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Abstract We study the trajectories of a solution X; to an Itd stochastic differential
equation in R?, as the process passes between two disjoint open sets, A and B. These
segments of the trajectory are called transition paths or reactive trajectories, and they
are of interest in the study of chemical reactions and thermally activated processes.
In that context, the sets A and B represent reactant and product states. Our main
results describe the probability law of these transition paths in terms of a transition
path process Y;, which is a strong solution to an auxiliary SDE having a singular drift
term. We also show that statistics of the transition path process may be recovered by
empirical sampling of the original process X;. As an application of these ideas, we
prove various representation formulas for statistics of the transition paths. We also
identify the density and current of transition paths. Our results fit into the framework
of the transition path theory by Weinan and Vanden-Eijnden.
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196 J. Lu, J. Nolen

1 Introduction
In this article we study solutions X; € R? of the Ito stochastic differential equation
dX, = b(X,)dt + V20 (X,) dW;, (1.1)

where (W;, .EW) is a standard Brownian motion in R?, defined on a probability space
(2, F, P). This diffusion process in RY has generator

Lu = tr(aV?u) + b - Vu,

wherea := oo Tisa symmetric matrix. We suppose that o (x) is smooth and that a(x)

is uniformly positive definite and bounded:
MEPP < (E,a(0)E) < AE*, VEeR!, VxeR? (1.2)

holds for some A > A > 0. Although the vector field » may not be bounded, we
suppose that b is smooth and satisfies conditions that guarantee the ergodicity of the
Markov process X; and the existence of a unique invariant probability distribution
p(x) > 0 satisfying the adjoint equation

L*p = (a;j(x)p(x))xx; — V- (b(x)p(x)) = 0. (1.3)
We also assume that for some o > 1,

sup E[ 1} | Xo = x] < 400 (1.4)
|x|<R

for all R > 0, where 17 is the first hitting time of X, to the unit ball {z € R? | |z| < 1}.
For example, it follows from Theorems 2 and 3 of [34] that these assumptions will
hold if

limsup sup x-b(x) < —r
m——+00 |x|=m

for some r > 1+ (d/2).

Suppose that A, B C R? are two bounded open sets with smooth boundary and
such that A and B are disjoint. Because the process is ergodic, X; will visit both A
and B infinitely often. Inspired by the transition path theory developed by Weinan and
Vanden-Eijnden [15,24] (see also the review article [16]), our main interest is in those
segments of the trajectory ¢ +> X; which pass from A to B. These transition paths
and are defined precisely as follows. First, for k > 0, define the hitting times r; ¢ and

‘L';_ « inductively by

tio=inf{t >0 X, € A},

r;;O:inf{t > TX,O | X; € B},
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Reactive trajectories and the transition path process 197

Fig. 1 Tllustration of a trajectory with entrance and exit times. The transition path from A to B is marked
in red (color figure online)

and for k > 0,

TX,k+1 = inf {t > ‘E;’k | X; € A]
T;;L,k+1 = inf {t > TX,H] | X; € E}.

We will call these the entrance times. Then define the exit times
Ty = SUp {t < ‘L’I;k | X, € X},
Tpk =sup{t < T;\’_,k-',-l | X; € E}.

These times are all finite with probability one, and 7::{’ e = ‘L’X’k < 1:; e = rg’ P <
rX,H] forall k > 0 (see Fig. 1). If t € [‘L’X’k, r;k] for some k, we say that the path
X;is A — B reactive. Let ® = (AU B)“, and hence 9® = dA U dB. Fork € N,
the continuous process Y* : [0, 00) — © defined by

k
Y, = X(t+TX,k)/\f§,k (1.5)

is the kth A — B reactive trajectory or transition path. Observe that Y} = X o, €
k _ + - k - @ ’
dA, that Y = Xr;k € 0B forall t+ > Tk — Ta and that Y7 € © forall t €

(0, ‘L'I}t k —Ta.)- Unlike the entrance times, the exittimes 7, , and t , are not stopping
times with respect to the natural filtration. So, one cannot apply the strong Markov
property to X; attimes 7, ; and 75, . Indeed, the law of the process Y, ,k is very different
from that of the process X, starting at a point in d A.

Our main results describe the probability law of these transition paths in terms
of a transition path process, which is a strong solution to an auxiliary stochastic
differential equation. In particular, empirical samples of the reactive portions of X; may
be regarded as sampling from the transition path process. The motivation comes from
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198 J. Lu, J. Nolen

the study of chemical reactions and thermally activated processes where understanding
these reactive trajectories are crucial [6,12]. In these applications, the domains A and
B are usually chosen as regions in configurational space corresponding to reactant
and product states. Mathematically, our results fit into the framework of the transition
path theory [15,16,24].

Having identified the transition path process, we can compute statistics of the tran-
sition paths by sampling directly from the transition path SDE, rather than using
acceptance/rejection methods or very long-time integration on the original SDE. Our
theoretical results might be used to analyze numerical methods of sampling reactive
trajectories.

We will now describe our main results and their relation to other works. Proofs are
deferred to later sections.

1.1 The transition path process

Our definition of the transition path process is motivated by the Doob Ah-transform
as follows. Let T4 and tp denote the first hitting time of X; to the sets A and B,
respectively:

ta=inf{r >0]X, € A},

_ (1.6)
tp=inf{t > 0| X, € B}.
Let g(x) > 0 be the forward committor function:

q(x) =P(ra > 18 | Xo = x), (1.7)

which satisfies Lg(x) = 0 forx € ® = (A U B)° and

0, x €A,

= _ 1.8
4(x) {17 o3 (1.8)

By the maximum principle, g(x) > O for all x € ®. By the Hopf lemma we also have

sup 7(x) - Vg(x) <0, inf 7(x)-Vg(x) >0, (1.9)
XEIA xX€dB

where 71(x) will denote the unit normal exterior to ® (pointing into A and B). For
x € O, consider the stopped process Xz, ATh with Xo = x, and let P, denote the
corresponding measure on X = C ([0, 00), ©):

PiU)y=PXeU|Xo=x), YUeB

where B is the Borel o-algebra on X. If A 4p denotes the event that 74 > tp, the
measure Q7 on (X, B) defined by

sz_ HAAB _]IAAB
dPy  Pr(Aap) qx)
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Reactive trajectories and the transition path process 199

is absolutely continuous with respect to Py, if x € ©. By the Doob h-transform
(see e.g. [2§, Theorem 7.2.2]), we know that Qz defines a diffusion process Y; on
C([0, 00), ®) with generator:

Lif = ClIL(qf) = tr(avzf)+(b.Vf)+2"qﬂ-Vf = Lf+2‘i¥-Vf. (1.10)

So, the effect of conditioning on the event T < 74 is to introduce an additional drift
term. For x € O, the transition probability for ¥; is

1
pl(t, x,dy) = ——p(t, x,dy)q(y) (1.11)
q(x)

where p(¢, x, dy) is the transition probability for X, killed at d B [28, Theorem 4.1.1].
This observation suggests that the A — B reactive trajectories should have the
same law as a solution to the SDE

2a(Y)Vq (Y1)

dY, = | b(Y,
’ (“H 7))

) dt + 20 (Y,)dW,, (1.12)

originating at a point Yy = yg € dA and terminating at a point in d B. While the SDE
(1.12) admits strong solutions for yg € ® since g(x) > 0 in ©, the drift term becomes
singular at the boundary of A, where g vanishes. Our first result is the following
theorem which shows that there is still a unique strong solution to this SDE even for
initial condition lying in d A. For convenience, let us define the vector field

2a(y)Vq(y)) . (1.13)

K(y) = (b(y) +
q(y)

Theorem 1.1 Let (W, .7-',W) be a standard Brownian motion in R, defined on a

probability space (ﬁ, F, Q). Let £ Q — © be a random variable defined on the

same probability space and independent of W. There is a unique, continuous process

Y; : [0, 00) — ® which is adapted to the augmented filtration .7?, and satisfying the

following, Q-almost surely:

tATp tATR
Y, =&+ / K(Y,)ds + / V20 (Y)dW, t>0 (1.14)
0 0

where
g =inf{t > 0| Y; € B}.
Moreover, Y; & A forallt > 0.
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200 J. Lu, J. Nolen

The augmented filtration is defined in the usual way, .7-', being the o -algebra gener-
ated by F, W, Yo, and the appropriate collection of null sets so that F, is both left- and
right- continuous. We will use E to denote expectation with respect to the probability
measure Q.

Observe thatifd = 1,0 = 1/ /2 is constant, and b = 0, then q(x) is a linear
function, and (1.12) corresponds to a Bessel process of dimension 3. For example, if
A = (—00,0), B = (1, 00), we have

1 .
dYt: _dt+ th,
Y

and the function Z;, = (¥;)? satisfies the degenerate diffusion equation
dZ, = 3dt +2/Z, dW,. (1.15)

In this simple case, existence and uniqueness of a strong solution starting at Yo = 0
can be shown using arguments involving Brownian local time (see [23,30]). However,
those arguments are not applicable to the more general setting we consider here. The
work most closely related to Theorem 1.1 in a higher dimensional setting may be that of
DeBlaissie [14] who proved pathwise uniqueness for certain SDEs having diffusion
coefficients that degenerate like «/d(Z;) where d(z) is the distance to the domain
boundary (as in (1.15)). In an earlier work, Athreya et al. [1] proved uniqueness for
the martingale problem associated with a similarly degenerate diffusion in a positive
orthant in R?. Nevertheless, those analyses do not apply to the case (1.12) considered
here.

The next theorem shows that the law of the reactive trajectories is that of the process
Y, with appropriate initial condition. For this reason, we will call the process Y; the
transition path process.

Theorem 1.2 Let X; satisfy the SDE (1.1). Let Y* denote the kth A — B reactive
trajectory defined by (1.5). Let Y be defined as in Theorem 1.1. Then for any bounded
and continuous functional F : C ([0, 00)) — R, we have

E[F(0) =B[F) | Yo~ X, |-

The processes X, and Y," may be defined on a probability space that is different from
the one on which Y; is defined. The notation Yy ~ X T used in Theorem 1.2 means

that Yy has the same law as X - meamng QYo el) = IP’(X o€ U) for any Borel
set U C R,

1.2 Reactive exit and entrance distributions

The distribution of the random points X T will depend in the initial condition Xj.

