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Abstract We consider the dyadic model with viscosity and additive Gaussian noise
as a simplified version of the stochastic Navier—Stokes equations, with the purpose of
studying uniqueness and emergence of singularities. We prove pathwise uniqueness
and absence of blow-up in the intermediate intensity of the non-linearity, morally
corresponding to the 3D case, and blow-up for stronger intensity. Moreover, blow-up
happens with probability one for regular initial data.
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1 Introduction

Motivations Uniqueness is a problem with many facets for PDEs and different prob-
lems may require different approaches. When turning to stochastic PDEs, the problem
acquires new levels of complexity, as uniqueness for stochastic processes can be under-
stood in several ways. We refer to [25] for a recent review.

A prototypical example of PDE for which uniqueness is open are the Navier—Stokes
equations, where the issue of uniqueness is mixed with the issue of regularity and
emergence of singularities [22]. The stochastic version shares the same problems. In
recent years, by means of a clever way to solve the Kolmogorov equation, Da Prato and
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896 M. Romito

Debussche [13,19] have shown existence of Markov families of solutions. Moreover,
such Markov families admit a unique invariant measure, with exponential convergence
rate [38]. In [26,28] similar results have been obtained with a completely different
method, based on the Krylov selection method [35]. Related results can be found
in [1,14,24,27,40-44]. Both methods apply equally well in more general situations
[8].

The purpose of this paper is to analyse uniqueness and emergence of blow-up in
a much simpler infinite dimensional stochastic equation. We look for a model that
retains some characteristics of the original problem and is amenable to the analysis of
[13,28]. The main point is the choice of the non-linearity.

The Navier—Stokes non-linearity on the torus with 27 -periodic boundary conditions
reads in Fourier series as

u-Vu= iz Z (U - M)ty €57

k n+m=k

Here the kth mode interacts with almost every other mode. The most reasonable
simplification is to reduce the interaction to a finite number of modes, while keeping
the orthogonality property in the energy estimate. The simplest possible is the nearest
neighbour interaction and this gives the dyadic model.

The dyadic model The dyadic model has been introduced in [29,33] as a model of
the interaction of the energy of an inviscid fluid among different packets of wave-
modes (shells). It has been lately studied in [4,6,12,34,46] and in the inviscid and
stochastically forced case in [3,5,9].

The viscous version has been studied in [10,11,30]. Blow-up of positive solutions
with non-linearity of strong intensity is proved in [10]. In [7] the authors prove well-
posedness and convergence to the inviscid limit, again for positive solutions, with
non-linearity of intensity of “Navier—Stokes” type.

In this paper we study the dyadic model with additive noise,

dX, = (—vA2X, + 20 X2 = MBX,X,p1)di + 0,dW,, n>1, (11
where 1, = 2" and X¢ = 0. The noise coefficients satisfy suitable assumptions and
the parameter 8 measures the relative intensity of the non-linearity with respect to the
linear term. Throughout the paper we consider the viscous problem, namely v > 0.
The inviscid limit will be addressed in a future work.

The non-linear term cancels out as in Navier—Stokes providing an a-priori bound
in £2(R) independent of 8. If A2 X,, > Ax 2 the linear term dominates the non-linear
term. This is the heuristic reason why local strong solutions exist when the initial
condition decays at least as A, B _2). If B < 2 this is always true due to the ¢2-bound,
and the non-random problem has a unique global solution [10]. Likewise, uniqueness
holds with noise when 8 < 2.

By a scaling argument (see for instance [10]), one can “morally” identify the dyadic
model with the Navier—Stokes equations when 8 ~ % In [7] well-posedness is proved
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Uniqueness and blow-up for a stochastic viscous dyadic model 897

in a range which includes the value %, but only for positive solutions. Positivity is
preserved by the unforced dynamics. It is clear that, as is, positivity is broken by the
random perturbation.

Main results This paper contains a thorough analysis of the case 8 > 2, which can
be roughly summarised in the table below.

B=2 2<p<3 B >3
Blow-up NO NO? YES
Uniqueness YES YES ?

4 Absence of blow-up is proved up to B < 3

We prove pathwise uniqueness in the range B € (2, 3] by adapting an idea for
positive solutions of [7]. The solution is decomposed in a quasi-positive component
and a residual term. Quasi-positivity means that there is a lower bound that decays
as a (negative) power of A,. This bound is preserved by the system as long as the
random perturbation is not too strong. Under the same conditions the residual term is
small.

Quasi-positivity and the invariant area argument of [7] together imply smoothness
of the solution. Here by smoothness we mean that 39 n)n>1 1s bounded for every y.
This result holds for 8 € (2, B.), where B, € (2, 3] is the value identified in [7].

When 8 > 3 we use an idea of [10] for positive solutions. We are able to identify
a set of initial conditions that lead to blow-up with positive probability.

Emergence of blow-up has been already proved in several stochastic models. See
for instance [16,17] for the Schrodinger equation [21,36,37] for the nonlinear heat
equation (the result of [23] is basically one dimensional and no ideas for infinite
dimensional systems are involved). All such results ensure that blow-up occurs only
with positive probability.

We first state some general conditions that ensure that blow-up occurs with proba-
bility one. Roughly speaking, one needs first to identify a set of initial states that lead
to blow-up with positive probability. In general, this is not sufficient (see Example
5.6). The crucial idea is to prove that such sets are recurrent for the evolution, condi-
tional to nonappearance of blow-up. We believe that these general results may be of
independent interest.

Our main result on blow-up for the dyadic model ensures that if at least one compo-
nent is forced by noise, then blow-up occurs with full probability. The result holds as
long as the initial state satisfies A X, (0) ~ O(1) for some o > f — 2. This is optimal
since it is the same condition that ensures the existence of a local smooth solution. In
different words, “smoothness” is transient.

The main ingredient to prove recurrence for the sets leading to blow-up is a stronger
form of quasi-positivity. This ensures that the negative parts of the solution become
smaller in a finite time, depending only on the size of the initial condition in H and on
the size of the random perturbation. We remark that recurrence is not at all obvious,
since for B > 3 the dissipation of the system is not strong enough to provide existence
of a stationary solution.
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It remains open to understand uniqueness for § > 3, since blow-up rules out the
use of smooth solutions, making pathwise uniqueness a harder problem. Uniqueness
in law may still be achievable.

2 Preliminary results and definitions

The following assumption on the intensity of the noise will be in strength for the whole
paper.

Assumption 2.1 There is g > max{%(,B —3), B — 3} such that

sup()\zoan) < 00. 2.1

n>1

2.1 Notations

Set A =2 and 1, = A". For @ € R let V,, be the (Hilbert) space

Vo = [(xn)nzl : Z()\gxn)z < OO] s

n=1
with scalar product (x, y)q = Zflil Xﬁ“xnyn and norm || - |l = (, -)3/2. Set in
particular H = Vpand V = V.

2.2 Definitions of solution

We turn to the definition of solution. We consider first strong solutions, which are
unique, regular but defined on a (possibly) random interval. Then we will consider
weak solutions, which are global in time.

2.2.1 Strong solutions
We first discuss local strong solution.

Definition 2.2 (Strong solution) Let VW be an Hilbert sub-space of H. Given a prob-
ability space (€2, .#, IP) and a cylindrical Wiener process (W;, .%;);>0 on H, a strong
solution in YV with initial condition x € W is a pair (X (-; x), r;/V ) such that

r;/V is a stopping time with P[‘L';/V > 0] =1,

X (+; x) is a process defined on [0, 1:;/\}) with P[X (0, x) =x] =1,
X (+; x) is continuous with values in W for t < T;/V s

I1X(; x)|lyy = ocoast P r}/\}, P—a.s.,

X (+; x) is solution of (1.1) on [0, t;/v).
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Uniqueness and blow-up for a stochastic viscous dyadic model 899

The strong solution turns out to be a Markov process (and even a strong Markov
process, but we do not need this fact here) in the following sense (see [31] for further
details). Set W = WU{A}, where the terminal state A is an isolated point. Define the
set W (W) of all paths w : [0, 00) — W' such that there exists a time ¢ (w) € [0, o0]
with @ continuous with values in W on [0, ¢ (w)) and w(t) = A for ¢t > ¢(w). The
strong solution defined above can be extended as a process in [0, co) with values in
W' in a canonical way, achieving value A for ¢ > r;/‘} . We say that the strong solution
is Markov when the process on the extended state space W’ is a Markov process.

