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Abstract We introduce an elliptic extension of Dyson’s Brownian motion model,
which is a temporally inhomogeneous diffusion process of noncolliding particles
defined on a circle. Using elliptic determinant evaluations related to the reduced affine
root system of type A, we give determinantal martingale representation (DMR) for
the process, when it is started at the configuration with equidistant spacing on the
circle. DMR proves that the process is determinantal and the spatio-temporal corre-
lation kernel is determined. By taking temporally homogeneous limits of the present
elliptic determinantal process, trigonometric and hyperbolic versions of noncolliding
diffusion processes are studied.
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1 Introduction

Eigenvalue distributions of random-matrix ensembles provide important examples
of determinantal point processes, in which any correlation function is given by a
determinant specified by a single continuous function called the correlation kernel
[3,15,34,39,40]. Dyson’s Brownian motion model with parameter § = 2 [10,41],
which we simply call the Dyson model in this paper, and other noncolliding diffusion
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638 M. Katori

processes [8,18,21,25,29] are dynamical extensions of random-matrix ensembles.
There any spatio-temporal correlation function is expressed by determinant [12,35]
and such processes are said to be determinantal [7,26]. The noncolliding diffusion
processes have attracted much attention in probability theory also by the fact that
they are realized as h-transforms in the sense of Doob of absorbing particle systems
in the Weyl chambers [18,25,29]. The relationship between the above mentioned
integrability as spatio-temporal models and h-transform constructions as stochastic
processes has been clarified by introducing a notion of determinantal martingales in
[23,24,28]. The purpose of the present paper is to report elliptic extensions of these
determinantal processes. Since the Dyson model can be regarded as a multivariate
extension of the three-dimensional Bessel process, BES(3) [5,27], first we discuss an
elliptic extension of BES(3).
Leti =+/—1,v,7 € C and put

z=z() =", g=q) =" (1.1)
The Jacobi theta function ¥; is defined as

91 (v:T) = i Z(_l)nq(n—(l/Z))ZZZn—l
nez

oo
=23 (— 1y 2 sing2n — Dv). (12)

n=1

(Note that the present function 91 (v; t) is represented as 1 (wv, q) in [44].) For
St > 0, ¥1(v; ) is holomorphic for |v| < co and satisfies the partial differential
equation
901 (v; 7) 1 3%0(v; 1)
dt  dmi
With parameters N € N = {1,2,...},a¢ > 0,and 0 < ., < oo, we introduce the
following function of (¢, x) € [0, t,) x R,

(1.3)

AS (1, — 1, %) lilo H (v;
Nt —1, g %1 (v; T)
o dv v=x/o, T=27i N (t,—1) /a®

_lm@m@mNm—ﬂm%

= g , (1.4)
o V1 (x/o; 2miN (t, — t)/a?)
where z?{(v; 7) = dv1(v; T)/dv. As a function of x € R, it is odd,
and periodic with period «
ANt —t, x +ma) = AN (t — 1, x), m € Z. (1.6)
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Elliptic determinantal process of type A 639

It has only simple poles at x = ma,m € Z, and simple zeroes at x = (m +
1/2Q)a,m € Z.
Letr > 0. Suppose that X (1), t € [0, t,) satisfies the stochastic differential equation
(SDE)
dX(t) = dB(t) + A" (t, —t, X (1))dt 1.7)

started at X 0) = x € (0,2nr), where B denotes the one-dimensional standard
Brownian motion (BM). (From now on, BM means a one-dimensional standard Brown-
ian motion unless specially mentioned). By periodicity (1.6) with period « = 2nr,
X can be considered to describe a diffusion process of a particle moving around a
circle with radius » > 0; S'(r) = {x € R : x + 27r = x}. Note that this system is
temporally inhomogeneous defined only in a time interval [0, t,). Independently of
t € [0, t,) and N, however, we have

1
AXT(te —t,x) ~ — asx | 0,
* (1.8)

A%\;”(t* —t,x) ~ — asx 1 2mr.

2mr — x

It implies that the behavior of X e (0, 27r7) in the vicinity of O (and 27rr) is similar
to that of BES(3) near 0. We define a process X € [0, 27rr) by

X)) =X mod 2mr, te€l0,t,). (1.9)

It gives a Markov process showing a position on the circumference [0, 277) of S!(r).
We write the probability law of X (¢),t € [0, t,) started at x = X (0) € (0, 27r) as
P,.

The backward Kolmogorov equation for the SDE (1.7) is given as

du(s,x)  19%u(s, x)
s 2 9x2

a
+ AP (1, — 5, %) ”(as’x), 0<s<te xel(02mr).
X
(1.10)
Let g (t —s, y|x) be a solution of diffusion equation —dv(s, x)/ds = (1/2)3%v(s, x)/
3x2,0 <s <t < oo, x € (0, 27r) satisfying limsq, v(s, x) = 8,({x}), y € (0, 27r).
Then

D (y/27r; i (ty — 1) )27r2)
O (x/2mr;i(te — 8)/2mr2)’

0<s<t<t,,

(1.11)
solves (1.10) under the condition limgy, u(s, x) = 8,({x}), y € (0,2nr), since
P (v; 7) satisfies (1.3). For 0 < y < 2mr, 91(y/2mr; i(tx — t)/271r2) > 0 and it
has simple zeroes at y = 0 and y = 2nr, t € [0, t,). Then, if g(r — s, y|x) is chosen
as the transition probability density (tpd) of the absorbing BM in the interval [0, 27 7]
with absorbing walls at x = 0 and x = 2mr, (1.11) is strictly positive and finite for
anyx,y € (0,277),0 <s <t < t4,and thus p(¢, y|s, x) gives the tpd for the process
X(),t € [0,t,). Let W(t),t > 0 be BM started at x = W(0) € (0,2nr), where
its probability law is denoted by P,. Consider a filtration {Fw (¢) : t > 0} generated

u(s, x) = p(t, yls, x) = q(t—s, y|x)
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640 M. Katori

by W(t),t > 0, which satisfies the usual conditions, and introduce a stopping time
Tw = inf{t > 0: W(¢) € {0, 2rrr}}. Then the above fact implies that, for ¢ € [0, z,),

N (y/2mr; i(ty —t)/27r?)
O1(x/2mr; ity )2mr?)
x,y € (0,2mr). (1.12)

Pr(X (1) € dy) = Px(Tw > 1, W() € dy)

Note that
1 (v; 7) ~ 2" sin(rv) as It —> 40 (ie., g = q(t) =T — 0).

Thus, in the limit #, — oo, (1.7) becomes a temporally homogeneous SDE,

. 1 (5{(:))
dX () =dB(t) + —cot{ —— |)dt, >0, (1.13)
2r 2r
and (1.12) becomes
sin(y/2r)
P.(X(t) edy) =P,(Tw>t, W) edy)————, te€[0,00), x,ye(0,2nr).
sin(x /2r)

(1.14)
If we take the further limit r — oo in (1.13), we have X (t) = X(¢),¢t > 0 and

dX (1) = dB() + 2,

X0 t >0, (1.15)

which is the SDE for BES(3) on Ry = {x > 0 : x € R}, and (1.14) becomes
Po(X(t) edy) =Py (Ty, > 1, W) € dy)X, te0,00), x,yeRy, (1.16)
X

where Tv/v = inf{t > 0 : W(¢) = 0}. The relation (1.16) states that BES(3) is the
Doob h-transform of the absorbing BM in [0, oo) with an absorbing wall at the origin,
where the harmonic function is given by h(x) = x,x > 0. We regard (1.13) as a
trigonometric extension, and (1.7) as an elliptic extension of (1.15), respectively. The
equality (1.16) is generalized to (1.14) and (1.12), respectively. We can also discuss
a scaling limit realizing ¢ — 1, in which hyperbolic version of (1.7) is obtained (see
Sect. 5).
Let N € {2, 3, ...} and consider the following bounded region

An_
Azévrl ={x=(x1,...,xN)eRN:x1 <Xy << XN <X+ 2mr},

which is called a scaled alcove of the affine Weyl group of type An_1 (with scale 27 r)
[19,31]. With an additional condition x; > 0, we also consider the space

@ Springer



Elliptic determinantal process of type A 641

Am&nw::A;x4ﬂ{x€Rijle}

={xeRN:0§x1 <Xy <---<Xy <2mr}

Note that it is different from the scaled alcove of type Cy defined by .Achr\’r ={xe
RN 10 <x; <x3 < -+ < xy < 27r} [19,31] which excludes x; = 0 from
A[O,an)N‘

Now we introduce an N-particle extension of the above process, )}'A ) =

()v({*(t), e )V(]“\‘, (1)), t € [0, t,). Assume that the initial configuration is chosen in
the alcove

ANn-1
2nr

'Oy =uecA

and an index § € wrZ is determined so that

N
s =08+ > uje(0,2mr).
j=I

Let

N
X =58+ X4, 1e[0.1).
j=1

v A
Then X (¢),t € [0, t,) is defined as a solution of the following set of SDEs on R,

dX{ () =dBj(n+ D AV (-1, ??f(t)—J?;?(t))dt+A?V”’(t*—t,Y?(t))dt,
1<k<N,
k#j
(1.17)
1 <j<N,t €[0,t), where Bj,1 < j < N are independent BMs on R. By
(1.5), ZISj,ng,j;ék A?V’”(t* —s,xj — xx) = 0, and the summation of (1.17) over
j=12,..., N gives

dX} (1) = VNdB(t) + NAX" (1, — 1, Xj (1))dt, 1 €[0,1,). (1.18)

where B is BM on R. We then define the process x4 (1) = (Xj4 ®,..., X;‘, (1) €
[Ov znr)N’ re [0’ t*) by

X4 =X}t) mod 27r, 1<j<N, te[0.t). (1.19)
It represents a Markov process showing the positions of N particles on the circumfer-
ence [0, 277) of S'(r).