From the point of view of sampling the transition paths, however, there is a very
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Reactive trajectories and the transition path process 201

natural distribution to consider for Yy, which is related to the “equilibrium measure”
in the potential theory for diffusion processes [7,8,32]. To motivate this distribution
formally, let 2 > 0 and consider the regularized hitting times

tan =inf{t > h| X, € A} (1.16)
tgp =inf{t > h| X, € B}, (1.17)

where X, satisfies (1.1). Then define
qn(x) = P(ta,n > 18,1 | Xo = X).
This is the probability that at some time s € [0, /], the path X; starting from x € JA

becomes a transition path, not returning to A before hitting B. With this in mind, the
quantity

nan(x) =h " pOP(tay > tp | Xo =x) = h~ ' p(x)gn(x),

may be interpreted as a rate at which transition paths exit A, when the system is in
equilibrium. Therefore, a natural choice for an initial distribution for Yy € 0A is:

x) = lim .
na(x) Jim 774,

By the Markov property, we have

qn(x) =/IP’(TA > 15 | Xo=y)ph,x,y)dy =E[qg(Xy) | Xo=x] (1.18)
R4

where p(t, x, -) is the density for X;, given Xo = x. Therefore, for any x € dA we
have

lim 5~ g (x) = lim ™ 'Elg(Xs) — q(Xo) | Xo = x] = Lq(x),
h—0 h—0

in the sense of distributions, although ¢ is not C20nd® = dAUIB. Hence na.n(x) —
na(x) = p(x)Lg(x) for x € dA. The distribution Lg is supported on 0. If ¢ is a
smooth test function supported on a set B, (x), a small neighborhood of x € 9 A, then
we have

(Lq.¢) = / g(L*(x) dx

Rd

= / Lq(x)¢(x)dx + / (qn - div(ag) — (- aVq)¢
B, (x)N® (8A)NB,(x)
+gn-b¢)dos(x)
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202 J. Lu, J. Nolen

where 71(x) is the unit normal vector exterior to ©, and do4 is the surface measure on
dA. Since g =0 on dA and Lg = 0 on O, this implies,

(Lq,¢) = — / ¢n-aVgdoa(x).
(8A)NB; (x)
That is (after a similar calculation for points on 0 B),
Lg(x) = —n(x) - a(x)Vq(x) doa(x) —7n(x) - a(x)Vq(x) dop(x), (1.19)

in the sense of distributions. Restricting on d A, we get

na = —p)n(x) - a(x)Vq(x)doa(x). (1.20)

By switching the role of A and B in the above discussion, it is also natural to define a
measure on 9B as

ng = p(X)n(x) -a(x)Vq(x)dop(x). (L.21)

Note that 1 — ¢ gives the forward committor function for the transition from B to A
and that Lg (x) = n4(dx) —np(dx). Although the distributions 14 and np are positive
(by (1.9)), they need not be probability distributions. Nevertheless, the mass of the
two measures is the same.

Lemma 1.3 The measures n4 and np satisfy na(0A) = np(dB). That is,

/p(X)ﬁ(X) ~a(x)Vgq(x) dGA(X)+/p(x)ﬁ(x)ﬂ(X)Vq(x)dGB(X) =0. (1.22)

dA dB

This computation motivates us to define

1 1
n4(dx) = ;nA(dx) = —;p(x)ﬁ(X) ~a(x)Vq(x)doa(x), (1.23)

1 1
ng(dx) = ;ng(dX) = ;p(x)ﬁ(x) ~a(x)Vq(x)dop(x), (1.24)

We call these distributions the reactive exit distribution on 9 A and on 9 B, respec-
tively. The constant v is a normalizing constant so that ,, and 1, define probability
measures on A and d B. By Lemma 1.3, the normalizing constant is the same for both
measures. Our next result relates the reactive exit distribution on d A to the empirical
reactive exit distribution on 9 A, defined by

N—-1
1
AN == E 8 X). 1.25
Ha N N < X’X,k( ) ( )
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Reactive trajectories and the transition path process 203

Proposition 1.4 Let yu,  be the empirical reactive exit distribution on d A defined

by (1.25). Then .y converges weakly to n, as N — oo. That is, for any continuous
and bounded f : 0A — R

Jim [ r@ a0 = [ rwane
0A dA

holds P-almost surely.

A similar statement holds for the reactive exit distribution on d B and the empirical
distribution of the points X e The reactive exit distribution n, (dx) is related to the

equilibrium measure e4 (dx) in the potential theory for diffusion processes [7,8], [32,
Section 2.3]. In fact, the committor function ¢ is known as the equilibrium potential
in those works, and the equilibrium measure e4 g (dx) is given by Lg restricted on
dA (see equation (2.11) of [7]). Specifically, we have

1
na(dx) = “p(x)ea, p(dx). (1.26)

The reactive exit distribution was also used in the milestoning algorithm as in [35].
To the best of our knowledge, Proposition 1.4 for the first time characterizes the
equilibrium measure from a dynamic perspective. In the case that the drift b(x) =
—VV(x) is a gradient field and 0 = /€I is a multiple of the identity matrix, the
constant v is related to the capacity of the sets A and B:

v=2Z'cap,(B), Z= /e_v()‘)/E dx.
Rd
(See definition (2.13) of [7] for cap 4 (B).) The results we present here do not require
that b(x) is a gradient field; nevertheless, the constant v still admits the integral rep-
resentation given below in Proposition 1.8.

We also identify the limit of the empirical reactive entrance distribution on 9 B,
defined as

N-1
1
+
= — 8 . 1.27
KB N N Z Xr;k (x) ( )
k=0
To describe its limitas N — o0, let us denote by L the adjointof L in L*(R, p(x)dx),
given by
~ 2
Lu=—b-Vu+ =div(ap) - Vu + tr(@V2u). (1.28)
0

This corresponds to the generator of the time-reversed process ¢ — X7_; [19]. Note
that L = L if the SDE (1.1) is reversible, i.e. L is self-adjoint in LZ(RY, p(x) dx).
In addition to the forward committor function g (x) (recall (1.7)), we also define the
backward committor function g (x) to be the unique solution of

Lj=0, xe€®
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204 J. Lu, J. Nolen

with boundary condition

(x) = 1, xe€odA
=10, xeoB.

In terms of ¢, we define the reactive entrance distribution on 9B as
n 1 - ~
ng(dx) = —;p(X)n(X) a(x)Vq(x) dop(x) (1.29)
and analogously the reactive entrance distribution on 0 A
" 1 - ~
1y (dx) = S Pn(x) a(x)Vq(x) doy (x). (1.30)

Again, v is a normalizing constant so that these are probability measures; v is the
same as the constant in (1.23). The following proposition justifies the definition of the
reactive entrance distribution.

Proposition 1.5 Let ,ug ~ be the empirical reactive entrance distribution on 0B

defined by (1.27). Then ,u'g’ N converges weakly to ng as N — oo. That is, for any
continuous and bounded f : 0B — R

Jgnw/f(x)dug,N(x) =/f(x)dn§(x)
9B 0B

holds P-almost surely.

A similar statement holds for the reactive entrance distribution on d A and the
empirical distribution of the points X ok

Remark 1.6 1f the SDE (1.1) is reversible, we have ¢ = 1 — ¢, and hence nj\'(dx) =
14 (dx) and 17; (dx) = ngz(dx).
In view of Proposition 1.4, i, is a natural choice for the distribution of ¥y. With

this choice, the transition path process Y; characterizes the empirical distribution of
A — B reactive trajectories, as the next theorem shows:

Theorem 1.7 Let X, satisfy the SDE (1.1). Let Y¥ denote the kth A — B reactive
trajectory defined by (1.5). Let Y be the unique process defined by Theorem 1.1 with
initial distribution Yo ~ n, (dx) on 0 A defined by (1.23), and let Qn; denote the law

of this process on X = C([0, 00)). Then for any F € L! (X, B, Qng), the limit

. 1 N—1 . R
Jim ~ g F(Y% = B[F(Y)]

holds P-almost surely.
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Reactive trajectories and the transition path process 205

In particular, the limit E[F (Y)] is independent of X(. Using Theorem 1.7, several
interesting statistics of the transition paths can be expressed in terms of the quantities
we have defined. Actually, Proposition 1.4 is an immediate corollary of Theorem 1.7,
by choosing F(Y*) = f (Yé‘ ), so we will not give a separate proof of Proposition 1.4.

1.3 Reaction rate

Let N7 be the number of A — B reactive trajectories up to time 7':
NT=1+ml§1x{k20|r;k§T}.
The reaction rate vy is defined by the limit

. N . k
VR = Thm — = lim —, (1.31)

1 N—1
1 + +
Tap o= lim — (rB’k—rA,k) (132)
k=0
and
1 N—1
— + +
Toai= lim > (i — ) (1.33)

are the expected reaction times from A — B and B — A, respectively. The reaction
rate from A — B and B — A are then givenby kap = TA_é andkpa = Ty, j. Another
interesting quantity is the expected crossover time from A — B

=

1
Cap = lim — (5 = 7s) (1.34)
k

N—o0

Il
=}

which is the typical duration of the A — B reactive intervals. Observe that C4p <
T4 p. Similarly, we define

=

.1 _
Cpai= lim — (Tt = 7x) - (1.35)
k

N—o0

Il
=}

The next result identifies these limits in terms of the committor functions and the
reactive exit and entrance distributions.
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Proposition 1.8 The limits (1.31), (1.32), (1.33), (1.34), and (1.35) hold P-almost
surely, and

bg == / P(IVG(x) - ax)Vg(x) dx.
]Rd
1 -
Tag = / Ti@ous) = o / (D7 (x) dx.
Rd

0A

1 ~
Tpa = / N (dx)ua(x) = E/p(X)(l —q(x)) dx.
Rd

dB

0A

1 ~
Cap :/nZ(dx)vB(x) = g/p(X)CI(X)CI(X)dX-
Re

1 ~
Coa = / 05 (@x)va(x) = E/p(““ — ()1 — G0 dx.
R4

dB

Here up(x) = ]E[rg | Xo = x] is the mean first hitting time of X, to B, and
vp(x) = E[rg | Yo = x] is the mean first hitting time of Y; to B. Similarly, if q is
replaced by (1 — q) in the definition of Y, then v (x) = E[‘L’X | Yo = x]. Recall that
v is the normalizing factor for the reactive exit and entrance distributions.

The formulas for vg, T4p, and Tg4 were obtained in [15]. We believe the formulas

for C4p and Cp 4 are new. We also note that the crossover time for the transition path
process in one dimension was recently studied in [4,10] by other methods.

1.4 Density of transition paths
We now consider the distribution pg as defined in [15]:

T

1
pr(z) = lim —/5(2 — X)Ir(t)dt, z €0, (1.36)
T—oo T
0

where R is the random set of times at which X is reactive:
oo
R = U[TA_’k, ‘(;k].
k=0
This distribution on ® can be viewed as the density of transition paths. By Proposi-

tion 1.8, and Theorem 1.7, we can describe pg in terms of the transition density for
Y;. Specifically, for any continuous and bounded function f : R¢ — R, we have
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Reactive trajectories and the transition path process 207

T
1
/f(z),oR(z)dz:vR lim —/f(X,)]IR(t)dt
T—oo N1
o) 0

4 _
N—1l Bk TAk

.1
= VR ngnooﬁ % / f(ytk) dt
=0 9

15:]
=g E /f(Yt)df | Yo ~ ny
0

o0

=vR//QR(t, na.2)f(z)dz de.
)

0

Here Qg (t, 1,4, 2) is the density of Y;, with Yy ~ n,, and killed at 3 B
Or(t,n,,2) =Q; €dz, t <tp| Yo~ ny), (1.37)

and 73 is the first hitting time of ¥; to B. Hence, for z € O,
o
PR(2) = VR/ Or(t,ny,z)dz. (1.38)
0

Proposition 1.9 Forall z € O,

Pr(2) = p(2)q(2)q(2). (1.39)

This formula for pg was first derived in [15,22].