Theorem 2.3 Let 8 > 2 and assume (2.1). Let o € (B8 — 2, a9 + 1), then for every
x € Vy there exists a strong solution (X (-; x), ©¥) with initial condition x. Moreover,
the solution is unique in the sense that if (X(-; x), ty) and (X'(:; x), T}) are two
solutions, then P[ty = 1] = land X (-; x) = X'(:; x) fort < ty. Finally, the process
(X (-; x))xev, is Markov, in the sense given above.

Proof Existence and uniqueness are essentially based on the same ideas of [42, Theo-
rem 5.1], but with simpler estimates. We give a quick sketch of the proof to introduce

some of the definitions we will use later. Let x € C°°([0, c0)) be non increasing and
such that y (u) = 1 foru < 1 and x (u) = 0 for u > 2. Consider the problem

dXR = —v2XRdr + xr(IXRN) (W (XE )2 = A8XRXR Yt + o, aw,.
(2.2)

The above equation has a (pathwise) unique global solution for every x € Vg,
which is continuous in time with values in V,. Given x € V,, define 7y R as the
first time ¢ when || X®(#)|lo = R. Then ¥ = supp.g r)?’R and the strong solution

X (t; x) coincides with X R(t; x) fort < rff’R . By uniqueness the definition makes
sense. Markovianity follows by the Markovianity of each X%, O

By pathwise uniqueness, if x € Vq, then 7 < r;‘/ forevery o’ € (B — 2, o). We
will be able to deduce that 7 = r}c"/ as a consequence of Proposition 4.3.

2.2.2 Weak martingale solutions
The fact that the blow-up time t¥ associated to a strong solution may (or may not) be
infinite is the main topic of discussion of the paper. To consider global solutions we
introduce weak solutions.
Given a sequence of independent one-dimensional standard Brownian motions
(Wn=1,let Z = (Z,)n>1 be the solution of
dZy, +vA2Z,dt =0, dW,, n=>1, (2.3)

with Z,,(0) = O for all n > 1. Define the functional G, as

¢ o
Gy, 2) = lly®) g +2 / (v||y(s>||2V =D M (v + 2)Gnrzn — ynzn+1)) ds.

0 n=1
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900 M. Romito

IfY € LZ(0,00; H) N Lf,c(O, oo; V) and Assumption 2.1 holds, then by the lemma

below G, (Y, Z) is finite and jointly measurable in the variables (¢, y, z) (see [8,41] for
a related problem). The following regularity result for Z is standard [15].

Lemma 2.4 Assume (2.1) with oy € R. Given a < ag + 1, then almost surely Z €
C ([0, T]; Vy) for every T > 0. Moreover, for every € € (0, 1], withe <ay + 1 —«,
there are cp4—1¢ > 0and cp.4—> ¢ > 0, such that for every T > 0,

€2.4-2.
E[exp( T sup ||Z<r)||§)} <Cute
[0.71]

Definition 2.5 (Energy martingale solution) A weak martingale solution starting at
x € H is a couple (X, W) on a filtered probability space (2, % (%;);>0, P) such
that W = (W,),>1 is a sequence of independent standard Brownian motions and
X = (X,)n>1 is component-wise a solution of (1.1) with X (0) = x.

A weak solution is an energy solution if ¥ = X — Z € L(0,00; H) N

loc

Lic([O, 00); V)] with probability one and there is a set Tp C (0, co) of null Lebesgue

measure such that for every s ¢ Tp and every t > s, the following energy
inequality holds,

PlG:(Y, Z) = Gs(Y, Z2)] = 1.

Remark 2.6 Let Qg = C([0, 00); V_g) and define on Q4 the canonical process & as
&(w) = w(t) forall 1 > 0 and w € Qg. It is a standard interpretation [24] that a
weak solution can be seen as a probability on the path space €2g. Namely, if P, is the
law of a weak solution starting at x € H, then £ is a weak solution on (g, P, ). This
interpretation will be used in the rest of the paper.

Remark 2.7 The process Y = X — Z satisfies the equations
Yo b vA2Ys = M (Yt + Zao)? = M (Yo + Z) Y1 + Zag1), (24
P-almost surely, for every n > 1 and ¢t > 0.
Givena > B — 2 and R > 0, define the following random times on g,
1% = inf{t > 0: |lw(t)[lq = oo}, rg‘o’R =inf{t > 0: [lw(®)|lo > R}, (2.5)

and each random time is oo if the corresponding set is empty. The energy inequality
required in Definition 2.5 ensures that all weak solutions with the same initial condition
coincide with the strong solution up to the blow-up time 7.

Theorem 2.8 Let B > 2 and assume (2.1). Then for every x € H there exists at least
one energy martingale solution P,. Moreover,
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Uniqueness and blow-up for a stochastic viscous dyadic model 901

e ifau e (B—2,14ap), x € Vy and Py is an energy martingale solution with initial
condition x, then ©¥ = t§, under Py and for every t > 0,

& =X(s;x), s<=t, Py —a.s. onf{td >t}

where (X (-; x), ) is the strong solution with initial condition x defined on Qg.

e There exists at least one family (P,)xcp of energy martingale solutions satisfying
the almost sure Markov property. Namely for every x € H and every bounded
measurable ¢ : H — R,

EP [¢€)1%,] = ER0lp ), Py —as.,
for almost every s > 0 (including 0) and for all t > s.

Proof The proof of the first fact can be done as in [2]. The proofs of the other two
facts are entirely similar to those of Theorem 2.1 of [41] and Theorem 3.6 of [42] and
we refer to these references for further details. O

A natural way to prove existence of weak solution (see [2]) is to use finite dimen-

sional approximations. Consider for each N > 1 the solution (X fLN))lf,,S N to the
following finite dimensional system,

XN = —02x W) W x NN 6 awy,

X‘N) o 2x M P 2 XX v edw,, 26
X(N) —0a2 XWXV 4oy dWy.

Given x € H, let IP’§CN) be the probability distribution on £2g of the solution of the
above system with initial condition xM = (X1, x2,...,XN).

Definition 2.9 (Galerkin martingale solution) Given x € H, a Galerkin martingale
solution is any limit point in €24 of the sequence (IP’)(CN) IN>1-

It is easy to verify (it is the proof of existence in Theorem 2.8, see [2] for details in
a similar problem) that Galerkin martingale solutions are energy solutions.

Remark 2.10 All results of this section hold for any polynomial non-linearity with
finite modes interaction. On the other hand the rest of the paper is strongly based
on the structure of the non-linearity. At least for nearest-neighbour interaction, we
are dealing with the difficult case. Indeed every nearest-neighbour interaction can be
written [34] as alB (X)) + azB,%(X), where B,l is the non-linearity of the dyadic
model and Bz(x) = )Lﬁ Hx,% 11 kf Xpn—1Xp. In [34] the authors prove that the inviscid

problem with non-linearity B,f is well-posed.
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902 M. Romito

3 Control of the negative components

Given 8 > 2, @ € R and ¢y > 0, consider the solution Z of (2.3) and define the
following process,

Ne,eo(t) = min{m > 1:|Z,(s)| < covA,®, fors € [0,t]andn = m}, (3.1)

n—1

with Ny ¢, (1) = oc if the set is empty.

Lemma 3.1 (Moments of Ny ,) Given 8 > 2, assume (2.1) and let oo < ag+ 1. Then
foreveryy € 0,0+ 1 —a)ande € (0, 1], withe < ag+ 1 —a — y, there are two
numbers c3.1—1 > 0 and c3.1—7 > 0, depending only on €, y and o, such that

coV
P[Ne,co (1) > n] < c3.1-1€xp (—63.1—2t—€)»3f) ,
foreveryt > 0andn > 1. In particular, P[Ng ¢, (t) = n] > 0 for everyn > 1 and
E[exp()\i(,a’co(t))] < 00.