Let 9([0, 27rr)) be the space of nonnegative integer-valued Radon measures on
the interval [0, 27rr), which is a Polish space with the vague topology. Any element
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642 M. Katori

& of M([0, 27rr)) can be represented as £(-) = ijl SXJ, (+), in which the sequence
of points in [0, 27r7), x = (x;);>1, satisfies §(K) = #f{x; : x; € K} < oo for any
subset K C [0, 2zrr). Now we consider the process x4 (t) as an M([0, 27rr))-valued
process and write it as

[

N
A =D k() 1 el0.5). (1.20)
=1

The probability law of EA(, 9, t € [0, t,) starting from a fixed configuration & €
M([0, 27rr)) is denoted by ]P’g‘ and the process specified by the initial configuration is
expressed by (EA (),t €l0,t), ]P’?). The expectations with respect to ]P’? is denoted
by ]EQ. We introduce a filtration {Fza (1) : ¢ € [0, t,)} generated by EA (1), ¢ € [0, t,.),
which satisfies the usual conditions. Let C([0, 27rr)) be the set of all continuous real-
valued functions on [0, 277r). We set

Mo ([0, 27r)) = {& € M([0, 27r)) : E({x}) < lforanyx € [0, 2rrr)},

which denotes a collection of configurations without any multiple points.
L N .
In the present paper, we study the case that the initial state n = > j=10u; 18
corresponding to the configuration with equidistant spacing on S!(r);

2
v,-=%<j—1>, 1<j<N, (1.21)

and we will prove that the process (EA(t), t €[0,1,), IP’?) is determinantal. In this
case, ley:l v;j =nr(N — 1) and the index § € wrZ is determined as

§ = —mr(N —2), (1.22)

so that vs = mr € (0, 27r). We will present that this determinantal process can be
considered as an elliptic extension of the Dyson model. The key lemmas to construct
the elliptic determinantal process are obtained from the elliptic determinant evalu-
ations related to infinite families of irreducible reduced affine root systems studied
in [13-15,30,37,42,43]. According to Macdonald’s classification of reduced affine
root systems [33], the present process is related to the system of type Ay_i. Further
study concerning other types is in progress. Connection between the elliptic deter-
minantal processes and probabilistic discrete models with elliptic weights [4,6,38]
will be an interesting future problem. We note that the function A%, (¢« — ¢, z) can
be regarded as Villat’s kernel for an annulus A, = {z € C : ¢ < |z| < 1} with
0<gqg= e~ 2 N(=0/a® 1 Tt is the reason why it also appears in the study of
stochastic Komatu-Loewner evolution in doubly connected domains [2,45].

The paper is organized as follows. In Sect. 2 preliminaries of elliptic functions and
their related functions are given. Useful determinantal identities are obtained from the
elliptic determinant evaluations related to the affine root system of types Ay_1 [13—
15,30,37,42,43]. There the generalized A-transform and determinantal martingale for
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Elliptic determinantal process of type A 643

(EA(I), t €10,1t), ]P’;;‘) are introduced. The main results are given in Sect. 3. First the

determinantal martingale representation (DMR) is given for (EA(t), t €[0,1t), IP’?)
(Theorem 3.1). As a result of Theorem 1.3 of [23], DMR proves that the process
is determinantal and the correlation kernel is determined (Corollary 3.3). Explicit
expression for the correlation kernel of (EA(I),t e [0, ty), IP?) is shown and the
infinite-particle limit is discussed. In Sect. 4 the temporally homogeneous limit 7, —
oo is studied both in the level of SDEs and in the level of determinantal process. We
study the system of noncolliding Brownian motions on a circle, g4 (1), t € [0, 00),
obtained from E4(z), t € [0, #,) by this reduction. It is different from the dynamical
circular unitary ensemble (CUE) model studied in [20,23,36]. Finally in Sect. 5, the
results are expressed by using Gosper’s g-sine function [17] as well as the g-gamma
function [1]. Then ¢ — 1 limit is discussed, in which temporally homogeneous
processes expressed by hyperbolic functions are obtained.

2 Preliminaries
2.1 Elliptic functions and their related functions

The Jacobi theta function ©#; defined by (1.2) has the following infinite-product expres-
sions,

o0
910 = —ig oz [ (1-472) (1-477/2)
j=1
o
= 2q1/4qo sin(rv) H (1 _ 2q2] cos(2mv) + q4]) Q2.1
Jj=1
with
o
qo = qo(t) = H(l _ q2”), g =emit.
n=1
Itis easy to see from these expressions that, when it = 0, It > 0 (thatis,0 < g < 1),

Y1 (v; T) > Oforv € (0, 1) and it has simple zeroes at v = 0 and v = 1. It is odd with
respect to v

D (—v; 1) = =1 (v; 1), (22)
and has quasi-periodicity

(w+1;1) =-91(v; T),

1 ; 2.3
NWHTT) = N = —e Y, (v; ). &
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644 M. Katori

We define

Do(v; T) = —ie™ VTV, (v + = r) Z( D'q n?

nez

1 2
Loy — 1 (n—(1/2)2 2n—1
(v, 1) =0 (v + X r) = E q z , 2.4)

nez

. l+r
D3(v; T) = TPy, (v + ) Z‘I e

nez

as usual. (Note that the present functions ¥, (v; 7), u = 1,2,3 are denoted by
U, (v, g), and do(v; T) by P4(v, q) in [44].) They solve the partial differential
equation

I, (it) 1 9%V, (viT)

= w=0.1.23 2.5)

We will use the following formulas; n € N, ¢ = /7,

n—1
Hz?l(v+1/n T) = ™ (nv; nt), (2.6)
i ( )o
Jj=
- . ngy 91(0; nt)
s 7)) = o= 2.7
,Hl 1Gfmim) = o 70D 2.7)
where
91(0; 1) = _315‘1(;5; L24 ST - DI 28)
v=0 j:l
and

H (v + w; 1)91(0; 7)
7t (v; ) (w; T)

o0 o0
= cot(mv) + cot(mw) + 42 Z gt sin[27 (Cv + mw)).
=1 m=1
2.9)
The formula (2.6) is obtained from Eq. (2.3) of [37] (see (2.17) below) and (2.7) is
obtained as its v — 0 limit, since ¢ (v; 7) has a simple root at v = 0. The formula
(2.9) is found in ‘Miscellaneous Examples’ of Chapter XXI in [44].
Let w; and w3 be fundamental periods and set

w3
T=—, Jt>0,
w1

Q. =2mw) +2nw3, m,n € Z.
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Elliptic determinantal process of type A 645

The Weierstrass g function and zeta function ¢ are defined as the following meromor-
phic functions

$(2) = p (2201, 2w3)

1 > 1 1

2 + [ - } '
2 -Q 2 2

ez (0.0) @ = Qmn)™

$(2) = ¢(z)2w1, 2w3)

1 1 1 z
=-+ > [ ——to '3 2] :
S ez BL T e i mn

Letwr = — (w1 +w3), and put £ (w,,) = ny, v = 1,2, 3. Therelationny +n2+1n3 =0
holds. By definition, ¢ (z) is an elliptic function with fundamental periods w1, @, and
a)3 b

P@Z+2w) =p(), v=123,

and it is even, ¢ (—z) =  (z). The function ¢ is odd, {(—z) = —¢(z), and is quasi-
periodic in the sense

C(z42wy) =¢(@) +2n, v=1,2,3.

By definition,
92 =—-¢'(2). (2.10)

Moreover, the relation
{La+uw) —¢@ - =p@+u) +o@ +pw (2.11)
holds (see Section 20.41 in [44]). From this, we obtain the following identity.
Lemma 2.1 Fora,b,c € C,
{la=Db)la—c)+¢b—a)®d—c)+ic—a)y(c—>b)
= l{;(a Db — o)+ a— c)2}
2
1
—slp@-v+oe-0+pa-o}.

Proof Putz =a —b,u = b — cin (2.11). Then by the fact that ¢ is odd, the equality
is derived. O

The following relation is established,

z 1 d
£, 203) — 2 = — L log vy (v: 1)
w1 20)1 dv

v=z/2w
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646 M. Katori

It has the following expansion with respect to ¢ = ¢(t) = ™7,

Z b Tz
Ry, 2w3) — 12 = T cot [ =) +
w] 2w1 2w1

2 0 2n
il . sin(@). (2.12)
1 —qg"

@1 n=1
The function A‘I"v (tx — t, x) defined by (1.4) is then expressed as

A% (6, — 1, %) = [;<x|2w1, 2w3) — X

wi lea/z,m:niN(z*—z)/a
= é' (_x

2iN (ty — t)) 201 (tx — H)x
o, —
fort € [0, t,), x € R, where

, (2.13)
o o

72 1 > ng*
wp \ 12 n=1 I—gq _ — 22N (1 —1) /a2
w1=a/2,q=e *

w2 (1 o0 ne—4n'2nN(l*—t)/a2
= 7 12 22 1 — e—412nN@—0)/a? |° 2.14)

n=1

The formula (2.12) gives

o iy . TX 4 & ANt o . (2mnx
Nt —1,x) = ECO (7) + o Z; [ ot nN G sin " ,
n=
te[0,t), xelR. (2.15)

From this expression, we can readily observe (1.5) and (1.6) and other properties of
A%, In particular, we can see (1.8).

