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Abstract We consider the biased random walk on a critical Galton—Watson tree
conditioned to survive, and confirm that this model with trapping belongs to the same
universality class as certain one-dimensional trapping models with slowly-varying
tails. Indeed, in each of these two settings, we establish closely-related functional
limit theorems involving an extremal process and also demonstrate extremal aging
occurs.

Mathematics Subject Classification Primary 60K37; Secondary 60F17 -
60G70 - 60J80

1 Introduction

Biased random walks in inhomogeneous environments are a natural setting to witness
trapping phenomena. In the case of supercritical Galton—Watson trees with leaves (see
[6,22,28]) or the supercritical percolation cluster on 74 (see [17]), for example, it
has been observed that dead-ends found in the environment can, for suitably strong
biases, create a sub-ballistic regime that is characteristic of trapping. More specifi-
cally, for both of these models, the distribution of the time spent in individual traps
has polynomial tail decay, and this places them in the same universality class as the
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454 D. A. Croydon et al.

one-dimensional heavy-tailed trapping models considered in [33]. Indeed, although
the case of a deterministically biased random walk on a Galton—Watson tree with
leaves is slightly complicated by a certain lattice effect, which means it can not be
rescaled properly [6], in the case of randomly biased random walks on such structures,
it was shown in [22] (see also the related article [8]) that precisely the same limiting
behaviour as the one-dimensional models of [15] and [33] occurs. Moreover, there
is evidence presented in [17] that suggests the biased random walk on a supercritical
percolation cluster also has the same limiting behaviour. The universality class that
connects these models was previously investigated in [3,4] and [5], and is characterised
by limiting stable subordinators and aging properties.

The aim of this paper is to investigate biased random walks on critical structures.
To this end, we choose to study the biased random walk on a critical Galton—Watson
tree conditioned to survive. With the underlying environment having radically differ-
ent properties from its supercritical counterpart, we would expect different limiting
behaviour, with more extreme trapping phenomena, to arise. It is further natural to
believe that some of the properties of the biased random walk on the incipient infinite
cluster for critical percolation on 74, at least in high dimensions, would be similar to
the ones proved in our context, as is observed to be the case for the unbiased random
walk (compare, for instance, the results of [1] and [25]). Nevertheless, our current
understanding of the geometry of this object is not sufficient to extend our results
easily, and so we do not pursue this inquiry here. In particular, we anticipate that, as
indicated by physicists in [2], for percolation close to criticality there is likely to be an
additional trapping mechanism that occurs due to spatial considerations, which means
that, even without taking the effect of dead-ends into account, it is more likely for the
biased random walk to be found in certain regions of individual paths than others (see
[9] for a preliminary study in this direction).

Our main model—the biased random walk on critical Galton—Watson trees con-
ditioned to survive—is presented in the next section, along with a summary of the
results we are able to prove for it. This is followed in Sect. 1.2 with an introduction
to a one-dimensional trapping model in which the trapping time distributions have
slowly-varying tails. This latter model, which is of interest in its own right, is of
particular relevance for us, as it allows us to comprehensively characterise the uni-
versality class into which the Galton—Watson trees we consider fall. Furthermore, the
arguments we apply for the one-dimensional model provide a useful template for the
more complicated tree framework.

1.1 Biased random walk on critical Galton—Watson trees

Before presenting the Galton—Watson tree framework, we recall some classical results
for sums of random variables whose distribution has a slowly-varying tail. Let (X;){°,
be independent random variables, with distributional tail F(u) = 1— F (u) = P(X; >
u) satisfying: F)=1, F(u) > Oforall u > 0,

. F(uv)
lim — =
Uu— 00 F(Lt)

1, (1.1)
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Biased random walk on critical Galton—Watson trees 455

forany v > 0, and F(u) — 0 as u — oo. A typical example is when the distribution
in question decays logarithmically slowly, such as

F(u) ~

T (1.2)

for some y > 0, where throughout the article f ~ g will mean f(x)/g(x) — 1 as
x — oo. A first scaling result for sums of the form >_"_; X; was obtained in [11], and
this was subsequently extended by [23] to a functional result. In particular, in [23] it
was established that if L(x) := 1/F(x), then

1 nt
(;L (Z X)) — (m(1);=0 (1.3)
i=l1 >0

in distribution with respect to the Skorohod Jj topology (as an aid to the reader, we
provide in the appendix a definition of the Skorohod J; and M topologies, the latter
of which is applied in several subsequent results), where m = (m(t));>0 is an extremal
process. To define m more precisely, suppose that (§(¢));>0 is the symmetric Cauchy
process, i.e., the Lévy process with Lévy measure given by u((x, 00)) = x~ /% for
x > 0, and then set

m(t) = max AE(s),
O<s<t

where A&(s) = &(s) — &(s™). (Observe that (m(t));>0 is thus the maximum process
of the Poisson point process with intensity measure x ~>dxdt.) We will prove that, in
addition to appearing in the limit at (1.3), this extremal process arises in the scaling
limits of a biased random walk on a critical Galton—Watson tree and, as is described
in the next section, a one-dimensional directed trap model whose holding times have
a slowly-varying mean.

We continue by introducing some relevant branching process and random walk
notation, following the presentation of [10]. Let Z be a critical (EZ = 1) offspring
distribution in the domain of attraction of a stable law with index « € (1, 2], by which
we mean that there exists a sequence a,, 1 0o such that

Zlnl—n 4
=

An

X, (1.4)

where Z[n] is the sum of n i.i.d. copies of Z and E(e *X) = ¢=*" for A > 0. Note
that, by results of [16, Chapters XIII and XVII], this is equivalent to the probability
generating function of Z satisfying

) =E6H) =D pms*  =s+ (1 -9 LA —s), ¥Vse© D, (15
k=0
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where L(x) is slowly varying as x — 07, and the non-triviality condition P(Z =
1) # 1 holding. We point out that the condition E(Z?) < oo is sufficient for the
previous statements to hold with o = 2.

Denote by (Z,)»>0 the corresponding Galton—Watson process, started from Zy = 1.
It has been established in [30, Lemma 2] that if ¢, := P(Z, > 0), then

g2 " Lign) ~ (1.6)

1

(. — Dn’
as n — oo, where L is the function appearing in (1.5). It is also well known that
the branching process (Z,),>0 can be obtained as the generation size process of a
Galton—Watson tree, 7 say, with offspring distribution Z. In particular, to construct
the random rooted graph tree 7, start with a single ancestor (or root), and then suppose
that individuals in a given generation have offspring independently of the past and each
other according to the distribution of Z, see [26, Section 3] for details. The vertex set
of 7 is the entire collection of individuals, edges are the parent-offspring bonds, and
Z, is the number of individuals in the nth generation of 7. From (1.6), it is clear that
T will be a finite graph P-a.s. However, in [24], Kesten showed that it is possible
to make sense of conditioning 7 to survive or ‘grow to infinity’. More specifically,
there exists a unique (in law) random infinite rooted locally-finite graph tree 7* that
satisfies, for any n € Z,

E (¢(T"|n) = Jim E @ (T 1) Zm+n > 0),

where ¢ is a bounded function on finite rooted graph trees of n generations, and
Tln, T*|, are the first n generations of 7, 7* respectively. We will write d7+ to
represent the shortest path graph distance on 7.

Given a particular realisation of 7*, we will denote by X = ((X,)n>0, PXT *, X €
T*) the discrete-time biased random walk on 7 *, and define this as follows. First, fix
a bias parameter 8 > 1, and assign to each edge connecting a vertex x in generation
k to a vertex y in generation k + 1 a conductance c(x, y) := BK =: ¢(y, x). The
transition probabilities of X are then determined by

c(x,y)

T*
Py =
Dy €, Y)

, VYx~y,

where the notation x ~ y means that x and y are connected by an edge in 7 *. Thus,
when at a vertex x that is not equal to the root of 7*, the probability of jumping to
a neighbouring vertex further away from the root than x is § times more likely than
jumping towards the root. Using the usual terminology for random walks in random
environments, we will say that PXT " is the quenched law of the biased random walk
on 7 * started from x. Moreover, we introduce the annealed law for the process started
from p, the root of the tree 7%, by setting

P,(-) := / PT(-)dP. (1.7)
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Biased random walk on critical Galton—Watson trees 457

It will be this law under which we investigate the rate at which the process X, which we
call the biased random walk on a critical Galton—Watson tree conditioned to survive,
escapes from the root.

The main result we prove for the process X concerns the time it takes to progress
along the backbone. To be more specific, as is described in more detail in Sect. 3.1,
P-a.s. the tree 7* admits a unique backbone, that is, a semi-infinite path starting from
the root, {p = po, p1, P2, ...} say. We define (A,),>0 by setting

Ay :=inf{m >0: X,,, = p,} (1.8)

to be the first time the process X reaches level n along this path. For this process, we
are able to prove the following functional limit theorem.

Theorem 1.1 Let @ € (1, 2]. Asn — 00, the laws of the processes

((a ~ Dlny Am)
ninp >0

under P, converge weakly with respect to the Skorohod J; topology on D([0, 00), R)
to the law of (m(t));>0.

It is interesting to observe that this result is extremely explicit compared to its
supercritical counterparts. Indeed, notwithstanding the fact the lattice-effect that was
the source of somewhat complicated behaviour in [6] does not occur in the critical
setting, the above scaling limit clearly describes the f-dependence of the relevant
slowdown effect. Note that, unlike in the supercritical case where there is a ballistic
phase, this slowdown effect occurs for any non-trivial bias parameter, i.e. for any
B > 1. Furthermore, we remark that the dependence on « is natural: as « decreases
and the leaves get thicker (in the sense that tree’s Hausdorff dimension of «/(ox — 1)
increases, see [12,21]), the biased random walk moves more slowly away from its
start point.

As suggested by comparing Theorem 1.1 with (1.3), the critical Galton—Watson tree
case is closely linked with a sum of independent and identically-distributed random
variables where F is asymptotically equivalent to In /(¢ — 1) Inx. Although the
logarithmic rate of decay is relatively easy to guess, finding the correct constant is
slightly subtle, particularly for & 7 2. This is because, unlike in the supercritical case
and the critical case with @ = 2, when o # 2 it can happen that there are multiple deep
traps emanating from a single backbone vertex. As a result, we have to take special
care which of these have actually been visited when determining the time spent there,
meaning that the random variable which actually has the In /(o —1) In x tail behaviour
is not environment measurable (see Lemma 3.11). To highlight the importance of this
consideration, which is also relevant albeit in a simpler way for « = 2, in Theorem
3.14 we show that the constant that appears differs by a factor « when A, is replaced
by its quenched mean EpT* Ay

Theorem 1.1 readily implies the following corollary for the projection, (77 (X)) m>0,
of the process (X, )m=>0 onto the backbone (roughly, 7 (X, ) is the vertex on the back-
bone from which the trap X,, is located in emanates, see Sect. 3.2 for a precise

@ Springer
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definition). To state this, we define the right-continuous inverse (m~!(¢));>o of
(m(1));>0 by setting

m~ @) :=inf{s > 0: m(s) > t}. (1.9)

Corollary 1.2 Let @ € (1, 2]. As n — o0, the laws of the processes

(dT* (p, H(Xent))lnﬂ)
(a—1Dn (>0

under P, converge weakly with respect to the Skorohod M topology on D([0, c0), R)
to the law of (m™'(1));>0.

Remark 1.3 Since the height of the leaves in which the random walk can be found
at time e" (see the localisation result of Lemma 4.5) will typically be of order n,
some further argument will be necessary to deduce a limit result for the graph distance
dr+(p, X,) itself.

Another characteristic property that we are able to show is that the random walk
also exhibits extremal aging.

Theorem 1.4 Leta € (1,2]. Forany 0 < a < b, we have
. a
Jim P, (7 (Xean) = 70 (X pon)) = =

Although regular aging has previously been observed for random walks in random
environments in the sub-ballistic regime on Z (see [14]), as far as we know, this is
the first example of a random walk in random environment where extremal aging
has been proved. As already hinted at, this kind of behaviour, as well as that demon-
strated in Theorem 1.1 and Corollary 1.2, places the biased random walk on a critical
Galton—Watson tree conditioned to survive in a different universality class to that of
the supercritical structures discussed previously. In the class of critical Galton—Watson
trees we have instead the spin glass models considered in [7] and [20], and the trap
models with slowly-varying tails we introduce in the next section.

1.2 One-dimensional directed trap model with slowly-varying tails

In this section, we describe the one-dimensional trap model with which we want
to compare to our main model, and the results we are able to prove for it. To start
with a formal definition, let T = (1, ),c7 be a family of independent and identically-
distributed strictly positive (and finite) random variables whose distribution has a
slowly-varying tail, in the sense described by (1.1), built on a probability space with
measure P; the sequence T = (), ¢z Will represent the trap environment. For a fixed
bias parameter 8 > 1, the directed trap model is then the continuous-time Markov
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Biased random walk on critical Galton—Watson trees 459

process X = (X;);>0 with state space Z, given by Xo = 0 and with jump rates

()t iy =x+1.

clx,y) = X » .
(m)fx , 1fy=x—1,

and c(x, y) = 0 otherwise. To be more explicit, for a particular realisation of T we
will write P for the law of the Markov chain with the above transition rates, started
from x; similarly to describing PXT " in the previous section, we call this the quenched
law for the directed trap model. The corresponding annealed law P, is obtained by
integrating out the environment similarly to (1.7), i.e.

