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Abstract We are dealing with the Navier-Stokes equation in a bounded regular
domain O of R2, perturbed by an additive Gaussian noise dw s /dt, which is white
in time and colored in space. We assume that the correlation radius of the noise gets
smaller and smaller as 6 N\ 0, so that the noise converges to the white noise in space
and time. For every § > 0 we introduce the large deviation action functional S% and
the corresponding quasi-potential Us and, by using arguments from relaxation and
I"-convergence we show that Us converges to U = U, in spite of the fact that the
Navier-Stokes equation has no meaning in the space of square integrable functions,
when perturbed by space-time white noise. Moreover, in the case of periodic boundary
conditions the limiting functional U is explicitly computed. Finally, we apply these
results to estimate of the asymptotics of the expected exit time of the solution of
the stochastic Navier-Stokes equation from a basin of attraction of an asymptotically
stable point for the unperturbed system.
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1 Introduction

Let O be a regular bounded open domain of R?. We consider here the 2-dimensional
Navier-Stokes equation in O, perturbed by a small Gaussian noise

au(t, x)

a7 = Au(t,x) — (u(t,x) - Vu(t,x))u(t,x) — Vp(,x) + ﬁn(t, x),

with the incompressibility condition

divu(t,x) =0,

and initial and boundary conditions

u,x)=0, xe€ 300, u(0,x)=up(x).

Here 0 < ¢ << 1 and (¢, x) is a Gaussian random field, white in time and colored
in space.

In what follows, for any @ € R™ we shall denote by V,, the closure in the space
[H*(0)]? of the set of infinitely differentiable 2-dimensional vector fields, having
zero divergence and compact support on O, and we shall set H = Vg and V = V.
We will also set

D(A) = [H*(O)*NV, Au=—Au, ue D(A).
The operator A is positive and self-adjoint, with compact resolvent. We will denote
with 0 < A1 < Ay < --- and {ex}re N the eigenvalues and the eigenfunctions of A,

respectively. Moreover, we will define the bilinear operator B : V. x V — V_j by
setting

(B(u,v),z) = /OZ(X) ) - Vyv(x)] dx.

With these notations, if we apply to each term of the Navier-Stokes equation above
the projection operator into the space of divergence free fields, we formally arrive to
the abstract equation

du(t) + [Au(®) + Bu®)]dt, u@) = edw?@), u©) =uy,  (1.1)
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Quasipotential and exit time for 2D Stochastic Navier-Stokes equations 741

where the noise w2 (7) is assumed to be of the following form

oo
wl(t) = Qerpi(t). =0, (12)
k=1
for some sequence of independent standard Brownian motions {8 () }x< vy and a linear
operator Q defined on H (for all details see Sect. 2).

As well known, white noise in space and time (that is Q = I) cannot be taken
into consideration in order to study Eq. (1.1) in the space H. But if we assume that
Q is a compact operator satisfying suitable conditions, as for example O ~ A™%, for
some « > 0, we have that for any up € Hand T > 0 Eq. (1.1) is well defined in
C ([0, T]; H) and the validity of a large deviation principle and the problem of the exit
of the solution of Eq. (1.1) from a domain can be studied.

As in the previous work [11], where a class of reaction-diffusion equations in any
space dimension perturbed by multiplicative noise has been considered, in the present
paper we want to see how we can describe the small noise asymptotics of Eq. (1.1), as if
the noisy perturbation were given by a white noise in space and time. This means that,
in spite of the fact that Eq. (1.1) is not meaningful in H when the noise is white in space,
the relevant quantities for the large deviations and the exit problems associated with it
can be approximated by the analogous quantities that one would get in the case of white
noise in space. In particular, when periodic boundary conditions are imposed, such
quantities can be explicitly computed and such approximation becomes particularly
useful.

In what follows we shall consider a family of positive linear operators {Qs}se (0,1]
defined on H, such that for any fixed 6 € (0, 1] Eq. (1.1), with noise

w () =" Qsecfi(), =0,

k=1
is well defined in C ([0, 7']; H), and Qs is strongly convergent to the identity operator

in H, for § N\ 0. For each fixed § € (0, 1], the family {Li(u)g‘,a)}gE (0,1] satisfies a large
deviation principle in C ([0, T']; H) with action functional

1 [T 2
sh =3 [ |05 W+ aut) + Bt )| .

and the corresponding quasi-potential is defined by
Us(¢) = inf {S3(u) : ue C(0,T;H), u(0) =0, u(T) =¢, T >0}, ¢eH.

Our purpose here is to show that, although we cannot prove any limit for the solution
u® of Eq. (1.1), nevertheless, for all ¢ € H such that Us(¢) < oo,

lim Us(¢) = U(9), (1.3)
§—0
where U (¢) is defined as Us(¢), with the action functional S? replaced by
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742 7. Brzezniak et al.

1 T
St =3 [ W0+ Auo) + B uw ar
0

To this purpose, the key idea consists in characterizing the quasi-potentials Us and U
as
Us(¢) = min {Sfoo(u) cu€ Xandu(0) =@}, ¢€H, 1.4)

and
U(@)=min{S_(u) : ue Xandu(0) = ¢}, ¢ €H, (1.5)

where

X = [M € C((—00, 0L H) : lim |u(®)ln =0

and the functionals 5‘5_00 and S_ are defined on A" in a natural way, see formulae
(5.6) and (5.5) later on.

In this way, in the definition of Us and U, the infimum with respect to time 7 > 0
has disappeared and we have only to take the infimum of suitable functionals in the
space Xy = {u € X : u(0) = ¢}. In particular, the convergence of Us(¢) to U(¢)
becomes the convergence of the infima of S‘S_C>o in X to the infimum of S_ in X,
so that (1.3) follows once we prove that S’S_Oo is Gamma-convergent to S_ in X, as
8 \u 0. Moreover, as a consequence of (1.5), in the case of the stochastic Navier-Stokes
equations with periodic boundary conditions we can prove, see Sect. 7, that

U@) =19, eV. (1.6)

This means that U (¢) can be explicitly computed and the use of (1.3) in applications
becomes particularly relevant. Let us point out that a similar explicit formula for the
quasipotential has been derived for linear SPDEs by Da Prato, Pritchard and Zabczyk
in [17] and in the recent work by the second and third authors for stochastic reaction
diffusion equations in [11]. A finite dimensional counterpart of our formula (1.6) was
first derived in Theorem IV.3.1 in the monograph [20].

The proofs of characterizations (1.4) and (1.5) and of the Gamma-convergence of
S8 oo 10 S_so are based on a thorough analysis of the Navier-Stokes equation with
an external deterministic force in the domain of suitable fractional powers of the
operator A.

One of the main motivation for proving (1.3) comes from the study of the expected
exit time ‘1,';’8 of the solution u;"s from a domain D in L?(©), which is attracted to the
zero function. Actually, in the second part of the paper we prove that, under suitable
regularity properties of D, for any fixed § > 0

lim & log E(z5%) = inf Us(y). 1.7
lim e log B(r;") = inf Uy () (1.7)

This means that, as in finite dimension, the expectation of r;"s can be described in
terms of the quantity Us(¢). Moreover, once we have (1.3), by a general argument
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introduced in [11] and based again on Gamma-convergence, we can prove that if D
is a domain in H such that any point ¢ € V N dD can be approximated in V by a

sequence {¢,},eN C D(A%“‘) N 0D (think for example of D as a ball in H), then
lim inf U = inf U(¢).
5220 q)lenBD 5) ¢lenBD @
According to (1.7), this implies that for 0 < ¢ << § << 1
E5% ~ exp ! inf U(¢p)
¢ € pedD '

In particular, if D is the ball of H of radius ¢ and the boundary conditions are periodic,
in view of (1.6) for any ¢ € D we get,

2

¢

)»2
e~ el]Er(Z"le, 0<e<<d<<l.

At the end of this long introduction, we would like to point out that although 2-
D stochastic Navier-Stokes equations with periodic boundary conditions have been
investigated by Flandoli and Gozzi in [23] and Da Prato and Debussche in [16] from
the point of view of Kolmogorov equations and the existence of a Markov process,
we do not know whether our results (even in the periodic case) could be derived from
these papers. One should bear in mind that the solution from [16] exists for almost
every initial data u from a certain Besov space of negative order with respect to a
specific Gaussian measure while we construct a quasipotential for every u( from the
space H whose measure is equal to 0. Of course our results are also valid for 2-D
stochastic Navier-Stokes equations with Dirichlet boundary conditions.

We have been recently become aware of a work by Bouchet et al. [3] where somehow
related issues are considered from a physical point of view. We hope to be able to
understand the relationship between our work and this work in a future publication.

2 Notation and preliminaries

Let © C R? be an open and bounded set. We denote by I' = 9 the boundary of ©. We
will always assume that the closure O of the set @ is a manifold with boundary of C>
class, whose boundary dQ is denoted by I', is a 1-dimensional infinitely differentiable
manifold being locally on one side of O, see condition (7.10) from [29, chapter I]. Let
us also denote by v the unit outer normal vector field to I

It is known that O is a Poincaré domain, i.e. there exists a constant A; > 0 such
that the following Poincaré inequality is satisfied

xl/ocpz(x)dx s/@|w<x>|2dx, ¢ € Hy (0). 2.1)

In order to formulate our problem in an abstract framework, let us recall the defin-
ition of the following functional spaces. First of all, let D(QO) (resp. D(QO)) be the set
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744 7. Brzezniak et al.

of all C* class vector fields u : R? — R? with compact support contained in the set
O (resp. O). Then, let us define

EO) = {u e L*(O,R?) :divu € L*(0)},
V = {u € D) : divu =0},
H = the closure of V in L*(0),
H(l)((’), R?) = the closure of D(O, R?) in H (O, R?),
V = the closure of V in H(l)(O, Rz).

The inner products in all the L? spaces will be denoted by (-, -). The space E(O) is a
Hilbert space with a scalar product

(u, vV)p©) == W, V)20 R2) T (div u, div V)12(O0.R2)- 2.2)

We endow the set H with the inner product (-, )y and the norm ||y induced by
L?(O, R?). Thus, we have

2
(u,v)g = Z/O uj(x)vj(x)dx,
j=1

The space H can also be characterised in the following way. Let H -3 (I") be the dual
space of HY/2(I"), the image in L?(I") of the trace operator g : H'(0) — L*(I") and
let y, be the bounded linear map from E(QO) to H -3 (T") such that, see [41, Theorem
1.1.2],

yo(u) = the restrictionof u - vto T, if u € D(O). 2.3)

Then, see [41, Theorem 1.1.4],

H={ue€ E(O):divu = 0and y,(u) = 0},
Ht={ue E(O):u=Vp, pe H(O)).

Let us denote by P : L>(O, R?) — H the orthogonal projection called usually the
Leray-Helmholtz projection. It is known, see for instance [41, Remark I.1.6] that

Pu=u—V(p+q), uel?*OR?, (2.4)

where, foru € L?(0), p is the unique solution of the following homogenous boundary
Dirichlet problem for the Laplace equation

Ap =divu € H'(0), plr =0. (2.5)
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and ¢ € H'(O) is the unique solution of the following in-homogenous Neumann
boundary problem for the Laplace equation

0
Ag =0, 3—q =y — Vp). 2.6)
vIr

Note that the function p above satisfies Vp € L2(O, R?) and div (u — Vp) = 0. In
particular, u — Vp € E(O) so that ¢ is well defined.

It is proved in [41, Remark 1.1.6] that P maps continuously the Sobolev space
Hl(O, RZ) into itself. Below, we will discuss continuity of P with respect to other
topologies.

Since the set O is a Poincaré domain, the norms on the space V induced by norms
from the Sobolev spaces H!'(0, R?) and H(l)((’), R2) are equivalent. The latter norm
and the associated inner product will be denoted by ||y and (~, -)V, respectively. They
satisfy the following equality

2
8uj avj 1 2
JV)y = — —dx, ,v € Hy(O, R?).
(M )V ,-,Z‘l 0 9x; 9x; X u 0( )
Since the space V is densely and continuously embedded into H, by identifying H
with its dual H', we have the following embeddings

VCHZ=H cV. 2.7)

Let us observe here that, in particular, the spaces V, H and V' form a Gelfand triple.
We will denote by | - |y and (-, -) the norm in V" and the duality pairing between
V and V’, respectively.
The presentation of the Stokes operator is standard and we follow here the one
given in [9]. We first define the bilinear form a : V x V — R by setting

a(u,v) := (Vu,Vv)g, u,v e V. (2.8)

As obviously the bilinear form a coincides with the scalar product in V, it is V-
continuous, i.e. there exists some C > 0 such that

la(u,u)| < Clul}, ue V.

Hence, by the Riesz Lemma, there exists a unique linear operator A : V — V’, such
that a(u, v) = (Au, v), for u, v € V. Moreover, since O is a Poincaré domain, the
form a is V-coercive, i.e. it satisfies a(u, u) > oz|u|%, for some o > Oand all u € V.
Therefore, in view of the Lax-Milgram theorem, see for instance Temam [41, Theorem
11.2.1], the operator A : V — V' is an isomorphism.

