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Abstract We prove the dynamic programming principle for uniformly nondegen-
erate stochastic differential games in the framework of time-homogeneous diffusion
processes considered up to the first exit time from a domain. In contrast with previous
results established for constant stopping times we allow arbitrary stopping times and
randomized ones as well. There is no assumption about solvability of the the Isaacs
equation in any sense (classical or viscosity). The zeroth-order “coefficient” and the
“free” term are only assumed to be measurable in the space variable. We also prove that
value functions are uniquely determined by the functions defining the corresponding
Isaacs equations and thus stochastic games with the same Isaacs equation have the
same value functions.
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1 Introduction

The dynamic programming principle is one of basic tools in the theory of controlled
diffusion processes. It seems to the author that Fleming and Souganidis in [2] were
the first authors who proved the dynamic programming principle with nonrandom
stopping times for stochastic differential games in the whole space on a finite time
horizon. They used rather involved technical constructions to overcome some measure-
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752 N. V. Krylov

theoretic difficulties, a technique somewhat resembling the one in Nisio [12], and the
theory of viscosity solutions.

In [4] Kovats considers time-homogeneous stochastic differential games in a
“weak” formulation in smooth domains and proves the dynamic programming prin-
ciple again with nonrandom stopping times. He uses approximations of policies by
piece-wise constant ones and proceeds similarly to [12].

Swiech in [13] reverses the arguments in [2] and proves the dynamic programming
principle for time-homogeneous stochastic differential games in the whole space with
constant stopping times “directly” from knowing that the viscosity solutions exist.
His method is quite similar to the so-called verification principle from the theory of
controlled diffusion processes.

It is also worth mentioning the paper [1] by Buckdahn and Li where the dynamic
programming principle for constant stopping times in the time-inhomogeneous setting
in the whole space is derived by using the theory of backward—forward stochastic
equations.

In this paper we will be only dealing with the dynamic programming principle for
stochastic differential games and its relation to the corresponding Isaacs equations.
Concerning all other aspect of the theory of stochastic differential games we refer the
reader to [1,2,4,12], and [13], and the references therein.

In [10] we adopted the strategy of Swiech [13] which is based on using the fact that
in many cases the Isaacs equation has a sufficiently regular solution. In [13] viscosity
solutions are used and we relied on classical ones. In the present article no assumptions
are made on the solvability of Isaacs equations. Here we use a very general result of
[9] (see Theorem 1.1 there) about solvability of approximating Isaacs equations and
our Theorem 5.2 implying that the solutions of approximating equations approximate
the value function in the original problem. Then we basically pass to the limit in the
formulas obtained in [10].

The main emphasis of [2,4,12], and [13] is on proving that the value functions
for stochastic differential games are viscosity solutions of the corresponding Isaacs
equations and the dynamic programming principle is used just as a tool to do that.
In our setting the zeroth-order coefficient and the running payoff function can be just
measurable and in this situation neither our methods nor the methods based on the
notion of viscosity solution seem to be of much help while characterizing the value
function as a viscosity solution.

Our main future goal is to develop some tools which would allow us in a subsequent
article to show that the value functions are of class C%!, provided that the data are
there, for possibly degenerate stochastic differential games without assuming that the
zeroth-order coefficient is large enough negative (see [11]). On the way to achieve this
goal one of the main steps, apart from proving the dynamic programming principle,
consist of proving certain representation formulas like the ones in Theorems 3.2 and
3.3 of [10] in which the process is not assumed to be uniformly nondegenerate. Next
important ingredient consists of approximations results stated as Theorem 5.2 again
for possibly degenerated processes. By combining Theorem 1.1 of [9] with Theorems
3.2 and 3.3 of [10] and 5.2, we then come to one of the main results of the present
article, Theorem 2.1, about the dynamic programming principle in a very general form
including stopping and randomized stopping times. Speaking somewhat informally
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On the dynamic programming principle 753

using randomized stopping times is equivalent to introducing a nonnegative random
process, which multipied by dt would give us the probability that we stop the process
on time interval (¢, t + dt) given that it was not stoped before.

In Theorem 2.2 we assert the Holder continuity of the value function in our case
where the zeroth-order coefficient and the running payoff function can be discontin-
uous.

Theorem 2.1 concerns time-homogeneous stochastic differential games unlike the
time inhomogeneous in [2] and generalizes the corresponding results of [13] and [4],
where however degenerate case is not excluded.

Our Theorem 2.3 shows that the value function is uniquely defined by the corre-
sponding Isaacs equation and is independent of the way the equation is represented
as sup inf of linear operators (provided that they satisfy our basic assumptions). This
fact in a somewhat more restricted situation is also noted in Remark 2.4 of [13].

The article is organized as follows. In Sect. 2 we state our main results to which
actually, as we pointed out implicitly above, belongs Theorem 5.2. In Sect. 3 we give
a version of Theorem 2.1 for the whole space. Then in Sect. 4 we prove a very simple
result allowing us to compare the value functions corresponding to different data.

Sections 5 and 6 are devoted to deriving approximation results. In Sect. 5 we
consider the approximations from above whereas in Sect. 6 from below. The point is
that we know from [9] that one can slightly modify the underlying Isaacs equation
in such a way that the modified equation would have rather smooth solutions. These
smooth solutions are shown to coincide with the corresponding value functions, which
in addition satisfy the dynamic programming principle, and the goal of Sects. 5 and 6 is
to show that when the modification “fades away” we obtain the dynamic programming
principle for the original value function. Theorem 5.2 is proved for the case that the
process can degenerate. Its version for the uniformly nondegenerate case is given
in Sect. 7 where we also prove Theorem 2.3 about the characterization of the value
function by the Isaacs equation. In the final short Sect. 8 we combine previous results
and prove Theorems 2.1 and 2.2.

The author is sincerely grateful too the referee’s comments which allowed him to
clear up some obscure places.

2 Main results for bounded domains

Let R = {x = (x1,...,xq)} be a d-dimensional Euclidean space and let d; > d
be an integer. Assume that we are given separable metric spaces A and B and let, for
eacha € A and B € B the following functions on R? be given:

(i) d x dy matrix-valued 0% (x) = (ai(;.ﬂ (x)),
(i) R9-valued b*f (x) = (b?ﬁ (x)), and
(iii) real-valued functions c®? (x), f*f(x), and g(x).

Take a ¢ € Cgo (Rd) with unit integral and for ¢ > 0 introduce & (x) = s_dg'(x /€).
For locally summable functions # = u(x) on R define

u® (x) = u * ¢ (x).
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754 N. V. Krylov

Assumption 2.1 (i) a) All the above functions are continuous with respectto g € B
for each (&, x) and continuous with respect to € A uniformly with respect to
B € B for each x. b) These functions are Borel measurable functions of («, 8, x),
the function g(x) is bounded and uniformly continuous on RY, and c*f > 0.
(ii) For any x € R?

sup  (|®P] + | FP ) (x) < o0, (2.1)
(a,p)eAXB

and for any x, y € R? and (o, B) € A x B

lo®f (x) — P ()| < Kilx — yl, [6*P(x) = b*P ()] < Kilx — yl,
lo®® ()1, 15%F (x)] < Ko,

where K and K are some fixed constants.
(iii) For any bounded domain D C R? we have

I sup 1 ey + 1 sup P L) < oo,
(w.B)eAXB (.B)eAXB
I sup £ = (YOl = 0,
(a,B)€AXB
I sup e — () llL,0) = O.
(a,B)eAXB
ase | 0.
(iv) There is a constant 8 € (0, 1] such that fora € A, 8 € B, and x, A € R? we
have

SIA < af (orin; < 87 AP

where a® = (aif’) = (1/2)0% (0*F)*.