Pe() = / PI(-)dP.

In studying the rate of escape of the above directed trap model, it is our initial aim
to determine the rate of growth of

A, = inf{t > 0: X, = n},

that is, the hitting times of level n by the process X. The following theorem contains
our main conclusion in this direction. As in the statement at (1.3), we define L(x) =
1/F(x).

Theorem 1.5 As n — 00, the laws of the processes

1
(—L (Ant))
n >0

under Py converge weakly with respect to the Skorohod Ji topology on D([0, 00), R)
to the law of the extremal process (m(t));=0.

Similarly to [23, Remark 2.4], we note that the proof of the above result may be
significantly simplified in the case when F decays logarithmically. The reason for this
is that, in the logarithmic case, the hitting time A, is very well-approximated by the
maximum holding time within the first n vertices, and so the functional scaling limit
for (Ap)n>0 can be readily obtained from a simple study of the maximum holding
time process. For general slowly varying functions, the same approximation does not
provide tight enough control on A, to apply this argument, and so a more sophisticated
approach is required.

As asimple corollary of Theorem 1.5, it is also possible to obtain a scaling result for
the process X itself. The definition of m~! should be recalled from (1.9). We similarly
define the right-continuous inverse F~! of F, only with > replaced by <.

Corollary 1.6 Asn — o0, the laws of the processes

1
Iy, )
(n F=1(1/nt) =0
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under Py converge weakly with respect to the Skorohod M topology on D([0, c0), R)
to the law of (m_l(t))tzo.

Remark 1.7 (i) Although the preceding corollary does look somewhat awkward, it
becomes much clearer for concrete choices of F. For example, if F' has the form
described at (1.2), then the above result concerns the distributional limit of

- (n[)l/}/ .
n ¢ >0

Moreover, it can be deduced from the above result that, as ¢ — o0, the random variable
F (1) X, converges in distribution under P to m ! (1), which is easily checked to have
a mean one exponential distribution.

(i1) In anumber of places in the proofs of Theorem 1.5 and Corollary 1.6, we are slightly
cavalier about assuming that F(F~'(x)) = x for x € (0, 1). This is, of course, only
true in general when F is continuous. In the case when this condition is not satisfied,
however, we can easily overcome the difficulties that arise by replacing F with any
non-increasing continuous function G that satisfies G(0) = 1 and G(u) ~ F(u) as
u — oo.Forexample, one could define such a G by setting G (1) := (% fou L(v)dv)~'.

The extremal aging result we are able to prove in this setting is as follows.

Theorem 1.8 Forany 0 < a < b, we have

. a
g, Po (Xﬁ—l(l/nm = XF"(l/nb)) =

Remark 1.9 Note that if F (and the functions F, introduced below at (2.6)) are not
continuous and eventually strictly decreasing, a minor modification to the proof of the
above result (cf. Remark 1.7(ii)) is needed.

1.3 Article outline and notes

The remainder of the article is organised as follows. In Sect. 2, we study the one-
dimensional trap model introduced in Sect. 1.2 above, proving Theorem 1.5 and
Corollary 1.6. In Sect. 3, we then adapt the relevant techniques to derive Theorem
1.1 and Corollary 1.2 for the Galton—Watson tree model. The arguments of both these
sections depend on the extension of the limit at (1.3) that is proved in Sect. 5. Before
this, in Sect. 4, we derive the extremal aging results of Theorems 1.4 and 1.8. Finally,
as noted earlier, the appendix recalls some basic facts concerning Skorohod space.

We finish the introduction with some notes about the conventions used in this article.
Firstly, there are two widely used versions of the geometric distribution with a given
parameter, one with support 0, 1,2, ... and one with support 1, 2, 3, . ... In the course
of this work, we will use both, and hope that, even without explanation, it is clear from
the context which version applies when. Secondly, there are many instances when
for brevity we use a continuous variable where a discrete argument is required, in
such places x, say, should be read as |x]. Finally, we recall that f ~ g will mean
f(x)/gx) > lasx — oo.
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Biased random walk on critical Galton—Watson trees 461

2 Directed trap model with slowly-varying tails

This section is devoted to the proof of Theorem 1.5 and Corollary 1.6. To this end,
we start by deriving some slight adaptations of results from [33] regarding the trap
environment. First, define a level n critical depth for traps of the environment by setting

g) = F 'n nn). 2.1

We will say that there are deep traps at the sites D := {x € Z : 1, > g(n)}, and
consider the following events: forn € N, T € (0, 00),

E(n, T) = min |x1 —x2| > n" ¢,
x1,x2€DN[1,nT]:
X1#£x2

&) : {D A[=(nn)'*7, 0] = @},

where «, y € (0, 1) are fixed. The event &1 (n, T) requires that the distance between
any two deep traps in the interval [1, nT] is large, and the event & (n) will help to
ensure that the time the process X spends outside of the strictly positive integers is
negligible.

Lemma 2.1 Fix T € (0, 00). As n — oo, the P-probability of the events E1(n, T)
and & (n) converge to one.

Proof To check the result for £ (n, T'), we simply observe that

P (51 (n, T)C) < Z P (Txl Ty > g(n))
{x1,x2}<S[1,nT]:
0<|x;—x2|<n®

_ T (Inn)?
< Tn'"™F (g(n)* < &
n —K
Similarly, we have that P(&,(n)¢) < n~'(1 4+ (Inn)'*7) Inn, which also converges
to 0. O

We continue by introducing the embedded discrete-time random walk associated
with X and some of its properties, which will be useful throughout the remainder of
the section. In particular, first let S(0) = 0 and S(n) be the time of the nth jump of
X; this is the clock process corresponding to X. The embedded discrete-time random
walk is then the process Y = (Y,),>0 defined by setting Y, := Xg(,). Clearly Y is
a biased random walk on Z under POT for P-a.e. realisation of 7, and thus satisfies,
POr -a.s.,

Y, B—1
— = ——>0.
n B+1
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462 D. A. Croydon et al.

Whilst this result already tells us that the embedded random walk Y drifts off to +o00
and that the time it takes to hit level n, that is,

Al =inf{k > 0: Y, = n),

is finite for each n, POT -a.s., we further require that it does not backtrack too much, in
the sense that, for each T € (0, 00),

0<i<j=<A;r

&, T) := [ min _ (Y; - Y;) > —(lnn)””]

occurs with high probability. This is the content of the following lemma, which is
essentially contained in [33, Lemma 3].

Lemma 2.2 Fix T € (0, 00). As n — oo, the Py-probability of the event E3(n, T)
converges to one.

Let us now introduce the total time the biased random walk X spends at a site
x €,

)
T, :=/1{X[=x}dl‘.
0

To study this, first observe that the clock process S = S(n),>0 can be written

n—1
NOESIAE
i=0

where (e;);>0 is an independent sequence of mean one exponential random variables
under Pof, independent of Y. Moreover, for x € Z,let G(x) =#{n > 0:Y, = x} be
the total number of visits of the embedded random walk Y to x. By applying the fact
that Y is a random walk with a strictly positive bias, we have that if x > 0, then G (x)
has the geometric distribution with parameter p = (8 — 1)/(8 + 1) (again for P-a.e.
realisation of 7). It follows that 7y is equal in distribution under Py to the random
variable

G(x)

T e, 2.2)
i=1

which is almost-surely finite. We will use this characterisation of the distribution of 7
to check that the time spent by X in traps that are not deep is asymptotically negligible,
in the sense described by the following event: forn € N, T € (0, 00),

Y
AY -1

Exn. T) =1 D tyeilpy, <gmy < F' " 'nn)'?) 1,
i=0
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In particular, by similar arguments to [33, Lemma 4], we deduce the following.

Lemma 2.3 Fix T € (0, 0). As n — oo, the Py-probability of the event E4(n, T)
converges to one.

Proof We start by checking that
E(t0l{zy<gmy) = o(n ' F~ (' (Inn)'/%)). (23)

To this end, let p, ¢ € (0, 1), and observe that

o0
E(t01iry<gim)) < 8(n) D p/P(zg > p/*'g(n)
j=0

o0

<cign) D p! UV E(g(n))
j=0

_ cogn)Inn

’

n

where the second inequality is an application of the representation theorem for slowly
varying functions ([29, Theorem 1.2], for example), which implies that, for any ¢ > 0,
there exists a constant ¢3 € (0, co) such that

ig; < (1), (2.4)

for all 0 < v < u. Again applying (2.4), we have that g(n) < caF~1 (rf1 (Inn)/?%)
(Inn)~1/2¢ Hence, if ¢ is chosen small enough, then (2.3) holds as desired.
To proceed, note that, on £3(n, T'), we have that

Arp—1 nT—1
> ty,€ilizy, <gm)) = > Tl <emy-
i=0 x=—(nn)!+v

Consequently, because EjT, = 1, E;G(x) < %‘L’x, it follows that

A -1 B+1 nT—1
E§| D melp <comlenn | < 5— D Telin=gm)-
i=0 p-1 1
= x=—(nn)!tv
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464 D. A. Croydon et al.

Combining this bound with (2.3) and using Markov’s inequality yields

¢ p+1
IP)0 (53(’1’ T) N 84(1/1, T) ) = (ﬂ _ 1)F—l(n—l(lnn)1/2)E

nT—1
X Z Txl{rxsg(n)} = 0(1).

x=—(nn)1*v

On recalling the conclusion of Lemma 2.2, this completes the proof. O

As a consequence of the previous result, to deduce a scaling limit for the sequence
(An)n>0, it will suffice to study sums of the form ZZ:I Ti1iz, > g(n))- In fact, the
backtracking result of Lemma 2.2 will further allow us to replace T in this expression
by

A)(,(lnx)lJrV
T, = / 1(x,=x)dt, 2.5)

Ax

where Ay (nx)i+r is the first time after A, that X leaves the interval [x — (In x)! 17, x+
(In x)'*7]. This is particularly useful because, by applying the fact that deep traps are
separated by a distance that is polynomial in n (see Lemma 2.1), it will be possible
to decouple the random variables (Tx 1{z,>¢m)})x>1 in such a way that enables us
to deduce functional scaling results for their sums from those for independent sums
proved in Sect. 5. Before commencing this program in Lemma 2.5, however, we
derive a preliminary lemma that suitably describes the asymptotic behaviour of the
distributional tail

Fo(u) =P, (fxl{,x>g(,1)} > u). (2.6)

(Clearly, the definition of F, is independent of the particular x > 1 considered.)

Lemma 2.4 Forevery e >0, there exists a constant ¢ such that, foranyu > c(g(n)v1),
(1 —&)Fy(u) < F(u) < (1+ &) F,(u).

Proof Forx > 1,let é(x) be the total number of visits of the embedded random walk
Y to x up until the first time after Af that it leaves the interval [x — (Inn)!*7, x +
(Inn)"t7]. Then, similarly to (2.2), we have that T, is distributed as 7, ZlG:(f) €.
Hence, setting I' := Z,G:(T) e;, we can use the independence of I" and 7, under Py to
write
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Biased random walk on critical Galton—Watson trees 465

Fy(u) =Py (t,T > u, 7 > g(n))

u/g(n) 00
= / F (uv_l)IP’o (T € dv) + / F (g(n) Py (T € dv).
0 u/g(n)
It follows that
- o0 — -1
‘_F_"(”) 9 5/ LG Py (T € dv)
F(u) / F(u)
+ (M + 1) Py (I > u/g(n)). (2.7)

F(u)

The first term on the right-hand side of (2.7) is independent of n, and so it will be
enough for our purposes to show that it converges to 0 as u — oo. To do this, first
note that, by the monotonicity of F, (1.1) holds uniformly for v € [vg, v1] for any
0 < vg < v; < oco. Hence, the lim sup as u — oo of the term of interest is bounded
above by

vy _ 1
Po (" & [vo, v1]) + lim sup/ %Po (I' e dv)

u—00

[e0]

Fluv—!
+1imsup/ wﬂ”o (T e dz),
u—00 F(u)

vl

for any 0 < vg < v; < 0o. Now, if vg < 1, then F(uv_l) < F(u) forall v € [0, vg],
and so the first limsup is bounded above by Po(I" < vg). Furthermore, if v; is chosen
to be no less than 1, then we can apply the bound at (2.4) to estimate Fuv™ / F(u)
by cv® for v > v;. Thus

o
lim sup /
u— 00
0

Since Eg(I'?) < Eg(1 +T) =1+ Eo(é(x))]Eo(el) < 00, by taking vq arbitrarily
small and v; arbitrarily large, the upper bound here can be made arbitrarily small,
meaning that

Py (T € dv) < 2Py (I" ¢ [vg, v1]) +c/v8]P’0 (I € dv).

