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Abstract For all n, ¢ > 0, we show that the set of Poisson Binomial distributions
on n variables admits a proper e-cover in total variation distance of size n> + n -
¢! /e)o(logz(l/ )| which can also be computed in polynomial time. We discuss the
implications of our construction for approximation algorithms and the computation
of approximate Nash equilibria in anonymous games.

Mathematics Subject Classification 60F99

1 Introduction

A Poisson binomial distribution of order n is the discrete probability distribution of the
sum of n independent indicator random variables. The distribution is parameterized
by a vector (p;)7_, € [0, 1]" of probabilities, and is denoted PBD(p1, ..., ps). In
this paper we establish that the set S, of all Poisson Binomial distributions of order
n admits certain useful covers with respect to the total variation distance dtvy (-, -)
between distributions. Namely

Theorem 1 (Main Theorem) Foralln, € > 0, there exists a set S, C Sy such that:

1. Sy.e is an e-cover of S, in total variation distance; that is, for all D € Sy, there
exists some D' € S, ¢ such that dry (D, D/) <e€
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2. |Spel <n?+n- (%)O(Ing 1/€)
1 O(log? 1/¢)
(¢) .

3. Sn.e can be computed in time O(n2 logn) + O(nlogn) -

Moreover, all distributions PBD(p1, ..., pn) € Sn.c in the cover satisfy at least one
of the following properties, for some positive integer k = k(€) = O(1/e¢):

o (k-sparse form) there is some £ < k> such that, for all i < £, p; €

[klz, k%’ R kzkzl} and, foralli > £, p; € {0, 1}, or
e ((n, k)-binomial form) there is some £ € {1,...,n}and q € {%, %, e, %} such

that, foralli < ¢, p; = q and, for alli > £, p; = 0; moreover, £ and q satisfy
tq > k*and q(1 —q) > k* —k — 1.

Covers such as the one provided by Theorem 1 are of interest in the design of
algorithms, when one is searching a class of distributions C to identify an element of
the class with some quantitative property, or in optimizing over a class with respect
to some objective. If the metric used in the construction of the cover is relevant for
the problem at hand, and the cover is discrete, relatively small and easy to construct,
then one can provide a useful approximation to the sought distribution by searching
the cover, instead of searching all of C. For example, it is shown in [12—14] that
Theorem 1 implies efficient algorithms for computing approximate Nash equilibria in
an important class of multiplayer games, called anonymous [5,20].

We proceed with a fairly detailed sketch of the proof of our main cover theorem,
Theorem 1, stating two additional results, Theorems 2 and 3. The complete proofs
of Theorems 1, 2 and 3 are deferred to Sects. 3, 4 and 5 respectively. Section 1.4
discusses related work, while Sect. 2 provides formal definitions, as well as known
approximations to the Poisson Binomial distribution by simpler distributions, which
are used in the proof.

1.1 Proof outline and additional results

At a high level, the proof of Theorem 1 is obtained in two steps. First, we establish the
existence of an e-cover whose size is polynomial in n and (l/e)]/fz, via Theorem 2.
We then show that this cover can be pruned to size polynomial in n and (1/ e)logz(l/ €)
using Theorem 3, which provides a quantification of how the total variation distance
between Poisson Binomial distributions depends on the number of their first moments
that are equal.

We proceed to state the two ingredients of the proof, Theorems 2 and 3. We start

with Theorem 2 whose detailed sketch is given in Sect. 1.2, and complete proof in
Sect. 4.

Theorem 2 Let X1, ..., X, be arbitrary mutually independent indicators, andk € N.
Then there exist mutually independent indicators Y1, . .., Y, satisfying the following:

1. drv (Z, Xi, > Yi) <41/k;
2. at least one of the following is true:
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(a) (k-sparse form) there exists some £ < k3 such that, foralli < {,E[Y;] €
{k% k% e, %} and, for all i > ¢, E[Y;] € {0, 1}; or

(b) ((n, k)-Binomial form) there is some £ € {1,...,n} and q € {%, %, el %}
such that, for alli < €, E[Y;] = q and, for alli > £, E[Y;] = 0; moreover, £

and q satisfy Lq > k* and Lq(1 — q) > k> —k — 1.

Theorem 2 implies the existence of an e-cover of S, whose size is n> + n -
(1/)00/ ¢®). This cover can be obtained by enumerating over all Poisson Binomial
distributions of order n that are in k-sparse or (n, k)-Binomial form as defined in the
statement of the theorem, for k = [41/¢€].

The next step is to sparsify this cover by removing elements to obtain Theorem 1.
Note thatthetermn - (1/€) 01/e? in the size of the cover is due to the enumeration over
distributions in sparse form. Using Theorem 3 below, we argue that there is a lot of
redundancy in those distributions, and that it suffices to only include - (1/¢) O(log” 1/¢)
of them in the cover. In particular, Theorem 3 establishes that, if two Poisson Binomial
distributions have their first O (log 1/¢) moments equal, then their distance is at most
€. So we only need to include at most one sparse form distribution with the same
first O (log 1/€) moments in our cover. We proceed to state Theorem 3, postponing its
proof to Sect. 5. In Sect. 1.3 we provide a sketch of the proof.

Theorem 3 Let P := (p;)!_, € [0,1/2]" and Q := (g;)]_, € [0,1/2]" be two
collections of probability values. Let also X := (X;)!_, and Y = (Y;)!_, be two
collections of mutually independent indicators with E[X;] = p; and E[Y;] = q;, for

alli € [n]. If for some d € [n] the following condition is satisfied.:

n n
(Ca) : ZPf =Zqi[, forallt =1,....d,
i=1

i=1

then drvy (ZX,-,ZY,-) < 13(d + 1) /42~ @+D/2, (1)

1 1

Remark 1 Condition (Cy) in the statement of Theorem 3 constrains the first d power
sums of the expectations of the constituent indicators of two Poisson Binomial distri-
butions. To relate these power sums to the moments of these distributions we can use
the theory of symmetric polynomials to arrive at the following equivalent condition
to (Cy):

n Z n é
V) : E (Zx,) =E (ZY) , forall £ € [d].
i=1 i=1

We provide a proof that (Cy) < (V) in Proposition 2 of Sect. 6.
Remark 2 In view of Remark 1, Theorem 3 says the following:

“If two sums of independent indicators with expectations in [0,1/2] have equal
first d moments, then their total variation distance is 2-8Ud) »
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We note that the bound (1) does not depend on the number of variables n, and in
particular does not rely on summing a large number of variables. We also note that,
since we impose no constraint on the expectations of the indicators, we also impose
no constraint on the variance of the resulting Poisson Binomial distributions. Hence
we cannot use Berry-Esséen type bounds to bound the total variation distance of the
two Poisson Binomial distributions by approximating them with Normal distributions.
Finally, it is easy to see that Theorem 3 holds if we replace [0, 1/2] with [1/2, 1]. See
Corollary 1 in Sect. 6.

