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1D log gases and the renormalized energy:
crystallization at vanishing temperature
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Abstract We study the statistical mechanics of a one-dimensional log gas or S-
ensemble with general potential and arbitrary S, the inverse of temperature, according
to the method we introduced for two-dimensional Coulomb gases in Sandier and Ser-
faty (Ann Probab, 2014). Such ensembles correspond to random matrix models in
some particular cases. The formal limit 8 = oo corresponds to “weighted Fekete
sets” and is also treated. We introduce a one-dimensional version of the “renormal-
ized energy” of Sandier and Serfaty (Commun Math Phys 313(3):635-743, 2012),
measuring the total logarithmic interaction of an infinite set of points on the real line
in a uniform neutralizing background. We show that this energy is minimized when
the points are on a lattice. By a suitable splitting of the Hamiltonian we connect the
full statistical mechanics problem to this renormalized energy W, and this allows us
to obtain new results on the distribution of the points at the microscopic scale: in

E. Sandier
LAMA-CNRS UMR 8050, Université Paris-Est,
61, Avenue du Général de Gaulle, 94010 Créteil, France

E. Sandier
Institut Universitaire de France, Paris, France
e-mail: sandier @u-pec.fr

S. Serfaty (B<)

UMR 7598 Laboratoire Jacques-Louis Lions,
UPMC Univ Paris 06, 75005 Paris, France
e-mail: serfaty @ann.jussieu.fr

S. Serfaty
CNRS, UMR 7598 LJLL, 75005 Paris, France

S. Serfaty

Courant Institute, New York University,
251 Mercer st, New York, NY 10012, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00440-014-0585-5&domain=pdf

796 E. Sandier, S. Serfaty

particular we show that configurations whose W is above a certain threshold (which
tends to min W as B — oo) have exponentially small probability. This shows that the
configurations have increasing order and crystallize as the temperature goes to zero.

Mathematics Subject Classification 82B05 - 82B21 - 82B26 - 15B52

1 Introduction

In [36] we studied the statistical mechanics of a 2D classical Coulomb gas (or two-
dimensional plasma) via the tool of the “renormalized energy” W introduced in [35],
a particular case of which is the Ginibre ensemble in random matrix theory.

In this paper we are interested in doing the analogue in one dimension, i.e. first
defining a “renormalized energy” for points on the real line, and applying this tool to
the study of the classical log gases or B-ensembles, i.e. to probability laws of the form

1 B
dPP(xy,..., x,) = —ﬂe_f’””(“"“’x")dxl ...dx, (1.1
V4

n

where Z,’f is the associated partition function, i.e. a normalizing factor such that Pg is
a probability, and

n
wn(xl,...,xn)=—Zlog|xi—xj|+nZV(xi). (1.2)
i#j i=1

Here the x;’s belong to R, 8 > 0 is a parameter corresponding to (the inverse of) a
temperature, and V' is a relatively arbitrary potential, satisfying some growth condi-
tions. For a general presentation, we refer to the textbook [23]. Minimizers of w,, are
also called “weighted Fekete sets” and arise in interpolation, cf. [34].

There is an abundant literature on the random matrix aspects of this problem (the
connection was first pointed out by Wigner and Dyson [21,44]), which is the main
motivation for studying log gases. Indeed, for the quadratic potential V (x) = x2/2,
particular cases of B correspond to the most famous random matrix ensembles: for
B = 1 the law IP’,’f is the law of eigenvalues of matrices of the Gaussian Orthogonal
Ensemble (GOE), while for 8 = 2 it corresponds to the Gaussian Unitary Ensemble
(GUE), for general reference see [2,23,30]. For V (x) still quadratic, general §’s have
been shown to correspond to tri-diagonal random matrix ensembles, cf. [1,20]. This
observation allowed Valké and Virdag [43] to derive the sine-f processes as the local
spacing distributions of these ensembles. When § = 2 and V (x) is more general, the
model corresponds (up to minor modification) to other determinantal processes called
orthogonal polynomial ensembles (see e.g. [25] for a review).

The study of IP’g via the random matrix aspect is generally based on explicit formulas
for correlation functions and local statistics, obtained via orthogonal polynomials, as
pioneered by Gaudin, Mehta, Dyson, cf. [18,19,30]. We are interested here in the
more general setting of general § and V, with equilibrium measures for the empirical
distribution of the eigenvalues whose support can have several connected components,
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1D log gases and the renormalized energy 797

also called the “multi-cut regime” as opposed to the “one-cut regime.” One class
of recent results in this direction are those of Borot-Guionnet and Shcherbina who
prove in particular partition functions expansions in the case of the one-cut regime
with general V [10,38] or the case of the multi-cut regime with analytic V [11,39]
(see references therein for prior results). Another class is those on universality (i.e.
independence with respect to V) of local eigenvalue statistics, obtained for V e C*
by Bourgade-Erdos-Yau [12,13], for V analytic in [40], and for V € C3! in [8].

The results and the method here are counterparts of those obtained in [36] for
X1, ..., X, belonging to R2, in other words the two-dimensional Coulomb gas (this
corresponds for V quadratic and B = 2 to the Ginibre ensemble of non-hermitian
Gaussian random matrices). The study in [36] relied on relating the Hamiltonian wy,,
to a Coulomb “renormalized energy” W introduced in [35] in the context of Ginzburg-
Landau vortices. This relied crucially on the fact that the logarithm is the Coulomb
kernel in two dimensions, or in other words the fundamental solution to the Laplacian.
When looking at the situation in one dimension, i.e. the present situation of the 1D
log-gas, the logarithmic kernel is no longer the Coulomb kernel, and it is not a priori
clear that anything similar to the study in two dimensions can work. Note that the 1D
Coulomb gas, corresponding to ]P’f where the logarithmic interaction is replaced by the
1D Coulomb kernel | x|, has been studied, notably by Lenard [28,29], Brascamp-Lieb
[15], Aizenman-Martin [4]. The situation there is rendered again more accessible by
the Coulomb nature of the interaction and its less singular character. In particular [15]
prove crystallization (i.e. that the points tend to arrange along a regular lattice) in the
limit of a small temperature, we will get a similar result for the log-gas.

The starting point of our study is that even though the logarithmic kernel is not
Coulombic in dimension 1, we can view the particles on the real line as embedded
into the two-dimensional plane and interacting as Coulomb charges there. This pro-
vides a way of defining an analogue of the “renormalized energy” of [35] in the
one-dimensional setting, still called W, which goes “via” the two-dimensional plane
and is a way of computing the L norm of the Stieltjes transform, cf. Remark 1.1 below.

Once this is accomplished, we connect in the same manner as [36] the Hamiltonian
wy, to the renormalized energy W via a “splitting formula” (cf. Lemma 1.10 below), and
we obtain the counterparts results to [36], valid with our relatively weak assumptions
onV:

e a next-order expansion of the partition function in terms of n and 8, cf. Theorem
6.

e the proof that the minimum of W is achieved by the one-dimensional regular
lattice Z, called the “clock distribution” in the context of orthogonal polynomial
ensembles [42]. This is in contrast with the dimension 2 where the identification
of minimizers of W is still open (but conjectured to be “Abrikosov” triangular
lattices).

e the proof that ground states of w,, or “weighted Fekete sets”, converge to mini-
mizers of W and hence to crystalline states, cf. Theorem 5.

e Alarge deviations type result which shows that events with high W become less and
less likely as B — oo, proving in particular the crystallization as the temperature
tends to 0.
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798 E. Sandier, S. Serfaty

Our renormalized energy W, which serves to prove the crystallization, also appears
(like its two-dimensional version) to be a measurement of “order” of a configuration
at the microscopic scale 1/n. This is more precisely quantified in [26]. What we
show here is that there is more and more order (or rigidity) in the log gas, as the
temperature gets small. Of course, as already mentioned, it is known that eigenvalues
of random matrices, even of general Wigner matrices, should be regularly spaced,
and [12,13] showed that this could be extended to general V’s. Our results approach
this question sort of orthogonally, by exhibiting a unique number which measures the
average rigidity. (Note that in [9] the second author and Borodin used W as a way of
quantifying the order of random point processes, in particular those arising as local
limits in random matrix theory.)

Crystallization was already known in some particular or related settings. One is the
case where V is quadratic, for which the 8 — oo limits of the eigenvalues—in other
words the weighted Fekete points—are also zeroes of Hermite polynomials, which
are known to have the clock distribution (see e.g. [5]). The second is the case of the
B-Hermite ensemble [43].

Our study here differs technically from the two-dimensional one in two ways: the
first one is in the definition of W by embedding the problem into the plane, as already
mentioned. The second one is more subtle: in both settings a crucial ingredient in the
analysis is to reduce the evaluation of the interactions to an extensive quantity (instead
of sums of pairwise Coulomb interactions); that quantity is essentially the L norm
of the electric field generated by the Coulomb charges, or equivalently of the Stieljes
transform of the point distribution. Test-configurations can be built and their energy
evaluated by “copying and pasting”, provided a cut-off procedure is devised: it consists
essentially in taking a given electric field and making it vanish on the boundary of a
given box while not changing its energy too much. In physical terms, this corresponds
to screening the field. The point is that screening is much easier in two dimensions than
in one dimension, because in two dimensions there is more geometric flexibility to
move charges around. We found that in fact, in dimension 1, not all configurations with
finite energy can be effectively screened. However, we also found that generic “good”
configurations can be, and this suffices for our purposes. The screening construction,
which is different from the two-dimensional one, is one of the main difficulties here,
and forms a large part of the paper.

The rest of the introduction is organized as follows: We begin by introducing the
equilibrium measure (i.e. the minimizer of the mean-field limiting Hamiltonian) and
known facts concerning it, in the next two sections we describe the central objects
in our analysis, i.e. the marked electric field process and the renormalized energy W.
Then we state the results which connect w, to W: the “splitting formula”, and the
Gamma-convergence lower and upper bounds. Finally, in Sect. 1.5 we state our main
results about Fekete points and the 1D Coulomb gas.

1.1 The spectral and equilibrium measures and our assumptions
The Hamiltonian (1.2) is written in the mean-field scaling. The limiting “mean-field”

limiting energy (also called Voiculescu’s noncommutative entropy in the context of
random matrices, cf. e.g. [2] and references therein) is
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1D log gases and the renormalized energy 799

F(p) =/ —log|x —yldu(x)du(y) +/ V(x)dp(x), (1.3)
RxR R

it is well known (cf. [34]) that it has a unique minimizer, called the (Frostman) equi-
librium measure, which we will denote 1¢¢. It is not hard to prove that the “spectral
measure” (so-called in the context of random matrices) v, = % > 8y, converges
to 1. The sense of convergence usually proven is

]P(erch(c,R),/fdvn —)/fdpbo) =1 (1.4)

For example, for the case of the GUE i.e. when V (x) = |x|2 and 8 = 1, the correspond
distribution pq is simply Wigner’s “semi-circle law” p(x) = %\/4 — x21|x|<2, cf.
[30,44]. A stronger result was proven in [7] for all g (cf. [2] for the case of general
V): it estimates the large deviations from this convergence and shows that F is the

appropriate rate function. The result can be written:

Theorem 1 (Ben Arous—Guionnet [7]) Let § > 0, and denote by If”f the image of
the law (1.1) by the map (x1, ..., Xx,) > vy, where v, = % Z?:l 8y;. Then for any
subset A of the set of probability measures on R (endowed with the topology of weak
convergence), we have

~ 1 - [ -
— inf F(p) < liminf — logPf (A) < limsup — log P (A) < — inf F(u).
. —00 n n A

ueA n n—00 HEA

where F = B(F — min F).

The Central Limit Theorem for (macroscopic) fluctuations from the law o was proved
by Johansson [24].

Let us now state a few facts that we will need about the equilibrium measure 1,
for which we refer to [34]: ug is characterized by the fact that there exists a constant
¢ (depending on V) such that

Vv
Uho 4+ 5 = ¢ quasi-everywhere in the support of g,

and UM + g > ¢ quasi-everywhere (1.5)
where for any u, U" is the potential generated by u, defined by
Ur(x) = —/Rlog lx — yldu(y). (1.6)
We also define
§=U“°+¥—c 1.7
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800 E. Sandier, S. Serfaty

where c is the constant in (1.5). From the above we know that { > 0inRand ¢ = 0Oin
3 := Supp(pp). We will make the assumption that p( has a density m with respect
to the Lebesgue measure, as well as the following additional assumptions:

\%
V is lower semicontinuous and  lim Y& — log |x| = 4o0. (1.8)
[x]—>4o00 2
¥ is a finite union of closed intervals X1, ..., X (multi-cut). (1.9)
There exist y, m > 0 such that y/dist (x, R\X) < mo(x) <m for all x e R.  (1.10)
mo € C%2(R). (1.11)
There exists 81 > 0 such that / e AVR2WelD gy < 400, (1.12)
R\[-1,1]

The assumption (1.8) ensures (see [34]) that (1.3) has a minimizer, and that its support
X is compact. Assumptions (1.9)—(1.11) are needed for the construction in Sect. 3.3.
They could certainly be relaxed but are meant to include at least the model case of
no = p, Wigner’s semi-circle law. Assumption (1.12) is a supplementary assumption
on the growth of V at infinity, needed for the case with temperature. It only requires
a very mild growth of V /2 — log | x|, i.e. slightly more than (1.8).