V]

F (uv’l)

— -1
F(u)

TF (o)

- -1
F(u)

lim
u—> 00

Py (I" € dv) = 0,

as desired.
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For the second term on the right-hand side of (2.7), we apply (2.4) and Markov’s
inequality to deduce that, if u > g(n), then

F (g(m)) VY gmEel
(g )z = (85 1) 225

where ¢ € (0, 1) is fixed. Thus, since the above bound is small whenever u/g(n) is
large (it was already noted in the previous paragraph that I has a finite first moment),
the proof is complete. O

Lemma 2.5 Asn — oo, the laws of the processes

1 nt B
(;L (Z Txl{wg(n)}))
x=1 >0

under Py converge weakly with respect to the Skorohod Jy topology on D([0, 00), R)
to the law of (m(t));>0.

Proof First, fix T € (0, 0o) and suppose (fx)x>1 is a collection of bounded, contin-
uous functions on R. We then have that

nT
Eo (151 (n,T) H fx (fxl{rpg(n)}))

x=1

nT
= Z]Eo (I{Dm[l,nr]=3} H fx (fxl{rx>g(n)}))
B

x=1

= Z]Eo H Sx (Txl{rx>g(n)}) iz, > o)) H H O <gmy |
B

xeB xe[l,nTI\B

where the sums are over subsets B C [1,nT] such that if x1, x, € B and x| # x2,
then |x; — xp| > n*. By applying the independence of traps at different sites and
the disjointness of the intervals ([x — (Inn)!*", x + (Inn)!*7]),cp for the relevant
choices of B, the above sum can be rewritten as

> TTEo (4 (Ttimgo) in=som) [T Bo (i1, gm).

B xeB xe[l,nTI\B
In particular, it follows that
nT nT
Eo (181 o [ ] f (Txl{rx>g(n)})) =Eo (1£;<n,T> [T (Tx/l{r;>g(n)}))’
x=1 x=1

where we suppose that, under Py, the pairs of random variables (7:;, 70), x > 1, are
independent and identically-distributed as (T1, 71), and the event E{(n, T) is defined
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analogously to &1(n, T) from these random variables. Consequently, under Py, the
laws of (T l{n>g(n)}) —, conditional on & (n, T') and (T 1 >g(n)}) _, conditional
on & (n, T) are identical.

By applying the conclusion of the previous paragraph, we obtain that, for any
bounded function H : D([0, T],R) — R that is continuous with respect to the
Skorohod J; topology,

1 nt _
Eo | H (;L(ZTxl{wg(n)}))
x=1 t€[0,T]
1 nt B
~Eo | H (;L(ZT)ﬁl{r;>g(n>}))
x=1 t€[0,T]

is bounded above by 2||H || o P (€1 (n, T)¢). Since Lemma 2.1 tells us that this upper
bound converges to 0 as n — o0, to complete the proof it will thus suffice to establish
the result with (Tx , Tx)x>1replaced by (T;, 7/)x>1. However, because we are assuming
that (Tx’, 7.)x>1 are independent, the tail asymptotics proved in Lemma 2.4 allow us

to derive the relevant scaling limit for the sums involving (Tx/, 7.)x>1 by a simple
application of Theorem 5.1 (with i1 (n) = Inn and hy(n) = 0). m]

We are now in a position to prove Theorem 1.5 by showing that the rescaled sums
considered in the previous lemma suitably well approximate the sequence (A);>1.

Proof of Theorem 1.5 Fix T € (0, 00) and observe that, on &(n) N E3(n, T) N
E4(n, T), we have that

nt—(lnn) v nt
z TXI{Tx>g(ﬂ)} < Ap = Z Txl{rx>g(n)} + Fﬁl(nil(ln n)l/Z)’
x=1 x=1
vt € [0, T]. (2.8)

By reparameterising the time-scales in the obvious way, it is clear that

1 nt—(nn)!tr 1 nt
djl ;L Z Txl{rx>g(n)} s (;L(Z Txl{fx>g(")})) >
x=1 tel0,T

x=l 1€[0,T]
2.9)

where d, is the Skorohod J; distance on D ([0, T], R) (as defined in the appendix at
(6.1)), is bounded above by

T n(T—¢)

(lnn)1+)/ 1 n ~ 1 ~
n +,_1L ZTxl{rx>g(n)} _;L Z Telir>gm) | »
x=1

x=1
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for large n. (Note that the first term above relates to the distortion of the time scale
needed to compare the two processes.) By Lemma 2.5, this bound converges in distri-
bution under Py to m(T) — m(T — ¢). Now, in the limitas ¢ — 0, m(T) —m(T — &)
converges to 0 in probability. It readily follows that, as n — 00, so does the expression
at (2.9). Hence, the theorem will follow from Lemmas 2.1, 2.2, 2.3 and 2.5, if we can
show that

1 1, —1 1/2yY _
sup L{x+F "(n (Inn)’*) L(x)| — 0,
xel0,E] 1

in Py probability, where & := Zzi 1 Txl{tx >g(n)}- To check this, we start by noting
that Lemma 2.5 implies, for any A > 0,

Py (: < F*‘(l/nx)) =P, (n”L(E) < x) = Po(m(T) < A).

By choosing X suitably large, the limiting probability can be made arbitrarily close to
1. Thus the problem reduces to showing that, for any A € (0, 00),

1 1, —1 1/2) _
sup L{x+F "(n (Inn)’/*) L(x)| — 0.
xel0, F=1(1/n)] "

Let ¢ € (0, 1), then, since F~'(n~'(Inn)'/?) < F~1(1/ne) for large enough n, we
have that

1 _
sup - ‘L (x+F—1(n—1(1nn)1/2)) —L(x)‘
xe[F~1(1/ne), F~1(1/na)]

L(x + F1(n=Ynn)1/?)) _
L(x)

1 /-
<-L (F—l(l/n)\)) sup
n x>F~1(1/ne)

L(2x)
L(x)

1!

<A
x>F~1(1/ne)

’

which converges to 0 as n — oo by (1.1). Moreover, we also have that
1 o | 1/2y) _ 1 o1
sup L{x+F (n " (Inn)’/°) L(x)| < —-LQ2F '(1/ne))
xel0, F~1(1/ne)] n
1 -
~ ~L(F~'(1/ne)),

n

where the asymptotic equivalence is an application of (1.1). In particular, since the

right-hand side above is equal to &, which can be chosen arbitrarily small, the result
follows. O

From this, the proof of Corollary 1.6 is relatively straightforward.
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Proof of Corollary 1.6 Define X* = (X;);>0 to be the running supremum of X, i.e.
X} := maxy< X,. Since X} > n if and only if A, < ¢, we obtain that (X} + 1);>0
is the inverse of (A,),>0 in the sense described at (1.9). Thus, because the inverse
map is continuous with respect to the Skorohod M topology (at least on the subset
of functions f € D([0, 00), R) that satisfy limsup,_, ., f(#) = oo, see [31]), it is
immediate from Theorem 1.5 that, as n — oo, the laws of the processes

(+%0m)
P V) =0

under Py converge weakly with respect to the Skorohod M topology on D([0, c0), R)
to the law of (m~! (t))s>0. Thus, to complete the proof, it will suffice to demonstrate
that, for any T € (0, 00),

— 0

1
sup — | X% — X1
te[0, 7171 F=ia/nn Fr

in Py-probability as n — oo. To do this, we first ﬁ)f T € (0,00) and set N =
nT In(nT). Theorem 1.5 then implies that Py (AN > F_l(l/nT)) — lasn — oo.
Moreover, on the set {Ay > F1 (1/nT)}, it is the case that

* _
sup ‘Xﬁ—'(l/nz) = XF11 /)

< sup (¥; = Yi),
1€[0.7] k=<Ak

where Y* is the running supremum of Y. Hence

. 1
lim supIP’o( sup — ‘X;_l(l/m) - XF—](I/nt)

n—00 te[o, 71 1

1
<limsupPq | — sup (Y7 —Yi) > ¢
n—00 n kSAX;

< lim sup Py (n_l(ln N S 6 & (N, 1))

n—o0

=0,
where we have applied the fact that Po(E3(N, 1)¢) — 0, which is the conclusion of

Lemma 2.2, and also that n~!(In N)!*t¥ — 0, which is clear from the definition
of N. O

3 Biased random walk on critical Galton—Watson trees
In this section, we explain how techniques similar to those of the previous section

can be used to deduce the corresponding asymptotics for a biased random walk on a
critical Galton—Watson tree conditioned to survive. Prior to proving our main results
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(Theorem 1.1 and Corollary 1.2), however, we proceed in the next two subsections
to derive certain properties regarding the structure of the tree 7* and deduce some
preliminary simple random walk estimates, respectively. These results establish infor-
mation in the present setting that is broadly analogous to that contained in Lemmas
2.1-2.4 for the directed trap model.

3.1 Structure of the infinite tree

A key tool throughout this study is the spinal decomposition of 7* that appears as
[24, Lemma 2.2], and which can be described as follows. First, P-a.e. realisation of
T* admits a unique non-intersecting infinite path starting at the root. Conditional on
this ‘backbone’, the number of children of vertices on the backbone are independent,
each distributed as a size-biased random variable Z , which satisfies

P(Z:k):kP(Z:k), k>1. 3.1

Moreover, conditional on the backbone and the number of children of each backbone
element, the trees descending from the children of backbone vertices that are not on
the backbone are independent copies of the original critical branching process 7.
To fix notation and terminology for this decomposition, we will henceforth suppose
that 7* has been built by starting with a semi-infinite path, {p = pg, p1, P2, ... }—
this will form the backbone of 7*. Then, after selecting (Zi) i>0 independently with
distribution equal to that of Z , to each backbone vertex p;, we attach a collection of
‘buds’ p;j, j=1,..., Zi — 1. Finally, we grow from each bud p;; a ‘leaf’ 7;;, that is,
a Galton—Watson tree with initial ancestor p;; and offspring distribution Z. See Fig. 1
for a graphical representation of these definitions.

With this picture, it is clear how we can view 7 * as an essentially one-dimensional
trap model with the backbone playing the role of Z in the previous section. Rather
than having an exponential holding time at each vertex p;, however, we have a random
variable representing the time it takes X to leave the tree 7; := {p; }U(U =l 71 Tij)
starting from p;. As will be made precise later, key to determining whether this time is
likely to be large or not are the heights of the leaves connected to p;. For this reason,

T T Tz

' \ ' \ '

! \ ! \ '
' ' ' ' '
| ' ol ' |
| I | I |

\
'
'
|

Leaves

Buds

Backbone ® ®
p=po P . pi

Fig. 1 Decomposition of 7*
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the rest of this section will be taken up with an investigation into the big, or perhaps
more accurately tall, leaves of 7*.

More concretely, we start by introducing a sequence of critical heights (%,),>1 by
setting h, := n(Inn)~! (roughly, " will play the role that the g(n) introduced at
(2.1) did in the previous section), and define, for each i > 0,

Nu) = # {12 = Zi =12 h(Tp) = b},

where h(7;;) is the height of the tree 7;;, so that N, (i) counts the number of big
leaves emanating from the backbone vertex p;. The random variables in the collection
(N, (i))i=0 are independent and identically-distributed. Moreover, it is possible to
describe the asymptotic probability that one of these random variables is equal to
zero, i.e. there is no big leaf at the relevant site.

Lemma 3.1 Let o € (1,2]. As n — oo, we have that

o

Proof By conditioning on the number of buds attached to the root, we have

P (N,(0) =0) =E ((1 - Clhn)z_l),

where, as introduced above (1.6), gy is the probability that an unconditioned branching
process with offspring distribution Z survives for at least k generations. By the size-
biasing of (3.1), this can be rewritten as

PN =0 =E(Z(1=,)""") =7 (1-an,).

where f” is the derivative of the generating function f, as defined at (1.5). Now, by
[30, (2.1)], it holds that f/(1 —x) ~ 1 — ax®1L(x) as x = 0%, and so

P (N, (0) =0) ~ | — gy ' Lgn,)-

From this, the proof is completed by recalling the tail decay at (1.6). O

It will be important for our future arguments that the sites from which big leaves
emanate are not too close together, and that there are no big traps close to p. The
final lemma of this section demonstrates that the sequence of critical heights we have
chosen achieves this.

Lemma 3.2 Leta € (1,2], T € (0,00) and e € (0, 1). Asn — o0,

‘m+n®
P( Z LN, =1y = 2 for somem € {0, 1, ..., Tn — ne}) -0

i=m

and also
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nS
P(Z l{Nn(i)Zl} > 1) — 0.
i=0

Proof This is essentially the same as Lemma 2.1. O

3.2 Initial random walk estimates

This section collects together some preliminary results for the biased random walk
(Xm)m=0 on T*, regarding in particular: the amount of backtracking performed by
the embedded biased random walk on the backbone; the amount of time X spends in
small leaves; the amount of time X spends close to the base of big leaves; and tail
estimates for the amount of time X spends deep within big leaves.