In Sect. 3 we show how to use Theorems 2 and 3 to obtain Theorem 1. We continue
with the outlines of the proofs of Theorems 2 and 3, postponing their complete proofs
to Sects. 4 and 5.

1.2 Outline of proof of Theorem 2

Given arbitrary indicators X1, ..., X,, we obtain indicators Y1, ..., Yy, satisfying
the requirements of Theorem 2, in two steps. We first massage the given variables
X1, ..., X, to obtain variables Z1, ..., Z, such that
drv (Z Xi, Z Zi) <7/k;
i i
1 1
and E[Z;] ¢ O,z U 1—%,1 ; 2)

that is, we eliminate from our collection variables that have expectations very close
to 0 or 1, without traveling too much distance from the starting Poisson Binomial
distribution.

Variables Z, ..., Z, do not necessarily satisfy Properties 2a or b in the statement
of Theorem 2, but allow us to define variables Y1, .. ., ¥;, which do satisfy one of these
properties and, moreover,

dry (ZZi,ZYi) < 34/k. 3)

(2), (3) and the triangle inequality imply dv (3°; Xi, >; ¥i) < %, concluding the
proof of Theorem 2.

Let us call Stage 1 the process of determining the Z;’s and Stage 2 the process
of determining the Y;’s. The two stages are described briefly below, and in detail
in Sects. 4.1 and 4.2 respectively. For convenience, we use the following notation:
fori = 1,...,n, pi = E[X;] will denote the expectation of the given indicator
Xi, plf = [E[Z;] the expectation of the intermediate indicator Z;, and g; = [E[Y;] the
expectation of the final indicator Y;.

Stage 1: Recall that our goal in this stage is to define a Poisson Binomial distribution
>"; Z; whose constituent indicators have no expectation in 7 := (0, %) Ul — %, 1).
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The expectations ( plf = [E[Z;]); are defined in terms of the corresponding (p;); as
follows. For all i, if p; ¢ Ty we set p. = p;. Then, if Ly is the set of indices i such
that p; € (0, 1/k), we choose any collection (P,{)ieﬁk S0 as to satisfy | Zieﬁk pi —
Zieﬁk pil <1/kand p; € {0, 1/k}, for all i € L. That is, we round all indicators’
expectations to 0 or 1/k while preserving the expectation of their sum, to within
1/k. Using the Poisson approximation to the Poisson Binomial distribution, given
as Theorem 4 in Sect. 2.1, we can argue that Zie L X; is within 1/k of a Poisson
distribution with the same mean. By the same token, > ;. £, Zi 1s 1/k-close to a
Poisson distribution with the same mean. And the two resulting Poisson distributions
have means that are within 1/k, and are therefore 1.5/k-close to each other (see
Lemma 3). Hence, by triangle inequality > ;. X; is 3.5/k-close to >;cp Zi. A
similar construction is used to define the p;’s corresponding to the p;’s lying in (1 —
1/k, 1). The details of this step can be found in Sect. 4.1.

Stage 2: The definition of (¢;); depends on the number m of pl/. ’s which are not 0 or
1. The case m < k> corresponds to Case 2a in the statement of Theorem 2, while the
case m > k> corresponds to Case 2b.

e Case m < k>: First, we set g; = pi, if pi € {0, 1}. We then argue that each
pii € M == {i | p; ¢ {0, 1}}, can be rounded to some g;, which is an integer
multiple of 1/ k2, so that (3) holds. Notice that, if we were allowed to use multiples
of 1/k*, this would be immediate via an application of Lemma 2:

dTV(ZZi»ZYi) < D 1pi =il
i i

ieM

We improve the required accuracy to 1/k? via a series of Binomial approximations
to the Poisson Binomial distribution, using Ehm’s bound [15] stated as Theorem 5
in Sect. 2.1. The details involve partitioning the interval [1/k, 1 — 1/k] into irreg-
ularly sized subintervals, whose endpoints are integer multiples of 1/k>. We then
round all but one of the p!’s falling in each subinterval to the endpoints of the
subinterval so as to maintain their total expectation, and apply Ehm’s approxima-
tion to argue that the distribution of their sum is not affected by more than O (1/k?)
in total variation distance. It is crucial that the total number of subintervals is O (k)
to get a total hit of at most O (1/k) in variation distance in the overall distribution.
The details are given in Sect. 4.2.1.

e Case m > k>: We approximate > Z; with a Translated Poisson distribution
(defined formally in Sect. 2), using Theorem 6 of Sect. 2.1 due to Rollin [23].
The quality of the approximation is inverse proportional to the standard deviation
of Zi Z;, which is at least k, by the assumption m > k3. Hence, we show that
> Z; is 3/k-close to a Translated Poisson distribution. We then argue that the
latter is 6/k-close to a Binomial distribution B(m’, q), where m’ < n and ¢ is an
integer multiple of % In particular, we show that an appropriate choice of m’ and
q implies (3), if we set m’ of the g;’s equal to ¢ and the remaining equal to 0. The
details are in Sect. 4.2.2.
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1.3 QOutline of proof of theorem 3

Using Roos’s expansion [24], given as Theorem 7 of Sect. 2.1, we express
PBD(py, ..., py) as a weighted sum of the Binomial distribution B(n, p) at p =
P =2 pi/n and its first n derivatives with respect to p also at value p = p. (These
derivatives correspond to finite signed measures.) We notice that the coefficients of
the first d + 1 terms of this expansion are symmetric polynomials in pq, ..., p, of
degree at most d. Hence, from the theory of symmetric polynomials, each of these
coefficients can be written as a function of the power-sum symmetric polynomials
Zi pf for ¢ = 1,...,d. So, whenever two Poisson Binomial distributions satisfy
Condition (Cy), the first d + 1 terms of their expansions are exactly identical, and
the total variation distance of the distributions depends only on the other terms of the
expansion (those corresponding to higher derivatives of the Binomial distribution).
The proof is concluded by showing that the joint contribution of these terms to the
total variation distance can be bounded by 2(¥) using Proposition 1 of Sect. 2.1,
which is also due to Roos [24]. The details are provided in Sect. 5.

1.4 Related work

It is believed that Poisson [22] was the first to study the Poisson Binomial distribution,
hence its name. Sometimes the distribution is also referred to as “Poisson’s Binomial
Distribution.” PBDs have many uses in research areas such as survey sampling, case-
control studies, and survival analysis; see e.g. [8] for a survey of their uses. They are
also very important in the design of randomized algorithms [21].