1.2 The marked electric field process

Theorem 1 describes the asymptotics of IP’f asn — 400 in terms of the spectral mea-
sure v, = % > 8x;. Our results will rather use an object which retains information
at the microscopic scale: the marked electric field process.

More precisely, given any configuration x = (x1, ..., x,), we let v, = >, 8y,
andv, = >, 8, where the primes denote blown-up quantities (x" = nx). We set

mo’(nx) = mo(x), and we denote by Sg denotes the measure of length on R seen as

embedded in R?, that is
/ ¢5R=/ @(x,0)dx
R2 R

for any smooth compactly supported test function ¢ in R?. The configuration x gen-
erates (at the blown-up scale) an electric field via

E,, :=—VH,, where AH,=—2m (v, —myég). (1.13)
where H,, is understood to be the only solution of the equation which decays at infinity,
which is obtained by convoling the right-hand side with — log |x|. We will sometimes
write itas H, = —2w A~ (v}, — mg/8g) = — log * (v}, — mo/6R). Here We note that
from (1.13), E,, satisfies the relation

div E,, =27 (v, —mo'8g) inR?, (1.14)

supplemented with the fact that E,, is a gradient.
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1D log gases and the renormalized energy 801

Remark 1.1 When considering the Stieljes transform of a (say compactly supported)

measure i on R,
d
S(z)=/ MY e

Z—X

one observes that
[S(z)] = |V ]1og*u|.

Thus the electric field E = —V log *u of the type we introduced is very similar to
the Stieltjes transform, in particular they have the same norm. We note however that
it seems much easier to take limits in the sense of distributions—what we will need
to do—in (1.14) than in Stieltjes transforms.

The field E,, belongs to L{ (R?, R?) forany p € [1, 2). Choosing once and for all
sucha p, wedefine X := ¥ x Lﬁ)c (Rz, Rz) the space of “marked” electric fields, where
the mark x € ¥ corresponds to the point where we will center the blow-up. We denote
by P(X) the space of probability measures on X endowed with the Borel o-algebra,
where the topology is the usual one on R and the topology of weak convergence on
LY.
lo\cVe may now naturally associate to each configuration x = (x, ..., x,) a “marked

electric field distribution” P, via the map
in : R" — P(X) (1.15)

X Py, 22][ S(X,Evn(nx+~)) dx, (1.16)
p

ie. P,, is the push-forward of the normalized Lebesgue measure on ¥ by x >
(x, E,, (nx + -)). Another way of saying is that each P,, (x, -) is equal to a Dirac

at the electric field generated by x, after centering at the point x. We stress that P,

has nothing to do with IPE , and is strictly an encoding of a particular configuration

(X1, ..., xn).

The nice feature is that, assuming a suitable bound on w, (x1, . .., X,), the sequence
{P,,}n will be proven to be tight as n — oo, and thus to converge to an element P
of P(X). From the point of view of analysis, P may be seen as a family {P*},cx—
the disintegration of P—each P* being a probability density describing the possible
blow-up limits of the electric field when the blow-up center is near x. It is similar to
the Young measure on micropatterns of [3].

When (x1, ..., x,) israndom then P also is and, from a probabilistic point of view,
P is an electric field process, or to be more precise an electric field distribution process.

The limiting P will be concentrated on vector fields which are obtained by taking
limits in (1.14) (after centering at x), which will be elements of the following classes:

Definition 1.2 Let m be a positive number. A vector field E in R is said to belong
to the admissible class A4, if it is a gradient and

div E = 27 (v — mdg) in R? (1.17)
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802 E. Sandier, S. Serfaty

where v has the form

V= Z(Sp for some discrete set A C R C R?, (1.18)
PEA
and
v([_R’ R]) . .
—x is bounded by a constant independent of R > 1. (1.19)

One should understand the class A,, as corresponding to infinite configurations on
the real line with density of points m. The distribution of points on the real line, seen
as positive Dirac charges, is compensated by a background charge mdgr which is also
concentrated on the real line.

The properties satisfied by P = lim,_.~ Py, may now be summarized in the
following definition:

Definition 1.3 (admissible probabilities) We say P € P(X) is admissible if

e The first marginal of P is the normalized Lebesgue measure on X.
e It holds for P-a.e. (x, E) that E € Ay (x)-
e P is T)(y)-invariant.

Here T),(x)-invariantis a strengthening of translation-invariance, related to the marking:

Definition 1.4 (T} (y)-invariance) We say a probability measure P on X X Li"o - (R%, R?%)

i Ty (x)-invariant if P is invariant by (x, E) — (x, E(A(x) + -)), for any A(x) of class
C! from ¥ to R.

Note that from such an admissible electric field process P, and since E € Ay, (x)
implies that E solves (1.17), one can immediately get a (marked) point process by
taking the push-forward of P(x, E) by E +— %div E + mo(x)ér. This process
remembers only the point locations, not the electric field they generate, but we will
show (Lemma 1.7) that the two are equivalent.

1.3 The renormalized energy

In Theorem 1, large deviations (at speed n?) from the equilibrium measure /1 of the
spectral measure v,, were described with the rate function based on the energy F(u).
Our statements concern the next order behavior, and if we try to put them in parallel to
Theorem 1, the electric field distribution replaces the spectral measure as the central
object, while the renormalized energy W that we describe in this section replaces F.

First we define the renormalized energy of an electric field E. It is adapted from
[35] which considered distribution of charges in the plane, by simply “embedding”
the real line into the plane. As above we denote points in R by the letter x and points
in the plane by z = (x, y).

Definition 1.5 Let m be a nonnegative number. For any bounded function y and any
E satisfying a relation of the form (1.17)—(1.18), we let
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1D log gases and the renormalized energy 803

1
W(E, x) = lim [ =

X|EI* +mlogn » x(p) (1.20)
n—0 2 /RZ\UPEAB(PvU) Z

PEA

and the renormalized energy W is defined by

W(E,
W(E) = lim sup w

, (1.21)
R— o0 R

where {xr}r>0 is a family of cut-off functions satisfying

IVxrl < C, Supp(xr) C[—R/2,R/2] xR, xgr(x)=1if|x|] < R/2-1,
(1.22)

for some C independent of R.

After this work was completed, a slightly different definition of renormalized energy
was proposed in [33] for points in dimensions d > 2. A version for dimension one
can also be written down, cf. [32] and this allows to retrieve our results with a few
simplifications in the proof, more precisely it suppresses the need for Proposition 2.1.

Remark 1.6 While W in 2D can be viewed as a “renormalized” way of computing
| H || 1 (r2), in 1D it amounts rather to a renormalized computation of || H || z1/2 ()
(where H® denote the fractional Sobolev spaces). In other words, because the loga-
rithmic kernel is not Coulombic in one-dimension, the associated energy is non-local
(and the associated operator is the fractional Laplacian A'/%). Augmenting the dimen-
sion by 1 allows to make it local and Coulombic again. This well-known harmonic
extension idea seems to be attributed to [31].

As in the two dimensional case, we have the following properties:

— The value of W does not depend on {xg}r as long as it satisfies (1.22).

— W is insensitive to compact perturbations of the configuration.

— Scaling: it is easy to check that if E belongs to A,, then E’ := %E(~/m) belongs
to A and

W(E) =m (W(E') — m logm) , (1.23)

so one may reduce to studying W on A;.

— If E € A,, then in the neighborhood of p € A we have div E = 2n(8, — mép),
curl E = 0, thus we have near p the decomposition E(x) = —V log |x — p|+ f(x)
where f is smooth, and it easily follows that the limit (1.20) exists. It also follows
that E belongs to Lf;c for any p < 2, as stated above.

In the case where (1.18) is satisfied, then there exists at most on E satisfying (1.17)
and such that W(E) < 4o0. This is the content of the next lemma, and is in contrast
with the 2-dimensional case—when the support of v is not constrained to lie on the
real line and where the definition of W is modified accordingly—where (1.17) and
W (E) < 400 only determine E up to constant (see Lemma 3.3 in [36]). The following
lemma is proved in the appendix.
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804 E. Sandier, S. Serfaty

Lemma 1.7 Let E € A, be such that W(E) < +oc. Then any other E’ satisfying
(1.17)—~(1.18) with the same v and W (E') < 400, is such that E' = E. In other words,
W only depends on the points.

By simple considerations similar to [36, Section 1.2] this makes W a measurable
function of the bounded Radon measure v.

The following lemma is proven in [9], see also [16], and shows that there is an
explicit formula for W in terms of the points when the configuration is assumed to
have some periodicity. Here we can reduce to m = 1 by scaling, as seen above.

Lemma 1.8 In the case m = 1 and when the set of points A is periodic with respect
to some lattice NZ, then it can be viewed as a set of N points ay, ...,an over the
torus Ty := R/(NZ). In this case, by Lemma 1.7 there exists a unique E satisfying
(1.17) and for which W (E) < +oo0. It is periodic and equal to E,;y = VH, where H
is the solution on Ty to —AH = 27 (3_; 84; — 8r), and we have the explicit formula:

2sinM

log 2~ 1.24)
I b4 ogﬁ. (1.

T
W(Ew) = -5 > log
i#i

As in the two-dimensional case, we can prove that min 4, is achieved, but contrarily
to the two-dimensional case, the value of the minimum can be explicitly computed:
we will prove the following

Theorem 2 min 4, W = —wm log(2nm) and this minimum is achieved by the perfect
lattice i.e. A = %Z.

We recall that in dimension 2, it was conjectured in [35] but not proven, that the
minimum value is achieved at the triangular lattice with angles 60° (which is shown
to achieve the minimum among all lattices), also called the Abrikosov lattice in the
context of superconductivity.

The proof of Theorem 2 relies on showing that a minimizer can be approximated
by configurations which are periodic with period N — oo (this result itself relies on
the screening construction mentioned at the beginning), and then using a convexity
argument to find the minimizer among periodic configurations with a fixed period via
(1.24).

The minimizer of W over the class A,, is not unique, because as already mentioned
it suffices to perturb the points of the lattice mZ in a compact set only, and this leaves
W unchanged. However, it is proven by Leblé in [26] that W, once averaged with
respect to a translation-invariant probability measures, has a unique minimizer. We
now describe more precisely this averaging of W and Leblé’s result.

We may extend W into a function on electric field (or point) processes, as follows:
given any m > 0, we define

W(P) := / W(E)dP(E)

P
loc(R2,IR2)

Leblé proves that W achieves a unique minimum of value min A,, W, and the unique

over stationary probability measures on L concentrated on the class A,,.
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1D log gases and the renormalized energy 805

minimizer is P1 ,, defined as the electric field process associated (via Lemma 1.8) to
m

the point configurations u + %Z where u is uniform in [0, %]. In other words, to each
u € [0, %] we associate the unique (by Lemma 1.7) periodic electric field E
such that div E =27 (3,7, Suslp

the normalized Lebesgue measure on [0, %] byur E, 41z

u+%Z
— mdR), and define P, , as the push-forward of

Leblé’s proof is quantitative: he shows the estimate
— | — . 1
'/(,Oz(x, V=P, z(x, Y)e(x, y)| < C¢(W(P)+C)7(W(P)—rﬁln W)z (1.25)

for g € C!(R x R), where p, is the two-point correlation function of the point process
associated to P (i.e. given by the push-forward of P by P > %div P + méR) and

02,7, 1s the two-point correlation function associated to the point process u + n%Z where

u follows a uniform law on [0, %].

We will also need a version of W for marked electric field processes, in fact it is
the one that will play the role of the rate function in our results. For each P € P(X),
we let

~ Il% f W(E)dP(x, E) if P is admissible
W(P) = (1.26)

400 otherwise.

In view of Theorem 2 and the definition of admissible, the minimum of W can be
guessed to be

min W = —/ mo(x) log(2mmo(x)) dx. (1.27)
b

From [26], this minimum is uniquely achieved (here the assumption of translation-
invariance made in the definition of admissible is the crucial point):

Corollary 1.9 [26] The unique minimizer of W on P(X) is

dx‘z

= 1
"= %) o Z

where P15 has just been defined.

1.4 Link between w, and W

We are now ready to state the two basic results which link the energies w, and W.
In the language of Gamma-convergence! these results establish in essence that the

L\ sequence of functionals {f,};, Gamma-converges to f if (i) for any sequence x, — X,
liminf, f;(x,) > f(x) and (ii) for any x there exists a sequence x; — x such that f(x) = lim, f (xz).
See [14] for an introduction to the subject.
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806 E. Sandier, S. Serfaty

second term in the development of w, by Gamma-convergence is W (the first term

being F). The consequences for the asymptotics of minimizers of w, and IP’S will be
stated in the next subsection.

We begin with the following splitting formula which is the starting point to establish
this link, and which is proved in the appendix.

Lemma 1.10 (Splitting formula) For any n, any x1, ..., x, € R the following holds

1 n
Wy (X1, .nny Xy) = nzf(uo) —nlogn + ;W(VH,;, 1g2) +2n Z;(xi) (1.28)

i=1

where H,, is as in (1.13), W as in (1.20), and ¢ as in (1.7).