2.2 Elliptic determinant identities
Let p be a fixed complex number such that 0 < | p| < 1. We use the standard notations
oo
(@: ploo = [ J(1 = ap)).
j=0

@i, ..., an; Ploo = (a1; Ploo -+ - (An; Poo-
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Elliptic determinantal process of type A 647

Following [37,43], here we use ‘multiplicative notation’ for theta functions,
E(s; p) = (s, p/$; P)oos
n
E(st,...,8.:p) = H E(sj; p).
j=1

The funct_ion E(s; p) is holomorphic for s # 0. The zero set of E(s; p) is given by
pL = {p/ : j € Z}, and all zeroes are single. The inversion formula

1
EQ/s; p) =—_E(s: p), (2.16)

the quasi-periodicity E(ps; p) = —E(s; p)/s, and the Laurent expansion

E(s; p) = — : Z(—l)”p(g)s”
(P Ploo =

El

are known. If g, denotes a primitive nth root of unity, n € N, the following equality
holds [37],

n—1

EGs"; p") =[] EGsgd: p). (2.17)
j=0

With (1.1), the function E (s; p) is related to the Jacobi theta function ¥ by
1
;1) =ig M q-EE* ¢°). (2.18)
z

The equality (2.17) is then rewritten as (2.6).
For N e N,s = (s1,...,s5N) € (CN,put

Way:p)= ] skEGj/scip)= DNV TT siE(si/ss: p).
1<j<k<N 1<j<k<N

where the second equality is proved by the inversion formula (2.16). It is the Macdonald
denominator for the reduced affine root systems of type Ay_1 [37].

We start with the following two lemmas, which are readily obtained from the results
given in [30,37,42,43].

Lemma 2.2 Forr= (r1,...,rn) € CN and k € C assume that
py N
Lgpl 1<j#k<N, and «[]r; ¢ p" (2.19)
Ik iz
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648 M. Katori

Then fors € CN

N :
det E(Ksj Hm:l,m#_krm’ P) H E(sj/r/g;p)
e b LAALN <4
1<j k=N E (K | J M p) 1<e<n. ez ECR/TE D)

E (K [T 55 p) Way-_1(s: p)

= N . (2.20)
E (K Hj:l rjs P) Way_,(r; p)
Proof of Lemma 2.2 Letsy,...,sn,a1,...,an—1,b1,...,bn,C2,...,cN,and k be
indeterminates, which satisfy
j—1 N
[Tax-bj- [] ce=x. 1<j<N. (2.21)
k=1 t=j+1

The following equality holds [42] (see Corollary 4.5 and Remark 4.6 in [37], and see
also Section 5.11 in [30]),

k—1 N
det [HE(aes,-;m-E(bks,-;p)- I1 E(cms,-;p)}
=1

1<jk<N
== m=k-+1

N N
=E(«[]siip|[1E@/c:p) [  cmsmE(se/sm.ae/cm: p).
j=1

k=2 1<t<m=<N
(2.22)

Weputa; =1/rj,1<j<N-Lbj=a/rj,)1<j<N,c;=1/rj,2<j<N
with @ € C. Then the condition (2.21) gives

N o

[Tri=- (2.23)
. K
j=1

and (2.22) becomes

det E e E(s;i/re;
det | Eas;/r p) [T EGi/rep
1<€<N.l+#k

=E(a[]si/riip| E@p™ " ] s—mE(s—[;p)E(r—m;p)-

I, S
j=1 l1<t<m<N ™ mn
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Under the assumption (2.19) we divide the both sides of (2.24) by E(«; p)N
[1i<k.e<n ke E(ric/re; p) and obtain the equality

E(as;/ri; p) H E(sj/re; p)

e
I<iksN | B p) oy ECR/TEP)
N .
. E(aHj=1sj/rj’p) sm E(s¢/Sm5 p)
E(a; p) 1<tomey Tm ECe/Tmi p)’
If we use (2.23), we obtain (2.20). O

The following equality is given in the first line of Proposition 6.1 in [37].

Lemma 2.3 Fors € CN, k € C,

i (p; p)S 1=)k=N

N
N pMHY _ 1 e
E(KHS/;p) Wy, (s: p) = 2L Joo et [Sf 1E((—1)N pt 1Icsjly;p’v)]-

From now on, we assume it = 0, It > 0, thatis,0 < g = ™7 < 1. Ttis obvious

from (1.2) that if v E R, then 'z‘}] (v;1) € R, |91(v; T)] < 0co. Weset p = q2 and
sj= el rj= eltilr e = eld/r inLemma2.2,x;,u; e R,1<j<N,éecnri.
Then, through (2.18), these lemmas are rewritten as follows.

Lemma 2.4 Assume thatu = (uy, ..., un) € Aoy, and us =8 + Z;V:l uj €
(0.27r). Let X5 = § + X )_ x;. Then

D1 ((us +x; —up)/2mr; T) H V1((xj —ug)/2mr; T)
01 (g —ug)/27r; T)

det
1<j.k<N V1 (us/2mr; T)

1<C<N,e#£k

_ ni(xs/27r; ) H V1 ((xj —xx)/27r; T)

s 2Ty (g — w2 )

Similarly Lemma 2.3 gives the following.
Lemma 2.5

Xs Xj — Xk
H{—; 0 : ;
! (an T) H ! ( 2rr T)

1<j<k<N

i(k—1)x; N -1 5§+ Nx;
=Ch@, det | [el(k Dl (T + k= DT+ — = Nr)]

(2.25)

@ Springer



650 M. Katori

with
C[f\x, (r) = le\)(r; r, 8) = go(r)N—DNV=2/2;(N=DGN=2)/2 1y (N=D(BN=2)/8 i (N~1)3/2r

= qo(r) N "DWN=2/2 exp [(N -1 (LN —2) + o + N =2 ] m’] .

8 2r 4
(2.26)
Let n(x) denotes Dedekind’s n-function [11,33],
o0
n() =x"2TTa—xm. 2.27)

n=1
The following equalities were proved as Proposition 5.6.3 in [15] (see also [13,14]).

Lemma 2.6 Let o € C. For N odd

1 det [193(Xj+0[—k/N T)]_NN/2 (ZNT[l‘L’) (N-1)(N-2)/2
<j.k

N
Z(xj+a)+7f;21vr [T #c—xinND, 29
j=1 l<j<k<N

while for N even

det [ﬁl(-x] +(X _ k/N, T)] — NN/2)7(eZNJTi‘L')—(N—l)(N—2)/2
1<j,k<N

N
Nt
X 0 Z(x,+a)+7;2Nr [T ?—xi:ND). (229
j=1 1<j<k<N

2.3 Generalized h-transform

The backward Kolmogorov equation for (1.17) is given as

a A 1 N 2 A 9 A ,
CUC NS L (s P |5 Ay - 20
j=1 1 1<j.k<N, X
J#k
9
+ > AT s T Y (S *) (2.30)
I<j<N i

We write the tpd of the process =4 (1),t €10, t,)as pﬁ (t,yls,x) = pﬁ (t,yls,x;r, ty),
0 <s <t <ty provided that x,y € Ajp 2~ and X5, Vs € (0, 27rr). Since the con-
figuration of the process EA®1),t € [0, 1) is unlabeled as (1.20), we solve (2.30) to
obtain pﬁ under the ‘initial condition’
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Elliptic determinantal process of type A 651

hmu (s, %) = Z Havm)(x,}) (2.31)

oeSy j=1

where Sy denotes a collection of all permutations of N indices. It is a moderated
version of the usual one lim,4, ul(s,x) = Hj»v:l dy; ({x;}) for processes with labeled
configurations.

We consider the Brownian motion V' (-) started at u € Ay ., v with an index
6 € mrZ chosen as us € (0, 2wr), which is killed when it arrives at the boundary of

A1 and when V() € {0,27r}. Let gt —s,ylx) = gt — s, ylx;r), x,y €

27r

A[O,an)N’ 0 <s <t <ty be the tpd of V" (), which satisfies

N
gifgqﬁ(r,ym = > 16w xh. (2.32)

oceSy j=1
Lemma 2.7 The tpd of the process B4(1), t € [0, t,.) is given by

hiy (1 —1,) 4

A
pn(t,yls, x) =
N WGt —s.x)

Nt —s.yx), 0<s<t<t, xy€Aprmn,

where x5, ys € (0, 2mr) and

hiy(te —1,%) = hiy(ts — 1,337, 1,)
e—N(N—l)(N—z)t*/48r2n(e—N(t*—t)/rz)—(N—l)(N—Z)/Z

Xs IN(ty —1) Xp—Xxj IN(te—1)
4 s R 4 ; ;
e (27rr 2mr? ) H : ( 2mr 2mr?

