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processes associated with strong local Dirichlet forms. By applying a general strategy
to self-similar Dirichlet forms on self-similar fractals, we prove that dy, = 1 for natu-
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740 M. Hino

1 Introduction

Studies on the structure of stochastic processes through the space of martingales
associated with them date back to the 1960s. As seen from Meyer’s decomposition
theorem for example, martingales are one of the suitable concepts for understanding
the randomness of stochastic processes. In the framework of general Markov pro-
cesses, Motoo and Watanabe [30] proved that, for a class .# of martingale additive
functionals, there exists a kind of basis {x,} of .Z such that every element in .#
can be represented as a sum of stochastic integrals based on {x,} and a purely dis-
continuous part. This is a generalization of the study by Ventcel’ [34], wherein the
Brownian motion on R? was considered. We term the cardinality of the basis as the
martingale dimension. (The precise definition is discussed in Sect. 2.) Related general
theories are found in some articles such as those by Kunita and Watanabe [24] and
Cramér [8]. Later, Davis and Varaiya [9] introduced the concept of multiplicity of
filtration on filtered probability spaces as an abstract generalization. A vast amount of
literature is now available on the study of filtrations from various directions by M. Yor,
M. Emery, M. T. Barlow, E. A. Perkins, B. Tsirelson, and many others. In this article, we
focus on the quantitative estimate of martingale dimensions associated with symmetric
diffusion processes on state spaces that do not necessarily have smooth structures, in
particular, on self-similar fractals.

The martingale dimension of typical examples, such as the Brownian motion on a
d-dimensional complete Riemannian manifold, is d. This number can be informally
interpreted as the number of “independent noises” included in the process. When the
underlying space does not have a differential structure, it is not easy to determine or
even to provide estimates of the martingale dimension. The first result in this direction
is due to Kusuoka [25], who considered the martingale dimension dp, with respect
to additive functionals (AF-martingale dimension) and proved that dp, = 1 for the
Brownian motion on the d-dimensional standard Sierpinski gasket SG4 (see Fig. 1)
for every d. This was an unexpected result because the Hausdorff dimension of SGy
is log(d + 1)/log?2, which is arbitrarily large when d becomes larger. This result
was generalized in [17,18] to natural self-similar symmetric diffusion processes on
post-critically finite (p.c.f.) self-similar sets (see Fig. 1) satisfying certain technical
conditions, with the same conclusion. The proofs heavily rely on the facts that the
fractal sets under consideration are finitely ramified (that is, they can be disconnected
by removing finitely many points) and that the Dirichlet form associated with the
diffusion is described by infinite random products of a finite number of matrices. No
further results have yet been obtained in this direction. Thus, the following questions
naturally arise:

Fig. 1 SG», SG3, and some other p.c.f. self-similar sets
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Upper estimate of martingale dimension for self-similar fractals 741

Fig. 2 Examples of (generalized) Sierpinski carpets

e What about the martingale dimensions of infinitely ramified fractals such as
Sierpinski carpets?
e In general, are there any relations between dp, and other kinds of dimensions?

In this paper, we provide partial answers to these questions; we prove that the
AF-martingale dimension dp, of the Brownian motion on (generalized) Sierpinski car-
pets (Fig. 2) are dominated by the spectral dimension d;. In particular, if the process
is point recurrent (that is, if dg < 2), then dy, = 1. This is the first time that nontrivial
estimates of martingale dimensions for infinitely ramified fractals have been obtained.
The proof is based on the analytic characterization of dy, in terms of the index of
the associated Dirichlet form that was developed in [18], and new arguments for the
estimate of the index in general frameworks, in which some harmonic maps play the
crucial roles. This method is also applicable to p.c.f. self-similar sets, which enables
us to remove the technical assumptions in [17] and conclude that dy, = 1. In [17], we
had to exclude Hata’s tree-like set (the rightmost figure of Fig. 1) because of some
technical restrictions such as the condition that every “boundary point” had to be a
fixed point of one of the maps defining the self-similar set; this example was discussed
individually in [18].