To begin with, we introduce ¥ = (¥,,),>1 to represent the jump process of 7 (X),
where 7 : 7% — {po, p1, ... } is the projection onto the backbone, i.e. 7 (x) = p; for
x € 7;. More precisely, set S(0) = 0,

Sm)y=inf{m > Sn—1) : 71 (X;y) #7(Xpm-1)}, Vn>1,

and then define Y, := X(,). From this construction, it is clear that, under either the
quenched or annealed law, Y is simply a biased random walk on the semi-infinite line
graph {po, p1, ...}, and so, as in the previous section, we can control the amount it
backtracks. In particular, if we let

A,{ =inf{m>0: Y, = p,}

be the first time that the embedded random walk Y reaches level n along the backbone,
then we have the following result, which is simply a restatement of Lemma 2.2. We
recall that d7+ is the shortest path graph distance on 7 *.

Lemma 3.3 Leta € (1,2], T € (0,00) and y > 0. Asn — o0,

Pp( min _ (d7+(po, Y;) —dr+(po, Y;)) < —(In n)”y) — 0.

0<i<j<Al,

Our next goal is to show that the time the biased random walk X spends outside of
the big leaves of 7* is unimportant, where we define the set of vertices in big leaves
to be

B = {xe?}j: i>0,1<j<Z—1, h(TU)zhn}.

Key to doing this is the following equality, which is obtained by applying standard
results for weighted random walks on graphs (cf. [6, Lemma 3.1]):

EZ;_*rpi =1+ Z c(x,y), (3.2)

x,yeT;;:
X~y
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where for a vertex x € 7*, we define 7, := inf{m > 0 : X,, = x}. For the statement
of the next lemma, which is approximately analogous to Lemma 2.3, we recall the
definition of (A,),>0 from (1.8).

Lemma 34 Leta € (1,2], T € (0,00) ande > 0. Asn — o0,

]Pp Z 1{X,,,¢B} > ﬂhn(1+8) — 0.

m=<Aur

Proof We start by estimating the quenched expectation of the time X spends in a
particular small leaf before reaching level n7T along the backbone. Thus, suppose we
have a leaf 7;; such that i < nT and h(7;;) < h,. Starting from the vertex p;, the
probability of hitting p;; before p,r can be computed exactly, by elementary means,
as

. 1+,371+"+,31+17HT _ l
T4+ (1B 4 BiHITy = 2 gl

PZ* (tpij < tpnT)

This means that the number of separate visits X makes to 7;; is stochastically domi-
nated by a geometric random variable with parameter 1 — (2 —8~1)~!, and so its mean
is bounded above by 8/(B8 — 1). Moreover, the equality at (3.2) and our assumption on
h(7;;) imply that, on each visit to 7;;, the amount of time X spends there is bounded
above by

Ejy T, < 14+ 28"#T;,

where #7;; is the total number of vertices in 7;;. Hence

EF [ D) 1ix,ez) 5%(1%/&’“#%). 3.3)

m<A,r

As for the estimating time spent at a vertex p;, where 0 < i < nT, we start by
noting that the total number of returns to p; is a geometric random variable. Moreover,
its parameter Pg*(t;lf = 00), where t;lf = inf{m > 0: X,, = p;} is the first return
time to p;, can easily be bounded below by the probability that X jumps from p; to
pi+1 on its first step times the probability that a biased random walk on Z never hits
the vertex to the left of its starting point. Since the first of these quantities is given by

B/(BZi + 1) and the second is equal to 1 — g1, it follows that
EZ* Z 1ix,=p) | < CﬂZ,’. (3.4)

A similar argument applies for i = 0.
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Piecing together the estimates at (3.3) and (3.4), we thus obtain

nT—1
E; (D) xues | <™ D Z [1+| max I#Ti-] (3.5)
j= i—

m<Aur i=0 L ST

where cg is a constant depending only on 8. Now, to bound the summands, we consider
the following probabilistic upper bound

P(Z,‘ |:1 +  max #’Z}j:| > k) < P(Zi > kl/z)
j:1 Zi—1

,,,,,

+P| max #7; >k'2-1). (3.6)
j=1,...Zi—1

For the first of these terms, we apply the size-biasing of (3.1) and Markov’s inequality
to deduce

1+a’
- E(Z )

(3.7)

Since the expectation in (3.7) is finite for any o’ € (0, o — 1) (see [19, Section 35],
for example), we fix an «’ in this range to obtain a polynomial bound for the relevant
probability. For the second term of (3.6), we first condition on Z; to obtain

P(j=1ma§1 ¥y 2 k- 1) =1k ((1 —P(#T k' - 1))2_1)
=1—-E (Z (1 -P (#’T > k12 1))2—1)

:1—f’(1—P(#Tzk1/2—1)).

From the proof of Lemma 3.1, we know that /(1 —x) ~ 1 — ax® 1L(x)asx — 01,
and so

a—1
P( max  #7;; > k2 — 1)~aP (#7 =112 -1)
J=1, Zi—1

L (P (#T > k12 1)) , (3.8)

as k — oo. To establish a bound for P(#7 > k) that decays polynomially quickly,
first note that P#7 = k) = k~'P(Sy = —1), where (Sk)k>0 is a random walk on
7 with step distribution Z — 1 (see [13]). Moreover, by the local limit theorem of
[19, Section 50], it is the case that P(S; = —1) ~ cak_l, where ay are the constants
appearing in (1.4). Since a; ~ k'/%£(k) for some slowly varying function £ (see [19,
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Section 35], for example), it follows that if &’ € (0, 1/a), then there exists a constant
¢ such that P(|7| > k) < ck™® . Combining this estimate with (3.6), (3.7) and (3.8),
we obtain that there exist constants ¢ and § > 0 such that

P(Z,- [1 +  max #TI-]} > k) <k’ (39
j=1....Zi—1

Consequently, recalling (3.5),

P D Lx,em = g0

m=<Anr

<P > 1ix,¢8) = nE!" > ix,e8

m<Apr m=<Aur

+P(ET | D Lx,em | =07 pm0FO

m=<Anr

- 1
<n'+P| max Z |1+ max #T;|>=——p"
i=0,...,.nT—1 j=1,...Zi—1 cgnT

- 1
<ntynrP|Z |1+ max #7;; | > 5 ﬁgh"
j=1,Zi—1 cpn=T

< nfl +Cn1+28ﬂ768h,17

and this converges to 0 as n — o0. O

The result above means that, in establishing the distributional convergence of A, we
only have to consider the time the random walk X spends in big leaves. In fact, as we
will now show, the time spent close to the backbone in big leaves is also negligible. To
this end, let us start by introducing some notation and formalising some terminology.
First, we will write y;; for the deepest vertex in 7 ;5 that is, the vertex that maximises
the distance from the root p;;. So that this notion is well-defined, if there is more
than one vertex at the deepest level of 7;;, we choose y;; to be the first in the usual
lexicographical ordering of 7;;, assuming that the offspring of each vertex have been
labelled according to birth order. If the tree 7;; has height greater than or equal to /,,,
then for a fixed 6 € (0, 1) it is possible to define a unique vertex on the path from p;;
to y;; at level hfl in 7; . We shall denote this vertex x;; and call it the ‘entrance’ to the
leaf 7;;. When we say that the leaf 7;; has been visited deeply, we will mean that X
has hit x;;. Moreover, by the ‘time spent in the lower part of a big leaves emanating
from p;’, we will mean

Zl'—l o
= 2 Mzt D, LT\ Ty i) (3.10)
j=1 m=0

where 7;; (x;;) is the part of the tree 7;; descending from the entrance x;;.
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To control the random variables (tl.’ )i>0 (which are identically-distributed apart from
i = 0), we need to consider the structure of the trees ’];; = T;;\7;j(x;j), and for this,
the construction of a Galton—Watson tree conditioned on its height given in [18] is
helpful. In particular, in Sect. 2 of that article, the following algorithm is described.
First, let (§,, ¢,), n > 0, be a sequence of independent pairs of random variables,
with distribution given by

Pt = jo nr1 = k) = capr 1 —g0)’ 71 (1 = gy )7,

(recall that g, = P(Z, > 0) is the probability that the unconditioned branching
process survives for at least n generations) for 1 < j < k, where

P =n)
TP WT) =n+1)

(3.11)

Then, let 7g be a Galton—Watson tree of height 0, i.e. consisting solely of a root vertex,
and, to construct 7,41, n > O:

e let the first generation size of 771“ be {pt1,

o let 771 be the subtree founded by the &, th first generation particle of 771+ 1,

e attach independent Galton—Watson trees conditioned on having height strictly less
than n to the &,41 — 1 siblings to the left of the distinguished first generation
particle,

e attach independent Galton—Watson trees conditioned on height strictly less that
n + 1 to the ¢,+1 — &,41 siblings to the right of the distinguished first generation
particle.

It is shown in [18] that the tree 7, that results from this procedure has the same proba-
bilistic structure as 7 conditioned to have height exactly equal to n. Before considering
the implications of this result for the times (ti’ )i>0, we derive the asymptotics of the
constants (c,),>1 in our setting.

Lemma 3.5 Let o € (1, 2]. The constants (cn)n>1, as defined at (3.11), satisfy

o

~ e —
A G T n

asn — oQ.

Proof First note that P(h(7) = n) = g, — qn+1. Moreover, if f ™) is the n-fold
iteration of the generating function f, then we can write ¢, = 1 — £ (0). It follows
that

B FetD ) — £M(0) S =g —1+q.  q,L(gn)
T DO = fODO0) T F0—gur) — Lt ansr 4% L(@nr)
_ a4y 'L

i1 e L(gns1)

n
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where we have applied (1.5) to deduce the third equality. Now, by (1.6), the second
term on the right-hand side satisfies

a—1
L 1 1
Zril (gn) Ni’l+ — 14 (3.12)
Gp+1 L(Gnt1) n n

For the first term, again applying (1.5) and (1.6), it is the case that

1 1
an_ _ an = ; ~14+—. (3.13)
qn+1 I—f(1—gqn) 1—gqy  L(gn) (@ —Dn
Multiplying the right-hand sides of (3.12) and (3.13) yields the result. O

Lemma 3.6 Leta € (1,2] and T € (0, 00). Asn — 00,

nT—1
]Pp(z t{zﬂh")—>0.
i=0

Proof Our first aim will be to show that

P (h(Ti;.) > x| h(T;)) zhn) <n (1 - (h;lnf_ha ch) 7 (1 _ qxhg)), (3.14)

for hfl < X < hy.Fix an x in this range, and suppose for the moment that 2(7;;) = h >
hy, so that x;; is defined. Denote the path from p;; to x;; by p;; = wo, wi, ..., Wy =
x;j. Now, remove the edges {w;—1, w;}, [ = 1,... ,hfl from ’];;, and denote by 7;
the connected component containing wy, so that 71} (minus the relevant edges) is the

disjoint union of 7;;; over [ =0, .. ., hfl — 1. From the procedure for constructing a
Galton—Watson tree conditioned on its height described before Lemma 3.5, we deduce

P (h(T}) > x | h(T) = h) = P( max  (h(T) +1) > x| h(T;)) = h)

§P( max h(Tijl)>x+1—h§|h(Tij)=h)
1=0,...,h% —1

=1—[] =P (a(Tijp) > x+1=h), | L(T;j)=h)].
=0

Moreover, if we suppose that 7;; conditioned on its height being equal to / has been
built from the random variables (&, ¢,), n > 0, then we can write

P (h(Tij)) < x +1—hS | h(T;j) = h)
=EPh(Tj) <x+1- RS | h(Tij) = h, i, Th-1))
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P(h(T) <x—h’ |h(T) <h—1-1)"""

(hW(T) <x =R | h(T) < h— )Ch—l—é‘h_z)

k
Z cn-t-1peP (W(T) < h =1 = 1I"'P

-1

I
= ”M8 "U /—\

(T)<x—h‘3|h(7’)<h—l—1)

P (W(T) < h =1} P (h(T) <x —hd | (T) <h—1)"’

k . .
Zch—l—IPkP (h(T) <Xx-— hi)'/—1 P (h(T) <Xx-— hi)k_j
1j=1

M8

k

ch—i—1kpiP (h(T) < x — hi)kil

M

~
I
-

= cpi-1f (1 - ‘Zx7h2)~

Thus, combining these deductions, we obtain

P (h(’];;.) >x | h(T;) = h) <1- (Ch—l—lf/ (1 - ‘bc—h;i))hg

and, since this bound is independent of & > h,,, the bound at (3.14) follows.
Now, by arguing similarly to (3.5), it is possible to check that

nT—1 nT— lZ—l

T*

E, (Z )<Cﬁ Z Zl{h<77,>>hn}/3 ) Tij,
i=0 i=0 j=I

where cg is a constant depending only upon 8. Thus, following the end of the proof
of Lemma 3.4,

nT—1
/ h
i=0

Zi—1
< n_l + nTP TCﬁ Z l{h(T,,)zh,,}ﬂh(I’)#Z] > n_zﬂh”
j=1
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<n”! —|—nTP(Tc,gZ,- max  #7;; > n_2,3h"/2)
j=1,...Zi—1