1<j<k<N

(2.33)
t €10, 1),x € Ajg 2ypyn-
Proof Set
u (s, x) = fA(s.00q5 (1 = 5,ylx) (2.34)
and put it into (2.30) assuming that 4 is C! in r and C? in x. Then we have

L

*qN(t —s, ylx)z

j=1 j=1

92 f (s x) ZafA(s,x) dg @t — s, ylx)

ox; 0x;
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652 M. Katori

A 2nr 2nr — afA(S,x)
+qN(t—S,y|x)§ E AN (l‘*—S,Xj—Xk)-f—AN (ti—s, X5) T
1<k<N,
k#j

j=1

A (t—s,ylx)

N
F 0D DL AV (te—s X —x) + AV (b — 5, X5) -
J

j=1 | I<k<N,
k#j

(2.35)

since (I — S, |X) satisfies the diffusion equation. We put
5N, Yy q p
-1

P =gt o (2 M00) g1 (s vy |

2nr’ 2mr? 2y 2mr?
1<j<k<N

(2.36)

where g4 is a C! function of time s to be determined. By definition (1.4), we see

af (s,
W00 ST A%y s — 0+ AT — 5, T) | fAGD)
3)Cj
1<k<N,
k#j
and
AT (e — 5, X — X1) _ 1 O ((x; — x) /2775 iN (s — 5)/2772)
ax; (27r)? $1((xj — xk) /277 iN (s — 5)/277r?)
— (AT (1 — 5, xj — x1))>. (2.37)
Then (2.35) gives the equation
_ 8fA(s,x) _ - 21 . Z 0{/(()9/ — xk)/in'r.; %N(t* — s)/in’rj) fA(s,x)
as 2mr) |<jR2N, i ((xj —xg)/2mr; iN(ty — 5)/27r=)
j#k

1 O (Xs /2775 iN (te — 5)/27r2)
202nr)r O1(Xs/27r; iN (e — 5)/2772)

1
—= Z AT (1 — 5, %) —XR) AN (b — 5, X7 — x0) £A (5, %),

1<)k L<N,
kAL

A6, x)

(2.38)

where the sum in the last term denotes the summationover 1 < j, k, £ < N conditioned
that j, k, £ are all distinct. By the setting (2.36),
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Elliptic determinantal process of type A 653

1 dgh(s)
gA(s)TfA(S’x)
iN 151((xj—xk)/an;iN(t*—S)/ZTU’z)
4mr? 151‘%51\1, D1((xj = xx) /273 iN (e — 5)/2712)
jk
iN 91 (Xs/21r; iN(ts — 5)/2772)
272 9 (X5 /27 iN (1, — 5)/27r2)

LHS of (2.38) = —

A6, x)

A6, x),

where 191 (x; 7) =dV1(x; )/dt and (2.2) was used. Since (1.3) is satisfied, the above
is equal to

1 dg”(s)
) ds fAGs.x)
N O ((xj—xi) /2775 iN (t — 5)/277?)
167272 lgﬁzkiN, V1 ((xj—x)/2mr; iN (8 — 5)/2mr?)
J#k
N 9(xs/2mr;iN(t — 5)/277?)
8722 9 (xs/2nr; iN(ty — 5)/2772)

fAGs,x)

A6, x).

Therefore, (2.38) becomes

1 dgh(s) 1 ) )
- = - AT (ty — s, x; — x) AN (e — 5, X7 — Xp)
x D AVt -sx 2 (1 — 5. x;)
gh(s) ds 2 1<jfe=n.
kA

N -2 Z O ((x; — xi) /2773 iN (s — 5)/2772)
1672r2 ey H1((x; —xi)/27r; iN(t, — s)/27r?)
J#k

(2.39)

Now we rewrite RHS of (2.39) by using the functions g and ¢ through (2.13). First
we see

1
Z z A%V”r(t*—s,xj —xk)A%\,m(t*—s,xj — X¢)

1<j,k, <N,
J#kA
1 ni(ts — )
=5 Z §(xj—Xk)§(Xj—xg)—T z Cxj —x)(xj — x¢)
1<j,k,£<N, 1<j,k,<N,
J#kA J#kAC
L (it =9\
+5(*— > = w0 = xe).
T 1<jkL<N.
kA
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654 M. Katori

For

>ty —x0 =2 > e - x0et - x0
1<j,kL<N, 1<j<k<t<N
kA

¢ o = X0 (= x)) + Exe = 28 Gee —xw) .

Lemma 2.1 gives

1 1 1
DI AR D S (CTR D S DR T CT R

1<j.k,£<N, 1<j.k,L<N, 1<j,k,L<N,
J#EkFEL JFk#L JFkF#L
N -2 N -2
_ 2 . 2 E .
=7 é‘(xj — X)) — 4 K"(xj Xk).
1<j,k<N, 1<j,k<N,
J#k J#k

On the other hand, differentiation of (2.13) with respect to x gives

BA%Vnr(t* —5,X) — ) — Nty — 5) o) — N (tx — 5)

0x r r

where (2.10) was used. Combining it with (2.37) gives

1 9] (x/2r; iN(t, — 5)/2mr?)

2rr)? 91 (x/2r; iN(t, — 5)/27r?)
2n1(t — tye — 2 t. —

= o2 - ey (%) 2 —py - M=)

nr Tr

te —
— A%Vnr([* — S,)C)2 — p(x) — M
r

Then

N -2 Z O ((x; — x) /2773 iN (. — 5)/2772)

16722 LSy, (G — w0217 IN Gy = 5) /277
J#k
N -2 2 N_znl(t*_s)
=TT Z ¢ (xj—xx) +TT Z ¢ (xj—xp) (xj —xk)
1<j,k<N, 1<j,k<N,
7k J#k
N =2 (it —9)\> , N-=2
— ( — Z (j = x0)% + —— Z o (xj — xi)
1<j,k<N, 1<j,k<N,
J#k j#k
Ni(ts —s) N(N — 1)(N = 2)
+ .
Tr 4
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Elliptic determinantal process of type A 655

It is easy to prove that

N-2
Z g“(Xj—xk)(Xj—Xz)—T Z C(xj —xp)(xj —x,) =0,

1<j,k <N, 1<j,k=N,
j#kEL J#k
N -2
2 G —x) - > (-’ =0,
1<j,k <N, 1<j,k=N,
j#k£L J#k

by using the fact that ¢ is odd. Then Eq. (2.39) is reduced to be

4 roggh(s) = =9 Ny v —2),
ds dmr

Since 11 (. —t) is explicitly given as (2.14) with @ = 2xr, this equation can be solved
as

o0
g (s) = /N N-D(N=2)5/487 H(

n=1

1 . e*l’lN(t**S)/rz )(N_l)(N_z)/z

1 — eant*/rz

with a constant ¢’. The solution (2.34) has been determined of the form

o0
—(N-1)(N-2)/2 ¢
A _ —nNt,/r? A
u (s, x) = (l—e ) At — sy
nl:[l WA (b —5,%)
For (2.32), the condition (2.31) is satisfied, if and only if
o
(N-1)(N-2)/2

=11 (1 _ e—"Nt*/rz) hA(t —1.y).

n=1

Since 9 (x/27r; iN(t, —1)/27r?) > 0ifx € (0,27r),1 € [0, t,,),and g (t —s, y|x)
is assumed to be the tpd of V" (-), we can conclude that 0 < pf\‘,(t,y|s, x) < oo for
any x,y € Ajgozs)¥, 0 <5 <t < t,, where § is chosen so that x5, y5 € (0, 27r).
Then the proof is completed. O

Let W(t) = (Wl ®,..., WN),t > 0 be N-dimensional Brownian motion on
(S1 (r))N started atu € .A?;’r" . The expectation with respect to this process is denoted
by E,. Consider a stopping time

Ty =inf {1 > 0: W) ¢ AL}

2mr

Put Ws = § + 2?;1 Wj(t), where the index § € wrZ is determined so that us €
(0, 27rr). Then we also consider the following stopping time

Ty, = inf{r > 0: Ws € {0, 27r}}.
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656 M. Katori

For the process BA(r), 1 € [0, t,) is M([0, 277 r))-valued, measurable functions are
symmetric functions of N variables X }f‘, 1 < j < N at each time. By the definition
(1.19) for X4, they should be periodic with period 27zr. Let T € [0, ,,). Then any
Fga(T)-measurable function F will be given as follows. With an arbitrary integer
M € N and arbitrary sequence of times 0 <t; < --- <ty < T,

M
FE)) =[] enX* @), (2.40)

m=1

where g, (x), | <m < M are symmetric functions and
gm((xj +2mrn;)) = gux), nj€Z, 1=<j=<N, (2.41)

forl <m <M.

The indicator function of w is denoted by 1(w); 1(w) = 1 if w is satisfied, and
1(w) = 0 otherwise. Lemma 2.7 implies the following equality.
Proposition 2.8 Suppose &€ = Z?’:l
Fga(T)-measurable observable F,

SMj € My([0, 27cr)). Let T € [0, t,). For any

N
EL[FEN O =Eu | F D8, | 1Ty A Ty, > T)
Jj=1

WA (1 — T, W(T))
R (i, u)

See Remark 2 at the end of Sect. 3.1.

2.4 Markov process W”"

We write the tpd of BM on R as
peM(t, yIx) = ;e_(y_x)zm x,yeR, te][0,00)
’ \/% k] ’ ’ ’ .

By wrapping it on S!(r), we define

z T pM(t, y + 2mrl|x), if N is even,
(S
Py, @ ylx) = , (2.42)
E . Z(—l) peMm(t, y +2mrf|x), if Nisodd,
(S

x,y €[0,2rr),t > 0. Using the Jacobi theta functions (2.5), it is written as

. _ 2 . 2
pM(Z, y|x)13 (M ntlr ) if N is even,

Pay (6, yIx) = o o2
peM(E, v]X)D0 (M %) if N is odd.
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Elliptic determinantal process of type A 657

We find that by Jacobi’s imaginary transformations [44],

Bo(v: T) = em‘/4.[7]/2€771iv2/rl92 (E; _l) ’
T T

S3(v: T) = em/4r—1/2e—mu2/r§3 (2; _l) ’
T T

the above is further rewritten as

1 - 't
—13 (u l—), if N is even,

. 27r 2rr  2mr?
Py (0 yl) = . (2.43)
1 y—x it . .
2]T_rﬁ2 (27'[—}'" 27[7), if N is odd.

