Probab. Theory Relat. Fields (2014) 160:521-565
DOI 10.1007/s00440-013-0534-8

On exact scaling log-infinitely divisible cascades

Julien Barral - Xiong Jin

Received: 12 September 2012 / Revised: 3 October 2013 / Published online: 23 October 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract In this paper we extend some classical results valid for canonical mul-
tiplicative cascades to exact scaling log-infinitely divisible cascades. We present an
alternative construction of exact scaling infinitely divisible cascades based on a family
of cones whose geometry naturally induces the exact scaling property. We complete
previous results on non-degeneracy and moments of positive orders obtained by Barral
and Mandelbrot, and Bacry and Muzy: we provide a necessary and sufficient condi-
tion for the non-degeneracy of the limit measures of these cascades, as well as for
the finiteness of moments of positive orders of their total mass, extending Kahane’s
result for canonical cascades. Our main results are analogues to the results by Kahane
and Guivarc’h regarding the asymptotic behavior of the right tail of the total mass.
They come from a “non-independent” random difference equation satisfied by the total
mass of the measures. The non-independent structure brings new difficulties to study
the random difference equation, which we overcome thanks to Dirichlet’s multiple
integral formula and Goldie’s implicit renewal theory. We also discuss the finiteness
of moments of negative orders of the total mass, and some geometric properties of the
support of the measure.
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522 J. Barral, X. Jin

1 Introduction

This paper studies fine properties of one of the fundamental models of positive ran-
dom measures illustrating multiplicative chaos theory, namely limits of log-infinitely
divisible cascades.

Multiplicative chaos theory originates mainly from the intermittent turbulence mod-
eling proposed by Mandelbrot [27], who introduced a construction of measure-valued
log-Gaussian multiplicative processes. As its mathematical treatment was hard to
achieve in complete rigor, the model was simplified by Mandelbrot [28-30] himself,
who considered the limit of canonical multiplicative cascades. The study of these sta-
tistically self-similar measures gave rise to a number of important contributions that
we will describe in a while. In the eighties, Kahane [18-20] founded multiplicative
chaos theory, in particular for Gaussian multiplicative chaos (but also with applications
to random coverings), providing the expected mathematical framework for Mandel-
brot’s initial construction. Later, fundamental new illustrations of this theory by grid
free statistically self-similar measures appeared, namely the compound Poisson cas-
cades introduced by Barral and Mandelbrot [6] and their generalization to the wide
class of log-infinitely divisible cascades built by Bacry and Muzy [2]; in particular
one finds in [2] a subclass of log-infinitely divisible cascades whose limits possess
a remarkable exact scaling property: let i be the measure on R obtained as the
non-degenerate limit of such a cascade (the construction is made in dimension 1),
there exists an integral scale 7 > 0 and a Lévy characteristic exponent ¥ such that
for all A € (0, 1), there exists an infinitely divisible random variable €2, such that
E(e'7%) = A~Y@ for all ¢ € R, and

(10, At D)o<r=r = 1 (u([0, 11))o<r<T (1.1)

where on the right hand side (u([0, ¢]))o<;<7 is independent of €2,. Moreover,
((u([u, u + t])r=0)u=0 is stationary, and the p-measure of any two intervals being
away from each other by more than 7 are independent (when the characteris-
tic exponent is quadratic, the construction falls into Gaussian multiplicative chaos
theory).

Higher dimensional versions have been built as well (see [9,18,34]). In particular,
in dimension 2 and in the Gaussian case, they are closely related to the validity of the
so-called KPZ formula and its dual version in Liouville quantum gravity (see [12] and
[35], as well as [3]).

To fix ideas, let us recall the construction of dyadic canonical multiplicative cas-
cades, as well as the construction of the subclass of exact scaling log-infinitely divisible
cascades which are the closer to canonical ones, namely compound Poisson cascades.
To build a dyadic canonical cascade in dimension 1, one can consider the dyadic
tree

J
{M"}MEU_,@{OJ}-" = U 27U+ 4 Z Mk27k, 27/

izl k=1 uel0,1}
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A (B)

Fig. 1 Grey areas for V,—» (t). a Dyadic tree. b Poisson point process

embedded in the upper half-plane H (this extends naturally to m-adic trees). Then to
each point M), one associates a random variable W,,, so that the W,,, u € |J =1 {0, l}j,
are independent and identically distributed with a positive random variable W of
expectation 1, and one defines a sequence of measures on [0, 1] as

J J J
1 (de) = [ Wy -dtifr e | D w27 270 4> w2+
k=1 k=1 k=1

This definition can be put into the same setting as that used to define the log-infinitely
divisible cascades if we write

pj(dry = V21 dy,

where V,-; (t) is the truncated cone {z = x+iy € H : |[x—t| < min(1, y)/2, 277 <y}
and A is the random measure on (H, B(H)) defined as

AA)= D" log(W,).

u:M, €A

In fact, one obtains examples of the exact scaling compound Poisson cascades men-
tioned above by replacing formally the dyadic tree {M,} by the points of a Poisson
point process in H with an intensity of the form ay~>dxdy (a > 0), the process being
independent of the copies of W attached to its points (Fig. 1). The cones V,-; () have
been exhibited by Bacry and Muzy after a careful inspection of the characteristic func-
tion of the process (A (V,-;(t)))se0,1] along a large family of cones V,-; (¢) (subject
to contain {z = x +iy e H: [x — | < y/2, 27/ <y < 1}), leading to choosing
V,-;(t) and deriving (1.1) (this choice is the same for all exact scaling log-infinitely
divisible cascades).

In both situations, the sequence (1) j>1 is a martingale which converges almost
surely weakly to a limit p supported on [0, 1]. In the case of canonical cascades, the
self-similar structure of the dyadic tree together with the independence and identical
distribution of the W, directly yields the fundamental almost sure relation
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w(A) =27 "Wor QA nT0, 1/21) + 27wV @Aanl/2, 1) - 1)

for all Borel sets A, where (¥ and (! are the independent copies of 1 obtained
by making the substitution W,, := Wy,, and W, := Wy, respectively, in the con-
struction, these measures being independent of (Wp, Wy). Denoting the total masses
Z = ull, Z©) = [|£@] and Z(1) = || D], this gives the scalar equation,

Z=2""Woz©0) + W, Z(1)), (1.2)

which plays a crucial role in deriving fine properties of the distribution of Z and
geometric properties of .

In the case of exact scaling log-infinitely divisible cascades, such an almost sure
relation between p and its restrictions to contiguous non-trivial subintervals partition-
ing [0, 1] does not fall automatically from the construction, which is not genuinely
based on geometric scaling properties. Nevertheless, a simple observation based on
Bacry and Muzy’s calculation does provide such an analogue, with additional corre-
lations (see (1.13) below, and Sect. 1.5). On the other hand, it is natural to seek for
a family of cones whose geometric structure directly induces limit of log-infinitely
divisible cascades satisfying both (1.1) and (1.13). We will introduce such a family.
The formal definition of exact scaling log-infinitely divisible cascades built from it
will be explained in the next subsections, as well as the equivalence with Bacry and
Muzy’s original definition. All the proofs in the paper will use the definition based on
the new cones; using the original ones would be equivalent.

Mandelbrot was especially interested in three questions related to canonical cas-
cades: (1) under which necessary and sufficient conditions is & non-degenerate, i.e.
P(u # 0) = 1 ({ # 0} is a tail event of probability O or 1)? (2) When u is non-
degenerate, under which necessary and sufficient conditions the total mass has finite
gth moment when g > 1, i.e. E(||1]|7) < 00? (3) When u is non-degenerate, what
is the Hausdorff dimension of ©? He formulated and partially solved related conjec-
tures, which were finally solved by Kahane and Peyriere [21], who exploited finely
the fundamental Eq. (1.2): let

p(q) =logy E(W?) — (¢ — ). (1.3)

Then i is non-degenerate if and only if ¢’(17) < 0; in this case the convergence of
the total mass || ;|| holds in L' norm, and for ¢ > 1 one has E(||x||?) < oo if and
only if p(g) < 0; also, the Hausdorff dimension of u is —¢’(17) (It was assumed in
[21] that E(||# || log™ |||]) < oo, a condition removed in [19]).

It is not hard to see that all the positive moments of Z are finite if and only if
P(W <2)=1and P(W = 2) < 1/2 (recall that this is also equivalent to ¢(gq) < 0
for all ¢ > 1), and in this case it is shown in [21] that

logE(Z?)
In —

= log, ess sup(W) < 1. (1.4)
g—oo gloggqg
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When there exists a (necessarily unique since ¢ (1) = 0 and ¢ is convex) solution ¢
to the equation ¢(g) = 0 in (1, 0o), Guivarc’h, motivated by a conjecture in [29],
showed in [17] that when the distribution of log(W) is non-arithmetic, there exists a
constant 0 < d < oo such that

lim x’P(Z > x) =d. (1.5)
X—> 00
The proof is based on the connection of (1.2) with the theory of random difference
equations. Regarding moments of negative orders, if ¢'(17) < 0, given g > 0 one has
E(Z24") < o for all q' € (0, q) ifand only if p(—¢q) < 00, i.e. E(W=4") < oo, for
all ¢’ € (0, q) [8,24,31].

The same series of questions arise for the limits of 1-dimensional exact scaling log-
infinitely divisible cascades. In general, one expects answers similar to those obtained
for limits of canonical cascades. We will sharpen some of the already known results,
and provide new ones, especially regarding the right tail asymptotic behavior of the
law of the total mass of such a measure restricted to compact intervals.