1.5 Current of transition paths

The density Qr(t, nj, z) satisfies the adjoint equation

ad _ _
EQR(L Nar2) = (LD Qr(t,n,,2), 2€0O
where (L7)* is the adjoint of L9:

(L) u = (aij(Du@)zz; — D (Ki@u();,

ij
and K is defined by (1.13). Integrating from# = O tot = oo we see that pg (z) satisfies

(LNDY*pr(z) =0, z€0O.
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208 J. Lu, J. Nolen

In divergence form, this equation is
V.- Jr(2) =0, (1.40)

where the vector field

2aVq(z)
q(z)

= (b@p(@) — div(ap(2)))a ()7 ()

~@a)(72)Vq() - 4(VG). (1.41)

Jr(2) = pr (z)(b(z) - ) + div(a(z)pr(2))

is continuous over ©. The vector field Jg(z), identified in [15], may be regarded as
the current of transition paths (see Remark 1.13). Observe that if the SDE (1.1) is
reversible, we have ¢ = 1 — g and

b(z)p(z) —div(a(z)p(z)) =0,

and hence the current given by (1.41) simplifies to

Jr(2) = p(2)a(z2)Vq(2).

This was observed already in [15]. The current was also discussed in potential theory
in the context of reversible Markov chains, see e.g. [9].

On the boundary, the current (1.41) is related to the reactive exit and entrance
distributions.

Proposition 1.10 We have
Jr = paVq ondA, and Jgr = —paVyq, ondB,
and hence,
n,(dx) = —vlgl'n\(x) - Jr(x)doa(x) and n;f(dx) = v;lﬁ(x) - Jr(x)dop(x).

As an immediate corollary, we have an additional formula for the reaction rate.

Corollary 1.11 Let S be a set with smooth boundary that contains A and separates
A and B, we have

VR = /ﬁ(x) - Jr(x)dog(x), (1.42)
s

where 7 is the unit normal vector exterior to S.

The current Jg generates a (deterministic) flow in ® stopped at d B:

dz;f
dr

= Jr(Z}), forO<t<tp, Zi=1z (1.43)
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Reactive trajectories and the transition path process 209

where tp = tp(z) is the time at which Z; reaches 0B. As Jp is divergenc_e free in ©®,
Jr-nm <0ondA,and Jg -7 > 0 on 0B, tg(z) is finite for any z € ®. The flow
naturally defines a map ®,, : 9A — 0B: given any point z € dA, we define

@, (z) = Zi, € dB. (1.44)

Proposition 1.12 For any f € C'(RY),

1
[rwmiao - [ romzan= - [eevran s
B 0A

®

In particular,
®yp(my) =0},

where @y, (0 ) is the pushforward of the measure 1, by the map ® .
Hence, Jg characterizes “the flow of reactive trajectories” from A to B.

Remark 1.13 Note that by Propositions 1.4 and 1.5, the left hand side of (1.45) is
equal, P-almost surely, to the limit

N-1
iy 2 (100 = 106 )).

If X; was differentiable, we would have

N—1 T
lim iz (f(x )= f(X.- )) — lim il/u(t)if()()dt
N—oo N s TB.n TaAn T—oo VR T dr !
- 0
1 Py
“ = —/ dxV f(x) - lim —/XIS(x—Xt)lR(t)dt
VR T—oo T
® 0

Combining this with Proposition 1.12, we arrive at a formal characterization of Jg

T
1 .
Jr“ = lim F/XIS(x—X,)lR(t)dt 7.
0

This formal expression was used in [15] to define J.

1.6 Related work

As we have mentioned, our work is closely related to the transition path theory devel-
oped by Weinan and Vanden-Eijnden [15,16,24], which is a framework for studying
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the transition paths. In particular, based on the committor function, formula for reaction
rate, density and current of transition paths were obtained in [15]. Our main motivation
is to understand the probability law of the transition paths. The main results Theo-
rems 1.1, 1.2, and 1.7 identify an SDE which characterizes the law of the transition
paths in C([0, 00)). Therefore, as an application of these results, we are able to give
rigorous proofs for the formula for reaction rate, density and current of transition paths
in [15]. We note that in the discrete case, a generator analogous to (1.10) was also
proposed very recently in [33] for Markov jumping processes.

Our results may be useful in the design of numerical path-sampling algorithms.
Specifically, the results indicate that with knowledge of the committor function g (x)
one can bias the sampling of X; in order to directly sample the reactive trajectories,
without an acceptance/rejection procedure. Of course, this assumes knowledge of the
committor function, which is certainly non-trivial as it involves solving a high dimen-
sional PDE; ¢ (x) is explicit only in the simplest of cases (such as when d = 1).
We refer to [16,27] and references therein for efforts in numerical approximations of
committor functions. Nevertheless, our theoretical results might be used to analyze
methods of sampling reactive trajectories. In particular, it would be important to know
what sort of approximation of g could be used to efficiently sample the reactive tra-
jectories. This issue is related to importance sampling algorithms for rare events (see
e.g. [13,36]). We plan to explore these issues more in future works.

The transition paths start at d A and terminate at d B, and hence they can be viewed
as paths of a bridge process between A and B. In this perspective, our work is related
to the conditional path sampling for SDEs studied in [20,21,29,31]. In those works,
stochastic partial differential equations were proposed to sample SDE paths with fixed
end points. However, the paths considered were different from the transition paths as
their time duration is fixed a priori. It would be interesting to explore SPDE-based
sampling strategies for the transition path process identified in Theorem 1.1.

Let us also point out that in the work we present here we do not assume that the
noise o is small, as is the case in the asymptotic results of [7,8,10], which we have
mentioned already, and also in some other works, such as the large deviation theory
of Freidlin and Wentzell [17].

After this paper was submitted for publication, both Sznitman and one of the editors
brought to our attention the relevant work of Meyer et al. [25]. If we define the non-
decreasing processes

vA=#leezt ot <1},

vf:#{kezﬂrgkgt},

where Z™ is the set of non-negative integers, then the triple (X, V,A, VtB ) is a Markov
process on R? x Z+ x ZF. Moreover, the exit times 7, x defined above coincide with
the random times Ly = sup{t > 0 | (X;, VA, V,B) € A x {k + 1} x {k}}. Although it
is not a stopping time, Ly is a coterminal time, as defined in [25]. Theorem 5.1 of [25]
applied to (X;41,, Vt:‘_ L Vti 1) then implies that for 7 > 0, Y,k is a strong Markov
process with transition probability (1.11). In particular, this implies that for any 7y > 0
and any bounded and continuous functional F' : C([fg, o0)) — R, we have
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E[F(Yf,t > 1] =E[F(¥,,1 = 10) | ¥y = Y[ ].

This is similar to but weaker than the statement of Theorem 1.2, which also applies
to tp = 0. Moreover, the results of [25] do not identify the reactive exit distribution,
which plays an important role in Theorem 1.7.

The rest of the paper is organized as follows. Theorems 1.1 and 1.2 are proved in
Sect. 2. In Sect. 3 we prove Lemma 1.3, Proposition 1.5 and Theorem 1.7 related to
the reactive entrance and exit distributions. As we have mentioned, Proposition 1.4
follows immediately from Theorem 1.7, so we do not give a separate proof of it.
Propositions 1.8, 1.9, 1.10, Corollary 1.11, and Proposition 1.12 are proved in Sect. 4.

2 The transition path process

Proof of Theorem 1.1 Without loss of generality, we prove the theorem in the case
that £ = yp is a single point in ®. The interesting aspect of the theorem is that yg is
allowed to be on 90, since the drift term is singular at 0. If we assume that yy € ©,
then existence of a unique strong solution up to the time 74 A 75 follows from standard
arguments, since K (y) is Lipschitz continuous in the interior of ®. That is, if yo € ©,
there is a unique, continuous F;-adapted process Y; which satisfies

tA(TANTR) tA(TANTR)
Y =yo+ / K (Yy)ds + / V20 (Y,)dW,, t>0. @2.1)
0 0

Moreover, if yp € ©, then we must have 74 > tp > 0 almost surely. This follows
from an argument similar to the proof of [23, Proposition 3.3.22, p. 161]. Specifically,
we consider the process z; = 1/q(Y;) € R, which satisfies

INT

Ztar = 20 — / \/E(ZX)ZVq el dWS
0

where T = tp A T with . = inf{t > 0 | g(¥;) = €}. Since T < oo with probability
one, we have

~ 1
20 = Elzine] = —Q(ze < 18) + Q(1c > TB).
q(€)

Hence Q(te < t8) < q(€)(z0 — 1). S0, Q(ta < t8) < lime—0 Q(ze < 78) = 0.

Now suppose yp € dA. In consideration of the comments above, it suffices to prove
the desired result with tp replaced by 7, the first hitting time to d B, (yg) N ®, where
B, (yp) is a ball of radius r > 0 centered at yg. Thus, we want to prove existence and
pathwise uniqueness of a continuous ft-adapted process Y; : [0, 00) — O satisfying
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AT, AT,
Y =yo+ / K(Yy)ds + / V20 (Y) dWy, 2.2)
0 0

where
.=inf{t >0|Y, € 0B,(yo) NO}.

It will be very useful to define a new coordinate system in the set Bj‘ (yo) = B, (y0)NO
and to consider the problem in these new coordinates. For » > 0 small enough we can

define a C3 map D), ..., k% D), q(») : B (yo) = R~ x [0, 00), such
that the scalar functions 2 (y) : B/ (yg) — R satisfy

(VRO (y),a(y»)Vq(y)) =0, Vye B ()., i=1....d-1  (23)

Furthermore, the map may be constructed so that it is invertible on its range and that
the inverse is C>. The existence of such a map follows from the regularity of A, the
regularity of ¢, and the fact that (#, aVgq) # 0 on 9A by (1.9).

For two initial points x1, x> € O, let Y, ,x ' and Y,x2 denote the unique solutions to
(2.1) with ¥y' = x; and Y;? = x; respectively. That is,

tATE tATE
Y =x+ / K(Y¥)ds + / V20 (YF)dW,, >0, (2.4)
0 0

where T3 is the first hitting time of Y;* to d B. Changing to the coordinate system
defined by (A" (y), ..., k=D (y), ¢(»)), we denote

(i qre) = (R, q() and (hay, qo,0) = (h(Y;?), q(Y;?)).

Let t! and 2 denote the first hitting times of ¥;"' and ¥;? to the set 3 B, (yo) N ©.
The processes (11, q1,;) and (h2;, q2,;) are well-defined up to the times rrl and 1,2,
respectively.

We can control the difference between (1, q1.;) and (h2 ¢, g2.1):

Lemma 2.1 There is a constant C such that for all x1, x € By/2(yo) N ©

E[ max (q1.,ar — qz,mﬁ} < Clx; —x2|'/?,
te(0,7T]

and

= 2
E [ max [hyar — hoacl :| < Clx1 — x2/,
1€[0,T]
2

where T = 1) A T2
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The proof of Lemma 2.1 will be postponed. One immediate corollary is the follow-
ing.
Corollary 2.2 There is a constant C such that for all x1, x2 € B, j2(yo) N ©

Q( max |¥;'' - Y2 > a) <Ca?|lx; —x|'?, Va0, (2.5)

0<t<(T A1)
where T = t! A T2

Proof On the closed set {z € R? | z = (h(y),q(y)), y € B (y0)}, the map y >
(h(y), q(y)) is invertible with a continuously differentiable inverse. Hence there is a
constant C, depending only on the map y — (h(y), g(y)) such that

1Y =Y < C(lh1y = hatl + 1910 — q24l), Y1 €0, 7]
By combining this bound with Chebychev’s inequality and Lemma 2.1 we obtain
(2.5). O

Now suppose yg € dA. Let {xn};‘l‘; | C O be a given sequence such that x, — yo
as n — oo. For each n, define th" by (2.4), and let 7)' denote the first hitting time of
Y,x " to dB,(yo) N ®. We may choose the points x,, so that |x, — yg| < 257". Define

7" = ¢! A ¢, Applying Corollary 2.2, we conclude

Q( max |V, — ¥ > 2—") < C2¥57",

0<t<(TAT")

Therefore, by the Borel-Cantelli lemma, the series
o0
> max_ ¥ -] < oo (2.6)

0<t<(T AT™)
n=1

with probability one. Let us define

7. = liminf ¢/ = lim inf T". 2.7)
n—00 n—oo

We will prove that 7, is positive:
Lemma 2.3 For all r > 0 sufficiently small, Q(t, > 0) = 1.