In Probability and Statistics there is a broad literature studying various properties
of these distributions; see [28] for an introduction to some of this work. Many results
provide approximations to the Poisson Binomial distribution via simpler distributions.
In a well-known result, Le Cam [18] shows that, for any vector (p;)7_, € [0, 1]",

n n
drv (PBD(pl, ..., pn), Poisson (Z pi)) < Z P2,
i=l1

i=1

where Poisson(}) is the Poisson distribution with parameter A. Subsequently many
other proofs of this bound and improved ones, such as Theorem 4 of Sect. 2.1, were
given, using a range of different techniques; [2,7,11,17] is a sampling of work along
these lines, and Steele [26] gives an extensive list of relevant references. Much work
has also been done on approximating PBDs by Normal distributions (see e.g. [1,6, 16,
19,27]) and by Binomial distributions; see e.g. Ehm’s result [15], given as Theorem 5
of Sect. 2.1, as well as Soon’s result [25] and Roos’s result [24], given as Theorem 7
of Sect. 2.1.

These results provide structural information about PBDs that can be well approx-
imated by simpler distributions, but fall short of our goal of approximating a PBD to
within arbitrary accuracy. Indeed, the approximations obtained in the probability lit-
erature (such as the Poisson, Normal and Binomial approximations) typically depend
on the first few moments of the PBD being approximated, while higher moments are
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crucial for arbitrary approximation [24]. At the same time, algorithmic applications
often require that the approximating distribution is of the same kind as the distribution
that is being approximated. E.g., in the anonymous game application mentioned ear-
lier, the parameters of the given PBD correspond to mixed strategies of players at Nash
equilibrium, and the parameters of the approximating PBD correspond to mixed strate-
gies at approximate Nash equilibrium. Approximating the given PBD via a Poisson
or a Normal distribution would not have any meaning in the context of a game.

As outlined above, the proof of our main result, Theorem 1, builds on Theorems 2
and 3. A weaker form of these theorems was announced in [9,13], while a weaker
form of Theorem 1 was announced in [10].

2 Preliminaries

For a positive integer £, we denote by [£] the set {1, ..., £}. For a random variable X,
we denote by L£(X) its distribution. We further need the following definitions.

Total variation distance: For two distributions P and QQ supported on a finite set A
their fotal variation distance is defined as

1
drv (P, Q) = 5 > IP@) — Q).

acA

An equivalent way to define dtv (P, Q) is to view IP and Q as vectors in R4, and define
drv (P, Q) = %H]P’ — Q]| to equal half of their £ distance. If X and Y are random
variables ranging over a finite set, their total variation distance, denoted dtv (X, Y),
is defined to equal dty (L(X), L(Y)).

Covers: Let F be a set of probability distributions. A subset G C F is called a (proper)
e-cover of F in total variation distance if, for all D € F, there exists some D’ € G
such that dry (D, D') < e.

Poisson binomial distribution: A Poisson binomial distribution of order n € N is
the discrete probability distribution of the sum »/_, X; of n mutually independent
Bernoulli random variables X1, ..., X,,. We denote the set of all Poisson Binomial
distributions of order n by S,.

By definition, a Poisson Binomial distribution D € S, can be represented by a
vector (p;)7_, € [0, 1]" of probabilities as follows. We map D € S, to a vector of
probabilities by finding a collection X1, ..., X, of mutually independent indicators
such that Z;’zl X; is distributed according to D, and setting p; = E[X;] for all i. The
following lemma implies that the resulting vector of probabilities is unique up to a
permutation, so that there is a one-to-one correspondence between Poisson Binomial
distributions and vectors (p;)7_; € [0, 1]" such that0 < p; < pp <--- < p, < L.
The proof of this lemma can be found in Sect. 6.

Lemma 1 Let X1, ..., X, be mutually independent indicators with expectations
p1 < p2 < --- < p, respectively. Similarly let Yy, ..., Y, be mutually indepen-
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686 C. Daskalakis, C. Papadimitriou

dent indicators with expectations q1 < --- < qy respectively. The distributions of
> Xi and >, Y; are different if and only if (p1, ..., pn) # (q1, - ., qn).

We will be denoting a Poisson Binomial distribution D € S, by PBD(py, ..., pn)
when it is the distribution of the sum > 7 ; X; of mutually independent indicators
X1, ..., X, with expectations p; = E[X;], for all i. Given the above discussion, the
representation is unique up to a permutation of the p;’s.

Translated Poisson distribution: We say that an integer random variable Y has a trans-
lated Poisson distribution with parameters u and o and write £(Y) = T P(u, 02)
iff

LY — | — o2]) = Poisson(a? + {u — 0%}),
where {u — 0%} represents the fractional part of u — o2
Order notation: Let f(x) and g(x) be two positive functions defined on some infinite
subset of R. One writes f(x) = O(g(x)) if and only if, for sufficiently large values

of x, f(x) is at most a constant times g(x). That is, f(x) = O(g(x)) if and only if
there exist positive real numbers M and x( such that

f(x) < Mg(x), forall x > xg.

Similarly, we write f(x) = Q(g(x)) if and only if there exist positive reals M and xg
such that

f(x) = Mg(x), forall x > xg.

We are casual in our use of the order notation O (-) and €2 (-) throughout the paper.
Whenever we write O(f(n)) or Q(f(n)) in some bound where n ranges over the
integers, we mean that there exists a constant ¢ > 0 such that the bound holds true for
sufficiently large n if we replace the O (f (n)) or Q(f(n)) in the bound by ¢ f(n). On
the other hand, whenever we write O (f(1/€)) or Q(f(1/€)) in some bound where €
ranges over the positive reals, we mean that there exists a constant ¢ > 0 such that the
bound holds true for sufficiently small € if we replace the O (f(1/€)) or Q(f(1/¢€))
in the bound with ¢ - f(1/€).

We conclude with an easy but useful lemma whose proof we defer to Sect. 6.

Lemma?2 Let Xy,..., X, be mutually independent random variables, and let
Y1,..., Y, be mutually independent random variables. Then

n n n
drv (Z Xi, Z Yi) < ZdTV (Xi, Yi).
i=1 i=1 i=1

2.1 Approximations to the Poisson binomial distribution

We present a collection of known approximations to the Poisson Binomial distribution
via simpler distributions. The quality of these approximations can be quantified in
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terms of the first few moments of the Poisson Binomial distribution that is being
approximated. We will make use of these bounds to approximate Poisson Binomial
distributions in different regimes of their moments. Theorems 4—6 are obtained via
the Stein-Chen method.