The reader understands, of course, that the summation convention is adopted through-
out the article.

Let (2, F, P) be a complete probability space, let {F;,t > 0} be an increasing
filtration of o -fields F; C F such that each F; is complete with respect to F, P, and
let wy, t > 0, be a standard d;-dimensional Wiener process given on 2 such that w;
is a Wiener process relative to the filtration {F;, r > 0}.

The set of progressively measurable A-valued processes «; = o;(w) is denoted by
2. Similarly we define B as the set of B-valued progressively measurable functions.
By B we denote the set of B-valued functions 8 («.) on 2 such that, forany 7' € (0, c0)
and any al,a?2 el satisfying

P(atl = o(tz foralmostall ¢t <T)=1, (2.2)
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On the dynamic programming principle 755

we have
P(B,(a)) = B,(¢?) foralmostall ¢ <T)=1.

Fora. € 2, 8. € 9B, and x € R? define xla'ﬂ'x as a unique solution of the Itd
equation

t 1

X =x —|—/o"‘°"33 (x5) dwg +/b°‘”3s (x5) ds. (2.3)
0 0

For a sufficiently smooth function # = u(x) introduce
Lu(x) = aif (x) Diju(x) + b (¥) Diu(x) — P (x)u(x),
where, naturally, D; = 9/0x;, D;; = D; D;. Also set

Hlul(x) = sup inf [L*Pu(x) + f*P(x)]. 2.4)
acA feB

Denote

t

P [t as
0

Next, fix a bounded domain D C R?, define t*8* as the first exit time of xf‘ px

from D, and introduce

T
v(x) = inf sup Eg.ﬂ(oz.) /f(xt)e—aﬁt dt+g(x,)e_¢’ , (2.5)
BeB a.eA 4

where the indices «., B, and x at the expectation sign are written to mean that they
should be placed inside the expectation sign wherever and as appropriate, that is

T
E%F / Fx)e ? dt + g(xp)e
0

ra,ﬁ,x

_ e fx a.f.x
=FE|g (xfaﬂﬁxx) e P + / fo"ﬂ’ (x;xﬂ'x) e~ dt
0

Observe that this definition makes perfect sense due to Theorem 2.2.1 of [6] and
v(x) = g(x) in R4\ D.
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756 N. V. Krylov

Here is our first main result before which we introduce one more assumption.

Assumption 2.2 There exists a nonnegative G € C (D) N Clzo (D) such that G = 0
on dD and

LG < —1

inD foralle € Aand 8 € B.
Theorem 2.1 Under the above assumptions
(i) The function v(x) is bounded and continuous in R¢.
(ii) Let y®P* be an {F,}-stopping time defined for each . € A, p. € B, and x € R?
and such that y* P~ < t*P*_ Also let )\?'ﬂ'x > 0 be progressively measurable

functions on  x [0, 00) defined for each a. € U, B. € B, and x € RY and such
that they have finite integrals over finite time intervals (for any w). Then for any x

Y
v(x) = inf sup Eff’ﬂ(a‘) v(xy)e_¢7_‘pV + /{f(x,) —l—)»tv(xt)}e_‘l”_l/” dt
BeB a.eA o

(2.6)

where inside the expectation sign y = y*B@)* gnd

t
ta.[}.x — /Agﬂ,x ds.
0

Remark 2.1 The above setting is almost identical to that of [10] and statement of
Theorem 2.1 is almost identical to that of Theorem 2.2 of [10]. However, here we did
not impose a quite strong assumption from [10] that D be approximated by domains in
which the Isaacs equation has regular solutions. On the other hand, we pay for that by
excluding parameters p, which are present in Theorem 2.2 of [10] and will reappear
in our Theorem 2.3.

Note that the possibility to vary A in Theorem 2.1 might be useful while considering
stochastic differential games with stopping in the spirit of [5].

Theorem 2.2 The function v is locally Holder continuous in D with exponent 0 €
(0, 1) depending only on d and §.

Next, we state a comparison result, for which we need some new objects and
additional assumptions. Take an integer k > d and assume that on R¥ we are given a

mapping
M:x%eRF - M) e R?

which is twice continuously differentiable with bounded and uniformly continuous
first- and second-order derivatives.
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On the dynamic programming principle 757

The reader understands that the case k = d is not excluded in which case IT(x) = x
is allowed.

Assume that we are given a separable metric space P and let, foreacha € A, B € B,
and p € P, the following functions on R be given:

(i) k x dy matrix-valued 5% (p, X) = (&5’.‘" (p, X)),
(i) RE-valued 5% (p, %) = (b2 (p, %)), and
(iii) real-valued functions 7*# (p, X), & (p, X), and f*#(p, X).

As usual we introduce
a“ (p, %) = (1/D5 (p. )& (p, 1))
and for a fixed p € P define
@,,b,& [, =@6,b,¢ f,H(p, ).

Assumption 2.3 (i) All the above functions apart from 7 are continuous with respect
to B € B for each («, p, X) and continuous with respect to &« € A uniformly
with respect to B € B for each (p, X). Furthermore, they are Borel measurable
functions of (p, X) for each (&, B) and b > 0.

(ii) The functions 64 (¥) and b*f (%) are uniformly continuous with respect to X

uniformly with respect to (o, 8) € A x B and for any ¥ € R* and (o, B, p) €
Ax BxTP

lo®? (p, %), 16 (p, ¥)| < Ko.

(iii) We have ¥ = 1 and there is a constant i € (0, 1] such thaton A x B x P x RF
we have

FP(p, %) € 181,87, [P (p, ) =FP(p, H) [P (). 2.7)
(iv) The functions ¢*?(x) and f*#(x) are bounded on A x B x R?. (This part bears

on the objects introduced before Theorem 2.1.)
(v) Forany X € RF

sup (1P + | fP ) (F) < o0. (2.8)
(a,p)eAXB

A function p®? = p*(w) given on A x B x Q x (0, 00) is said to be control
adapted if, for any («., B.) € & x B it is progressively measurable in (w, ) and, for
any T € (0, 00), we have

1al 2p2
P(p;x'ﬂ' :pf"ﬂ' for almost all ¢ < T) =1
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758 N. V. Krylov

as long as
P (atl =a?, B = p} foralmostall < T) =1

The set of PP-valued control adapted processes is denoted by L.

We discussed a way in which control adapted processes appear naturally in Remark
2.4 of [10].