One of the main ingredients of the proof is the construction of a special harmonic
map from the fractal to the Euclidean space R, which makes it possible to use certain
properties of the classical energy form on R¢. For this purpose, we use a method anal-
ogous to the blowup argument in geometric measure theory. Although we presently
require the self-similar structure of the state space for this argument, we expect the
relation 1 < dy, < d; to be true for more general metric measure spaces as well.

This article is organized as follows. In Sect. 2, we review the concepts of the index
of strong local regular Dirichlet forms and the AF-martingale dimension dy, of the
associated diffusion processes under a general setting. In Sect. 3, we develop some
tools for the estimation of dy, in the general framework. In Sect. 4.1, we discuss self-
similar Dirichlet forms on self-similar fractals and study some properties on the energy
measures as a preparation for the proof of the main results. In Sect. 4.2, we treat p.c.f.
self-similar sets and prove that dy,, = 1 with respect to natural self-similar diffusions.
This subsection is also regarded as a warm-up for the analysis on Sierpinski carpets,
which is technically more involved. In Sect. 4.3, we consider Sierpinski carpets and
prove the inequality 1 < dy, < d;, putting forth two technical propositions. These
propositions are proved in Sect. 5.
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742 M. Hino

Hereafter, c; ; denotes a positive constant appearing in Section i that does not play
important roles in the arguments.

2 Martingale dimension of the diffusion processes associated with strong local
Dirichlet forms

In this section, we review a part of the theory of Dirichlet forms and the concept of
martingale dimensions, following [12,17,18]. We assume that the state space K is a
locally compact, separable, and metrizable space. We denote the Borel o-field of K
by A(K). Let C(K) denote the set of all continuous real-valued functions on K, and
C.(K), the set of all functions in C(K) with compact support. Let ;& be a positive
Radon measure on K with full support. For 1 < p < oo, L? (K, 1) denotes the real
L?-space on the measure space (K, Z(K), u) withnorm | - || .» k1) The inner prod-
uct of L?(K, ) is denoted by (-, -) L2(K,u)- Suppose that we are given a symmetric
regular Dirichlet form (&, .#) on L?(K, ). For @ € R and f, g € .#, we define
Sa(f8) = E(f, 8) + al(f, 8) 12k ). The space .7 becomes a Hilbert space under
inner product (f, g).# := &1(f, g). Hereafter, the topology of .% is always considered
as that derived from norm || - || # = (-, ‘)51%2. We write &(f) and &, (f) instead of
&(f, f)and & (f, f) for simplicity. The set of all bounded functions in .% is denoted
by %p. The following is a basic fact.

Proposition 2.1 (cf. [12, Theorem 1.4.2]) Let f, g € Fp. Then, fg € % and

EUD? < EDO gl + E@ VIl Lok p0)-

Let us review the theory of additive functionals associated with (&, %), following
[12, Chapter 5]. The capacity Cap associated with (&, %) is defined as

Cap(U) =inf{&1(f) | f € F and f > 1 p-a.e.on U}
if U is an open subset of K, and
Cap(B) = inf{Cap(U) | U isopenand U D B}

for general subsets B of K. A subset B of K with Cap(B) = 0 is called an excep-
tional set. A statement depending on x € K is said to hold for g.e. (quasi-every) x
if the set of x for which the statement is not true is an exceptional set. A real valued
function u defined g.e. on K is called quasi-continuous if for any ¢ > 0, there exists
an open subset U of K such that Cap(U) < ¢ and u|g\y is continuous. From [12,
Theorem 2.1.3], every f € .% has a quasi-continuous modification £ in the sense that
f = f p-ae. and f is quasi-continuous.

For a p-measurable function u, the support of the measure |u| - i is denoted by
Supplu]. Hereafter, we consider only the case that (&', .%) is strong local, that is, the
following property holds:
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Upper estimate of martingale dimension for self-similar fractals 743

If u,v € Z, Supplu] and Supp[v] are compact, and v is constant on a neigh-
borhood of Supp[u], then & (u, v) = 0.