We may then define
F o) rll (%W(VH,/,, Ig2) 4+ 2n [p ¢dv) if visof the form X7, 8y
V) =
" 400 otherwise
(1.29)
and also
Fu(v) = Fy(v) — 2/ ¢dv < Fy(v) (1.30)
R
and we thus have the following rewriting of wy,:
wn(xl,...,x,,)=n2.7-"(u0)—nlogn+nFn(v). (1.31)

This allows to separate orders in the limit # — oo since one of the main outputs of
our analysis is that F}, (v) is of order 1.

We next state some preliminary results which connect directly F;, and W. The first
result is a lower bound corresponding to the lower-bound part in the definition of
Gamma-convergence. We will systematically abuse notation by writing (xq, ..., x,)
instead of (x5, ..., Xn,n) and v, = > 7| 8, instead of v, = D7 8y, .

Theorem 3 (Lower bound) Let the potential V satisfy assumptions (1.8), (1.11). Let
v, = Z?:] 8y; be a sequence such that ﬁ(vn) < C, and let P,, be associated via
(1.16).

Then any subsequence of { P, }, has a convergent subsequence converging as n —
oo to an admissible probability measure P € P(X) and

lim inf F,, (v,) > W (P). (1.32)
n—>o0

The second result corresponds to the upper-bound part in the definition of Gamma-
convergence, with an added precision needed for statements in the finite temperature
case.

@ Springer



1D log gases and the renormalized energy 807

Theorem 4 (Upper bound construction) Let the potential V satisfy assumptions (1.8)—
(1.11). Assume P € P(X) is admissible.

Then, for any n > 0, there exists § > 0 and for any n a subset A, C R" such that
[An| = n!(8/n)" and for every sequence {v, = > 7| 8y, }n with (y1, ..., yn) € Ay
the following holds.

(i) We have the upper bound

lim supf’;(vn) < VT/(P) + 7. (1.33)

n—o0

(i1) There exists {E,}, in Lf;c (R?, R?) such that div E, = 27 (v, —mq'8R) and such
that the image P, of dx|s /|X| by the map x — (x, E, (nx + -)) is such that

lim sup dist (P, P) <1, (1.34)

n—oo

where dist is a distance which metrizes the topology of weak convergence on

PX).

Remark 1.11 Theorem 4 is only a partial converse to Theorem 3 because the con-
structed E, need not be a gradient, hence in general E, # E,,.

A direct consequence of Theorem 4 (by choosing n = 1/k and applying a diagonal
extraction argument) is

Corollary 1.12 Under the same hypothesis as Theorem 4 there exists a sequence
{vn = D7 8, }n such that

lim sup Fy, (v,) < W(P). (1.35)

n— o0

P (R?,R?) such that div E, = 27 (v}, —
mo'8r) and such that defining P, as in (1.16), with E,, replacing E,,,, we have P, — P
asn — oo.

Moreover there exists a sequence {E,};, in L?

1.5 Main results

Theorems 3 and 4 have straightforward and not-so straightforward consequences
which form our main results.

Theorem 5 (Microscopic behavior of weighted Fekete sets) Let the potential V satisfy
assumptions (1.8)—(1.11). If (x1, . .., x,) minimizes w, foreveryn and v, = Z?:l Ox;»
then Py, as defined in (1.16) converges as n — o0 to

P — dxs ® P
0= Iz mo(x)Z
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and
n
lim F,(v,) = lim F,(v,) = min W, lim Zg(xi) =0.
n—o0 n—0oo n—oo o

Proof This follows from the comparison of Theorem 3 and Corollary 1.12, together
with (1.30): For minimizers, (1.32) and (1.35) must be equalities. Moreover we must
have lim, (F, (v,) — Fr(vp)) = O—that is limy_ oo > ¢(xj)) = 0—and P must
minimize W, hence be equal to Py in view of Corollary 1.9. By uniqueness of the
limit, the statement is true without extraction of a subsequence. O

It can be expected that ¢ (which is positive exactly in the complement of ¥) controls
the distance to X to some power. One can show this under suitable assumptions on V
by observing that U as in (1.5) is the solution to a fractional obstacle problem and
using the results in [17].

We next turn to the situation with temperature. The estimates on w,, that we just
obtained first allow to deduce, as announced, a next order asymptotic expansion of the
partition function, which becomes sharp as g — oo.

Theorem 6 Ler V satisfy assumptions (1.8)—(1.12). There exist functions fi, f2
depending only on V, such that for any By > 0 and any B > Bo, and for n larger than
some nq depending on By, we have

nBfi(B) <log Zf — (—§n25’:(uo) + gnlogn) = npfa(p), (1.36)

with f1, f» bounded in [By, +00) and

min W
7

ﬁli_)lgo J1(B) =ﬂ1er;o f(B) = (1.37)

Remark 1.13 In fact we prove that the statement holds with f>(8) = M + % for
any C > log |XZ|.

As mentioned above, this result can be compared to the expansions known in the lit-
erature, which can also be obtained as soon as a Central Limit Theorem is proven for
general enough Vs, cf. [10,11,24,38,39]. These previous results generally assume
more regularity on V though. It is also not obvious to check that the formulas agree
when  — oo (for which min W is completely explicit, cf. (1.27)) because the coeffi-
cients in these prior works are in principle computable but in quite an indirect manner.

Our method also allows to give a statement on the thermal states themselves (the
complete statement in the paper can be phrased as a next order large deviations type
estimate, to be compared to Theorem 1).

Theorem 7 Let V satisfy (1.8)—(1.12). There exists Cg > O suchthatlimg_, o Cg =0
and such that the following holds. If B > 0 is finite, the law of P,,, i.e. the push-forward

oﬂP’f byi, definedin (1.15) converges weakly, up to extraction, to a probability measure
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I’PTE in P(P(X)) concentrated on admissible probabilities, and for I’P?B—almost every P
it holds that

VT/(P) < min W + Cg.

The first statement in the result is the existence of a limiting random electric field
process, hence equivalently, via projecting by (x, E) +—> %div E + mo(x)dr, of a
limiting random point process. The second statement allows to quantify the average
distance to the crystalline state as 8 gets large, using (1.25):

Corollary 1.14 Let P € P(X) be admissible, and let us write its disintegration P =
{P*}xex where x-a.e. in X, P* is a probability measure on Lll;c(]RZ R2) concentrated
on Apmyx)- Let py be the two-point correlation function of the point process given
as the push forward of P* by E +> %div E + mo(x)dr. Let p, 1, be the two-
point correlation function associated to P11, as above. Then, for any PP obtained by

Theorem 7, it holds for PP -almost every P and any smooth compactly supported ¢
that

][ ‘/(pf — Py #Z)ﬁp dx < C:pcﬂa
) > mg(x)

where C,, depends only on ¢, and Cg is as in Theorem 7.

Since Cg — 0, our results can thus be seen as a result of crystallization as 8 — oo.
We believe that when 8 is finite a complete large deviations principle should hold with
arate function involving both W and a relative entropy term, whose weight decreases
as B — oo. This is work in progress [27].

Finally, let us mention that our method yields estimates on the probability of some
rare events, typically the probability that the number of points in a microscopic interval
deviates from the number given by . We present them below, even though stronger
results are obtained in [12,13]. The results below follow easily from the estimate
(provided by Theorem 6) that f’; < C except on a set of small probability.

Theorem 8 Let V satisfy assumptions (1.8)—(1.12). There exists a universal constant
Ry > Oandc, C > Odepending only on V such that: Forany By > 0, any B > Bo, any
n large enough depending on By, for any x1, ..., x, € R, any R > Ry, any interval
I C R of length R/n, and any n > 0, letting v, = Y ;_, 8x;, we have the following:

log P8 (|v, (1) — npo(I)| = nR) < —cBmin(n?, n*)R* + CB(R + n) + Cn,
(1.38)

11
log P ((1+ R2/n®)2 ™1 vy = nolly-ra(y = 1v/n) < —enfif* + Cn(B + 1)
(1.39)
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where W14 (1) is the dual of the Sobolev space Wé’q/(l), with 1/g +1/q" = 1, in
particular W11 is the dual of Lipschitz functions; and

log P (/;dvn > n) < —%nﬁn +Cn(B +1). (1.40)

Note that in these results R can be taken to depend on n.

(1.38) tells us that the density of eigenvalues is correctly approximated by the
limiting law 10 at all small scales bigger than Cn~!/? for some C. However this in
fact should hold at all scales with R > 1, cf. [12,13,22]. (1.40) serves to control the
probability that points are outside X (since { > 0} = X°).

The rest of the paper is organized as follows. In Sect. 2 we prove Theorem 3,
in Sect. 3 we prove Theorem 4. In Sect. 4 we prove the remaining theorems. In
the appendix we prove Lemmas 1.7 and 1.10, as well as the main screening result
Proposition 3.1.

2 Lower bound

In this section we prove Theorem 3.

2.1 Preliminaries: a mass displacement result

In this subsection, we state the analogue in 1D of Proposition4.9in [35], aresult we will
need later. The proposition below asserts that, even though the energy density % |E|>+
wlogn. » 0p associated to W' is not bounded below, there exists a replacement g
which is. The sense in which g is a replacement for the energy density of W (specified
in the statement of the proposition) is what is needed to make the energy density of
W effectively behave as if it were bounded from below.

The density g is obtained by displacing the negative part of the energy-density
into the positive part. The proof is identical to that of [35] once the one-dimensional
setting has been embedded into the two-dimensional one as stated. What follows will
be applied to v}, i.e. the measure in blown-up coordinates.

Proposition 2.1 Assume (v, E) are such thatv = 21 Y peA 8, for some finite subset
A of R, div E =2 (v — a(x)8R), for some a € L*(R), and E is a gradient.

Then, given 0 < p < po, where py is universal, there exists a measure density g in
R? such that

(i) There exists afamily of disjoint closed balls B, centered on the real line, covering
Supp(v), such that the sum of the radii of the balls in B, intersected with any
segment of R of length 1 is bounded by p and such that

1 .
g>—C(lallz= + 1) + Z|E|21R2\Bp in R?, (2.1
where C depends only on p.
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(i1)
1.
g= §|E| in the complement of R x [—1, 1].

(iii) For any function x compactly supported in R we have, letting x (x, y) = x (x),

‘W(E, x) —/X dg| = CN(log N + [lallec) VX lloo, 2.2

where N = #{p € A | B(p,)) N Supp(Vx) # D} and X\ depends only on p.
(Here #A denotes the cardinality of A).

Proposition 4.9 of [35] of which the above proposition is a restatement, was stated
for a fixed universal pg, but we may use instead in its proof any 0 < p < pg, which
makes the constant C above depend on p. Another fact which is true from the proof of
[35, Proposition 4.9] but not stated in the proposition itself is that in fact g = %|E 2
outside U, B(p, r) for some constant » > 0 depending only on p, and if p is taken
small enough, then we may take r = 1, which yields item ii) of Proposition 2.1.

The next lemma shows that a control on W implies a corresponding control on f g
and of [ |E |> away from the real axis, growing only like R.

Lemma 2.2 Assume that G C Aj is such that, writing v = lﬂdiv E + ép,

v(IR)

VR > 1,

W(E,
fim WEXR) gy (2.4)
R—+00 R

<C, 2.3)

hold uniformlyw.r.t. E € G. Then forany E € G, for every R large enough depending
on G, we have

lv(Ig) — R| < C1RV*1og R, 2.5)
/ |EI> < CR(W(E) + 1), (2.6)
Ig x{ly|>1}

and denoting by g the result of applying Proposition 2.1 to E for some fixed value
p < 1/8, we have

W(E, xg) — C1R*log> R < / dg < W(E, xg+1) + C1R**10g” R, (2.7)
IRXR

where xg satisfies (1.22), C| depends only on G and C is a universal constant.

Proof We denote by C; any constant depending only on G, and by C any universal
constant. From (2.3), (2.4) we have forany E € G thatv(Ig) < CiRand W(E, xg) <
C1R if R is large enough depending on G. Thus, applying (2.2) we have
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‘/Xkdg

which, in view of the fact that xg = 1 in Ir_1 and g is positive outside R x [—1, 1]
and bounded below by a constant otherwise, yields that for every R large enough,

< CiR(logR + 1)

/ dg < CiR(logR + 1). (2.8)
IR_]X]R

This in turn implies—using (2.1) and the fact that % |E|?> = g outside Rx [—1, 1]—the
first (unsufficient) control

/ |E|> < CiR(log R + 1).
{(x,0)1(x,0)0¢UB,}

Since the sum of the radii of the balls in B, intersected with any segment of R of
length 1 bounded by p < 1/8, we deduce by a mean value argument with respect to
the variable x that there exists ¢ € [0, 1] such that

/ E R t 2 +|E R +1

R 2 Y 2 ThY
Using now a mean value argument with respect to y, we deduce from (2.8) the existence
of yg € [1, 1 + +/R] such that

2
dy < CiR(logR +1). (2.9)

R
2t
/ E, yp) 2+ |EGe—ye)l2dx < CivRUog R+ 1. (2.10)
- t

R_
2

Next, we integrate div E = 2w (v — §r) on the square [—§ —t, g +t] X [—yr, Yr]-
We find using the symmetry property of Corollary 5.1 that

E R t +|E R+t d
) » B » y

Bt
+/ |E(x, yr)| dx.
— t

R_
2

YR

‘v(IR_%) —R +2t‘ < /

—JR

Using the Cauchy-Schwarz inequality and (2.9)—(2.10), this leads for R large enough
to

V(Ig—t) = R‘ <24 CR¥*/logR +1+ C1/yrv/R(0g R + 1)

< CiR¥*(log R + 1), 2.11)
and then—since v(/g) > v(Ig_;/2)—to

v(Ig) — R = CR**1ogR.
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To prove the same upper bound for R — v(/g) we proceed in the same way, but
using a mean value argument to find some ¢ € (—1, 0) instead of (0, 1) such that (2.9)
holds, and then (2.10) also. We deduce as above that (2.11) holds and conclude by
noting that since t € (-1, 0) we have v(I/g) < v(Ir_;/2). This establishes (2.5).