Lemma 2.6 given by Forrester [15] implies the following.

Proposition 2.9 For N € {2,3,...}, v is given by (1.21). Then fory € Ay 2zr v,
t >0,

A _ r .
ah(tyn = det [P, @ vi100)] (2.44)

Proof For N odd, we putoe = 1/N +7/21in (2.28), and for N even,« = 1/N + (1 +
7)/21in (2.29). Let t = it/27'rr2. Then we have

N
VN _ 2w _ 2
det I:p};\N—l(t’ yj|Uk):| — (_ n(e Nt/r ) (N-1)(N 2)/26Nt/8r

1<j,k<N 2wr
Y_mr(N—2) [Nt Yk —yj iNt
XN\ —F -3 02 ; . 2.45
: ( 2mr Tr? H "\ 2nr 272 245)
1<j<k<N

where quasi-periodicity of ¥,, u = 0, 1,2, 3 has been used. By expression (2.43)
with (2.5), it is obvious that (2.45) satisfies the diffusion equation. This expression
(2.45) guarantees the positivity and finiteness of detlfj,kSN[pgN_l (t, yjlu)] fory e
Ajo.27mn andy_, (y_2) € (0, 27r). Equation (2.45) also shows that it vanishes when
yj = yk forany j # k and when y_,,y_») € {0, 27r}. By the expression (2.42)
and the argument given by Liechty and Wang [32] (see also [16]), we can prove that
(2.45) satisfies the moderated initial configuration

N
lim det I:pﬁ\Nfl(f,)’ﬂUk)]: Z H%U(j)({yj}l

t10 1<j,k<N ]
W= ceSy j=I

Then the proof is completed. O

Remark 1 The Karlin-McGregor-type [22] determinantal formula (2.44) for g 1‘3 (t,ylx)
given in Proposition 2.9 is crucial for DMR which will be proved in Theorem 3.1. In
the present paper, we obtained it for the special initial configuration (1.21) due to
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658 M. Katori

the explicit evaluation (2.45) given by Lemma 2.6 of Forrester [15]. If we obtain the
Karlin-McGregor-type determinantal formula for ql’:‘, for other initial configuration,
we can prove DMR for the process and it will immediately conclude that the process
is determinantal by Theorem 1.3 of [23].

Given N € N, let W' (t),t > 0 be a Markov process in [0, 2rr) such that its
transition density is given by p;\m1 (t,y|x),t = 0,x,y € [0, 27r), defined by (2.42).
Then we introduce an N independent copies of W’ (¢), ¢t > 0, denoted by W; t),t>
0,1 <j<Nandlet W) = (W[(@®),..., Wy()),t > 0. The probability space
of the process is denoted by (Qwr, Fwr, P;), and the expectation is written as E],
where the initial configuration is given by v with (1.21). A filtration {Fwr (¢) : t > 0}
is generated by W’ (), t > 0, which satisfies the usual conditions.

2.5 Martingales and complex Brownian motions
LetO <t, <ocoand & = Z;V:l Suj € Mo ([0, 27rr)). For 1 <k < N, define

@, (@) =D, @ N.rt)
_ 01(@s+z—up)/2mr; iNt/2mr?) 01 ((z—ug)/2mr; iNt,/2r?)

, 2z €C,
91 (s /27r; iNt, ) 2772) 91 ((p—ug) /277 iNto/2nr2)

1<t<N,
07k

(2.46)
and
M?»“k(t’ )C) = M?,uk(t’ X3 N, r, l*)

ef(ix+w)2/2t
= /Rdw Wq)?,tzk(iw)’ (t,x) € [0, 1) x [0,27r). (2.47)

Since CDQ ” (z), 1 <k < N are holomorphic for |z| < oo, (2.47) is written as

B e—wZ/zt B
M (t,x):/de—CD (x+iw)
&,ug R m &,ug

= E[®f,, (x +iW ()], (2.48)

where W denotei a BM on R started at 0, which is independent of W, and E does the
expectation for W. Then the following is proved.

Lemma 2.10 Assume v;, 1 < j < N are given by (1.21) and n = Z;VZI 8y;. Then

i MA &, W’ (®),1 < k < N,t € [0,t,) are continuous-time martingales;

URT
E'[MA (t, W ()| Fwr(s)] = M?,vk (s, W' (s)) a.s. for any two bounded stop-

1,V
ping times with 0 < s <t < t,.
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(i) Foranyt € [0, t), Mavk (t,x), 1 <k < N, are linearly independent functions
of x € [0,2mr),
(i) M, (0,v)) =8k, 1<jk<N.

1,k

Proof (i) For the quasi-periodicity (2.3) of ¥, the expression (2.48) with (2.46) implies
that, for £ € 7Z,

M (x4 2mr0) = (=D ME (2, y)

1,V
er?,vk ), if N is even,
- (2.49)
(—=DIMA (2, y), if Nis odd.
Then, for0 <s <t < t,, 1 <k < N, (2.42) gives
A 2rr A
B [ M2 0 W )1 0)] = /0 dw ME (w5, wlW ()
2mr (€+1) A
ZZEZ /27rr€ dw Mj (1, w=27r &) ppm(t —s, wIW' (5)), if N is even,
- 2 (6+1)
Z / dw (=) ML (¢, w—27r8) ppm(t—s, w|W' (s)), if Nis odd.
LeZ Jomre 1, Vi

By (2.49), it is equal to

/ dw M}, (t, w)pem(t — s, w|W'(5)) as.
R

By Definition (1.2) of ¢, we will obtain the following expansions; for 1 <k < N,

O (s + 2z — uk)/2mr; iNt /27r?) _ Z B0 o 2ro—1)z/2r
0 (us/2mr; iNt, /2r?) "o '

HQEZ
1 ((z — ug)/2mr; iNt, /2r?)
01 (g — ug)/27r; iNt./2mwr?)

= 3L < e <N, CA,

ngGZ

where the coefficients bﬁ[, 0 <€ < N, # k are functions of {Mz}?]:l, te, N and r.
Then, if we introduce an N-component index n = (ng, 11, ..., Rg—1, Hkt1y .-, IN)
foreach 1 < k < N, and put B,]l‘ = HOgegN,Z;ék bfl{, 248)withé = n, ux = vg, x =
w is expanded as
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. w

ML w) = Z Blexp (i Z ne =15
neZN 0<{(<N,l+#k

- W(r)

E — 2np — 1)——=

X exp Z 2ny ) >
0<(<N,l#k

= > BlG 2’— S o@ne-Dinw|, (250

neZN " 0<t<N ek

where
2
Gla;t, w) =™ @12 4 eC.

For any o € C, it is easy to confirm that
/Rdw G(a;t,w)ppm(t — s, wlx) = G(a;5,x), 0<s<t, xeR.
Then (2.50) gives
/Rdw Mf?,vk (t, w)ppm( — s, wlx) = M?’vk(s, x), 0<s<r, xelR,

and hence (i) is concluded. As a matter of course, n € My([0, 27r)), and then the
zeroes of @9 v (z) are distinct from those of 4 (z),if j # k. Then (ii) is proved. By

1,k

(2.48), M4 (0,x) = lim;;0E |®2, (x +iW())| = ®* (x),1 <k < N. Since
R ! 1,0k 1,k

<I>?’vk (vj) =08k, 1 < j,k < N by Definition (2.46), (iii) is also satisfied. O

Let Wj(-)Ll < j < N be independent N copies of VT/(~) For ﬁi(t) =
Wi, ... ,~WN(t)), t > 0, the probability space is denoted by (2w, Fw, P) with
expectation E. We put

Zi6)=Win) +iW;(t), 1<j<N, t=0,
which are independent complex Brownian motions on C(r) = [0, 2rr) x iR. The
probability space for Z" (t) = (Z(¢), ..., Z)y(¢)),t > Ois given by the direct product
of the two spaces, (Qywr, Fwr, P}) for W' (-) and (Qw, Fw, P) for W(-), which is
denoted by (2", 7", P;,) with expectation EJ,.

Proposition 2.11 Let Zy(1) = 8 + Z}/V:l Z'(t) and W5 =68+ Z};V:l W’ (1), t > 0.
Then the following equality holds,
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Zl g Zs(t) iNt, H 5 Z%(1) = Zi (1) iNt,
"\ 277 27202 ! 2rr T2

661

1<j<k<N
—(N=1)}(N=2)/2
[ py (e e\
- l_eant*/r2
n=1

ey . r r .
< Wa(t);lN(t*—t) H 5 Wj(t)_Wk([);lN(t*—t) '

2rr 2712 / 2rr 2mr?