Fix a p € P and for a. € A, B. € B, and ¥ € R¥ consider the following equation

t 13
X=X+ / 5UP (prP %) dwy + / BB (pe P xy) ds. 2.9)
0 0

Assumption 2.4 Equation (2.9) satisfies the usual hypothesis, that is for any «. €

a.B.X va B.X

2, 8. € B, and ¥ € R it has a unique solution denoted by %" and ¥ is a

control adapted process for each X.

In order to state additional assumptions, we need a possibly unbounded domain
D C R¥ such that

(D) =D

Denote by 7*#¥ the first exit time of X" #X from D and set

t

v;xﬂ.)? _ /5055[33 (p;x.ﬁ")\é;x‘ﬁ]c) ds,

0

Next, suppose that for each ¢ > 0 we are given real-valued Borel measurable

functions cg’3 (%) and f ()E) defined on A x B x R¥ and impose
Assumptlon 2.5 (i) For each ¢ > 0 the functions (cg, fg)"‘ﬁ are bounded on A x
B x D and uniformly continuous with respect to X € D uniformly with respect

toa, B. 5
(ii) Forany X € D

<

sup E?ﬂ/ sup  |&%F — E‘Sxﬁ|()?t)e_‘7;’ dt — 0,
(a,B.)eAXxB A a€A,BeB

<

sup E;’ﬂ' / sup | fP — ﬂ“ﬂ(%t)e—@fdt—m (2.10)

(a,B.)eAXB o a€A,BeB

with the second convergence in (2.10) being uniform in D.

(iii) There exists a constant S e (0, 1] such that for x € R¥, peP,acA BeB,
and 1 € R? we have
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On the dynamic programming principle 759

; aTl ;
1A < |A*§(i)5aﬂ(p,)?)|2 <52

Remark 2.2 Assumption 2.5 (iii) is equivalent to saying that for solutions of (2.9) the
processes IT(X;) are uniformly nondegenerate.

It is convenient to always lift functions u given on R? to functions given on R¥ by
the formula

u(¥) = u(T(¥)). 2.11)
For sufficiently smooth functions u = u(X) introduce
LPu(p, %) = &l (p, H)Diju®) + b (p, x) Du(E) — & (p, Dyu (),
LPux) = L*Pu(p, %)
(naturally, D; = 9/9%;, D;; = D; D;). Also set

H[ul(X) = sup inf [LPu(x) + fP ).
acA BeB

Assumption 2.6 There exists a nonnegative (bounded) function G e C (DV) N
C2 (D) such that G(¥) — 0 as ¥ € D and dist (TI(¥), 3D) — 0 (G = 0 on

loc

0D ifk =d and T1(X) = X) and
LG (p, %) < -1

inPx D foralla € A and 8 € B.

Next, take a real-valued function ¥ on R¥ with finite C%(R¥)-norm and introduce

7
U(X) = inf sup Eg'ﬂ<“'> /fv(p,,)?,)e_q;’ dt +w(if)v(i;)e—‘5f
BeB a.eA A

where, naturally, v is taken from Theorem 2.1. Assumption 2.5 (iii) (and the bound-

edness of D) and Theorem 2.2.1 of [6] allow us to conclude that that P;ﬂ ' (f"“/g"Z <
00) = 1. Also notice that (2.7) and Assumptions 2.6 imply that for any ¥ € D

7
5 sup  EYP / | f (. %)™ dt
(o, B)€AXB 0

7
< sup ?'ﬁ'/l.f(%t)Ie“’v" di
(a,B.)eAXB o
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760 N. V. Krylov

T
< sup EYF / |f () — fe@le™? dt + G&) sup | fE (),
(a.B)eAXB 0 a,B,y

which is finite at least for small ¢ > 0 owing to (2.10). Hence, v is well defined.
By the way, observe also that, if k = d and I1(¥) = X, then ¢ (¥)v(xX) = ¥ (x)g(x)
ondD =0D.

Assumption 2.7 For any functionu € C 120 (D) (not Clzo C(DV)), the function ¥ (X)u(x)
is p-insensitive in D relative to (** (p, ¥), LB ( p, X)) in the terminology of [10],
that is, for any «,, 8., and X we have

[(wux”‘ﬂ)‘)e“’f ﬂ] = dm,
e b (p B B o gy (8P i,

whenever t < T%P* where m;, is a local martingale starting at zero.

We discuss this assumption in Remark 2.6.
Fmally, take some {F;}-stopping times y % F¥ and progressively measurable func-

tions A;" p > 0 on © x [0, co) defined for each a. € A, B. € B, and X € R¥ and
such that ;" %B¥ have finite integrals over finite time intervals (for any w). Introduce

t

laﬂ.x _ /Agﬂ.x ds.
0

In the following theorem by quadratic functions we mean quadratic functions on
R4 (not R¥) (and if u is a function defined in D then we extend it to a function in a
domain in R¥ following notation (2.11)).

Theorem 2.3 (i) If forany X € D and quadratic function u, we have
H{ul(M(%) <0 = Hluy () <0, 2.12)
then v < Yrv in R* and for any ¥ € RF

vy (X) > inlfé sug{E;"ﬂ(“') Ulﬂ()\C/VA.E)e_érAf_'//yA%
BeB a.e

AT

U (b ) + Moy i)Y Ve dr | 2.13)

<

o\

(it) If for any X € D and quadratic function u, we have

Hul(TI(%)) > 0 = Huy1(¥) > 0, (2.14)
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On the dynamic programming principle 761

then v > Yv in R* and for any ¥ € R

X

BeB a.eA

YAT

+ / (F(pra ¥0) + moy )YV dt:|. (2.15)
0

vy (X) < inf sup Ea'ﬂ(a')[Uw(iy/\f)e_‘i;yﬁ_lffyﬁ

Remark 2.3 Under the assumptions of Theorem 2.1 suppose that ¢ and f are bounded.
Take a global barrier ¥, which is an infinitely differentiable function on R? such that
¥ > 1 on RY and (L"‘ﬁ + c“ﬂ)\ll < —1 on D for all «, B. The existence of such
functions is a simple and well-known fact.

In Theorem 2.3 take k = d, D = D, and independent of p functions 7 = 1,

5P (x) = W20 (x), b (x) = ()b (x) + 2a%F (x) DW (x),
Py = —LPW(x), fP) =P, gx) = x)g),

where DV is the gradient of W (a column vector).
A simple computation shows that

LPu(x) + [ = L W) (x) + £ (x)

and therefore both conditions in (2.12) and (2.14) are satisfied with ¢ = W~ and
by Theorem 2.3 we conclude that ¥ = W'y, It is still probably worth noting that to
check Assumption 2.5 in this case we take (¢, fo)*f = [, f)“ﬁ](g).

This simple observation sometimes helps introducing a new ¢ > 1 when the initial
one was zero.

Remark 2.4 1f &, b, &, and f are independent of p andk = d, I1(x) = x, and ¢ = 1,
then Theorem 2.3 implies that v = © whenever the functions H and H coincide.
Therefore, v and v are uniquely defined by H and not by its particular representation
(2.4) and, for that matter, not by the choice of probability space, filtration, and the
Wiener process including its dimension. By Theorem 2.3 we also have that v = v if
k=d, TI(x) =x,andif a, b, &, and f do depend on p but in such a way that

(@, b, ¢ f)(p,x) =F(p,x)a, b, c, f)x)

since in that case any smooth function is p-insensitive. In such a situation we see that
v is independent of p € 3 as well.