Proof Forn > 1,

{Na,co(t) <n}= [Supsup)‘zl | Zik(s)| < CO”] .
k>n [0,1]

Henceif y <ag+ 1 —a and k > n,
sup A{_1Zi()| < A7 sup 1 Z(5) laty -
[0,] [0,1]

Therefore by Chebychev’s inequality and Lemma 2.4,

cov
P[Ng,co (1) >n] <P [Sup 1Z () oty > Cov)»,):_l} <C24-1.c €Xp (—02‘4—2‘5 t—e)»,};_l),
[0,7]

forevery € € (0, 1] withe < g+ 1 —a —y. The double-exponential moment follows
from this estimate.

We finally prove that P[Ny ¢, (t) = n] > 0. We prove it for n = 1 and all other
cases follow similarly. By independence,

o0

P[Naco (1) = 11 = exp (— > —log P[sup a¢_ [ Zi(s)| < cov]),
[0,7]

n=1

and it is sufficient to show that the series above is convergent. By (2.1),
P [SUP M1 Z(s)] < COV:| >P |:SUP lE(A2s)| < Z“COV/\ZOH‘“} ,
[0,7] [0,7]
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Uniqueness and blow-up for a stochastic viscous dyadic model 903

where ¢ is the solution of the one dimensional SDE d¢ +v¢ dt = dW, with ¢ (0) = 0.
The conclusion follows by standard tail estimates on the one dimensional Ornstein—
Uhlenbeck process (see for instance [20]), since & < 1 + «g. O

The lemma below is the crucial result of the paper. To formulate its statement, we
introduce suitable finite dimensional approximations. Consider for each integer N > 1
the finite dimensional approximations of (2.4),

5(N) 2y (N) 5 By (N) 5 (V)
vV = o2y o x VxSV

P = —oa2y ™ P xM)2 =l x N x9 (3.2)

ey

Y = ok v+ xR

In the above system we have set X, ) Y(N) +Z,forn=1,..., N.Itiseasy to
verify that the above SDE admits a unique global solution.

Lemma 3.2 (Main lemma) Let 8 > 2, N > 1 and T > 0, and assume (2.1). Let
o €[B —2,1+ ag) and consider co > 0, ag > 0 and ny > 1 such that

co <ap and cp < ‘/_(xz("‘+2 P _ Ja). (3.3)

Assume that A, _ X(N)(O) > —agv foralln =ng,...,N. If N > Ny, (T), then
YV (6) = —agua @, forallt € [0, T1and all n > no N Ny (T).

Proof For simplicity we drop the superscript ™). We can first assume that

A Yy(0) > —vag for n > ng, ..., N (the case of equality follows by continu-
ity). Then the same is true in a neighbourhood of + = 0. Let 7y > 0 be the first time
when at least for one n, A>_, Yy, (to) = —vag. Let n > ng V Ny ¢, (T) be one of such

indices. Then

Ya(t0) > —vA2Y,(t0) — A2 (Y, (t0) 4 Z (10)) (Yu1(t0) + Znt1(10))
> agv? 22227 + AL (aov, | — Zu(10)) (Y1 (10) + Znt1 (0))
> aou2x2xﬁ_7 Y (aovxni'l — Z(10)) (Yn41(t0) + Zny1(t0))—,
since vagh, *, — Z,(tg) > 0 for n > N ,(T). Here x_ = max(—x, 0). We also
know that Y, 11(fo) = —agvA,“, hence Y, 1(to) + Z,11(fo) = —v(ap + co)r,“
and (Y,4+1(t0) + Zn4+1(t0))— < v(ap + co)r,,*. We also have aovk;fl — Zy(ty) <

v(ag + co)r, %, so in conclusion

Ya(to) = vA2A27% (ap — A7 (ag + c0)?) >

The next theorem shows that the process can diverge only in the positive area.
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Theorem 3.3 Given 8 > 2, assume (2.1). Leta € (B — 2,09 + 1) and x € Vy, and
let (X (-5 x), TY) be the strong solution in V,, with initial condition x. Then

. [sup wp (xz_mxnm)_)"} .

n>11e€[0,TATY]
forevery T > 0and p > 1. In particular,

inf inf A% X, >—o00, P-as
n>1tel0,72AT]

Proof Fix x € Vyand T > 0. Setap = § and ¢ = ¢, so that condition (3.3) holds
for any ng. Choose ngp > 1 as the smallest integer such that A%, x, > —%v for all
n > ng. With the choice ¢y = %, define the event Z, 7 = {Ng,1/6(T) < 00}. By
Lemma 3.1 Z, 7 has probability one. Lemma 3.2 implies that on {t} > T},

Yo(t) = —jvr, %, forn>noV N, 1(T).

N

Indeed, we can set xV) = (x1,...,xy) and notice that on the event {tY > T},
problem (2.4) has a unique solution. Hence for every N the solution of (3.2) with
initial condition x™ converges to the solution of (2.4) with initial condition x. Here
the convergence is component-wise uniform in time on [0, T'].

Let Ny = no V Ng,1/6(T). It is clear that Ny has the same finite moments of
Ng,1/6(T). Moreover on {t¥ > T},

=My, —1 SUPrero, ) IXDIlH, n < Ni,
5

A X, () >
-l n()_[_ﬁ])» n> Nj,

for every n > 1. Therefore

sup sup AZ?I(X,,(I))_ 5V+)‘7V1—1 sup | X)) z-
n>11t€[0,T] t€l0,T]

From Lemma 3.1 and the fact that E[supjo 7 | X () ||Z] is finite for every p > 1, the
estimate in the statement of the theorem readily follows. O

Remark 3.4 Given an initial condition x € V,,, if we set

Ty £ = supf{t 1 sup,-; Ay (Xp)+ < 00},
then ¥ = min(rjj‘, +, rjj" _), and the previous theorem implies that 7¢¥ = ‘E)‘Z 4
Corollary 3.5 Let 8 > 2,0 € (B—2, a0+ 1) and x € V,, and assume (2.1). If either

problem (2.4), with initial state x, admits a unique solution for almost every possible
value assumed by Z, or we are dealing with a Galerkin solution, then
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Uniqueness and blow-up for a stochastic viscous dyadic model 905

E |:sup sup ()»f{_l(xn(l)))p] < 00,

n>11€[0,T]
forevery T > 0 and p > 1. In particular,

inf inf A7 X, > —o0, P-as.
n>11te[0,T]

Proof We simply notice that in the proof of the theorem above we have used the piece
of information {t} > T} only to ensure that (2.4) admits a unique solution.

On the other hand, if we are dealing with a Galerkin solution, then up to a sub-
sequence we still have component-wise uniform convergence in time. O

4 Uniqueness and regularity for 2 < < %

In this section we prove two extensions of results given in the non-random case. The
first concerns path-wise uniqueness, the second is about absence of blow-up. Both
extensions are based on the control of negative components shown in Sect. 3.

Theorem 4.1 (Pathwise uniqueness) Let B € (2, 3] and assume that (2.1) holds. Let
X(0) € Vg_y, then there exists a (pathwise) unique solution of (1.1) with initial
condition X (0), in the class of Galerkin martingale solutions.

We do not know if uniqueness holds in some larger class (energy or weak martingale
solutions), neither we know if a Galerkin solution develops blow-up. By slightly
restricting the range of values of 8, we have an improvement.

Theorem 4.2 (Smoothness) There exists B, € (%, 3] such that the following statement
holds. Assume (2.1) and let B € (2, Bc) and o € (B —2, 1 +ap). Then t¥ = oo for all
x € Vy and path-wise uniqueness holds in the class of energy martingale solutions.

4.1 The proof of Theorem 4.1

The proof is based on [7, Proposition 3.2], which builds up on an idea in [4]. Both
results hold for positive solutions and no noise.