Theorem 4 (Poisson approximation [2,3]) Let Ji, ..., J, be mutually independent
indicators with B[ J;] = t;. Then

2
1
dTV(E J,,Pmsson(z t,))_ i= 1;
1l

Theorem 5 (Binomial Approximation [15]) Let Jy, ..., J, be mutually independent
indicators with E[J;]1 = t;, and t = % Then

i —0)?
dTV(ZJuB f’l [))_ m

i=1

where B (n t_) is the Binomial distribution with parameters n and .

Theorem 6 (Translated Poisson Approximation [23]) Let Ji, ..., J, be mutually
independent indicators with E[J;] = t;. Then

" I =i +2
dTv(ZJ,-,TP(u,o%)s 2

z,‘=1 ti(l _ti) '

i=1

where u = > " tiand o> = 3" t;(1 — 1;).

The approximation theorems stated above do not always provide tight enough
approximations. When these fail, we employ the following theorem of Roos [24],
which provides an expansion of the Poisson Binomial distribution as a weighted sum
of a finite number of signed measures: the Binomial distribution B(n, p) (for an arbi-
trary value of p) and its first n derivatives with respect to the parameter p, at the
chosen value of p. For the purposes of the following statement we denote by B, ,(m)
the probability assigned by the Binomial distribution B(n, p) to integer m.

Theorem 7 ([24]) Let P := (pi)l’,‘:1 e [0, 11", X1, ..., X,, be mutually independent

indicators with expectations p1, ..., pn,and X = Zi X;. Then, forallm € {0, ..., n}
and p €10, 1],
n
PriX =m] = ai(P, p)- 8B, p(m), )
£=0

where for the purposes of the above expression:
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o aog(P, p) ;== land for L € [n]:

14
(P, p) = > Tk —p2

1<k(l)<--<k(®)<nr=1

e andforall € {0, ...,n}:

'  (n—0!d"
8" By, p(m) := TWBn,p(m),
where for the last definition we interpret B, ,(m) = (Z)pm(l —p)t""asa

function of p.

We can use Theorem 7 to get tighter approximations to the Poisson Binomial distri-
bution by appropriately tuning the number of terms of summation (4) that we keep.
The following proposition, shown in the proof of Theorem 2 of [24], bounds the ¢
approximation error to the Poisson Binomial distribution when only the first d 4 1
terms of summation (4) are kept. The error decays exponentially in d as long as the
quantity 6 (P, p) in the proposition statement is smaller than 1.

Proposition 1 ([24]) Let P = (pi)i_, € [0,1]", p € [0, 1], ae(-, -) and SZBn,,,(J
as in the statement of Theorem 7, and take

230 (pi — P+ G (pi — p))?

1P = 2np(1 = p)

IfO(P, p) < 1, then, foralld > 0:

1 - 74V0(P. p)
(1— o, p)?’

> 1P )l 118°Bupy ()i < Veld + 1)A0(P, p) @D/
l=d+1

where |8°By, p()|l1 1= 00 18°By,p (m)].

3 Proof of Theorem 1

We first argue that Theorem 2 already implies the existence of an e-cover S,  of S, of

. o(1/e? . . . . . .
size at most n” +n- (%) (/e ) This cover is obtained by taking the union of all Poisson

Binomial distributions in (n, k)-Binomial form and all Poisson Binomial distributions
in k-sparse form, for k = [41/€]. The total number of Poisson Binomial distributions
in (n, k)-Binomial form is at most n2, since there are at most n choices for the value

of £ and at most n choices for the value of ¢g. The total number of Poisson Binomial
1) 0(1/e?)

P sice

distributions in k-sparse form is at most (k> + 1) 3R n+1)=n- (
there are k> + 1 choices for £, at most k3k2 choices of probabilities p; < pr <--- < py

. 2_ . . .
in {kiz k% el kk—zl}, and at most n + 1 choices for the number of variables indexed
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by i > ¢ that have expectation equal to 1.! Notice that enumerating over the above

2
distributions takes time O (n? log n)+ O (n log n)- (é)o(l/é )
12
n’n’""

,asanumberin {0, ..., n}
and a probability in { . %} can be represented using O (logn) bits, while a

number in {0, ..., k3} and a probability in {kiz k%’ e, "zkgl

using O(logk) = O(log 1/¢) bits.
We next show that we can remove from S, . a large number of the sparse-form
distributions it contains to obtain a 2e-cover of S,,. In particular, we shall only keep

11 O(log? 1/¢€) . . .
n- (g) sparse-form distributions by appealing to Theorem 3. To explain the

pruning we introduce some notation. For a collection P = (p;)ic[n € [0, 1]" of
probability values we denote by Lp = {i | p; € (0,1/2]} andby Rp = {i | p; €
(1/2,1)}. Theorem 3, Corollary 1, Lemmas 1 and 2 imply that if two collections
P = (pidieln) and Q = (g;)ie[n of probability values satisfy

Z pl= Z gl, forallt=1,...,d;

} can be represented

ielp ieLg
z pl= Z g/, forallt=1,...,d;and
ieRp i€Ro

(P n\(LpURp) and (qi)[n]\(ﬁgung) are equal up to a permutation;

then dry(PBD(P), PBD(Q)) < 2 - 13(d + 1)!/42=@+D/2 Ty particular, for some
d(e) = O(log 1/€), this bound becomes at most €.

For a collection P = (p;)ien € [0, 11", we define its moment profile mp to be the
(2d(¢) + 1)-dimensional vector

mp=> pi. > DD pi D p{ i pi=1y

ielp ielp ielp i€eRp i€Rp

By the previous discussion, for two collections P, Q, if mp = mg then
drv(PBD(P), PBD(Q)) < €.

Given the above we sparsify S, , as follows: for every possible moment profile that
can arise from a Poisson Binomial distribution in k-sparse form, we keep in our cover
a single Poisson Binomial distribution with such moment profile. The cover resulting
from this sparsification is a 2e-cover, since the sparsification loses us an additional €
in total variation distance, as argued above.