Let us now come to the definitions (Sects. 1.1 and 1.2) required to build 1-
dimensional exact scaling log-infinitely divisible cascades from the new family of
cones invoked above (Sect. 1.3). Section 1.4 will present our main results, and Sect. 1.5
the connection between Bacry—Muzy’s original construction and the one adopted in
this paper.

1.1 Independently scattered random measures

Let ¢ be a characteristic Lévy exponent given by

1 ‘
Y:qg € R iagq — Eazqz +/(e“” — 1 —igxly<1) v(dx), (1.6)
R

where a, 0 € R and v is a Lévy measure on R satisfying
v({0) =0 and / 1A x]? v(dx) < oco.
R

Let H = R x iRy be the upper half plane and let A be the hyperbolic area measure
on H defined as

A(dxdy) = y_2dxdy.

Let A be an homogenous independently scattered random measure on H with ¢ as
Lévy exponent and A as intensity (see [32] for details). It is characterized by the
following: for every Borel set B € 3, = {B € B(H) : A(B) < oo} and ¢ € R we
have

E(c/1AB)y = oV @h(B),
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and for every sequence {B; };ﬁl of disjoint Borel subsets of 5, with U;’i | Bi € By, the

random variables A(B;), i > 1, are independent and satisfy
o0 o
A( U Bi) = Z A(B;) almost surely. (1.7)
i=1 i=1
Let I, be the interval of those g € R such that f‘ > e?* v(dx) < oo.Then the function

¥ has a natural extension to {z € C : —Im(z) € I,,}. In particular for any ¢ € I, and
every B € B, we have

E(qu(B)) — eV HiOMB)

Through out the paper we assume that at least one of o and v is positive, and assume
that 7, contains the interval [0, 1]. We adopt the normalization

0_2
a=‘"5_f/@x—1—XHﬂﬁ)W¢0' (1.8)
R

Then for B € BB, we define

0(B) =P,
and by (1.8) we have

E(Q(B)) = 1. (1.9)
More generally for g € I, we have

E(Q(B)?) = eV OB, (1.10)

1.2 Cones and areas
LetZ = {[s,t] :s,t € R, s < t} be the collection of all nontrivial compact intervals.

For I = [s, t] € 7 denote by |/] its length t — s.
For ¢t € R define the cone

Vit)={z=x+iyeH: —y2<x—t<y/2}=V(0) +1.
For I € 7 define

vm:ﬂvm

tel
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For I € 7 and t € I define
viey=vo\va).
For I, J € 7 with J C I define

vl = ﬂ vie) = v\va).

teJ
A straightforward computation shows that

Lemma 1.1 For I, J € 7 with J C I one has

I |1]
AV = logm.

1.3 Exact scaling log-infinitely divisible cascades
For € > 0 denote by
He = {z € H: Im(z) > €}.
Forl €Z,t €I and € > 0 define
vie)=vi@e nH,.

Clearly we have Vel (t) € By.. Moreover, for each € > 0 there exists a cadlag modifi-
cation of (Q(Vel (1)))¢er. In fact, similar to [2, Definition 4], one can define

AWVI0) = AAL®) — ABL1) + AC], tel,
where (see Fig.2)

Al ={x+iyeH: y/2 <x—infI <t+y/2} NH,
Bl(t) ={(x+iyeH: —y/2<x—infl <r—y/2}NH,,
Cl={x+iyeH: —y/2<x—inflI <y/2A(supl — y/2)} N H.
It is easy to see that both A(Aé (t)) and A(BGI (1)) are Lévy processes and A(C GI ) does

not depend on ¢, thus A(Vel (#)) has a cadlag modification.
We use this to define 1/, the random measure on I given by

I 1 I
e (dx) = oV, (x)dx, xel.

m .

The following lemma is due to Kahane [20] combined with Doob’s regularisation
theorem (see [33, Chapter 11.2] for example).
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A (B) © (D)

[Cp— € _—_— [Cp—

Fig. 2 The gray areas for the corresponding sets. a Ag (t).b BEI (). ¢ CEI. d VEI (1)

Lemma 1.2 Given I € 7, {M{ /t},>0 is measure-valued martingale. It possesses a

right-continuous modification, which converges weakly almost surely to a limit .

Throughout, we will work with this right-continuous version of {pc{ /t}t>0» and its

limit ;/. We give the proof of this lemma with some details, since this point is not
made explicit in the context of [2].

Proof Let ® be a dense countable subset of Co (/) (the family of nonnegative continu-
ous functions on 7). Let fo be the constant mapping equal to 1 over /. For f € ®U{ fy}
and ¢ > 0 define

1

“{/t(f)z/f(x)pt{/,(dx)z i
1

/ ) - Q) (x)) dx
1

and
Fi=@©@AWV @) :xel; 0<s <1))i0

Let AV be the class of all P-negligible, F,-measurable sets. Then define Gy = o (N)
and G; = o (F; UN) for t > 0. Due to the normalisation (1.8), the measurability of
(w, x) — Q(VEI (x)) and the independence properties associated with A, the family
{,u{ /1 }i=0 is a positive martingale with respect to the right-continuous complete
filtration (G;);>0, with expectation E(,uf/t) =|I"! fl f(x)dx < oo. Then from [33,
Chapter II, Theorem 2.5] one can find a subset 29 C 2 with P(29) = 1 such that
for every w € Qq, for each f € ® U {fp} and t € [0, 00), lim, |;.,cq u{/r(f) exists.
Define

WD = lim i, ()i € Qoand i () = 0if w ¢ Q0.

Then from [33, Chapter II, Theorem 2.9 and 2.10] we get that M{/Jtr( f) is a cadlag

modification of ,u{/t (f) foreach f € ®U{fp}, thus lim;_, o M{’/—:(f) exists for each
w € Qp. Now write

Wl (f) = lim py(f) ifw e Qoand u'(f) =0ifw ¢ Q
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for each f € ®. Since ® is a dense subset of Co(7), one can extend ,u{/f to Co(I) for
each w € Q by letting

wi (o) = Hlim gu{;f(f), g € Co(D)

(this limit does exist because for any f1, f» € ® and r € Q we have |;L{/r (f1) —

M{/r(f2)| < ,u{/r(fo)nf] — f2lloo)- This defines a right-continuous version of

(u!,)i=0. Then, since the positive linear forms /L]’+ are bounded in norm b ,ul’+( 0)
1/t p 1/t Y K1y

and converge over the dense family ®, they converge. This defines a measure ;! as
the weak limit of /L{/—; for each w € g, hence the conclusion. |

For the weak limit ./ we have:

Lemmal.3 ForI,J € T, u! o flf} and p’ have the same law, where fry:te
I+ inf J + (t —inf I)|J|/|1].

Proof Due to the scaling property of A we have that
(V! (fr ;). x e 7} and {Q(Vey (). x € )
have the same law. This implies that
-1
(ipo fryt =08 and {ufyy gy, 1> 0)

have the same law, and so do ! o f I_} and p”. m|

Now we come to the scaling property of u/. Due to (1.7), for any fixed compact
subinterval J C I and ¢t > 0 we have the decomposition

Q(Vll/t(x)) = Q(VI(J)) : Q(V\i\/q”,)(x))’ x € J, (1.1D)
hence
I I J
(Wi = mQ(V (D) - 110110

almost surely. Consequently this holds almost surely simultaneously for any at most
countable family of such intervals J, but a priori not for all, since A is not almost surely
a signed measure. This along with Lemma 1.2 and its proof gives simultaneously for
all compact intervals J of such a family the following decomposition

J
(= HQ(V'(J))-MJ (1.12)

almost surely, where u/ o f{} has the same law as p”, and it is independent of
Q(VI(J)) (the fact that 1/ is continuous assures that the weak limit of /L{ /1 restricted
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to J equals u/ restricted to J; the right-continuous modifications of (,u{ / >0 and the
(,ulj 71/ 1|t))t>0 are built simultaneously, and the convergence of ;L{ /t implies that of
M‘le/(lllt)). However, (1.12) also holds almost surely simultaneously for all J € Z with
J C I when 0 = 0 and the Lévy measure v satisfies f 1 A |u| v(du) < oo. Indeed,
in this case A is almost surely a signed measure, which makes it possible to directly
write (1.11) almost surely for all J € Z with J C [ and for all + > 0 (notice that
in this case we easily have the nice property that almost surely Q(Vll /t(x)) is cadlag
both in x and ).

We notice that (1.12) implies (1.1) (see Sect. 1.5 for details), but we also have now
the following new equation giving ||| as a weighted sum of its copies: given k > 2

andmin/ = s9 < --- < sy =max/,for j =0,...,k—1write I; = [s;,5;41];
provided that sy, ..., sy—1 are not atoms of /,LI , we have almost surely
k—1 |1|
I J I I
= — .- QV')) - |, 1.13
|l jz_o ] oWV ) - liw (1.13)

where for each j, ||,u,IJ' || is independent of Q(VI(Ij)) and has the same law as ||/LI Il
This equation will be crucial to get our main results.
Another interesting equation is the following. For I € T let

Iy = [min(/), min(/) + |1|/2] and [} = [min(I) + |I]/2, max(])].