Proof of Theorem 4.1 Fix T > 0. It is sufficient to show uniqueness on [0, T]. We
will use Lemma 3.2 with ¢ = % and ap = }1. With these values (3.3) holds for any
ng. Moreover, the bounds of Lemma 3.2 hold for Galerkin solutions, since they are
the component-wise limit of finite dimensional approximations.

Let ng be the smallest integer such that inf,;,> )L,f_zxn 0) > —}‘v and set No =
1 +noV Ng216(T). Let X I X2 be two solutions with the same initial condition
X (0). By Lemma 3.2, Xfl(t) > Z,(t) — ‘—111))\.2:/13 forn > Ng,t € [0, T],andi =1, 2.
Set A, = X} — X2, B, = X} + X2, D, = boa’} =27, and
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906 M. Romito

No—1 ,» N A2
Yo = D @) =D YN =) + Y v ().

A A
n=1 n No n

Notice that B, + D,, > 0if ¢t € [0, T] and n > Ny. A simple computation yields

N N
d - -1
Ewh,N‘i‘zv E )\nAi = — E )»g an_HAi—)»ﬁ, BNANAN+1
n=Ny n=~Ny

1
+ AR L Bro-1Ang—1 AN = [+ [y +[s],

for N > Np. For the first term we notice that D, ;| < %v)u,zfﬁ , hence [i] <
>N MDA <y > 0N AnAZ. For the second term,

T
/@Nm < sup ||X1+X2||H/||A||2%(ﬂ,l)ds
0

N=1 10.7]

The quantity on the right-hand side is a. s. finite since Z € C([0, T']; V(g—1),2) by

Lemma2.4,V e L2([0, T1; V) and B < 3. This implies that a. s. fOT E]N dt — 0 as
N — oo. Likewise,

No—1

d _
TS = D AT Bun AL —fly, < A@O_l(soup I1x! +X2||H)w — By,
n=1 [0,T]

and in conclusion 7 doyn < ‘15;,0 l(sup[o T Ix' + X2||H)W + [y Set ¥ (1) =
|A@)||-1/2, then ¥ 1 . Integrate in time the inequality for ¥» and take the limit
as N 1 oo to get

t
v <R, ([soup] X'+ x2||H) / W (s) ds.
T
0

By Gronwall’s lemma ¥ (¢) = O a. s. forall r € [0, T]. O

4.2 The proof of Theorem 4.2
We give a minimal requirement for smoothness of solutions of (1.1). This is analogous

to the criterion developed in [7] without noise. Given T > 0 define the subspace K7
of Qg as

Kr = [a) € Qp : lim ( max A~ 2|wn(z)|) ]

€[0,T]
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Uniqueness and blow-up for a stochastic viscous dyadic model 907

Proposition 4.3 Assume (2.1), and let f > 2, o € (B — 2,1 + ag). Let x € Vy and
P, be an energy martingale solution starting at x. If T3, is the random time defined in
(2.5), then {t%, > T} = K7 under Py, for every T > 0.

e¢]

Proof Fixa € (B — 2,00+ 1), x € V, and a solution P, starting at x, and let 5,
%R be the random times defined in (2.5). Assume 1% (w) > T, then &Rw) > T

for some Ry > ||x||¢. In particular [|§;(w)|l¢ < Ro fort € [0, T]. Hence,

Af2 max |51 ()| < A2 sup |1& (w)lle < RoAE79,
s T

and w € Kr. Vice versa, let ® € K7 and choose (M),>1 such that M, | 0 and
A2 max(o.71 &, (1)] < M. Set u, = A%, and m,, = max(o,71 |un ()], then

lun (1)) < un(0)] + (sup AN Zy (r>|) + v M im +vEPM,imy,
[0,T]

and
(A= v 2P M, ymy < (un(0)] + (suppo 7y A% Za(O]) + v A2 My ym .

Set A, = 22%|x, | 42 (supjo, 71 A% Za (1)]). By Lemma 2.4 applied with an o’ > o, we
know that >, Aﬁ < oo with probability one. For n large enough (depending only on
X, v and ), the above inequality reads m, < A, + %mn,l. By solving the recursion
we get > m2 < oo, and in particular 7% (w) > T. O

The basic idea of the proof of Theorem 4.2 is that given a smooth initial state x,
there is a solution PP, that satisfies P,[K7] = 1. Hence is the unique solution.

Proof of Theorem 4.2 Fix ¢« € (B — 2,00 + 1), x € Vo, T > 0 and an energy
martingale solution PP, starting at x, and let 7% be the random time defined in (2.5).
There is no loss of generality in assuming that P, is a Galerkin solution. Indeed, by
Theorem 2.8, T, is equal a. s. to the lifespan ¥ of the strong solution with the same
initial state.

Since P, is a Galerkin solution, there are x¥%) and the solution P with initial
state x MO of (2.6) with dimension Ng, such that x® — x in H and PV —~ P in
Qg. By definition we also have that x,gNk) = x, forn < Ng.

By a standard argument (Skorokhod’s theorem) there are a common probability
space (S_Z, F , ]f”) and random variables X V¢ | X on Q with laws PV6) P, respectively,
such that X,(,Nk) — X, P—a. s., uniformly on [0, 7] for all n > 1.

Lete > Obesuchthate > B—2 4+ 2eand6 — 28 — 3¢ > 0. We willuse Lemma 3.2
with ap < % (to be chosen later in the proof) and ¢y = %ao. Let n be the smallest
integer such that A7, |x,| < agv foralln > i1, and set Ng =7V Ng_312¢ ¢, (T).

For each integer ng > 1 and real M > 0 define the event

Ay (ng) = I sup (|X,(£/f)1| + IX,(,IOV")D < M for all k such that N > no} .
[0,7]
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908 M. Romito

Clearly ]F’[UM AM(no)] = 1 since X,(lN") — X, uniformly for n > 1, hence

Pl J (INo=no}NnAuno)| =1
no>1, M>0

Fix np > 1 and M > 0, then everything boils down to prove that K7 happens
on {Ny = ngo} N Ay (ng) for (X,(,Nk))nofnf;vk uniformly in k. We work pathwise for
w € {Ng = no} N Ay (no) and we adapt the method in [7]. We will prove that the area
in Figure 4.2 is invariant for a suitable rescaling of Y. The area

un+1

Ais defined by ¢ = A=672739 5 = 5.0 = Land m = 3, and by g(x) =
min(mx + 6, 1) and h;; specified later in (4.6). In [7] we used the value n = §.
First, we change and rescale the solution. Let €, = v)»;_zel and define

80_1 = max{rS*l , )\,/?O*ZHM + 200, €ng—1+ SUP,y= g A2y, + 2a0€n)},
Un(t) = 2585 (A2 N0 (So1) + aoen),  Valt) = A5 (aoen — A2 Z,(801)).

It follows by Lemma 3.2 that
Up =0, and Zaohye, < Vi < 3aphsén, @.1)
forallng < n < Nj. By the choice of § it follows that U, (0) < §y < § forall n > ny,

max[o,7] Upy—1 < 8, and maxjo, 7 Uy, < 6.
Consider for n > ng the coupled systems in (U, Uy+1),

d (U _ 1 4
o (U 11) =2 (53%2 + 808 + %,\f‘ 4+26%§) : (4.2)
n
where
. pi
i __ n. P =
B = (AZ—EP;H)’ i=0,1,2,

P}? = a()l))nieﬂ, APt Vnz_] — 2Py, Vat1,
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Uniqueness and blow-up for a stochastic viscous dyadic model 909

P) = —vASU, — 2072V, Uy + AP (Vi Uy + VaUng),
P:=U? | — 35723, U,

The goal is to prove that (U, (t))n,<n<n, is uniformly bounded in » and ¢. Indeed,
we will see that 0 < U,(t) < 1 for all n,t. In turns this implies that —A%e, <
A§_2+6 Y,EN")(I) < 60_2, for all n, t. Since Yn(Nk) — Y, uniformly on [0, T'] for each
n, the same holds for the limit Y. Due to Lemma 2.4, X € K.