We now bound the cardinality of the sparsified cover. The total number of moment
profiles of k-sparse Poisson Binomial distributions is k@ ©?). (n+ 1). Indeed, con-
sider a Poisson Binomial distribution PBD(P = (p;)ie[s]) in k-sparse form. There are
at most k3 + 1 choices for |Lp]|, at most k3 + 1 choices for |Rp|, and at most (n + 1)
choices for |{i | p; = 1}|. We also claim that the total number of possible vectors

1 Note that imposing the condition p; < --- < py, won’t lose us any Poisson Binomial distribution in
k-sparse form given Lemma 1.
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690 C. Daskalakis, C. Papadimitriou

> b > PR Dl Pl

ielp ielp ielp
is KOW@©?) Indeed, if |£p| = O there is just one such vector, namely the all-zero
vector. If |[Lp| > 0, then, forallr =1, ..., d(e), Zieﬁp pl? € (0, |£p]] and it must

be an integer multiple of 1/k?. So the total number of possible values of >, » i
is at most k*'|Lp| < k*k3, and the total number of possible vectors

Z pi Z ..., Z pl{i(e)

ielp ielp ielp
is at most
d(e)
szzka < kOW©?)
=1

The same upper bound applies to the total number of possible vectors

S D> R >

i€eRp ieERp i€ERp

The moment profiles we enumerated over are a superset of the moment profiles of
k-sparse Poisson Binomial distributions. We call them compatible moment profiles.
We argued that there are at most k9 (“(€ ). (n + 1) compatible moment profiles, so the
total number of Poisson Binomial distributions in k-sparse form that we keep in the

2
coveris at most kC€W©) . (4 1) = n-(%)o(log /e

distributions in (72, k)-Binomial form is the same as before, i.e. at most n2, as we did
O(log? 1/¢)

. The number of Poisson Binomial

not eliminate any of them. So the size of the sparsified cover is n”> +n - (é)
To finish the proof it remains to argue that we don’t actually need to first com-
pute S,’,, . and then sparsify it to obtain our cover, but can produce it directly in time

2
O(n’*logn) + O(nlogn) - (é)o(log 9 We claim that, given a moment profile m

that is compatible with a k-sparse Poisson Binomial distribution, we can compute
some PBD(P = (p;);) in k-sparse form such that mp = m, if such a distribution

2
exists, in time O (logn) (é)o(log 1/6). This follows from Claim 1 of Sect. 6.2 So our

1\ Ollog? 1/6)
€

this to the claimed running time as follows: for all possible values |[Lp|, [Rp| such that [Lp| + |Rp| <
min(k3, n—magey 1), we invoke Claim 1 with it = |Lp|+|Rpl, 8 = d(e), B=k>,ng =ny =0,n; =
|[Lp|,np = |Rp|,andmoments iy = my,fort =1,..., d(e),andu/[ = md(é)+[,for£ =1,..., d(e). If
for some pair |Lp/|, |[Rp| the algorithm succeeds in finding probabilities matching the provided moments,
we set myq(¢)41 Of the remaining probabilities equal to 1 and the rest to 0. Otherwise, we output “fail.”

2 A naive application of Claim 1 results in running time om3 logn) - . We can improve
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algorithm enumerates over all moment profiles that are compatible with a k-sparse
Poisson Binomial distribution and for each profile invokes Claim 1 to find a Poisson
Binomial distribution with such moment profile, if such distribution exists, adding it
to the cover if it does exist. It then enumerates over all Poisson Binomial distributions
in (n, k)-Binomial form and adds them to the cover as well. The overall running time
is as promised.

4 Proof of Theorem 2

We organize the proof according to the structure and notation of our outline in Sect. 1.2.
In particular, we proceed to provide the details of Stages 1 and 2, described in the
outline. The reader should refer to Sect. 1.2 for notation.

4.1 Details of stage 1

Define Ly :={i |i € [n] A p;i €0, 1/k)} and Hy:={i |i € [n] A pie(1 —1/k, 1)}.
We define the expectations ( p; )i of the intermediate indicators (Z;); as follows.
First, we set plf = p;i,foralli € [n]\Lx U H. It follows that

drv Z Xi, Z Z; | =0. (5)

ie[n\LrUH ie[n\LrUH}

Next, we define the probabilities p!, i € Li, using the following procedure:

1. Setr = {Z'ffﬁ b J ;andlet £; C L be an arbitrary subset of cardinality |£; | = r.

2. Set p/ = ., foralli € £}, and p; =0, forall i € Li\L}.

We bound the total variation distance dtv (Zz ec, Xis 2ier, Z,-) using the Poisson
approximation to the Poisson Binomial distribution. In particular, Theorem 4 implies

21
. e PP & Diesy Pi
drv Z X;, Poisson Z pi < 2icc, Pi < X 2ict, P =1/k.
iely iely Zieﬁk pi Zieﬁk pi

Similarly, dtv (Zieﬁk Z;, Poisson (Zie[,k pl/)) < 1/k. Finally, we use Lemma 3
(given below and proved in Sect. 6) to bound the distance

drv | Poisson Z pi | , Poisson Z pi <

( 1 —%> 1.5
ek —e < —,
: : Tk

iely iely
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where we used that | >, pi — 2 ;cp, P;l < 1/k. Using the triangle inequality the
above imply

av [ X Y m) <2 ©)

lEl:k leﬁk

Lemma 3 (Variation Distance of Poisson Distributions) Let A1, Ay > 0. Then

1
drvy (Poisson(\1), Poisson(1;)) < 3 (el)”*AZI — eilM*’b') .

We follow a similar rounding scheme to define ( plf )ieH, from (p;);cn,. Thatis,
we round some of the p;’s to 1 — 1/k and some of them to 1 so that | Zier pi —
> cHy pil < 1/k. As a result, we get (to see this, repeat the argument employed
above to the variables 1 — X; and 1 — Z;,i € Hy)

(T a)=2 )

ler ler

Using (5), (6), (7) and Lemma 2 we get (2).

4.2 Details of stage 2

Recall that M := {i | p; ¢ {0, 1}} and m := | M|. Depending on on whether m < K3
orm > k> we follow different strategies to define the expectations (g;); of indicators

Y.
4.2.1 The case m < k*

First we set ¢; = pl’., for all i € [n]\ M. It follows that

dv| > zi. D vi]|=0. (8)

ie[n\M ie[n\M

For the definition of (g;);c A, We make use of Ehm’s Binomial approximation
to the Poisson Binomial distribution, stated as Theorem 5 in Sect. 2.1. We start by
partitioning M as M = M; U M;,, where M; = {i € M | p; < 1/2}, and describe
below a procedure for defining (g;);c A, so that the following hold:

1. drv (Zlem, Zis 2em, ¥ ) < 17/k;
2. Foralli € My, g; is an integer multiple of 1/k?.