Also notice that, if in Theorem 2.1 the functions ¢ and f are bounded (see Assump-
tion 2.3 (iv)) and one takes k = d, assumes that the checked functions are indepen-
dent of p, and finally takes the checked functions equal to the unchecked ones and
(Ce, fs)“ﬁ = [(c, f )%B1(®) then one sees that assertion (ii) of Theorem 2.1 follows
immediately from Theorem 2.2.1 of [6] and Theorem 2.3.
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762 N. V. Krylov

Remark 2.5 Here we discuss the possibility to use dilations. Take a constant u > 0
and consider the following modification of (2.3)

1 1

X=X +/U“S5S(/Lxs)dws —i—/ub%ﬁ‘(uxs)ds. (2.16)
0 0

The solution of this equation is denoted by x*** (;1). Then let

t

) = / p2e P (uad P ) ds,
0

denote by 7%~ (1) the first exit time of xta'ﬁ'x (w) from u~' D, and set

()
v(x, u) = inf sup gxB@) / w2 (xe(w)e W ar
BeB a.eA )

g (e (1))e P

A simple application of Theorem 2.3 with I1(x) = ux and ¥ = 1 shows that
v(ux) = v(x, u). Of course, other types of changing the coordinates are also covered
by Theorem 2.3.

Remark 2.6 The case k > d will play a very important role in a subsequent article (see
[11]) about stochastic differential games. To illustrate one of applications consider the
one-dimensional Wiener process w;, define 7, as the first exit time of x + w, from
(—1, 1) and introduce

v(x) = E/f(x + wy) dt,
0

so that the corresponding (Isaacs) equation becomes
H[v] := (1/2)D*v+ f =0

in (—1, 1) with zero boundary data at 1. We want to show how Theorem 2.3 allows
one to derive the following

i
v(x) = E/e—wt—<1/2>’f(x + w; + 1) dt, (2.17)
0
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On the dynamic programming principle 763

where 7, is the first exit time of x + w; + ¢ from (—1, 1). (Of course, (2.17) is a simple
corollary of Girsanov’s theorem.)
In order to do that consider the two-dimensional diffusion process given by
dx; :dw[ +dt, dyl = =W du}; (218)
starting at

(x.y)e D, =(—1,1) x (e, "),

where ¢ € (0, 1), let 7
introduce

y be the first time the process exits from this domain, and

&
Tx,y

6()5» y=E / ve f (x) dt + yrfd,v(xrfy),)
0

In this situation we take IT(x, y) = x. The corresponding (Isaacs) equation is now

2 2 2

. ” ; 0
HD)(x, y) i= (1/2)Wv(x, y) — yaxayv(x, y) + (1/2)y? o)

v(x, y)

ad
o Uy +yf () =0.
X

As G(x) and é(x, y) one can take 1 — |x|2 and setr(x, y) = y.

It is a trivial computation to show that if u(x) satisfies H[u](x) < 0 at a point
x € (=1, 1), then for ii(x, y) := yu(x) we have H[i](x, y) < 0 for any y > 0 and if
we reverse the sign of the first inequality the same will happen with the second one.
By Theorem 2.3 we have that v(x, y) = yv(x) in D; and since for y = 1

y = e~ W=/t
we conclude that for any ¢ € (0, 1)
14
v(x) = E /e_w’_(l/z)’f(x +w; + 1) dt + yeev(xee) | (2.19)

0

where t; is the minimum of the first exit time of x + w; + ¢ from (—1, 1) and the
first exit time of e %~ 1/2 from (g, e~ !). The latter tends to infinity as ¢ | 0 and we
obtain (2.17) from (2.19) and the fact that v = 0 at £1.

The reader might have noticed that the process given by (2.18) is degenerate. It
shows why in Assumption 2.5 we require only IT(X;) to be uniformly nondegenerate.
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3 Main results for the whole space

In this section we keep the assumptions of Sect. 2 apart from Assumptions 2.2 and 2.6
concerning the existence of the barrier functions G and G and take D = R?. In case
we encounter expressions like v(x, ) we set them to be zero on the event {y = oo}. In
the whole space we need the following.

Assumption 3.1 (i) The functions ¢, f, ¢, f are bounded.
(ii) For a constant x > 0 we have ¢*(p, x), ¢*(p, %) > x for all o, B, p, x and X.

Notice that in this situation % #* = oo, however Fop.x may still be finite.

Theorem 3.1 Under the above assumptions all assertions of Theorems 2.1 and 2.3
hold true.

Proof First we deal with Theorem 2.1. Take D = D,, = {x : |x| < n} and O in
the original Theorem 2.1 in place of D and g, respectively, and denote thus obtained
function v by v,. It is not hard to check that, due to the boundedness of f and the
condition that ¢ > x, in any compact set I' ¢ R? we have v, — v uniformly on T’
as n — oo. Furthermore, since the boundary of D, is smooth and o, b, ¢ are bounded
and a is uniformly nondegenerate, for each n there exists a global barrier G, satisfying
Assumption 2.2 with D, in place of D. Therefore, by Theorem 2.1, v,, are continuous
and so is v.
For each n > m > 1 we also have by Theorem 2.1 that

vn(x) — inf sup Eﬂl Bl )|:vn(xy/\rm)e¢y/\rm‘pyArm
BeB a.eA

Y AT
+ / {F () + Ava(x))e oV dz],

0

where 727 is the first exit time of x*#* from D,,. Since v, — v uniformly on D,,,
we conclude that

v(x) = inf sup E?'ﬂ(a')|:v(xymm)e_¢V”m_‘/’V”m
BeB a.eA

Y ATm
+ / {f () + Av(x)}e Ve dt:|.

0

Passing to the limit as m — oo proves our theorem in what concerns Theorem 2.1.
In case of Theorem 2.3 the argument is quite similar and we only comment on
the existence of G, satisfying Assumption 2.6 with D;l ={X¥ e D : (%) € Dy,}.
Under obvious circumstances one can take én (X) = G,(T1(x)). In the general case
one should construct G, for operators with, perhaps, a smaller ellipticity constant and
larger drift terms. The theorem is proved. O
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4 An auxiliary result

In this section D is not assumed to be bounded. We need a bounded continuous function
Won D such that W > 0in D and ¥ = 0 on 9D (if 3D # ). We assume that we
are given two continuous J;-adapted processes x; and x;' in R? with x),x] € D
(a.s.) and progressively measurable real-valued processes c;, ¢/, f/, f{’. Suppose that
c, ¢ >0.