By the choice of §y each pair (U, (t), U,+1(t)) is in the interior of A at ¢ = 0. If
we show that each pair stays in A for all # > 0, then U,, < 1. To this end it suffices
to show that each vector field on the right hand side of (4.2) points inwards on the
boundary of A. By Lemma 3.2 it immediately follows that the normal vectors n; and
ng point inwards. Moreover, since A is convex, it is sufficient to verify that each of
the products of n;, i =2, ..., 5, with the vector fields ‘BS, %,1, and %,zl is positive.

The vector field B! Wewilluse (4.1), that U < 1in A and that e, is non-increasing.
If ag is chosen small enough (depending only on m, 8 and €, but not on M, ng or 8p),
then the lower bounds we will obtain are positive numbers.

On the border with normal ny = (m, —1), A2Un+1 —mU, > 220, hence

Bl my=mP, — 2P > 15 (vA%0 — age(m, B, €)en—1). (4.3)
On the border with normal n3 = (0, —1) we have U, = 1, hence
B omz=—A2CP > AT (v — dapht Pey). (4.4)
Similarly, on the border with normal ng = (—1, 0) we have U,, = 1, hence
Bl.ong=—P! > 260 — 4a9r?Pe,). (4.5)

Before computing the scalar product with ns, let us give the definition of 4,. For
2
n € (0, 1) define g, (x) = ((x —n)/(1 = 77))'\ , X € [n, 1], and, for n <4,

hy(x) = Py (x) — ¢y(8)), x €[5, 1]. (4.6)

5
1 —¢,(8)
Each h,, is positive, increasing, convex, h,(8) = 0, hy(1) = c and h;; — h in
cl([s,1]) as n 1 8. Moreover, there is ¢s,; > 0 such that xh;] — Azhn > Cs -
With this inequality in hand, we proceed with the estimate of %,‘1 -n5. On the border

with normal ns = (—h’n(Un), 1) we have U, € [8,1] and U, 41 = hy,(U,). Since
hl, < cA?/(1 = 25), it follows that
B -ns =2>"Pl . —h (U P, > 25 (vesy — aoc(B. €, 8)en). (A7)

The vector field B°. Using (4.1) we have that | P)| < A2¢(agve, + cade>_)). This
quantity can be made a small fraction of A if ag is small enough. Therefore, due
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910 M. Romito

to formulae (4.3), (4.4), (4.5), (4.7), each product (B? +Bl) . n;,i =2,...,5is
positive.

The vector field B2. We have chosen the same parameters as in [7], hence the
products %,21 -n3 and ‘Bﬁ - N4 are positive. A simple computation shows that ‘Bﬁ V)
and %% - ns are continuous functions of 4, h%, and have positive minima for n = 4.
Then the same is true for 1 small enough, since h,, — & in Cl([S, 1]).

The proof we have given (due to the choice of the numbers m, 6, §) works for
B < % Hence we can consider B, slightly larger than % A larger value of B, may be
considered (see [7, Remark 2.2]). m]

5 The blow-up time

We analyse in more detail the blow-up time introduced in Definition 2.2. We give some
general results that hold beyond the dyadic model. Such results are the key to prove in
the next section that blow-up happens with probability one. Example 5.6 shows that
the a. s. emergence of blow-up is a property dependent in general on the structure of
the drift. Hence it strongly motivates our analysis.

Let (X (:; x), Tx)xeyy be the local strong solution of a stochastic equation on a
suitable separable Hilbert space VV. Having our case in mind, we assume that

Plty >0]=1forallx e W,

X (+; x) is continuous for r < t, with values in W,

X (-; x) is the maximal local solution, namely either 7, = coor || X (¢; x)|lyy — o0
ast 1 oo, P—a. s,

e (X (+;x), Tx)xeyy 1s Markov (in the sense given in Theorem 2.3),

e all martingale solutions coincide with the strong solution up to 7.

The last statement plainly implies that the occurrence of blow-up is an intrinsic property
of the unique local strong solution. Define

b(t,x) =Pty >t], and b(x) = ingb(t,x) = P[1, = <],
>

for x € Wand ¢ > 0. Clearly b(0, x) = 1 and b(-, x) is non-increasing. Next lemma
shows a 0—1 law for the supremum of b over space and time.

Lemma 5.1 Consider the family of processes (X, t) on W as above. Ifthere is xo € VW
such that P[ty, = oo] > 0, then

sup Plt, = oo] = 1.
xeWw

Proof By the Markov property,
b(t +5,x) =Pty >t + 5] = E[l{,5b(s, X(; x))],
and in the limit as s 1 oo, by monotone convergence,

b(x) = E[l{r,>nb(X (r; x))]. (.1
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Uniqueness and blow-up for a stochastic viscous dyadic model 911

Set ¢ = sup b(x), then by the above formula,
b(xp) = E[]l{rX0>t}b(X(t§ x0))] < CIE[]l{er>t}] = ¢b(t, xp).

Ast 1 oo, we get b(xp) < cb(xp), thatis ¢ > 1, hence c = 1. O

Remark 5.2 Something more can be said by knowing additionally that there is xo with
b(xop) = 1. Indeed, ]l{,x0>,} = 1 a. s., and, using again formula (5.1),

E[b(X (75 x0)] = E[1{, >nb(X (1; x0))] = b(xo) = 1.

Hence b(X (¢; x0)) = 1, a. s. for every ¢ > 0. This is very close to proving thatb = 1.
In fact [28, Theorem 6.8] proves, although with a completely different approach, that
b(xp) = 1 implies that b = 1 on W. This holds under the assumptions of strong Feller
regularity and conditional irreducibility, namely that P[X (t; x) € A, 7, > t] > 0 for
every x € W, t > 0 and every openset A C W.

Proposition 5.3 Consider the family (X, t) of processes as above. Assume that, given
x € W, there exist a closed set Boo, C VW with non-empty interior and three numbers
po € (0, 1), Ty > 0 and Ty > 0 such that

o Ploy" =00, 7, = 00] =0,
o Pty < Tol = po forevery y € B,

where the (discrete) hitting time Gg;orl of Bo, Starting from x, is defined as

oyl =min{k > 0: X(kT}: x) € Boo},

and agc’j‘ = o0 if the set is empty. Then

Po

Plz, < o0] > .
[T« ]_H_p0

Remark 5.4 The first condition in the above proposition can be interpreted as recur-
rence in a conditional sense: knowing that the solution does not explode, it will visit
B in a finite time with probability 1.

Proof The first assumption says that ]P’[ag;oT‘ >n, 7 >nTi] | Oasn — oo. If
P[ty = oo] = 0, there is nothing to prove. If on the other hand P[t, = oo] > 0, then
Plty > nT;] > O forall n > 1 and, since P[z, > nTi] | P[t, = co] asn — oo,

}P’[crg;:‘ >n, e > nTy]

Ploy " < Til=1-
[GB,oc <n|ty > nT] Plr, = nTi]

— 1, n— oc.

Forn > 1,

Pz, > nTy + To] < Pty > nTy + To, O’g;oTl <n]+ P[aé;@n > n].
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912 M. Romito

The strong solution is Markov, hence

n
Plt, > nTy + Tp, o' <nl=> Plr, > nTi +Tp, o' =kl
k=0

< (1= po)Ploy, < n].

In conclusion

x, Ty

Plt, > nTi + Tol < (1 — po)Ploy " < n]+Ploy "' > n]

=1- pO]P’[aB nepl<1-— poPloy < n|ty > nT1 Pty > nTi],

and, asn — o0, P[ty = 00] < 1 — poP[t, = o0], that is P, [1, = o0] < 1 O

— I+po-
Corollary 5.5 Assume that there are py € (0, 1), To > 0 and Bsoc C W such that

the assumptions of the previous proposition hold for every x € VW (the time Ty may
depend on x). Then for every x € W, P[t, < o] = 1.