From the general theory of regular Dirichlet forms, we can construct a diffusion process
{X}on K 4 defined on a filtered probability space (§2, Foo, P, {Px}xek s {-Z1}1€10,00))
associated with (&, #). Here, Ko = K U {A} is a one-point compactification of K
and {.#; };¢[0,00) is the minimum completed admissible filtration. Any numerical func-
tion f on K extends to K 5 by letting f(A) = 0. We denote by E, the expectation
with respect to Py for x € K. The relationship between {X,} and (&, .%) is explained
in such a way that the operator f — E.[f(X;)] produces the semigroup associated
with (&, .%). We may assume that for each 7 € [0, 00), there exists a shift operator
0;: 2 — 2 that satisfies X5 0 0; = X4+ for all s > 0. We denote the life time of
{ X1 (0)}ie]0,00) DY ¢(w). A [—00, +00]-valued function A;(w),t € [0, 00),w € £2,
is referred to as an additive functional if the following conditions hold:

A;(+) is F;-measurable for each r > 0;

There exist a set A € F, and an exceptional set N C K such that P,(A) = 1
forallx € K\ N and 6; A C A for all > 0; moreover, foreachw € A, A.(w) is
right continuous and has the left limit on [0, ¢ (w)), Ag(w) = 0, |A;(w)| < oo for
all 1 < ¢ (w), Aj(w) = A (w) (@) fort > ¢(w), and

Aips(w) = Ag(w) + A (Bsw) forevery t,s > 0.

The sets A and N referred to above are called a defining set and an exceptional set of
the additive functional A, respectively. A finite (resp. continuous) additive functional
is defined as an additive functional such that |A.(®)| < oo (resp. A.(w) is continuous)
on [0, 00) for w € A. A [0, +o0]-valued continuous additive functional is referred
to as a positive continuous additive functional. From [12, Theorems 5.1.3 and 5.1.4],
for each positive continuous additive functional A, there exists a unique measure (g
on K (termed the Revuz measure of A) such that the following identity holds for any
¢t > 0 and nonnegative Borel functions f and 7 on K:

t t
/ E, / F(Xy)dAy | o) u(dx) = / / Ex [h(X,)] £ (x) a(dx) ds.
0 0 K

K

Further, if two positive continuous additive functionals AD and A® have the
same Revuz measures, then AY) and A® coincide in the sense that, for any
t >0, PX(AEI) = Afz)) = 1 for ge.x € K. Let P, be a measure on §2 defined
as Pu(-) = f x Px() n(dx). Let E,, denote the integration with respect to P,. We
define the energy e(A) of additive functional A as e(A) = lim,¢(2t) ' E,[A?] if
the limit exists.

Let .# be the space of martingale additive functionals of {X,} that is defined as

M is a finite additive functional such that M.(w) is right continuous

M = { M| and has a left limit on [0, co0) for w in a defining set of M, and for
eacht > 0, E;[M?] < oo and Ex[M;] =0 forq.e. x € K
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744 M. Hino

Due to the assumption that (&, %) is strong local, every M € .# is in fact a contin-
uous additive functional (cf. [12, Lemma 5.5.1 (ii)]). Each M € .# admits a positive
continuous additive functional (M) referred to as the quadratic variation associated
with M, which satisfies E,[(M);] = E [M,2], t > Oforq.e. x € K, and the following

equation holds: e(M) = ) (K)/2. We set/o// ={MeA|eM)< oo}.Then,/O//
is a Hilbert space with inner product e(M, L) := (e(M + L) —e(M) —e(L))/2 (see
[12, Theorem 5.2.1]). For M, L e ./O/, we set H(M,Ly = (M(M+L) - MMy — M(L))/Z.
For M € /o// and f € L*(K, M(m)), we can define the stochastic integral f e M
(cf. [12, Theorem 5.6.1]), which is a unique element of /O// such thate(f e M, L) =
(1/2) fK SO m, Ly (dx) forall L € /O// If f € C.(K), we may write fo f(Xy)dM;
for f e M since (f @ M), = [y f(X,)dM,,t > 0, Py-ae. for ge.x € K (cf. [12,

Lemma 5.6.2]).
Let Z denote the set of all nonnegative integers.

Definition 2.2 (cf. [17]) The AF-martingale dimension of {X,} (or of (&, %)) is
defined as the smallest number p in Z satisfying the following: There exists a

o o]
sequence {M % },1::1 in .# such that every M € .# has a stochastic integral rep-
resentation

P
M, = Z(hk e M®),, >0, Pe-ae. for g.e.x,
k=1

where h; € L2(K, ,M(M(k>)) for each k = 1,..., p. If such p does not exist, the
AF-martingale dimension is defined as +o0.