Define t/ and t” as the first exit times of x; and x;” from D, respectively. Then
introduce

t t

b, :/C; ds, ¢/ :/c;/ds,

0 0
and suppose that

-[/ r//
E/If,’le*"’? dt+E/|ft”|e"”f”dt < 00. .1
0 0

Remark 4.1 According to Theorem 2.2.1 of [6] the above requirements about f and
c are fulfilled if Assumption 2.1 is satisfied and we take x; and ( f, ¢) with prime and
double prime of the type

P (et

respectively, where o. € 2, 8. € B, and x € R,

Finally set

7_,/ T//
vV =E / fle®dr, o' =E / flle=? .
0 0

Now comes our main assumption.
Assumption 4.1 The processes

’ "

(AT AT
\Il(xt’m,)e_d’;m/ + / e ds, \Il(xt”ﬂ/,)e_lp;/m// + / e % ds
0 0

are supermartingales.

Remark 4.2 Observe that Assumption 4.1 is satisfied under the assumptions of The-
orem 2.1 if we take ¥ = G from Theorem 2.1 and other objects from Remark 4.1.
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Indeed, by 1t6’s formula

INT
G(xiar)e ¥ + / e P ds
0
is a local supermartingale, where
X=X P =B g = g P 4.2)

Since it is nonnegative or constant, it is a supermartingale.
Denote
T/AT//
o, = e % + e_")l//, A.=F / |c; — c;/|<l>, dt,
0
and by replacing ¢ with f define A ¢.

Lemma 4.1 Introduce a constant My (perhaps My = o0) such that for each t > 0
(a.s.)

PN 24

IT’AT”>IE / |fs//|q>5 ds | ft < CDTMf (43)

13
Then
WV =V £ Af A My Ac+sup| £ E L o (W () — W)l
+sup | [ Ely <o [W(x])) — ‘I’(X;r)]e_qbg', (4.4)
where the last two terms can be dropped if T = t”" (a.s.).

Proof We have

’ " "

TNT T
" "
|v” —E / t”efd" dt\ <sup|f”|E / e~ dt,
0 /AT

where owing to (4.1), Assumption 4.1, and the fact that bounded W > 0, the last
expectation is dominated by

/,)e_¢;///\‘(” Ir/<1’” = E[-[/<-[//\IJ()C,/[//)€_¢Z/
= Ely o [W(x)) — W(xl)]e %

EV(x

”
/AT
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Similar estimates hold for v" and this shows how the last terms in (4.4) appear and
when they disappear.
Next,

"

TNAT
£ / [fje = fle ¥ |dr < Ay + 1,
0

where

At At

J=E / e — e di < E / £71C, b i,

0 0
1
C =/|c; —c!|ds.
0

By using Fubini’s theorem it is easily seen that the last expectation above equals

At [T

,/\t”
E / | /1@, dt | |c — ¢l ds,
0 K

which owing to (4.3) is less than M ¢ A.. This proves the lemma. O

Remark 4.3 Assumption (4.3) is satisfied if, for instance, for each t > 0

’

t/
It E /Ifs”lds | Fip = Mjy. (4.5)
t

Indeed, in that case the left-hand side of (4.3) is less that @, times the left-hand side
of (4.5) just because @, is a decreasing function of 7.
This observation will be later used in conjunction with Theorem 2.2.1 of [6].

5 A general approximation result from above

In this section Assumption 2.1 (iv) about the uniform nondegeneracy as well as
Assumption 2.2 concerning G are not used and the domain D is not supposed to
be bounded.

We impose the following.

Assumption 5.1 (i) Assumptions 2.1 (i) b), (ii) are satisfied.
(i) The functions ¢®? (x) and f “f(x) are bounded on A x B x R? and uniformly
continuous with respect to x € R? uniformly with respect to «, S.
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Set
A=A

and let A, be a separable metric space having no common points with Aj.

Assumption 5.2 The functions o®? (x), 5*# (x), ¢*# (x), and f*(x) are also defined
on A x B x R? in such a way that they are independent of B (on Ay x B x R%) and
Assumptions 2.1 (i) b), (ii) are satisfied with, perhaps, larger constants Ko, K and,
of course, with A in place of A. The functions c®P (x) and f @B (x) are bounded on
A, x B x R4,

Define
A=A UA,.

Then we introduce 2 as the set of progressively measurable A-valued processes
and B as the set of B-valued functions B(e.) on 2l such that, for any T € [0, co) and
any al,a? e il satisfying

P(a) = o} foralmostall r <T) =1,
we have
P(B,(a!) = B,(a?) foralmostall + <T)=1.

Assumption 5.3 There exists a nonnegative bounded uniformly continuous in D func-
tion G € C7, (D) such that G = 0 on 3D (if D # R?) and

LG (x) < —1

in D forall ¢ € Aandﬂ € B.
Here are a few consequences of Assumption 5.3.

Lemma 5.1 Forany constant x < (2supp G) 'andanya. € A, B.€B,andx € D
the process

{AT
G(.x;/\-[)eX(t/\T)_(pH\T +(1/2) / XS~ %s ds,
0

where we use notation (4.2), is a supermartingale and

T
E;‘ﬂ-/eﬂ—d’f dt <2G(x).
0
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In particular, for any T € [0, 00)

T T

Ejg‘-ﬂ-IDT/e—‘f’f dt = e—XTE§~f"1,>T/eXT—¢t dt
T T

T
< g_XTEg‘ﬂ’ /ext—¢t dt < Ze_XTG(x)-
0

Finally, for any stopping time y < 1%~

a.p. IV>TG()C)/)€_¢V < Eff‘ﬁ' 1V>TG(XT)6_¢T

X
< e X TE*P I, 7 Gxr)eXT =01

< e*XTEgﬂ-G(xTAy)eX(TAV)*¢TAy < e*XTG(x).

E

The proof of this lemma is easily achieved by using It6’s formula and the fact that
L*®*G + xG < —1/2 on D for all o, .
Take a constant K > 0 and set

vk (x) = inf sup U(Ix(.ﬂ(a‘)(x)’
ﬂe]B a.eél
where
T
vl () = E2P / fr (e di + g(xr)e™
0
T
—: 2P (x) — KE)?‘/S. / IateAze_d)r dr,
0
@) = [P — Klgen,.
Observe that

v(x) = inf sup V@B (),
BeB a.eA

These definitions make sense owing to Lemma 5.1, which also implies that v(;(‘ﬁ ’

and v*# and bounded in D.
Theorem 5.2 We have vy — v uniformly on D as K — oo.

We need the following in which 7 : A—> Ajisa mapping defined as ro = o if
a € Ajand ra = o* if @ € Ay, where o* is a fixed point in A.
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Lemma 5.3 There exists a constant N depending only on Ko, K1, and d such that for
anya. € A, B. € B, x e RY, T € [0, o0), and stopping time y

Tay 1/2
E)‘f'ﬁ' sup |x; — yi| < NeNT E?‘ﬁ' / lyen, dt ’
t<T Ay 0

where

yta.ﬂ.x _ x;‘rc{.ﬁ.x.