Proof The previous proposition yields that sup, )y Plzy = oo] < - +p0 By the
dichotomy of Lemma 5.1, P[t, < oo] = 1 for every x € W. O

Example 5.6 The following simple one dimensional example shows that the a. s.
occurrence of blow-up depends on the structure of the drift. Our proofs below are
elementary and mimic the proofs of the next section. Consider the SDEs,

dX = fi(X)dt+dwW, i=1,2,
with initial condition X (0) = x € R, where

x2, x>0,

2
,oX = _ x5 x =0,
fl(x)_[x, x <0, fZ(x)_[—x, x < 0.
The Feller test [32, Proposition 5.22]) yields 0 < bj(x) < 1 for the blow-up function
corresponding to the drift f1, and by (x) = 1 for the one of the drift f>.
In view of the results proved above and the analysis of the next section (see Theo-
rem 6.1), we notice that

e if B = {x > 1}, then for both drifts there are pp > 0 and Ty > 0 such that
Plt, < Tp] = po for all x € By, that is the second assumption of Proposition 5.3
holds,

e the first assumption of Proposition 5.3 holds for f, but not for fi,

e in both cases E[supyy 71(X,)” ] < ooforall 7 > Oand p > 1.

Indeed, given an initial condition x € [1, 00), we have that

P sup |W,|§}1 N{te >2}| =
1€[0,2]
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Uniqueness and blow-up for a stochastic viscous dyadic model 913

SetY; = X; — W;,sothat Yo = x and dY = dX —dW = (Y + W)?, in particular
Y; > 1. On the event {sup, g o7 |W:| < JT},

. ) 1 1_,
Y>Y =2|W|Y>Y (Y —=)>=Y"
2 2
hence by comparison Y; (and hence X;) explodes before time % <2.

6 Blow-up for 8 > 3

In the first part of the section we prove that there are sets in the state space which
lead to blow-up with positive probability. The idea is to use Lemma 3.2 to adapt the
estimates of [10], which work only for positive solutions.

In the second part of the section we show that such sets are recurrent, when the
blow-up time is conditioned to be infinite. The general result of the previous section
immediately implies that blow-up occurs with full probability.

6.1 Blow-up with positive probability

Givena > 8 —2, p € (0,8 —3),ap > 0 and My > 0, define the set
Boo(a, p.ag, M) = {x € Vy : ||x||, > Mo and infl(kﬁjfxn) > —va()] . (6.1)
n=

We will show that for suitable values of ag, My, each solution of (1.1) with initial
condition in the above set blows up in finite time with positive probability.

Theorem 6.1 Let f > 3 and assume (2.1). Givena € (B—2,a0+1), p € (0, 5 —3),
and ay € (0, JT], there exist po > 0, Ty > 0 and My > O such that for each x €
Boo (e, p, ag, Mo) and for every energy martingale weak solution Py starting at x,

Pilts% < Tol = po.

Proof Choose cop > 0 with ¢ < a9 < ./ap(l — Jap), and consider the random
integer Ny, ¢, (To) defined in (3.1). The value Ty will be specified later. Set

po = Py [Ny,e,(To) = 1].

We recall that pg > 0 by Lemma 3.1, and that its value depends only on the distribution
of the solution of (2.3). The theorem will be proved if we show that

Pylt% > To. Nawoo(To) = 11=0. 6.2)

Indeed Pi[z5, < Tol = 1 = Px[ts, < To, Nayey(To) > 11 = 1 = Px[Na,¢, (To) >
1] = po. We proceed with the proof of (6.2) and we work pathwise on the event
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914 M. Romito

Q(a, To) = {r5 > To} N {Na,cy (To) = 1}.

Let Z be the solution of (2.3) and Y = X — Z. Equation (2. 4) has a unique solution
on [0, Tp] on {t% > To}. On {Ny ¢, (To) = 1} we have Aﬁ _11Z,(®)| < co for every
t € [0, To] and every n > 1. Set

2—
M = Xu — Zn +agvi. .
By this position n = (n,,),>1 satisfies the system

2 XX,

n:(0) = X, (0) + aOV)tn_l )

I,‘?n = —a2n, + a2 a4 x2
Moreover, by Lemma 3.2 (with ag, cq as fixed above), it follows that 1, (t; w) > 0 for
allt € [0, Tol,n > 1 and w € Q(«, Tp).

Fix a number b > 0, which will be specified later, then

d
dt (nn + b77n77n+1) = _Zv)"nnn - b\)(l + )‘2))‘377"77”-1-1

+app 22+ b PN b aba v P,
Xﬁ_l N + b)»ﬂ

n—1

1o

n—1

X2 a1 + b X2,
- ZAEXan-Hnn - b?»anXn+1TIn+1 — b)»f+lnan+1Xn+2,

Since (ag+cp)? < apand 0 < (aovk —Z,) < vl(agy +co)kn l,Young s inequality
and some straightforward computatlons yleld

d
P — (02 + bnanpg1) + 204202 + bv(1 + ADA2 01041 > An + By + C,

2
= biln, szkf a1 = 2ME e — bAL ) — bkf+1nnnn+mn+z,

2B+2p—4 _4—
- —2b,\ﬂ v(ao + co)r2nZ, and Cy = —4v*(ag + c0)>E g bt .

The term A, is roughly the same as in the deterministic case, hence by proceeding in
the same way as in [10] we have

ZA Ay > ki Zxﬁ“” 3+k’2kﬂ+2" 2nn+1—klzkﬁ+2”n3»

where we have chosen b so that k| = AP — 1 —4bQ2 + 21P 4+ 172P) = 0. The other
two terms are simpler, indeed

@ Springer



Uniqueness and blow-up for a stochastic viscous dyadic model 915

o o

2 — 242
> hal By = =262 v(ao + co) D da Ty = —kallnlliy .
n=1

n=1
and, by the Cauchy—Schwarz inequality and the fact that p < 8 — 3,

33B+2p—8

—— (R26-B+p) _ 1)

o0

2 _1
> aal Cy = =4 (ag + co)? 2nlligp = —k3lnlli4p-
n=1

On the other hand,

o0
242
ity + v +22) D M namn < kalinliy .

n=1

2
2 — . Y(B+2m) 2. ~2(B-3-p) I <. pi2p 3\
||77||1+p = E ()‘n 7711) An = E E An UM .

n=1 n=1

If we set H(t) = >°°, Aa” (n? + bnunng) and ¥ (1) = [n|? . the estimates
obtained so far together yield

H+ ks = kiksy? — koyr — k3 /.

Finally, H < (1 + bA™P)yr = k¢, and it is easy to show by a simple argument (for
instance the one in [10]) that if

3
ke Ak
H(0) > M§ == —— (ks + ko + v/ (ks + k2)? + 2k1ksks) and Tp> ——L—
0 k1k5( ) kiks~/H (0)
then H becomes infinite before time 7j. ]

6.2 Ineluctable occurrence of the blow-up

So far we know that if the initial condition is not too negative and the noise is not too
strong, then the deterministic dynamics dominates and the process diverges. In this
section we show that the sets that lead to blow-up are recurrent in a conditional sense
(as in Remark 5.4).

Theorem 6.2 Let 8 > 3 and assume (2.1). Assume moreover that the set {n > 1 :
oy, # 0} is non-empty. Given o € (B — 2, 1 + ), for every x € V, and every energy
martingale solution P, with initial condition x,

Py[tg < ool = 1.
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Our strategy to prove the theorem is based on Corollary 5.5. We will show that the
sets (6.1) where blow-up occurs satisfy the assumptions of the corollary. Lemma 6.4
shows that the negative part of the solution becomes small. Lemma 6.5 shows that the
size of the solution becomes large. Finally, Lemma 6.6 shows that, without blow-up,
the sets (6.1) are visited with probability one.

Lemma 6.3 Let 8 > 3 and assume (2.1). There exists cg3 > 0 such that for a €
(B —2,1 4 ), for every x € V,, every energy martingale solution P, starting at x,
every T > 0 and every co > 0 with 4co(1 + 23 <,

sup [X(Dllm < lIxlla + ce3v,
[0,7]
Py—a. s. on the event {15, > T} N {Ng_2 (T) = 1}.