We may bootstrap this information: Indeed (2.5) implies in particular that v(/g) —
v(Igr_1) < C;R3* log R and thus we deduce from (2.2) that (2.7) holds:

)W(E,xm— / xrdg| < C1R**log” R.

Then since W(E, xg)/R — W(E) as R — oo uniformly w.r.t. E € G and since
g is both bounded from below by a universal constant and equal to %lE | outside
R x [—1, 1], we deduce (2.6), for R large enough depending on G. O

Definition 2.3 Assume v, = >/, 8y,. Letting v, = >! | 8,/ be the measure in
blown-up coordinates, i.e. x, = nx;, and E,, = —VH,, where H, is defined by
(1.13), we denote by g,, the result of applying Proposition 2.1 to (v, E,,).

2.2 Proof of Theorem 3

We start with a result that shows how 77; controls the fluctuation v, — nuo.

Lemma 2.4 Let v, = ».'_, 8y, For any interval I of width R (possibly depending
onn)andany 1 < q < 2, we have

11

11 1 ~ 1
lvw — npollw-1acy < Cq(1 + R*) 4 202 (Fy(va) + 1)

Here W14 is the dual of the Sobolev space Wol’q/ with1/q +1/q" = 1.

Proof In [36, Lemma 5.1], we have the following statement

1]

1_1 1 ~ 1
vn — n0dR lw-1a(8g) < Cq(1+ R 202 (Fy(vy) +1)2 .

The proof is based on [41] which works in our one-dimensional context as well, thus
the proof can be reproduced without change. It is immediate to deduce the result. O

We now turn to bounding from below 77; The proof is the same as in [36, Sec. 6],
itself following the method of [35] based on the ergodic theorem. We just state the
main ingredients.

Let {v,}, and P,, be as in the statement of Theorem 5. We need to prove that any
subsequence of { P, }, has a convergent subsequence and that the limit P is admissible
and (1.32) holds. Note that the fact that the first marginal of P is dx|x /| %] follows
from the fact that, by definition, this is true of P,,.

We thus take a subsequence of {P,,} (which we don’t relabel), which satisfies
E(vn) < C. This implies that v, is of the form Z:’zl Oy, ,- We let E;, denote the
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electric field and g, the measures associated to v, as in Definition 2.3. As usual,
l)n/ = Z?:l Snxi,n'
A useful consequence of F,,(v,) < C is that, using Lemma 2.4, we have

1
—v, > uo onR. (2.12)
n

We then set up the framework of Section 6.1 in [36] for obtaining lower bounds on

two-scale energies. Welet G = ¥ and X = M4 x LI’Z)C(RZ R2) X M, where p € (1, 2),

where M, denotes the set of positive Radon measures on R? and M the set of those
which are bounded below by the constant —Cy := —C(||mo|ls + 1) of Proposition
2.1, both equipped with the topology of weak convergence.

For A € R and abusing notation we let 6, denote both the translation x +— x + X
and the action

O0.(v, E, 8) = (Oh#v, E 06;, 0,#g) .

Accordingly the action 7" on ¥ x X is defined for 1 € R by
n A
T,'(x,v, E, 8) = x—l—;,@k#v,EOQA,@A#g .

Then we let x be a smooth nonnegative cut-off function with integral 1 and support
in [—1, 1] and define

1 . /
— e x@®)dg(t,s) if (v, E, g) = Oux (v, En, gn),

f,(x, v, E, g) = v Jee TN (0.13)
+o00 otherwise.

Finally we let,

F,(v,E, g) =][ f, (x,0n(v, E, g)) dx. (2.14)
z

We have the following relation between F,, and 77;, as n — +oo (see [36, Sec. 6]):

1

. =< \E|Fn(vn) +o(l) if(v,E,g) = (un/, E., g1)
Fa(v, E, g)is (2.15)

+00 otherwise.

The hypotheses in Section 6.1 of [36] are satisfied and applying the abstract result, The-
orem 6 of [36], we conclude that letting Q,, denote the push-forward of the normalized
Lebesgue measure on X by the map x +— (x, 0, (v,/, Ey, gu)), and Q = lim, Q,,
we have

1 ~ 1
liminf — F},(v,) > —/ W(E)dQ((x,v, E, g) (2.16)
no X b4
and, Q-a.e. (E,v) € Apy(v)-
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Now we let P, (resp. P) be the marginal of Q,, (resp. Q) with respect to the variables
(x, E). Then the first marginal of P is the normalized Lebesgue measure on E and
P-ae. wehave E € A, (), in particular

W(E) > min W = mg(x) (rr}lm W—m logmo(x)) .
1

me(x)

Integrating with respect to P and noting that since only x appears on the right-hand
side we may replace P by its first marginal there, we find, in view of (1.27) that the
lower bound (1.32) holds.

3 Upper bound

In this section we prove Theorem 4. The construction consists of the following.

First we state our main screening result, whose proof is given in the appendix, on
which the proof of Theorem 4 is based, and which is the main difference with the two-
dimensional situation. It allows to truncate electric fields to allow all sorts of cutting
and pastings necessary for the construction. However, for the truncation process to
have good properties, an extra hypothesis [see (3.1)] needs to be satisfied.

The second step consists in selecting a finite set of vector fields Jp, ..., Jy (N will
depend on ) such that the marginal of the probability P (x, E) withrespectto E is well-
approximated by measures supported on the orbits of the J;’s under translations. This
is possible because P is assumed to be T}, (y)-invariant. It is during this approximation
process that we manage to select the J;’s as belonging to a part of the support of P of
almost full measure for which the extra assumption (3.1) holds and the screening can
be performed.

Third, we work in blown-up coordinates and split the region X’ (of order n size)
into many intervals, and then select the proportion of the intervals that corresponds
to the relative weight that the orbit of each J; carries in the approximation of P. In
these rectangles we paste a (translated) copy of (the screened version of) J; at the
appropriate scale (approximating the density mg’ by a piecewise constant one and
controlling errors).

To conclude the proof of Theorem 4, we collect all of the estimates on the con-
structed vector field to show that its energy w, is bounded above in terms of W and
that the probability measures associated to the construction have remained close to P.

In what follows we use the notation 6, E(x, y) = E(x + A, y) for the translates of
E,and 0,, E(x,y) = mE(mx, my) for the dilates of E.

3.1 The main screening result

This result says that starting from an electric field with finite W which also satisfies
some appropriate decay property away from the real axis, we may truncate it in a strip
of width R, keep it unchanged in a slightly narrower rectangle around the real axis,
and use the layer between the two strips to transition to a vector field which is tangent
to the boundary, while paying only a negligible energy cost in the transition layer as
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R — o0. The new electric field E g thus constructed can then be extended outside of
the strip by other vector fields satisfying the same condition of being tangent to the
boundary of the strip. Because the divergence of a vector field which is discontinuous
across an interface is equal (in the sense of distributions) to the jump of the normal
derivative across the interface, pasting two such vector fields together will not create
any divergence along the boundary interface. We will thus be able to construct vector
fields that still satisfy globally equations of the form (1.17), the only loss being that they
may no longer be gradients. However, this can be overcome by projecting them later
onto gradients (in the L2 sense), and since the L? projection decreases the L norm, this
operation can only decrease the energy, while keeping the relation (1.17) unchanged.

Proposition 3.1 Let Ir = [—R/2, R/2], let x satisfy (1.22).
Assume G C Ay is such that there exists C > 0 such that for any E € G and
writing v = %div E + ég we have (2.3), (2.4) and

lim  lim ][/ E> =0, (3.1
Yo +00 R—>+00 15 Jy|>yo

and such that moreover all the convergences are uniform w.rt. E € G.

Then for every 0 < ¢ < 1, there exists Ry > 0 such that if R > Ry with R € N,
then for every E € G there exists a vector field Eg € LY (Ig x R, R?) such that the
following holds:

(1) Er -v=00n0dIg x R, where v denotes the outer unit normal.
(i) There is a discrete subset A C Ig such that

loc

div Eg =27 | D> 8, —6r | inlg xR
peA

(i) Er(x,y) = E(x,y) forx € [—R/2+¢eR, R/2 — ¢R].
(iv)

W(ER’ IIRXR)

R < W(E) + Ce. (3.2)

Remark 3.2 The assumption (3.1) is a supplementary assumption which allows to
perform the screening but which is not necessarily satisfied for all E € A,,, even
those satisfying W(E) < 4-o00. We believe a counter example could be constructed as
follows: let z; = (2¥, 0) and

(- 1)’62’6/2 -
—Z a—d). U=a"ln

Then
k

2
/ IVU|?> > 7 ((k — 1) log2 — logk) — > Co > 0,
B(z, 2D\ B(z1.k) k
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hence

][ / IVU|?> > Co.
Lis1 J1y|>k

where Cy is independent of k. Therefore £ = VU violates (3.1). On the other hand,
because the strength of each charge in the sum defining u is negligible compared to
the distance from the next charge, it is possible to approximate p by a measure of the
type v — g, where v = > dp. Letting £ = 27 VA~ (v — 8r) would then yield
a counter-example.

We have not been able to show that screening is always possible without assuming
(3.1). However we will see in Lemma 3.6 that this assumption is satisfied “generically”
i.e. for a large set of vector-fields in the support of any invariant probability measure,
and this will suffice for our purposes.

pPEA

3.2 Abstract preliminaries

We repeat here the definitions of distances that we used in [36]. First we choose

distances which metrize the topologies of Ll’; C(R2.R?) and B(X), the set of finite Borel
_ P p
measures on X = X X Lloc(Rz,Rz)' For Eq, E, € Lloc(RZ,RZ) we let

lE1 — E2llLr(B0,k)
L+ |E1 — E2llLr Bk

0
dp(E1, E2) = > 27*
k=1

and on X we use the product of the Euclidean distance on X and d),, which we denote
dx. On B(X) we define a distance by choosing a sequence of bounded continuous
functions {¢y }; which is dense in C;(X) and we let, for any u, uy € B(X),

@k, 1 — p2)]
1+ [k, w1 — pu2)l’

o0
dp(p1, o) = »_27*

k=1

where we have used the notation (¢, u) = f odu.
We will use the following general facts, whose proofs are in [36, Sec. 7.1].

Lemma 3.3 For any ¢ > 0 there exists no > 0 such that if P, Q € B(X) and
IP — Q| < no, thend(P, Q) < ¢. Here | P — Q|| denotes the total variation of the
signed measure P — Q, i.e. the supremum of (¢, P — Q) over measurable functions
@ such that |¢| < 1.

In particular, if P = >0, o;8y, and Q = > 10 Bidy, with >_. |e; — Bi| < no, then
dp(P, Q) < e.

Lemma 3.4 Let K C X be compact. For any ¢ > 0 there exists n1 > 0 such that if
xeK,yeXanddx(x,y) < n thendg(éy, dy) < e.
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818 E. Sandier, S. Serfaty

Lemma 3.5 Let0 < ¢ < 1. If is aprobability measureonaset Aand f, g : A — X
are measurable and such that dg (8 f(x), S4(x)) < & for every x € A, then

dp(f#u, g#p) < Ce(lloge| + 1)
where # denotes the push-forward of a measure.

The next lemma shows how, given a translation-invariant probability measure P

P , P
onL (R2,R2)> ON€ can select a good subset G and vector fields J; of L, ®R2R2) ©

approximate it. It is essentially borrowed from [36] except it contains in addition the
argument that ensures that we may choose G, to satisfy the assumption (3.1) needed
for the screening.

Lemma 3.6 Let P be a translation invariant measure on X such that, P-a.e., E
is in Ay and satisfies W(E) < +oo. Then, for any ¢ > 0 there exists a compact

G, C Lﬁ)c(W,R?) such that

(i) Letting O < ng be as in Lemma 3.3 we have
P(Z x G:°) < min(n9>, noe). (3.3)

(ii) The convergence (1.21) is uniform with respect to E € G,.

(i) Writingdiv E = 2 (vE —48R), both W (E) and v (IR)/ R are bounded uniformly
with respectto E € G and R > 1.