Proof For simplicity of notation we drop the superscripts «., 8., x. Observe that x;
and y; satisfy

' t

X; =X —i—/o“»‘ﬂ‘ (x5) dwy +/b°‘~‘ﬂ“ (x5) ds,

0 0
/
0

t

S / B () dwy + | BB (o) ds + s,

0

where Ny = II + J[,
t
L= / 075 (33) — P (yy)] duws,
0

t
o= [ ) - b s
0
By Theorem I1.5.9 of [6] (where we replace the processes x; and x; with appropri-
ately stopped ones) for any 7 € [0, co) and any stopping time y

E sup |x,—yt|2§NeNTE sup |It+Jt|2, 5.1
t<T Ay t<Try

where N depends only on K| and d, which by Theorem II1.6.8 of [8] leads to

E sup |x; —y| < NeNTE sup |I, + Ji| (5.2)
t<T Ay t<T Ay

with the constant N being three times the one from (5.1).
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By using Davis’s inequality we see that for any 7 € [0, c0)

TAy 1/2 TAy 172
E sup |I;| <NE / Iyca,ds <N|E / lycn, ds

t<T Ay

0 0
Furthermore, almost obviously

TAy TAy 172

E sup |J;| < NE / lyea,ds < NTYV? | E / loyca, ds

t<T Ay
0 0
and this in combination with (5.2) proves the lemma. O

Proof of Theorem 5.2 Without losing generality we may assume that g € C3(RY)
since the functions of this class uniformly approximate any g which is uniformly con-
tinuous in R?. Then notice that by Itd’s formula and Lemma 5.1 for g € C 3(RY) we
have

T
EYF /fK (x)e™? di + g(x;)e %
0

T
=g(x) + EYF /[f(xz) — Klyeny)e " dt,
0

where
P (x) = foP(x) + L g(x),

which is bounded and, for («, 8) € A x B, is uniformly continuous in x uniformly
with respect to «, B. This argument shows that without losing generality we may (and
will) also assume that g = 0. A

Next, since 2 C 2 and foraw. € 2l and § € B we have B(a.) € B, it holds that

VK = V.

To estimate vk from above, take 8 € B and define /§ eB by

B.(a) = B,(ma.).

Also take any sequence x" € D,n=1,2,...,and find a sequence " € 9 such that

T
vk (x") < sup EP@) / fr (e % di
aed 0

P

— 1/n + v B ey KE/Ia;zEAze_‘z’f dt, (5.3)
0
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where
(@, ) = (z. g™ PO,

It follows from Lemma 5.1 that there is a constant N independent of n and K such
that |v"‘flﬂ(°‘-n)(x”)| < N,|v| < N,vg > v > —N and we conclude from (5.3) that
for any T € [0, co) and

c:=supc
we have
" T"AT
E/Ia;zeAze_’Edt <N/K, E / Iyea,dt < NV /K, (5.4)
0 0

where and below in the proof by N we denote constants which may change from one
occurrence to another and independent of n, K, and T'.
Next, introduce

’ t ) t

t
A B matBet /Cna?ﬂx(a.")(yg)ds’
0

define y" as the first exit time of y;’ from D, and, with the aim of applying Lemma
4.1, observe that by identifying x/', y/', t”*, y" and the objects related to them with
x;,x]', v/, v and the objects related to them, respectively, we have

¢f = eI = |et Bl (ugty — cmal e (i

Hence for any T' € (0, 00)

Ay
A= E / et Bl (ry — B (o (9 4 o
0
" AY"AT
<FE / Wc(|xzn _y[n|)dt+ln+~]n,
0

where W, is the modulus of continuity of ¢ and

T"AY'AT

I, = NE / Irea, dt,
0
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Ay
J, = NE / (e ¥ + e T dt.

T"AYIAT

By virtue of (5.4) we have [, < NeNT/K and J, < Ne—xT by Lemma 5.1, say with
x = (2supp G)~!. Therefore,

t<t"AT

Al < TEWC( sup |x; —yf|)+NeNT/K+Ne_XT.

A similar estimate holds if we replace ¢ with f.
As long as the last terms in (4.4) are concerned, observe that

E|G(x") — G(Y™)|e % Ln_yn

SEWG( sup |x§1—y,"|)+Rn,

t<T"AY"AT
where W is the modulus of continuity of G and
Ry = ElynaynsrG(yi)e ™" < ELpnpinarG(Ypnppn)e """ < Ne 4T
with the second inequality following from Lemma 5.1.

Finally, in light of Lemma 5.1 one can take M in Lemma 4.1 to be a constant N
independent of n and K and then by applying Lemma 4.1 we conclude from (5.3) that

vg (x") < 1/n 4 v B (o

+ (T + 1)EW( sup  |x — y,"|)+ NeNT /K + Ne X7,

t<T"AY"AT

where W (r) is a bounded function such that W(r) — Oasr | 0.
This result, (5.4), and Lemma 5.3 imply that, for any 7,

vk (") < 1/n + 0™ BT (M) 4 w(T, K) + NeVT /K + Ne T, (5.5)
where w(T, K) is independent of n and w(7T', K) — 0 as K — oo for any 7. Hence

v (x") < sup v B M) + w(T, K) + NeMT /K + Ne T + 1/n.
a.eA

Owing to the arbitrariness of B € B we have

v (x™) < v(x™) + w(T, K) + NeMT /K + Ne T + 1/n,
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and the arbitrariness of x" yields

sup(vg —v) < w(T, K) + NeNVT /K + Ne X7
D

which leads to the desired result after first letting K — oo and then T — oo. The

theorem is proved. O

6 A general approximation result from below

Asin Sect. 5, Assumption 2.1 (iv) about the uniform nondegeneracy as well as Assump-
tion 2.2 concerning G are not used and the domain D is not supposed to be bounded.
However, we suppose that Assumption 5.1 is satisfied. Here we allow B to change
in a larger set penalizing using controls other than initially available.
Set

B =B

and let B, be a separable metric space having no common points with Bj.

Assumption 6.1 The functions o®(x), b*f (x), ¢*? (x), and f*(x) are also defined
on A x By x R? in such a way that they are independent of o (on A x By X R4)
and Assumptions 2.1 (i) b), (ii) are satisfied with, perhaps, larger constants K¢ and K
and, of course, with B, in place of B. The functions ¢*#(x) and f*#(x) are bounded
on A x By x R4,

Define
B = B U Bj.

Then we introduce 9B as the set of progressively measurable B-valued processes
and B as the set of B-valued functions f(«.) on 2 such that, for any 7' € [0, co) and
any al, a2 e satisfying

P(oz,1 = oz,2 foralmostall r < T) =1,
we have

P(ﬂ;(d.l) = ﬂt(oaz) for almostall t <T)=1.

Assumption 6.2 There exists a nonnegative bounded uniformly continuous in D func-
tion G € C}, (D) such that G = 0 on 3D (if D # R?) and

LG (x) < —1

in D foralla € A and 8 € B.
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Take a constant K > 0 and set

v_g (x) = inf sup vf‘l'z(a‘)(x),

BeB a.eA

where

yYAT

v = ESF /f—K(xz)e*"" dt + g(xypg)e Proe
0

Y
= v*P(x) +KE§-ﬂ-/1ﬁ,egze—¢f dr,
0

@) = fP(x) + K Igep,.
We reiterate that

v(x) = inf sup v*B@)(x).
BeB a.eA

These definitions make sense by the same reason as in Sect. 5.
Theorem 6.1 We have v_g — v uniformly on D as K — oo.