In view of (2.6) and Lemma 2.3, we conclude that there must be a continuous
process Y; such that, with probability one,

Y — Y,
uniformly on compact subsets of [0, t), as n — oo. Let us define

T2 =inf{r = 0| Y; € 9B/2(y0) N O}. (2.8)
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Lemma 2.4 Forallr > 0 sy\ﬁ‘iciently small, QT2 € (0,7,)) = 1, and 7,2 is
stopping time with respect to JF;.

We will postpone the proof of Lemmas 2.3 and 2.4. Since 7,2 < 1, Y,x " — Y,
uniformly on [0, 7, 2]. Let us now replace Y; by the stopped process Y,z - Since

each th" is f,—adapted, so is the limit Y;. We claim that Y; satisfies

N INT 2
Y, =yo+ / K (Yy)ds + / V20 Y)dW,, t>0. (2.9)
0 0

Since ¥;"" — Y, uniformly on [0, T,/2], we have (@Y™, h(Y;™)) — (q(Y;), h(Y}))
uniformly on [0, 7,21, and (g;, h;) = (q(Y}), h(Y})) satisfies

IAT )2 AT 2
hy = ho + / f(gs, hg)ds + / m(qs, hS)dW.Ys (2.10)
0
and
AT 2 " hx )|2
qr — / g(gs, hy) - AW, = n / 183 - s )T as . (2.11)
0 0

for all 1 € [0, 7 2], where (¢;", ;") = (q(¥;"), h(¥;")). (Recall gg = 0.) Since
gy" > 0, the last limit can be bounded below using Fatou’s lemma:

AT 2 AT 2 P AT 2 )
. n7 ]’l n . he.
o — / ¢(qs ) - AT, > / i ing 1805 I 45 — / 18gs. ho)I”
0 0 n—oo Ch 0 qS

(2.12)

Recall that |g(gs, h2)|> > C, > 0. In particular, with probability one, the random set

= {s € [0,7,2] | g = 0} must have zero Lebesgue measure; if that were not the
case, then we would have

INT 2
- / 2(gs. Iy) - AW, = +oo,
0

for all 7 in a set of positive Lebesgue measure, an event which happens with zero
probability. Therefore, by Fubini’s theorem,

T

0=E/HH(s)ds=/@<s <T2. gs = 0)ds
0

0
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which implies that Q(s < 7,2, g5 = 0) = 0 for almost every s > 0. Since 7, > 0
almost surely, this implies that we may choose a deterministic sequence of times
t, € (0,1/n] such that, almost surely, ¢;,, > O for n sufficiently large. By then
applying the same argument as when yp € ®, we conclude that g; > 0 for all ¢ > ¢,.
Hence, g; > 0 for all + > 0 must hold with probability one.

Since g, is continuous, we now know that for any € > 0,

ming; > 0.
>€
holds with probability one. In particular,

lim inf min ¢;" > 0,
n—o00 t>e€

so that

INT 2

i /|g(q§‘",hx">|2 B / 18(qs. hy)I?
m o = ——ds,

n—oQ qS
€

almost surely. Since g; is continuous at ¢ = 0, we also know that

AT Ne EAT )2 NE

lm i lg(qs" . hy")|? . ~
im lim — ds = lim | g — g(gs, hg) -dWs | =0
e—~>0n—o0 qs e—0

0 0

almost surely. Returning to (2.11) we now conclude that

AT 2 AT AE ) hxn )
qr — / 8(gs, hy) -dW; = lim lim M
e—=0n—>00 qsn
0

n hxn 2
4+ lim lim / Ig(qv )

e—>0n—o00

AT )2

h)?
_ lim / l8@s. o)
=0 qs

€
INT 2

S‘vhs‘ 2
— / 18445, )17 40 (2.13)
/ s

holds with probability one. Equation (2.9) for ¥; now follows from (2.10) and (2.13)
by changing coordinates.
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Except for the proofs of Lemmas 2.1, 2.3, and 2.4, we have now established exis-
tence of a strong solution Y; to (2.2) (with r replaced by r/2). The uniqueness of the
solution follows by the same arguments. Suppose that Y, ,1 and Yt2 both solve (2.2) with
the same Brownian motion and the same initial point YO] = YO2 = yo. Then Corol-
lary 2.2 implies that, Q almost surely, ¥, = Y forall € [0, 7, A 7] where 7, and
1,2 are the corresponding hitting times to d B, (yp) N ©. In particular, r,l = r,z. This
proves pathwise uniqueness. O

We now prove Lemmas 2.1, 2.3 and 2.4 to complete the proof of Theorem 1.1.

Proof of Lemma 2.1 By It6’s formula the process (1, q1) = (h1:, q1,;) satisfies

dhy = f(q1, hy)dt +m(qy, h1) dW,, (2.14)

_ lg(q1, h1)l

2
dgi p dt + g(q1, hy) - dW;, (2.15)
1

forO0 <t < ‘L'rl, where the functions g = ﬁ(Vq)Ta e R4, f=Lhe R4=1, and
m = V2(Vh)To € RU=D*4 are all Lipschitz continuous in their arguments over
B;". Similarly, (ha, g2) = (ha., q2.;) satisfies

dha = f(qa, h2) dt + m(qa, hy) AW, (2.16)

lg(qa, ho)l?
2

dg> dr + g(q2, ha) - dW,, (2.17)

forO <r < ‘L’rz. Notice that the choice of coordinates satisfying (2.3) has eliminated a
potentially singular drift term in the equations for /11 ; and &5 ;. On the other hand, the
drift term in the equations for g; and ¢ blows up near the boundary ¢ = 0. Indeed, if
r > 0 is small enough, by (1.9) there is a constant C, > 0 such that

inf 2(Vg(y)), a(y)Vq(y)) = 21 inf [Vq(y)| = C;. (2.18)
yeB;" yeBt

Hence,

lg(q1.e, b0 = 2(Vq(¥™h), a(¥} ) Vq(¥]h) > 24 inglvq(y)l >C, > 0.
YEB;
(2.19)

Letting T = 7! A 72 and using (2.14) and (2.16), we compute

dlhy — ha|* =2(h1 — h) " (f(q1, ) — f(qa, h2)) dt
+2(h1 — h2)Y(m(q1, h1) — m(q2, ha)) AW,

+tr ((m(fh, h1) —m(q2, h2))(m(g1, h1) —m(q2, hz))T) de
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for 0 <t < 7. In particular,

t
E [|h1,m - h2,tm|2:| <cC / E [H[o,f](s)(ql,s - qz,s)Z] ds
0

t

—i—C/E [H[o,r](s)lhl,s - hz,slz] ds + Clx; — x2|,

0
t

§C/E

0

L

(‘Zl,s/\r - q2,3A1)2] ds

t
+C/E [11sne = hagneP] s+ Clat =l
0
(2.20)

holds for all ¢ > 0.
From (2.15) and (2.17) we also compute

d(q1 — q2)* = 2(q1 — @2)d(q1 — q2) + g1 — g2 dt
lgil®  lg2l?
=2(q1 — q2) (g— — 820 )4
q1 q2
+2(q1 — q2)(g1 — g2) - AW, + |g1 — go|* dt (2.21)

for 0 <t < t, where we have used the notation g1 = g(q1, h1) and g» = g(g2, h2).
We claim that there is a constant C, depending only on r, such that

g1 g2l

2(q1 — q2) ( o —2) < C(lg1 — @2* + | — ha|?) (2.22)

holds for all + < t, with probability one. Both sides of (2.22) are invariant when
(g1, h1) and (g2, hy) are interchanged. So, we may assume g1 < g without loss of
generality. We consider the following two possibilities. First, suppose that

0<qillg1l* — 1&g < (@2 —aDlgi ™ (2.23)

Using this and g1 < g2 we have

lgil*  g2l? (g1 — q2)
2(q1 — q2) (— -——) = 2— (Clzlgl 2 —q |g2|2)
q1 q2 q192

(g1 — q2)
q192

= 2 (@2 = anleiP = ailg2l — 121)

(2.23)
< (2.24)
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The other possibility is

0<(g2—ala1l* <aillg1)* = 1g1?. (2.25)

In this case, we have (also using q; < ¢2)

2 2 —
2q1 - @) (ﬂ - @) = 29 (g gl — g1 1a1)

q1 q2 q192
(g1 —q2)
< 27— qgl? —1a®
192
lq1 — q2|
< 22— lgal* — Ig1 ]
lq2]
lq1 — q2|
< 24—l — a1l
lq11
(2.25) 2 _ 22
2 2(|82|| ||2gl|> 226
81

Therefore, since |g1| > C, > 0 (by 2.19), we must have

g1 g2l

2(q1 — q2) (
q1 q2

) <2C72(1@21? = 1g11)? < Cq1 — 2> + |h1 — ha|?).

where C > 0 depends only on r. This establishes (2.22).
Returning to (2.21) and controlling the first term on the right hand side of (2.21)
with (2.22), we conclude that

t

B [(qronr — qrone)?] < C / B [To.01(5) (@15 — 2.5)°] ds

0
t

+c/fEf[H[o,ﬂ<s)|h1,x — hy, ] ds + Clxy — xal.