Next we define an unbounded linear operator A in H as follows

D(A) = {u e V: Au € H)

Au = Au, u € D(A). (2.9)
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746 Z. Brzezniak et al.

It is now well established that under suitable assumptions' related to the regularity
of the domain O, the space D(A) can be characterized in terms of the Sobolev spaces.
For example, (see [26], where only the 2-dimensional case is studied but the result
is also valid in the 3-dimensional case), if O C R2 is a uniform C2-class Poincaré
domain, then we have

[D(A) = VNH?*(O,R?) = HNH} (O, R?) N H*(O, R?), (2.10)

Au = —PAu, ue€ D(A).

It is also a classical result, see e.g. Cattabriga [13] or Temam [40, p. 56], that A is
a positive self adjoint operator in H and

(Au,u) > Ai|uly, u € D(A), 2.11)

where the constant A; > 0 is from the Poincaré inequality (2.1). Moreover, it is well
known, see for instance [40, p. 57], that V = D(Al/ 2). Moreover, from [43, Theorem
1.15.3, p. 103] it follows that

D(A*?) = [H, D(A)]g,

where [-, -]% is the complex interpolation functor of order %, see e.g. [29,43] and
[37, Theorem 4.2]. Furthermore, as shown in [43, Section 4.4.3], for o € (0, %)

D(A%?) = HNHY(O, R?). (2.12)

The above equality leads to the following result.

Proposition 2.1 Assume that o € (0, %). Then the Leray-Helmholtz projection P is
a well defined and continuous map from H* (O, R?) into D(A%/?).

Proof Let us fix o € (0, %). Since, by its definition, the range of P is contained in
H, it is sufficient to prove that for every u € H*(O, R?), Pu € H*(O, R?). For this
aim, let us fix ¥ € H*(O,R?). Then divu € H* '(O). Therefore, by the elliptic
regularity we infer that the solution p of the problem (2.5) belongs to the Sobolev
space H*t1(O) N H& () and therefore Vp € H*(O, R?).

Since by [41, Theorem 1.1.2], the linear map y,, is bounded from E(O) to H -3 )
and from E(®) N HY(O,R?) to H %(F), by a standard interpolation argument we
infer that y, is a bounded linear map from E(O) N H*(O, R?) to H _%JF“(F). Thus
we infer that y,(u — Vp) € H_%Jr“ (I') and by the Stokes formula (I.1.19) from
[41], (yy(u — Vp), 1) = 0. Therefore, again by the elliptic regularity, see for instance
[29], the solution g of the problem (2.6) belongs to H @+1(©) and therefore Vg €
H*(O, R?). This proves that Pu € H*(O, R?) as required.

The proof is complete. O

! These assumptions are satisfied in our case.
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Remark 2.2 'We only claim that the above result is true for o < % In particular, we do
not claim that is P is a bounded linear map from H! (O, R?) to V and we are not aware
of such a result. However, if this is true, Proposition 2.1 will hold for any « € (0, 1)
with a simple proof by complex interpolation. However, it seems to us that the result
for o > % is not true, since we cannot see how one could prove that Pu|3p = 0.
The reason why Proposition 2.1 holds for any o € (0, %) is that according to identity
(2.12) the only boundary conditions satisfied by functions belonging to D(A%/?) are
those satisfied by functions belonging to the space H. One can compare with the paper
[38] by Temam (or chapter 6 of his book [39]).

Let us finally recall that by a result of Fujiwara—Morimoto [24] the projection P
extends to a bounded linear projection in the space L7(Q, R?), for any g € (1, 00).
Now, consider the trilinear form b on V x V x V given by

2
ov;
b(u, v, w) = Z/ ui—jw,' dx, u,v,weV.
ii=1 0] ax,' ’

Indeed, b is a continuous trilinear form such that

b(u,v,w) =—b(u,w,v), ueV,v,w eH(I)(O, Rz), (2.13)
and
luli 2 1Vul* Vol 2 Avl 2wl u e V,ve DA),weH
el 1 Aul 1V ol wla ueDA),veV, weH
b, v, w)| < C o
lulal Volalwlg " [Awlg ueH,veV,we DA)

1/2 1/2 1/2 1/2
el 2 1Vul 2 I Volglwl 2 Vel w,v,w eV,

(2.14)
for some constant C > 0 (for a proof see for instance [41, Lemma 1.3, p.163] and
[40D).

Define next the bilinear map B : V x V — V' by setting

(B(u,v),w) =b(u,v,w), u,v,weyv,

and the homogenous polynomial of second degree B : V — V' by

B(u) = B(u,u), ueV.

Let us observe that if v € D(A), then B(u,v) € H and the following inequality
follows directly from the first inequality in (2.14)

B, v)Ify < Clulu|Vulu|Volu|Avla, u € V, v e D(A). (2.15)
Moreover, the following identity is a direct consequence of (2.13).

(B(u,v),v) =0, u,veV. (2.16)
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748 Z. Brzezniak et al.

Let us also recall the following fact (see [9, Lemma 4.2]).

Lemma 2.3 Thetrilinearmapb : VxV xV — R has a unique extension to a bounded
trilinear map from L*(O, R?) x (L*(O,R?) NH) x V and from L*(O,R?) x V x
L*(O, R?) into R. Moreover, B maps L*(O, R*) N H (and so V) into V' and

1By’ < Ciluljso ey < 2'2CilululVuly < Colulyy, weV. (217

Proof Ttitenough to observe that due to the Holder inequality, the following inequality
holds

1b@u, v, w)| < Cluliso v VVI20) W40 R2), UV, W E H(l)(O, R?). (2.18)

Thus, our result follows from (2.13). O
Let us also recall the following well known result, see [41] for a proof.

Lemma 2.4 For any T € (0,00] and for any u € L%*(0,T; D(A)) with u' €
L2(0, T; H), we have

T
/ IB(u(t), u(1))| dt < oo.
0

Proof Our assumption implies that®> u € C([0, T]; V) (for a proof see for instance
[45, Proposition 1.3.1]). Then, we can conclude thanks to (2.15). O

The restriction of the map B to the space D(A) x D(A) has also the following
representation
B(u,v) = P(uVv), u,v € D(A), (2.19)

where P is the Leray-Helmholtz projection operator and uVv = 23: 1 u/D v €
L%(O, R?). This representation together with Proposition 2.1 allows us to prove the

following property of the map B.

Proposition 2.5 Assume that @ € (0, %). Then for any s € (1,2] there exists a
constant ¢ > 0 such that

V| e, u,ve D(A). (2.20)

B, v)Ipaezy = clul 5, R

Proof In view of equality (2.19), since the Leray-Helmholtz projection P is a well
defined and continuous map from H* (O, R?) into D(A%/?) and since the norms in
the spaces D(A?2) are equivalent to norms in H* (O, R?), it is enough to show that

[uVvlge < Clulpys|vlgi+e, u,v € HX(O,R?).

2 Note that in the case T = 0o one also has lim; 500 u(t) =0in V.
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The last inequality is a consequence of the Marcinkiewicz Interpolation Theorem, the
complex interpolation and the following two inequalities for scalar functions which
can be proved by using Gagliado—Nirenberg inequalities

luv|;2 < Clulgs|vl;2, ue HS,vel?
luv| g1 < Clulgs|vlg, ue H,ve H'.

3 The skeleton equation

We are here dealing with the following functional version of the Navier-Stokes equa-
tion

3.1

u' (1) + vAu(t) + Bu(t), u()) = f(t), t € (0,T)
u(0) = uo,

where T' € (0, oo] and v > 0. Let us recall the following definition (see [41, Problem

2, section IIL.3]).

Definition 3.1 Given 7 > 0, f € L?(0, T; V') and ug € H, a solution to problem
(3.1)is a function u € L2(0, T; V) such thatu’ € L*(0, T; V'), u(0) = uo> and (3.1)
is fulfilled.

It is known (see e.g. [41, Theorems II1.3.1/2]) that if T € (0, oo], then for every
f € L*(0,T; V') and ug € H there exists exactly one solution u to problem (3.1),
which satisfies

2 2 2 2
|M|C([O’T]’H) + |M|L2(0,T,V) S |MO|H + |f|L2(0,T,V/)' (32)

Moreover, see [41, Theorem I11.3.10],if T < co and f € L2(O, T; H) then

T
sup |¢;u(t>|zv+/ 7 Aun) dr
0

te(0,T]
- (Juolf+1r 1% ,
< (1ol + 1/ B vy + T|f|iz(0,T;H))e‘( i o) (33)
for a constant ¢ independent of 7', f and uy.
Finally, if T € (0, 00], f € L2(0, T;H) and ug € V, then the unique solution u
satisfies

ue L*0,T; D(A)NCO0,TL; V), u' € L*O0,T;H),

and, for* t € [0, 71N [0, c0),

3 It is known, see for instance [41, Lemma III.1.2] that these two properties of u imply that there exists a
unique # € C([0, T], H). When we write u#(0) later we mean #(0).

4 Please note that [0, T1 N[0, 0o) is equal to [0, T]if T < oo and to [0, co) if T = oo.
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750 7. Brzezniak et al.

d d
Ewm&+mmmzsawmﬁ+mwm%

<21f Ol +108Ju®) [} lu®IFlu®}. (3.4

Hence, by the Gronwall Lemma and inequality (3.2), for any ¢t € [0, 7] N [0, c0)
2 2 ! 2 —rat+54(Juo B+ fi 1/ (5) 2 ds)2
lu@®ly < |luoly +2 A [f($)ds)e HTJ0 Ve (3.5)
so that, in particular,

2
2 54(luo G+ Py s
eklt|u|C([0,T],V) < (|u0|%/ +2|f|iz(0,T;H)>e ( 0l L2(0,T,V)) ) (3.6)

Moreover, thanks to (3.4), this yields

2
412 200.7.peay = 1401 + 21 B gy + 54 (0l + 171220 7.1 )

2
540+ B )

X (|u0|%/ + 2|f|iz(O,T;H))e

= (ol + 21/ 320,711
2 2 2 54(|u0|%1+|f|22 ,)2
x (1+54(|u0|H+ 120 rv) e Mz ) (3.7)
The above results and arguments yield in particular the following corollary.

Corollary 3.2 If f € L (0, oo; H) and ug € V, then the solution u to problem (3.1)

loc

satisfies u € L2 (0, 00; D(A)), u € C([0, 00), V) and

loc
Mty 2 2 ' > sa(juol+ fy 1 F OB, ds)’
ewwmvs|mw+z/|ﬂwmm M Iolit o IFORds) > 0. (3.8)
0
In particular, if f € L2(O, oo; H) thenu € LZ(O, 00; D(A)) and
Mty o2 > * a2 o) sl 1f @R, ds)’
el < (o +2 [ 176 Rds ) SRR AT 2 0 G9)
0
If also f = 0, this gives

ufy < SHolhe™ 1 g}, 1> 0. (3.10)

Now we will formulate and prove some generalizations of the above results when
the data ug and f are slightly more regular. Similar results in the case of integer order
of the Sobolev spaces has been studied in [38] where some compatibility conditions
are imposed.
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Proposition 3.3 Assume that o € (0, %). IfT € (0,00], f € LZ(O, T; D(A%)) and
up € D(AQTH), then the unique solution u to problem (3.1) satisfies

we L20,T: DAA'*%)) N C(0,T]: DAT ) and u'(-) € L2, T: D(A%)).

(3.11)
Moreover, fort € [0, T]N [0, 00), we have
atl 2 =t ,C*K3(luolv. | 1,20 7-1)
A2 u(m)|y <e e Lorm
a+l r o
x (|A¥uo|%1+ / |Azf<s>|ﬁds), (3.12)
0
where C > 0 is a generic constant® and
2
54 3 (R0
K3(R, p) = [R* +2p?] x [1 + (R* + ,02)26”% ( ) ) (3.13)
1
In particular, if f = 0, then
AT u()f < e MeCTKolv-0 A5 2 g >, (3.14)

Proof Let us fix T > 0. Since by Proposition 2.1, B is a bilinear continuous map
from D(A“T) x D(A“T) to D(A%) it follows (see for instance [5] for the simplest
argument) that for every R, p > 0 there exists T, = T« (R, p) € (0, T] such that for
every uo € D(A“3 ) and f € L2(0, T; D(A%) such that

|”0|D(A°‘T“) <R, Ifle(O,T*;D(A%) <p
there exists a unique solution v to problem (3.1) which satisfy conditions (3.11) on
the time interval [0, T3] Since D(A3") € V and L2(0, T; D(A%) C L2(0, T; H)
with the embeddings being continuous, ug € V and f € L2(O, T; H). Therefore
by Theorems 3.1 and 3.2 in chapter III of [41], there exists a unique solution u to
problem (3.1) on the whole real half-line [0, co) which satisfies (3.6) and (3.7). By
the uniqueness part of the above cited results, u = v on [0, T].