+nTP max h(’];}) > hy,/2
j:],...,Z,‘—li
h(’];j)zhn

Clearly the first term decays to zero, and, by applying (3.9), so does the second term.
To deal with the third term, observe that, under the convention that h(?;’/.) = 0 for j
such that 7(7;;) < hy, ‘

Pl max AT =h)2|=1 —E((l —P(h(T,.’.) > hn/z))z_l)
j=1,...Zi—1: J J
ey

—1—f (1 —P (h(T,.}) > hn/z))

~aP () = h/2) " L (P (T = ha/2))

a—1

~ agi P (T > ha/2 | h(Tp) = h)

L (qth (h(Tl.;) > hp/2 | h(T;j) > hn))

where we have used that f/(1 — x) ~ 1 — ax®* 'L(x) as x — 0%, which we first
recalled in the proof of Lemma 3.1, and (1.6) again. Since the representation theorem
for slowly varying functions ([29, Theorem 1.2], for example) implies that, for any
e >0,

L (an,P (AT > ha/2 | N(T)) = ha))

< P (h(T)) > ha/21H(T) = ha) L),

forlarge n, it follows that P(maszl’__ji 1 h(Ti)zh h (’];}) > h,/2) is asymptotically
less than

, a—1l—e¢ ol
oP (W(T) > ha/2 | KT = ha) g Lan,)

«P (R(T)) > ha/2 | T = )
@~ D, |

~
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Finally, setting x = h,,/2 in (3.14) and applying Lemma 3.5 yields

P (h(Ti;) > /2| h(T;}) > h) < hf,(l — inf_enf’ (1 - qzlhn_hﬁ))

h=hy

§ a—1

~ahngy oy, L (‘12—1h,ﬁh;§)
§—1

~ chy ",

for a suitable choice of constant ¢, and so, by adjusting ¢ as necessary, we obtain that,
for large n,

nTP|  max  h(T) = hy/2 | < cnhy'RPTDE0),
j=1,....Z;—1: ;
h(,];j)zhn

Since this upper bound converges to O for any ¢ < o — 1, this completes the proof.
O

In deriving tail asymptotics for the time X spends in the big leaves emanating from
a particular backbone vertex, it will be useful to have information about the set of big
leaves that the biased random walk visits deeply before it escapes along the backbone,
and the next two lemmas provide this. For their statement, we define the index set of
big leaves emanating from p; by

Bi={i=1.Zi=1: h(T) =

and the subset of those that are visited deeply by X before it escapes a certain distance
along the backbone by

Vi={jeBi: 1y <1}
where z; 1= p; 5.
Lemma 3.7 Let o € (1,2] and i > 0. For any A C B;, we have

P (Vs — ) — 1 #B,\ !
pi NPT T L #B \#A )

where #B;, #A represents the cardinality of B;, A, respectively.

Proof The lemma readily follows from the symmetry of the situation, which implies
that, starting from p;, the biased random walk X is equally likely to visit any one of
Xij, J € B; and z; first. O

Although the above lemma might seem simple, it allows us to deduce the distri-
butional tail behaviour of the greatest height of a big leaf at a particular backbone
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vertex visited by the biased random walk X. Note that we continue to use the notation
qgn =P(Z, > 0).

Lemma 3.8 Let o € (1,2] andi > 0. For x > hy,

]P)p ( axh(’]fj) > x) = C];ti]L (gx)-
J€eVi

Proof Let x > h,. By definition, we have that

P, (Ijng} h(Tij) < X) =E E,OT H YnTp<a | |-
! J€Vi
and decomposing the inner expectation over the possible values of V; yields
T* T*
Ey ([T emp<n | = 20 B | Lvi=a [ [ Linezp<n

jevi ACB; jeA

Since [ jeA l{h(Ti,')<x} is a measurable function of 7 *, this can be rewritten as

> PT i =) [ | Lz

T*
Ep H l{h(']?j)<X}

jev; ACB; jeA
1 #B,\ !
- LT a1,
2 #B; +l(#A) H (i =<x)
ACB; jeA

where the second equality is an application of Lemma 3.7. Now, since

#A
P[] n)<x | Bi | =P ((T) < x| h(T) = hy)** = (1 - q—x) :
JjeEA

for every A C B;, it follows that

1 (#B;\!
P h(7;; =E P 17 B;
(maeney <) = 2 L (30) 2 (TT 0015

1

ACB; jeA
1 #B: —1 #A
(X meiGn) (-5
AcE; #B; + 1\ #A qh,

@ Springer



482 D. A. Croydon et al.

#B;+1
_gf 9 ,_ (1 _ q_x) ,
#B; + 1)qx qn,

To continue, observe that, conditional on Zi, #B; is binomially distributed with para-
meters Z; — 1 and g;,,. Consequently, the probability we are trying to compute is equal

to
Z-1 ,5 . I+1
zZ—-1 Z-1-1  qn ( qx)
E L1 =g, — -1 -= . (3.15)
> (77 Y 0-an) (,H)qx( "

=0

We break this into two terms. Firstly,
‘71 7-1-1  qn
E - —i=t_ dhe
& ( ! )q”" =)™ e,

Z—1
4 1
—1 I+1 Z—1-1
= dx E(Z (l+1)th (1 —qn,) 1{231})

=q;" (1= f(1—qn)) (3.16)

Secondly,

7-1 ,5 N I+1
Z—1 Z-1-1  qhn, q
E ( )Qfln (1—aqn,) — (12
l (I + Dgx qh,

=0
<[z I+1 Z—1-1
_ -l B B e
=dq, E(Z(; (l + 1) (qh,l q;c) (1 th) I{Zzl})
=" (fA—q0— f(1—aqn)). (3.17)

Since taking the difference between (3.16) and (3.17) gives us (3.15), we have thus
proved that

P, (mavth,-) - x) —g (- (= q)
JEVi

=gy (gx — q%L (qv))
=1-¢%"L(q),

where the second equality is a consequence of (1.5), and the lemma follows. O
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With these preparations in place, we are now ready to study the asymptotic tail
behaviour of

Zi—1
fﬂ=§:hm>%u2hwﬁ Tij (i)}
j=1

which can be interpreted as the length of time the X spends deep inside leaves ema-
nating from p; before escaping along the backbone. The next lemma gives an upper
tail bound for this random variable.

Lemma 3.9 Leta € (1,2] and € > 0. There exists a constant cg ¢ such that, for any
i > 0and x satisfying Inx > cg chp,

(14+&)Inp

%m—)—m—mm

Proof First note that, by applying the commute time identity for random walks (for
example, [27, Proposition 10.6]), we have that

iJUT; iJUT; —i —(i+h? '
B+ B, = (B ) 2804 D e |
x,yeT;;:
X~y

i}UTij i
where E'”"7 tefers to the random walk on the tree 7;; extended by adding the vertex

{PI}UIZ/

pi and the edge {p;, p;;}. Since Ey; Ty = Egj Ty, it follows that

Egmgﬁf(me%mT)

Thus, since the random walk X spends no time in 7;; (x;;) if j € V;, we can bound
the quenched expectation of #; conditional on V; as follows:

Z,’—l 00
EpT* | Vi) = Z Z ppT* (Xm € Tij(xij), m < 1, | Vi)
j=1 m=0
< D EL (@) Ep (i 1 Vi), (3.18)
Jjev;
=¢p Z (1+#7;) h(Tij)E,;T* (vij | Vi), (3.19)
jev;

where v;; is the number of passages X makes from p; to x;; before it hits z;, and the
inequality at (3.18) is obtained by an application of the strong Markov property (that
holds with respect to the unconditioned law). Now, v;; is clearly bounded above by the
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total number of visits to p;, N(p;) say, and, by symmetry, this latter random variable
satisfies EpT* (N(pi) | Vi) = EpT* (N(p;) | #V;). Consequently, we deduce that

#B;
ET" (vij 1 Vi) < D Lvi=nE) (N(pi) | #Vi = k)
k=0
ET" (N(p)
< 1
Z W=k 5T o — PT* @Vi=h
#B,-
<cp D Npvi—i)#Bi + 1 Z;
k=0
=< Cﬁzf,

where we have applied Lemma 3.7 and the argument at (3.4) to deduce PpT N
k)~! = #B; + 1 and EPT* (N(pi)) <cp Z;, respectively. Applying the above bound in
combination with (3.19) yields

EZ*(t,-|V,~)5c,gZ§(1+ max #Tij)ﬁm“fevi””fﬂ.
j=1,Zi—1

Thus, for n € (0, %), we can conclude

Pyt =) <Py (1= x"E (1 VD)) + P (ET i1V = x'77)

<x+P, (Cﬂzf (1 +  max #Tij)ﬂm‘”‘-’evf M) > xl‘")
=1, Zi—1

3
<x"4+P CﬁZ? (1 +  max #'Ej) >y
Zi—1

‘pr (’Bmax,ev h(7Z; 7) > xl 27])
<x T4 cpx 3 g% 7! L(qa-2 )
= (1-2p)lnx/Inp (1-2n)Inx/Inp

for (1 —2n)Inx/InB > h,, where the value of cg has been updated from above
and the constant § is the one appearing in (3.9). We have also applied Lemma 3.8 in
obtaining the final bound. Finally, (1.6) allows us to deduce from this that, as long as
(1 —2n)Inx/In B is sufficiently large, it holds that

(1+nhp
x) <
(1 =2n)(e—DInx’

P, >
The result follows. O
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We can also prove a lower bound for the distributional tail of #; that matches the
upper bound proved above. Similarly to a proof strategy followed in [6], a key step
in doing this is obtaining a concentration result to show that the time spent in a leaf
visited deeply by the process X will be on the same scale as its expectation.

Lemma 3.10 Let o € (1,2] and & > 0. There exist constants ny and cg ¢ such that,

foranyi >0, n > ng and x satisfying cg ¢h, <Inx < n2,

1—-&e)lnp

Bt 20 2 (o

Proof Our first goal is to derive an estimate on the lower tail of the time that X spends
in a big leaf 7;; before hitting p;, given that it starts at the entrance vertex x;;. To this

end, we start by noting that under PT and conditional on the number of returns that
the random walk X makes to 7;; (x; ,) before hitting p;, i.e.

/. . ’
Vi .=#[m STyt X = X;j, Xm =xl-j},

. Tp; .
where x; ] denotes the parent of x;;, the random variable ¥ := antzo Lix,, e7;;(xip) 18
distributed as v; ;T 1 independent copies of a random variable whose law is equal to
that of 24 under Pg* (This is a simple application of the strong Markov property.)
In particular, we have that

T* T*
ED (2 1v) = (14 ) EL =y
and also

Varz; (E | vl-’j) (1 + v )Var (txl(j).

To control the right-hand sides of these quantities, we will apply the following moment
bounds:

Ef ity =1 +BI S er,y) = pHTD T
1 ij
x,y€T;j (xij):
x~y

and

* 2 " 2
E;CZ,— T ) = —ﬂEzl— ),
J ij ,3 —1 J ij

where the first moment lower bound is obtained by applying a formula similar to (3.2),
and the second moment upper bound is an adaptation of a result derived in the proof of
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[6, Lemma 9.1]. As for the distribution of ul.’ ; under Pg;*, it is clear this is geometric,
with parameter given by "

-1 ... —h)+1 - 5 5
- I+ +---+8 gl — g1
P (1 <) = =L i
ij ! . - 2h hs—1
ij ‘Bh2+(]+ﬂ—1+..-+ﬂ*h§z+l) B — Bl
from which it follows that
n -1 n
T* ’ _ :3 "= IB hf, -1 /3 n
£} (u,.j+1)_—1_ﬂ_1 =ph g =

for n > ng, where ng is a deterministic constant. Putting the above observations
together, we deduce that, for n > np and ¢ > 0,

pT* (E < Zﬂh(ﬁj))

Xij

s £ - %
< p7 (E < Zﬁ”(Tu), v+ 12 eED () + 1))

= Xij

)

T* 1 ’ T ﬂh’l N ﬂh(’s’il EE;Z (Ulfj_H)
< Px,«j (E =< 3 (Uij + 1) Exl-,- rx;j) +1—-{1- m

* * 1 *
<Pl (‘E—E;f] (2|u,{,)‘ > SEL (2|u;j))+g

8 * 1
= il Er ; +e&
-1\ v +1
<chBp™ te,

where c is a constant depending only on 8 and ng (and not ¢).
Now, if we suppose jo € V; is such that h(7;;,) = max ey, h(7T;;), then

* & . - * £ .
PT (1= 2P 0 1) < P (e = 28T 1),

where 7, ., is the amount of time X spends in 7jj, (xij,) before inf{m > 7, :
X, = pi}. By applying a strong Markov argument for the unconditioned law (cf.
(3.18)), yields that the law of 7y, o= Pi under PpT*(.| V;) is the same as that of X (as

defined above with j = jy) under P)Zj;, and thus the result of the previous paragraph
implies that, for n > ng and ¢ > 0,
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s« £ . T i
P (i = LA Vi) < chbp e

Taking expectations with respect to PpT " and P establishes that the same is true when

PpT (Vi) s replaced by the annealed law PP,,. Consequently, for any n > ng, € > 0
andInx > h, In g,

& v h(T; In(4x/¢)

P, <x)<P, (ti < Zﬂmaxj v; h( ./)) +P, (rjréaéh(’]}j) < W

_ns -1
= Chzﬁ fnpe+1— ‘]ﬁqu/s) L (qln(lﬁx[ﬁ/s)) )

Ing

where we have applied Lemma 3.8 to deduce the second inequality. Finally, fix n > 0.
If we set ¢ = 1/(Inx)?, then the second term is bounded above by 5/ Inx for any
Inx > n~!. With this choice of ¢, by (1.6), the fourth term is bounded above by
—(1 —n)In(B)/( — 1) In x, uniformly over In x > xg, for suitably large xo = x0 (7).
Moreover, it holds that, ch,‘iﬂ_hi =on?) = o(1/1Inx), uniformly over Inx < n2,
and this completes the proof. O

Finally for this section, we establish that the same distributional tail behaviour for
the random variables

Zi—l Ai.(lnn)l+7
= Wn@pzhy D, NixeeTy): (3.20)
j=1 m=A;

where A; (1 )1+, s the first time after A; that the process X hits a backbone vertex
outside of the interval {p;_qy )1+v+ - - - Pitnn)i+r}- Given the backtracking result
of Lemma 3.3, with high probability it is the case that #; will be identical to the
for all relevant indices i. However, the advantage of the sequence (7;) over (z;) is
that, similarly to the sequence of random variables (Tx) introduced for the directed
trap model at (2.5), at least when the traps are suitably well-spaced, it is possible to
decouple the elements of (f;) in such a way as to be able to usefully compare them
with an independent sequence.