1<j<k<N

Proof By (2.25) in Lemma 2.5

_ Zs(t Z'(t) — Z,. (1)
E ﬂl(—a();t) H 15‘1(—] k 0T
2mr . 2mr
1<j<k<N

SO O, N—1 §+NZ'(t)
=CH(r) det |EB|CVEO g ——4Gk—D)r+——L N7 ) ||,
1<j,k<N 2 2mr

2.51)

where the multilinearity of determinant and independence of Z;. (t)’s have been used.
Using the Laurent expansion (1.2), we have

T N1 §+NZ'(1)
E|:ez(k 1)Zj(f)/r191 (T+(k—1)f+2—]§Nf

or

_ ei(k—l)W;(t)/rl- Z(_1)ne[(n—(1/2))2Nr+(2n—l){(N—l)/2+(k—1)r+(8+NW;(t))/271r}]71i

nez

XEI:e—{Z(k—l)—',-(Zn—1)N}Wj(t)/2r]' (2.52)

Here

- —w2)2
E[e—{Z(k—l)+(2n—1)N}Wj(t)/2r] _ / Ji e/ te_{z(k—1)+(2n—1)1v}w/zr
R N2t

_ et[2(k—l)+(2n—l)N]2/8r2
1\2 iNt
— k=02 e | (= =) N (= ! i
2 2mr?
i Nt
+Qn—Dk—1) (—21—2) m':|.
Tr
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Then (2.52) is equal to

o 1\2 N
P 1>W,-<f>/r,-Z<—1>"exP[(”‘5) V(v gps)
mr

nez
N—1 iNt S+NWi) |
+2n—1) T—i—(k—l) (r—znrz)—f- i

2nr

_ e(k—1)2t/2r26i(k*1)W;(f)/r
s N—1+(k D iNt +8+NW,’»(t) v iNt
x - — T — ; tT-—1))
! 2 27r? 2r 2712

Put this into (2.51), we have

~ Zy(t Z5(0) = Z;(1)
g 01( 5( ); T) I 191( J — k ;T) = CA(r)e! iz (k=122

2mr
1<j<k<N

R N1 Nt
x det |*OWIO/g (X720 Lk~ 1y (o= 2
2 2712

1<j,k<N
5+ NW;. (1) v iNt
+ 2rr ’ - 27 r?

A .
_ Cy(D) ¢ (N=DN@N=1/12r% ~A (T _ ﬂ)
Ch(r — iNt/2mr?) YU 2w

1YW N -1 Nt
x det | EDIWO/rg (70 Lk 1y (o= 2L
2 2mr?

1<j,k<N
8§+ NW; (1) N iNt
+ 2y ’ L )

A
_ Cy() N=DNQ@N—1)t/12r?
Ci(t —iNt/2mr?)

Wit i Nt W) — W (1) iNt
won (L0, o1 [T »{—~ -2 ,
2rr 2mr? 2y 2mr?

1<j<k<N

where (2.25) of Lemma 2.5 was used again. By (2.26),

A

Cyv(@ — o~ (N=DNGN-2)1/16 ( qo(7)
CH(t —iNt/2nr?) go(t —iNt/2mr?)
o0 1 — g2nmit )(Nl)(NZ)/Z

_ —(N=1)N(3N-2)t/16r2
= H (1_82nm'r+nNt/r2

n=1

)(Nl)(NZ)/2

If we set T = i N1, /27 r?, the equality is obtained. O
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Elliptic determinantal process of type A 663

For W’ (¢t),t > 0, define

DLW (1) = det [Mg, (t, W), €01, (2.53)
1<j,k<N

&,ug

which we call the determinantal martingale [23]. By Lemma 2.10, it is a continuous-
time martingale. Then the following equality is established.

Lemma 2.12 Assume that & = Z;V:] uj € Mo([0, 2mr)) and us € (0, 2nr). Then

Wit —t, W (1)
had (e, u)

Dg‘(t, W (1)) = , 1 €0, 1.

Proof By multilinearity of determinant and independence of Wj(-), 1 <j <N,
(2.53) with (2.46) and (2.48) gives

s - 01 (@@ + Z7 (1) — ug) /277 iNt,/2mr?)
D, W) =E det o -
1<j,k<N O1(us/2mr; iNt,/2mr?)

D1((Z5(1) = ug) /2mr; iNt,/27r?)

. 01 (g — ug)/2mr; iNt,/2wr?)

1<¢<N,
U7k

By Lemma 2.4, it is equal to

~ | 91(Zyt) )27 iNt /2777 1l 91((Z)(6) = Z; (1) /27 iNty /270r?)

01 (Us/2mr; iNty/2mr?) L<icken M ((uj —ug)/27r; iNt,/2mr?)

Then we apply Proposition 2.11. By definition (2.33) of h%, the equality is obtained.
]

3 Main results
3.1 Determinantal martingale representation

By Lemmas 2.12 we obtain the following representation. We call it the determinantal
martingale representation (DMR) for the process (24 (1), t € [0, t,), ]P’;;‘).

Theorem 3.1 Suppose that N € N, n = Zyzl 8y; with (1.21) and (1.22). Let T €
[0, t.). For any Fga(T)-measurable observable F,
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664 M. Katori

E} [F(EA(.))]zE: F iaw_;(.) DT, W (T))
j=1

<J.k=N

N
—E|F Z‘szw | det (@1, (Z5@TNT|. (3.1
j=1

Note that the second representation of (3.1) is an elliptic extension of the com-
plex Brownian motion representation reported in [28] for the Dyson model (i.e. the
noncolliding BM).

Proof 1t is sufficient to consider the case that F is given as (2.40). Moreover, by

Markov property, it is enough to prove the case M = 1; 0 < #; < T < oo. Here we
prove the equalities

B [0 XA @) | = B [ 1 W @) Dib e, W) |

= E, [gl W) | det (@], (7] (n))]} .62

where g is a symmetric function having periodicity (2.41). By Proposition 2.8,

t i hiy(ts — 11, W
Ep (XA ()] =B, [gl(Wm))l(TWAT% o oyl =0 (’1”]

Ry (£, v)
(3.3)
The definition of hﬁ given by (2.33) and the initial condition n give

K R hy ty — 11, W t
(RHS) = E, [guwm»urwmm PN LGl “”l]

hx(t*7 V)

By the determinantal formula (2.44) of ¢ 1’;‘, given in Proposition 2.9, the above is written
as

|h4 (s — 11, W (11))]

Ej | D sgn(o)gi(W )1 (W (1)) € A 2rrn)

A 9
U’ESN hN (t* ’ v)
3.4)
where W’ (#1) = (W[ (1), ..., Wy (#1)) and the transition density of each W; is given
by (2.42), 1 < j < N. Here we used the notation o (x) = (xg(1), ..., Xg(n)) for

o € Sy. Since

sgn(0)1(a (W' (1)) € Al g py) 1Ay (1 — 11, W' (11)]
= Lo (W' (1)) € Ajg 2nn)hiy(te — 11, W (1), o €S,
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Elliptic determinantal process of type A 665

(3.4) is equal to

hiy (t — t1, W(11))
hay (i, w)

D oW (1)) € A arpyv) et (W (11))

UESN

hA(t, — 11, W (¢
=E] [ng’(n)) n{t —h (1))]

Then by Lemma 2.12, we obtain the first line of (3.2). By definitions of EJ and D,;‘
given by (2.53) with (2.48), the second line of (3.2) is also obtained. O

Remark 2 The function hﬁ(t* —t,x),t €0, t,) is not a harmonic function of x, but
Lemma 2.10 proves that D,’;‘ (t, W" (1)) given by (2.53) is a continuous-time martingale,
where W (¢) is a Markov process defined by using Brownian motion in Sect. 2.4. Then
1t6’s formula implies

0 1
— 4+ -A)DA =0
(at 2 ) y (6.0 =0,

where A = Z?’zl 92/ BxJZ.. In this sense, DMR is a time-dependent extension of
h-transform [23].

3.2 Determinantal process

For any integer M € N, a sequence of times ¢ = (f1,...,fy) with0 <f < --- <
ty < ts, and asequence of functionsf = (f;,, ..., fi,,) € C([0, 2wr))M | the moment

generating function of multitime distribution of (EA (1), t €10, t), ]P’?) is defined by

2nr
> / fin () E (rm,dx)” (3.5)

m=1

\Ils M= IES |:exp [

It is expanded with respect to ‘test functions’ x,, (-) = e/m©) — 1,1 <m < M as

M
A
van= > de>fom( ")
0<N,,<N, ozm)Nm m=1
1<m<M
M
X,Og(tl,xg\,l) tM,xg\,M))

and it defines the spatio-temporal correlation functions pg(-) for the process
(BA(0), 1 €10, 1), PY).

Given an integral kernel K(s, x; z, ¥), (s, x), (¢, y) € [0, t,) x [0, 27r), the Fred-
holm determinant is defined as
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666 M. Katori

Det [8sz8x(y) + K(s, x; 1, y)xf(y)]
(s.€Eltresti 12,
(x,y)€[0,27r)?

M Ny

- > X T

0<N,, <N, ..(m) m=1 j=1
]_<rrrln<_M me eA[O,an‘)Nm ’ J
- l<m<M

X det |:]K(tm, x(.m); ty, x,i"))]. 3.6)
1<j <Ny, 1<k<N,, J
1<m,n<M

We put the following definition [7,26].

Definition 3.2 For a given initial configuration &, if any moment generating func-
tion (3.5) is expressed by a Fredholm determinant, we say the process (EA(I), t e
[0, t,), IP?) is determinantal. In this case, all spatio-temporal correlation functions are
given by determinants as

(D). . MY\ _ (m). (n)
IOE (t17le AR ] Z‘/\/laxl\/'M) - lfijS,eltSkan, [Ké(tmv xj ’ tnvxk ):|a (37)
1<m,n<M
0<fi < <ty <tyl<m<M1<N,< N,xﬁ(,’fn) € [0,2mr)Vn 1 <

m < M € N. Here the integral kernel K¢ : ([0, ;) x [0, 27r))? > R is called the
(spatio-temporal) correlation kernel.

By Theorem 1.3 in [23], DMR given by Theorem 3.1 leads to the following result.