Proof As in the proof of Theorem 5.2 we may assume that g = 0. Then since B C B
we have that v_g < v. To estimate v_g from below take any sequence x" € D and
find a sequence B" € B such that

T

v_k(x") > —1/n + sup Ej;/’"‘“‘)/f_,((x,)e*@ dt.
a.e 0

Since the last supremum is certainly greater than a negative constant independent of
n plus

T

K sup E?)Lﬁn(a')/lﬂt(m)eBze_a dt,
a.eA 0

where ¢ is the same as in Sect. 5, we conclude that

4

sup E%F @) / Ig (@)emre " dt < N/K. 6.1)
a.e A
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Next, introduce 78 similarly to how wa was introduced and find a sequence of
a € 2 such that

T
E% TP / FGe ™ dr > v(x") — 1/n.
0
By using (6.1) and arguing as in the proof of Theorem 5.2 one proves that

T T
Iy = | EGP / e dr — Eg P / f e di|
0 0

tends to zero as n — o¢. This leads to the desired result since

T
v_g (") = —1/n +Ej§ﬂ"(“-")/f(xt)e—¢f dt
0
T
> —1/n+ 1, + ES™P) / f)e™ dr
0
> =2/n+ I, + v(x").
The theorem is proved. O

7 Versions of Theorems 5.2 and 6.1 for uniformly nondegenerate case and Proof
of Theorem 2.3

In Theorem 7.1 below we suppose that Assumptions 2.1 (i) b), (ii) are satisfied and
domain D is bounded . We also take extensions of o, b, ¢ and f as in Sects. 5 and 6
satisfying Assumptions 5.2 and 6.1 and additionally require the extended o®” to also
satisfy Assumption 2.1 (iv), perhaps with a different constant §.

Finally, we suppose that Assumptions 5.3 and 6.2 are satisfied.

Then take y and A as in Sect. 5 (and Sect. 6) and introduce the functions v4 g and
v as in Sects. 5 and 6.

Theorem 7.1 We have v+x — v uniformly on D as K — oo.

Proof For ¢ > 0 we construct v + g (x) and ve(x) from o, b, ¢, £© (mollifying
only the original ¢, f and not their extensions) and g in the same way as vi+g and v
were constructed fromo, b, ¢, f,and g. By Theorems 5.2 and 6.1 we have ve +x — v
uniformly on D as K — oo for any & > 0.

Therefore, we only need to show that |ve +x — vk | + |ve — V] < W(e), where
W (¢) is independent of K and tends to zero as ¢ | 0. However, by Theorem 2.2.1 of
[6] and Lemma 4.1 (see also Remarks 4.1 and 4.2)
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[ve sk — vak|+ve —vI < NI sup  [f*? — (f*PYO L,

a€A,feB
+ NI sup 17 ol sup (¢ = (@) Lym)-
aeg,ﬁeg aeA,BeB
This proves the theorem. O

In the remaining part of the section the assumption of Theorem 2.3, that is all the
assumptions stated in Sect. 2, are supposed to be satisfied.

Proof of Theorem 2.3 For obvious reasons while proving the inequalities (2.13) and
(2.15) in assertions (i) and (ii) we may assume that g € C 2(]Rd).

(i) First suppose that D € C2. By Theorem 1.1 of [9] there is a set A, and bounded
continuous functions 0@ = ¢, p* = p*B @ = P (independent of x and 8), and
f*f = 0defined on A, such that Assumption 2.1 (iv) about the uniform nondegeneracy
ofa® = a*f = (1/2)0%(0®)* is satisfied fora € A, (perhaps with a different constant
8 > 0) and such that for any K > 0 the equation (the following notation is explained
below)

Hglul =0 (7.1)

(a.e.) in D with boundary condition # = g on d D has a unique solution

ug € C'(D) [ W;(D)
p=1

(recall Assumption 2.3 (iv) and that g € C 2(]Rd)). Here

Hy [u](x) := max(H[u](x), Plu](x) — K), (12)
Plul(x) = sup [af‘jDiju(x) + b Dyu(x) —c”‘u(x)]. (1.3)
acAr
Observe that

max(H [u](x), Plu](x) — K)

= max { sup inf [LPu(x) + 8 (x)], sup inf [LPu(x) + P (x) — K]
acA) feB acAy feB

= sup inf [LPu(o) + £ 0] (@) = £P 0 aen, — Kluenr).
a€A BEB

where the first equality follows from the definition of H[u], (7.3), and the fact that
L*F is independent of 8 for o € A.

Wesetug(x) = g(x)ifx ¢ D.

Since D is sufficiently regular by assumption, there exists a sequence u"(x) of
functions of class C*(D), which converge to ug as n — oo uniformly in D and in
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WI%(D) for any p > 1. Hence, by Theorem 4.2 of [10] we have

u (x) = inf sup E<P@) /fK(xt)e P dt + g(xp)e ?r
ﬂeIB el

By Theorem 7.1 we have that ux — v uniformly on D and, since they coincide
outside D, the convergence is uniform on R¢. In particular,

v e C(RY). (7.4)

On the other hand by assumption, (7.1), and (7.2) we have H wu k] < 0 (ae.
D) We also know that ux > v and, in particular, Yug > ¥ on aD Furthermore,

Yu" e C? (D ), Yru” are p-insensitive by Assumption 2.7, and, for each 7, the second-
order derivatives of Yu" are uniformly continuous in D ) (because of our assumptions

on IT and ). Also {ru" converge to Yug as n — oo uniformly in D and, as is easy
to see, for any X € D

;/3' / (|D§(lﬂu”) — D%(wuk)| + | Dz (Yru") — D)E(¢M]()|) ()\ét)e_q;f "

0

SNE;["?'/(ID2 "—DZMKI+|Du"—DMKH-|u”—u1<|)(1'1()?t))dt,

where, as always, ug (¥) = ug (I1(x)) and u"(x) = u"(I1(x)) and the constant N
depends only on ||, IT||-1.1, d, and k. By Assumption 2.5 (iii) and Theorem 2.2.1 of
[6] the last expression tends to zero as n — oo uniformly with respect to «. € 2 and
B. € B. We also recall that the remaining parts of Assumption 2.5 are imposed and
this allows us to apply Theorem 4.1 of [10] and conclude that Yrug > v, which after
setting K — oo yields ¥ v > 0. Theorem 4.1 of [10] also says that

a.fa)

Yug(X) > inf sup E; lpuK()EyAf)e—‘Z’yAf—'/fyAf

BeB a.eA

AT

{f p,,)?,)—l—k,l/fuk(i,)}e_‘l;’_‘/ft dt|. (7.5)

<

o\

By letting K — oo in (7.5) and using the uniform convergence of u g to v we easily
get the desired result in our particular case of smooth D.