Lemma 3.11 Let o € (1,2] and ¢ > 0. There exist constants ny and cg . such that,

foranyi >0, n > ng and x satisfying cg ch, <Inx < n?,

(1—¢)lnp <P, (7 > x) < (1+8)1n,3.
@—Dnx @—1Dlnx

Proof 1f the process X does not hit p; _;_, 1+ again after having hit p;, and does
not hit p; again after having hit p; 4 »)1+v, then ; is equal to 7;. Hence,

P, (1 #0i) < 2B (PL | (1, <00).

pH—(lnn)H'V
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An elementary calculation for the biased random walk on a line shows that the right-
hand side here is equal to B —(nm! _ o(n~?%). Applying this fact, it is easy to deduce
the result from Lemmas 3.9 and 3.10. O

3.3 Proof of main result for critical Galton—Watson trees

The purpose of this section is to complete the proof of our main results for biased
random walks on critical Galton—Watson trees (Theorem 1.1 and Corollary 1.2).

Proof of Theorem 1.1 We start the proof by claiming that the conclusion of the lemma
holds when the hitting time sequence (A,),>0 is replaced by (Z;’;Ol 1i)n>0. By imi-
tating the proof of Lemma 2.5 with Lemma 3.2 in place of Lemma 2.1, to verify that
this is indeed the case, it will be enough to prove the same result for (Z?;Ol fi’)nzo,
where (£]);>0 in an independent sequence such that 7 ~ 7, |y, ,)1+» for each i. (Note
that, because the elements of the sequence (f;);>( are only identically-distributed for
i > 14 (Inn)'*7, we do not take il ~ 1; for each i. By applying the second part
of Lemma 3.2, which shows that with high probability there will be no big leaves
in the interval close to p, it is easy to adapt the argument of Lemma 2.5 to over-
come this issue.) Since the tail asymptotics of Lemma 3.11 mean that the relevant
functional scaling limit for (Z?:_ol 1))n=0 is an immediate application of Theorem 5.1
(with h1(n) = Inn and ha(n) = n~1), our claim holds as desired.

Now, fix T € (0, 00). By Lemmas 3.3, 3.4 and 3.6, with probability converging to
one we have that, for every ¢ € [0, T],

nt—l—(lnn)”y nt—1
> h=A < D> h+2pm
i=0 i=0

By repeating the proof of Theorem 1.5 exactly with the particular choice L(x) :=
log, x, this, in conjunction with the conclusion of the previous paragraph, yields the
result. O

Proof of Corollary 1.2 Since the proof is identical to that of Corollary 1.6, with F (x)
being taken to be a distribution function that is asymptotically equivalent to In 8/ (« —
1) In x, we omit it. O

3.4 Growth rate of quenched mean hitting times

The purpose of this section is to compare the growth rate of EZ—* A, that is, the
quenched expectations of the hitting times A,,, with the growth rate of A, that was
established in the previous section. Interestingly, in the result corresponding to The-
orem 1.1 (see Theorem 3.14 below), an extra factor of o appears, meaning that the
sequence of quenched expectations grows more quickly than the hitting times them-
selves. This is primarily due to the fact that the quenched expectation E pT* A, feels all
the big leaves at a particular backbone vertex, whereas the hitting time A,, only feels
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the big leaves that are deeply visited by X. Indeed, the extra « is most easily under-
stood by comparing the following lemma, which describes the height of the biggest
leaf at a particular backbone vertex, with Lemma 3.8, which concerns only deeply
visited big leaves.

Lemma 3.12 Leta € (1,2]. Foranyi > 0,

as x — OoQ.

Proof Conditioning on Z,-, we obtain

where we have once again applied the size-biasing of (3.1) to obtain the second equality.
Since we know from the proof of Lemma 3.1 that /(1 — x) ~ 1 — ax®"!L(x) as
x — 07, the proof is complete. mi

In studying the quenched expectation of hitting times, we no longer need an argu-
ment that is so sophisticated as to consider the time spent in the individual leaves 7;;
(which were defined after (3.1)). Instead, we will be concerned only with understand-
ing the expected length of time the biased random walk X spends inside sets of the
form 7; = {p;} U (U =1 Zl__l’Z}j). To this end, we introduce a stopping time

o;j :=inf{n >0: X, ¢ 7;}.
The expected time spent by X inside 7; on a single visit is thus given by Eg_* 0j.

Similarly to (3.2), we have that

* 1+ o T ey c(x,y), ifi>1,
7 i:[ BL1+P) 2k yeT xmy € Y) 321)

i 0 . .
: 1+ ZX,yG%,x'vy c(x,y), ifi =0,

and this allows us to obtain the following distributional asymptotics.

Lemma 3.13 Leta € (1,2]. Foranyi > 0,

aln B

P (Ez*m- > x) ~—_—,
! (¢ — 1D Inx

as x — OoQ.
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Proof If i > 1, then from (3.21) we are easily able to deduce that

T y 281+ Ty T
llg_i_ﬁEEZ;UiSlﬁ-ﬂTﬁ[, (3.22)

where h(7;) = 1{2i>1} +max;_, 5, h(7Z;;) is the height of 7;. Hence, for any
n € (0,1,

P (] o =)

P (ﬂmaxj 1,. A,Z,-ﬂh(?;j) > (x — 1)170) +P (2132#77 > B+ Dx — 1)”)
(I=nInx —1) _
<P (maszlw‘zi1 h(T;j) = T) +ex 7,
alnp

T la—D—phx

where we have applied (3.9) to deduce the second inequality for suitable constants ¢
and 6 > 0, and Lemma 3.12 and (1.6) to obtain the asymptotic equivalence. Since
(3.22) in conjunction with Lemma 3.12 and (1.6) also implies that

) 1 In(1 !
P(EZ o; > )C) > P( lma)g h(,];/) = a +]II1}; +ﬂ)) ~ (aa ?),Blnx’
j=1,..., Zi—1 -

the result follows in this case. The argument for i = 0 is similar. O
We are now ready to prove the main result of this section.

Theorem 3.14 Let o € (1,2]. As n — oo, the laws of the processes

((a — Dlng E;{*Am)
noln g 10

under P converge weakly with respect to the Skorohod Jy topology on D([0, 00), R)
to the law of (m(t));>0.

Proof The embedded random walk on the backbone Y visits each site p;, i > 1, a
geometric parameter (8 — 1)/(8 + 1) number of times in total and p = pp a geometric
parameter (8 — 1)/8 number of times. Moreover, before visiting p,, Y has to visit
each element of {po, ..., py,—1} at least once. This and the definition of A, implies
that

n—1
| BN
S El'oi <El'A, < <5 ZE (3.23)
i=0
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Now, the random variables Eg*ai in these sums are independent and have slowly
varying tails, as described by Lemma 3.13. Thus the result is a simple consequence of
[23, Theorem 2.1] (or Theorem 5.1 below). |

Remark 3.15 For comparison, recall the directed trap model of Sect. 2, but, so as to
avoid having to consider the time that the biased random walk X spends at negative inte-
gers, replace Z by the half-line Z ... As in Theorem 1.5, we have that (n~! L(Api))i=0
converges in distribution under the annealed law Py to (m(t));>¢. For the correspond-
ing quenched expectation, similarly to (3.23), we have that Z;:Ol 7 < Ej(Ay) <

% ;’;01 7;. Thus, again applying [23, Theorem 2.1] (or Theorem 5.1 below), it

is possible to check that (n—! L(E§(Ant)))i=0 converges in distribution under P to
(m(t))s>0. In particular, in contrast to the critical Galton—Watson tree case, the asymp-
totic behaviour of Eg (Ap) and A, are identical. This is because, although certain big
leaves will be avoided by certain realisations of the biased random walker in the tree
setting, the geometry of the graph Z forces X, when travelling from 0 and n, to visit
all the traps in between on every realisation.

4 Extremal aging

In this section, we will prove Theorem 1.4 and Theorem 1.8, which state that the
biased random walk on critical Galton—Watson tree conditioned to survive and the one-
dimensional trap model, respectively, experience extremal aging. The phenomenon we
describe for these models is similar to what happens in the trapping models considered
by Onur Gun in his PhD thesis [20] and to results observed for spin glasses in [7].

4.1 Extremal aging for the one-dimensional trap model

We start by considering the one-dimensional trap model introduced in Sect. 1.2, with
the goal of this section being to prove Theorem 1.8. The reason for proving this result
before its counterpart for trees is that the simpler argument it requires will be instructive
when it comes to tackling the more challenging tree case in the subsequent section.

Key to proving Theorem 1.8 is establishing that X localises at the closest trap to
0 of a sufficient depth. To describe this precisely, as we do in Lemma 4.2 below, we
first introduce the notation

I(u) :=min{x >0: 7, > F! (l)]

u

From the independently and identically-distributed nature of the environment, we
readily deduce the following preliminary lemma.

Lemma 4.1 Forany 0 < a < b, we have

lim P (/(an) = 1(bn)) = %.
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‘We now establish the relevant localisation result for X.

Lemma 4.2 For any a > 0, we have

tim Po (X o140 = lam) = 1.

n—o0

Proof Our first aim is to show that X hits /(an) before time F~!(1/an) with high
probability. Clearly, for any T > 0, we have that

P(l(an)>nT)=P(rx < F! (i) : x:O,l,...,nT)

an
1 nT+1
= (1——) _)e—T/a’
an

as n — 0o0. Moreover, by Lemma 4.1, for ¢ € (0, 1) it holds that

P (Tx > F1 (;) for somex =0, ..., [(an) — 1)
an(l —¢)
=P (l(an) # l(an(1 —¢g))) — &,

as n — o0o. Recalling the notation T, introduced at (2.5) and applying these two
results in conjunction with the bound at (2.8) yields

nT
lim sup Py (Al(an) > > T it agana—eny + F (07! (1nn)‘/2))

n—00
x=1

<gteTla,

We know that F~1(n~!(Inn) 1/2) < F! (1/&n) for large enough n, Markov’s inequal-
ity thus implies

- 1
lim sup Py (Al(an) > F~! (—))
n—o00 an

1 B nT _ B 1
<limsup —— | E T, _qe _ +F 1 —
n‘)oop F_](l/an) 0(); x Mo, <F~1(1/an(1 8))}) (sn)
+eteT/a
<1i ! | TE ( 1 ) + F! !
msup ———— | Ccgn T I — -
= m S T a7 0 zp<F=1(1/an(1-¢)) en
+e+e T/
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where cg is a constant depending only on 8. By proceeding as in the proof of Lemma
2.3 with g(n) replaced by F-! (1/an(1 — ¢)), it is possible to check that

ct F~ (1 /an(1 — ¢))
E (fol{rosﬁ—l(l/amve))}) = an(l — &) :

and so

_ 1
lim sup Py (Al(an) > F! (—)) < lim sup

n—o00 an n—00
e TF~Y(1/an(l —€)) +aF~'(1/en)

- +e+e /e
a(l — &)F=1(1/an)

Were limsup,_, F~'(1/an(1 — €))/F~'(1/an) > 0, then there would exist
a subsequence (n;);>0 and constant ¢ > 0 such that I:"’l(l/an,-(l — &) >
cF~1(1/an;). Applying the decreasing function F to both sides and then the slowly-
varying property (1.1) yields that a < a(l — ¢), which is clearly a contradic-
tion. Hence lim,_, oo F~'(1/an(1 — €))/F~'(1/an) = 0. Similarly, one has that
limy— o0 F~1(1/en)/F~Y(1/an) = 0 for any ¢ < a. Thus, letting T — oo and
& — 0, the above estimate yields

_ 1
lim Py (Al(an) > F! (—)) =0,
n—00 an
as desired.