One can also define Iyg and Iy; in the same way for Iy. Then, provided oo N Ip; is
not an atom of ;/0, we have

1
i = 5 Q1)) - ((117) 190 + (1170) 1)), (1.14)

where (190)1, 0 f 1;,1100 and (%0)1 0 f 13,1101 have the same law as (/) ., and they
are independent of %Q(V’ (1p)).
To complete the proof of (1.13), we now prove the following lemma.

Lemma 1.4 Almost surely ' has no atoms.

Proof We can assume that / = [0, 1]. We start with proving that 1/4 is not an atom.
Let (f)n>1 be uniformly bounded sequence in Co ([0, 1]) which converges pointwise
to 114, and such that supp(f,,) C [1/4 — n,, 1/4 + n,] with 1/4 > 5, | 0. Then

E(u ({1/4)) < liminf E(u' (f,)) < liminf lim inf E(1, (f))

= lim inf/ fn (@) dt < liminf 20, fullco-
n—oo n—oo
So E(u!({1/4})) = 0.

@ Springer



On exact scaling log-infinitely divisible cascades 531

The fact that 1 /4 is not an atom of ! yields the validity of (1.14). Denote by i =
(WD1- o = (1) 15y, 1 = (1) 1y and W = 3O (V! (Ip)). From (1.14) we get

=W (fio+ 1)

Due to Lemma 1.3 we know that whether ! or / having an atom is equivalent. Let M
be the maximal /i-measure of an atom of [i W, and let M j be the max1mal 1t j-measure of
an atom of /¢ for j = 0, 1. We have M = w max(Mo, M), where W is independent
of (My, M), has expectation 1/2 and M, My, M have the same law. Thus

E(Mo + M1)/2 = E(M) = E(W max(Mo, M1)) = E(max(Mo, M1))/2.
This implies that, with probability 1, if M; > 0 then M1_; = 0 for j € {0, 1}.
However, {M; > 0} is a tail event of probability O or 1, thus the previous fact implies

that My = M/ = 0 almost surely, hence & has no atoms (here we have adapted to our
context the argument of [8, Lemma A.2] for canonical cascades). O

1.4 Main results

Without loss of generality we may take I = [0, 1]. For convenience we write . =
wl®Wand Z = ||u|. For ¢ € I, define

w(q) =¥ (—iq) — (@ —1).
Notice that if we set
w = oo, 1/2])

then this function coincides with that of (1.3) for the canonical cascades.
For the non-degeneracy we have

Theorem 1.1 The following assertions are equivalent:
(i) E(Z) = 1; (i) E(Z) > 0; (iii) ¢'(17) < 0.
Moreover, in case of non-degeneracy the convergence of || u{ /t | to Z holds in L norm.
For moments of positive orders we have
Theorem 1.2 Forg > 1onehas0 < E(Z9) < ocoifandonlyifq € I, and p(q) < O.

Remark 1.1 In Theorem 1.1, the main point is the equivalence between (ii) and (iii).
For compound Poisson cascades (iii) = (ii) was proved in [6], as well as (ii)) =
(iii) under the additional assumption ¢”(17) < oo, while (ii) = ¢'(17) < 0
was known in general (notice that the construction of the measure used the cones
Ve@) ={z=x+iye H: —y <x—t <y, € <y < 1}). For the larger
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class of log-infinitely divisible cascades, (iii) = (ii) was proved in [2] under the
existence of g > 1 such that ¢(g) < oo, i.e. under the sufficient condition implying
the boundedness of || ¢ in some L?, p > 1.

Regarding Theorem 1.2, in [6] and [2], (g € I, and ¢(q) < 0) = (0 < E(Z?) <
oo) and (0 < E(Z79) < 00) = (¢ € I, and ¢(g) < 0) were known for compound
Poisson cascades and then log-infinitely divisible cascades. We will only prove (0 <
E(Z7) < 00) = (q € I, and p(q) < 0).

We will see that thanks to Eq. (1.13), the sharp Theorems 1.1 and 1.2 concerning
the exact scaling case can be obtained via an adaptation of the arguments used in [21]
for canonical cascades. Then, these results also hold for the more general family of
log-infinitely divisible cascades built in [2], since changing the shape of the cones
used in the definition of the cascade only creates a random measure equivalent to that
corresponding to the exact scaling, and the behaviors of such measures are comparable
(see [2, Appendix E]).

When Z has finite moments of every positive order we have

Theorem 1.3 (1) The following assertions are equivalent: (o) 0 < E(Z9) < oo for
allg > 1; (B)o = 0, and v is carried by (—o0, 0], fi)oo 1 Alx|v(dx) < o0,
and

0
y = /(l—ex)v(dx) <1.

(2) If (B) holds, then

logE(Z?)
m ——— =
g~ glogg

Remark 1.2 Under (B) we have for g € Rand W = Q(VI%11([0, 1/2])) that

0
E(W'9) = exp iqy+/(eiq"—1)v(dx) log2 |,

—0o0

which means that log W is the value at 1 of a Lévy process with negative jumps, local
bounded variations, and drift y log 2, hence log, ess sup(W) = y. This gives in case
(2) that

logE(Z4
m 1o E(Z%)

= log, ess sup(W) < 1,
q— qlogg

which coincides with (1.4) found for canonical cascades. The situation turns out to be
more involved than in the case of canonical cascades, due to the correlations associated
with (1.13), which are absent in (1.2). We use Dirichlet’s multiple integral formula to
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estimate from above the expectation of moments of positive integer orders of the total
mass, and then follow the same approach as [21] for canonical cascades.

Our main result is the following one. In the case where E(Z?) = oo for some g > 1
we have

Theorem 1.4 Suppose that there exists ¢ € I, N (1, 00) such that ¢(§) = 0, in
particular one has ¢’ (1) < 0. Also suppose that ¢’ () < oo.

(i) If either o # 0 or v is not of the form 3, .7 pndnn for some h > 0, then
lim xP(Z > x) =d,
X—>00

where

= 2EQ0, 1D ([0, 1/2D) — p((0, 1/29)

£¢/(0)log?2 (0,00

(i) Ifo = 0and v is of the form ) , . pnup for some h > 0, then

0 < liminf x*P(Z > x) < limsupx’P(Z > x) < o0
X—=00 X—00

Remark 1.3 The proof exploits (1.13) and the unexpected fact that in Goldie’s
approach [16] to the right tail behavior of solutions of random difference equa-
tions, it is possible to relax some independence assumptions. It also requires to prove
that at the critical moment of explosion ¢, although E(u([0, 1])¢) = oo, we have
E(u (0, 1/2Du([1/2, 1D¢~1) < oo, an inequality which is rather involved, while it
is direct in the case of canonical cascades.

Remark 1.4 From the proof (see Remark 6.1) we know that in case (i), when ¢ = 2,

d=1/¢'(2),

which provides us with a family of random difference equations whose solution has a
explicit tail probability constant. See [14] for related topics.

For reader’s convenience we also give the extension to log-infinitely divisible cas-
cades of the result on finiteness of moments of negative orders mentioned for limits
of canonical cascades, though with some effort it may be deduced from [6] and [35]
(the sufficiency result can also be found in the Ph.D. thesis [22]); this result provides
some information on the left tail behavior of the distribution of ||x||. Finally, thanks
to (1.13) again, we can quickly give fine information on the geometry of the support
of .

Theorem 1.5 Suppose that ¢'(17) < 0. Then for any q € (—00,0), E(Z9) < oo if
and only if q € I,,.

For the Hausdorff and packing measures of the support of ; we have
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Theorem 1.6 Suppose that ¢’ (1) < 0 and ¢” (1) > 0. Forb € Rand t > 0 let

U (1) = t—w’(l)eb\/logm/z) log* log™ 10g+(1/t)‘

Denote by HY» and PV the Hausdorff and packing measures with respect to the
gauge function Y, (see [15] for the definition). Then almost surely the measure L is
supported by a Borel set K with

oo, ifb > 2¢"(I),

Hlﬂb(K):[ .
0, ifb<2¢"(D),

and

0o, ifb>—/2¢"(D),
0, ifb < —2¢"(D).

Remark 1.5 To complete the previous considerations, it is worth mentioning that the
notes [29,30] also questioned the existence, when the limit u of the dyadic canonical
cascade is degenerate, of a natural normalization of . ; by a positive sequence (A ) j>1
such that p;/A; converges, in some sense, to a non trivial limit. This problem was
solved only very recently thanks to the progress made in the study of freezing transition
forlogarithmically correlated random energy models [36] and in the study of branching
random walks in which a generalized version of (1.2) appears naturally [1,26]. Under
weak assumptions, when ¢’(17) = 0, u; suitably normalized converges in probability
to a positive random measure & whose total mass Z still satisfies (1.2), but is not
integrable, while when ¢’(17) > 0, after normalization j converges in law to the
derivative of some stable Lévy subordinator composed with the indefinite integral of
an independent measure of w kind [7]. Previously, motivated by questions coming
from interacting particle systems, Durrett and Liggett had achieved in [13] a deep
study of the positive solutions of the Eq.(1.2) assuming that the equality holds in
distribution only. Under weak assumptions, up to a positive multiplicative constant,
the general solution take either the form of the total mass of a non-degenerate measure
W or [, or it takes the form of the increment between 0 and 1 of some stable Lévy
subordinator composed with the indefinite integral of an independent measure of u
or it kind. Also, fine continuity properties of the critical measure it are analyzed in
[5]. Similar properties are conjectured to hold for log-infinitely divisible cascades, and
some of them have been established in the log-gaussian case [3,4,10,11].