Proof Problem (2.4) has a unique solution on {t§, > T'}, hence we work directly on
Y. We know that A5_2|Zn(t)| < cgv fort € [0, T]and n > 1, hence

d o
IV 4200V 1] <23 W0 HaYusi Zo + Yo 23 = Y Zust = YaZuZug)

n=1

_ 2p—4
< el + ANV + s v’

The assumption on cg and the inequality ||Y||; > A||Y || g yield
d 0 20y 12 33
o 1Yl +vAZIIY Iy < kocgv”,

where the value of ko depends only on B. The bound for Y follows by integrating
the differential inequality. The lemma then follows using that X = Y 4 Z and that
Ng_2.¢(T) = 1. O

The next lemma is a slight improvement of Lemma 3.2. We prove that there is a
drift towards the positive cone and solutions tend to be not too negative if the effect
of noise is small, regardless of the sign of the initial condition.

Lemma 6.4 (Contraction of the negative components) Let § > 3 and assume (2.1).
For every M > 0, ag € (0, 4—1‘] and co < ag, with 4co(1 + kﬁ_3) < 1, there exists
Ty > 0 such that for every x € Vg, witha € (8 — 2,1 + ap) and ||x||g < M, and
every energy martingale solution Py,

inf (072X, (Ty) = ~Cao + com.

Py—a. s. on the event {15, > Ty} N {Ng—2,¢,(Tm) = 1}.

Proof Let ng be the first integer such that inf,,>,, A ,’2 _zx,, > —agv. If ng = 1 there is

nothing to prove, so we consider the case ng > 1. Lemma 3.2 implies that A Y (t) =
—agv holds for every t € [0, T)/] and every n > ny.
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The idea to prove the lemma is to show that (Y,,,—1)_ becomes closer to 0 within a
time T},,—. At time T;,,_1 we can apply again Lemma 3.2. The same contraction idea
yields that the negative part of the component ng — 2 becomes small as well within a
time 7,,—2, and so on. The sequence of times depends only on the size of the initial
state in H and turns out to be summable. Therefore it suffices to prove the following
statement: given n > 1, if we know that for ty > 0,

sup sup A£:12|Zk| <cov and sup A (Yn+1) < agv, (6.3)
k>1[t0,T] [t0,T]

then at time ty + T, we have that Y, (ty + T,,) > —aovki:ﬁs . Here we have set

Tu(Ix 7, co, a0) = 2(B — 2) log(A(n — DA, %) + 2a, 2 log(1 v Blitcesvy

(ap—co)v

We first notice that Zn T, < oo, hence we can choose T); as the sum Ty =
> 2 Tu(M, co, ap). We turn to the proof of the above claim. Set
2—
N = Yn + cova, |

2

Then X,, = n, — (COV)\,,:? — Z,) and

)hﬂXan—i-l
4
> —(AZ + A8 X 0)ma + cov?a 20— 3B (covinh — Z) (Xus1)-.

N = —vkznn—i—covz)\z - ﬂ—}—k X

nl n—1

By (6.3), (Xpp1)— < (ao + co)vin © and (covi,_§ — Zy) < 2¢cqvi._}, hence
N > —(v)»% + )»’,fX,H_l)nn. Since ag + co < L it follows that

|
VA2 + AP X1 = vA2 —v(ag + o)Al = vkﬁ(l — (a0 + o)) = EV)‘;%'
Therefore for t > tg,

L2
(1) > na(to) exp [ — / A2+ 28X, 1) ds | = —(na(to))— e 2V =10

fo

Finally, by Lemma 6.3, (1, (t0))—- < (Y4(t0))- < Y (@o)lln =< llxllg + ce3v. It is
elementary now to check that at time o + 7},,

2— _
Yo (i + T) = na(io + T) — covis k> —agua2 .
O
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The last ingredient to show that the hitting time of sets (6.1) is finite is the fact that
the solution can be large enough, while being not too negative. At this stage the noise
is crucial, although one randomly perturbed component is enough for our purposes.
The underlying ideas of the following lemma come from control theory. We do not
need sophisticated results [39,45] though, because a quick and strong impulse turns
out to be sufficient.

Lemma 6.5 (Expansion in H) Under the assumptions of Theorem 6.2, let m be equal
tominfn > 1 : 0, # 0}. Let M| > 0, M> > 0, and a0,06,60 > 0 be such that
co < ap < aj < %andco +ag < ay. For every X(0) € Vy, with | X (0)||g < My and
inf,>1 Af:lzXn(O) > —agv, there exists T = T (M1, M», cg, ay, a(’), m) > 0 such that

° Aﬁ 2X (t) > —(ao ~+ co)v foreveryn > landt € [0, T],
o IIX(T)IIH > M,

on the event
a B2 B2
{too>Tp} Ny sup A, [1Zn(0)] < cov forn # m} N [ sup A, (1 Zm () — (@) < cov} .
[0,T] [0,T]

Here  : [0, T] — R is a non-decreasing continuous function such that ¥ (0) = 0
and Y (T) large enough depending on the above given data (its value is given in the

proof).

Proof We work on the event given in the statement of the theorem.

Step 1: estimate in H. Set {y = suppo, 71 1 Zmlla < ¥ (T)+cov, thenas in Lemma 6.3,

o
2> (1 ZaYa Yt |+ Zo Yot |+ Zug 1 1Y, +1 Z Zn g1 V)

n=1

+208  (1Zn Y2 +1Zn 1 Zin Y )

‘|‘2)Ly€,(||ZmYmYm+l + Zn21|Ym+l| + |ZmZm+1Ym|)
IV I3 + kov? 4+ 1625 (1 +v)(A + DA + Y 113).

d
VI +200Y I

IA

IA

Ifky = kov ky = 16)»/3 (1 4+ v) and M3 (T, Iﬂ(T))2 (M2 + k1/k2) eXp(kQT(l +
W )), it follows from Gronwall’s lemma that supyq 7 ||Y(t)|| < M3(T, ¥ (T))>2.

Since on the given event we have that || Z(?)|| g < MBO2E )y 1/_/ for every
t € [0, T], we finally have that

[%up IXOlla < cov + P75 /3 1+ () + M3(T, ¢ (T)) =: My(T, ¥ (T)).
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Step 2: large size at time T . Using the previous estimate we have

t
X (t) = ™! X,0(0) + Z (1) + / et L X2 X Xy1) ds

m—1
0

2— 2—
> —aguil 4+ (W (6) — coval ) — 2B [%u}al X3

Fort = T we have X,,(T) > ¢(T) —v — k,’flM4(T, Y (T))T. If we choose ¥ (T) =
My + 2v, then My(T, My + 2v)T — 0 as T | 0. Therefore we can choose T small
enough so that )\,’;M4(T, Y (T))T < v, hence X,,(T) > M and | X(T)||lg > M>.

Step 3: Bound from below for n = m. The choice of {/(T) and the computations in
the above step yield

M X (t) = —(ao + co)v — NP My(T, My + 20)2207°T,
since ¥ is non-negative. By assumption we have that ag 4+ ¢p < a(’), hence, possibly
fixing a smaller value of T than the one chosen in the previous step, we can ensure
that X,, > —ajvi. 5 on [0, T].
Step 4: Bound from below for n # m. If n > m, the proof proceeds as in Lemma 3.2,
since X,, appears in the system of equations for (¥;),~» only through the positive
term )\5, X,%l in the equation for the (m + 1)th component.