Hence it is sufficient to show that the norm of u in L2(0, Ty: D(AH’%) N
C([0, T,1; D(A%)) and the norm of «’ in L%(0, Ty; D(A%)) are bounded by a con-
stant depending only on |A% u0|%I and fOT |A% f(S)|%1 ds.

For this aim, by calculating the derivative of |AaT+lu(t)|%, i.e. applying Lemma
II.1.2 from [41] and using inequality® (2.20), with s = 2, we get the following
inequality

5 In fact, the one from inequality (2.20) in Proposition 2.5.
6 g I4a . 1+¢ -4 1+9 (4 1+ o
ince [(A""%u, Bu)| = [(A""2u,A2Bu)| < |A T 2u||[AZBu| < C|A " 2ullAullA"Z u| <

4 Ita
TAY U2 £ 2 AuPIATE P
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1d
——J]A
2dt
g 2 2 2 A4 2
= IA2 SOl + ClAu@IglA 2 u@ly, 1 €10, Tl (3.15)

atl a
Tu@)lf + 1A )

Thus, denoting the right hand side of inequality (3.7) by K (T, f, up) and applying
the Gronwall Lemma we get

1
atl e
|A%u<z>|%1+/ AT u(s) [ ds

0

1

2 . a+l 2 ] g
< TSI F oy KT L0 (1105 £ ds
0

T
< (CPKUT fuo) (|A“¥luo|%l+/ |A3f(s)|12{ds), t €0, T.l. (3.16)
0

This proves that the norm of u in L2(0, Ty; D(A”%)) N C([0, T,]; D(A‘XTH)) is
bounded by a constant depending only on |AD¢TJrl u0|%I and fOT |A% f(s)|12{ ds.

Finally, the corresponding bound for the norm of u’ in L0, Ty; D(A%)) follows
from estimate (3.4), inequality (2.20) in Proposition 2.5, the assumption on f and the
estimates for Au and B(u, u).

This concludes the proof of the first part of Proposition 3.3, in particular of (3.11).

Let us now assume that 7 = oo, R,p > 0O and f € L?(0, o0; D(A%)) and

ug € D(AQTH) such that [ug|ly < R and |f|;2(0,00:) < p- Since, by the Poincaré
inequality (2.1), | f|3, < A7 ' fI. for f € H, weinfer that K (T, f.uo) < K3(R. p).

where K3(R, p) has been defined in (3.13). Thus, from inequality (3.16) we infer
t
|A"T“u(,)|% _|_/ |A%+lu(s)|%ds < ecz K3(R,p)
0

t
x(|A*2”uo|%,+ |Azf(s)|ﬁds), t>0.
0

Since by the Poincaré inequality (2.1) |AS 11 > 21|AT u[3, foru € D(AST), by
the inequality above and the Gronwall Lemma we infer that

t
AT u()} < e M1 eC  K(Rp) (|A¥‘uo|ﬁ+ / |A2f(s)|%;ds), t>0. (3.17)
0

This concludes the proof of inequality (3.12) and hence of the second part of the
Proposition. O

The previous result can be used to derive the next corollary. The proof of this
corollary is analogous to the proof of properties (3.151) in Theorem 3.10 from [41,
chapter II1].
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Corollary 3.4 Assume that « € (0, %) and B € (a,1). If T € (0,00), f €
L2(0, T; D(A%)) and ug € V, then the unique solution u to the problem (3.1) satisfy

T
sup sP|A T u(s) I +/ SPIAS T u(s) [ ds < €Ki TSm0
s€(0,T] 0

T 1
x[ / sﬂ|A3f(s)|ﬁds+CTM(K0(T,f,uo)+K1(T,f,uo>>]. (3.18)
0

Proof Letus fix a € (1, %), B e (1), feL*0,T; D(A?)) and ug € D(AL;]).
Multiplying the differential inequality (3.15) by ¢# and then integrating it, we get

t t
P uwh+ [ AT Rds < [ AL Rds

0 0

t t
+02/0 |Au(s) sP |A%'u(s)lﬁds+ﬂ/0 SPUA T u(s)dds, te (0, T).
(3.19)

Since A is a self-adjoint operator in H we have
AT u? < (ATuP O IA T2 = w20 A2, u e D(A).

Therefore, by the Holder inequality,

11—«
t N rogy t o
/sﬁ—1|A%‘u(s)|%{ds5 sup |u(s)|2v/ st=a ds (/ |Au(s)|2ds) )
0 s€(0,t] 0 0

(3.20)
Since we are assuming 8 > « and @ < 1, we infer that % > —1 and therefore

rop1 l—a 1w
sT=a ds = 1t < oo.
0 B—«a

Let us recall that by K (7, f, ug) we denote the right hand side of inequality (3.7).
Let us also denote by Ko (T, f, uo) the right hand side of inequality (3.6). Then, for a
constant C depending only on « and B we get

T . )
,3/ sPA T w(s)f ds < CTF4 Ko (T, f,u0)' " K\(T, f, u0)* < oo,
0
Therefore, we can deduce from inequality (3.19) the following one
1
tﬂm%lu(t)l% +/ sPIA u(s) [} ds < € KIT fuo)
0

t
x(/ PIAS () ds + C17a Ko(t, f,u0) Kt f, uo)“)
0
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T
SeCzKl(TsflMO)(/ sﬂ|A%f(S)|ﬁds
0

+CTF (Ko (T, fruo)+Ki(T, f, Mo))), 1€l0,T]. (32D

This implies inequality (3.18) under the additional assumption that ug € D(A(!T+I ).
Now, if ug € V, then by [41, Theorem II1.3.10], see also inequality (3.7), there

exists a sequence {t,} such t, \ O and u(t,) € D(A) C D(AQTH). Let us also denote

fn = fiir,, 71 and observe that K;(T — t,, fu, u(t,)) < K;(T, f,u(ty)). Thus, by
applying inequality (3.18) to our solution u on the time interval [z,,, T'] we get for each
neN

T
sup (s — t)P AT u(s) +/ (s — t)PIAT T u(s) [ ds < K1 T Fultn)
s€(ty,T] In

T
x (/ (s — )P 1A% F(5) R ds + C(T — (1) 7 (Ko(T. f, uta)
ty
+ Ki(T, f, u(rn»)) : (3.22)

Since u € C([0, T]; V), we infer that |u(t,)|v — |ug|y and thus K; (T, f, u(t,)) —
K;(T, f,up),i = 1,2. Moreover, by the Lebesgue Monotone Convergence Theorem,

T
/ (s — )P AT u(s) f ds

n

T o T o
=/0 l(ln,T](s)(s—tn)5|A7+1u(s)|12{ds—>/0 sﬂ|A7+1u(s)|%ds,

T o
/(s—tn)ﬁmf(sn%{ds

In

T T
- / Lo 71()( — )PIAS F ()P ds — / SPIAS £ (5)2 ds.
0 0

Hence, from (3.22) we deduce (3.18). The proof is complete. O

Now, for any —0o < a < b < oo such thata < b and for any two reflexive Banach
spaces X and Y such that X < Y continuously, we denote by7 W]’z(a, b; X,Y) the
spaceofallu € L? (a, b; X) which are weakly differentiable as Y -valued functions and
their weak derivative belongs to L%*(a,b; Y). The space W L24,b: X, Y)isa separable
Banach space (and Hilbert if both X and Y are Hilbert spaces), with the natural norm

2 _ 2 72 1,2 .
|M|le2(a,b;X,Y) - |M|L2(a,b;X) + |u |L2(a,b;Y)’ ue W (a7 ba Xa Y)

7 Some authours, for instance Vishik and Fursikov, use the notation H1’2N(a, b; X, Y). Our choice is
motivated by the notation used in the monograph [29], who however use notation W (a, b).

@ Springer



Quasipotential and exit time for 2D Stochastic Navier-Stokes equations 755

Later on, we will use the shortcut notation
W2 (a, b) = W'2(a, b; D(A), H).

We conclude this section with the statement of a couple of results which are obvious
adaptations of deep results from [30] to the 2-dimensional case. To this purpose, there
is no need to mention that all what we have said about Eq. (3.1) in the time interval
[0, T'] applies to any time interval [a, b], with —co < a < b < oo.

Definition 3.5 Assume that —co <a <b <ocand f € L? ((a, b): H). A function

loc
u € C((a, b); H) is called a very weak solution to the Navier-Stokes equations (3.1)

on the interval (a, b) if for all ¢ € C°°((a, b) x D), such that divp = O on (a, b) x D
and¢ =0on (a,b) x dD,

[ g xax
D
= / u(ty, x)¢ (to, x) dx+/ u(s, x) - (0s¢(s,x) + vAep(s, x)) dsdx
D [to,t1]1x D

t
+/lb(u(s),u<s),¢<s)>ds+/ Fs.x) - b, x)dsdx,  (3.23)
0]

[t0.01]x D
foralla <ty <t <b.

Proposition 3.6 Assume that —oo <a <b <ooand f € leoc((a, b); H). Suppose
that the functions u,v € C((a, b); H) are very weak solutions to the Navier-Stokes
equations (3.1) on the interval (a, b), with u(ty) = v(tp), for some ty € (a, b). Then

u(t) =v(t) forallt > t.
In the whole paper we will assume, without any loss of generality, that v = 1.

Definition 3.7 Assume that —oo < a < b < 0. Given a function u € C((a, b); H)
we say that

w4 Au+B(u,u) € L*(a,b;H), (resp. € L3 .((a,b); H))

if there exists f € L*(a, b; H), (resp. f € LIZOC((a, b); H)) such that u is a very weak
solution of the Navier-Stokes equations (3.1) on the interval (a, b).

Clearly, the corresponding function f is unique and we will denote it by H(u), i.e.
Hw) = u' + Au+ B(u, u). (3.24)

An obvious sufficient condition for the finiteness of the norm of H(u) in
L2(ty, t1; H) is that ', Au and B(u, u) all belong to L2(ty, t;; H). The next result
shows that this is not so far from a necessary condition.
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Lemma 3.8 Suppose that T > 0 and u € C([0, T]; H) is such that
u' + Au+B(u,u) € L*(0, T; H).

Then u(T) € V, u € WY-2(t, T), forany t; € (0, T) and

T
sup |«/;u(t)|%, +/ |\/?Au(t)|%dt < 0.
0

te(0,T]

Moreover, if u(0) € V, thenu € w20, T).

Proof Letus fix T > 0 and u as in the assumptions of the Lemma and let us denote
f = u' 4+ Au + B(u, u). By assumptions we infer that f € L?(0, T; H). Since
u(0) € H, by [41, Theorem III1.3.10], there exists a unique solution v to problem (3.1)
which satisfies inequality (3.3). Then by v is also a mild solution to (3.1) and since
by assumptions and [30, Proposition 2.5] u € C([0, T']; H) is also a mild solution
to (3.1), by Proposition 3.6 (i.e. [30, Theorem 1.2]) we infer that # = v. Hence
u € L*0,T;V), u € L*>©0,T;V’) and u satisfies (3.3). In particular, for every
t1 € (0, T) we can find 79 € (0, t1) such that u(#g) € V and therefore by [41, Theorem
I1.3.10], u € W'2(t9, T). In particular, u € C([tg, T]; V) and hence u(T) € V.

If the additional assumption that u(0) € V is satisfied, then by what we have just
seen ([41, Theorem II1.3.10]) or by the maximal regularity and the uniqueness of
solutions to 2D NSEs), we can conclude that u € WI*Z(O, T). O

Remark 1 Tt should be pointed out that we cannot claim that #(0) € V. Indeed, if
we take a solution u of the problem (3.1) with data up € H\V and f = 0, then
u satisfies the Assumptions of Lemma 3.8 but nethervelles u(0) ¢ V. See however
Proposition 10.1 for a positive result on an unbounded interval (—oo, 0].

A result analogous of Lemma 3.8 holds in domains of fractional powers of A.

Lemma 3.9 Assume that a € [0, 1/2) and suppose that u € C ([0, T]; H), for some
T > 0, is such that

W + Au+B(u, u) € L*0, T; D(A?)).

Then u(T) € D(A*T ) and u € W2 (19, T; D(ASHY), D(AY)), forany 1o € (0, T).
Moreover, if u(0) € D(A“S"), then u € Wwh2(0, T; D(A2T!), D(A)).

Proof Denote f = u' + Au + B(u,u) and let us fix g € (0,7T) and some
t1 € (0,19). By Lemma 3.8 we infer that u € Wb2(1, T). In particular, there
exists rp € (t1, tg) such that u(tx) € D(A) C D(A%). The last embedding holds
since o < % Since by our assumption, [ € L2(0, T; D(A?)), in view of Proposi-
tion 3.3 and Proposition 3.6, we infer that u € W' (rp, T; D(A2*1), D(A%)). This
implies that u € C([r2, T]: D(A°F")) and in particular that u(T) € D(A*F) and
u e Wl’z(to, T; D(ATH), D(Af)), as in our first claim. The second claim follows
from our last argument. O
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In what follows, for any » > 0 and y > 0 we shall denote by B, (r) the closed ball
in D(A%) of radius r and centered at the origin, i.e.