PV (K) = [

1.5 Connection with Bacry and Muzy’s construction

For a fixed closed interval I of length 7 > 0, the measure ,ul has the same law
as the restriction to [0, T'] of the measure defined from the cone V7 (-) used in [2],
which is drawn on the picture (Fig. 3); this can be “seen” by an elementary geometric
comparison between the two kinds of cones and the invariance properties of A (invari-
ance in law by horizontal translation and homothetic transformations with apex on the
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A B)

— I — — [ —

Fig. 3 Two ways of defining the cones. a v by Bacry and Muzy. b V1) in this paper

(A) B)

k— ] — k— I —
Fig.4 Comparingscaleinvariance derivation.a I = [0, T']. The light grey domainis yT N yT (cT).The
dark grey domain is the domain used to define (we, x ) ve[0,7], 0 < € < 1;itisnothomothetical to the domain
used to define (A(VGT (x)))xe[0,7]- Scale invariance is shown via Fourier transform. b / = [0, T']. The light
grey domain is v ([0, ¢T]). The dark grey domain is the domain used to define (we, x)xef0,77, 0 <€ < I;

in this case, it is homothetical to the domain used to define (A ( VGI (¥))xe[0,77, 0 < € < 1: scale invariance
appears geometrically

real axis), a completely rigorous approach consisting in mimicking the proof of [2,
Lemma 1] to get the joint distribution of the A measures of any finite family of cones
(VG[O’T] (t), ..., VE[O’T] (#4)) and find it coincides with the one obtained with the cones
VI, ..., vI@)).

Relation (1.13) can be obtained from Bacry and Muzy construction by writing, for
any ¢ € (0, 1), the almost sure relation for 0 < e <1

AVE e = AVTO) NVI(ET) + (@e)xero; (1.15)

this defines the process (we x)xe[0,7], Obviously independent of A(VTO)NVT(cT)),
and which can be shown to have the same distribution as (A (VGTT (x))xe[o,7] via Fourier
transform, and implies (1.1) (see Fig. 4a).

We have the same equation as (1.15) with the cones considered in this paper, with
(V%11 ), vIOTI([0, ¢T1)) in place of (VI ,(-), VT (0) N V7 (cT)), and the fact that
by the geometry of the construction, (we x)xefo,1] is trivially identically distributed
with (A(VS 1)) xeqo,7 (see Fig. 4b).

An additional observation is that using the cones of Fig. 3b yields a measure on R,
by considering the vague limit of Q(VGT (1)) dt, whose indefinite integral increments
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are stationary. However, there is no long range dependence between the increments
of the indefinite integral of this measure, since two cones have no intersection when
associated to points away from each other by at least 7. Notice that this measure can
also be viewed as the juxtaposition of the limits of (Q(VGT ®) A\, (i+1)11, 1 € N.
Similarly, consider the measure © over Ry obtained by juxtaposing the limits of

,(n+1 .
@V DT 1)) db) 7 41y 71 Then, only the process u([nT, (1 + DT Dyen is
stationary, but it has long range dependence: in case of non-degeneracy, if we assume
that ¥ (—i2) < o0, a calculation shows that

20 (—i2)T?

cov(u([0, TD, u([nT, (n + DT]) ~nsoo i

)

so the series ano cov(u ([0, T1), u([nT, (n + 1)T1]) diverges.

2 Preliminaries

Let ¥ = {0, I}NJr be the dyadic symbolic space. Fori = ijip--- € Y andn > 1
define i|, = i1 - - - i,,. Let p be the standard metric on X, that is

p@,j) = zfinf{nzl:iln;ﬁjln}’ ijes.

Then (X, p) forms a compact metric space. Denote by B its Borel o-algebra.
Fori =ijiy--- € X define

Oo .
w(i) = i;277.
j=1

Then 7 is a continuous map from X to [0, 1].
Forn > 1let X, = {0, 1}", and use the convention that Xy = {#}.
Forn>0andi =i --i, € X, define

i(l={ieX:il, =i} and I =7([i]),

with the convention that il = ¢, [#] = ¥ and Iy = [0, 1].
Denote by X, = Up>0X,. Fori € X, define

Wi = Q(A(VI(L)) and  Z; = [Inf].

Then from (1.13) we have for any n > 1,

2"Z = Z W;Z;. (2.1

i€x,

where {W;, i € ¥,} have the same law, {Z;,i € X,} have the same law as Z and for
eachi € X,, W; and Z; are independent.
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3 Proof of Theorem 1.1

3.1. First we prove (i) < (ii) and the L! convergence. Clearly (i) implies (ii). We
suppose that E(Z) = ¢ > 0. For any positive finite Borel measure m on I and t > 0
define

1

me(f) = m

/ f@) -0V, (x) m(dx), f € Coll).
1

Following the same argument as in Lemma 1.2, m, is a measure-valued right-
continuous martingale, thus the Kahane operator E Q:

EQm)=E ( tl_i)rgomt)

is well-defined. Denote by ¢ the Lebesgue measure restricted to [0, 1]. Then we have
EQ) = ¢t since E(lim,_, » £,(J)) = c€(J) for any compact subinterval J C I.
From [20] we know that E Q is a projection, so EQ(EQ(£)) = EQ({). This gives
¢ = 2, hence ¢ = 1. Consequently, since the limit of the positive martingale ||,u{ /t I

with expectation 1 has expectation 1 as well, the convergence also holds in L' norm.
The rest of the proof adapts to our context, thanks to (1.13), the approach used by
Kahane in [21] for canonical cascades.

3.2. Now we prove that (ii) implies (iii). From (2.1) we have that
27 =WoZo + W1 Z;. 3.1

Assume that E(Z) > 0. For 0 < ¢ < 1 the function x — x7 is sub-additive, hence
(3.1) yields

29E(Z9) < E(WJ Z0) + E(W{ ZT) = 2E(W)E(Z9). (3.2)
Since E(Z) > 0 implies E(Z9) > 0, we get from (3.2), (1.10) and Lemma 1.1 that
29 < ZE(Wg) — 2V (=i log2 _ Ay (=ig)+1

This implies ¢ < 0 on interval [0, 1], and it follows that ¢’(17) < 0. To prove
¢'(17) < 0 we need the following lemma.

Lemma 3.1 Let X; = W;Z; fori =0, 1. There exists € > 0 such that
E(Xglixg=x,) = €E(XG) for0<g <1.

Proof 1f E(Xgl{xosxo}) is strictly positive for all g € [0, 1], then it is easy to get the

conclusion, since both expectations, as functions of ¢, are continuous on [0, 1].

Suppose that there exists ¢ € (0, 1] such that ]E(Xgl{ Xo<x;}) = 0, then almost
surely either Xo > X or 0 = X¢ < X;. Due to the symmetry of X and X this
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actually implies that almost surely either Xo = X; = 0, or X9 = 0, X7 > 0, or
X1 =0, Xo > 0. This yields

2E(Z) = B(X]) + E(X?) = 2E(WHE(ZY) for0<g < 1.

So we have Y (—ig) = g — 1 for g € [0, 1]. Then from ail—zzlp(—iq) = 0 we get that
o2 =0and v = 0, which is a contradiction to our assumption. O

Now as shown in [21], by applying the inequality (x+y)? < x94¢gy? forx >y > 0
and 0 < g < 1 we get from (3.1) and Lemma 3.1 that

29E(29) < 2E(WHE(Z9) — (1 — ¢)eE(WHE(Z9).

This implies
1 —
®(q) + log (1 - %) >0 onl0,1].

Then it follows that ¢’ (17) — (¢/21log2) < 0, thus ¢'(17) < 0.

3.3. Finally we prove that (iii) implies (ii). Assume that ¢’(17) < 0. Fori € I, and
n > 1 define

Yoi = ph-n (1))

Also denote by ¥, = ,ué_,, (I). Then for any m > 1 and n > m + 1 we have
Yo= D Yo (3.3)
iezm

We need the following lemma from [21].

Lemma 3.2 There exists a constant qo € (0, 1) such that for any q € (qo, 1) and any
finite sequence x1, ..., x; > 0,

q

Dooxi) = D = —g) D (nix i,

1.k ij

Applying Lemma 3.2 to (3.3) we get for any ¢ € (go, 1),

2 2
vi=>rvl -9 > y!2yd2.

ey, i£jeXm

Taking expectation from both sides we get

Bz DEXL) - (-9 > E(riPri?). (3.4)

iezm i;éje):m
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Let
\-71 = {(l,]) € Er2n ZdiSt(Ii, I]) :O}
P={ ezl disni 1) =27

Itis easy to check that #7; = 2(2" — 1) and #J> = (2™ — 1)(2" — 2). Then by using
Holder’s inequality we get

2yal2) _ a/2 a2 /242
> ]E(Y,;{i Yn’j)_ > E(Yn’i Yn’j)+ > JE(Y,;{l. Y,w.)

i#]E€Zm (i,)ed (i, ))e
=20" - DE(r)+ > E(vvIT). (9
(i,))edr

where we denote by 0 = 0---0 € %,,. We need the following lemma:
Lemma 3.3 There exists a constant C such that for any (i, j) € J» and q € (0, 1),
2.,4/2 I 2
E(vi2r87) < ¢ 2000 g (8, (1))

This gives

2 2 I- 2
> E(rviR) = @ - n@r—2) - C2HOm R (10, (11?)
(i,))ed>

First notice that M;()—n (1) has the same law as Y,_,,. Then combing (3.4) and (3.5),
and using the fact that E(Y,{) < E(Y,_,) < 1 we get

1 — ¢—%(@)mlog2
By — <24 C@" - DEYY2

1 _ q n—m
By letting ¢ — 1~ we obtain
’o1— m 1/2 2
—@' (17 )mlog2 <2+ CQ2" — DE(Y,2,)".