To define (g;)iem,. We apply the same procedure to (1 — p;);eam, to obtain (1 —
qi)ieM,- Assuming the correctness of our procedure for probabilities < 1/2 the
following should also hold:
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1. dTV (Zie/\/{h Z,‘, ZiEM;, Y,‘) < 17/k;
2. Foralli € My, g; is an integer multiple of 1/ k2.
Using Lemma 2, the above bounds imply

dTv(Z Zi, Y Yi)sdw >z, DY

ieM ieM ieM; ieM;

tdrv | DD Zio D Vi) <34/k (C))
ieMp ieMp

Now that we have (9), using (8) and Lemma 2 we get (3).
So it suffices to define the (¢;);c i, properly. To do this, we define the partition
Mi=MiuMpau--- 1M g—1 where for all j:

p;e[lJrui %JFML)}

M”f:[' kT2 2 R

(Notice that the length of interval used in the definition of M; ; is kiz) Now, for
each j = 1,...,k — 1 such that M, ; # ), we define (i)ie M, ; Via the following
procedure:

1 i—Dj 1 1 i+Dj 1 ~
1. Set Pjmin = p + U 2)jk_2’ Pjmax ‘= f + U 2)Jk_2anj = |Ml,j|»pj =
ZiEM[Yj Pt{
nj '
2. Setr = LW} let M; ; © M;,; be an arbitrary subset of cardinality .

3. Setg; = pjmax. foralli € M; i
4. For an arbitrary index i7 € My j;\M; ;, setgyx = njpj — (rpjmax + (nj —r —

1) pjmin);
5. Finally, set g; = pj min, foralli € Ml,j\/\/lf’j\{i;‘}.

It is easy to see that

L Diemy, Pi = 2iem,,; 4 = njDjs

2. Foralli e ./\/ll,j\{i;.‘}, gi is an integer multiple of 1/k>.
Moreover Theorem 5 implies:

Zl‘GMl.j(pl/' - 13/)2
<
T (nj+Dp;(A—pj)

dv (D Zi.B(n), b))

iGMl.]‘
n;j(j 5)° .
_ o vr e Whenj <k —1
- ni () o
TP =Py When j =k —1
8
<
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694 C. Daskalakis, C. Papadimitriou

A similar derivation gives drvy (ZieM” Y, B (nj, ﬁj)) < £. So by the triangle
inequality:

16
drv 'Z zi,.z Yi| =5 (10)
ieM; ieMg;

As Eq. (10) holds forall j =1, ...,k — 1, an application of Lemma 2 gives:

k-1
dv| D Zi, D Y| =D dwv| Dz DY 5%.
j=1

ieM; ieM; iE./\/l[,_,' iEM[,j

Moreover, the ¢;’s defined above are integer multiples of 1/k>, except maybe for
Gits - 4y - But we can round these to their closest multiple of 1 /kz, increasing

drv (Zie/\/t, Zi, 2 iem, Yi) by at most 1/k.
4.2.2 The case m > k3

Letr = |{i | plf = 1}|. We show that the random variable >_; Z; is within total variation
distance 9/k from the Binomial distribution B(m’, ¢) where

. /J’_[ 2 E*
m/ = ’7% and q:i=—,
n

Zie./\/l pl/_2 +1

/
. . -t *__
where £* satisfies Z’E+p’ € [zn—1

, %]. Notice that:

o Zicmp+ 1)2 < jem PP+ 1)(m + 1), by the Cauchy-Schwarz inequality;

and

° ZiEM,Pt{+t < Zie/\/l p’{+t2 — ZieM p;/ert <
m T Ciem Pitt) 2iem Pt~
Ziem P;Z“
!

Som’ < m+t < n, and there exists some £* € {1,...,n} so that W e
(=1 ¢

n ’>n-°

For fixed m’ and ¢, we set g; = ¢q, forall i < m’, and ¢; = 0, for alli > m’, and
compare the distributions of >*; .\, Z; and 3", 1 ;. For convenience we define

M:=E|:Z zi] and :=E|:Z Y,},

ieM ieM
ol = Var|:z Zi] and o'?:= Var|:z Yii|-
ieM ieM

The following lemma compares the values u, i, o, o”’.
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Sparse covers for sums of indicators 695
Lemma 4 The following hold
p<u <p+l, (11)
o?—1<0?<0?+2, (12)
=k, (13)
1
o2 > k2 (1 - %) | (14)

The proof of Lemma 4 is given in Sect. 6. To compare > ;.\ Z; and > ;.\ ¥; we
approximate both by Translated Poisson distributions. Theorem 6 implies that

1

/ 3 / / / ’
i ,'(1_ ,')+2 Zipi(l_pi)+2
dTv(Zzi,TPw,az))s 2L <

2. pi(1=ph - 2ipi(l=p)

1 2

I 2
< - =—+5
[Sopa—py Zipil=p) o o
1

(using (14))

2
= + i

where for the last inequality we assumed k > 3, but the bound of 3/k clearly also

holds for k = 1, 2. Similarly,

1

1 2
dry (Z Y;, TP, 0/2)) <=+

IA
+

=<

W

(using (12), (14))

where for the last inequality we assumed k > 3, but the bound of 3/k clearly also

holds for k = 1, 2. By the triangle inequality we then have that

drv (Z Zi, Z Yi)
< dry (Z Zi, TP, Uz))

1
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696 C. Daskalakis, C. Papadimitriou

+dry (Z Y TPGL, a’2>) +dry (TP, 0, TP o)
i

— 6/k + drv (TP(M,(#), TP(,u/,o’z)). (15)

It remains to bound the total variation distance between the two Translated Poisson
distributions. We make use of the following lemma.

Lemma 5 ([4]) Let ui, u2 € Rand of, 05 € Ry\{0} be such that |y — o] <
L2 — 022J. Then

ut — 2| | lof — o3| +1
dry (TPu1, o). TP(ua,03)) = #0228 4 T,
1

Lemma 5 implies

= | lo*—o”+1
d (TP LoD, TP, /2)< : :
v (.07 (w.om)) = min(o, ¢’)  min(o2, 0'?)
1 3
< + (using Lemma 4)
kJ1— - k2(1—%—kl2)
<3/k, (16)

where for the last inequality we assumed k& > 3, but the bound clearly also holds for
k =1,2,3. Using (15) and (16) we get

dTv(Zzi,ZYi)s 9/k, (17)

which implies (3).

5 Proof of Theorem 3

Let X and Y be two collections of indicators as in the statement of Theorem 3. For
oy (-, -) defined as in the statement of Theorem 7, we claim the following.

Lemma 6 IfP, Q € [0, 11" satisfy property (Cy) in the statement of Theorem 3, then
forall p,€ €{0,...,d}:

ae(P, p) = ae(Q, p).