Corollary 3.3 For n = Z;v:l 8y; with (1.21) and (1.22), the process (EA(),1 €
[0, t), IP?) is determinantal with the correlation kernel

K?(Sv-x; t’ J’) = K?(S,X; t’ yv Na ra t*)

2mr
= /0 n(du) ply,_, (s, x|u)/\/l§)u(t, y) = Ws>t)py,  (s—t,x]y),
(3.8)

(s, x), (t,y) €10, 1) x [0, 27r).

3.3 Explicit expression of K? and infinite-particle limit

Forn = Zyzl 8y; with (1.21) and (1.22), the entire functions (2.46) become
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M (z/2nr — (k—1)/N +1/2; 1)
01(1/2; 1)
M (z/2nr — (£ —1)/N; 1)
H itk —=£4)/N; 1)

A . —
(Dn,vk(z’ N,rty) =

1<¢<N,
U#k

M (z2rr —(k—1)/N +1/2; 1)
t1(1/2;7)
N9 z/2mr — (k= 1)/N +n/N; 1)
<[]
91(n/N; 1)

bl

n=1

1 <k < N, witht = t(t,) = iNt,/2nr?, where we have used (2.3). Using the
formulas (2.6) and (2.7), it is written as

A (. _ i )
@n’vk(z, N, r,t*) = W%(N{Z/an — (k— 1)/N},N'L')

8 " (z/2nr — (k —1)/N +1/2; 1)9{(0; 7)

, (3.9)
a7 (z/2xr — (k= 1)/N; )t (1/2; 7)

1 <k < N.If we apply the formula (2.9) and the Laurent expansion (1.2) of ¥, we
have

27.[eNnir/4

(DA ;Ns 7t =
R TN TS

X |:cos(z/2r —(k—Dm/N) Z(_l)n—leNﬂitn(n—l)

n=1

sin [(2n — D)N{z/2r — (k — l)n/N}]
sin(z/2r — (k — Dr/N)

2mwitl

) [S)
_ _1\h—1 _ Nmitn(n—1) ¢
42 (=Dl > 1 1 e2nitt
=1

n=1

X sin [(Zn —DN{z/2r — (k- l)n/N}] sin [2e{z/2r — (k- l)n/N}] ,

since cot(;r/2) = 0 and sin(6 + mmx) = (—1)"sinf, m € Z. For M € N, let

m, if M is odd,

oy (m) = 3.10
plom) [m—1/2, if M is even. G-10)
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It is easy to confirm the equality

sin.(MX) _ Z QRiommx
Sin x
meZ,
loy (m)|<(M—1)/2

Then we see

27T€Nm'r/4

o4 N, ty) = ————
no (@ N Tt N9 (0; N7)

x [Z(—l)”leN”if"("l)[ cos [(2}1 — )N{z/2r — (k- l)n/N}]
n=1

+ Z einN—l(m){z/Zr(kl)n/N}]
meZ,
lon—1(m)|<{(2n—1)N—-2}/2
| Nt Tt
n— mitn(n—
+2§(—1) e ;_l+e2m
n =

X CO8 [{(2n — DN +20z/2r — (k — l)n/N}]] .

Here we have used the fact that, for M € N, 2oy(m) + 1 = 20p—1(m + 1) if M is
odd, and 20y (m) 41 = 201 (m) if M is even, and that o2, —1)ny—1(m) = on_1(m)
forn, N € N.

The functions

Mt xi N ) =E[@), (x +iW(); N, rty)]

1, Vk

/ e—@2/2t s
= [ dw ®2 (x+iw;N,rt), 1<k<N,
R o2 TR

which give continuous-time martingales if we put x = W/’. (),1 < j < N (Lemma
2.10 (1)), are calculated by performing Gaussian integrals for each term. By setting
T = iNt*/2nr2, the result is expressed as

2
N9 (0; iN2t,/2mr?)

M;f?,vk(tv-x; era t*) =

x [ S (=1l U202 o [(271 —)N{x/2r — (k- 1)n/N}]

n=1

o0
+ Z:(_1)"46.*(11*(1/2))2Nzt*/2rz

n=1
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% Z eaN,l(m)zz/2r2+2ioN,1(m){x/zr—(k—l)n/zv}

meZ,
lon—1(m)|={(2n—1)N-2}/2

|22 N -2 €N a (e+Q@n—1)N}1/2r?
n—1 _—(n— te—t)/2r n— t/2r
2> (=1 e > AL
neZ (=1
X COS [{(2n — N +20{x/2r — (k — 1)n/N}H. 3.11)

Then by Corollary 3.3, the correlation kernel is determined as
K?(s, x;t,y; N1 ty) = Q,;\(s, x;t,y; Nort) = (s > t)ply (s — 1, x]y),

(s, x), (t,y) € [0,00) x [0, 27r), where

N
G (s, x:t,yi Nor ) = D Pl (8, X[o) M, (8, i N 1)
k=1

with (2.43). We note that, by using (3.10), (2.43) is written as

1 2 ma
r — —oN—1(0)°t/2r +ioN_1(€)(y—x)/r
Pay (. ylx) = 2y ;ZE , t>0, x,yel0,2nr).
€

(3.12)
We find that, by using the identity 211?,:1 e 2ik=Dan/N — N3 1(a = kN), the
above is expressed as follows,

1
19{ (0; iN2t,/2mr2)r

Gl(s.xit,yi Nort) =

x lze—kzst/Zrz-ﬁ—ikNx/rl?Z N(y —x) _ iszS. iNQ{[* — (=9}
2 = 2r 2mr2’ 2mwr?

oo
+ Z(_l)n—l o (1=(1/2))’N?1,/2r? Z CON-1(m)(1=9) /2 +ion 1 (m) (y=x)/r

n=1

lon—1(m)]| { “1HN=2)/2
(Nx iNoy—_1(m)s iN2s)

2mr 2mr? P 2mr?
202 /92 e_ZN /1 202 2
+2§ —k“N<s/2r +ikNx/r 2 z (- ])n 1 —(n—(1/2)) N-t./2r
14 e—tNt/r?
keZ {=1neZ /1
{((n—(1/2)N+)?(t—s)/2r? y—x ikNs
xe cos [{(2n — )N +20}m 2 ~5.2) (3.13)
Tr Tr

where 1 and 3 are defined by (2.5).
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We consider the infinite-particle limit with fixed particle-density;

N
N — 00, r— 00 with p = —— = const. (3.14)
2mwr

We can see that the first term in (3.13) vanishes in this limit because of the overall
factor 1/r, and obtain

GA(s,x;t,y;,o,t*) = lim QA(s,x;t,y;N, 7, ty)
n N—00,r—00, n
p=const.

21 ad 2 2 2
— -1 nflef271 (n—(1/2))"p~t«
01(0; 27wip?ty) |:”§( )

2,2 i — . .
x/ dv ™ VU 2HTvG—x) 9, (px — imvps; 2m,o2s)
[v|=2n—1)p

e—anvpt*

—27%k2 p s+ 2mkpx _1\n—1 *
+Ye S [Ca

keZ nez 0

x @ 1Cn=Dp+o2(1=9)/2 o [{(2n —Dp+vn(y —x — 2m'k,os)]:| . (.15

The correlation kernel in this limit (3.14) is given by
K/ (s.x:1,y:p. 1) = G (s, x: 8, y: p. ) — 1(s > Oppm(s — 1. x]y),  (3.16)

(s, x), (¢, y) € [0, t,) x R. The convergence of correlation kernel (3.15) in the limit
(3.14) implies well-definedness of elliptic determinantal process with an infinite num-
ber of particles. Further study will be reported elsewhere (see Sect. 4.3 below).

4 Reduced processes in temporally homogeneous limit
4.1 Reduction in SDEs

Since we have
lim A2 (t, — £, %) = — cot (i) (4.1)
e—> 00 2r 2r

by (2.15), the limit t, — oo of (1.17) gives a temporally homogeneous system of the
SDEs,

. 1 X0 - X2 1 (X
de-‘(t):dBj(tH—z— > cot(’k dit~cot[ X2 D Vi, 10,
r

2r 2r 2r
1<k<N,
k#j

4.2)
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1 <j < N, and (1.18) becomes
N X2
dX} (1) = VNAB(t) + 5 cot(‘sz—)dt, > 0. (4.3)
r r

The system of SDEs without the third term in RHS of (4.2) has been studied as a
dynamical extension of the circular unitary ensemble (CUE) of random matrix theory
[15,20,34]. It is interesting to see that a one-parameter extension of that system is
discussed as a driving system for a multiple Schramm-Loewner evolution by Cardy
[9]. Moreover, for

1 X 1
. : 2rr . S - Rt R
rl—l>nc}o t*h—{l})o Av (e —1,x) rli>nolo 2r cot (2r) x’

and § = wrn with a fixed n € Z determined by the initial configuration, the r — oo
limit of the system (4.2) is given by

1

dX4(t) =dB;(t) + - it
/ ! 15%N, XA — X{ )

kEj

, 1<j<N, t>0, (4.4)

where X;‘ = )V(;‘, 1 < j < Ninr — oo.lItis the system of SDEs of the Dyson model
(i.e., the noncolliding Brownian motion on R).