Choosing m large enough so that ¢'(17)m log2 +2 < 0, we get inf,>; ]E(Ynl/z) > 0.

Consequently E(ZY%) > 0, thus E(Z) > 0. O

3.1 Proof of Lemma 3.3

The proof can be deduced from [2, Lemma 3, p. 495-496]. For reader’s convenience
we present one here. Write

V() = V. () U VD),
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where V)" (1) = VZI_,, (t)\Vzl_,,, (t). Define the random measure

W) = |71| LQV™ )y dt, tel

Then fori € ¥,, we have

1
b (1) < ( supe(“E+ m)) a0y

tel;

Notice that for (i, j) € Jo, wl'(I;) and )} (1) are independent, and they are inde-

1 1
pendent of sup, . Vo @) gng SUP; e, V2 @) Thys

AV, 0)/2

E (Y;{{QYZ/J.Z) <E( [] supe’ (1))

I=i,j tel;

= TTE(uran??) £ ( T supertsn”
I=i,j

l=i,j tel)

1/2

< [T =) TTe( [Tt} ao
I=i,j I=i,j I=i,j 1€

where the last inequality comes from Holder’s inequality.
Take J € {I;, I;} with J = [t9, #1]. For t € J we can divide V21_m (¢) into three
disjoint parts:

Vi@ =Vvinuvi e uvio, (3.7)
where

vl = {z
vIr@) = {z

x+iyeV@):27" <y <2(t1 —x)},
x+iyeV@):27" <y <2(x —19)}.

We need the following lemma.

Lemma 3.4 Lets € {l,r}. For g € I, there exists constant C; < 00 such that

E( sup qu(V“(r))) <C,:

teJ

For q € R there exists constant ¢; > 0 such that

E (inf qu(V“(”)) > ¢,

teJ
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By using Lemma 3.4 we get from (3.7) that for ¢ € 1, N (0, 00),

1 1 —i
E( Supqu(Vzm(f))) < Cs . ]E(qu(V (I))) — Cs . zmlﬂ( lq). (38)

teJ

Also notice that for ¢t € J we have
v u vt u vt = vl o).

So for any g’ € R we have

wd (Y = (tig eq/A(V“(’))) (inf eq’A<V“<f>>) .

te

Applying Lemma 3.4 we get that
E (1 (192) < c? 272 B (ud L ()7?). (3.9)
Together with (3.6) and (3.8) this implies

q/2v,q/2 2 -2 1+9(q)) 1 2
IE(Y"J. Yn’,) < 22 i@ T E(le_nu,)q/ )
I=i,j

From the prove of Lemma 3.4 one can chose C, cq’1 as a increasing function of ¢, and
since 1 € I,,, we get the conclusion by taking C = C12c]_2. O

3.1.1 Proof of Lemma 3.4

Firstlet ¢ € I,,. We have
EAV7 (1)) = ar(V"" (1)).
From the fact that A(V /" (1)) = (¢t — t9)/|J | we get

J,r
LIAVITWO)  lagl | paM:

where M, = A(V/" (1)) —a(t — t1)/|J| is a martingale. As x +— e*4/2 is convex we
have that e9M:/2 is a positive submartingale. Due to Doob’s L>-inequality we get

. ( S“peqM[) < 4supE(etMr) < alaa+1v(—ig)],

teJ teJ

This implies

@ Springer



542 J. Barral, X. Jin

E( sup qu(VJ"(t))) <c,,

teJ

where the constant C; only depends on g.
Now let ¢ € R. Notice that

(0,113t = AV (1o + (1 — t0)1))

J,
N

is a Lévy process restricted on [0, 1], thus for X, = inf,c, "(0) we must have

P{X; > €4} >0

for some 1 > ¢, > 0, otherwise this would contradict the fact that almost surely the
sample path of a Lévy process is cadlag. Then

E ( tllel‘fl' qu(VJJ(l))) > ]P){Xq > Eq} €q > 0.
The argument for V7 (1) is the same. O

4 Proof of Theorem 1.2

We only need to prove that for ¢ > 1, 0 < E(Z9) < oo implies that g € I, and
¢(q) < 0, the rest of the result comes from [2, Lemma 3].
Because the function x4 is super-additive, one has

21729 = Wi z§ + wi Z{,

and the strict inequality holds if and only if WoZo = W1 Z;. So if WoZy # W1Z,
with positive probability, then

29E(Z%) > 2E(WHE(Z?),

that is ]E(Wg) < 24-1 which implies that ¢ € I, and p(q) < 0. Otherwise Wy Zy =
W1 Z, almost surely, thus ¢(q) = g — 1 for all ¢ € I,.. This yields that o> = 0 and
v = 0, which is in contradiction to our assumption.
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5 Proof of Theorem 1.3
5.1 Proof of (1)

According to Theorem 1.2, («) implies that 7, D [0, c0) and ¢(g) < O for all ¢ > 1.
Recall that ¢(q) = ¥ (—ig) —g + 1 and

V(—iq) =aq + U 2q +/(€qx — 1 —gxlj<pv(dx).

Suppose that v([e, 00)) > 0 for some € > 0, then one can find constant ¢y, c; > 0
such that

V(—iq) > c1e — caq

as ¢ — 00, which is in contradiction to ¢(g) < O for all ¢ > 1. It is also easy to
see that ¢(q) < O for all ¢ > 1 implies ¢ = 0. Thus using the expression of the
normalizing constant a (see (1.8)) we may write

@) =1—qg+ /(eqx —1+g0 —¢")) v(dx). (5.1)

—00

It is easy to check that the integral term in (5.1) is non-negative, and goes to oo faster
than any multiple of g if fi)oo 1 A |x|v(dx) = oo, in which case we cannot have

¢(q) < Oforallg > 1. Iffi)oo 1 A |x]v(dx) < oo, then

0

0@ = —Dg+1— / (1 — %) v(dv), (5.2)

—0o0

where
y = /(1 —e¥)v(dx).

Clearly ¢(q) < O for all ¢ > 1 implies thaty — 1 < 0.

Conversely, if (8) holds, then I, D [0, 00), since v is carried by (—oo, 0] thus
le\>1 e?v(dx) < oo for any ¢ > 0. We may write ¢(g) as in (5.2). If y < 1, then
limg ., @(q) = —oo since p(g) ~ (y — )g atoo. If y = 1, then

/(1—e‘”)v(dx) > /(1 —eH)vdx) =y =1
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for any g > 1. Due to the convexity of ¢, it follows that in both cases ¢’(1) < 0 and
¢(q) < Oforall g > 1, hence we get () from Theorems 1.1 and 1.2.

5.2 Proof of (2)

The proof is inspired by the approach used by Kahane [21] for canonical cascades.
However, here again the correlations between Zg and Z; creates complications. For
the sh bound of li log EB(Z%) h consisti

the sharp upper bound of lim sup,,_, . =1557~» We use a new approach consisting
in writing an explicit formula for the moments of positive integer orders of Z and
then estimate them from above by using Dirichlet’s multiple integral formula. For

%, we first show that under (8) the inequality

E(u(Io)* (1)) = E(u(lo))E(u (1)) holds for any non negative integers k and /,
and then follow [21].
From (8) we have that for g > 0,

the lower bound of lim inf, . o

0
Veig)=y-q— /(1 ) u(d).

We have almost surely

()" = lim pe(1)"
e—0

n

lim / AVEO) gy
e—0
tel

Thus we get from the martingale convergence theorem, Fubini’s theorem and domi-
nated convergence theorem that

AV ) dry - ds,,
1

€—00
Hyeeos thel J

E(u(I)") = / lim E

n

For integers k < j define

a(j. k) =9 (=i(j —k+ D)+ ¥ (=i((j =D = Gk+ 1D+ 1))

Y (i —D—k+D)—Y(i(j—Gk+D+1)
0

= /e(j_k_l)x(l—ex)zv(dx).

—00

Fix0 <t <--- <t, < 1. Then for € small enough one gets from [2, Lemma 1] that
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n n—1 n
1
logE eA(Vel(Tj)) _ «(i k) o '
£ H ZZ (. k) gtj—tk
j=l k=1 j=k+1
This gives
E(u(D)") = n'ly,
where
n—1 n
= / [T I @ =Y dn - ds.
O<ty <<ty <1 k=1Jj=k+1
Let us use the change of variables x| = #; and x; =ty — ;1 fork = 2, ..., n. Then
I, becomes

—a(j.k)

n—1 n Jj
I, = / Z X/ dxj ---dx,.

k=1 j=k+1 \ I=k+1

For every integer / define

0
_ Ix X2
Vl—/e (1 —e*)“v(dx)
—0Q
so that
a(j, k) =yj k1.
Then we have
n—1 n j —(k n—1 n—I k+1 -1
> =[I( [T >
k=1 j=k+1 I=k+1 =1 k=1 Jj=k+1
Since x; € (0, 1), itis easy to deduce thatfor/ =1,...,n — 1,
n—I k+1 n
M = «)=11x
k=1 \ j=k+1 j=2
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This implies

>y

ij dx; - --dx,.