Now, if Xj7-1(j/4,) # [(an), then either X does not hit /(an) before time
F~Y(1/an), or it does hit /(an) and spends less time than F~1(1/an) there before
moving to any other vertex. By the conclusion of the previous paragraph, the former
event has probability 0 asymptotically, and so

tim sup Po (X -1y g 7 am))

n— oo

<limsupE (Plzm) (inf{t 1 X, #l(an)}) < F—l(l/an))).

n— o0
Since inf{t : X; # [(an)} is exponential with mean 7;(,,) under Pl’( an)’
the right-hand side here is bounded above by

F(
limsupE (1 A M) < lim sup

n— 00 Tl (an) n—>00

forany ¢ > 0

F~'(1/an) ]

—1
) [P (i < P11 an (1 +00) + g S

The probability in the previous expression is equal to P(I(an) # l(an(l + ¢))), and,
by Lemma 4.1, this is asymptotically bounded above by ¢. Similarly to an observation
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made in the previous paragraph, we also have that lim,,_, oo F~'(1/an)/F~'(1/an(1+
£)) = 0, and thus we have established

lim sup Py (Xl‘:*l(l/an) # l(an)) <e.

n—oo

Since ¢ was arbitrary, this completes the proof. O

Combining Lemmas 4.1 and 4.2, we readily obtain Theorem 1.8.

4.2 Extremal aging for the critical Galton—Watson tree model

We now return to the setting of Sect. 1.1, so as to prove Theorem 1.4. Similarly to
the strategy of the previous section, we will show that the biased random walk on a
critical Galton—Watson tree localises in the first suitably big leaf it visits deeply. To
describe this, we introduce the notation:

[(x):=min{i >0: ngh(?}j) >x/Inpt.
JEVi

Whilst the form of the following lemma is similar that of Lemma 4.1, we note that
its proof is more involved. This is because, unlike the holding time means t, used to
define / there, the random variables max jcy; #(7;;) are not environment measurable
or independent.

Lemma 4.3 Leta € (1,2]. Forany 0 < a < b, we have
. a
lim P, (I(an) =1(bn)) = —.
n—oo b
Proof First, define
‘71‘ = {J € B;: Txij < Ai,(lnn)(l-f—y)},

to be the set of big leaves visited by X before the stopping time A; , 0+ that was

introduced at (3.20). Set I:Ii = max; g h(T;;) it 17, # (4, and I:Il- = 0 otherwise;
observe that if FI,- > 0, then it is necessarily also the case that ﬁi > h,. Moreover, for
T € (0,00) and ¢ € (0, 1), let

m+n® n
& (n) = [ Z Lin,i>y <1:m=0,1,...,Tn — ng} N [ZI{NHQM} = 0}-
i=m i=0

By proceeding as in the proof of Lemma 2.5, it is possible to show that, under P, the
random variables (FI,- , N (i ));‘:TO conditional on & (n) have the same joint distribution
as (I:Ii’ , N (i ))l'.’zT0 conditional on &{ (n), where (ﬁi’ , NJ(i))i>0 are independent copies
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of the pair of random variables (ﬁ1+(1n W+ s N, (1+ (Inn)!t?)) and 8{ (n) is defined
analogously to &1 (n) with the N, (i)s replaced by N, (i)s. Consequently, if we set

i(x) := min {i >0: H > x/ln,s},
and define I’ (x) similarly from the random variables I:Il.’, then

[P, (Itam =Im) =P, (I'am =T'om))|
< ‘IP’,, (i(an) = i(bn), I(an) < nT, & (n))
P, (i’(an) = T'(bn), I'(an) < nT, & (n)))
+ ‘IP’[, (Z(an) > nT, & (n)) ~P, (i’(an) > T, & (n))(
+2P, (i’(an) > nT, & (n)) + 2P, (£ (1))
< 2P, (i/(an) > nT) +2P(&1(n)°), 4.1)
where we have applied the fact that {I(an) = [(bn), I(an) < nT} and {I(an) > nT}
are both (Hl-)l'.’:T0 measurable events. Now, similarly to the observation made in the

proof of Lemma 3.11, if the process X does not hit p; _;_,)1+» again after having
hit p;, and does not hit p; again after having hit p; | 1 )1+»—an event which has

probability greater than 1 — o(n=?) uniformly in 7, then I:Il- is equal to max jey; h(7;}).
Hence, applying (1.6) and Lemma 3.8, we obtain that, for any x, ¢ > 0,

1

(¢ — Dxn

P, (ﬁ, > xn) —

&
< -
n

for large n (uniformly in i), and clearly the same bound holds when Hj is replaced by
H/. Applying the independence of the random variables (H/);xo. it follows that

: 77 g _ C_l
lim P, (1 (an) =1 (bn)) =2,

and also

5 B an nT+1
]P)p (l/((ll’l) > nT) = ]Pp (Hl-i-(lrln)lﬂ/ < ﬁ)

Inpg—ea\"T*!
<f1- £ =
- (¢ — Dan
~ e—T(lnﬁ—a‘a)/(ot—l)a.
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Combining these results with Lemma 3.2, which implies that P(£; (n)¢) — 0, and the
estimate at (4.1), then letting T — o0, yields

lim P, (i(an) = Z(bn)) = %. (4.2)

Now, suppose that £, (n) is the event that the embedded random walk on the back-
bone Y does not backtrack more that (Inn)'*? before hitting Pn(T+1)—by Lemma
3.3,P,(&2(n)) — 1. Moreover, on the event & (), we have that H; = max ey, h(7;;)
fori <n(T+1)—1- h,‘i. In particular, for large enough n, if £ (n) holds and also
i(an) < nT, then it must be the case that [ (an) = f(an). Hence, for large n,

P, (l(an) ” i(an)) <P, (i(an) . nT) +P, (E200)°).

Similarly to above, we have that the first term here can be bounded above by

‘IF’,O (l~(an) >nT, & (n)) -P, (i’(an) >nT, S{(n))‘
+P, (I'tan) > nT ) +PE M),

the limsup as n — oo of which can be made arbitrarily small by choosing 7" suitably
large. Hence

im P, (l(an) ” i(an)) =0.

The lemma follows by applying this in conjunction with (4.2). O

Before proceeding to prove the analogue of Lemma 4.2 in the tree setting—see
Lemma 4.5 below, we prove a preliminary estimate which rules out the possibility that
any leaves have heights that are close to any particular level on the appropriate scale.

Lemma 4.4 Leta € (1,2]. Foranya, T € (0, 00),

=

min min |h(’27j) — an| <ane |=0.
J1,....nT ; 7

lim lim sup P
j=1,...,Z;—1

e=>0 n-oo

Proof First observe that

. Z—1
P( min  |h(7T;j) —an| < ane) =1-E ((1 — Gan(1—-¢) + Gan(1+¢)) )
j=l,enZi—1

=1— " (1 = qan(1—e) + Gan(1+e))
—1
~o (Qan(l—a) - Qan(1+8))a L (Qan(l—s) - Qan(H—s)),
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where we again apply [30, (2.1)] to deduce the asymptotic equality. Now, from (1.6),
one can check that

2eqan
Jan(1—e) — Gan(1+¢e) ™ o —1

)

which yields
2¢ ol 2¢ gl
P min !h(?}j)—an| < ane Na( q“”) L( QGn)Nca ’
j=1,...Zi—1 a—1 oa—1 an
where ¢, is a constant depending only on «. The lemma readily follows. O

Lemma 4.5 Let o € (1,2]. For any a > 0, we have
nll)ngo IP>,0 (n(Xe‘"’) = ,Ol(an)) =1.

Proof Fix ¢ > 0, and let ig, jo be indices such that x; j, is the first entrance to a big
leaf with height greater than or equal to an(1 + ¢)/1n B visited by X (the relevant
terminology was introduced just above (3.10)). If i :=l(an(1 +¢)) < nT, j1 € V;
is such that 2(7;, j,) > an(1 + &)/ 1n B and n is suitably large, then it must hold that

Trigjo = Toipjy < Taiy = An(T+1),

where we recall that z; := p; ;1,,s and note that the second inequality follows from
the definition of V;. In particular, for large n,

P, (rxio_jo > An(T+1)) <P, (l(an(l + &) > nT)
<P, (l(an(l +e) £ lan(l + s))) +P, (i(an(l o) > nT),
where [(an) was defined in the proof of Lemma 4.3, and the upper bound here con-

verges to 0 as n and then T tend to infinity. Consequently, by applying Lemmas 3.3,
3.4, 3.6 similarly to the proof of Theorem 1.1, as well as Lemma 4.4, we obtain that if

n(T+1)—1Z;—1 A (w1 Hy
0= z Z l{hngh(ﬁj)fan(l—s)/lnﬂ} Z l{XmG'Z;‘j(Xij)}’
i=0 j=1 m=A;

then

lim lim sup lim sup P, (Txfo/o >0+ zﬂzhn) —0.

=0 T .50 n—oo
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Now, by proceeding similarly to the proof of Lemma 3.4, we have that

B n(T+1)—1
ET"® < 51 >z 1+2¢079  max  #7
= j=1,...Zi—1

- 2,3]1(T+ 1)6611‘1(1—8)
- p—1 i=0,...n(T+1)

.....

Combining these observations yields

. . an
lim sup lim sup P, (Txio.io > e )
e—0 n— 00

< limsup lim sup lim sup P, (G) > 2*1e‘”‘)
e—>0 T—oo0 n—>00

< lim sup lim sup lim sup [}P’p (@ > nEZ—*(E) +P, (EZ—*(@ > 2_1n_le“")]
e—0 T—o0c0 n—>00

< lim sup lim sup lim sup P
e—=0 T—o0c0 n—>00

5 (B — e
X max Zi |14+ max #7;|> s
i=0,..n(T+1)—1 j=1,., Zi—1 4Bn*(T + 1)

,,,,,

< lim sup lim sup lim supn(T + 1)P

e—0 T—o00 n—>00
~ _ 1 ane
xZ; |14+ max #7;|> ('32—)6 .
j=1,...Zi—1 4Bn=(T + 1)

Applying (3.9), we thus obtain

lim lim sup P (7, > ¢) =0. 4.3)

e=>0 pooo

We now check that i, as defined in the previous paragraph, is, with high probability,
equal to /(an). We continue to use the notation i1 = [(an(1 + ¢)). Firstly, observe that
if ip < iy, then the definition of /(an(1 + ¢)) implies that jo & V;,, i.e. Ty =< Txigjo
Hence the process X must backtrack a distance 1 + /2 along the backbone before
hitting x;, j,. This implies that, for any 7" € (0, 00)

Pp (io < i1) =P (fx,-o,-o > An(T+1))

0<i<j<AYgi

+IP’p( min (d7+(p, Y}) — d1+(p, Y1) < —hﬁ)

where Y is the jump process on the backbone introduced in Sect. 3.2. By Lemma
3.3, the second term here vanishes as n tends to infinity, and it was already noted
above that the first term converges to 0 as n and then 7 tend to infinity. Secondly,

@ Springer



Biased random walk on critical Galton—Watson trees 499

suppose io > i1. Since by construction 7, < T;; < Tz forany ji € V;; with
h(7;, ;) = an(1+¢)/1In B (and such a j; must necessarily exist), we always also have
thatip < i+ 1+ hfl. In particular, in this situation, there exist two distinct backbone
vertices from which big traps emanate within a distance hfl of each other, and so

P, (ip >i1) <P, (Tx,-ojo > An(T+1>)
m+h

+P Z 1(n,@)=1) = 2 forsomem € {0, 1,..., (T + l)n — nf}

i=m

As n tends to infinity, the second term converges to 0 by Lemma 3.2, and we deal with
the first term in the same way as before, thus confirming that P, (ip # i1) converges
to 0 as n tends to infinity. We deduce from this that

lim sup lim sup P, (ip # [(an)) < lim sup lim sup (IP’p (o #11) +P, (i1 # l(an)))

e—>0 n—oo e—~>0 n—oo

= limsuplimsup P, (I(an) # [(an(1 + ¢))).

e—0 n— 00

Lemma 4.3 can be applied to establish that the final expression here is equal to 0, as
desired.
In conjunction with (4.3), the conclusion of the previous paragraph implies that

lim sup P, (77 (Xean) # pi(an))
n—o00

= lim sup lim sup P, (JT(Xgan) 7+ p,-o)

e—>0 n—o0

< lim sup lim sup [Pp (T"io/'o > ea") +P, (Txx'ojo < ™ (Xyn) £ ,Oio)]

e—0 n— 00

< lim sup lim sup E (Pg;o (inflm : 7(Xn) # pig) < e“”))

e—0 n—oo

< lim sup lim sup E (PT* (Tpio < e“")).

g
e—0 n—>o0 '0/0

Recalling from above (3.10) the definition of y;; (the deepest vertex of trap 7;;), it is
plain to show that

Pl (< > T <c ,37}"61
Xig jo Yigjo Pig | — 1 ’

for some constant ¢; depending only on ; indeed, this is nothing more than a com-
putation for a biased random walk on Z. Furthermore, another simple calculation for
biased random walk on the line yields

T* + —a(l+e)n
T T < 2
Pyi()j() ( )7i0j0 > PiO) = e ’

@ Springer



500 D. A. Croydon et al.

where 77 is the time of the first return to y;, ;,, SO
Yigjo 0J0

e /2

k
T* e T* + —aen
) < E ) < .
Pyiojo (tp’O - ) ylojo ( leJO - p’O) Pyt'ojo (tyfojo = Toig ) = €3¢

Consequently,

limsup P, (7 (Xean) # pi(any) < lim sup lim sup (clﬁ_hi + C3€_a£”) =0,

n—o00 e—0 n—o0o

which completes the proof. O

Putting Lemmas 4.3 and 4.5 together, we obtain Theorem 1.4.