Y
B, (r) = {x e DY) : Ixl oy 5r}.

Moreover, forany ¢ € Hand s € R, we shall denote by uy(#; 5), 1 > s (simply uy (1),
t > 0, when s = 0) the solution of problem (3.1) with the external force f equal to O,
i.e.

[ W' (1) + Au(r) +Bu(r), u(t)) =0, t>s, (3.25)

u(s) = ¢.

Moreover, for ¢ € H,r > 0 and y > 0 we shall denote
ty" i=1inf {1 >0 : up(t) € By(r)}.

Proposition 3.10 Foranycy,c» > 0ando € [0, %), there exists T = T (o, ¢, ¢3) >
0 such that for every ¢ € H such |¢|g < c1, one has

|AZuy()lu < ca, forallt > T. (3.26)
Proof By inequality (3.3), forany ¢ € H
jup (D} < Iplfe . (327)
Then, by inequality (3.10) in Corollary 3.2, we infer
lug (O, < e D g (), 1> 1.
Combining these two we get
gDy = ePHOWIT g = 1,

and (3.26) follows for o < 1.

Consider now the case o € (1, %). Let us fix constants ¢1, ¢ > 0 and an initial data
¢ € H such that |¢|g < c1. We will be applying the previous step withae =0 — 1 €
(0, %). Choose an auxiliary § € (o — 1, 1). Then by inequality (3.18) in Corollary
3.4, we get

AT up@)2 < K120 MIC(K(2, 0, s (1)) + K1 (2.0, s (1))
Therefore, recalling how Ky and K| were defined, due to (3.27)

Lta 2
A2 up (D)l < Ka(lpln),

for some continuous, increasing function K4. According to (3.12) this allows to
conclude. O
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4 Some basic facts on relaxation and I'-convergence

Let us assume that X is a topological space satisfying the first axiom of countability,
i.e. every point in X has a countable local base. For any x € X, we shall denote by
N (x) the set of all open neighborhoods of x in X.

Definition 4.1 Let F : X — R be a function.

(1) The function F is called lower semi-continuous if for any ¢ € R, the inverse image
set F~1((—o0]) = {x € X : F(x) < t}isclosed in X,

(2) The function F is called coercive if for any r € R, the closure of the level set
{x € X : F(x) < t}is countably compact, i.e. every countable open cover has a
finite subcover.

Now, let {F,,}<n be a sequence of functions all defined on X with values in R.

Definition 4.2 The sequence of functions {F},}c is called equi-coercive if for any
t € R there exists a closed countably compact set K; C X such that

Utrex: R <nck,.
neN

Let us note that if Y is a closed subspace of X, then the restrictions to Y of lower
semi-continuous, coercive and equi-coercive functions, remain such on Y.

As proved in [15, Proposition 7.7], the following characterization of equi-coercive
sequences holds.

Proposition 4.3 The sequence {F,}cN is equi-coercive if and only if there exists a
lower semi-continuous coercive function ¥ : X — R such that

F,(x)>V¥((x), xe€ X, ne N.

Now, we introduce the notion of relaxation of a function F.

Deﬁnition_4.4 The lower semi-continuous envelope, or relaxed function, of a function
F : X — Ris defined by

(sc” F)(x) =sup{G(x) : G € G(F)}, xe€ X,

where G(F) is the set of all lower semi-continuous functions G : X — R such that
G <F.

From the definition, one has immediately that sc¢~ F' is lower semi-continuous,
s¢”F < Fandsc™F > G, forany G € G(F), so that sc™ F can be regarded as the
greatest lower semi-continuous function majorized by F. Moreover, it is possible to
prove that

(sc”F)(x) = sup inf F(y), x¢€ X,
UeN(x) YeU

(see [15, Proposition 3.3]).
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The following result, whose proof can be found in [15, Proposition 3.6], provides
a possible characterization of s¢™ F which we will use later on in the paper.

Proposition 4.5 For any function F : X — R, its lower semi-continuous envelope
sc™ F is characterized by the following properties:

(1) for any x € X and any sequence {x,},eN convergent to x in X, it holds

(s¢” F)(x) < liminf F(x,);
n—oo

(2) for any x € X there exists a sequence {x,},eN convergent to x in X such that

(sc” F)(x) = limsup F(xy).

n—o00

Next, we introduce the notion of I'-convergence for sequences of functions.

Definition 4.6 The I'-lower limit and the I"-upper limit of the sequence {Fy }, ¢y are
the functions from X into R defined respectively by

I' —liminf F,;(x) = sup liminf mf F.(y),
n—oo UEN(x) n—>00 yelU
I' —limsup F,,(x) = sup limsup 1nf F,(y).

n—00 UeN(x) n—oo YEU

If there exists a function F : X — R such that I' — liminf, e F, = [ —
lim sup,,_, , F,, = F, then we write

F=T—- lim F,,
n— 00

and we say that the sequence {F,}, < is I'-convergent to F'.

In [15, Proposition 5.7] we can find the proof of the following result, which links
I'-convergence and relaxation of functions and provides a useful criterium for I'-
convergence.

Proposition 4.7 If{Fy,},c N is a decreasing sequence converging to F pointwise, then
{Fp}nen is T-convergent to sc™ F.

We conclude by giving a criterium for convergence of minima for I"-convergent
sequences (for a proof see [15, Theorem 7.8]).

Theorem 4.8 Suppose that the sequence {F,},cN is equi-coercive in X and T'-
converges to a function F in X. Then, F is coercive and

min F(x) = nli)ngo ;gg F,(x).

xeX
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5 The large deviation action functional
For any fixed ¢, § € (0, 1] and ¢ € H, we consider the problem
du(t) + [Au(t) + B(u(t), u(t))]dt = ﬁdeS ), u0)=ag, 5.1
where
o0
w () =D Osexfi(t), =0,
k=1

{ex}ren 1s the basis which diagonalizes the operator A, {Bi}iren is a sequence of
independent Brownian motions all defined on the stochastic basis (2, F, F, P), where
F = (F:)r>0, and Q; is a bounded linear operator on H, for any § € (0, 1].

In what follows, we shall assume that the family { Os}se (0,1] satisfies the following
conditions.

Assumption 5.1 For every 6 € (0, 1], Qs is a positive linear operator on H, the
operator A~ Q% is trace class, and there exists some 8 > 0 such that Q5 : H —

D(Ag) is an isomorhism. Moreover,
B
lim =y, ye H, limQ;'y=y, ye D(A?),
sﬁoQ‘” Y,y HOQS y=y,y (A7)
the limites above being in H, and forany 1 > o > § >0

- - 8
105 ylu = 105 ' ylu, vy € D(A?). (5.2)

Remark 2 The reproducing kernel Hilbert space of the Wiener process w<? is equal

. o . B
to Qs (H) and hence by Assumption 5.1 it coincides with the space D(A?) for some
B > 0. This implies that the results from [9] are applicable.

Remark 3 1t is easy to see that for the Navier-Stokes equations in a d-dimensional
domain, d > 2, any number 8 > % — 1 and the operators

Qs = (I +8AP/%)~"

satisfy Assumption 5.1.

Now, for any —oo <ty <t < 00,8 € [0, 1]andu € C([tg, t1]; H), we define
5 L P
Sto.n () 1= 3 105 (Hu)(®)) | dt, (5.3)
0]

where H (u) is defined as in (3.24), with the usual convention that St‘im (u) = +o0, if

05 (Hw) () & L*(11, ; H).
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When § = 0, the superscript 0 will be omitted. So we put S, ;, = S%’tl. Note
that according to Lemma 3.9 a necessary condition for S;?m (u) to be finite is that
u(Ty) € D(A*T ) and u € W2 (ra, 113 D(AZHY), D(A?)), for any 1 € (1o, 11).

Forany T > 0,p > 1,¢,6 € (0, 1]and ¢ € H, Eq. (5.1) admits a unique solution

&

u¢,5 € LP(2; C([0, T]; H)); for a proof see e.g. the fundamental work of Flandoli
[21]. To be more precise let us now formulate a definition of a solution following [9].

Definition 5.2 If up € H, then an F-adapted process u(¢), ¢ > 0 with trajectories in
C([0,00); H) N Lﬁ)c([s, 00); ]L4(D)) is a solution to problem (5.1) iff for any v € V,
t > 0, P-almost surely,
t t
(u(t), v) = (ug, v) — v/ (u(r), Av(r))dr —/ b(u(r), u(r),v)dr
N N
+Ve (v, w ().

As shown in the next theorem, as an immediate consequence of the contraction
principle, we have that the family {E(u;"s)} o] satisfies a large deviation principle
ee (L,
in C([0, T']; H).
Theorem 5.3 For any ¢ € Hand § € (0, 1], the family {E(u;’a)}ge (0,1] satisfies a
large deviation principle on C ([0, T1; H), uniformly with respect to initial data ¢ in
bounded sets of H, with good action functional S%.

Proof For every ¢ > 0 and § € (0, 1], we denote by z, s(¢) the Ornstein-Uhlenbeck
process associated with A and Qy, that is the solution of the linear problem

dz(t) + Az(t) dt = Jedw? (1), z(0) = 0. (5.4)

We have
'
Ze,6(F) = \/E/ eI Guwi(s), 1>0.
0

As well known (see e.g. [46, Theorem 3]), under our assumptions the family
{L(z¢,5)}ee (0,17 satisfies a large deviation principle in C([0, T']; L*(0)), with good
action functional

1T 2
) 1,
B =35 [0 @+ aua| ar

Moreover, if we define the mapping F : Hx C ([0, T']; L*(0)) — C([0, T1; H) which
associates to every ¢ € Hand g € C([0, T]; L*(©)) the solution v € C([0, T]; H)
of the problem

V(1) + Av(t) + B(u(t) 4 g(1), v(r) + g(1)) =0, v(0) = ¢,
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we have, P-a.s.,
£,8
u¢ = ]:(¢, ZS,S)-

Since, by [9, Theorem 4.6], the mapping F : Hx C ([0, T']; L4((’))) — C([0, T]; H)is
continuous, by the contraction principle, the large deviation principle for {z; 5}sc (0,1
onC([0, T]; L* ((’))) with action functional Ig ; may be transferred to a large deviation

principle for {u® P }5e .11 on C([0, T']; H), with action functional S0 T
Moreover, in [9, Theorem 4.6] it is shown that for any R > 0 there exists cr >0
such that for any z1, z2 € Br(C([0, T]; L*(0)))

sup | F(¢,z1) — F(¢P, z2)lcqo,1:H) < CRr 121 — Zz|c([0,r];L4(o))-
$€ Bo(R)

This implies that the large deviation principle proved above is uniform with respect to
the initial data ¢ in any bounded subset of H. O

In what follows, for any 7' € (0, +00] we set
Sy =Sy S0 =80,
and
St :=S8o.r, S—r:=S8_r0

In particular,

1 0
S0 o) = 5/ IQS_1 (Hu)(®)) |f dt (5.5)
and 0
1
S_oo(ut) i= 5/ IH ) (0) | dr. (5.6)

We conclude the present section with the description of some relevant properties
of the functionals S_o; and S°
To this purpose, we need to introduce the following functional spaces

X = [u € C((—o0,0]; H) : tlil}loo|u(t)|H = 0} , Xy ={ue X u0 =9}

5.7)
We endow the space X with the topology of uniform convergence on compact intervals,
i.e. the topology induced by the metric p defined by

p(u, v):=z2"( sup |u(s) —v(s)|lg A 1), u,v e X.
n=1

s€[—n,0]

The set X is closed in X and we endow it with the trace topology induced by X.
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Let us note here, see for instance [45, Proposition 1.3.1], that if u € W2(1, 00),
then

lim |u(t)|yv = 0.
11— 00
Similarly, as shown in Proposition 10.3, if u € Wl’z(—oo, t1), then
lim |u(t)|v =0.
[——00

8
— 00’

Proposition 5.4 The functionals S_, and S
in X.

§ € (0, 1], are lower-semicontinuous

Proof In order to prove the lower semi-continuity of S_, and S‘ioo, it is sufficient to

show that if a X'-valued sequence {u,};° ; is convergent in A" to a function u € X,
then for any § € [0, 1]
liminf 82 __(u,) > $° _(u). (5.8)

n—o0

First, we assume that u € X is such that S‘Eoo(u) = 00. We want to show that

liminf 82 _(u,) = +o0.
n—0o0

Suppose by contradiction that lim inf,, S‘S_oo(un) < 00. Then, after extracting a sub-
sequence, we can find C > 0 such that

|y, + Autn + By, un)| g <C, neN
L2(—00,0;D(A2))
By Proposition 10.2 (Proposition 10.1, if § = 0), we have that the sequence
. . B B -
{u,} is bounded in Wl2(—o0, 0; D(A1+7), D(A?)) and hence we can find u €
W1’2(—oo, 0; D(AH'g), D(Ag)) such that, after another extraction of a subsequence,

Un — i, asn — oo, weakly in W'2(—o0, 0; D(A*7), D(A®)).