0
t

< C/E[(qmm — qz,xAr)z] ds
0

+C [ E[lh1 a0 — hasncl?]ds + Clxi — x2l. (2.27)

o—__

By combining (2.20) and (2.27) and applying Gronwall’s inequality, we conclude that

E[lnine = hoine 2]+ E[@rine = qin0)?] < Cliy =22l (14267) 120,
(2.28)
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Using (2.21) and (2.22) we also obtain
T

fE*[ max (q1.sar 6I2,tm)2] <cC / El(@15nr — q2.5ne)?1ds
te(0,7T]
0

T
+C/E[|h1,sm — hasneP1ds + Clxi — x2
0

+E [ max V,} (2.29)
1€[0,T]
where V; is the martingale
INT
Vi = / 2(q1 — q2)(g1 — g2) - AW
0

By the Burkholder—Davis—Gundy inequality (e.g. [30, Sec IV.4]) and (2.28), we have

T 172

E[ max v,] <C / El(q1.5rr — qasne)?]ds | < Crlx; — x| '/2.
t€[0,T]

This, together with (2.28) and (2.29), gives us

E |: max (q1,:ar — G2,in7) } < Crlx1 — xa2|'/%
t€[0,7T]

Similar arguments for 21 — h» lead to

E[max |h1,iar — B2 int] } < Crlxi — x2|.

te[0
O

Proof of Lemma 2.3 Suppose 1, = 0 holds with probability € > 0. Because of (2.6)
we may choose m sufficiently large so that

o0

> Y — Y < /4
=~ 0<t<(TA?") !

holds with probability at least 1 — €/2. Therefore, with probability at least €/2 we
have both 7, = 0 and

T”

liminf |Y); — Y| <r/4. (2.30)
n—oQ r
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Recall that |Y(;’" — yo| < 257™. Let m be larger, if necessary, so that 25" < r/4.
This and (2.30) imply that

lim inf [Y — yo| < lim inf (|Y;‘,¢ — Y Y — y0|) <r/4425M <p)2
n—oo r n—oo r r r

holds with probability at least €/2. However, this contradicts the fact that Y, €
9B, (yo) for all n. Hence, we must have 7, > 0 with probability one. O

Proof of Lemma 2.4 The fact that 7,2 > 0 with probability one follows from an
argument very similar to the proof of Lemma 2.3. The fact that 7, » < 7, will follow
by showing that
limsup |Y; — yo| > r (2.31)
t /'t

holds with probability one. First, suppose that ;' < 7, and that

t" = inf ¢t
k>n

Then by (2.6) we have
[Yrr — yol = IY;? —yol = Yo = Y0 =7 — Yo — Yf;’il =r —R(n).

where R(n) is the series remainder
o
R(n) = z max |¥; " — ¥
P 0<t<t!
=n

which converges to zero, with probability one, as n — oo. So, with probability one,
if there is an increasing sequence of such times 7 /" 1, as j — 00, we see that
(2.31) must hold. On the other hand, suppose there is no such sequence. Then we must
have /" > 7, for n sufficiently large. Hence ¥;" must converge to ¥; uniformly on
the closed interval [0, 7,]. Suppose 7' > 7, and 7" = sup;, . Then for all k > n,
we have . “ . o

|Yr; = Yol = |Yt’/_< = Yol — |Yfr£ - er

=r—|Y:r,:'—Y:r,f|2r—M(n).
Therefore, since Y,x " is continuous on [0, 7*] and since 7, = lim inf;>¢ r,k, we have
[Y;" — yol = r — M(n).
Since Yéf_" — Y, in this case and Y, is continuous on [0, 7, ], then with probability
one, this case also implies that (2.31) holds. Having established that 0 < 7, < 7,

we conclude that th" — Y; uniformly on [0, 7,2]. Since each th " is f,—adapted, SO
is the limit Y;. In particular, 7,7 is a stopping time. O
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Remark 2.5 Let us point out that if yo € dA and T > 0 is sufficiently small, the

equation
t

Y (1) = yo+ / K (s))ds, tel0,T]. (2.32)
0

has a unique solution satisfying Y(r) € © forall r € (0, T]. Indeed, let z(¢) solve the
ODE

2 (1) = 2a(z(1))Vq(z(1)) + q(z(0))b(z(1))

for t € [0, T], with z(0) = yp. For sufficiently small 7', z(s) € © forr € (0, T].
Hence g (z(s)) > 0 forz € (0, T'] and the function F'(t) = fot q(z(s)) ds is invertible.

Now, it is easy to check that thg function Y (¢) = z(F~! (1)) is continuous on [0, T']
and satisfies (2.32). Moreover, Y (¢) € © for all t € (0, T]. In fact,

a(y0)Vq(yo)
Vq(y0), a(yo)Vq(yo))'/?

Y (1) ~y0+2«/?<

for small 7.

We state and prove two properties of the transition path process, which will be used
later.

Proposition 2.6 Let F be a bounded and continuous functional on C ([0, 00)). Define
g) =E[F(Y) | Yo =x]
where Y; satisfies (1.14). Then g € C(®).

Proof Suppose that {x,}°°; C © and thatx, — x € © as n — oo. We claim that

there must be a subsequence {xnj ?021 such that, Q-almost surely,

lim F(Y/) = F(Y), (2.33)
J—>00

where Y,j satisfies (1.14) with Y({ = X, and Y; satisfies (1.14) with Yo = x. Since F
is bounded and continuous on C ([0, 00)), the dominated convergence theorem then
implies that

lim g(xa,) = lim E[F(Y) | Yo= x4, ] =E[F(Y) | Yo = x] = g(x).
j—o0o ’ j—o0o ’

Since the limit is independent of the subsequgnce, this implies that g (x) is continuous.
To establish (2.33), we must show that Y,j — Y; uniformly on compact subsets of
[0, 00). This follows from Corollary 2.2, as in the proof of Theorem 1.1. O
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Proposition 2.7 For any R > 0, there is a function hy : [0, +00) — [0, 1] such that
Jo° hr(t)dt < +oo and

sup Q(Y; € © | Yo =x) < hgr(D).

x€®
[x|<R

holds for all t > 0.
Proof If x € ©, then by the Doob h-transform, we know that

P(X;, € ®Vs €[0,¢t], tg <14 | Xo=1x)
P(tp < 14 | Xo = x)
P(X; €®Vs e[0,t]| Xo=x)AP(tp < T4 | X0 =x)
P(tg < 14 | Xo = x)
P(tap > 1] Xo = x) A q(x)
q(x)

QY e®|Yo=x) =

)

where TAB 11 the first hitting time of X to AUB.Leta > 1 beasin assumption (1.4).
Since A U B has non-empty interior and since oo’ is uniformly positive definite,
assumption (1.4) implies that for each R > 0 there is Cg such that

sup E[t§pz | Xo =x] < Cg.
[x|<R

From this and Chebychev’s inequality, it follows that

sup P(tap >t | Xo=x) <t % sup E[tfg | Xo=x]<Crt™ (2.34)

|x|<R |x|<R
holds for all # > 0. So, for any € > 0,

—a
Q0 ry=n < RLNE (2.35)
holds forallr > Oandx e {x e ® | |x| < R, g(x) > €}.

The bound (2.35) does not include points near d A, where g(x) < €. Fixe € (0, 1)
and define the set S = {x € © | g(x) < €} U A. If € is small enough, this set is
bounded and we may assume |x| < R forall x € S. Suppose Yy = x withx € SN O.
Let ¢; = q(Y;), which satisfies

t t
lg(Yy)I? ~
qt:q0+/gq—sds+/g(ys)d‘/vs
S
0

0

where g(y) = ﬁ(Vq (y))Ta (y). By (1.9) we know that if € >_0 is_small enough,
there is a constant C, > 0 such that |g(y)|> > C, for all y € S N ©. Therefore, if
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Y; € SNOforallr € [0, T], we must have ¢; < € forall t € [0, T'] and

t t

t
C ~ P
" z/q—fdw/g(mdws > relc, +/g<Ys)dWs
S
0 0 0

for all ¢ € [0, T]. This happens only if the martingale M; = fé g(Yy) dWX satisfies
M; <e—te'C., t€0,T]

To control the probability of this event, for any y > 0, 8 > 0, T > 0, Chebychev’s
inequality implies

T
2
QMy < —yT) < e PTE[ePMT] < e PYTE | exp % / |gI* ds
0

By T+ gl T
<e Y 5 1181150 .

By choosing 8 = )//||g||go we have QM < —yT) < e~ 7*C1T Hence there is a
constant Co > 0 such that

Q(Y, eSN®, Vrel0,T]|Yy=x)<e <7 (2.36)

holds forall 7 > landx € SN G.

Now we combine (2.35) and (2.36). Let tg = inf{t > 0 | ¥; € dS}. By (2.36) we
have Q (ts > /2 | Yo =x) < e~ C3" holds for all x € S N ©. Therefore, since ts is a
stopping time, we conclude that

QU,e®|Yex)<Q, €0, 15 <1/2|Yyex)+e &
<supQ(Yipe®|Yyey)+e
yeasS

Ct ™™ Ne

< _

+ e—C3t.
€

forall x € SNO. Since the last expression is an integrable function of ¢, this completes
the proof. O

Proof of Theorem 1.2 Since r;(’n is a stopping time, it suffices to prove the result for
n=0.Fix e > 0and let S O A be the open set

S={xe®|qgx) <e}UA.
For € > 0 small, this is a bounded set that separates A and B. The boundary 95§ is an

isosurface for g: g(x) = € for x € 3S. As e — 0, S shrinks to A, and the Hausdorff
distance d(3S, dA) is O(€) (because of (1.9)).
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Fig.2 Left panel The set S and random times g, ;. Right panel Zoom-in of the boxed region together with
stopping times rg ; and r4

Recalling that 7:{,0 =inf{t > 0| X; € A}, we define
rso =inf{t > 73| X; € 9S}.

which is a stopping time with respect to F;. Then for k£ > 0, we define inductively the
stopping times (see Fig. 2)

rax = inf {t >rsk | X: € K} ,
Bk = inf{t >rskl X: € E} ,
rs k+1 = inf {t >rax| X; € 85}.

Observe that rg x < rak < rsk+1, although it is possible that rp y = rp r41. Let
TABk = Fa k A ¥B.k, Which is finite with probability one. We also define the random
time
s, j :inf{t> tA_j | X; eaS}.
Although tg ; is not a stopping time with respect to J;, the relation

{rsx 1k=0, rpx <rax}=1{rs5;)52 (2.37)

holds P-almost surely.
Now, let

YO

. = X(I+T;0)/\TE()’ t = 01

and let 7o = 75,0 — T4 (- Since F is bounded and continuous, and since g — 0 (P
almost surely) as € — 0, we have

EIF(X 4, )1 =E[F(Y))] = lim E[F (Y’ )]. (2.38)

@ Springer



Reactive trajectories and the transition path process 225

We will show that
. 0 _
lim BLF(Y0,)] = Blg (X, )]

where g(x) = E[F(Y.) | Yo = x].
Let M be the unique (random) integer such that

TS,0 =TS,M-

Equivalently, M = min{k > O | rpx < ra}. Since rpx > ra forallk < M, we
have

M [es)
FY°0) =D F(Xogrg Mgy cray = O F Xy Vg prg Jezm. (239)
k=0 k=0

Observe that the event {k < M} coincides with the event that rp ; > ra ; for all
J < k, sothe event {k < M} is measurable with respect to F,.¢ .. Therefore, we have

o
ELF (Y )] = D B [FX. g oy <raTzm ]
k=0

M

E [E[F(X +rs,k)]IrB,k<fA.k]Ik§M | frs,k]]

~
Il
=}

M

E [HkgM E[F(X~+rs,k)]lr3,k<m,k | frs,k]]

~
Il
=

M

E [HkSM f(er,k)] )

~
Il
=}

where R
f) =E[F(X)lz<r, | Xo=x]=q@E[F(Y) | Yo = x].

The last equality follows from the Doob A-transform (since x € 3§ C © here). Since
q(x) = € forall x € 95, this means

M
E[F(Y°,)]=€E [Z 8(Xrg) } (2.40)

k=0

where g(x) = E[F (Y)) | Yo = x]. Note that the random integer M depends on €.