Proof of Lemma 6 First ag(P, p) = 1 = aog(Q, p) by definition. Now fix £ €
{1,...,d} and consider the function f(X) := a¢((x1, ..., X,), p) in the variables
X1, ..., X, € R.Observe that f is a symmetric polynomial of degree £ on x1, ..., x,.
Hence, from the theory of symmetric polynomials, it follows that f can be written as
a polynomial function of the power-sum symmetric polynomials 71, ..., 77y, where
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n
(X1, ) == > xi, forall j € [£],

i=1

as the elementary symmetric polynomial of degree j € [n] can be written as a poly-

nomial function of the power-sum symmetric polynomials 7y, ..., 7; (e.g. [29]).
Now (Cy) implies that 7;(P) = m;(Q), for all j < £. So f(P) = f(Q), ie.
a¢(P, p) = a(Q, p). o

For all p € [0, 1], by combining Theorem 7 and Lemma 6 and we get that

PriX =m]—PriY =ml= Y ((P, p) —ar(Q, p)) -8By p(m),
l=d+1
forallm € {0, ..., n}.

Hence, for all p:

1 n
drv (X, Y) =5 > |PrX =m]— Pr[Y = m)]|
m=0
1 n
<5 2 leeP.p) = (@ Pl 15°Byp Ol
l=d+1

1 n
5 Z (loe (P, p)| + leee(Q, D) - 8B p ()11 (18)

l=d+1

IA

Plugging p = p := %Zl pi into Proposition 1, we get

i (pi —p)°

. 1
np(l— p) = ’mlax{pi} - Hliln{p,'} < 3 (see [24])

0(P. p) =

and then

n

1 D —
5 Z late (P, p)| - 18 B, 5 ()Il1 < Ve(d + 1)1/#27@+D/2
{=d+1

1— L _d
NeXED
V2 -1)?
< 6.5(d + 1)/427@+D/2,
But (Cy) implies that >, g; = D>°; pi = p. So we get in a similar fashion

1

n
5 2 (@ P 18By sl < 6.5(d + D7D,

L=d+1

Plugging these bounds into (18) we get

drv (X, Y) < 13(d + 1)!/42=@+D/2,
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6 Deferred proofs

Proof of Lemma l Let X = >, X; and Y = ;Y. It is obvious that, if
(pty---»pn) = (q1,...,qn), then the distributions of X and Y are the same. In
the other direction, we show that, if X and Y have the same distribution, then
(p1s---spn) = (q1,.-..,qn). Consider the polynomials:

ex(® =E[(1+9)"] = [1e [ +9%] = [T+ pioy
i=1 i=1

gr() =E[(1+9)] = [Te [a+9"] = [Tt +ao.
i=1 i=1

Since X and Y have the same distribution, gx and gy are equal, so they have the same
degree and roots. Notice that gx has degree n — |{i | p; = 0}| and roots {—% | pi #

0}. Similarly, gy has degree n — |{i | ¢ = 0}| and roots {—% | gi # 0}. Hence,
(p17-~~1pn):(qlvu-»ql‘l)' O

Proof of Lemma 2 1t follows from the coupling lemma that for any coupling of the
variables X1, ..., X,, Y1, ..., Yy,

dTv(iXi, iYi) <Pr |:Zn:Xi #* Zn:Y,~1|
i=1 i=1 i=1 i=1

< D PrlX; #Yil. (19)

i=1

We proceed to fix a specific coupling. For all i, it follows from the optimal coupling
theorem that there exists a coupling of X; and ¥; suchthat Pr[X; # Y;] = dtv (X, 1}).
Using these individual couplings for each i we define a grand coupling of the variables
X1, Xu, Y1, ..., Yy suchthat Pr[X; # Y;] = drv (X;, Y;), foralli. This coupling
is faithful because X1, ..., X, are mutually independent and Y1, ..., Y}, are mutually
independent. Under this coupling Eq. (19) implies:

n n n n

dry (Z Xi, ) Y,-) < D PrlXi # Vil =D diy (X0, V0). (20)
i=1 i=1 i=1 i=1

O

Claim 1 Fix integers n,8, B,k € Ny, n,k > 2. Given a set of values 1, ..., is,
Wy, ..., Wy, where, forall € =1, ...,

1\* 1\*
! 0,l=) .2(= ....B
M[,M{G{ ,(kz) 5 (kz) ) 5 ]7
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discrete sets Ty, ..., T; C {0, kLZ’ k%’ e, 1}, and four integers ng, ny < n, ng, np <

B, it is possible to solve the system of equations:

(): D pf=pe. forallt=1,....56,

pi€(0,1/2]
z pf:u%, foralle =1,...,6,
pi€(1/2,1)
Hilpi = 0} = no
{ilpi = 1} =m

{ilpi € (0, 1/21}] = ns
Hilpi € (172, D} = nyp

with respect to the variables py € 1y, ..., pi € T;, or to determine that no solution
exists, in time
- - 2
0 (i1} log, 1) BO D, 0C7),

Proof of Claim 1 We use dynamic programming. Let us consider the following tensor
of dimension 2§ + 5:

A(i,ZO,Z],ZS,Zb;Ul,...,vs;Ui,...,vé),
where i € [n],z0,21 €1{0,...,n},2zs,20 € {0, ..., B} and
1\° 1\*
v, €10, =) .2(=) ..... B¢,
k2 k2
for¢ =1, ..., 4. The total number of cells in A is
2

8
-Gt (B+1)7 (H(Bk” + 1)) < 0Gi*)BO® KO
=1

Every cell of A is assigned value O or 1, as follows:

A(i,20, 215 25 263 VIs ooy Vs V], o, V) = 1
There exist p; € 71, ..., pi € 7; such
that [{j <i|p; = 0}] = zo,
Hj <ilpj =1} =z,
Hj <ilp; € (0,1/2]}] = zs,
{j <ilpje (1/62, D} = z,
2 j<izpje.1/2 Pj = ve, forall
4
E=1,....8,2 icipicjon Pj = vy, for
ald=1,...,6.
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Notice that we need O(ﬁ3)BO(5)kO(52) bits to store A and O(logn + §log B +
82 log k) bits to address cells of A. To complete A we can work in layers of increasing
i. We initialize all entries to value 0. Then, the first layer A(1,-,-; -, ..., ) can be
completed easily as follows:

A(1,1,0,0,0;0,0,...,0;0,0,...,00 =1 0€eTy;
A(1,0,1,0,0;0,0,...,0;0,0...,00 =1 1€ Ty;
A(1,0,0,1,0; p, p%, ..., p%0,...,00 =1 pe T N(0,1/2];
A(1,0,0,0,1;0,...,0:p, p>, ... 00 =1 peTyn(1/2,1).
Inductively, to complete layer i + 1, we consider all the non-zero entries of layer i and
for every such non-zero entry and for every v; 41 € 7;+1, we find which entry of layer
i + 1 we would transition to if we chose p; 11 = v;+1. We set that entry equal to 1 and
we also save a pointer to this entry from the corresponding entry of layer i, labeling

that pointer with the value v; 1. The bit operations required to complete layer i + 1
are bounded by