Remark 2.3 In the definition above, AF is an abbreviation of ‘“additive functional.”
We can also consider another version of martingale dimensions for general (not nec-
essarily symmetric) diffusion processes as follows. Let

with respect to P, forall x € K

My = 0 and M is a square-integrable martingale
M = [M = (M/}ie0.00) | o q g & ] .

For M e 9, denote its quadratic variation process by (M) and define the space
L({M)) as the family of all progressively measurable processes ¢(f, w) such that

E, [fot go(s)zd(M)s] < oo forall t+ > 0 and x € K. The martingale dimen-

sion of 9 is defined as the smallest number g satisfying the following: There
exists MWD, .. M@ < 9 such that every M € )t can be expressed as M; =
ZZ:] fé o (s) dMsgk) Py-ae.x forall x € K, where g, € L(M®Y), k=1,...,q,
and the integral above is interpreted as the usual stochastic integral with respect to
martingales. Let us observe the relation between these two concepts. Suppose that { X}
with (2, oo, P, {Py}xek > {Fi}ie0.00)) 1s a diffusion process on K with symme-
trizing measure p and has an associated regular Dirichlet form (&, .%) on L*(K, nw.
For « > 0 and a bounded Borel measurable function f in L%(K, u), denote the
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Upper estimate of martingale dimension for self-similar fractals 745

a-order resolvent E. [ [ e~ f(X;) dt] by G f, and set

t
M = (Ga /) (X)) = (Gu f)(X0) — / (@(Ga f)(Xs) = f(Xs))ds, 1>0.
0

Then, M fe belongs to /o// N 9. Moreover, concerning the space

M = {M,f’“ | @ > 0, f is a bounded Borel measurable function in Lz(K, nwyl,

the linear spanof {heM | M € 95?, h € C.(K)}isdensein /O/l from[12, Lemma 5.6.3]
M € 9, Y€ L((M))} is dense in 91 with
respect to the natural topology from [24, Theorem 4.2]. These facts strongly suggest
that the two martingale dimensions coincide, although the author does not have a proof.
In this article, we consider only AF-martingale dimensions and often omit “AF” from
the terminology hereafter.

and the linear span of { Jo o(s) dM;

We review the analytic representation of the AF-martingale dimension. First, we
introduce the concept of energy measures of functions in .%#, which is defined for (not
necessarily strong local) regular Dirichlet forms. For each f € .#, a positive finite
Borel measure vy on K is defined as follows (cf. [12, Section 3.2])."! When fis
bounded, vy is characterized by the identity

/(pd\)f =28(fo, f)— Ep, f2) forallp € Z N Ce(K).
K

By using the inequality

2
WorB) = o B v/ (B) <26/ —g). BeBK). fgeFy 21

(cf. [12, p. 111, and (3.2.13) and (3.2.14) in p. 110]), for any f € %, we can define a
finite Borel measure vy by v/ (B) = lim, . vy, (B) for B € #(K), where { f,,}52
is a sequence in .%, such that f,, converges to f in .%. Then, Eq. (2.1) still holds true
for any f, g € #. The measure v is called the energy measure of f.For f, g € F,
the mutual energy measure vy, ¢, which is a signed Borel measure on K, is defined as
Vig = (Wfrig — vy —Vg)/2. Then, vy y = vy and vy is bilinear in f and g (cf. [12,
p. 111]). We also have the following inequalities: for f, g € % and B € #(K),

vrg(B)l < /vr(B),/ve(B), (2.2)

Jures(B) <\ Jvr(B) +/ve(B). 23)

I In [12], symbol 1y is used in place of v ¢.
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746 M. Hino

Moreover, for f, g € % and Borel measurable functions 41, iy on K,

1/2 1/2

/h1h2 dvyg| < /h%duf /h%dvg (2.4)

K K K

as long as the integral on the left-hand side makes sense. This is proved as follows: If
hy and h, are simple functions, (2.4) follows from (2.2) and the Schwarz inequality.
By the limiting argument, (2.4) holds for general /1 and h5.