Let A; denote the event {j < M}, which occurs if and only if 4 x < rp ) for all
k € {0,1,..., j}. Since g(x) = € for all x € 9§, the event A; is independent of
X5, € 0S. Moreover, P(A;) = (1 — €)/t1 since
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J
PA) =E | [[Tras<rss
k=0

-
=E| [[Taserns By j<rp; | Frs,;1 | = 1= OP(Aj-1).
k=0

Similarly, P(M = j) = e(1 — €)/. Now we evaluate (2.40):

M
E[F(Y.O+h0)] =€ ]E[g(ero)] +€ E [Z g(X”S,k):|

k=1

€ ]E[g(XrSO)] +€eE Z]IA_/ g(XrS,j-H)]
Jj=0

€E[g(Xrs0)]+e€ D E[lx; g(Xrs,.0)]
j=0

€E[g(Xrs0)]+€ D PANE[ g(Xps )]
Jj=0

€EB[g(Xp5 )]+ €D (1—e)/ME[ g(Xpg )]

=0
= Ze(l —€)/E [ g(er,j)]
j=0

=D P(M = )E[g(X,s )] = E [8(Xr5,)]-
=0

Now let e — 0. Since g(x) is bounded and is continuous up to d A by Proposition 2.6,
we have (by the dominated convergence theorem)

lim E[g(X;,)] = E L“L% g(Xm,)] =E[sx, )] (2.41)
O

3 Reactive exit and entrance distributions

Proof of Lemma 1.3 The equality (1.22) is equivalent to

/ () - a(x) Vg (x) dow (x) = 0.

00
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Using (1.19), it is then equivalent to

{(p.Lg) =(L"p,q) =0,
which is obvious. O
Before proving Proposition 1.5, we will need to establish some properties of the
entrance and exit distributions and of the harmonic measure associated with the gen-

erator L. These results will also be used later in the paper. First, using integration by
parts, we have

Lemma 3.1 Let D C R? be open with smooth boundary. Let ¢, ¥ € C>(D)NC' (D)
and bounded. Then

[ oL ~vwIo) s = [pwh-iestowe dooe
D aD
+ / p(xX)P (X)n(x) - aV(x) — ¥ (x0)n(x) - div(a(x)p(x)¢(x)) dop(x), (3.1)
aD
where n1(x) is the exterior normal vector at x € dD.
Let us recall some tools from potential theory (see for example the books [28,
32] and also [7,8] where potential theory was applied to analyze diffusion processes

with metastability). The harmonic measure Hp(x, dy) is given by the Poisson kernel
corresponding to the boundary value problem

[Lu(x) =0, x €D, (3.2)
ulx) = f(x), xeaD.
Therefore, for f € C(dD),
M(X)=/HD(x,dy)f(y), (3.3)
3D

is the unique solution to (3.2). Similarly, the harmonic measure Hp(x,dy) corresponds
to the generator L (recall (1.28)). For the boundary value problem

[I:i[(x) =0, xebD, G
u(x) = f(x), xeaD,
the solution is given by
u(x) = / Hp(x,dy) f(y). 3.5)
oD

The harmonic measures have a probabilistic interpretation: Hp(x,dy) (resp.
Hp(x,dy)) gives the probability that the process associated with the generator L
(resp. L) first strikes the boundary 0 D at dy after starting at x. In particular,
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g(x) = Hp(x,dB) and §(x) = Hp(x, dA).

We also define the harmonic measures for the conditioned processes as

Hd (x,dy) = @H@(x, dy). (3.6)

q(x)

For x € © this is a measure on dB. For x € dA where g(x) = 0, we may define
Hg (x, dy) through a limit:

n(x) -a(x)VyHe(x,dy)

. ()
Hg)(x,dy) = lim q—yH(.)(x, dy) =

9A. (3.7
x'e0 q(x) nx) - a(x)Veg(x) e G7)

Recall that g(y) = 1 for y € 9B.
Recall the reactive exit and entrance measures 74, nX, ng and ﬂ;- They are con-
nected by harmonic measures as follows:

Proposition 3.2
/n;(dx)Hg)(x,dy) = 1} dy). (3.8)
0A
(/ﬂMﬂHy@Aw=nH®) 3.9)
0A
+ _ — .t
/nB (dx) Hye (x, dy) = 4 (dy). (3.10)
B

Proof We prove (3.8) first. If f € C(dB), letu s(x) solve Lu = 0 in ® with

(3.11)

"y f(x), x€0B,
~ o, X € 0A.

Hence u(x)g(x) = 0 on 0. By applying (3.1) with ¢ (x) = ¢ (x) and ¥ (x) = u (x),
we obtain

/,O(x)ﬁ(X)~a(X)Vuf(X)d6A(X) =/f(x)ﬁ(x)~div(a(x)p(x)(7(x))d03(x)
94 B

=/f(X)p(X)ﬁ(X) ~a(x)Vq(x)dop(x)
OB

=j/ﬂn@ww. (3.12)
dB
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From (3.7) and (1.23), we see that for all x € 0A,

/ﬂZ(dX)Hg)(X,dy) = —/p(x)ﬁ(x) ~a(x)VyHe(x, dy)doa(x).
dA dA

Hence for any f € C(dB), we have

/(/n;(dX)HZ)(x,dy)) JAS))
0B 0A

= —//p(x)ﬁ(X)-a(X)Vx (f(»)He(x,dy)) doa(x)

dB A

= —/p(X)ﬁ(X) -a(x)Vy (/HQ(x,dy)f(y)) doa(x)
aB

0A

= —/,o(x)ﬁ(x) ~a(x)Vyup(x)dx.

0A
Combining this with (3.12), we conclude that
/ ( [ naaonge, dy)) 7o) = [ feomgan. v 5 ecap),
aB 0A 0B
which proves (3.8).

To prove (3.9), let ¥ solve Ly = 0 for x € B¢ with ¢ = f on dB. Then by (3.1)
with ¢ = 1 — g, we have

/nj{(dx)lﬂ(X) =/p(x)ﬁ(X) -a(x)Vg(x) (x) doa (x)

A A
= —/p(X)ﬁ(x) ~a(x)V(1 =g ()Y (x) doa(x)
dA
= —/w(X)ﬁ(X) ~div(ap(l — q)) doa(x)
9A

(since 1 —g =0ondA)
=/f'r?-div(a,o(1—5))d03(x)—/fpb-ﬁd03(x)
9B B
—/pﬁ~aV1/fdGB(x).
9B
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Applying (3.1) with the function ¢ = 1, we also find that
0= —/fﬁ~ div(ap) dog(x) + / fob-ndopg(x) + / pn - aViy dog(x).
dB 0B 0B
Therefore, since 1 — g = 1 on 9 B, we conclude that
/nX(dX)lﬁ(X) =/f7f~div(ap(1 —q))dop(x) —/fﬁ(x)~diV(ap)d03(x)
9A 0B 9B

_ / for-av(l — §) dog(x)

aB

= [ for-avqdonc = [ ajo.
B A

We arrive at (3.9) noting that

¥ (x) =/H§c(x,dy)f(y).
JdB

We omit the proof of (3.10) which is analogous to that of (3.9) by switching the
role of A and B. O

By combining (3.9) and (3.10) we immediately obtain the following:

Corollary 3.3 Let Pp(x, dy) be the probability transition kernel
Pp(x,dy) = / Hye(x,dz)Hge(z,dy), x,y €dB
dA
on 0B, and let P4 (x, dy) be the probability transition kernel

Pa(x,dy) =/H§c(x,dz)H;c(Z,dy), X,y €9A
B
on 0A. Then

/ g (dx) Pp(x,dy) = nj(dy).
xeoB

and

/ N (dx) Pa(x, dy) = 0y (dy).
xX€0A

That is, n}f and nj\' are invariant under Pg and Py, respectively.
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We are ready to return to the proof of Proposition 1.5.

Proof of Proposition 1.5 We first verify that ’7; is a probability measure. Taking ¢ =
g and ¢ = ¢ in (3.1), we obtain using the boundary conditions of ¢ and g on d A and
0B,

1 1 ~
n,(0A4) = —/pﬁ~qu doy = —/ﬁ~ div(apq) dop
v v

I 3B

L[ -
—/n -apVqgdop = r/}f(aB).
v

3B

This shows that n;f(a B) = 1 and v is the correct normalization constant.
Let g be a positive continuous function on d B. Define for x ¢ B,

u(x) =E [g(X,B) | Xo = x] . (3.13)

Hence u satisfies the equation

(3.14)

Lu(x) =0, x € BS;
u(x) =gx), x €dB.

Let Hg.(x, dy) be the harmonic measure (the measure of the first hitting point on B
for the process starting at x). We have

u(x) =/H§C(x,dy)g(y). (3.15)

dB

By the maximum principle, # > 0in B¢. By the Harnack inequality for non-divergence
form elliptic operators [18, Corollary 9.25] and the compactness of d A, we have

sup u(x) < C inf u(x), (3.16)
xedA X€0A

where the constant C > 0 only depends on the elliptic constants of a(x) and on the
maximum of || over some compact set A’ satisfying A C A’ C B€. In particular, C
is independent of g. Therefore, we obtain for any x, x’ € A,y € 9B

He (x.d
0<ct< ) (3.17)
Hg(x’, dy)
If we define
vg(dy) = inf Hgc(x,dy), (3.18)
X€0A

@ Springer



232 J. Lu, J. Nolen

then vp(E) > 0 is absolutely continuous with respect to og(dy) on d B, and
Hg(x,dy) = C~'vp(dy) (3.19)

forany x € 9A.
Consider the Markov chain given by {X Tt Jieo on 9 B. Let Pp denote its transition

kernel, given by
Pa(y.dy) = [ (v, o) g (e, 0, (3.20)
0A

By (3.19), Pp satisfies Doeblin’s minorization condition:
Pg(y,dy’) > c—l/H;C(y,dx)vB(dy’) = Cc vp(dy). (3.21)

A

Therefore, Pp has a unique invariant measure [3, Theorem 6.1]. By Corollary 3.3, this
invariant measure is given by n}f. Hence, as N — oo, fa g f(X) d,u'g n (x) converges

exponentially fast to fBB f(x) dn;f(x) (see e.g. [26, Theorem 17.1.7]). The rate of the
convergence depends on the sets A and B. O

Proof of Theorem 1.7 Consider the family of processes

XM =x

+ + .
(t+TA,n)/\TB.n

Observe that the nth reactive trajectory ¢ — Y;' is a subset of the path 1 — X ,A’";

Aun 4 forall + > 0. The random sequence of points

specifically, ¥/ = Xz+r* .
An~ "A

wm=Xo" =Xy €A, n=0,1.2,...

corresponds to a Markov chain on the state space 9 A with transition kernel

Pa(x,dy) =P(yut+1 €dy | yn = x) =/H§c(x,dz)ch(z, dy).
B

As shown in the proof of Proposition 1.5 (reversing the role of B and A), this chain
satisfies a Doeblin minorizing condition

Pa(x.dy) = Clvaldy) = €' inf Hg(x.dy) >0, (3.22)
XE
and the chain has a unique invariant probability distribution nX supported on dA:

/ Nk (dx) Pa(x,dy) = 0} (dy).
JdA
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The sequence of processes t — X ,A’" corresponds to a homogeneous Markov chain
on the metric space X = C([0, 00)). The transition probability K for this chain may
be expressed as follows. If X € C([0, 00)) is such that rg =inf{t > 0| X; € 9B} is
finite, then for any set E € B,

K(X,E)=P(X4"™ c E| X4" = X) = / Hze(Xox, dy)Py(E),  (3.23)
A

where Py denotes the law on (X, B) of the process t > Z; 5, Where
dZ, = b(Z)dt +V20(Z) AW, Zo=x

and tp is the first hitting time of Z; to B.IfX € C ([0, 00)) never hits the set B, then
we define

K(X,E) =/nj(dy)7>y(E), E € B. (3.24)
A

This chain on X has a unique invariant distribution

PU) :/nj{(dy)Py(U), VU € B,
0A

supported on the set of paths which originate in d A and are constant after hitting 0 B.
The uniqueness of P follows from the uniqueness of TIX as an invariant distribution for
the chain defined by transition kernel P4 on d A. Since P4 (x, dy) satisfies the Doeblin
condition (3.22), so does the chain on X:

inf K(X.E)> C~) / vA(dy) Py (E).
XeX
A

In particular, it is positiv_e Harris recurrent and aperiodic, and by [26, Theorem 17.1.7],
for any ® € L'(X, B, P) the limit

N
: 1 Ak
Jim ,; O(X**) = E[®(Zrgp) | Zo ~ 0f] (3.25)

holds P-almost surely.