By the uniqueness of the limit, we infer thatu = i, sothatu € Wl’z(—oo, 0; D(AHg),
D(Ag)) and S‘Eoo (u) < oo, which contradicts our assumption.

Thus, assume that S‘S_C>o (u) < oo.In view of the last part of Lemma 3.9 (Lemma 3.8
if 6 = 0) we have that u(0) € D(A"2") and u € W'2(—c0,0; D(A!T), D(A?))
as {u,} C X;.

Now, assume that (5.8) is not true. Then there exists ¢ > 0 such that, after the
extraction of a subsequence,

§0 Jun) <S8 (u)—e, neN.
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Hence, if we set f, = u), + Au, + B(un, u,), we have that the sequence {f;}
is bounded in L%(—o0, 0; D(Ag)) and then, by Proposition 10.2 (Proposition 10.1
if 8 = 0), we have that {«,} is bounded in Wh2(—o0, 0; D(AHg), D(Ag)). This

implies that we can find u € Wl’z(—oo, 0; D(AH'g), D(Ag)) such that, after a
further extraction of a subsequence,

- . B B
up, =ii, asn — oo, weaklyin W'2(—o0,0; D(A'*2), D(AZ)),

and, by uniqueness of the limit, we infer that u = . Moreover, as the sequence { f;,} is
bounded in L2 (—00,0; D (Ag )), after another extraction of a subsequence, we can find
f € L?(—o0, 0; D(Ag)) such that f,, converges weakly to fin L2 (—00, 0; D(Ag)).
By employing nowadays standard compactness argument, see for instance [9, section
5] we can show that f = f = u’ + Au + B(u, u). Thus, since the mapping

0
B _
feL%ﬂQ&DMﬂﬂe/ 105 F O di € R
—0Q
is convex and lower semi-continuous, it is also weakly lower semi-continuous, so that

2

|
liminf S° __(uy) = — liminf |Q;" £,
oo 2 nsoo S0 Lz(—oo,();D(Ag))

n—o0

1
zimffﬂ =5 ().

L2(—oo,0;D(Ag))
O

Proposition 5.5 The operators S_o and S 5_00 have compact level setsin X. Moreover,
the family {S® . }sc (0.1 is equi-coercive.

Proof First, notice that we have only to prove the compactness of the level sets of
S_co. Actually, due to Assumption 5.1,

8% e = S-00, 8€ (0,11, (5.9)

and then, as Sfoo is lower-semicontinuous, the compactness of the level sets of S_o
implies the compactness of the level sets of S‘EOO. Moreover, in view of Proposition
4.3, (5.9) and the compactness of the level sets of S_., imply the equi-coercivity of
the family {S° o }se 0.1-

Hence, we have only to prove that every sequence {u,,} in X such that S_ o (u,) <
r, for any n € N, has a subsequence convergent in X to some u € X such that
S_oou) =r.

According to the last part of Proposition 10.1 there exists M > 0 such that

|M;1|W1,2(_oo’0) <M, ne N.
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Hence by the Banach—Alaoglu Theorem, we can find u € W2(—o0, 0) and a subse-
quence of the original sequence that is weakly convergent to u in W' ?(—o0, 0). Note
that u being an element of W'-?(—o0, 0) it must satisfy

Iim |u(t)|g = 0.
——00

Since the embedding D(A) < H is compact, by the last part of [8, Corollary 2.8] with
a = 1 and g = 2, we infer that that for each 7 > 0 the embedding Wl*z(—T, 0) —
C([-T,0],H) is compact. Hence, for each T > 0 we can extract a subsequence
strongly convergent in C ([—T, 0], H). By the uniqueness of the limit we infer that the
later limit is equal to the restriction of u to the interval [—T7, 0]. In particular u(0) =
x and therefore u € X. Moreover, by employing the Helly’s diagonal procedure,
we can find a subsequence of {un} which is convergent in X' to u and, as S_ i
lower semicontinuous, we have that S_,,(u) < r. This completes the proof of the
compactness of the level sets of S_. O

6 The quasi-potential

We define, for ¢ € H, the following [0, co]-valued functions

U(¢) :==inf {S_7(u) : T >0, u € C([—T,0]; H), withu(=T) =0, u(0) = ¢},
(6.1)
and, for any § € (0, 1],

Us(¢) := inf {SiT(u) :T>0,ueC(-T,0];H), withu(—-T) =0, u(0) = ¢}.

(6.2)
Note that with our notation U = Uj.
As a consequence of Lemmas 3.8 and 3.9, we have the following result.
Proposition 6.1 We have
U@ <co<= ¢peV. (6.3)
Moreover, if Assumption 5.1 is satisfied for some f € (0, %), then we have
B+1
U5(¢)<OO<:>¢€D(A2). (6.4)

Proof We prove (6.4), as (6.3) turns out to be a special case, corresponding to the case
B = 0. Assume that Us(¢) < oo. Then, according to (6.2) we can find 7 > 0 and
u € C([-T,0]; H) such that u(—T7) = 0, u(0) = ¢ and

W + Au+B(u,u) € L2 (—T, 0; D(Ag)) ,

Hence, by Lemma 3.9 we infer that ¢ € D(A#).
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Conversely, let us assume that ¢ € D(A#). Since for any 7' > 0 the map
W (=7.0; DAI*E), DAD)) 5 v > v(0) € DA

is surjective, see [29, Theorem 3.2, p.21 and Remark 3.3, p.22] for a proof, we can
find u; € W(—T,0; D(A'*%), D(A")) such that u;(0) = ¢. By Proposition 2.5,
we infer that u| + Auj + B(ui, uy) € L*(—T,0; D(Ag)). Moreover, there exists
to € (—T,0) such that u(7) € D(AH'g). This means that if we define

ul(to)s re [_Ts tO],

t+T
uz(8) = to+T

we have that u>(=T) = 0, us € W(=T,1; D(A'*), D(A%)) and u} + Aus +
B . .
B(up, up) € Lz(—T, to; D(A?)). Finally, if we define

[142(1‘)7 re [_T’ to]s
u(t) .=
ui(t), te [y, 0],

we can conclude that S‘S_T () < oo. O

Now we can prove the following crucial characterization of the functionals Us and
U.

Theorem 6.2 For any ¢ € V, we have

U(¢) := min {S,Oo(u) Tu € X¢,}. (6.5)

Analogously, if Assumption 5.1 is satisfied for some B € (0, %), then forany § € (0, 1]
and ¢ € D(A#) we have

Us(¢) :=min {S° (u) : u € Xy). (6.6)
Proof We prove (6.6), as (6.5) is a special case, corresponding to 8 = 0 in Assump-

tion 5.1. Letus fix T > O and u € C([—T, 0]; H) such that u(—=7) = 0, u(0) = ¢
and S‘S_T(u) < 00, and let us define

t), ifte[-T,0
() = 4@ 1 e=T.01, 6.7)
0, ift € (—o0, —T1].
Obviously, u € X. We will prove that
§° () = 82 () (6.8)
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Since S‘S_T (u) < oo, the function u satisfies the assumptions of Lemma 3.9. Therefore,
¢ € D(AS") and u belongs to W'2(=T,0: D(A'*5), D(A%)). Since obviously

the zero function is an elements of the space W!?(—o0, —T’; D(A1+g), D(A%)),
we infer, see for instance [5], that

i€ W'3(—00,0: DA, DAY,
and (6.8) holds. In particular, this implies that
inf {S° () :u € Xy} < 8, w).

Taking now the infimum over all u as above, in view of the definition of Us(¢) we
infer that

inf {S° (u) 1 u € Xy} < Us(@).

It remains to prove the converse inequality. To this purpose, we will need the
following two results, whose proofs are postponed to the end of this section. O

Lemma 6.3 Forevery$ € [0,1], T > 0 and & > 0, there exists n > O such that for
1
anyy € D(A%ﬁ) such that |y| (AM) < n, we can find
D 2

B B

ve WO,T; D(A'"2), D(A?))
with

) <&, v0) =0, o(T)=y.
Recall that in the case § = 0, we have S? = St and we take g = 0.
Lemma 6.4 Assume that u € X. Then for each § € [0, 1] and ¢ > 0 we can find
T. > 0and v, € C([—Tg, 0]; H) such that v.(—T,) = 0, v:(0) = u(0) and

SS_TS (ve) < S(EOO(M) + e&.
Thus, let us prove
Us(p) < inf{S> (u) : u € Xy}. (6.9)

Obviously, we may assume that the right hand side above is finite and so we can find
u € Xy such that Sioo(u) < 00. In view of Lemma 6.4, for any ¢ > 0,

inf {S2;(v): T >0, ve C(~T,0L,H), v(~T) =0, v(0) = p} < S* () +e.

This implies that Us(¢) < Sfoo(u) + &. Thus, by taking the infimum over ¢ > 0 and
then over all admissible u we get (6.9). Finally, we remark that the infima are in fact
minima, as the level sets of S_,, and S‘S_oo are compact (see Proposition 5.5).

This completes the proof of (6.6), provided we can prove Lemmas 6.3 and 6.4.

@ Springer



768 7. Brzezniak et al.

Proof of Lemma 6.3 Let us fix T > 0 and consider the mapping
Hy w2 (0.7: D (A1*5). D (A%)) 30 v/ + Av + B, v e 12 (0.7: D (a%)),
Due to Lemma 2.5, the mapping Hr is well defined and continuous. Moreover

53() < c|Hr ()] vew!? (o,T;D(AH%),D(A%)),
(6.10)
Now, by proceeding as in [29, Remark 3.3, p. 22] we can show that there exists a

continuous linear map

LZ(O,T;D(Ag)) ’

R: DAY S W20, T: DA, D(AY)),

such that [Ry](T) = y forevery y € D(A#). By using the same augments used in
the proof of Proposition 6.1, we can construct Ry such that Ry(0) = 0. Thus the map

HTORZD(A#)—)LZ(O,T;D(A%))

is continuous and then for every ¢ > 0 we can find n > 0 such that

™

<n = |Hr(R < -.
IyID(A#) 1 IHr( y)ILz(O’T;D(Ag) .

Since v = Ry satisfies v € W20, T; D(A'*5), D(A%)), v(0) = 0 and v(T) = y,
due to (6.10) the proof is complete. O

Proof of Lemma 6.4 We give the proof here for § > 0, as § = 0 is a special case.
Let us assume that u € X for some ¢ € H, and fix ¢ > 0. We can assume that
Sfoo(u) < 00. Then by (5.5) we can find 7, > 0 such that

5 I3
S_OO’_Tg(u) < 3
Moreover, the function u satisfies the assumptions of Lemma 3.9. Therefore, ¢ €
1
D(A%ﬁ) and u belongs to le’f(—oo, 0; D(A”g), D(Ag)). As a consequence of
Proposition 10.2, this implies

lim |u(t)] 146 =0. (6.11)
t——00 DA™ Z )
Then, T, can be chosen in such a way that
lu(=T)l 148 <,
DA™Z)
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where we choose 7 > 0 as in Lemma 6.3, corresponding to 7 = 1 and §. Then by
Lemma 6.3, we can find w € WY2(—T, — 1, —T.: D(A'*%), D(A)) such that

S ) < = w(=T, = 1) =0, w(=T,) =u(~Ty).

3 9
Next, we define

. {u(l), ift e [—T,, 0], 612

w(t), ifte[-T, —1,-T].

Obviously, #(0) = ¢ and u € C([—T; — 1, 0]; H) and, arguing as before (and hence

. . . _ B B
using for instance [5]), we infer thatu € wWh2(—T.—1,0; D(A”?), D(A?)). More-
over,

S8 p (@) = Sirfl,frg (w) + SETS (u)
& 5 5 € 1)
< g + [S_OO(M) - S—oo,—Tg (M)] < § + S—Oo(u)

This concludes the proof of Lemma 6.4. O
Next, we prove that both U and U® have compact level sets.

Proposition 6.5 Foranyr > 0and § € (0, 1], the sets
K,={¢peH:U@) <r}, K ={pecH: Us(p)<r}

are compact in H. In particular, both U and U® are lower semi-continuous in H.

Proof Let {¢,} be a sequence in K,. In view of identity (6.5), for any n € N there
exists u, € Xy, such that

S—co(up) = U(n) <.
In particular,
{un} C {S—c0 =1},

so that, thanks to the compactness of the level sets of S_, proved in Proposition 5.5,
we can find a subsequence {u,, } C {u,} and & € C((—o0, 0]; H) such that

lim u,, =u, inC((—o0,0]; H).

k—o00

This implies that

lim u,, (0) = u(0),
k—00
and, due to the lower semi-continuity of S_o, proved in Proposition 5.4,
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S_oolit) < liminf S_ o (i) < r.
k— 00

On the other hand, by the definition of U, U (1(0)) < S_ (). Hence we can conclude
that #(0) € K,, and the compactness of K, follows.
The compactness of the level sets of Us can be proved analogously. O

We conclude this section by studying the continuity of U in V and of Us in D(A#).