Xty <l \ J=2

=
IA

Notice that

n—1 0
Sre= [a=em = uan =y .
I=1 .

Then we get from Dirichlet’s multiple integral formula that

n Vo
H Xj dxg---dx,
Xi+otay <l \ =2
n n V-1
= / I—ij . ij dxo ---dx,
x2+-4x, <1 j=2 j=2

-y, )"'TQ
T T((=-DA =y, _D+2)°

Since y, — y asn — oo, by applying Stirling’s formula we finally get

. logE(Z")
limsup——— <1-(1-y)=vy.
n— 00 n]ogn

On the other hand, we have

n

(D" = (ulo) + ()" = > n (Io)" 1u(Iy)
w)" = (uo) + ()" = ) —————p(p)" u(I)"™".
mzom!(n—m)!

For1 <m <n — 1 we have

E(u(o)" n(I)"™™) = m!(n — m)!

n—1 n

H H (tj — tk)*a(j,k) dey - - - dt,.

O<ty < <tm<l/2<tyy1<--<ty<l k=1 j=k+1
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Also
n—1 n m—1 m n n— n
IT IT @ —w—uP H H IT 11 @-w—=u®
k=1 j=k+1 k=1 k=1

m 1
j=k j=m+1k=m+1 j=k+1
m —1

H (t] tk) a(j, k)

1 k=m+1 j=k+1
where the inequality uses the fact that 7; — # < 1 and a(j, k) > 0. This implies that
E(u(lo)" w(IN"™") = E(u(o)™)E@u)"™™).
Notice that
E(u(Io)"™) = 27 "E(WgHE(Z™) = 272V C™E(Z™).

Since
¥ (—im) = ym — / (1 — &™) v(dx),

for any € > 0 there exists ¢ > 0 such that for all m > 0 we have
Y(—im) = (y —€)m +log(c),
and using (5.3)

n
|
E(Z") = 20> Ly nE(zME(Z" ™)

m!(n —m)!
m=0
> 022(y—e)nE(Zn/2)2‘
Hence
log E(Z?") > 2log(c) 4 (y — €)2nlog2 + 21og E(Z™).

Consequently,

n n—1
logE(Z%") Zlog(c) logE(Z%")
o T +(y — 6)10g2+2n—_1

>n(y —e)log2+2(1 — 27" log(c).
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This easily yields

log B(Z"
lim inf (28 E(Z1)

> Yy — €,
n—oo nlogn

for any € > 0.

6 Proof of Theorem 1.4
6.1 Reduction to a key proposition

In the case of limits of canonical cascades, Guivarc’h [17] exploited (1.2) to connect
our problem to a random difference equation one; then Liu [23] extended this idea for
the case of supercritical Galton—Watson trees, and for this he used explicitly Peyriere
measure. This is our starting point, the difference being that now we must exploit the
more delicate equation (1.13).

Recall that 7 (i) = 2711 i 12_/ is a continuous map from X to [0, 1]. We shall use
the same notation y for the pull-back measure o7~ on . Let Q' = © x ¥ be the
product space, let 7/ = F x B be the product o -algebra, and let Q be the Peyriere
measure on (', F'), defined as

QE)=E /ﬁﬂ&numn, EeF.
)

Then (€', 7, Q) forms a probability space.
Forw € Qandi € X let

Alw. i) = D 27'Wiw) - 1=,

ie{0,1}

Bw,) = D 27'Wi(@)Zi() - L =1-),
i€{0,1}

R@,)= D Zi(®) - =i,
i€{0,1}

R(w,i) = Z(w).

We may consider A, B, R and R as random variables on (', F',Q), and we have
the following equation

R = AR + B.

@ Springer



On exact scaling log-infinitely divisible cascades 549

First we claim that R and R have the same law. This is due to the fact that for any
non-negative Borel function f we have

Eo(f(R) =E (27" D" f(Z) Wi Z

ie{0,1}
= IE(f(Z)~Z)
= Eq(f(R)).

Then we claim that A and R are independent, since for any non-negative Borel func-
tions f and g we have

Eo(f(A)gR) =E 27" > f(Wpe(Z)- Wi Z
ie{0,1}"

= E(f (Wo)Wo)E(g(Zo)Zo)
= Eq(f(A)EqQ(g(R)).
We first deal with case (i). The following result comes from the implicit renewal

theory of random difference equations given by Goldie [16] (Lemma 2.2, Theorem
2.3 and Lemma 9.4).

Theorem 6.1 Suppose there exists k > 0 such that
Eg(A¥) =1, Eg(A“logt A) < oo, 6.1)
and suppose that the conditional law of log A, given A # 0, is non-arithmetic. For
R = AR+ B,
where R and R have the same law, and A and R are independent, we have that if
Eg ((AR + B)X — (AR)") < 00,

then

Eg ((AR + B)* — (AR))
kEg(A*log A)

lim *Q(R > 1) = € (0, 00).
11— o0

It is worth mentioning that the independence between B and R is not necessary,
while in dealing with classical random difference equations it holds systematically and
simplifies the verification of crucial assumptions. In our study, it is crucial that B and R
do not need to be independent because the situation for log-infinitely divisible cascades
presents much more correlations to control than the case of canonical cascades on
homogeneous or Galton—Watson trees.
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For g € I, we have
Eg(A?™h) =21 EW]) = 2¢@.
Take k = ¢ — 1 then we get Eg(A) = 1. From ¢/({) < oo it is easy to deduce
that Eg(A* logt A) < oo. In case (i) we have either o # 0 or v is not of the form
> nez Pnénn for some A > 0 and p, > 0, thus the conditional law of log A, given
A # 0, is non-arithmetic. So in order to apply Theorem 6.1, it is only left to verify
that Eg ((AR + B)* — (AR)*) < oo. To do so, we need the following proposition
(in the framework of canonical cascades such a fact is simple to establish due to the
independences associated with the branching property (see [23, Lemma 4.1])).

Proposition 6.1 E(u(ly)u(1))) < oo.

We have

EQ((AR + B) — (AR)") = 2E((u(D)* — nl0)*) - u(o)).

By using the following inequality

K <
(x+y)K—xK§[y’ 0<i=l, x,y >0,

K2y 9 1 <k < 0.
it is easy to find a constant C, such that
EQ((AR + B)* — (AR)*) < CeE(u(lo)p(11)").

Then from Proposition 6.1 we get Eg ((AR + B)* — (AR)) < oo.
We have verified all the assumptions in Theorem 6.1, thus

EQ (AR + B)" — (AR)") _

lim “Q(R > 1) =
Aam, QR > 1) KEq (A< log A)

d € (0, 00).

Notice that Q(R > 1) = ftoo xP(Z € dx). From [23, Lemma 4.3] we get

tl_i)rgotgﬁ”(z > 1) = @

It is easy to verify that

J 2E ((D)¢ o) — n(Ip)?)
(¢ = D¢'(¢)log?2

and this gives the conclusion.
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For case (ii), we may apply the key renewal theorem in the arithmetic case instead
of the non-arithmetic case used in Goldie’s proof of Theorem 2.3, Case 1 ([16,
page 145, line 21]) to get that for x € R,

F(x +nh) — d(x), n— oo,

where 0 < d(x) < oo, r(t) = e"Q(R > ") and

X

F(x) = / e~ Dr () dr.

—00

We have forx +h > y,

eXth eV
Flx +h)—r(y) = / e (xth) K -Q(R > u)du —/e_yu" -Q(R > u)du
0 0
ex+h
_ e—()c+ehiy_ e_y?(y) 4 e th) / u* - Q(R > u)du,

o
thus
Xt
F(x 4+ h) — M (y) = e 1 / u“ - Q(R > u)du.
e
On one hand we have
oHh

e~ () / u - Q(R > u)du

24

e—(x+h) _e(x—i-h)lc i Q(R - ey) . (ex—i-h _ ey)

IA

=(1— eIy X (R > ).
This gives

lim inf e Q(R > ey > e~ CH I (1 — o T g () —e? T d ()]

n—0o0

On the other hand we have
ex+h

e~ O th / u - Q(R > u)du

ey

e—(x-‘rh) L eVE . Q(R -~ ex-i—h) . (ex-i-h _ ey)

v

=1 - M. e QR > .
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This gives

lim sup e ¢ L Q(R > ") < O (] — oY Tl (x) — @A ().
n—0oo

From these two estimation we can get the conclusion by using the same arguments as
in Lemma 4.3(ii) and Theorem 2.2 in [23]. O

6.2 Proof of Proposition 6.1

We have almost surely

nlo) (I = EII_IR) e (Io) pee (I1)"

K

= lim / AV gt | / AV gy
e—>0
tely tel

Letn > 1 be an integer such thatn — 1 <« <n,soqg =k —n+1 € (0, 1]. Thus

K n—1 q

/ AV g | / AV 4 / AV 4

tel) tel; tel;

Then we get from Fatou’s lemma and Fubini’s theorem that

E(u(lo)u(11)*) < liminf
€—>00

| q
n—1
/ E [ [Ter . / AVEG) qr || drg - - dtg_r. (6.2)
101011, ostn— 1€l k=0 1/2
Denote by s9 = 1/2, s, = l and s; < --- < s, the permutation of 71, ..., ;1.