Using (3.25) we will establish the following relationship between n, and nj:

Lemma 3.4 Let X; satisfy the SDE (1.1) with initial distribution Xo ~ nj{ on dA.
Then for any Borel set U C 0A,

1
(X, €Ul Xo~m}) =ny(U) =~ / PO - a(0)Vq (x) doa (x).
U

@ Springer



234 J. Lu, J. Nolen

Proof of Lemma 3.4 Let f € C(R?) be bounded and non-negative. Let us recall set
$ introduced in the proof of Theorem 1.2. Given e > 0, welet S = {x € © | g(x) <
€} U A. Then by applying (3.25) to the functional ®(X) = f(X fs_o)’ we obtain

N-1

1

. . o 1 ‘ o~ ot

Jim Jim N ZO f(Xrs,) = Hm ELf (Xes) | Xo ~ il
n=l

— ~ nT
= E[f(Xr;‘o) | Xo 77,4]-

We also have,

1 N—1 K 1 K—1
Jim ZO f(Xeg,) = ( Jim N—K) ( Jim % f(er,»Hm.kW)
n= =

(3.26)
= / f(x)¢s(dx),
08

holds P-almost surely, where Nx = [{k € {0,1,..., K — 1} | rpx < ra}|- Here
we have used ¢s to denote the unique invariant distribution (identified below) for the
Markov chain defined by X, on 5. Therefore,

ELf(X;; )| Xo ~nyl= lim / f(x)¢s(dx).
N

We claim that if f(x) is uniformly continuous in a neighborhood of d A, then
tim [ es@oreo = [nz@orco. (327)
as dA

First, let us identify the invariant distribution ¢s. By applying Corollary 3.3 (replacing
B by S¢) we can identify {s as

€ - ~
£5(dx) (= g (d0) = ==p(OAW) - a(x) Vs (x) dos (x),
where 71(x) is the exterior normal at x € 35, and gg satisfies Zas = 0in § with

Ge(x) = 1, x €A
B =10, xeas.

Note that v is independent of €. Let § > € be small, and suppose that f (x) is continuous
on the closed set {x € ® | 0 < g(x) < §}. (This set contains both dA and 95). A
computation similar to (3.12) (replacing B by §) shows that for any such function, we
have
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/Cs(dx)f(X) = —S/p(x)ﬁ(x) ~a(x)Vugs(x)doa(x), (3.28)
BN A

where u 7, g satisfies Lu = 0 in S\A, and

f(x), xeaS

ups@) = Io xedA

Since f > 0, we have u > 0 in S\Z. Now, let us define

ufs(x)

1) x € S\A,

Zrs(x) =€

which satisfies L9z = 0 in S\A, with z = f on 35 (recall that g(x) = € for all
x € 05). By the boundary Harnack inequality (see Theorem 2 and Corollary 1 of [2],
as well as [5, TEeorem 2.1] and [11, Theorem 11.6]), z 1,s(x) is bounded and Holder
continuous on S\ A (including dA). We claim that for any xog € 9A, we have

Jim Vuy () = €2 1.5(x0) Vg (x0). (3.29)
Since Vu s, Vq, and z 7, g are continuous up to d A, this is true if and only if
xli_)n)}O qg(x)Vzyssx) =0.
Suppose g (x)Vzys(x) = v # 0as x — xo € 0A. Then we must have
Jim Vugs) —2p50Va () = v

so that v must be a multiple of 72(xo) (since u and ¢ vanish on d A). Thus, we would
have

7(x0) - Vzy,5(x) ~ (A(x0) - v)g(x)~" (3.30)

asx — xg € 0A. If v # 0, then (n(xp) - v) # 0, so (3.30) and the fact that g = 0 on
9 A would contradict the boundedness of z 7,5 (x). Therefore, (3.29) must hold.
Combining (3.28) and (3.29) we obtain

1
/s“s(dX)f(x)=—;/p(x)ﬁ(X)~a(X)VCI(X)Zf,S(X)dGA(X)=/ﬂX(dX)Zf,S(X)-
as A 0A

Therefore, as € — 0,

lim / 50 f () = lim / N @)z p5(x) = / @@, (33D
N 0A

dA

This establishes (3.27) and completes the proof of Lemma 3.4. O
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Now we continue with the proof of Theorem 1.7. We will apply Theorem 1.2.
Suppose that F' € LY, B, Qn;)’ and define the functional

d(X) = F(X

(~+r;0)m;0)'
Combining Theorem 1.2 and Lemma 3.4 we see that ® € L'(x, B, 73), since

P(@(X) > @) = P(®(X) > a | Xo ~ 1))
= IED(F(X(. +T;,0)/\T;0) >a| Xo~ 7)1{)
=QFY)>al|Y~ny) =QFY) > a).

Therefore,

=4

1
N

(»+r;k)Ar;k

N—1 N—1
1 Ak _ 1 Ak
F(Y)_NZF(X )_NZcD(X, ).
k=0 k=0

~
Il
=}

By (3.25) and Theorem 1.2, we now conclude that the limit
V-l
: k +_ T -
Jim Z(:) F(YY) = EI®(Zney) | Zo ~ 3] = ELF(Y) | Yo~ ]

holds P-almost surely. This completes the proof of Theorem 1.7. O

4 Reaction rate, density and current of transition paths
4.1 Reaction rate

Proof of Proposition 1.8 Denote tp the first hitting time of X; to B. Consider the
mean first hitting time
up(x) =E[rp | Xo = x],

which satisfies the equation

{LMB()C)Z—I, x €O @1
ug(x) =0, x € 0B.
By definition of nX, we have
1 ~
/nX(dX)uB(X) == / p(X)up()n(x) - a(x)Vg(x) doa(x). (4.2)

dA dA
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Observe that

/ ()G (x) dx = / (NG (x) dx

Rd Be
W _ / PO () (Lug)(x) dx
BC
— - / p()(Lug)(x) dx — / p()G ) (Lup)(x) dx.
A ®

Using (3.1) with D = A, ¢(x) = 1 and ¥ (x) = up, we obtain

/,o(LuB)dx = —/pb-ﬁquaA(x)

A IA
—/pﬁ-aVuB daA(x)+/u3ﬁ-div(a,o)daA(x),
0A dA

where 7 is the interior normal vector at dA. Apply (3.1) again with D = ®, ¢ = ¢
and ¥ = ug,

[ patunax = [ pb-undorc)
® 9A
+/,07[- aVugdoa(x) — / ugn - div(apq) doa(x).

0A dA

Combining the two with (4.2), we get

1 . - 1 -
/ M@ = - / pui - VG dog () = / p7dx.

0A dA R4

Similarly, defining u 4 (x) to be the mean first hitting time of X; to A starting at x, we
have

. 1 _
/ﬂB(dx)uA(X) = ;/p(l —q)dx.

3B Rd

Add the integrals together to obtain

1
/nX(dX)uB(x)Jr/n}(dx)uA(x) =

dA aB
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On the other hand, observe that

1
— = lim —
VR Nr—oo N1
V-l
: + +
= ngnoo N z (TA,n-H - tA,n)
n=0
= Nl
: + + +
= Jim 5 2 (e = k) + Jim 5 2 (s = i)
n=0 n=0
As N — oo, we have
=
: + +
Tan = im0 3" (v, — vi,) = Bea | Xo ~ i1 = [ i @ousco)
n= dA
and similarly
V-l
+ + +
Tpa = h_r)nooﬁ ZO (TA,n-H - TB,n) :/’73 (dx)ua(x).
n=

0B

Therefore

1
Lo / w@ous() + / M 0ua() = —

dA dB

or equivalently v = vg.
From Theorem 1.7 it follows immediately that

Cas :/n:\(dx)vB(x).

dA

Indeed, the functional F : ¥ — 1} is in L1(X, B, an) by Proposition 2.7. The

function vg(x) = E[rg | Yo = x] satisfies
LqUB =—1, xe€0®

withv(x) = O forx € dB. Hence, the function w(x) = ¢g(x)vp(x) satisfies Lw = —q
for x € ® with boundary condition w(x) = 0 for x € d®. Moreover, for xo € A,
we have

w(x)  n(xg) - a(xo) Vw(xo)
vp(xp) = lim .
x—x0 q(x)  7(xo) - a(x0) Vg (xo)
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Therefore,
1
/UZ(dX)UB(X) = —;/P(X)ﬁ(x) ca(x)Vw(x)doa(x).
9A dA
Now applying (3.1) with D = ©, ¢ = g and ¥ = w, we have
1 1
—;/p(X)ﬁ(X)'a(x)Vw(x)doA(X) = ;/p(X)é(X)q(X)dX-
dA 0)

It remains to show that

v :/qu -aVgdx.
Rd

Using integration by parts, we have

1
/qu-qudx:/pV(g—E)thqu

Rd o)
1 1\ .
= —/V~(,0qu) (q—z) dx—i—/p(q—i)n'qudoA(x)
® JA
1Y
+/p (q - 5)11 ~aVqdopg(x).

oB
The first term on the right hand side vanishes as

1 5 1
/V.(,Oqu)(q—E) dx:/(ptrav q—|—pb.Vq) (q_z) dx

® ®
+ % / (div(pa) - V — pbV) (¢* — q) dx
®
1 1 N 5
=/p(Lq> (q—z) dx—z/(L PG —q) =0,
® ®

where we have used that g> — ¢ = 0 on 9A U 9 B. The conclusion then follows from
Lemma 1.3, =0ondA,andg = 1 on dB. O

4.2 Density of transition paths

We define the Green’s function Gg of the operator L in ® with Dirichlet boundary
condition on 90:
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[LG@(x, y) =—8,(x), x€®O, “3)

Go(x,y) =0, x €90.

The existence of the Green’s function is guaranteed by the ergodicity of X; in RY,
which implies that X, is transient in ® (see e.g. [28, Section 4.2]).

Lemma 4.1 Let Gg be the Green’s function of L in ® with Dirichlet boundary con-
dition on 0. We have

G%(x,y)E/QR(t,x,y)dtzw. (4.4)
" q(x)
In particular, for x € 0A,y € ®

6% (x. y) = gn(x) -a(x)VyGel(x,y) @.5)

n(x) - a(x)Vq(x)

Proof Fix y € ®.For x € O, (4.4) follows from [28, Proposition 4.2.2]. Specifically,
the function G, (x, y) defined by

G4 = [ Qutt.x.dr
0

is related to the Green’s function (4.3) by the formula

_ q(y)Ge(x,y)

q
Gotr v q(x)

, X,y€0.