If n < m, the proof follows by finite induction. For n = m the lower bound is true
by the previous step. Let now n > m and assume that Aﬁf’g Yot1 > —a6v on [0, T].
We prove that Ai:’f Y, > —ayv as in Lemma 6.4. Set n, = Y, + aévkii’?. Since
A1 Zal < cov and (Xpi1)— < (g + co)vin © on [0, T,

. — — 2—
i = = A2 + A XD + g AP 2P — WL el — Z) (X -
> =y + M X 1)n, + AP 2 (ag — (af + co)?)ay P
= _(V}\% + A£Xn+l)7]n,
The fact that 1,,(0) > 0 implies that 5, (t) > 0. O

We systematize the random perturbation that, by Lemma 6.4 and Lemma 6.5, moves
the solution from a ball in H to sets (6.1). Letco > 0,19 > 0, T, > 0, T, > 0 and
Y 1[0, T,] — R be a non-negative non-increasing function, and define

N(ZO; C07 TC? TEa w) = A/C(CO? t07 TC) m-/\/.e(C07 [0 + T(,‘s TE’ w)a
where

Neleo, t1,12) = WP HZE@w) < cov forall n > Tand £ € [11, 11 + 121},
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-2
Ne(eo, 1., ) =1 sup Ab31Z8(0) — v, (0] < cov, 1 € [, 11 +12]
[11,01+12]
NP H1ZE@)] < cov foralln £ mand t € [11, 11 + 1]}
Here ¥y : [s,s + T,] — R is defined for s > 0 as ¥ (t) = (¢ — s), for
t € [s,s + T,], m is the smallest integer of the set {n : 0, # 0}, and for every n > 1,

t
Z5(t) = oy / eI aW,, 1 € 1, 10+ T,

fo
t

Z5(t) = oy / e R W, € [g + Tevto + Te + Tol.

to+T,

Under a martingale solution P, starting at x, the two events N.(co, to, T,) and
Ne(co, to + T,, T,, ¥) are independent, have positive probability (by Lemma 3.1),
and the values of their probability is independent of #y. Moreover, if t, T;, T, and
1, are given such that 1o + T, + T, < ), then the events N (to; co, T;, T, ¥) and
N (t}; co, Te, T, ) are independent.

Lemma 6.6 Assume (2.1)andlet 8 > 3anda € (B—2, ag+1). There exists ce. > 0
such thatif M > 0, T, > 0, T, > 0, co > 0, and ¢ : [0, T,] — R is a non-negative
non-decreasing function, with

C6.6 —pr2
e T

m 5 (T = TC+T€)7

then for every x € Vy and every energy martingale solution P, starting at x,

Py [{te =00l N ﬂ {IXKT) g < MyNN(KT; co, Te, Te, ¥))° | = 0.
k>1

Proof We first obtain a quantitative estimate on the return time in balls of H of the
Markov process X®(-; x), solution of problem (2.2), starting at x € V,,. The same
estimate will hold for the strong solution and the lemma will follow.

Step 1. Standard computations with It6’s formula and Gronwall’s lemma yield
2
ELX " @017 < Ixlf e +eoe, 6.4)

where cg6 = (2\;)3)_l Zzozl onz. The series converges due to (2.1) and g > B — 3.

Step 2. We use the previous estimate to show that

PlIX®*KT; x)|p = Mfork=1,...,n] < (e—“zT +j‘;—-g)"‘1. (6.5)
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We proceed as in [18, Lemma I11.2.4]. Define, for k integer, Cy = {||XR(kT; X))y >
M} and By = ﬂ];:O Cj. Setay = E[]lBkHXR(kT; x)||%1] and py = P[Bx]. By the
Markov property, Chebychev’s inequality and (6.4),
92
P[Cis1]Zar] < gze T IXRGET; 0l + 525,

hence
_ a 1 —vAT 6.6
P+t = E[15,P[Ci1|Far]] < 5z e ok + 32 Pk-
On the other hand, by integrating (6.4) on By, we get
92
ar+1 < B[ XMk + DT 0151 < e ax + co6pr-

Let (@ )keN and (pr)ren be the solutions to the recurrence system

6.6 5 -

- 27 - _

ar1 = e "M T ag + co.6 i, k> 1
- 1 27 - )
Pk+l = 3z € V)”Tak‘f'mpk,

with p; = p; and @; = «y. Then @y = M2 py fork > 2 and oy < @y, px < px for all
k > 1. The inequality (6.5) easily follows.

Step 3. We recall that ¥ = supg_ t)‘cx’R, hence by (6.5),

PLIX(KT; x) ||z =M, k<n, 7 =00]
< lim P{|IX(KT; 0)llw =M, k<n, v0"* >nT]
Rtoo

= lim P[|XR&T; x)|g =M, k<n, %R >nT]
Rtoo

—ui2T €66\ L
(e M2) '

A

Define the hitting time K1 = min{k > 0 : || X (kT; x)||z < M} of the ball By;(0) in
H (K = ooif the setis empty). Clearly K1 < oo on {ty = oo}. Likewise, define the
return times K; = min{k > K;_ : | X(kT; x)||lp < M}, j = 2 (K; = oo if the set
is empty). By the previous step, K; < oo on {ty = oo} foreach j > 1.

Step 4. Consider for k > 1 the events Ny = N(kT; o, Te., T,, V). We know that
P[N4] is constant in k, so we set p = P[N}]. Moreover, by the choice of T, it turns
out that N1, N3, ..., N, ... are independent. Set N, = ¥ and define the time

Lo=min{j = 1: 1x, =1,
J

with Lo = oo if the set is empty. Notice thatif Ly is finite, then | X (K, T; x)|lg < M
and the random perturbation leads the system to a set (6.1) within time K7, T + 7, +Te.
Hence the lemma is proved if we show that

P[Ly = oo, Ty = 00] = 0. (6.6)
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Step 5. Given an integer £ > 1, we have that
P[Lo > ¢, 7y = 00] = PN, N--- NN, N {zy = o0}]
o0 o0
= Z Z P[Se(k1, ..., k) N {T¥ = 00}],
ki=1 ko=ke_1+1
where Se(ki, ..., ke) = N N ./\/'ICQ N{Ky = ki,...,K; = k¢}. Notice that
Se(ki, ..., k¢) € Zx,+1)1, hence by the Markov property,
P[Se(kr, ..., k) Nty > (ke + 1T}
= E[ﬂse—l(kls»-wkl—l)I[{Tff>(ki—l+1)T}1{KZ=kZ}P[NkC[ N {Tgé(kﬂ;x) > T}|ykeT]]
<= pPSe—1(kt, ..., ke—1) N{rT > (ke—1 + DTN {Ke = ke}l.

By summing up over k¢, we have

o0
> PISekr, .. k) N T > (ke + DT
ke=ke—1+1
< —=pPSe_1(k, ..., ke—1) Nty > (ke—1 + DT}].
By iteration, P[Lo > £, t¢ = o0] < (1 — p)/z and (6.6) follows. O

Proof of Theorem 6.2 Fixa € (B —2,1 4+ ap), p € (0,8 —3) and ag € (0, %]. Let
po > 0, and My > 0 be the values given by Theorem 6.1. In view of Corollary 5.5,
it suffices to prove that the (sampled) arrival time to B (¢, p, dg, My) is finite on
{ty = oo}, for all x € V,. By virtue of Lemma 6.6, it is sufficient to prove that there

are M, T, T,, co > 0 and ¢ such that e VT +;‘/’[—'§ < land

A%SIOC;‘)#E Auf) = X(to+ T. + T: x) € Booler, p. G0, Mo).  (67)
Indeed, the left-hand side of the above implication happens almost surely on {7 < oo}
for some integer k such that to = k(7. + T,). Hence the right-hand side happens with
probability one as well and IP’[ox Tetle =00, 7° =00] =0.

We finally prove (6.7). We first notice that in Lemma 6. 4, the larger we choose
M, the larger is the time 7.. Hence we apply Lemma 6.4 with ap = ap/8, cp <
min{ao/8, (4(1 + A#3) N and M > 0 large enough so that the time 7, satisfies

eV T +C"—'§’ < 1. Moreover we know that
° 1nf,,>1( X (to+ 1T, )) —(agp+co)v > —4aov on {t¥ = oco}NN(co, fo, T¢),
o [ X(fo+ T, )||H < IX@) g + ce3v < M + co3v.

The second statement follows from Lemma 6.3. By Lemma 6.5 with M| = M +c¢ 3V,

M> = My, ap = aop/4, a(’) = 2ap and c¢q as above, there is T, > 0 such that

° infnzl( n—1

X (to + Te + T.)) = —dov on {r¢ = 00} NN, (co. to + Te. Te. V),
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Uniqueness and blow-up for a stochastic viscous dyadic model 923

g = Mo,

o IX(to+T.+T)llj > 1| X Mo+ T+ To)
thatis X (to + T. + T,) € Boo(a, p, o, My). o
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