5 A limit theorem for sums of independent random variables with slowly
varying tail probability

In this section, we derive the limit theorem for sums of independent random variables
with slowly varying tail probability that was applied in the proofs of Lemma 2.5 and
Theorem 1.1. The result we prove here is a generalisation of [23, Theorem 2.1].

Let (X; )i jen be non-negative random variables such that for each n > 1, the
elements of the collection (X, ;) jen are independent and have common distribution
function F;,. Moreover, suppose F is adistribution function such that F(x) :=1-F(x)
is slowly varying and F'(x) > O for all x > 0. Similarly writing F, (x) :==1- F,(x),
the main assumption of this section is that for each ¢ > 0, there exist constants cy, ¢z
such that

(1 —e)Fy(x) < Fx) < (1 + &) Fp(x), Vx € [ei(gi(n) V1), caga(m)], (5.1)

where gi(n) = F~ ' 'hi(n)),i = 1,2, with by : N — (0,00) a non-
decreasing, divergent function satisfying lim,,_, oo 21 (n)/n = 0,and 1> : N — [0, c0)
a non-increasing function satisfying lim, o, i2(n) = 0. (Note that necessarily

lim,,_, o0 gi (n) = oo for i = 1, 2.) Defining a function L by setting L(x) := 1/F(x),
we then have the following scaling result for sums of the form

m
S,?l = Z Xn,j-
j=1

Theorem 5.1 Assume that (5.1) holds. As n — oo,

1 n

—L(S)) = m@)=o (5.2)

n >0
in distribution with respect to the Skorohod Ji topology on D([0, c0), R).
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Remark 5.2 (i) Note that, similarly to Remark 1.9, if F,, and F are not continuous and
eventually strictly decreasing, a minor modification to the proof of the above result
(cf. Remark 1.7(i1)) is needed.

(i1) The same conclusion holds if on the left-hand side of (5.2) we replace L by
Ln(x) = 1/F(x).

To the end of proving the above result, it is helpful to introduce (1(¢));>0 to
represent a one-sided stable process with index 1/2, i.e., with Lévy measure given
by u((x,00)) = x /2 for x > 0. We will write F,(x) = P(n(1) < x) for
the distribution function of n(1). Briefly, the connection with (m(t));>o is that
m(t) = (maxo<s<; Ar;(s))l/2 (as processes)—here we recall An(s) = n(s) —n(s™).
Moreover, if we set

Mni =n@/n) —n((@ —1)/n), Viz=l1,
12
my (1) = (maX nn,i) 111 /0,000 (2),
1<nt

then m, — m almost-surely in the Skorohod J; topology. Indeed, since n,(t) =
n(lnt]/n) — n(t) in the Skorohod J; topology, by the continuous mapping theorem

max1n,,; = max An,(s) — max An(s) 5.3)
i<nt 0<s<t 0<s<t

almost-surely as a process in the same topology.

We are now ready to present the key lemma needed to establish Theorem 5.1.
(This corresponds to [23, Lemmas 2.2 and 2.3].) In its statement, we use the notation
Pn(x) := Fn_1 (Fy(x)), and we also define ¢ (x) := F~!(F,(x)) for its proof.

Lemma 5.3 Under (5.1), we have the following.

(i) Foreveryr >0andT > 0, asn — 09,

L i ) -

(i1) For each § > 0, T > §, there exist random constants K1, K» > 0 and ngy such
that, for every t € [8, T] and n > ny,

sup
0<x<T

- 0. (5.4)

Kig (02ma(0?) = D (nP00s) = Kag (¥ma0?). 59)

i<nt
almost-surely.

Proof We first give some preliminary computations. Rewriting (5.1), we have

0L R = P0EE e eeiaim v D gl
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Setting
e=F N (F), ke, ) = F,! (M) (e, 2) = F (F*(z) + e) |
l—¢ l1+e
it follows that
On(k1(e,2)) < P(2) = x < Pulka(e, 2)), (5.6)

for F(c1g1(n)) < Fy(2) = F(x) < F(c2g2(n)). Since
77V~ 1= Fuz) < 1= F(c1g1(n) = F(cigi(n)) ~ F(g1(n)) = n~'hi(n),

and similarly z71/2 ~ 1 — F,(z) > n~'hy(n), for suitably large n, the inequality at
(5.6) holds for all ¢{n?/ h1(n)* < z < chn*/ ha(n)?. Now, since F; ! (x) ~ (1 —x)~2
for x — 17, we have

F,(n%x%) — e)

1—¢

(i_ F,(n?x%) — e)
( 1—¢

_ a-e?
(1 — Fu(n2x?))’
~ (1 —&)*n*x?,

K1 (e, n2x2) = F;l (

-2

so that k1 (e, n2x2) > (1 —&)3n%x2 for large n. Similarly, k7 (¢, n%x?) < (1+¢)3n2x?
for large n. Since ¢,,, h1 are non-decreasing and /5 is non-increasing, by (5.6) we
conclude

b (1= erne?) < ¢ (n%%) = (1 +)'n%)
Vi > k(e /x) v Ry Ny /x). (5.7)

Now let us prove (i). By the definition of ¢, and the fact that 1 — F,,(x) ~ x~ 172 we
have, as in the proof of [23, Lemma 2.2], that lim,_, oo L(A¢ (xz))/x = 1, from which
it follows that lim,,_, oo L(A¢(n*x?))/n = x for A > 0. Noting that L(A¢ (n>x>))/n
is monotone in x and the limiting function is continuous, this convergence is uniform
in x on each finite interval. By (5.7),

n L (x¢n ((1 — s)3n2x2)) <n 'L (kqb(nzxz)) <n 'L (wn ((1 + s)3n2x2)) :

forn > hy' (¢} /x) v hy'(cy/x), and thus we obtain (5.4).
We next prove (ii). First, by taking K; = 1 the lower bound of (5.5) is clear. So
we will prove the upper bound. As in the proof of [23, Lemma 2.2], noting that ¢~
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is slowly varying and using the representation theorem of [29, Theorem 1.2], we have
¢_1(x) = c(x) exp(f]x e(t)/tdt) where c(x) - ¢ > Oand e(x) — 0 asx — oo.
Thus, ¢ (x) may be expressed as

where £(x) — oo and ¢(x) — 1/c as x — o0. Using this and (5.7), we have, for all
a>0and M > 2,

2 $n (n*a) _ 2 ¢ ((1’1j§>3)
s SN
¢n(2n-a) bn ( 2)1211\)

( 2/12a ) 211211
Navo3 ) are3 _
()
=n2exp - / —dt
t
;1211 ) nza
q((l—s)3 (1-¢)3

<n? exp(—M log(anz))
— g M, —2m-1)

when n > hfl(ci/’/ﬁ) v h;l(cg//ﬁ) Vv (epya='"?) for some ¢y depending on M.
Thus

lim 2 9n(1%0)

= V. . .
A ) 0, Va>0 (5.8)

Given this, the rest is a minor modification of the proof of [23, Lemma 2.3]. Let
a = m(5)2/3 > (. Since m;,, — m almost-surely (as discussed around (5.3)), there
exists a random nq > 1 such that

M) > mu(8)? >2a, ¥t>6, n>n. (5.9)

Let Aj; = {nni <n 2}, Ay = {n72 < np; < a}and A3; = {a < n,,), and
define

St =D (a1, k=1,2,3.

i<m
Since ¢, is non-decreasing, S,'f,’l < nT¢,(1) fort < T. Further, forn > a V2 we
have that n¢, (1)/¢,(2n’a) < n¢,(n*a)/$,(2n*a), which goes to 0 as n — oo by

(5.8). Thus, there exists a random n, > 1 such that

St < $u(2n2a) < ¢ (Pma(?), VS <t <T, n=n, (5.10)
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where the last inequality is due to (5.9). Next, by (5.8), there exists a random n3 > 1
such that

0 < ¢p(n*x) < pu(n®a)n’x < ¢,2n*a)x, ¥n? <x <a, n > n;.

Thus, for § <t < T and n > n3(w), we have
S’ < n(2n%a) D i = ¢ n’a)y(Lnt]/n) < gu(n*my())n(T). (5.11)

i<nt

where the last inequality is due to (5.9). Now, noting that there are only finitely many
t € [0, T]suchthat An(r) > a,thereexistsarandom K3 > Osuchthat > ; _, +14,, <
K3 for large n, almost-surely. Using this and the definition of m,, (¢), there exists a
random n4 > 1 such that the following holds:

S < Kymax ¢, (n2nn0) = K3y ("’my(1)?), V8 <t <T,n>ns (512
1<nt
Combining (5.10), (5.11) and (5.12), we obtain

> enPnni) < Kagu(nPmu (D)), V86 <t <T.n>nyVnyVng=:no,

i<nt

where K> = 1 + n(T) + K3. Thus we have obtained the upper bound of (ii). O

Proof of Theorem 5.1 Given the above lemma, the proof of Theorem 5.1 is basically
the same as that of [23, Theorem 2.1], and so we only sketch it briefly. Let

(0w =1 (o0 (w2

i<nt

Then, by definition, (¢\" (1));=0 is equal in law to (1 L(S?,)),>0. Further, as discussed
around (5.3), m, — m almost-surely with respect to the Skorohod J; topology. So,
in order to complete the proof, it suffices to prove the following: for 7 > 0,

sup
0<t<T

) (7) — mn(t)‘ -0, (5.13)

almost-surely. Firstly,

sup [¢0) = mu(0)| < sup max |1~ L (Kigh(nma (1)) = ma 1)

§<t<T o<i<T =1,

3

< sup  max ‘n*]L (Ki¢n(n2x2)) —X

0<x<m,(T) =12
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where Lemma 5.3(ii) is used in the first inequality. This bound converges to 0 as

n — oo by Lemma 5.3(i). Secondly, using the monotonicity of ;‘,in) and m,, (and
Lemma 5.3 again), we have

lim lim sup sup (¢, (1) = my(1)| < Jim lim sup(Z,”(8) + my (8))
—

-0 nooo 0<t<$ n—o00

= lim 2m(8) =0,
fmy 2m 3

almost-surely. We thus obtain (5.13). O
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Appendix: Skorohod topologies

For the convenience of the reader, we recall here, following [32], the definitions of the
two topologies on the Skorohod space D([0, 0o), R) that are applied in this article.
We start by defining the Skorohod J; topology on D ([0, T], R), where T € (0, 00),
to be that induced by the metric

dy (f.8) = inf {|lf o & —glVIlr—TI} (6.1)
eA

where || - || is the uniform norm, 7 is the identity map on [0, 7] and A is the set of
strictly increasing functions mapping [0, T'] onto itself. To define the M topology on
D([0, T], R), we first introduce the notion of the completed graph of a function f in
this space by defining

Fp={@,x) €0, T]xR: x =af(")+ (1 —a)f() for somea € [0, 1]}.

We then say that u = (u1(¢), u2(t))e[0,1] is a parametric representation of I 7 if it is
a continuous bijection from [0, 1] to I' y whose first coordinate is non-decreasing, and
define a metric on D([0, T'], R) by setting

dy,(f,g):= _inf  {Jlug —vi]| V [luz — v2|l},
uellp,vell,

where I1 s (resp. I1,) is the set of parametric representations of f (resp. g). It is the
topology that djy, induces that is the Skorohod M| topology on D([0, T'], R). Note
that M is a weaker topology than Ji, in the sense that convergence in the latter implies
convergence in former, but not vice versa.
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To extend the above notions to D([0, c0), R), we characterise convergence in the
Skorohod J; (or M) topology on this space by saying f,, — f ifandonlyif f,, — f
with respect to the Skorohod J; (or M) topology on D([0, T'], R) for every continuity
point of f. (These topologies can also be described by metrics, see [32, Section 3], for
example.) In particular, to establish weak convergence of a random sequence (X"),,>1
to X with respect to the Skorohod J; (or M) topology on D([0, 00), R), we require
that (X"),>1 converges weakly to X with respect to the Skorohod J; (or M) topology
on D([0, T'], R) for every time T at which X is almost-surely continuous. Note that,
since we only ever consider the limits (m(?));>0 and (m_l(t)),zo, which are both
continuous at each fixed 7 with probability 1, in our setting we are always required
to check that the relevant weak convergence of processes holds in D([0, T'], R) for
every time 7.
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