1 T11Gi+ D2BODKOE) 0 (logii + 8 log B + 8% logk) < O (i log it) BO® k0@
Therefore, the overall time needed to complete A is
0 (i* log /1) BO® (0

Having completed A, it is easy to check if there is a solution to (X). A solution
exists if and only if

A(flan&nlans,nb;I/Llyn-sM(S;M/l,---’l/«:S):17
and can be found by tracing the pointers from this cell of A back to level 1. The overall
running time is dominated by the time needed to complete A. O

Proof of Lemma 3 Without loss of generality assume that 0 < A; < A, and denote
6 =Xy —Aj.Foralli € {0, 1,...}, denote

)\i )‘.i
Di = e_)hl _1 and qi = e_)‘Q._z.
i! i!
Finally, define Z* = {i : p; > ¢;}.
We have
| I
S -l = 3 a0 = 3 e
ieZ* iel* ieT* °
1 .
=2 e e
iel*

+00

<1_78 lf)nli_l_fﬁ

_( e )ZF‘” )\41— e .
i—o U

@ Springer



Sparse covers for sums of indicators 701

On the other hand
1 S
Do Ipi—ail =3 @i —p) = D MO+ —e M
i¢T* i¢T* i¢T*
1 . .
=> Fe—kl((xl +8)" —ah)
igT*
+00 1 ) )
< Zi—,e‘“((kl +8) =
i=0 "
oy oy
_ 3 Lo+ i Lo —hyi
=e Zi!e (00 +6) Zi!e M
=0 i=0
=e —1.
Combining the above we get the result. O
Proof of Lemma 4 We have
B Siearitt ¢ Siewpi+t 1_p 1
m’ m’ n m’ n m n

Multiplying by m’ we get:
, m
w=mq=pu+ P
As /' =m'qandm’ < n,weget u < ' < ju + 1. Moreover, since m > k3,

1
w2 pizmp =k
ieM

For the variances we have:

£* =1 1
a/zzm’q(l—q):m/~—~(1— ——)
n

n n
1 - I+t
Z(Zp;+t).<1___2216/\4—/p’+)
ieM " "
: L 1)?
:(1—1/n)(2p§+t)——(Zl€M]/)’ )
m
ieM
; "+ 1)?
> (1 —1/n) Zp§+t ——(Z’EMP‘, 2)
ieM (Zie/\/l P,—‘H)
Zie./\/lp;2+t
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='zp;<1—p;>—%(zp;+r)

ieM ieM

In the other direction:

o —1 1 £*
a’zzm’q(l—q)zm’-( +—)-(1——)
n n n
m

IA

IA

2

(Siempi+1)’
ZieM ]7; +t + :

={ > p§+t)—(z p§2+t)
ieM

(Zie/\/l pz/' + t)z

(ZieM p; + t)z + Zie/\/l pz{2 +1

“(Ze) (3 )

+1

2
2
(Zie/\/l pl{—i-t) +Zie/\/l pz{2+t

(Zie./\/l pz{z + t)z

/ /
= Z p;(1—p)+ 5
ieM (Zie/\/t pl{—}-t) +zie/\/l p;z—l—t
2 2
— 02+ (ZieM pz{ +t)

5}
(Ciem Pi+1)" + 2icm PP +1

Finally,

1 1 1
=S -shzm (1-g) = (1-7).

ieM
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Proposition 2 For all d € [n], Condition (Cg) in the statement of Theorem 3 is
equivalent to the following condition:

(Vo): E (in) =E (Zyi) ., forallt € [d].
i=1 i=1

Proof of Proposition 2 (V) = (Cy): Firstnotice that, forall ¢ & [2], E [(ZL Xi)‘]
can be written as a weighted sum of the elementary symmetric polynomials

Y1 (P), v (P), ..., we(P), where, for all t € [n], ¥,(P) is defined as

vi(P) = (=" D[]

SC[n]ieS
|S|=t
(V4) implies then by induction
Ye(P) = ¥(Q), foralld=1,...,d. (23)

Next, for all # € [n], define m;(P) to be the power sum symmetric polynomial of
degree ¢

m(P):= > pl.
i=1

Now, fix any £ < d. Since my(P) is a symmetric polynomial of degree £ on the
variables p1, ..., p,, it can be expressed as a function of the elementary symmetric
polynomials 1 (P), ..., ¥¢(P). So, by (23), m¢(P) = m¢(Q). Since this holds for
any £ <d, (Cy) is satisfied.

The implication (Cy) = (V) is established in a similar fashion. (Cy) says that

e (P) =me(Q), foralle=1,...,d. (24)

Fix some £ < d. E [(Z:’Zl X i)e] can be written as a weighted sum of the elementary
symmetric polynomials ¥ (P), ¥2(P), ..., ¥¢(P). Also, forall ¢ € [€], y;(P) canbe

written as a polynomial function of 71 (P), ..., m;(P) (see, e.g., [29]). So from (24) it
follows that E [(Zle X,-)e] =E [(Zl"zl Yi)(]. Since this holds forany ¢ < d, (Vy)
is satisfied. m|

Corollary 1 Let P := (p))}_, € [1/2,1]" and Q = (g;)?_, € [1/2,1]" be two
collections of probability values in [1/2, 1]. Let also X := (X;)!_, and Y := (Y})}_,
be two collections of mutually independent indicators with E[X;] = p; and E[Y;] =
qi, for all i € [n]. If for some d € [n] Condition (Cy) in the statement of Theorem 3
is satisfied, then
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drv in,zYi < 13(d + 1)!/42=@+D/2

1 1

Proof of Corollary I Define X, = 1 — X; and Y/ = 1 — Y;, for all i. Also, denote
p; =E[X/]=1— p; and g/ = E[Y/] = 1 — g;, for all i. By assumption:

n n

S(1-p) =D (1-¢)" . foralle=1,....d. (25)

i=1 i=1

Using the Binomial theorem and induction, we see that (25) implies:

n n
dopit=> g forallt=1,....d.

i=1 i=1

Hence we can apply Theorem 3 to deduce

drv ZXE,ZYZ-’ < 13(d + 1)/42~@+D/2,

L 1

The proof is completed by noticing that

div{ DX D vi )=drv D X]. D v/
i i i i

O
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