Under the assumption that (&', %) is strong local, we have an identity

E(f) =vr(K)/2, feF (2.5)

(cf. [12, Lemma 3.2.3]) and the following derivation property.

Theorem 2.4 (cf. [12, Theorem 3.2.2]) Let f1, ..., fm, and g be elements in %, and
(NS C;(Rm) satisfy 9(0,...,0) = 0. Then, u := ¢(f1, ..., fm) belongs to F and

m

oo -~ 7
dvu,g = Za(fl, cee fm)dvﬁ,g~
i=1

Here, C 117 (R™) denotes the set of all bounded C'-functions on R™ with bounded deriv-
atives, and f; denotes a quasi-continuous modification of f;.

We note that the underlying measure p does not play an important role with regard to
energy measures.

For two o-finite (or signed) Borel measures 11 and py on K, we write 1 << (2
if w1 is absolutely continuous with respect to w».

Definition 2.5 (cf. [18]) A o-finite Borel measure v on K is called a minimal energy-
dominant measure of (&, %) if the following two conditions are satisfied.

(i) (Domination) For every f € .7, vy < v.
(ii) (Minimality) If another o -finite Borel measure v’ on K satisfies condition (i)
with v replaced by v/, then v < V',

By definition, two minimal energy-dominant measures are mutually absolutely con-
tinuous. In fact, a minimal energy-dominant measure is realized by an energy measure
as follows.

Proposition 2.6 (see [18, Proposition 2.7]) The set of all functions g € F such that
Vg is a minimal energy-dominant measure of (€, F) is dense in F.

Fix a minimal energy-dominant measure v of (&, .%). From (2.2), vy, < v for
f, & € F, so that we can consider the Radon-Nikodym derivative dv s, /dv.
Letd € N. Wedenote .Z x --- x .% by . %% and equip it with the product topology.
[ —

d
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Definition 2.7 For f = (fi, ..., f1) € F¢, we define

d d
1 1
Ef) =+ Ef(fi), == gvf,. (2.6)
1= 1=
and
dve s/ dve\? d
( Ufl’fj/ vf) o [ Vf g 0] '
op=4\ v /oAy ] o @7
f_
[0 on [— = O] .
dv

Note that @ f is a function defined v-a.e. on K, taking values in the set of all symmetric
and nonnegative-definite matrices of order d.

Lemma 28 For f € 79, &, = (de}-,fj/de)?j:l vf-a.e.
Proof This is evident from the definition of @ ¢, by taking into account that vy, ¢, <
vy from (2.2). O

Lemma29 (i) Let {f(”)}f;o:l and {g(”)}z‘;1 be sequences in F and ™ — f
and g™ — gin F asn — oo. Then, dv pm g /dv convergesto dvyg/dv in
LY (K, v).
(i1) Suppose that a sequence {f (”)}fiil in F converges to f in F<. Then,
there exists a subsequence { f (",)} such that @
vy-a.e.x.

£ (x) converges to @ g (x) for
Proof Assertion (i) is proved in [18, Lemma 2.5]. We prove (ii). From (i), we can take
a subsequence { £} such that ®f("’) converges to @ g v-a.e. on {dvf/dv > 0}. This
implies the assertion. O
The following definition is taken from [18], which is a natural generalization of the
concept due to Kusuoka [25,26].

Definition 2.10 The index p of (&, .%) is defined as the smallest number satisfying
the following: For any N € N and any fi,..., fy € Z,

dvy ¢ N
rank( fiod; (x)) <p forv-ae.x.
dv i j=1

If such a number does not exist, the index is defined as +o0.
It is evident that this definition is independent of the choice of v.

Proposition 2.11 (cf. [18, Proposition 2.10]) Let { f;}7°, be a sequence of functions
in % such that the linear span of { f;}72 is dense in .. Denote the Radon—Nikodym
derivative dvy; ¢;/dv by ZJ fori, j € N. Then, the index of (&, .F) is described as
ij N
V-essSup g Supyen rank (27 (x)); .

We remark the following fact.
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748 M. Hino

Proposition 2.12 (cf. [18, Proposition 2.11]) The index is O if and only if £(f) = 0
forevery f € F.