Proposition 6.6 The maps U : V — R and Uy : D(A#) — R are continuous.

Proof In the previous proposition we have seen that U is lower semi-continuous in H.
In particular, it is lower semi-continuous in V. Thus, is we prove that U is also upper
semi-continuous in V, we can conclude that it is continuous on V.

Let {¢,},e N be a sequence in V converging to some ¢ in V. As ¢ € V, according
to Proposition 6.1 and Theorem 6.2, there exists u € Xy N W1’2(—oo, 0) such that
U(¢p) = S_s(u). Now, we define

wn(t) = u(t) + ™ (¢pp — $), 1 <0.

Clearly u,,(0) = ¢,,. Then, as ¢, —¢ € V,wehave thatu, € Xy N Wl2(—o0, 0).
Moreover, as ¢, convergesto¢inVandV = (H, D(A)) 12 we infer that u, converges

to u in W1’2(—oo, 0), so that
Iim S_oo(uy) = S_co(ut).
n—oo

This allows to conclude that

U(p) = S—co(u) = lim S_o(un) > limsup U (),
n—00 n—00
so that upper semi-continuity follows.
1
The proof of the continuity of the map Us : D(A%ﬁ) — R is analogous. O

7 Stochastic Navier Stokes equations with periodic boundary conditions

All what we have discussed throughout the paper until now applies to the case when
the Dirichlet boundary conditions are replaced by the periodic boundary conditions. In
the latter case, it is customary to study our problem in the 2-dimensional torus T2 (of
fixed dimensions L x L), instead of a regular bounded domain O. All the mathematical
background can be found in the small book [39] by Temam. In particular, the space H
is equal to

Hoo = {u € Li(T*, R?) : div () = 0 and y, (u)r;,, = =y (@ir;, j = 1,2},
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where L(Q)(Tz, R2) is the Hilbert space consisting of those u € L2(T?, R%) which
satisfy [rou(x)dx =0andT'j, j = 1,...,4 are the four (not disjoint) parts of the
boundary of 3(T?) defined by

T ={x=1,x)el0, L :x; =0},
Djpp=1{x=(@nLx) el0,L1*:x; =L}, j=1,2.

The Stokes operator A can be defined in a natural way and it satisfies all the properties
known in the bounded domain case, inclusive the positivity property (2.11) (with

Al = 4LL22) and the following property involving the nonlinear term B
(Au, B(u, u))y =0, u € D(A), (7.1)

see [39, Lemma 3.1] for a proof. The Leray-Helmholtz projection operator P has the
following explicit formula using the Fourier series, see [39, (2.13)]

L2 k- Tin-x
[P<f>1k=—2(fk—m), keZ\OL f= 3 fet eL3a% R,

4 k|2
neZ2\(0}

It follows from the above that P is a bounded linear map from D(A®) to itself for
every o > 0, compare with Proposition 2.1 in the bounded domain case.

In the next Theorem we will show that, in this case, an explicit representation of
U (x) can be given, for any x € V.

Theorem 7.1 Assume that periodic boundary conditions hold. Then

18Iy, ¢ €V,
400, ¢ € H\V.

U(p) = [
Proof By Theorem 6.2, we have that
U(p)=min {S_o(u) : ue Xy}, ¢peV,
and by Proposition 6.1 we have that U(¢) < oo if and only if ¢ € V. Now, let us fix
¢ € Vandu € Xy such that S_. (1) < oo. In view of Proposition 10.1, we have
that
ue C((—00,0]; V)N L?(—00,0; D(A)), u' € L*(—o0,0; H)

and
Iim |u(t)|v =0. (7.2)
——00

We have

|/ () + Au(t) +Bu(), u(@)[f = lu' (1) — Au(t) + Bu(), u(t)
+4 AU |G + 4 (' (1) — Au(t) + Bu(), u(®)), Au(®)) .
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Then, thanks to (7.1) we get
|t (1) 4+ Au(t)+Bu(r), u(®) = u' (1) — Au(t) +Bu(t), u(r)) |3 +4 (' (), Au()),, -

According to (7.2), this means that

0 0
S_oo() = l/ |u/(r)—Au(z)+B(u(t),u(t))|ﬁdz+/ %m(m%d;

2 ) o —o

1 0
5/_00 /(1) — Au(t) + Bu(), u(®)[f dt + |u(0)[3.

In particular,

U(¢) = 1613
On the other hand, if we show that for any ¢ € V there exists u € Wl2(—o0,0)N Xy
such that u/(1) — Ait(t) + B(ia(t), i(t)) = 0, for t € (—o00,0), we conclude that
U@ =191

As we have seen in Sect. 2, if ¢ € V then the problem

[ V' () + Av(t) — B(u(r), v(t)) =0, ¢ > 0,
v(0) = ¢,

admits a unique solution v € L?(0, +00; D(A)) N C([0, +00); V), with v/ €
L2(0, +00; H), with
. 2
tl_l)rgo lv(®) |y = 0.
This means that if we define
u() =v(=r), =<0,

we can conclude our proof, as u € W12(—00,0) N Xy and u'(1) — Au(t) +
B(u(t), u(t)) = 0. O

We have already mentioned in the Introduction that a finite dimensional counterpart
of Theorem (7.1) was first derived in Theorem IV.3.1 in the monograph [20]. It has
later been discussed in Example B.2 for finite dimensional Landau-Lifshitz—Gilbert
equations by Kohn et al. [27].

8 Convergence of Us to U

Our aim in this section is to prove Theorem 8.3, that is
. B+l
lim Us(@) =U (@), ¢eD(A7).
§—0
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For this purpose, we introduce an auxiliary functional S‘,oo : Xy — [0, oo], where
B .
¢ € D(A%) is fixed, by the formula

§ oy | S e XN Wi2( = 00, 0; DA, D(AY)), S0
_ V) = .
> too,  ifve X\ WI2(—o00,0; DA, D(AD)).
Lemma 8.1 Under Assumption 5.1, if ¢ € H, then

[ —lim $°  =sc 8 o inXy. (8.2)

§—0

Proof According to Proposition 4.7, the proof of (8.2) follows, once we show that for
any u € Xy the function

0,118 — 8% ()

is decreasing and y
lim S ) = S_oo(u), u e Xy. (8.3)
>

Let us fix a function u € Xj. In view of Assumption 5.1, for each y € D(Ag), the
function (0, 1] 2 § |Q5_1y|ﬁ € R is decreasing. This implies that for any fixed u
the mapping (0, 1] 3 § — Sfoo(u) is decreasing.

We notice that if u € X¢\W1'2( — 00, 0; D(A%H), D(Ag)), then for any § €
O, 1

% o) = §_oo(u) = +o0,
so that (8.3) follows. On the other end, if u € Xy "W 12 (—o0, 0; D(AQH), D(Ag)),
then we have
0

- 1
S-oot) = S-co() = 5 / [ (u) (1) |y dt.

—00

Thus, since Sfoo () = % fi)oo | QS_I’H(u) (1) |%I dt, by the Lebesgue dominated conver-
gence theorem we obtain (8.3), once we have observed that according to Assumption

5.1, forall y € D(A%), 05"y — y,as 8 \, 0, and |Q; ' ylu < 107" ylu. O
Lemma 8.2 If¢ €V, then

S¢S o) = S_oo(u), ue X (8.4)

Proof In view of Proposition 4.5, we get (8.4) if we show that for every sequence
{“"}n C X} convergent to u in Xy

S_oo(u) < liminf S_oo(up), (8.5)
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and for some sequence {u,} C X4 convergent to u in Xy
S_ oo (1) = lim sup S_oo (). (8.6)
n

It is immediate to check that (8.5) follows from the lower semi-continuiuty of S_c
and the definition of S_... Thus, let us prove (8.6). We are going to prove that there

exists a sequence {u,} in Xy N Wl'z( — 00, 0; D(A§+1), D(Ag)) such that

lim sup |u,(t) —u@)|ly =0, (8.7)
=0 te(—00,0]
and 3
S_oo(u) = lim sup S_oo (uy). (8.8)

n—oo

To this purpose, we can assume that S_o,(#) < oo. Then, according to Proposi-
tion 10.1,u € Xy N W!2(— 00, 0) and ¢ = u(0) € V. Since

W2 (~ 00,0) = Cp((—00,01, H),

it is enough to find a sequence {u,} in Xy N Wl’z( — 00, 0; D(A§+1), D(Ag)) satis-
fying (8.8) and, instead of (8.7), the following stronger condition

M uy — ttly12( o) = O- (8.9)

n—o0
Actually, if we find a sequence {u,} C Xy N Wl’z( — 00, 0; D(Ag“), D(Ag))
satisfying (8.9), then in view of (8.1), S'_oo(un) = S_o(uy,) for every n. Therefore, in

view of (8.9), we obtain (8.8), as S_« is a continuous functional on W!2(—o0, 0). Let
us finally observe that the existence of the required sequence is just a consequence of

the density of the space Xy N W12 (—00, 0; D(A#), D(Ag)) in XyNWH2(—o00, 0).

O
Thus we can conclude with the following result.
Theorem 8.3 Under Assumption 5.1, we have
B+1
giE})US(‘f’) =U(¢p), ¢ DA ™). (8.10)

Proof Letus fix ¢ € D(A%). In view of Theorem 6.2
U(¢) = min {S_oo(u) ‘u € X¢}.
and for any § € (0, 1]

Us(¢) = min {S° (u) : u € Xy}

@ Springer



Quasipotential and exit time for 2D Stochastic Navier-Stokes equations 775

Thus, thanks to Theorem 4.8, our result is proved since we have shown that for any

¢ € D(A%) the family {S‘S_Oo}gE (0,1] is equi-coercive in Xy and, as a consequence
of Lemmas 8.1 and 8.2,

[ —lim $° = S_ o, in . (8.11)

§—0

O

9 An application to the exit problem

A domain D C H is said to be invariant and attracted to the asymptotically stable
equilibrium 0 of the deterministic Navier-Stokes equations (3.1), i.e.

u'(t) + Au(t) + Bu(t),u®)) =0, u(0)=¢, 9.
if, for any ¢ € D, the solution uy () to (9.1) remains in D, for every ¢ > 0, and
lim [y ()] = 0.
It is well known that, as the solution u satisfies inequality (3.2) by the Poincaré

inequality (2.11), every ball in H is invariant and attracted to 0.
Throughout this section, we will assume the following conditions on D.

Assumption 9.1 The set D C H is bounded, open, connected, contains 0, is invariant
148 .
and attracted to 0. Moreover, for any ¢ € dD N D(A%) there exists a sequence
- 1
{én) C (H\D) N DA such that

=0.

li — =
Jim g0 =9l s

Remark 9.2 Tfforevery ¢ € 9DND(A) there exists y € (H\D) N D(A") such
that
{t¢ + (1 —1n)y :1€[0,1)} CH\D,

then Assumption 9.1 is clearly satisfied. Such a property is true if, for example, D is
convex.

Lemma 9.3 Forany § € (0, 1], there exists ys € 9D such that

yien;D Us(y) = Us(ys)- 9.2)

Proof First we will show that

¢i€nafD Us(¢p) < oo. 9.3)
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— 1
Since H\ D is an open subset of H and the space D(A%ﬂ) is dense in H, there
~ - 1 ~
exists ¢ € (H\D) N D(A%ﬁ). Since 0 € D, and the path ¢t +— t¢ is continuous,
~ ~ 1
there exists #p € (0, 1) such that 7o¢p € dD. Clearly, to¢p € D(A%ﬂ), so that, as

1+8 . ..
aDnN D(A%) # ), according to Proposition 6.1, property (9.3) follows.
Due to the compactness of the level sets of the functionals Uy, we infer that there

exists ys € dD N D(A#) such that (9.2) holds. m]

Now, forany ¢ € D,e > 0and § € (0, 1], we will denote by ‘E;’S the exit time of
the solution u;"s of Eq. (5.1) from the domain D, that is

75 =inf{t >0 uf’(n) e aD}.

Our purpose here is to prove the following exponential estimate for the expectation
of r;"s in terms of the infimum of Us on the boundary of D.

Theorem 9.4 Forany s € (0,1]and ¢ € D

lim elog E 5% = min Us(y).
e—0 & yeaD 8()’)

As we already pointed outin [11, Section 7], the proof of the previous result is based
on the few lemmas below, whose proofs are postponed till Appendix 11. Actually, the
arguments used in the finite dimensional setting (see [19, proof of Theorem 5.7.11]
and [20, proof of Theorem 4.1]), can be adapted to this infinite dimensional case, once
the following preliminary results are proven.

