¢,
and ¢g it is a simple exercise to show the following claim.

Claim 6.13 8 has no directed loops.

For j € {L, R} and z € ¢; let n (z) be the first vertex of £; N y? after z on gj.
Thatis, nj (z) € ¢; N y? with nj(z) »¢ zandif 2 € ¢; N y? with 7/ >¢; z then
7 >¢; nj (z). If there is no such vertex, then we set nj (z) = ¥.

We define a directed path ¢ by the following procedure. Let z; denote the starting
point of ¢; for j € {L, R}. ¢ starts at the vertex z defined as

zi, whenny (zz) =9, or, whenny (z1) # ¥ # ng (zg), and

nr (zr) =2 ng (zR)
zZr otherwise.

A\l
Il

Suppose that we are at vertex v in ¢. If v is the endpoint of {7, or {g, we terminate the
procedure. Otherwise, we define the next vertex of ¢, denoted by w, as follows. For
J € {L, R}, if v € {;, then v; denotes the next vertex after v in ¢;.

o Ifv e ¢ \¢r,thenw = v,
e if v e ¢r\¢L, then w = vp
e if v € {f N¢R, and if
- VL,VUR € yz, then the definition of ¢;, and ¢g gives that vy = vgr and we take
W = V], = UR
- v € Y%, vg ¢ y2, then w = vg
— VR € )/2, vy ¢ y2,thenw =L
— the case vz, vg ¢ y? is impossible by Claim 6.12.
We finish Step 5 by showing that ¢ is well-defined. The definition of ¢ shows that

if we view ¢ as a directed graph, it is a subgraph of 6) Hence by Claim 6.13 ¢ has
no directed loops. Thus ¢ is self avoiding, and the procedure above terminates after
finitely many steps, when ¢ reaches the endpoint of {7, or ¢g.

Step 6. We prove the following claim and finish the proof of Lemma 4.5.
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Claim 6.14 ¢ + B (¢) C C and diam(¢) > d (x,y) — 2b — 4«.

Proof of Claim 6.14 The definition of ¢ shows that ¢ is a horizontal crossing of ST2.
Hencediam(¢) > d (x, y)—2b—4a. We show thatforallv € ¢ wehavev+B (¢) C C.
There are two cases depending on whether v is contained in 2.

Case 1: v € ¢\y?. Then v € ¢z \y? or v € Lg\y2. We assume that v € ¢z \y2.
The case where v € {g\y? can be treated similarly. The definition of ¢; gives that
there is w € yg such that v € (B(w; e+ 1)\B (w;¢)) and B (v;e) Nyg = .
This combined with 4« 4 4¢ + 2 < a and Condition 3 of Definition 4.4 gives that
B((v;e)N (yL2 U )/1%) = 0.

If y2N B (v;€) # @, then Ju € (y(z; U yﬁ,) N B (v; €). Claim 6.10 implies that
C > G,=Bu;B) D B(v;e)since 4e < B.

If )/2 N B (v; &) = @, then the definition of w and Claim 6.10 shows that C D G,, D
B (v; €) since 28 + 2¢ < «.

Hence B (v; ¢) C C in Case 1.

Case 2: v € £ Ny2. Since ¢ C ¢7 U Lg, we assume that v € ¢7. The case where
v € ¢g can be treated similarly. First we show that v ¢ yL2 N¢r.

Suppose the contrary, that is v € yLz N ¢r. Let w be the starting point of the
connected component of v in y2 N ¢. By the definition of £, w € ¢;. Moreover, for
w’ the vertex right before w on ¢z, we have w’ € ¢7\y». Hence there is u’ € y32
such that w’ € B (u';e+1). Since v € y, and u’ € yI%, by Claim 6.8 Ju € yg;
which is between u’ and v on y2. Note that w’ € G,/. By Claim 6.10 we have that
)/uz/’w - yz\yé. Hence u is between w and v on y2. From the definition of w, we get
thatu € £ N ¢y

Note that if we show that u € ¢g, then we get a contradiction by the definition of
¢. Hence in order to rule out the case v € )/Lz N ¢ it is enough to show that u € ¢g.

Suppose the contrary, that is u ¢ ¢g. Recall the definition of Uy from 6.8. We
introduce a new set of labels on the vertices of Uy, as follows. For ¢ € Uy, there is a
vertex r € yr, such that g € B (r; €). We define

I (q) = [B ifr <y‘z u
A otherwise.
Since the choice of r above is not necessarily unique, we have to show that I’ (¢) is
well-defined. It can be easily checked by combining Claim 6.10, 4¢ + 4 < B and
u e yé. Moreover a similar argument shows that if ¢, ¢’ € Up with ¢ ~ ¢’, then
U'(g)=1(q").

Since 2 is non self-touching, u € y? is connected to oo in STk. Since u ¢ (g it
is not connected to oo in Zg, there is a path v C Uy which separates u from oo in
STg. We can choose v such that it starts and ends at a vertex neighbouring y2. By a
possible shortening of v, we can assume that if u’ € v with u’ ~ 2, than u’ is either
the starting or the endpoint of v. Let u, us be neighbours of the starting point and the
endpoint of v which are in y2. The definition of v gives that u is in between u; and
u on y2. Using Condition 3 of Definition 4.4 and that u € y(z; it is easy to check that

U (uy) #1' (u2).
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On the other hand, v is a connected subset of Uy, hence [’ is constant on v. This is
a contradiction, thus u € g, which in turn shows that v € )/L2 N<¢r.

Hence v ¢ yL2 N ¢y but v € ¢ N y? N ¢p. The definition of ¢ gives that v ¢ yg.
Hence v € y]%, Uycz;. By Claim 6.10 we get C D G, = B (v; ) D B (v; €), and we are
done in Case 2. Since there are no other cases left, the proof of Claim 6.14 is finished.

O

Since ¢ + B (¢) C C and diam(¢) > d (x,y) — 2b — 4« hence the |&/2]-gridpath

approximation of ¢ is contained in C. It has diameter at leastd (x, y) —2b —4a —& >

d(x,y) —2b—2a—12.Since ¢ = [B/4] —2 > a/100 — 5 this concludes the proof

of the Lemma 4.5. O
We finish the appendix by proving Lemma 4.6.

Lemma 4.6 Let a,b,c € N with a > 2000. Let C be subgraph of T which is
(a, b)-nice in B (c). Let C' be a connected component of C N B (c). Then there is a
la/200 — 10]-gridpath contained in C' with diameter at least diam (C") —2b—2a—12.

Proof of Lemma 4.6 Let x, y € C’ withd (x, y) = diam(C’). We choose 7 as one of
the shortest paths connecting x, y in C’. From this point on, we can follow the proof
of Lemma 4.5 since we will use Condition 3 of Definition 4.4 for pairs of vertices
u, v € 9C which are contained in B (¢). O
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