Then from the sub-additivity of x — x4 we get

1 a n—1 | Sitl 1
1 1
/eA(Vé WD, | <> /eA(VE o) gy,
1/2 =0 5

Given0 < j < n—1, define the process Y, = 1AV =00V ) ¢ ¢ [0, Sjt1—5;]
and its natural filtration 7; = o (A(V/ (sj41 — ) N VI () : 0 < s < 1) (see Fig.5).

For 7 € {0, 1} define D, = " (V¢ t\Ve (o) [T2Z1 ¢A(VZ @) Under the probabil-
ity dP, = ]EFTU,,)dP we have the following two facts: (1) t — Epn (Y;) is continuous;
(2) Y, is a positive submartingale with respect to F;. The continuity and positivity are
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Fig. 5 The gray area for Vel
(sj+1 =D NV 0)

0 to ;|81
Sj+1 —1

obvious, and we leave the reader to check the following fact: for0 < s < s+e€ < 511
if we write Ay = (VeI (sj41—1— e)\V! $jr1—0)N Vel (to) and let m be the power
to which e®(%s.€) appears in Dj,, then we have

E]P’,, (YsielFy) = W (=i(g+m) =y (=im)A(Ase) | ]EP'? (Y| Fs)

> Ep, (%,| ),

where the inequality comes from the fact that ¢ (—ip) is an increasing function of
p on the right of 1 since it is convex and %w(—ip)b,:l > 0. Thus (see [33,
Th. 2.5, Prop. 2.6 and Th. 2.9], e.g.) the submartingale (under IP;) (Yt)Ostss]-H—s,-
has a right-continuous version (with respect to the filtration made of the completions
o-algebras i+, 0 <t < s;41 — ;) that we use to continue the study.

Now, foreach j =0,...,n — 1 we have
Sj+1 9
/ AV g
Si
_Sj+1 4
< sup eIAVIONVEG) AV EN\VE @) gy
- Sj<I<Sj41
L5
[ Si+1
< sup edAVIONVI@) | [ pAVEE\VEG) gp
- Sj<I<Sj41
L

where we have used the elementary inequality x? < 14 x forx > O and ¢ € (0, 1].
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Then Doob’s inequality applied with LY (y > 1) yields ¢ = ¢(y) such that

n—1
E (enAwJ(zn)\v:(m)) ( 1 eA(vg(m)) sup qu(VJ(z)ﬂVJ(to)))
k=0

Sj<t<S8j41
n—1 17y
< cE(D)' V7 | E AV @V (10)) HeAme)) 47 AV (s )NV (10)) .
k=0
Thus
n—1 St !
1 I
E[ [Lert 0. /emve @) g,
k=0 5

— 1y

n—1

< CE(DO)I—I/V |:E( HeA(VJ(tk)) ,quA(Vel(s,-)mVEl(to))):| +CIE(D1)1_1/V .
k=0

Sj+1 n—1 1/y
/ [E (eAwJ(zn)\V!(m))( HeA(Vgl(fk)))eQVA(Vel(Sj)mVe[(fO)))] dr,.
5 k=0

Forn,n" € {0, 1} and 1,, € [s;, 5j41) define

~ gy’ AV (s) N VI w0) + n AV n)\V. (0)) ifg <1,
An,n’(tn) =

AV (ty)) ifg=1.
Then define
n—1 _
Dy (to, ... 12) =E [ [ 2@ . efn @
j=0

It is easy to see that E(Dq) = Eo,o(to, ..., E(Dy) = Bl,o(to, by,
nl 1 1 1
IE( [T @ earatvispnve <f0>>) = Do,1(to, - .-, 1n)
k=0
and
n—1
E(eA(VJ(tnAvJ(to)) ( H eA(VJ(rk») 1V AV V! (to))) =Dy 1o, ... 1y).
k=0
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Alsosety, =y ifqg < 1land y, = 1if g = 1. We finally get

q
n—1 1
E H AV / AV gy
Jj=0 1/2
1
<2c- Z E(Dy,0)(t0, - ., l‘n)l_l/yq /Bn,] (o, - - -, tn)l/ythn

ne{0,1} 1/2
1
<4c- max Dy (o, ..., 1) dt,.
n,1m'€{0,1}
172
Now fix 19, ..., 1, and redefine s9 = #p, s = 1/2 and sp < --- < s,4] the
permutation of 1, ..., #,. Let j, be such that s;, = #,,. Define
po=1
p1=0;

pj =1, forj# j
pj, =mn, incaseof g < 1;
pj, =1, incaseofg = 1.

Fork=0,...,nand j =k, ...,n + 1 define
qyn’ + Zl:k,..,,j;sj;étn pi, ifg<1l,k=0andt, €{sj,sj41}
Vk" = .
! Zl:k,,.,,j pis otherwise.

and let r; ; = O for k < j. Then by using the same argument as [2, Lemma 1]
(notice that ry j represents the power to Ve ONVE (DN (k-DUVS (574 which appears
in the product [T/ &< @) . %o ™) and that (V] (1) NV (s )\ (V] (s1—1) U

VI (sj+1))) = log 5 ESk +log Sjﬂlﬂ,k —log sjflsk,l —log Xj+llsk—l , see Fig. 6) we can
get
n  n+l 1
Dyl t) = 2, 2, @lj.h)-log =,
k=0 j=k+1
where

a(j, k) =Y (=irgj) + Y (—irkgr,j—1) = Y (=irkj—1) = Y (=irgs1,5).
Let 1Z~(p) = ¥ (—ip). By definition of «, we have J(p) <p-—lforallp e (1,n+

q),and ¥ (n+¢q) = n+q — 1. Moreover, ¥'(1) < 1 since ¢'(1) < 0, and y(1) = 0.
Consequently, there exists § € (0, 1) such ¥ (p) < (1 —8)(p — 1) for p € [1, n]; in
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Fig. 6 ry ; is the power
corresponding to the gray area

Sk—1 Sk S5 Sj4+1

particular by convexity of w we have | —§ > w (1). Moreover, notice that w( p) <0
forp € (0, 1) smcew(O) =0= W(l) aIldI/IISCOI’IVCX and also I//(p) > I/f (H(p—1)
for all p > 0, which yields for p € [0, 1], 1//(p) > (1 —&)(p — 1). Finally, in case of
g < 1,wetakey > 1smallenoughsuchthatgy < land ¥ (n4qy)—n+1=¢q' < 1.
) Ifn =1,thatis0 < « < 1,qg = k and 1]?(1+qy) = q’ < 1. We have
so=1t€[0,1/2), s1=1/2, so =1t € [1/2,1)and s3 = 1.
If g < 1, we have

roo=1,ro1=14+qyn, roo=14qyn, rii=0,rip=mn rn>=n.
This gives

@0, 1) =FA+gyn) +¥©O) =¥ (1) =¥ =4,
(0,2) =¥ (1 +qyn) +9©0) =¥ (1 +qyn) = F ) =0,
@(1,2) = F () + ¥ (©0) = F0) — ¥ () = 0.

Thus

1/2

E(u(lo)u(1)) < 4c - / (12— )4 ds < 0o,
0

If g = 1, we have
ro0 =ro1=ri1=rip2=1,rg2=2.
This gives «(0, 1) = «(1,2) =0 and «(0,2) = 1/7(2) = 1. Thus

172 1

E(u(lo)u(h)) = / /(Il —10)~ " dtodt; = log2 < oo.

0 12
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Remark 6.1 Here we have an equality since when ¢ is an integer we do not need
to use Doob’s inequality to estimate (6.2) and we can apply the martingale con-
vergence theorem and dominated convergence theorem as in Sect.5.2. The identity
E(u(lo)(l1)) = log2 yields the precise formula in Remark 1.4.

(i1) The case n > 2 is more involved. For 0 < k < j <n + 1, write

a(j. k) = B(j. k) = B(j, k+ 1), where B(j, k) = ¥ (rx.j) — ¥ (e j—1).

Then
n  n+l n  n+l
>3 alih- log —=2 2 BUH=BGA+ D) log
k=0 j=k+1 k=0 j=k+1
n+1 j—1
= > D> (BUK) =BG, k+1)- log =
j=1k=0
=A+B+C,
where
n+1 j-1
A=D">"BG.k)- log
Jj=1k=0
n+1 n+1
B= Zﬂ(] 0)-log =—> BG.J) log -
j=1 Si=
Now, using the definition of B(j, k) we get
n  n+l
A= Bk -log
k=1 j=k+1
Sn+1 — Sk—1
—Zmrkn+1) log =%
P Spt1 — Sk
—1 Sj+1 — Sk—1
5 ey (log__log—)
=1 j—k+1 Sk $j+1 = Sk
1 — Sk—
—ka) log -,
+1 — Sk

k=1
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-~  ~ 1
B =9 (rons1) - log——— +Z V(ro ) - 1og — ¥ (r0.0) - log

Sp+1 — SO

ZI/I(FJ j) 10g

Jj=1 Si-1
First notice that r; ; € {0 1} for j = 1, , n, thus 5 0. Let @(r) a -
8)(r — 1) forr > 1 and w(O) = O We have w(r) < w(r) forl <r <¢—gq,
andw(n—l-qy)—n—l—i—q Vin+qg)+8n—+q —1)ifqg < 1, as well
as1//(n—|—q)—n+q—1—w(n+q)+8(n+q—1)1fq lNowdeﬁne
formally A and B as A and B, by replacing w by w Notice that all the log