Lemma 9.5 For any n > 0 and u > 0, there exist To = To(n, ) > 0 and h =
h(n) > 0 such that for all € Bo(w) there exist T < Ty and v € C([0, T]; H), with
v(0) = ¢, such that

dy(v(T), D) = h (9.4)

and
S8, (v) < inf Us(y) + 1. 9.5)
’ yedD

Lemma 9.6 There exists (1o > 0 such that for any n > 0 and n € (0, pol

lim &1 inf IE”(S"S<T) —( inf U ,
lim ¢ log (¢6111310(M) T, = > ylenE)D s(y) +n
forsome T =T (n, n) > 0.

Lemma 9.7 For any u > 0 such that Bo(n) C D,

lim liminfe I IP(““‘ t) — o0,
o it e log ( sup Plog " > 00
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where
op ™ =int {12 0: ui’ ) € By UaD ],
Moreover,
lim P (u;‘s(a;"*“) c Bo(,u)) —1.
Lemma 9.8 For any closed set N C 0D,
lim lim supelog( sup P(u;"s(o(;’a’“) € N)) < — inf Us(¢). 9.6)
n=>0 0 $e By(3u) peN

Lemma 9.9 For every A > 0 and u > 0 such that Bo(n) C D, there exists T =
T(u, A) < oo such that

lim sup ¢ log sup P| sup |u;’5(t) —¢lu>3u < —A.
=0 e Bo(n) \r€l0,7]

Next, by proceeding as in the proof of [11, Theorem 7.7]) we can conclude that the
following approximation result holds.

Theorem 9.10 Suppose that Assumption 5.1 is satisfied. If for any ¢ € VN 9D there
1
exists a sequence {¢,} C D(A%ﬂ) N 0D such that

lim |¢, — ¢lv =0, 9.7
n—oo
then
li inf U, = inf U(¢). 9.8
(SER) ¢1enaD 5(@) ¢1enaD @) ©-8)

Sketch of the Proof Limit (9.8) follows from Theorem 6.2 and (9.7) in virtue of a
general argument based on I'-convergence and relaxation, which applies to more
general situations, and which has been introduced in [11]. Actually, we define

U(@), ¢ € Ap,

vg) = |+oo, ¢ € H\Ag,

and for any 6 € (0, 1]

Us(p), ¢ € Ag,

Ust9) = ‘—i—oo, ¢ H\Ap,

where Ag = D(A#) N dD. One can prove that
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I' — lim 05 =sc U, inH,
§—0

and then, by using (9.7) and the continuity of U in the space V proved in Proposition
6.6, one can show that

U#), ¢ € dD,

U@ =110 4emap.

This implies (9.8). m|
In view of Theorems 9.4 and 9.10, we obtain the following result.

Corollary 9.11 Under the same assumptions of Theorem 9.10, we have

lim lim elog E5°% = inf U(¢).
fim limelog B2y = i, U@)

Informally, this means that for 0 < ¢ << § << 1, the following asymptotic
formula holds

1
B8 ~ ~inf U )
7, exp(s A U@

Remark 4 As in [11, Remark 7.8], we notice that if we take D = By(r), for r > 0,
1
then condition (9.7) assumed in Theorem 9.10 is fulfilled. Actually, as D(A%ﬁ) is
~ 1
dense in V, we can find a sequence {¢,} C D(A%ﬁ) which is convergent to ¢ in V.

Then, if we set ¢ = rdn/|nlu, we conclude that {¢n} € D(A>") N 3D and (9.7)
holds.
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10 Appendix A: Proofs of some auxiliary results

Proposition 10.1 Assume that z € X is such that S_~(z) < 0o. Then, z(0) € V,

lim [z(8)|v =0, (10.1)
——00
and 7 € Wh2(—00, 0), i.e.
0 0
/ |Az (1) |3 dt +/ 1Z/(1) [} dt < . (10.2)
—00 —00
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Moreover, there exists a continuous and strictly increasing function ¢ : [0, 00) —
[0, 00) such that (0) = 0 and, if z € X is a solution to the problem

() +Az(t) + Bz(0), z(1) = f(1), 1 =<0,

with f being an element of L>(—00, 0, H), then z € W2(—00, 0), z(0) € V and

0
2O + 12120y < @ ( / |f<r)|ﬁdr) :
—0Q

Proof The argument below is a bit informal but it can easily be made fully rigorous.
We will be careful with the constants as we want to prove the last part of the Proposition
as well.
We have that z(0) € V, as a consquence of Lemma 3.8. Next, we will prove (10.1).
In view of Lemma 3.8, we can assume that z € WIL‘CZ(—OO, 0). Since S_~(z2) < 00,
if we set
f@) =7+ Az(@t) + B(z(1), z(1)), <0, (10.3)

we have that f € L*(—o0,0; H). If we multiply Eq. (10.3) by z and use equality
(2.16), we get

li|z(r)|2 +1zOR = (f, 9u < Lop + i|f(r>|2 t <0, (10.4)
2dt H v ) Vo H ’ '

where A is the Poincaré constant of the domain O. Hence,

t 1 t
()l +/ 201 dr < 12(s) [ + r/ |f(lfdr. 00 <5 <120,
s 1 Js

lim |z(s)[q =0,
§—>—00

we infer that

t 1 t
|z<r)|ﬁ+/ 6 ds < AT/ f()dr, —o0 <1 <0,
—00

—00

This implies that

IA

2 _ L[ 2 e 2
|Z(Z)|HSE/ |f (M)l dr E/ Lf(Dlgdr, 1 =<0, (10.5)

and

IA

0 1 0
/ ZRds < - / ) dr. (10.6)
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The last inequality means that z € L?((—00, 0], V), what implies that we can find a
decreasing sequence {s,} such that s, \, —oo and

lim |z(sp)|v = O. (10.7)
n—00

Next we multiply Eq. (10.3) by Az (7). Thanks to (2.15) and to the Young inequality,
we get

1d
EEIZ(I)I%/ + Azl = —(B(z(1), 2(1)), Az(t)u + (f (1), Az(t)m (10.8)

C 1
< —|Az()If + {lz(tn%;lz(t)l“v + Z|Az<t>|%; +1f O

FNg

where Cr = 54—4C2 and C is the constant from inequality (2.15) .
Applying next the Poincaré inequality (2.1) we get,

d
TROR +11z0F < CGllzOflOR]OR + 210l (10.9)
Hence, since A1 > 0, we have
d 2 2 2 2 2
EIZ(I)IV < C[lzOIglzOIg]1zO15 + 21 F O3, (10.10)
and so, by the Gronwall Lemma, for any —oo < s <t < (0 we get
2 2 ! 2 2
lz(O)]y = lz(s)|y exp (Cz/ lz(M)glz(Mly df’)
N
t t
+2 / | £ () If exp (Cz / |z<p>|ﬁ|z<p>|%dp) dr.  (10.11)
s r

Using the above inequality with s = s, from (10.7) and then taking the limit as
n — 00, we infer that

t t
lz(0) 3 <2 / If(r)l%{eXP(Cz / |z(p)|§|z(p)|%dp) dr, t<0. (10.12)

Of course, for the above to be correct we need to show that the sequence

t
[ / |z(r>|ﬁ|z(r>|%dr]
Sn n>1

is bounded from above. But in view of estimates (10.5) and (10.6) we have

0
1
/ l2(0)[Flz(p) 5 dp < ?|f|12(_oo,o,m < 0. (10.13)
1

—00
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Therefore, since

t 0
/ 12(p) F12(0) 3, dp s/ lz(0)Hz(0)% dp, —o0 <7 <t <0,
:

—00

we can conclude that

2 G2 ! 2 G2 2
sup |z(1)]y < 2exp A—zlfl sup | f(N)dr <2exp Flfl [f1
1 1

<0 t<0J—o00
(10.14)
(here, for the sake of brevity, we denote | f|;2(_o0 0.1y = | /]
Moreover, as

0 t
/ )R exp (Cz / |z<p>|%l|z<p>|%dp) dr < oo,

—00

we have that

t t
Jim [ irokes (€ [ ek ap) ar=o

so that from (10.12) we conclude that (10.1) holds.
Now, to prove that z € W12(—00, 0), we observe that from (10.8) we also have

0 0

0
2O + / Az di < Cs / F )R dr.

—00

[z =) R Iz(0)[3 dt +2/

—00 —

where we have used (10.1). Since by (10.5) and (10.14),

2 Cy
sup  |z()[flz(OF < A—ICXP(FIfI“)IfI“ < 00,
1

te(—o00,0]

we infer that

0 2¢C C 0 0
12(0) |34 / |Az() | dt < le exp(ﬁﬂ“) LF1* / 12()% A2 / |f (I dt.
—00 1 —0 o

(10.15)
Hence, in view of (10.6), we infer that
2 0 2 26 C2 L4 6 2
2OR+ [ iazar = Z2exp( i1+ 207 a016)
—00 1 1

and this concludes the proof of the first part of (10.2).
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In order to prove the second part of (10.2), it is enough to show that

0
/ |B(z(1), 2(t)) [} dt < oo.

—00

Indeed, by the Minkowski inequality we have
12122 (—o0.0:m) < 1AZI12(—00.0:1) + 1BE D 2(oo0m) + [ F122(—o000my- (10.17)

According to inequalities (10.5), (10.12) and (10.16) and to inequality (2.15), we have

0 0
/ |B(z(t), 2(1)|f dt < C/ l2()lulz () |Az() ] dt < Csup [z(O)|ulz()lv
—00 —00 <0
0 30 3
x (/ 1z(0)[% dt) (/ |Az(t)|§dt)
—0o0 —0o0
< = el B
= eXp(k%lfl )Ifl mlfl
1
2C, Cy :
x (7 exp(?|f|4) |f|6+2|f|2) < o0, (10.18)
1 1
The final statement follows from inequalities (10.16), (10.17) and (10.18). O

Remark 5 (1) Our proof of Proposition 10.1 has been inspired by [9].
(2) Roughly speaking, the above result says that the following two equalities hold

(2€X: 8 oo(z) <00t =XNW"2(—00,0)
and
{zeX:u0) =¢and S_(z) < o0} = Xy N W2 (—00,0), ¢ € V.

The next result generalizes Proposition 10.1 to % .

Proposition 10.2 Assume that « € (0, 1/2) and z € X is such that

0
2
/ IH(Z)(I)ID(A )dt < 400

oo %
Let f € L2((—00, 0]; D(A?) be defined as
() + Az(t) + B(z(t), z(1) = f(t), 1 =<0. (10.19)

Then z(0) € D(AS),

Jim Jz 0] ) a1 =0, (10.20)
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and z € Wh2(— 00,0; D(A'*2), D(AY)), i.e.

0 0
/ |A%+1Z(t)|12{dt+/ AT ()3 dt < 0. (10.21)
oo

—00 —

Moreover, there exists a continuous and strictly increasing function ¢ : [0, 00) —
[0, 00) such that ¢(0) = 0 and if z € X is a solution to the problem

Z(t) + Az(t) + B(z(1), z(1)) = f(t), t <0,

with f being an element of L*(—00, 0; D(A%)), then 7 € Wl*z( — 00, 0; D(A%H),
D(A%)), 2(0) € D(A*T") and

2 2 2
ZOF w12l <o (1112 )

o W12(—00,0: DA™, D(AT))

Proof Following the methods from the proof of Proposition 10.1, it is sufficient to
prove the first part of Proposition 10.2.

Letus fixa € (0,1/2),¢ € D(Al#) and z € X} such that Ss_oo(z) < oo. Let

us define f € L?(—o00, 0; D(A%)) by (10.19). Since the assumptions of the present
proposition are stronger than the assumptions of Proposition 10.1, we can freely use
the results from the proof of the latter.

So, firstly, let us notice that by inequality (10.15) we can find a decreasing sequence
{s,} such that s, | —oco and

lim |A"2 2(s,) |1t = 0. (10.22)
n—o0
Arguing as in the proof of Proposition 3.3, if we calculate the derivative of |A T ) |é
and use inequality (2.20), with s = 2, to get the following generalisation of (10.8)

1d  i1+a
__|A 7

o ZOF+IATT 20 = —(B:(), 2(1), AT 2 (1)

+(f (), AT z(0))m < %|A%+1z(z>|é

+ClAZ(OFHIAT T ()2 + CIAT f(0) 3.
(10.23)

Let us note that contrary to (10.8), the highest power of z on the RHS of (10.23) is 4.
Hence, we infer that

d 14a a 1ta [3
E|A T2 + AT (01 < ClAZOIEIAZ z(0) [} 4 2|A2 f(0)]F. (10.24)

Therefore, by the Gronwall Lemma, for any —oo < s <t < 0 we get
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t
AT Z(0F < |A T 2(s)[nexp (C / Az(r) I3 dr)
s

t t
—|—2/ |A%f(r)|12{exp (C/ |Az(,0)|12{dp) dr. (10.25)

Using the above with s = s, from (10.22) and then taking the limit as n — o0, we
infer that

t

t
ATz < 2/ |A% £(r) [} exp (C/ |Az(,0)|2Hd,0) dr, t<0. (10.26)
(0.¢] r

As in the proof of the previous Proposition 10.1 the above is true because now by
inequality (10.16) the sequence

t
[/ |Az(r) I dr]
Sn n>1

is bounded from above by &exp (%|f|4) |£1® + 2|f|%, where |f| denotes
1

*
| f122(—o0,0:11)- Therefore, we can conclude that

0
lt+a a 2C2 C2
sup |[A 2z (1) 52/ |Azf(r)|%;drexp(C—Az exp(—A2|f|4)|f|6+2|f|2).
1

<0 —00 1
(10.27)
Moreover, as

0 t
/ A2 f(r) [} exp (C / |Az(p>|%dp) dr < oo,

—00

we have that

t 1
lim / |A2 f(r)|12_lexp (C/ IAZ(,O)Iﬁ d,o) dr = 0.
——00 —00 r

Hence (10.20) follows from (10.26).
Now, to prove the second part of Proposition 10.2, i.e. the first inequality in (10.20),
we observe that from (10.24) we also have

0
a+2 a+1
AL di < C / Az()BIA S 20, dt

—0oQ

0
A )1 + /

—00

0
+2/ |A2 £ (1)) dt.