@iv) Uniformly with respect to E € G we have

lim  lim ][/ E> =0 (3.4)
Y0100 R—>+00 15 Jy|>yo

Moreover, (3.3) implies that for any R > 1 there exists a compact subset Hy, C
G such that
(v) Forevery E € H,, there exists I'(E) C Izg such that

IT(E)| < CRny and A ¢ I'(E) — 6, E € G,. 3.5
(vi) We have

dg(P, P') < Ce(lloge| 4+ 1), where

1 -
P = / — 8¢ ® 80,y £ dAdP(x, E)
sxH, MOCOURL S 1p\(E) 0%

}3 :/ » (Sx ®8ar710(x)E dﬁ(x, E) (36)
YxL

loc(R2,R2)
(vii)

P(T x H.°) < min(no, €).
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Finally, there exists a partition of H; into Ul]-v‘g IH; satisfying diam (Hgi) < n3, where

n3 is such that

E € He, dy(E,E") <3, m € (0,m], A € mIg\I'(E)
= dB(S(Tme}LE’ S(Tm(();\E/) <é&; (37)

and there exists for all i, E; € H! such that

W(E;) < inf W +¢. (3.8)
H]

Proof The lemma is almost identical to Lemma 7.6 in [36], except for item iv). The
proof in [36] is as follows: First one proves that there exists G, satisfying items ii)
and iii) with P(Z x G°) arbitrarily small, in particular one can choose it so that (3.3)
is satisfied. Then one deduces from (3.3) the existence, for any R > 1, of a compact
subset H, C G, satisfying the remaining properties. The only difference here is that
we must check that there exists G, with P(X x G,€) arbitrarily small satisfying not
only items ii) and iii), but iv) as well. Then, the proof of the existence H, C G
satisfying the remaining properties is exactly as in [36].

Of course, by intersecting sets, it is equivalent to prove that (ii), (iii), and (iv) can
be satisfied simultaneously or separately, on a set of measure arbitrarily close to full.
The proof in [36] shows that this is possible for (ii) or (iii), it remains to check it for
(iv). For this we consider G,, = {E | W(E) < n}. Then G, is a translation-invariant
set since W is a translation-invariant function, and therefore by the multiparameter
ergodic theorem (as in [6]), and since Pis translation-invariant, we have

/ (/ |E|2)d15(x,E)
S xGp [=1,11x{ly|>yo0}

1 N
=/ (lim —/ XR|E|2) dP(x, E), (3.9)
2xG, \R>00 R JRx{]y|>y0)

where xg = 1, * 1j_1,1]. Then, using Lemma 2.2 and using the fact that the g there
was defined in Proposition 2.1 hence is equal to %|E|2 on R x {|y| > 1} we deduce
from (2.7) and the fact that g is bounded below by a constant independent of E that

1
lim —/ XRIEI> < C(1+ W(E)) < Cn
Rx{ly|>yo}

holds for every E € G, withn > 1.
It follows that for every fixed n > 1 the family of functions

[goyo L (x, E) > |E|2]
[=1L11x{ly[>yo} yo>1

d~ecreases to0on ¥ x G, as yp — 400, and is dominated by the bounded, hence
P-integrable, function ¢;. Lebesgue’s theorem then implies that their integrals on
¥ x G, converge to 0, hence in view of (3.9) that
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1 -
/ (hm —/ XR|E|2) dP(x, E),
£xG, \R=>0 R JRs(|y|>y0}

tends to 0 as yo — +o0. Fatou’s lemma then implies that (3.4) holds for P-almost
every (x, E) € ¥ x Gy,.

Since W(E) < +oo holds for P-ae. (x, E), we know that 13(2 x Gp) — 1 as
n — 4-o0 therefore the measure of £ x G, can be made arbitrarily close to 1, and
then Egoroff’s theorem implies that by restricting G, we can in addition require the
convergence in (3.4) to be uniform. O

3.3 Construction

In what follows X' = nX, my'(x) = mgy(x/n): we work in blown-up coordinates. In
view of assumption (1.9), we may assume without loss of generality that ¥ is made
of one closed interval [a, b] (it is then immediate to generalize the construction to the
case of a finite union of intervals). In that case ¥’ = [na, nb]. Let m > 0 be a small
parameter. For any integer n we choose real numbers a,, and b, (depending on m) as
follows: Let a,, be the smallest number and b,, the largest such that

nm nm
ap = na + — bngnb——z (3.10)
14 14
An
/ mo' (x)dx € N (3.11D)
na
nb
/ mo’ (x)dx € N (3.12)
b}l
b}l
/ mo' (x)dx € g:N (3.13)
An

where ¢g; is an integer, to be chosen later, and y is the constant in (1.10). By (3.10)
and assumption (1.9), we are sure to have mo’ > m in Z’m := [ay, by]. This fact also
ensures that

nm 1 nm g
lan —nal < —= +—  |by —nb| < — + —. (3.14)
14 m 14 m
We also denote X := %Z’W
Let P be a probability on X x LII:) C(R2.R?) which is as in the statement of Theorem 4.

Our goal is to construct a vector field E, whose W energy is close to [[W d P and
such that the associated P, (defined as the push-forward of the normalized Lebesgue
measure on X by x — (x, E(nx + -))) well approximates P.

In [na, a,] and [b,, nb], we approximate mo’(x) dx by a sum of Dirac masses at
points appropriately spaced, and build an associated E,;, whose contribution to the
energy will shown to be negligible as m — 0. We leave this part for the end.
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For now we turn to [a;,, b,], where we will do a more sophisticated construction,
approaching P via Lemma 3.6 and using Proposition 3.1. The idea of the construction
is to split the interval [a,, b,] into intervals of width ~ g, R., where g, is an integer
and R, a number, both chosen large enough, and then paste in each of these intervals a
large number of copies of the (rescaled) truncations of the J;’s provided by Proposition
3.1, in a proportion following that of P.

- Step 1: Reduction to a density bounded below. We have

P :/8x®8(,m0(x)EdQ(x,E), where Q :/SX(X)(S(,I/",O(X)ECZP()C,E).

Moreover, since the first marginal of P is the normalized Lebesgue measure on ¥ and
since | X, | ~ |X| as m — 0, we have

lim dg(P, P) =0, (3.15)

m—0

where P is defined by

P = /3x ® 80, E AP (x, E),

with P =/ 8x ® 840 E AP (x, E). (3.16)
S xLP 0"

loc(R2,R2)

Clearly P is Tjy)-invariant since P is, and in particular it is translation-invariant. In
addition, for P-a.e. (x, E), we have my(x) € [m, m], a situation similar to [36] where
the density was assumed to be bounded below.

- Step 2: Choice of the parameters. Let 0 < ¢ < 1. We define the compact set
G C Ll’; R2.R2) 1O be given by Lemma 3.6. Then, from Proposition 3.1 applied to
G, there exists Ry > 0 such that for any integer R > Ry, and any E € G, there
exists a truncation (in the sense of items 1), ii), iii) of Proposition 3.1) E satisfying
(3.2). Applying Lemma 3.4 on the compact set {0, E : m € [m,m], E € G}, there

exists 71 > 0 such that

m € [m,m),E € G, E' € Lﬁc(RZ,R%

and d,(E,E") <n = dg(, . 80,£) < & (3.17)

Then we define R, to be such that mR. > Rg and such that for any E, E’ €

p
Lloc(Rz,Rz)’

E=E onlyg = d,(E,E)<n. (3.18)

Going back to Lemma 3.6, we deduce the existence of H, C G, of N, € N and
of {E;}1<i<n, satisfying (3.5), (3.6), (3.7) and (3.8), with R replaced by R,.
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Finally, we choose ¢g. € N sufficiently large so that

N¢ N¢
— < 1o, — X max W(onmE;) < e. (3.19)
qe qe 0=<i<N;

me[m,m]

- Step 3: construction in [ay, b,]. We start by splitting this interval into subintervals
with integer “charge”. This is done by induction by letting #) = a, and, #; being given,
letting ;41 be the smallest # > #; + g R, such that ftik_. my’'(x) dx € g.N. By (3.13)
there exists K € N such that tx = b,,, and

b, —ay, _ nb —a)
q:R:  —  qeR: ’

K <

(3.20)

Since my’ > m in [ay, by], itis clear that #;, — (ge Re + tx—1) < qgm_l. To summarize
and letting Iy = [#x—1, #x], we thus have

Il € [ge Re. ge(Re +m~ ], / mo'(x) dx € geN. (3.21)
I

In each I; we will paste n; x copies of a rescaled version of E;, where

qe(by — ay) - (1 .
ik = | ——""pix pix=P|-Ikr x H ),
[ 1] n

[] denoting the integer part of a number. Because the first marginal of P is the normal-
ized Lebesgue measure on X,, and since [a,, b,] C X, C [a, b],and Ui Iy = [ay,, by,
we have that

|Ik| 2 |Ik|
nb—a) ~ —a,’
and therefore Z ~1 Mk < qe. Also, using in particular (3.19),
ik

We divide I into g, subintervals with disjoint interiors, all having the same width
€ [Re, R + m_l] Then foreach 1 <i < N, we let Z; x denote a family consisting

[ 1|
—
qe(by — ay)

Ne
k— Dik| = —

&

< 1no.

of n; j of these intervals. This doesn’t necessarily exhaust /; since Z Z1Mik = ge SO
we letnox = ge — le:l nj k-

We define my to be the average of mg’ over I;.. From (3.21) we have my|I;| € g.N
hence for each I € Z; y we have R := |miI| € N, and R € [myR,, mi (R, ~|—m_1)].
We then apply Proposition 3.1 in I to the vector field E;, which yields a “truncated”
vector field E; ; defined in /g, where R = |myl|. If I € Zy; we apply the same
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1D log gases and the renormalized energy 823

procedure with an arbitrary current Eg € A; fixed with respect to all the parameters
of the construction.
We then set

EV(x) = o1 ym Ei 1 (x +-)

on each interval I € 7; x, where x; is the center of /. The next step is to rectify the

weight in E\". For this we let Ry be the square Iy x (—|Ix|/2, |It|/2) and let H be
the solution to

—AH, =2n(mg —my) in Ry
JdH,
9Tk _ 9

ORy.
90 on k

From Lemma 5.2 applied with ¢ and m( equal to zero, and using the fact that m is
assumed to belong to C 0’%, we have for any g € [1, 4],

_4q
IVH < CglLePlmg’ — melldeqry < CollPmolly 0%, (3.22)
R k "2

We then define

E(z) _ VHk ' in Rk
n 0 in Iy x R\Rg

E,=EY +E? in I xR.

Using Lemma 5.4 and (3.22) we deduce using (3.21) that
W(En, 1;,r) < W(ED, 1, r) +0,(1), asn — oo, (3.23)
where 0, (1) tends to zero as n — oo and depends on &, m > 0 but not the interval

I we are considering. Summing (3.22) for 1 < k < K and in view of (3.20) we find
that for any g € [1, 4]

_9
/ , RIE,S” — Enl? < Cyemn'™2. (3.24)
[an.bn]x

On the other hand, in view of the construction and the result of Proposition 3.1 we
have

Ne
s
W(EN 1;) < |I] (Z f W (om Ji) + Cs). (3.25)
i=0

Then, following the exact same arguments as in [36, Sec. 7] which we do not
reproduce here (the only difference is that the rescaling factors /n there should be
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replaced by n), thanks to (3.18)—(3.17)—(3.19) we find that we can choose C7 in (3.19)
such that

dg(P, P') < Ce(|log g| + 1) (3.26)

where

K

1

r_

P = A E /Ik8xk®80AE§l1>d)n
ml p—1

and stands for P©® in [36, Sec. 7]. Also, and again as in [36], since (3.24) holds, and

from Lemma 3.4, we may replace E,gl) with E,, at a negligible cost, more precisely
for any large enough n we have

dg(P, P") < Ce(|loge| + 1) (3.27)
where
1 K
p’ = A Z/] Sy ® g, E, dA.
mb p—=1""%%

- Step 3: construction in [by,, nb]. The construction in [na, a,] is exactly the same
hence will be omitted. We claim that there exists E, defined in [b,,, nb] x R such that

div E, = 2n(z 8¢, —mg'Sg)  in[b,,nb] x R
i (3.28)
E, - v=0 on 3([b,, nb] x R)

and
W(Eu, 1, np)xR) < Cn (m 4 04(1)) (3.29)
where C may depend on y, m and €. To prove this claim, let so = b, and for every

[ > 1, let s5; be the smallest s > s;_; such that f;’_l mo’(x)dx = 1. Since (3.12)

holds, this terminates at some s; = nb with L = fb"b mqy’ < m|nb — b,|. We then
set x; to be the middle of [s;_1, s;]. We let u; be the solution in the square R; :=
[s1—1. 811 x [=5 (st = s1-1), 5 (51 — s1-1)]

—Auy = 2w 8y, — mo'dg) in R
0
o on 9R;.
ov

This equation is solvable since, by construction of the s;’s, the right-hand side has zero
integral. Then foreach/ welet E, = —Vu;inR;,andlet E,, = 0in[b,, nb] x R\U;R;.
Clearly E,, satisfies (3.28).
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To estimate the energy of u; we let u; = v; + w; where, letting m; = JCISH sl mg/,
—Av =2m(8y;, —mydR) in Ry
0
il =0 on Ry,
ov
—Aw; =2m(m; —mo)ép  in Ry
Jw,
R on dRy,
ov
From Lemma 5.2 and Lemma 5.3 we find, choosing for instance ¢ = 4 so that

g €[l,4]and ¢’ < 2,
q _ 2 _ /4
/R, IVl < Clsp = s1-1)* [mi =m0 | oo ) -

and

W (v, 1g,) = C — 7 logmy, / IVl < Cm? 2,
R

From (1.10) and Lemma 5.4, since E,, = —(Vv; + Vwy) in R;, we have

1-2 2
W(E,, 1g,) < C —mlogm; + C ||m1 — mo’”Lw([Slil,S]]) m; sy —s1-1)9

+C =m0 [ oo,y 1 = S-D% (3.30)

s1—1,511

Using (1.11),

1
(st —s81-1)2
“ml - mO/”LDC([SI—leI]) =< C“mO“COv% T

Replacing in (3.30) and letting ¢ = 4 we deduce that

— _ 3
W(En,ln,>sC—nlogm,+c(” st G szl)).