T s 5 i
qyq and rewrltlng Y(ront1) = (S(r(/)’nJr1 -1+ 1//‘("6’”_’_1) in expression B, where
Tomp1 =n+q'ifg < landry, ., =n+qif g = 1, and remembering also that

and (log el log 3’“#) are positive. Then, remembering that rg ,4+1 = n +

J(rj,j) = @(rw) for j = 0,...,nsince r; ;j € {0, 1}, the previous inequalities
between v and i yield:

n  n+l

> ali k) log o =800 — 1) -log

S
k=0 j=k+1 n

1 ~ o~
+A+B.
— 50

Now define 3(j, k) = @(rk,j) — fﬁ(rk‘j,l). It is easy to see that ﬁ(j, k) <1—6for
0<k<j=<n+lsincery;—ryj-1 <1(wheng < 1, we have chosen y small
enough such that gy < 1). Thus

1 1

3

T

.
|

A= B _— _ S5
. (j.k) - log < 8>Zlog R
j=1k=0
n+1
B=> B3.0)-1 <(1-6 I
> B(j.0)-log - ( >Z L
j=1
This gives
“ 1
A4+B=<(1-§ log———,
== 08
j=1
and bounding rp ,+1 — 1 by n (we have chosen ¢’ < 1), we get
n  n+l n+1
1
Z z a(j, k) - log <n8~log +(1—8)Zlog
k=0 j=k+1 Snt1 = & j=1 8-l
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One has

1/2
dspy1dsy - - - dsydsg

(Sn1—50)" [(Sn1 —sn) -+ (52—1/2)(1/2—50)]'=?

0 1/2<sp<--<spq1<1

1—s,

1/2
B / / / dudsy, - - - dsydsg
N (450 =30 [t(50 —5n 1)+ (53— 1/2) (1 /2—s50)]1 7

0 1/2<sp<-<sp<l 0

(1 7311)8

1/2

1 / / / dvuds,, - - -dsrdsg

) (W 45, —50)" [(sp—Sn—1)-+(s2—1/2)(1/2—s50)]' 7
0

1/2<sp<--<sy <1 0

(1—s,)°

1/2
on/8 / / / dvds,, - - - dsydso
WA (51=50)2)" (s —sn—1)+(s2—1/2)(1/2—50)]'~*
0

1/2<sp<--<s <1 0

1/2
- on/8 / / dsy, - - - dsadso
T (=14 (5n=50) "8 (sy—sp—1)-+(s2—1/2)(1/2—50)]'

0 1/2<sp<--<sy<1

IA

IA

2(nt-+2)/8 dsadso
<
T (n—118 / / (52 — 0)°[(s2 — 1/2)(1/2 — 50)]' ¢

172
2(n+'--+2+1)/8 2 dso
(n—1)! / S12—s (12—
< Q.
This yields E(u(1p) e (11)€) < oo. O

7 Proof of Theorem 1.5
The proof follows the same lines as that given in [6] for compound Poisson cascades,
and uses computations similar to those performed in [35] to find the sufficient condition

of the finiteness.
LetJ =[fg,t1] € Z.Fort € J and € < |J| we have

v iy=vehouviiauvirae,
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where V(1) = V. (1)\V}},(¢) and recall in Sect. 3.1 that

VI ={z=x+iye V@) : I <y <2t — 1)},
V@) ={z=x+iye V() : |J| <y <2(x —10)}.

Lets € {/,r}. Recall in Lemma 3.4 that for g € I, there exists a constant C; < 00
such that

E ( sup qu(VJ’S(’))) < Cy, (7.1

teJ

and for g € R there exists a constant ¢, > 0 such that

E (inf qu(V”(f))) > ¢, (7.2)

teJ

Let i/ (1) = Q(V/ (1)) dt, i’ =lime_o [t/ and Z(J) = i’ (J)/|J|. Then it is casy
to see that for g € I,,

E(Z(J)?) < 0o = E(Z(J)?) < oo.
and for g € R,
E(Z(J)?) < 0o = E(Z(J)?) < .

7.1. First we show that for g € I, N (—o0, 0) we have E(Z9) < oo. Let Jy = Iy and
Ji1 = Iy. It is clear that

il () = 5 (Jo) + 7 ().
Fori € {0, 1} define

Vi=VIUJ)Ni{zeH: Im(z) < |},
Vi) = Vil Nz e H: Im(z) < |11},
Vi () = V@) n{z e H: Im(z) < |1},

and

mj; = inf eA(Vi,l(l)); mi, = inf eAWVir ()
teld; teld;

Fori =0,11let U; = 47! Smig My V) Then we have

Z(I) = UpZ(Jo) + U1 Z(Jy),
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where Z(I), Z(Jo), Z(Jl) have the same law; Uy, U; have the same law; Z(Jo),
Z(J1) and (U, Uy) are independent. So by using the approach of Molchan for Man-
delbrot cascades in the general case [31, Theorem 4], we only need to show that
E(U{) < oo to imply that E(Z(1)7) < oo, thus E(Z9) < oo.

Since ¢ < 0, we have

UZ = 479 . sup AMV0I0) . qup (7AYo @) g AYD),
tedo teo

Notice that these random variables are independent, so

tey tedy

E(Ug) —479. ]E( sup qu(Vo,l(l))) . E( sup quVo,r(f))) .E (qu(Vo)) )

Then from the fact that ¢ € ), and (7.1) we get the conclusion. O

7.2. Now we show that for ¢ € (—00,0), if E(Z9) < oo then ¢ € I,. Let Jy =
inf I + |1][0,2/3], Jy =inf I + |I|[1/3,1] and J = inf I 4 |I|[1/3, 2/3]. Then we
have

il < @' (Jo) + i1 ().
Fori € {0, 1} define

Vi = (VIUN\V () N{z e H:Im(z) < |1]},
Vi) =Vt ni{z e H:Im(z) < 1]},
Vi () =V ()yn{z e H: Im(z) < |1]}.

Also define V = V/(J) N {z € H:Im(z) < |I|}. Then we get

Zhy <M [T 471 qup AU L sup VIO AT Z ()
i=0.1 tel; tel;

Since g < 0, this gives

Z([)q > 0 V) | Z 479 . inf AVt ®) | inf AVt () | g AV | Z(Jl.)l]
- P teld; ted;

Taking expectation from both side and using (7.2) we get
E(Z(D?) = B(e?™V) - 2. 47 . ] (!0 - E(Z(1)9).

Then from E(Z(1)7) < oo we get E(e42VUV0)) < 2—14%;2 < oo. This yields
q €l,. O
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8 Proof of Theorem 1.6

The proof is similar to that of [23, Theorem 2.4].
Fori € ¥, and j € {0, 1} let Wi = W;/W;.
Forn>1, w € Qandi € X define

A, = > W @) 1,z
i=i1-in€X,
Ry(w, 1) = Z Zi(w) - 1), =i}

iex,

Thus for any i =iy ---i, andi € [i] we have

() = ( [TAx. i)) - Ry(, ).
k=1

We claim that for any n > 1, A, has the same law as A, and R, has the same law as R,
where A and R are defined as in the beginning of Sect. 6.1; moreover, Ay, ..., A,, R,
are independent. This is due to the fact that for any non-negative Borel functions
fi, ..., fu and g one gets

k
Eg [ g(Ra) [T £i¢A)

j=1
=K Z g(Z)Z; H Ji (Wi[kilmikil]) Wi[kilmjkil]
i=ij i €%y k=1
=E(2)2) [ | 2E(fi(Wo) Wo)
k=1
=Ege(R) [ [ Eq(r(A).
k=1

Under the assumptions we have
Eg(og A) = 2E(Wy log Wp) = ¢'(1)log2 := B € (—o0, 0)
and
Eg((log A)?) — Eg(log A)? = ¢"(1)log?2 := B, € (0, o0).

Denote by S, =log A; + - - - + log A,,. By using law of iterated logarithm we get

S —
lim sup ”—nm =1, Q-as.
n—oo ~/2B2nloglogn
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It follows that for Q-almost all (w,i) € 2 x X andall0 <€ < 1,

enﬁ1+(1—e)q/2ﬁ2n loglogn < eS,, < enﬁ1+(1+e)«/2ﬁ2n loglogn (8.1)
where the left inequality holds for infinitely many n € N, while the right inequality

holds for all n € N sufficiently large. We also have the following lemma.

Lemma 8.1 For 0 < € < 1 one has for Q-almost all (w,1) € Q@ x T and alln € N
sufficiently large,

e~ Vne < R, < eVie,

Then the rest of the proof is exactly the same as [23, Theorem 2.4]. O

8.1 Proof of Lemma 8.1

The proof is borrowed from Lemma 12 in [25]. First we have

Q(log Ry| = +/n€) = Q(R, > V™) + Q(R, < e V")
=E(Z 152 m) +E(Z - 15 ic)

<B(Z Vg i) + eV

Applying the elementary inequality anl Liysymy =X Z we get

D QUlog Rul = vne) = D E(Z -1y i) + e V™

n>1 n>1 n>1

—E Z-Zl[gzﬁ] +Ze—ﬁ€

n>1 n>1

< e PE(Z(log 2)*) + D e "

n>1

Since ¢’(1) < 0, there exists ¢ > 1 such that ¢(g) < 0, thus due to Theorem 1.2 we
have E(Z9) < oo. This implies E(Z(log 7)?) < 00, and the conclusion comes from
Borel-Cantelli lemma.
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