—00
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Taking into account inequalities (10.27) and (10.16) we infer that

at2 2C C
A" z(n) [} dr < C(Tfexp(7§|f|4)|f|6 +2|f|2)
1

1

0
(/ A% £ () drexp (62)% exp (%fr‘)m6 + 2|f|2))
—0o0 1 1

0
+2/ A% £(1)3 dt, (10.28)

0
a+1
|A%z(0>|%{+/

—00

and this concludes the proof of the first part of inequality (10.20).
As in the proof of the previous Proposition, in order to prove the third part of
Proposition 10.2, i.e. the second inequality in (10.20), it is enough to show that

0
/ A2 B(z(1), z(1)) [} dit < oo.

—00

According to inequalities (2.20) (with s = 2), (10.16) and (10.27) we have

0 0
o a+l
/ IATB(z(1). 2(t)|fydt < C / AZ()FIAT (1)} di
—00 —00
0
atl 4C Cy Cy
< Csup|A™ z(r)@/ Az dr < | —5—exp| S I/1* )IF1°+ 2071
t<0 —00 )\-1 )\1
0
a 2C, Ch
/ |A2f(r)|%1exp(6—2exp(—2|f|4)|f|6+2|f|2). (10.29)
—0 A7 A3
The proof is now complete. O

Proposition 10.3 Assume that T € R U {+00}. If z belongs to W'-2(—o0, T) then
lim |z(¢)|y = 0.
[——00

Proof In view of [29, Theorem 2.2, p. 13] it is enough to consider the case T = +o00.
So let us take z € Wl'z(—oo, 00) Then, since V = [D(A), H]y 2, according to [29,
Theorem 3.1, p. 19], z : R — V is a bounded and continuous function. Moreover, by
[29, (2.27), p. 16]

im () = 0.
Hence the result follows by applying (10.1). O
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11 Appendix B: Proofs of Lemmas in Sect. 9

Proof of Lemma 9.5 Letus fix n > 0 and p > 0. In view of Proposition 3.10, for any
k > 0 there exists T (8, k, i) > 0 such that

u®(t;0) € By (k), if ¢ € Bo(u) and 1 > T(B, x, ).

Thus, if we set T1 = T (B, k, ) + 1 and
21 =u?(@t;0), 1€ 0,Ti],
we infer that z1(0) = ¢, z1(T}) € D(A"2) and
53, (z1) = 0. (11.1)
Now, we define

) =T+ 1—0e A (1), te [T, T +11.

We have z5(T1) = z1(T}) and z; (T} + 1) = 0. Moreover,
H(z2) (1) = —e~ T2 1(T)) + B(z2(1), 22(1)),

so that, according to Assumption 5.1,

T

s 1+1
STl,T1+1(Z2) = C/

2
‘e_(’_Tl)Am(Tl) p dt
T

D(A?)

T1+1
e / BGa), 20)P .
T D(AZ)

1

Now, thanks to (2.20), with s = 1 4+ 8, we have

2
B, 2 g = | @)[ s s e,
D(AZ) DA™Z)

so that

S(STI,TIJF](ZZ) <ci® +ert

Therefore, we fix ¥ > 0 small enough such that

) -2 —4 n
Spyr+1(22) Sck”+ck” < 5

> (11.2)

and accordingly k we fix T1 = T (B, k, ).
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. . 148
As we have seen in Lemma 9.3, there exists ¢ € dD N D(A%) such that

Us(¢s) = ¢i€n8fD Us ().

According to Assumption 9.1, we can find {¢5 ,},e N C D'n D(A#), such that

lim [¢psn —¢s| 145 =0. (11.3)
n—oo DA 2

A2

Thus, since the mapping Us : D(A#) — [0, +00) is continuous (see Proposi-
tion 6.6), we infer that

lim Us(¢s,n) = Us(¢s).
n—>oo
Here we can find n € N such that
n
Us(¢s.i) < Us(gs) + T

T, = T»(n) > 0and z3 € C([0, T»]; H) such that z3(0) = 0, z3(T2) = ¢s.; and

n

ST, (@) < Us(@s.0) +

n
< Us(¢s) + 5
Therefore, if we define T := T} + 7> + 1 and

z21(1), t e [0, T1],
V(1) = {2200, te [Ty, Ti + 1],
- +1), te[Th+1,T],

we get v € C([0, T; H), with v?(0) = ¢ and v?(T) = ¢5.; and
5. (?) < Us(¢s) + .

Moreover, let us observe that 7 only depends on p and 7. O

Proof of Lemmas 9.6 and 9.7 The proofs of these two lemmas are analogous to the
proofs of [11, Lemmas 7.3, 7.4 and 7.5] and are based on the validity of a large
deviation principle for the 2-D Navier-Stokes equation perturbed by additive noise,
as proved in Theorem 5.3, which is uniform with respect to the initial condition ¢
in a bounded set of H. The arguments used in [11] are an adaptation to an infinite
dimensional setting of the methods used in [19, Chapter 5]. O

Proof of Lemma 9.8 Our proof follows a path analogous to the one followed in the
proof of Lemmas 9.5, 9.6 and 9.9 in [12]. We proceed here in three steps.
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Step 1. We will show that there exists a strictly increasing continuous function ¢ :
[0, 0c0) — [0, 00) such that for any ¢ € Hand f € L?(0, T; H) and for any T > 0,

) — udlcqorrm < ¢ (1fl20.rm) 1914, (11.4)

where ué: € L%(0, T; V), with (uf;)’ € L?(0, T; V'), is the solution of problem (3.1),
i.e.

u'(t) + Au(t) + Bu@), u(®)) = f(1), u(0) =¢.

Proof Letus fix T > 0,¢ € Hand f € LZ(O, T; H), and denote v := u({ — u£
Then

V(1) + Av(t) + B(®), uf (1) + B (), v(1) =0, v(0) = —¢

and hence, by [41, Lemmata I11.2.1 and I11.3.2],

d
S OR+ O = = (Beo.uh0),v0) = V2§ @)lvv©lalv@ly

IA

1
SO + WG OG- (11.5)

By the Gronwall Lemma, this implies that

|M¢(t) —uf O <16 exp( / ()15 dS) 1€[0,T]. (11.6)
This, together with inequality (3.2), implies that

) = udlcqo.rim < 10e (112200, 7.v1)- (11.7)
Step 2. Assume that C C H is a closed set and a real number S satisfies

B < (;161% Us (). (11.8)

Then there exists a positive number pg > 0 such that for every 7 > 0 and every
u e C([0, T]; H), with [u(0)|u < po and S§ ,(u) < B,

disty(u(t), C) > po, foreveryt € [0, T].

Proof By contradiction suppose our claim is not true. Then for every n € N we can
findg, € H, T, > 0, T,, € [0, T,] and f,, € L%(0, T,,; H) such that

1
Il <~ 1ol 2.5, < 2P (11.9)
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and |
dist(uéj”(fn), C)<-. (11.10)
n n

Now, if we set qAS,, = ug;‘ (fn), then by (11.4) we have

\bn — ) (Tl < @ (1 fuli20,7,:10) | Bnl,

so that, thanks to (11.9) and (11.10), we get

lim_dist(d,, ©) = lim [ (v28) Iéuln + %] =0, (11.11)

Moreover,

A 1
Us(@n) = 51 ful g2 1) = B

and then, by the compactness in H of the level sets of the functional Us, we infer that
there is a subsequence {43,,,(} and an element ¢3 € H such that ¢A’nk — ¢3 in H and
Us (¢3)§ﬁ. On the other hand, C is a closed subset of H so by (11.11) we infer that
¢3 € C. This contradicts our assumption (11.8).

Step 3. Assume that N C 9D is a closed set. Then (9.6) holds.

Proof Let us choose a real number 8 such that condition (11.8) holds. Let us also
choose a positive number © > 0 such that Bo(3u) C D. For any T > 0, we have

P (u;’a(a;"s’“) € N) <P (o;’a’“ > T) +P (u;"s(t) € N, forsome t € [0, T]) .

(11.12)
According to Step 2 and to the fact that the large deviation principle proved in Theorem
5.3 is uniform with respect to initial conditions ¢ in bounded sets of H, for any u > 0
such that By(3u) C D and any B < inf,c ¢ Us(x), we can find €1 > 0 such that for
every € € (0, e1]

sup P (u5%(1) € N, for some 1 € [0, T]) (11.13)
o< B3
. _B=
= sup P (disteqorim (e KPB) > 3u) se” L (1114)
$€ Bo(3u)

where K2.(8) = {u € C([0, T]; H) : S3.(u) < ).
Moreover, in view of Lemma 9.7, there exist 7 > 0 and &, < & such that

8, _B
supIP’(cr; “>T)§e ¢, &<eén.
xeD

Then, thanks to (11.12), we can conclude the proof of Step 3, due to the arbitrariness
of ¥ > 0 and condition (11.8). O
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Proof of Lemma 9.9 Let us fix ¢ € Hand § € (0, 1]. For any ¢ > 0, let us now
denote by z, s the Ornstein-Uhlenbeck process defined by equation (5.4) and by u;"s
the solution to the stochastic Navier-Stokes equation (5.1). Thanks to [10, Theorem
1.2 ] (with £(¢) being the y-radonifying natural embedding operator from Qs(H) to
HnN L4((’))) we infer that there exists a constant C > 0 such that for any R > 0 and

e>0
8 R’
elogP(1z°|cqo. 71140y = R) < —or (11.15)
Let us now fix u > 0 and A > 0. By the above inequality there exists 7y > 0 such

that ,
n
8IOg]P)(|Z8’8|C([0’TO];L4(O)) > g) < —5, e > 0. (11.16)
Fora givenz € C([0, To]; L*(O)) and ¢ € H let us denote by vé the unique solution
to the problem

(vé)’(t) + Avé(l) + B(v;(l) + z(1), vé(l) +2z(t)) =0, t € [0, Tol, vé(O) = ¢.
11.17)
Note that vg is the unique solution to the deterministic NSE satisfying the initial

condition vg (0) = ¢. Hence

sup vy — pleqo.rim < 20 (11.18)
¢€ Bo(p)

By [9, Theorem 4.6] we infer that there exists 8 > 0 such that

z _

n
lzleqo.mzto)y < B == sup v} —vglcqo.nm < 7 (11.19)
$e Bo()

By a simple uniqueness argument, the above holds with the same constant for all
T € (0, Tp], i.e. there exists 8 > 0 such that for every T € (0, Tp],

m
lzlcqo, 71240y < B = sup |U§; - Ug|C([0,T];H) < 3

€ Bo()

sup  [v) — pleo.rimy < 21
$€ Bo(1)

(11.20)

Since, see [9], ufb’a —¢p =704 Ué&a - vg + vg — ¢, we infer that for every ¢ > 0,

elog sup P(lug’ — dlcqorim = 3u)

¢€ Bo(u)
1%
< elogP(Iz°|cqo.rrm = 3)
ZS.S 0 M
+elog sup P(jvg" — vgleqorim = g)
@€ Bo(u)
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T
+elog sup P(h}g —@lcqo,71:H) = ?) (11.21)
¢e Bo(1)

Let us note that by the second part of (11.20), the last term on the RHS of inequality
(11.21) is equal to O.

In order to estimate the first term on the RHS of inequality (11.21) let us choose
T < Ty such that

2
L
CT — 2
and then apply inequality (11.15) with R = 8. We get that ¢ log IP’(IZS"SIC([O,T];H) >
n A
5)=-5.

In order to estimate the second term on the RHS of inequality (11.21) we use
inequalities (11.20) and (11.16). Thus we deduce that

) n
elog sup P(lu; —dleqo.rm) = 1) < 810gP(|Z£’8|C([0,T];H) > =)

$€ Bo(1) 3
e A A
+elog P12 lcqo.mrrsopy Z B) = =5 =5 = —h (11.22)
This completes the proof. O
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