Jn n

Then, summing with respect to /—using the fact that from (3.14) we have >, [s41 —
si] < Cnm(1 + 0,(1)), the fact that the integral over [s;_1, s;] of mq’ is 1 and that

from (1.10) we have (s; — s;-1) < n%—we find

nb
W(En, 1y, np1xr) < C (/ mo' (x) — mg'(x) logmo’(x) dx + nOn(l))

< Cn(m + o, (1)),
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since mgy’ — mg’logmg’ is bounded by a constant depending only on m( and using
(3.14). This proves (3.29)

- Step 4: conclusion. Once the construction of E,, is completed, the proof of Theorem 4
is essentially identical to that of [36, Proposition 4.1], which is its 2-dimensional
equivalent, except that the scaling factor /n there must be replaced by n. We only
sketch the proof below and refer to the specific part of [36] for the details.

The test vector-field E, has now been defined on all [na, nb] x R. It is extended
by 0 outside, and is easily seen to satisfy the relation div E, = 2x (v, — mg’) for
v, = > ._; 8,,, asum of Dirac masses on the real line. Combining (3.29) with (3.23),
(3.25) and (3.8), we have

N

W(En 1g2) < D |I] (Z "KW (g Ei) + Ce + on<1)) +Cn(m + 0,(1)).
k

i=0 1%

Letting n — oo and then m — 0, we see that the error term on the right-hand side
can be made arbitrarily small, say smaller than Ce. On the other hand, the reasoning
of [36], Step 2 in Paragraph 7.4, shows that

Ne
0 &

Zuu(z fk W(omKEn)s |2’|/W(E>dP<x,E>+Cn<e+on<1)>,
k i=

so that taking n larger if necessary we obtain

1

mW(En,le) 5/W(E)dP(x,E)+C8. (3.31)
Then arguing as in Paragraph 7.4, Step 3 of [36], letting (x1, ..., x,) be the rescal-

ings to the original scale of the points x! i.e. x; = x//n, we have for n large enough

I s
lim sup — (u)n(xl, o xn) — n2F (o) + nlogn) < u/W(E)dp(x, E) + Ce.

n—oo N Y

Also letting P, be the push-forward of ﬁdx |x by the map x — (x, E,(nx + -)),

it is easy to see that dg(P”, P,) < Cm. In view of (3.15) and (3.27), and taking m
small enough, for any given ¢ > 0, we can achieve

dp(P, P,) < Ce.

This proves that items i) and ii) of Theorem 4 are satisfied by (xy, ..., x;) and E,,.
Then, the perturbation argument of Paragraph 7.4, Step 4 in [36] shows that there
exists § > 0 and for each n a subset A, C R" such that |A,| > n!(§/n)" and such
that for every (y1, ..., yn) € A, there exists a corresponding E,, satisfying (1.33) and
(1.34). This concludes the proof of Theorem 4.
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4 Proof of Theorems 2, 6, 7 and 8
4.1 Proof of Theorem 2

By scaling [cf. (1.23)], we reduce to m = 1. The result relies on the fact that there
exists a minimizing sequence for min 4, W consisting of periodic vector-fields:

Proposition 4.1 There exists a sequence {ER}reN in A; such that each ER is 2R-
periodic (with respect to the x variable) and

limsup W(ER) < mm w.

R—o0

Proof The result of Proposition 4.1 is a consequence of Proposition 3.1.

First, applying Theorem 5, there exists a translation-invariant measure P on X X
LII; (R2.R2) such that P-a.e. (x, E) is such that £ minimizes W over A, (x). Then,
taking the push-forward of P under (x, E) = 01/m,(x)E, we obtain a probability Q
on L] o(R2.R?) such that Q-a.e. E minimizes W over A;.

Applying Lemma 3.6 to Q, we find that Q-a.e. E is such that E € Ay, such that
(3.1) holds, and such that W(E) = min4, W. Choosing such an E¢ and applying
Proposition 3.1 to G = {Ep}, we find that for any given ¢ > 0 and any integer R large
enough depending on &, there exists E defined on /g x R such that Eg - v = 0 on
d(IgxR)and W(ER, 1;,xr) < R(W(Ep)+¢). This Eg canbe extended periodically
by letting Egr(x + kR, y) = Er(x, y) forany k € Z.

From the condition Eg - v = 0 on d(Ig x R) we find that, letting A C Ig be the

locations of the Dirac masses in div Ep, we have div Eg = 27w (Z peAR 8p — 8R),
where Ag = A + RZ. Moreover

W(ERs IIRXR)

W(ER) = x|

< W(Ep) + Cs.

There remains to make Eg a gradient. Following the proof of Corollary 4.4 of [35]
we let ER = Er + VJ-fR in Ig x R where fg solves AfR = curlEg in I x R
and fr = 0on d(/g x R) Then, div ER = div Eg and curlER = 0in Ig. We can
thus find Hg such that Ex = VHpg in Iz x R. It also satisfies VHg - b = Eg -V =
Er-v+ VLfR v =0ond(/g x R). We may then extend Hpg to a periodic function
by even reflection, and take the final E to be V Hg. This procedure can only decrease
the energy (arguing again as in [35,36]): we have W (ERg, 1;,xr) < W(ER, 17,xR)
since

/ |VHg — V* fr|? —/ |V Hg|?
(Ir xR)\UB(p,n) Ir xR\UB(p,n)

= _2/ VHg -Vt fr +/ IV frl*.
(Ir xR)\UB(p,n) IR xR\UB(p,n)

It can be checked that the last two terms on the right-hand side converge as n — 0 to
the integrals over /g x R. Also integrating by parts, using the Jacobian structure and
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the boundary data, we have | IgxR VHg -V fr = 0. Therefore, letting 7 — 0 in the
above yields

W(ERv IIRXR) - W(VHRs IIRXR) = 0.

We deduce that W(Eg) < W(Eg) < min 4, W + Ce, with Era 2 R-periodic (with
respect to the variable x) test vector field belonging to .A;. The result follows by a
standard diagonal argument. O

The following proposition could be proven as in [35], however we omit the proof
here.

Proposition 4.2 W : lm (R2,R?) > RU{+o0}, 1 < p <2 isa Borel function.
inf 4, W is achieved and is finite.

The result of Theorem 2 will follow from Proposition 4.1 combined with the fol-
lowing

Proposition 4.3 (Minimization in the periodic case) Let ay, ..., ay be any points in
[0, N1 and E\4;y be the corresponding periodic vector field, as in Lemma 1.8. Then

W(Eq)) = W(Ez) = —m log2n

where Ey is the electric field associated to the perfect lattice 7.

Proof The proof relies on a convexity argument. First, W(Ey) is immediately com-
puted via (1.24), taking N = 1.

Let us now consider arbitrary points ay, ..., ay in [0, N], and assume a; < --- <
ay.Letusalsodenote u; ; = a;4+1 —a;, with the convention ay 1 = a; + N. We have
vazl uy,; = N.Similarly, letu, ; = a;1, — a;, with the convention ay+; = a; + N.

We have ZlNzl up; = pN.By periodicity of sin, we may view the points g; as living
on the circle R/(NZ). When adding the terms in ¢; — a; in the sum of (1.24), we can
split it according to the difference p = j — i but modulo N. This way, there remains

2
W(E4)) = ——Zlog 2s1n di a/) nlogﬁn
i#j
v N o
= - Z Zlog ’2s1n ’ —m log N 4.1
p=1 i=l

where [-] denotes the integer part. But the function log |2 sin x| is stricly concave on
[0, r]. It follows that

N

1 MUy

v E log‘Zsin%‘glog
i=1

N
Y . pT
2s1n(m El up,i)‘ = log’Zsm W‘
1=
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with equality if and only if all the u, ; are equal. Inserting into (4.1) we obtain
(/21 pr 2
W(Ew) = -21 > log‘ZsinW‘ —7log . 4.2)
p=1
On the other hand, if we take for the ¢;’s the points of the lattice Z viewing them as

N-periodic, we have u,, ; = p for all p, i, so if we compute W(E7) using (4.1), we
find

2 N2l N T 2
W(Ey) = N Z Zlog’Zsin Wp‘ —nlogﬁ
p=1 i=1l
[N/2]
. TIp 27
= -2 lo ‘ZSID—’—JTIO —.
pz_; g N &N

This is the right-hand side of (4.2), so (4.2) proves that W(E(,,) > W(Ez) with
equality if and only if all the u, ; are equal, which one can easily check implies that
{ai} = Z. O

Combining with Proposition 4.1, this proves Theorem 2.

4.2 Proof of Theorems 6 and 7

We may cancel out all leading order terms and rewrite the probability law (1.1) as

1 np
dIP’g(xl, ey Xp) = —Be_TF”(”) dxy...dx, 4.3)
Ky
where
Kb = Z'/.?e%(nz}'(uo)—n logn) (4.4)

A consequence of Theorem 4 is, recalling (1.27):
Corollary 4.4 (Lower bound part of Theorem 6) For any B > 0 there exists Cg > 0
such that limg_, oo Cg = 0 and

B

n

lim inf > —g(min W+ Cp). (4.5)

n——+00 n
Proof 1t is exactly the same as in [36, Corollary 4.7] but just letting
omE(y) := m E(my). (4.6)

]

For the upper bound part of Theorem 6, we start with the following lemma, which
has the same proof as in [36, Lemma 3.5].
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Lemma 4.5 Leiting v, stand for >_7_, 8y, we have, for any constant o > 0 and
uniformly wrt. 8 > By > 0,

lim (/ e—obn [ ¢dv, dxl...dxn)" =3 4.7)

n—00

Then, exactly as in [36], we integrate (4.3) (recall that v stands for > ; ;). We
find,

1

_ L e—%ﬂ”Fn(‘))dXI--'dx”
K, JcCr

1

hence

B

log K, 1

0= — 08 &n + —log/ e_%ﬂ”F"(”) dxy...dx,. (4.8
n n n

We deduce, since F,(v) = F(v) — 2 > ¢(x;), that

B ~
0 < _log K N 1log (e_;ﬁninff,,/ e—ﬂnzl-uxl-)dxl_..dxn). (4.9)
n n "

The result then follows as in [36] from the above lemma and the lower bound of
Theorem 3 which implies that lim inf,, inf inf fn > min W.

The proof of Theorem 7 is identical to [36] once Theorems 3 and 4 are known,
except for the replacement of the scaling v/z by n and |A,| > n!(w8%/n)" by |A,| >
n!(m@s/n)".

4.3 Proof of Theorem 8

The proof relies on the following proposition, whose proof is much shorter than in
[36], due to the simpler nature of the one-dimensional geometry.

Proposition 4.6 Let v, = D", 8y, and g,, be as in Definition 2.3. For any R > 1,
for any xo € R, denoting

D(x0, R) = vy (Bg(XO)) — o (Bg(XO))
we have

D(xo, R
/ dgy, = —CR + cD(xp, R)2 min (l, M) ,
Bagr(x()

R

where ¢ > 0 and C depend only on V.2

2 The condition R > 1 could be replaced by R > R for any Ry > 0 at the expense of a constant ¢
depending on Rg.
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Proof Two cases can happen: either D(xg, R) > 0 or D(xg, R) < 0.

We start with the first case. Let us choose T = min (2, 1+ MD”(;—OO’”’?OO) and

denote T = {r € [R,TR], B, (xy) N B, = @} where B, is as in Proposition
2.1. By construction of B, and since p < j, we have |T| > 1(r — 1)R. We
then follow the method of “integrating over circles” introduced in [37]: let C denote
{x € Brr(x))\Br(x), |x — xq| ¢ T}.