4.2 Reduction in correlation kernel of determinantal process

Next we study the reduction as determinantal processes for (B4, t € [0, 1), IP’?).
For the configuration n = Zj-v:l 8y; with (1.21) and (1.22), an explicit expression of

correlation kernel K? was given in Sect. 3.3. In (3.13) we can take the temporally
homogeneous limit t, — 00 as follows. We see from (2.8) and (2.5) that 19{(0; T) ~
2w et/ 9, (v T) ~ 2 T/4 cos(rrv), and 93 (v; T) — 1 as It — +o0. Then, we
have

§A(s,x; t,y; N,r)= lim QA(s,x; t,y; N, 7 ty)
n te—o0 N

_ Zeszst/2r2+ikNx/reNZ(tfs)/Srz,CA ((y ) - ikNs r)
p
keZ

1

Z CON—1(m)> (t=5) /2% +ioN_1 (m)(y—x)/r
2nr
meZ,
loy—1(m)|<(N=2)/2
Nx iNoy_1(m)s iNZ%s
w oy (N _ iNow-1(m)s, , (4.5)
2y 2712 2y
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where

1 N
KAGx; N,r) = —cos( x)
2mr 2r

The correlation kernel is given by
R (s.xit.y: N.r) = GA(s.x:t, yi Nor) = 1(s > Dply (s —1.x]y),  (4.6)

(s, x), (¢, y) € [0, 00) x[0, 27r ). The determinantal process defined by the correlation
kernel (4.6) is denoted by (@A (t),t € [0, oo),@,?). From the explicit expression
(4.5), we can show that (E4(1), ¢ € [0, 00) ,@3) exhibits a typical nonequilibrium
phenomenon; relaxation to eg\mlzbrmm

Let (:A(t) t € [0, 00), IP’ ) be the equilibrium determinantal process, whose
correlation kernel is homogeneous both in space [0, 27rr) and time [0, co) and given
by

Ry —s,y=x;N,r) =G4t —s,y —x; Nr) = Ls > O)ply, (s =1, x]y)

i > N1 O =92 oy | OO=0)/1 4 N =87 Ay yo N ),
ez,
lon—1(OI<(N-2)/2

if s <t,

L Sll’l[(N — D(y —x)/2r] + ]CA(y —x;N,r),

=1 27r sin[(y —x)/2r]

if s =¢,

_ﬁ ST e @2 o OO0/ L NI KAy x N ),

Lez,
lon—1(0)|>(N=2)/2

if s > ¢,

A7)

(s, x), (¢, y) € [0,00) x [0,27r). Note that the spatial dependence of (4.7) is on a
distance of two points |y — x]|.

Proposition 4.1 The process (B4t + T), t € [0, 00), @A) converges to (EA(t),t €
[0, 00), IP’ ) as T — oo weakly in the sense of finite-dimensional distributions.

Note that if we ignore the terms containing K, the kernel (4.7) is equal to the
correlation kernel of the equilibrium determinantal process of the noncolliding BM
on a circle S'(r) with N — 1 particles, KCUE(t —s5,y—x;N—1,r)[23,36]. Itis a
reversible process with respect to the elgenvalue—angle distribution of unitary random
matrices with size N — 1 in the CUE (if we set r = 1). With contribution from the
term KC4, we have the particle density
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p=pN,r)= lim KL y—x;iN,r)
|y—x|—0

= lim KSC}JE(O, y—x;N—1,r)+ lim ICA(y —x;N,r)
ly—x|—0 |ly—x|—0

N -1 1 N

2r 2xr  27r’

which is uniform on [0, 277 r) as it should be.

Proof of Proposition 4.1 Since e~RENT 2% 0,k # 0 and 93(v; iN>T/27r?) —
las T — oo, (4.5) gives
Tli_)moo@;*(s +T,x;t+T,y;N,r)

_ eNZ(t—s)/SrZICA(y —x:N,r)

1 2 5.
+ ON-1(0)7(1=5)/2r ‘HJN—I(Z)(}’—X)/V’
2nr Z

ez,
lon—1(O)|=(N=2)/2

which is Q\Ql(t —s,y—x; N,r). If we sett = s, the second term becomes

1 3 pionv-1@-x/r _ 1 SinlV = D(y = x)/2r]
2rr = 2rr sin[(y — x)/2r]
lon—1(OI<(N=2)/2

Combining the above results with the expression (3.12) of pQNi] , we obtain (4.7). The
convergence of correlation kernel H’{;;‘ — Kg‘q in the long-term limit guarantees the
convergence of moment generating function of multitime distribution \If,ﬁt[f] given

by the Fredholm determinant (3.6) of K? It implies the convergence @;‘; — @é“q in
the long-term limit in the sense of finite-dimensional distributions. Then the proof is
completed. O

4.3 Reduction in infinite-particle system
The temporally homogeneous limit 7, — oo of (3.16) with (3.15) gives
K (s.xit,y10) = lim KA(s,xi1,y1p.10)
ty—> 00
= / dv e”zvz(’_s)/2+i”“(y_x)l93 (,ox — imvps; 2ni,o2s)
lvl<p

—1(s > t)ppm(s — 1, x|y), (4.8)

(s, x), (t,y) € [0,00) x R. If we set p = 1, this correlation kernel is exactly the

same as Eq. (1.5) in [26]. There we gave a set X of infinite-particle configurations,
started at which the Dyson model is well defined as a determinantal process. The
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function (4.8) was derived as the correlation kernel of the Dyson model started at
SZ = ZjeZ d; € X. As shown in [26], for (s, x), (z, y) € [0, 00) x R,

lim K;‘(s +T,x;t+T,y;p)
T—o0
c o
/ dy e v =9/2 cos[mrv(y — x)], ifs < t,
0

sin[p(y — x)] .
=Ksint =5,y —x;0) = RN ifs =1,

o0 2.2 2 .
—/ dve™ VU2 cos[ru(y — x)], ifs > 1.
o

The limit kernel is the extended sine kernel with density p [15]. The convergence
implies the infinite-dimensional relaxation phenomenon of the Dyson model from
£Z to equilibrium [26]. This observation is consistent with Proposition 4.1, since
limN—>oo,r—>oo,p:const. KA (x;N,r)=0.

5 Expressions by Gosper’s g-sine function and hyperbolic limit

Gosper defined his g-sine function as [17]

2—21; qZ)oo

(z—1/2)% (qZZ; q2)oo(q
(q:9»)%, ’

sing (mz) = ¢q 0<g<l

By the product form (2.1) of ¥ (v; t), we find the equality

—2miv

91(v; 7) = —i(q; 92 (4% ¢H)ooe sing (—7v/7)

with (1.1). Then the function A%, (#, — ¢, x) defined by (1.4) is expressed as

io d mi
AR (te—1, x) = ———— —log(sing 2) o [€l0.5), xeR,
N 2N(t—1t) dz 1 c=iax /2N (t—1) @ )
5.1
with
= 2Nt [a? (5.2)

The entire functions (2.46), with which the determinantal martingales and correlation
functions are expressed, are rewritten as

—iNG—u)/r sing (i (s + 2z — up)r/Nty)

QDQHk(z; N,rty) =e

sing (miugr/Nty)
« s.inq (n.i(z —ug)r/Nty) ’ 53)
1oy, Sing (i (ui — ue)r/Nty)
[
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1<k =<N,zeC,withg = e~ N@&=0/2 \We remark that, the g-extension of the
gamma function is defined as [1]

(45 Do
) =1-¢)' 7222 0<g<l,
! (4% @)oo
and the g-analogue of Euler’s reflection formula
()
sing (12) = ¢'/*T' 2 (1 /2)2L (5.4)

L@l p2(1 —2)

holds. Then (5.1) and (5.3) are also expressed using the g-gamma function L.

In the previous section, we studied the temporally homogeneous limit ¢, — oo
with fixed « = 27r. By (5.2), it corresponded to the limit ¢ — 0. In contrast to it,
here we consider the following scaling limit,

. 1y
ty > 00, o — o0 with — = a = const.
o

By (5.2), it gives the limit ¢ — 1. Since limy4 sing (77z) = sin(rz), and sin(wiz) =
i sinh( z), we obtain the limits

Ay (x; a)

1 X

: o _ - -

t*HOljl’rg‘]ﬁoo’AN(t* Ha) = 2Na coth (2Na)’ (5:5)
ty/a=a

Oy @ Ny = lim ®f, (2 N7 )
ty/r=2ma

B sinh[(us + z — ux)/2Na] sinh[(z — u¢)/2Na]
- sinh(its /2N a) sinh[(ug — u¢)/2Nal’

1<t<N
tZk

1<k<N,zeC. (5.6)

In this scaling limit the SDE (1.7) discussed in Sect. 1 becomes a temporally
homogeneous process on R

alX(t)=dB(t)+i th( ()), t €10, 00).
2a 2a

Similarly (5.5) and (5.6) enable us to discuss the determinantal process of a hyperbolic
version of the Dyson model such that

AXA0) = d B (1) + — w(XLO-XO di+—— coth X0 dt
. = : _— CO e
J J 2Na 2Na 2Na 2Na ’

1<k=N,
k#j

(5.7)
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1 <j <N,t >0, summation of whichover j =1,2,..., N gives

—A
X5 (1)
2Na

_ 1
dX} (1) = VNAB(t) + 5. coth dr. t>0, (5.8)
a

Note that limg4 I'; (z) = I'(z) and in this limit (5.4) with z — iz gives sinh(rrz) =
—mi/{l'(iz)["(1 —iz)}, and thus the above limit is expressed also by using the gamma
functions. If we take the further limit a — oo with §/a = constant > 0 in (5.7),
we obtain the Dyson model (4.4). In the argument in the present paper, analyticity of
functions <I>‘g e (z), 1 <k < N plays an essential role to determine correlation kernels
of determinantal processes. Since (5.3) is an entire function of z, the calculations and
results for the trigonometric version of the Dyson model given in Sect. 4.2 will be
readily mapped to those for the hyperbolic versions with (5.7) and (5.8) by analytic
continuation of z and suitable change of parameters.
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