Because of the regularity of the coefficients a(x) and b(x), Schauder-type interior and
boundary estimates imply that G(-, y) € C>%(®\{y}). Since G(x,y) = g(x) = 0
for x € A, the Hopf Lemma implies that for all x € 9A, V,G(x, y) is a nonzero
multiple of 77(x). That is, for all x € A, VG (x, y) = r(x)n(x) for some continuous
r(x) < 0. The same is true for g. Therefore, G?_) (x, y) is continuous in x up to the
boundary 0@ and for xo € A,

llm G(q:)(x’ y) — Q(y);lzxo) : a(XO)VxGG(XOa )’) )
n(xo) - a(xo)Vq(xo)

x—>x0, x€O®

It remains to show that for xo € 0A,

g(Mn(xg) - a(xo)ViGe(xo, y)
n(xo) - a(x0) Vg (xo)

_ / Or(t, x0, y) dr. (4.6)
0
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Let ¢ > 0 be smooth and compactly supported in ®. By Proposition 2.6, we have

Jim Blo(¥) | Yo = x1=Elp(¥) | Yo = xol.

Moreover,
Elp(Y)) | Yo =x] < [l9llQ(¥; € © | Yp = x).
By Proposition 2.7, for any R > 0, there a function kg € L'(0, +00) such that

Q(Yt €O | Yy=1x) < hgr()forall x € ©, |x|] < R,t > 0. Therefore, we have
Elp(Y:) | Yo = x] < |l¢llooh g (t) so the dominated convergence theorem implies that

o0
tim [ Ghx e dy = lim [ Blor) | ¥o = xlar
X—> X0 X—>X0
(€] 0

o, xo, Y)e(y)dy | dz. 4.7

o0

/ Blo(¥,) | Yo = xoldt
0

o0

0

(]

On the other hand, we also have

/Q(y)n(XO) 'a(XO)VxGG)(anY)w(y)dy. 4.8)

. q _
XILH;OO/ Colr &= 7(x0) - a(x0) Vg (xo)

S

Therefore, by combining (4.7) and (4.8) we conclude

o0

7x0) - a(x0) Vs G (xo.
/ 4In(xo) - a(0)V2Golo.y) )1y gy / / 01, x0. y)p(y) dy di
n(xp) - a(xo) Vg (xo) s

=/ /Q(t,xo,y)df o(y) dy.
0

o)
Since ¢ is arbitrary, this implies (4.6). O
Proof of Proposition 1.9 Using Lemma 4.1 and (1.38),
PR(2) = VR / a4 ([d0)GE (x, 2). 4.9)
dA
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Recall the explicit formula of 1, in terms of g (1.23), we obtain for z € ®

7 : VXG" ’ ~
pr(2) = — / p(y LN Ve GO D)5 G0 ) oy (x)
n(x)-aVq(x)
0A

= —q(y)/p(x)ﬁ(X) ~aViGe(x, z)doa(x).
0A

Apply (3.1) by taking ¥ (x) = Ge(x, y) and ¢(x) = ¢g(x), we conclude that

PR(Y) = —q(y) / p ()¢ ()1 (x) - aVy (x) doe (x)

00

= —q(y)/p(x)cﬁ(x)LW(X)
®

=p(Mq(q(y).

Here to get the second equality, we have used that Zﬁ =0in ® and ¥ (x) = 0 on
00. O

4.3 Current of transition paths

Proof of Proposition 1.10 1t follows from a direct calculation from the definition of
Jg as (1.41), noticing thatg = 0,4 = 1l on dA,andg = 1, = O on 9 B. O

Proof of Corollary 1.11 By Proposition 1.10, we have
N / A0) - Jr(x) doa o),
dA
Hence, it suffices to show that
/ﬁ(X) - Jr(x)doa(x) + /ﬁ(X) - Jr(x)dos(x) =0,
9A as
which follows from the fact that Jp is divergence free in ® (see (1.40)). O

Proof of Proposition 1.12 Using Proposition 1.10 for the left hand side of (1.45), we
obtain

1 1
/f(x)ngmx) —/f(x)ng«ix) _ v—/fﬁ~JRdoB+v—/fﬁ~ Jrdos,
0B 0A RaB RBA
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where 7 is the unit normal exterior to ©. Equation (1.45) then follows from the diver-
gence theorem.
Now fix any g € C!(9B), we extend g to ® using the flow (1.43): for any x € O,
we define
g(x) = g(Z;), with Zj = x. (4.10)

In particular, for x € dA, we have g(x) = g(® . (x)), in other words,

gloa = @7, (glsn)- (4.11)

By the construction (4.10), for any x € ©, Jg - Vg = 0. Combining with the first part
of the Proposition and (4.11), we obtain

/g(X)n;f(dX)=/ 7281, (dx).

oB 0A

Therefore, (1) = 1}

References

1. Athreya, S.R., Barlow, M.T., Bass, R.F., Perkins, E.A.: Degenerate stochastic differential equations
and super-Markov chains. Probab. Theory Relat. Fields 123, 484-520 (2002)
2. Athanasopoulos, I., Caffarelli, L.A.: A theorem of real analysis and its application to free boundary
problems. Commun. Pure Appl. Math. 38, 499-502 (1985)
3. Athreya, K.B., Ney, P.: A new approach to the limit thoery of recurrent markov chains. Trans. Am.
Math. Soc. 245, 493-501 (1978)
4. Bakhtin, Y.: Gumbel distribution in exit problems (2013, preprint) [arXiv:1307.7060]
5. Bauman, P.: Positive solutions of elliptic equations in nondivergence form and their adjoints. Ark. Mat.
22, 153-173 (1984)
6. Bolhuis, P.G., Chandler, D., Dellago, C., Geissler, P.L.: Transition path sampling: throwing ropes over
rough mountain passes, in the dark. Annu. Rev. Phys. Chem. 53, 291-318 (2002)
7. Bovier, A., Eckhoff, M., Gayrard, V., Klein, M.: Metastability in reversible diffusion processes I. Sharp
asymptotics for capacities and exit times. J. Eur. Math. Soc. 6, 399-424 (2004)
8. Bovier, A., Gayrard, V., Klein, M.: Metastability in reversible diffusion processes II. Precise asymp-
totics for small eigenvalues. J. Eur. Math. Soc. 7, 69-99 (2005)
9. Berman, K.A., Konsowa, M.H.: Random paths and cuts, electrical networks, and reversible Markov
chains. SIAM J. Discrete Math. 3, 311-319 (1990)
10. Cerou, F.,, Guyader, A., Lelievre, T., Malrieu, F.: On the length of one-dimensional reactive paths (2012,
preprint) [arXiv:1206.0949]
11. Caffarelli, L., Salsa, S.: Geometric Approach to Free Boundary Problems. American Mathematical
Society, Providence (2005)
12. Dellago, C., Bolhuis, P.G., Geissler, P.L.: Transition path sampling. Adv. Chem. Phys. 123 (2002)
13. Dean, T., Dupuis, P.: The design and analysis of a generalized RESTART/DPR algorithm for rare event
simulation. Ann. Oper. Res. 189, 63-102 (2011)
14. DeBlassie, D.: Uniqueness for diffusions degenerating at the boundary of a smooth bounded set. Ann.
Probab. 32, 3167-3190 (2004)
15. Weinan, E., Vanden-Eijnden, E.: Toward a theory of transition paths. J. Stat. Phys. 123, 503-523 (2006)
16. Weinan, E., Vanden-Eijnden, E.: Transition path theory and path-finding algorithms for the study of
rare events. Annu. Rev. Phys. Chem. 61, 391-420 (2010)
17. Freidlin, M.I., Wentzell, A.D.: Random Perturbations of Dynamical Systems. Springer, Berlin (1984)
18. Gilberg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Springer, Berlin
(1998)

@ Springer



244 J. Ly, J. Nolen

19. Haussmann, U.G., Pardoux, E.: Time reversal of diffusions. Ann. Probab. 14, 1188-1205 (1986)

20. Hairer, M., Stuart, A.M., Voss, J.: Analysis of SPDEs arising in path sampling part II: the nonlinear
case. Ann. Appl. Probab. 17, 1657-1706 (2007)

21. Hairer, M., Stuart, A.M., Voss, J., Wiberg, P.: Analysis of SPDEs airisng in path sampling part I: the
Gaussian case. Commun. Math. Sci. 3, 587-603 (2005)

22. Hummer, G.: From transition paths to transition states and rate coefficients. J. Chem. Phys. 120,
516-523 (2004)

23. Karatzas, I., Shreve, S.: Brownian Motion and Stochastic Calculus, 2nd edn. Springer, New York (1991)

24. Metzner, P., Schiitte, C., Vanden-Eijnden, E.: Illustration of transition path theory on a collection of
simple examples. J. Chem. Phys. 125, 084110 (2006)

25. Meyer, P.A., Smythe, R.T., Walsh, J.B.: Birth and death of markov processes. In: Proceedings of the
Sixth Berkeley Symposium on Mathematical Statistics and Probability, Vol. IIL, pp. 295-305 (1972)

26. Meyn, S.P., Tweedie, R.L.: Markov Chains and Stochastic Stability, 2nd edn. Cambridge University
Press, Cambridge (2009)

27. Prinz, J.-H., Held, M., Smith, J.C., Noé, E.: Efficient computation, sensitivity, and error analysis of
committor probabilities for complex dynamical processes. Multiscale Model. Simul. 9, 545-567 (2011)

28. Pinsky, R.G.: Positive Harmonic Functions and Diffusion, Cambridge Studies in Advanced Mathe-
matics, vol. 45. Cambridge University Press, Cambridge (1995)

29. Reznikoff, M.G., Vanden-Eijnden, E.: Invariant measures of stochastic partial differential equations
and conditioned diffusions. C. R. Acad. Sci. Paris Ser. I 340, 305-308 (2005)

30. Revuz, D., Yor, M.: Continuous Martingales and Brownian Motion. Springer, New York (1999)

31. Stuart, A.M., Voss, J., Wiberg, P.: Conditional path sampling of SDEs and the Langevin MCMC
method. Commun. Math. Sci. 2, 685-697 (2004)

32. Sznitman, A.-S.: Brownian Motion, Obstacles and Random Media. Springer, New York (1998)

33. Vanden-Eijnden, E.: Transition path theory (2013, preprint)

34. Veretennikov, A.Yu.: On polynomial mixing bounds for stochastic differential equations. Stochastic
Process Appl. 70, 115-127 (1997)

35. Vanden-Eijnden, E., Venturoli, M., Ciccotti, G., Elber, R.: On the assumptions underlying milestoning.
J. Chem. Phys. 129, 174102 (2008)

36. Vanden-Eijnden, E., Weare, J.: Rare event simulation of small noise diffusions. Commun. Pure Appl.
Math. 65, 1770-1803 (2012)

@ Springer



	Reactive trajectories and the transition path process
	Abstract
	1 Introduction
	1.1 The transition path process
	1.2 Reactive exit and entrance distributions
	1.3 Reaction rate
	1.4 Density of transition paths
	1.5 Current of transition paths
	1.6 Related work

	2 The transition path process
	3 Reactive exit and entrance distributions
	4 Reaction rate, density and current of transition paths
	4.1 Reaction rate
	4.2 Density of transition paths
	4.3 Current of transition paths

	References