For any r € T, since 0 B, (x(/)) does not intersect Supp(v;,), we have

x
/ E, -v= / div E,, = 27 v, (B (x()) —/ mo (—) SR
8Br()‘(,)) Br(x(/)) Br(x(/)) n

1
> D(xo, R) —2(t — DR|mollr> = ED(XO» R) (4.10)

by assumption and by choice of t. Moreover, for any r € T, we have, by Cauchy-

Schwarz,
2
2 1 = 1 2
|Ev,|” = s— Ey, -v] = —D(xo, R)".
BBr(xo) 2r 3Br(X6) 8mr

Integrating over T, using |T| > %(r — 1R, we have

[5=] (-5
:—log 11— —-
T T R-1@-DR T 2t

and thus

D , R
/ \Ey, P2 = eD(xo, R)? min (1, M) ,
Br(x)\By Rllmg|| 1

for some ¢ > 0 depending only on ||mg|| L~ hence on V. Inserting into (2.1), we are
led to

2 . D(x()a R)
gv, = —C(lmollL> + 1R + cD(xo, R)"min { 1, ————).
Bar(x) R||mol| Lo

The case D(xg, R) < 0 1is essentially analogous. O

We also need

Lemma 4.7 Forany v, = Y.._, 8y, we have
— 1
Fy(vp) = — dgv,, (4.11)
nmw JR2
where 77; is as in (1.30) and g, is the result of applying Proposition 2.1 to vy.
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Proof This follows from (2.2) applied to xr, where xg is as in (1.22). If R is large
enough then #{p € Supp(v) | B(p, C) N Supp(Vyx) # @} = 0 and therefore (2.2)
reads

W(Eu,,, XR) Z/)ZR dgu,,-

Letting R — o0 yields W(E,,, 1p2) = f dg,, and the result, in view of (1.29). O

We now proceed to the proof of Theorem 8, starting with (1.38). If R > Rp and
|D(x), R)| = nR then from Proposition 4.6 and using the fact—from Proposition
2.1—that g,, is positive outside U;’ZIB(x{, C) and that g,, > —C everywhere, we
deduce from (4.11) and (1.29), (1.30) that

1
Fy(v) > — (—CR + cmin(y?, 773)R2) +2/; dv,. 4.12)
n

Inserting into (4.3) we find
B! (1D R)| = 1R)

1
< —gexp (C,BR — ¢ min(n?, n3)R2) / e MBI gxy L dxy.
K

n

Then, using the lower bound (4.5) and Lemma 4.5 we deduce that if 8 > B and n is
large enough depending on By then

logP? (|D(x), R)| = nR) < —cBmin(n*, n*)R* + CBR + Cnp + Cn,

where ¢, C > 0 depend only on V. Thus (1.38) is established.

We next turn to (1.40). Arguing as above, from (4.11) we have F,(v,) > —C +
2 [ ¢ dv,. Splitting 2 [ ¢ dvy, as [ ¢ dv, + [ ¢ dv,, inserting into (4.3) and using (4.5)
we are led to

Pﬁ (/ Endv, > '7) < e_%"ﬁ"+cn('3+l)/e_"ﬁf;d”" dxy...,dx,,

where C depends only on V. Then, using Lemma 4.5 we deduce (1.40).
We finish with (1.39). Inserting the result of Lemma 2.4 into (4.3), we have, if [ is
an interval of width R/n

1_1
]P)f (”Vn - nl/LOHWfl,q([) = an\/ﬁ(l + R2/n2)q 2)

< Lﬁe_%"ﬁ" / B lsdv dxy...dx,.
Ky

Arguing as before and rearranging terms yields (1.39).
This concludes the proof of Theorem 8.
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Appendix
Proof of Lemma 1.7

Assume E and E’ belong to A, and satisfy (1.17) with the same v. Then f = E — E’
is divergence-free and curl-free, hence can be seen, identifying R? and C, as an entire
holomorphic function Z o an2". If we assume that W(E) and W (E’) are finite, then
it follows from [41], Corollary 1.2 that the growth of the L' norms of E and E is no
worse than R3/%,/Tog R hence there exists C > 0 such that for any R > 2 we have
I fllzigey < CRY?/IogR. But by Cauchy’s formula we have, for any R > 0 and
te[R,R+1]

. _L/ @, _ 1 R“/ f@
" 2im 3B(0,1) an 2im 3B(0,1) Z”+1

It follows with the above that |a,| < CR3?,./log RR™"~! which implies, letting

R — oo thata, = 0 for any n > 1, thus f is a constant. This constant must then be

zero since both E and E’ are square integrable on the infinite strips [a, b] x [1, +00].
We note that Lemma 1.7 implies in particular

Corollary 5.1 Under the same assumptions, if S(x,y) = (x, —y)then EoS = SoE.

Indeed, it is easy to check that E’ = S o E o § satisfies (1.17) with the same v as E,
and obviously W(E’) < +o0, hence E' = E.

Proof of the splitting formula (Lemma 1.10)

Letv, = X7 8. First, letting A denote the diagonal of R x R, we may rewrite w;,
as

Wy (X1, ..., Xn) :/ ] _log lx — Y|an(x)dvn()’) +n/]R V(x)dv,(x).
Splitting v, as nuo + v, — nuo and using the fact that ug x wo(A) = 0, we obtain
Tw(xy, ..., xp) = n>F (o) + Zn/ UM (x)d(v, — nup)(x)

+n/V(X)d(vn—nuo)(XH/A.—lOg |x = yld(vn—npo)(x) d(vy—npo)(y).
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Since UH0 + % = ¢ + ¢ and since v, and nuo have same mass n, we have

2n / U (x) d(vy — npo) (x) + 1 / V() d(vn — njao)(x)
=2n/§d(vn—uo)=2n/§dv,,,

using the fact that { = 0 on the support of .
In addition, we have that

1
/ —loglx — yld (v, — npo)(x) d(p — npo)(y) = —W(VH,, 1g2),
RxR)\A T

5.1

where we define H, = —2rA~! (Z?:l Oy, — n,uo). Indeed, the integral might as
well be written as over R? x R?\ A with the diagonal in R? x R?; and then the identity
is proven in [36, Section 2]. Combining all the above we find

1
w(xg, ..., X)) = n2.7:(,uo) + 2n/§ dv, + ;W(VH,“ 1R2). 5.2)

But, changing variables, we have

! 2 _ 1 72
> IVH,|" = > |VH, |,
2 RA\U™_| B(x;,1n) 2 R2\UZ_, B(x/.n)

and by adding mwnlogn on both sides and letting n — 0 we deduce that
W(VH,, 1g:) = W(=VH,), 1g2) — nnlogn. Together with (5.2) this proves the
lemma.

Proof of the screening result Proposition 3.1

Proposition 3.1 is the main hurdle in the analysis of the 1D log gas, and is specific to
the one dimensional case. Our main task is to suitably truncate a field E on a vertical
strip /g x R so that it can be pasted to other fields, or repeated to yield a periodic field.
The constraints are that we wish the modification to be localized near the boundary
of the strip, and the value of the renormalized energy not to increase much. We also
need this truncation procedure to be done for a (compact) set of fields all at once, with
uniform estimates over this set.

Some preliminary construction lemmas
The following lemmas serve to estimate the energy of explicit vector fields on boxes,
which will be later combined to build the test vector fields in the transition strips

we use for the screening. They are adaptations of [35] and rely on elliptic equations
estimates.
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Lemma 5.2 Let K be the square [—— ]2 Let ¢ € L2(3K) and a € L>™®([— % %])
be such that sz a(x)ydx = — falc @. Then, ag being the average of a over [—% %],
the solution ( well defined up to an additive constant) to
—Au=adg inK
9 (5.3)
m_ 10 on K.
av
satisfies for every q € [1, 4]
q 2 20, 4 2-4
~/IC|VM| fcq( L+ L% |la a()”Loo([ L Ly +L ”(p”Lz(dlC))
Proof We write the solution u of (5.3) as u = uj + up + uz where
—Auy = apdg  in K
9 5.4
o =@ on dC
N

where ¢ is equal to 0 on the vertical sides of the square and to 1 on both horizontal
sides;

—Aur = (a —ag)dg  in K

0 (5.5)
e =0 on a/C
ov
and
—Auz =0 in C
0
s _ ¢ —¢@ ondk.
av

The solution of (5.4) is (up to a constant) u1(x, y) = 2 |y|. Hence

/’C |Vup |4 = (%)q L% (5.6)

For uy, we observe that |[(a — a0)dr|lw-14(x) is controlled, for any ¢ < oo, by
lla — aolle([_% Ly Therefore, using elliptic regularity for (5.5), [|Vuzllza(c) is
controlled by [la — apll; (-%.Ly) and a scaling argument shows that for any ¢ < oo

/ Visl? < CyLla — aoll 5.7)
K

Le(q-5.Lp
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Finally, in the proof of Lemma 4.16 of [35] it is shown that for any ¢ € [1, 4]

_4q
9l < €2 e (5.8)

Combining (5.6), (5.7) and (5.8), we obtain the result. O

Lemma 5.3 Let m be a positive constant and let IC be a square of center 0, and
sidelength 1/m. Then the solution to

—Af =27(8g — mSg) inK

B
—f =0 on oK
av
satisfies
lim / |Vf|2+2nlogn' =C —mlogm (5.9)
=0 [JKC\B(0,n)

where C is universal, and for every 1 < g <2
/ IVFI9 < Cqm?72, (5.10)
K

where C; depends only on q.

Proof By scaling we can reduce to the case of m = 1. Then, it suffices to observe that
f(z) = —log|z| + S(z) with § € W1 (K) and scale back. O

We note that W as defined in (1.20) still makes sense for vector fields satisfying
div E =27 (3 8y, — m) which are not necessary gradients, as long as E is a gradient
in UB(x;, no) for some no > 0. This is the notion we will use repeatedly below.

Lemma 5.4 Let E| and E3 be two vector fields defined in a rectangle R of the plane
which is symmetric with respect to the real axis, and satisfying

div Ey =27 8, —aibp) inR (5.11)
i
div Ey = aydp inR (5.12)
and curl E| and curl E; vanish near the x;’s, for some distinct points x; € R and some

bounded functions on the real line, a; and ay. Then, for ¢ < 2 and q' its conjugate
exponent, we have E1 € LY1(R) and E, € LY (R) and

1
W(E1 + Ez, 1) < W(EL 1R) + || EtllLam) | E2ll g () + EllEzlliz(R),

where W is still defined as in (1.20).
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Proof We have

/ |E) + E»|? =/ |E1* + |E2)* 4+ 2E) - Ex.
RA\U; B(xi,n) RA\UY; B(x;,m)

By Holder’s inequality we have

‘/ E - E>
RA\VY; B(xi,n)

The result easily follows. O

= IEtlLa I E2ll g ()

Proof of Proposition 3.1

We start from a given electric field E in R and restrict it to the strip [-R /2, R/2] x R.
The steps of the screening then go as follows:

e as a preliminary, we show that with the assumptions placed on the electric field, it
decays fast enough away from the real axis.

e By a mean value argument, we find a good substrip [—7, #] x R on the boundary
of which the L2 norm of E is not too large. This is possible because the energy
W (E) which we control is “morally” equivalent (via the use of the mass displaced
density g) to a control on JC[—R/2,R/2]><R |E|%. We also want the strip to be only
slightly narrower, i.e. R — t small with respect to R.

e We keep the vector field unchanged in [—1, t] X [—yg, Yg] unchanged and define
a new vector field Ey in the transition strip (Ig\l2;) x R, as well as in the parts
far from the real axis: [—R/2, R/2] x ((—oo0, —ygr]U[yg, +00)). The new vector
field has to satisfy a relation of the form (1.17) but not necessarily be a gradient,
and it has to have the same normal component as E on the boundary of [—7, ] x R
S0 as not to create any new divergence there. This new vector field is constructed
by splitting the region in which it needs to be defined into suitable rectangles and
semi-infinite strips (cf. Fig. 1), and constructing it separately in each piece while
keeping again the normal components on each interface continuous (so as again
not to any create divergence). The construction in each piece is done thanks to the
preliminary Lemmas 5.2 and 5.3 which provide at the same time the appropriate
vector fields and estimates on their energy.

e We check that yg can be chosen so that the energy of all the combined vector fields
does not exceed the original energy in the strip plus a negligible error.

First we note that, in view of (3.1), if we assume G C A, satisfies the hypothesis
of Proposition 3.1 and 0 < ¢ < 1, then there exists yp > 0 and Ry > 0 such that for
all £ € G, we have

VR > Ry, / |E|? < 'R, (5.13)
Ig x{ly|>yo}

This motivates the following lemma in which we show an explicit decay of these
vector fields away from the real axis.
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D,
_ 0
De Dg—
0 Dy 0
(,D; Ph —+
0 o oi| 7 o

D_ DO D_|_ -
t=VR g R/2 T

Fig. 1 The splitting of the strip /g x R into subdomains Dg, D+, D;E, D1, Do and the boundary data
next to each portion of the boundary between the regions

Lemma 5.5 Let E € A; satisfy (5.13), where 0 < ¢ < 1. Then, denoting z = (x, y),
if |y] > max(2yo, Ro), we have

e'%(xl +1yD

|EP*(z2) < C 5
Iyl

b
where C is universal.

Proof Each of the coordinates of E is harmonic in the half plane R2 = {y > 0} since
div E = curlE = 0 there. Therefore | E|? is sub-harmonic. Thus, if B(z, |y|/2) C Rﬁ
then by the maximum principle we have

ERG) s][ E.
B(z,1yl/2)

If y > 2yo, then B(z, |y1/2) C [x — B, x + 511 x [y0. +00) € [=Ix| — Iy]. Ix| +
[v]] X [0, +00). Thus in view of (5.13), if |x| + |y| > Ro/2 we have

8 X
|EI() < —810L2|y|,
T y
and the result follows, by symmetry with respect to the x-axis. O

The next result is about finding the “good” boundary of a slightly narrower substrip
via a mean-value argument.