So far we did not use the assumption concerning the boundary behavior of G and
G which we need now to deal with the case of general D. Take an expanding sequence

@ Springer



On the dynamic programming principle 779

of smooth domains D, C D such that D = |J D, and construct the functions v” in
the same way as v by replacing D with D,,. We extend v" to R¥ as in (2.11).
Also construct v" by replacing D with

D,=D N{x:TE) eD,} (=D, if k=d and T(x) = x)

and the boundary data ¥yv" in place of v, that is

t(n)
0" (X) = inf sup E;B(“') Y (Fi e P + / F(pe, ¥)e % ar |,
BeB a.eA 9

where %A% (n) is the first exit time of )?f"ﬂ ¥ from D;z. Then by the above we have
that
Yo' > " (7.6)

and

Yo" () = inf sup ESPE) |y (@) ap gy )eraim Vvni
BeB a.eA

yAT(n)

+ / {f(p[’);[)_i_)wwvn();t)}e*éﬁ% dt |. (7.7)

We now claim that, as n — o0,

sup [v"* — v| = 0, (7.8)
Rd
sup [0 — v| = 0. (7.9)
Rk

That (7.8) holds is proved in [10] (see Sect. 6 there). Owing to (7.8) to prove (7.9)
it suffices to show that uniformly in R¥ (notice the replacement of v” by v)

7(n)

inf sup E“P@) | gy e o + / Fpr.ie at

B a.eA
BeB a.e 0

7
— inf sup ESP® u(Es)e % + / Fp ke di (7.10)
BeB a.eA 0
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780 N. V. Krylov

(recall that £%-#-% is the first exit time of if"ﬂ * from D). Both sides of (7.10) coincide
if ¥ ¢ D . Therefore, we need to prove the uniform convergence only in D.

Here v € C(D) and it is convenient to prove (7.10) just for any such v, regardless
of its particular construction. In that case, relying on Assumption 2.7, as in the proof
of Theorem 2.2 of [10] (see Section 6 there), we reduce our problem to proving that
uniformly in D

~<
—

n

. f(a)

)
O (x) == inf sup EY F(pe, X)e™ dt

BeB a.eA

o

T
— 0(x) := inf sup E;'ﬂ(“)/fv(pt,it)e_‘/;’ dt
BeB a.eA 0

with perhaps modified f still satisfying (2.7) and (2.8) and satisfying Assumptions
2.5 (i), (i1) with (modified f).
For ¢ > 0 introduce

N, = sup [fPP )
(o, B,X)EAXBXD

and observe that
[0(F) — Ua ()] < 87 1u(x),

where

7
Sil,(x) =8 sup EPF / |f (. Xl dt
a.e.p.eB J
T

n

4 T
< sup ;"ﬁ'/lf(it)le“z’f dt < N¢ sup E;"’S‘/e_g” dt + Ju(x),
a.e.p.eB J a.el,p.eB
T Tn

where

7
@)= sup EYP / |f ) — fe()le™ " dr.
a.€,B.eB 0

By Assumption 2.5 (ii) we have that J,(x) — 0 as ¢ | 0 uniformly in D (this is
the only place where we use the uniformity in (2.10)). Furthermore, by Lemma 5.1 of
[10]
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T
sup E;‘ﬁ /e_¢’ dt < supG. (7.11)
a.€A.B.eB J 9 D;

Tn
Asiseasy tocheck IT(0 D;l) C 0D, so that, if we have a sequence of points X,, € 9 D;l R
then dist (TT(X,), dD) — 0 as n — oo. It follows by Assumption 2.6 that the right-
hand side of (7.11) goes to zero as n — o0. This proves that /,,(x) — 0 uniformly
in Dv, yields (7.10) and (7.9) and along with (7.8) and (7.6) proves that ¥yv > v. One
passes to the limit in (7.7) similarly and this finally brings the proof of assertion (i) to
an end.

(ii) As above first suppose that D € C2. By Theorem 1.3 of [9] there is a set By
and bounded continuous functions o? = o8, pP = p@B B = b (independent of x
and ), and f*¥ = 0 defined on B, such that Assumption 2.1 (iv) about the uniform
nondegeneracy of a? = a*f = (1/2)c#(6#)* is satisfied for B € B, (perhaps with
a different constant § > 0) and such that for any K > 0 the equation (the following
notation is explained below)

H_K [u] =0
(a.e.) in D with boundary condition # = g on d D has a unique solution

u_g € C'(D) () Wa(D).
p=1

Here

H_g[u](x) := max(H[u](x), Plu](x) + K),
Plul(x) = inf [a.ﬂ.Di/u(x)—i—b’.gDiu(x) —cﬂu(x)].
peB, L 1 i

We introduce

100 = £ () Ipes, + Klges,.
and note that

sup inf [L"‘ﬁu(x) + feP (x)]
acA ﬂeé

= sup min [ inf [Lu(x) + % (0], inf [Lu(x) + f*f(x) + K]
BeB BeBy

a€A

= min(H[u](x), Plu]l(x) + K).

After that it suffices to repeat the above proof relying again on Theorem 7.1.
The theorem is proved. O
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8 Proof of Theorems 2.1 and 2.2

Here all assumptions of Theorem 2.1 are supposed to be satisfied.

Proof of Theorem 2.1 If the functions (c, £)*? (x) are bounded on A x B x R, then
according to Remark 2.4 assertion (ii) of Theorem 2.1 follows immediately from
Theorem 2.3. The continuity of v also follows from the proof of Theorem 2.3.

In the general case, for ¢ > 0, define

(ces £)?P (x) = (¢®F, £9P) O (x)

and construct vg(x) from o, b, c¢, fe, and g in the same way as v was constructed
from o, b, c, f, and g. By the above (2.6) holds if we replace f and ¢ with f; and c,
respectively.

We first take A = 0 and y*# = %A in the counterpart of (2.6) corresponding to
ve. Then by Theorem 2.2.1 of [6] and Lemma 4.1 (see also Remarks 4.1 and 4.2)

) —ve)| < NIl sup [ — (YO L,
ac€A,BEB

+NI sup 1 gyl sup 1P = (YO L)

acA,BeB acA,BeB

It follows by Assumption 2.1 (iii) that v — v uniformly on D and v is continuous in
D. After that we easily pass to the limit in the counterpart of (2.6) corresponding to
v, for arbitrary A and y again on the basis of Lemma 4.1. The theorem is proved. O

Proof of Theorem 2.2 We know from [9] (see Remark 1.3 there) that u g introduced
in the proof of Theorem 2.3 (see Sect. 7) satisfies an elliptic equation

ailj('DijuK +biKDiMK —cFug + X =0,

where (al.’](. ) satisfies the uniform nondegeneracy condition (see Assumption 2.1 (iv))

with a constant 8; = 8;(8,d) > 0, |bX|, cX are bounded by a constant depending
only on Ko, 8, and d, ¢ >0and

|FX| < sup|fP|.
a,B

Then according to classical results (see, for instance, [3] or [7]) there exists a constant
6 € (0, 1) depending only on ) and d, that is on & and d, such that for any subdomain
D' Cc D'C Dandx,y € D' we have

lugx (x) —ug ()| < Nlx — y|’, (8.1)

where N depends only on 8, d, the distance between the boundaries of D" and D, on
the diameter of D, and on Kj. It is seen that (8.1) will be preserved as we let K — oo
and then perform all other steps in the above proof of Theorem 2.1 which will lead us
to the desired result. The theorem is proved. O
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