Lemma 5.6 Let G satisfy the assumptions of Proposition 3.1. Then for any E € G,
any 0 < ¢ < 1/2 and any R large enough depending on G, €, we may find t €
[g — ¢R, § — %ER] such that

/ |E|* < Ce™! (5.14)
({—=rjufth) xR
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where C depends only on G, and

1
fim W (E. 11, xp) = W (E) (5.15)

R—o0 2t

uniformly in G.

Proof Take E € G and apply Proposition 2.1 to E for some fixed 0 < p < 1/8.
We obtain a density g and balls B,. Now, using (2.7) in Lemma 2.2 together with the
bound (2.4), we deduce that if R is large enough depending on G then forany E € G
and denoting g the result of applying Proposition 2.1 to E we have

R/2—sR/2
/ / (g(x,y) +g(—x,y))dxdy <CR +/ dg <CR, (5.16)
x=R/2—¢R JR IgxR

where C depends only on G and we have used the fact that g > —C everywhere and
g = Oontheset{|y| > 1}. Then by using the fact that the radii of the balls in B, which
intersect any given interval of length 1 is bounded by 1/8 we deduce that if R is also
large enough depending on ¢, the measure of the set A of x € [R/2—¢R, R/2—¢R/2]
such that {x, —x} x R does not intersect B, is bounded below by R /4. This and
(5.16) implies that the set T of + € A such that fR (gt,y) +g(—t,y)) dy < CJe
has measure at least ¢ R/8 if C is chosen large enough depending on G, and (2.1) and
the fact that g = %|E|2 outside R x [—1, 1] imply that (5.14) holds for ¢t € T. Thus

l{t € [R/2 —eR, R/2 — ¢R/2] | (5.14) holds}| > %. (5.17)

For (5.15) we argue as in [35], Lemma 4.14. We let x : [0,4+00) — R be a
monotonic function with compact support and let x (x, y) = x (|x|). First we note that
for any Radon measure x in R? we have

+o00 +o0
/idu = —/ . X' (Oply x R)dt = —2/ . X' w/2)u(ly x R) du.
1= u=

This implies straightforwardly using the definition of W (E, x) that

+o0
2 [ (W ) 200 < B) X /2yt = [ g dg = WE ).

On the other hand, by (2.2) and applying Lemma 2.2, (2.5), if x’ is supportedin [x, y] C
[R/2, R], then the right-hand side is bounded by C(|x — y| + R3/4 log2 R)|lx lloo for
any R large enough depending on G. Given now any p : Ry — R supported in
[x, ¥y] C [R/2, R] we may consider the positive and negative parts p4 and p_, and
their primitives x4 and x_ with compact support, which are monotonic. Applying the
above to x4 and x_ we find

+00
/ . (W(E, 1;,xR) — (I, x R)) p(w)du < C(Ix — y| + R¥*1og® R) | pllo-
u=!
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Since this is true for any p supported in [R —2e R, R — ¢ R], it follows by duality that

y

/’ |W(E, 1;,xr) — (I, x R)|du < C(lx — y| + R¥*1og? R).  (5.18)
X

Then we divide [R — 2¢R, R — &R] into, say, [v/R] intervals I, ..., I /g so that

their length is equivalent to e+/R for large R. Then, for large enough R, on each such
interval (5.18) implies that

|W(E, 1;,xR) — g(I, x R)|du < CR*>*log® R.
Iy

Therefore the set of u € Iy such that |[W(E, 1;,xg) — g(I, x R)| < 8CR*>*log? R
has measure at least 7|I;|/8. Since this is true on each i, and since Uy Iy = [R —
2¢R, R — R}, letting u = 2¢ the set of t € [R/2 — ¢R, R/2 — ¢R/2] such that
IW(E, 11, «r) — gy xR)| < 8CR3/* 1og2 R has measure at least 7¢e R /16. Together
with (5.17), this implies the existence of t € [R/2 — ¢R, R/2 — ¢ R/2] such that both
(5.14) and (5.15) hold. O

We now prove Proposition 3.1. Let G satisfy its hypothesis and choose 0 < ¢ < 1,
and E € G. Applying Lemma 5.6 we find that if R is large enough depending on G,
&, then there exists € [R/2 —¢R, R/2 — ¢ R/2] such that (5.14) and (5.15) hold. For
any such integer R € N we may also choose yr such that

e’R < ygr < &/’R. (5.19)

Finally we choose s > ¢ such that s — ¢t € [yg, yg + 1] and § — s € N, and start
constructing the vector field Eg.

- Step 1: splitting the strip. We split the strip Ig = [—
rectangles and strips (see figure below): let

R R
202

] x R into several

Do = [—t,t] x [=Yr, Yr]

Dy =[t,s] x [=yr, ¥r]

D_ = [—s, —t] x [=Yyr, yr]

D =[s,R/2] xR

D, =[-R/2,—s] xR

Dy =[—s,s] x ([yr, yr + RIU (=R — ygr, —yRr])
Doo = [—s, 5] x ([R + yg, +00) U (=00, =R — yRr]).

First we let Eg = E in Do, Egr = 0 in Dy, and below we are going to define Eg
on each of the other sets.

Recall that from Corollary 5.1 we have that E(x, y) is the reflection of E(x, —y)
with respect to the line {y = 0}. We denote by ¢ the trace E - v on the right-hand
side of Dy where V is the outward-pointing normal to Dy, ¢_ the same on the left-
hand side, ¢, the trace on the upper side of Dy (which by symmetry of the problem
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with respect to the real axis is equal to that on the lower side). From (5.14) and the
Cauchy-Schwarz inequality, we have

C YR
/|¢_|2+/|w+|25 % /|¢_|+/|<o+| <c /2 60

and from Lemma 5.5 and (5.19) we have

Cs'OR(R
/ ul? < SEREXID / lonl < Ce>VR.

[—t.t]x{yr} YR [—t.t]x{yr}
(5.21)

In addition, integrating the relation div £ = 27 (D pen 8p — 8r) over Dy gives

L (/ - +/¢7 4 2/¢h) — (=t 1)) — 21, (5.22)
2

- Step 2: defining Eg in Dy. We first define ¢y := Eg -V on the boundary d D, where
v is the outward normal to D . For a certain constant <p;[ to be chosen later we let

—@4+ ondDy NaDy,

9 =10 ondD; N {x = s}, (5.23)

¢r ondDy N{y=tyg).

Then, inside D4, we let Eg = E| + E», where

n4
div El =2 (Z 5){,‘ — m+5R) in D+ (5 24)

i=1
Ei-v=0 ondD,.

{ div E; = 2m(m, — 1)Sg  in D 525)

Er-v=go ondDy.

Here, n is an integer and m a real number which are defined by

1
”+=[(S—t)—§(/<ﬂ++/<ﬂh)], m+=sn_+t, (5.26)

and for 1 <i < ny we have let

s—t(‘ 1)
Xi =1+ 1+-=).
ny 2

@ Springer



842 E. Sandier, S. Serfaty

Note that the above equations do not yield a uniquely defined E; and E». For (5.24)
to make sense we need n > 0 while for (5.25) to have a solution we need to have

27 (ng — (s — 1) = / 90 = 2(s — g} — / . (5.27)

which we take as the definition of <p2'. The fact that ny > 0 follows for R large enough
depending on ¢ from the fact that s — r > &3R and (5.20), (5.21).

- Step 3: Estimating the energy of Eg in D, D_. To compute the renormalized energy
W(ER, 1p, ) we need to define £y and E» more precisely. For Ey let us consider
identical squares {K i}?; with sidelength f = t, sides parallel to the axes and
such that K; is centered at x;. We define E| restricted to K; by applying Lemma 5.3
with m = m and taking £1 = —V f, while outside U; K; we let E; = 0. Since from
Lemma 5.3 we have Ey g, - v = 0 on 9K, it holds that div E| = Zi div Eq g, and
therefore (5.24) is satisfied by E. On the other hand, still from Lemma 5.3 we obtain
by summing the bounds (5.9) and (5.10) on the n rectangles

lim / |E1|* 4 27 logn
Di\U; B(xi,n)

n—0

<ny (C—mlogmy), (5.28)

and
Vil <q <2, / |E1|9 < Cyny. (5.29)
Dy

We define E; by applying Lemma 5.2 in D, hence with L = s — ¢, with the
boundary data ¢g and constant weight m = 2w (m4 — 1). From (5.23) and (5.27) the
hypothesis f m(x)dx = — fa 4 is satisfied and applying the lemma yields

_q
V2<g <4 /D ol < Cy (I = 1095 =17 + G5 = 07 H ool )

(5.30)

Using Lemma 5.4 we have, recalling that Eg := E| + E> in D4 and using (5.28),
(5.29), (5.30):

W(ER, 1p.) < Cnit-Can /7 (Ims =11 =027+ =02 2goll 29, )

+C (|m+ — 1P =07+ (s — f)||<ﬂ0||iz(3D+)) , (5.31)

for any 1 < g < 2 such that the conjugate exponent g’ is less then 4. Now, from
(5.26), using (5.20), (5.21), (5.19) and the fact that ypg < s —t < yg + 1 we deduce
that
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/ 1 1
|”+_(S_t)|§C(82VR+ y?R)’ |m+_llic(8«/ﬁ+ﬁ>’
(5.32)

and thus for R large enough depending on ¢, since s — t = yg for large R and using
(5.19) againas well as ¢ < 1,

C
ny <Ce’R, |my—1] < ) (5.33)
* - e2J/R
Moreover, from (5.26), (5.27) and (5.21) we find
2J/Ryg C
| < 2 <R & 5.34
|(ph|—2(s—;) 7T+/(Ph_ < /R (5.34)

Then, in view of (5.23), (5.20),
||¢0||L2(6D+) = c .

Now we fix for instance ¢ = 3/2, so that ¢’ = 3 and combining the above with (5.31),
(5.33) we find that for R large enough depending on ¢, and denoting by C, a positive
constant depending on ¢ but independent of R,

W(ER,1p,) < Ce’*R + C.R*? x R*P~12 4 C&3?R.
Thus for R large enough depending on ¢ we find that

W(Eg,1p,) < Ce’*R. (5.35)

An almost symmetric computation yields the same bound for W(Eg, 1p_). It suffices

to let
1
n_=2(s—r>——(/¢++/¢_+2/¢h)—n+, (5.36)
27

and carry on the proof with minuses instead of pluses. The fact that n_ is an inte-
ger follows from the identity (5.22), the fact that 2s is an integer and the fact that
v([—t, t]) € N. Moreover the definition of n_ implies that

= log (e )]
S PR 8 |

hence n_ is positive if R is large enough and (5.32) holds for n_ as well. The rest of
the proof is unchanged.
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- Step 4: defining Er over D1. We need only consider the intersection of D with the
upper half-plane (and then extend by reflection). We let ¢g be equal to —¢, , —¢n,
—gp,'f, respectively, on the intersection of d D with d D_, d Dy, d D, respectively. On
the remaining three sides of d D we let 99 = 0. From (5.27) and its equivalent for n
and the fact that n = (s — t)m+ we have

1 1
—/<p0=71(n++n_—2(s—t))+§/¢++§/¢_+/¢h’

and then (5.26), (5.36) imply that the integral of ¢y is zero.

Thus there exists a harmonic function u# in D1 with normal derivative ¢y on d D,
we let Eg = Vu on Dj. Using (5.34)—which holds for ¢, as well—and (5.21) we
have

4
&R

/ |goh|2+/ o2 < cety cEF,

[—t,1]1x{yR} [t.s1x{yr} YR

hence
Ilg0ll2205) = € (% +&*R/vr) < Ce. (5.37)

Then standard elliptic estimates yield as in Lemma 5.2 that
/ |Er> < CR|lgoll7. < CRe, (5.38)
D

where we have concluded by (5.19).

- Step 5: defining Eg over D}. The construction will be entirely parallel in D .
We note that D} is an infinite strip of width R/2 — s and we have chosen s so that
this quantity is an integer. We can thus split this strip into exactly R/2 — s strips of
width 1. On each of these strips we define Ep to be equal to O for |y| > % and for
ly] < % (i.e. in a square of sidelength 1) we choose it to be V f where f is given
by Lemma 5.3 applied with m = 1. Since Eg - v = 0 on the boundary of each of
these squares, no divergence is created at the interfaces, and the resulting E g satisfies
div Egp =27 (ZpEA 8 —ORr). In addition in view of (5.10) the cost in energy is equal
to a constant times the number of strips, that is

W(Eg.1p,) < C|R/2 —s| < CeR. (5.39)

- Conclusion. We have now defined E g over the whole strip I x R. It satisfies items ii)
and iii). The main point is again that as long as E -V is continuous across an interface it
creates no singular divergence there. Combining (5.39) with (5.15), (5.35) and (5.38),
Er also satisfies (3.2). This concludes the proof of Proposition 3.1.
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