The following theorem is a natural generalization of [26, Theorem 6.12] and under-
lies the estimate of martingale dimensions from the next section.

Theorem 2.13 (see [18, Theorem 3.4]) The index of (&,.F) coincides with the
AF-martingale dimension of {X;}.

3 Strategy for upper estimate of martingale dimension

In this section, we develop some tools for the estimation of AF-martingale dimensions
under a general framework. We keep the notations in the previous section.

First, we introduce the concept of harmonic functions. We fix a closed subset K?
of K. This set is regarded as a boundary of K. We define

Fo={fe.Z|SupplfINK? =0} and Fp={fe.F|f=0qe onK’,
(3.1

where f is a quasi-continuous modification of f. We remark the following:
Proposition 3.1 (cf. [12, Corollary 2.3.1]) The closure of % in ¥ is equal to Fp.

An element h € % is called harmonic if &(h) < &(h + f) forall f € Fp. The set
of all harmonic functions are denoted by 7. The following is a standard fact and its
proof is omitted (cf. [16, Lemma 3.6]).

Lemma 3.2 For h € .7, the following are equivalent.

i) hes.
(ii) Forevery f € 9p,&E(h, ) =0.
(iii) Forevery f € %y, &(h, f) =0.

Moreover, 7 is a closed subspace of .

Let d € N. We denote S X --- x J by 29, which is considered as a closed sub-
d
space of .7¢. The Lebesgue measure on R? is denoted by .#?. The symbol “dx” is
also used if there is no ambiguity. Forr € Nand p > 1, W"? (Rd ) denotes the classi-
cal (r, p)-Sobolev space on R¥. Hereafter, for f € 7, f denotes a quasi-continuous
Borel modification of f. The symbol f corresponding to f € .#¢ is similarly inter-
preted. In general, for a measurable map FF: X — Y and a measure my on X, F my
denotes the induced measure of my by F.
Given d € N, we consider the following conditions.

(U)qy There exists h = (hy, ..., hy) € H° 4 such that the following hold:
(@ vp(K) > 0;
(b)  Pp(x) is the identity matrix for vp-a.e.x € K;
©) hop < 27
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Upper estimate of martingale dimension for self-similar fractals 749

(U)g There exists b = (hy, ..., hg) € #“ such that the following hold:
(@) vp(K) > 0;
(b) Pp(x)isthe identity matrix for vy-a.e.x € K;
(©) hyvp < Z9, and the density p = d (hsvp) /dfd is dominated by a cer-
tain nonnegative function £ with /& € WL2(R?), in that p < £ Z4-ae.

Note that &vy, does not depend on the choice of h since vy, does not charge any sets
of zero capacity.

The following three claims are crucial for the estimate of the martingale dimension,
the proofs of which are provided later.

Lemma 3.3 Leth = (hy, ..., hy) € S%. Suppose that vi,(K) > 0 and ®p,(x) = L
for vp-a.e.x for some symmetric and positive-definite matrix L of order d that is
independent of x. Then, there exists h' = (b}, ..., h)) € A such that vy (K) > 0
and @y (x) is the identity matrix for vy-a.e.x. In particular, Vp =V for every
i=1,...,d

Proposition 3.4 Assume that h = (hy, ..., hg) € ¢ and ®y(x) is the identity
matrix for vy-a.e. x. Take a bounded ﬁmctlon f from Fp. Then, the induced measure
offzvh byh: K — R? denoted by h (f vy), is absolutely continuous with respect
to £4, and its density & = d(h*(fzvh))/d.,fd satisfies JE € WI2(RY).

Theorem 3.5 We assume that 1(K) < oo and 1 € F. Then, the following hold for
deNlN

(1) Assume condition (U),. Moreover, if Cap({x}) > Oforeveryx € K, thend = 1.
(i) Assume condition (U’)q. Moreover, suppose that the Sobolev inequality holds
for some dg > 2 and c¢31 > 0:

||]C||L2{;zs/(f1S (K, = < c3.161(f), fe#. (3.2)

Then, d < ds.

In virtue of these results, the strategy to provide upper estimates of martingale dimen-
sions is summarized as follows.

Strategy 3.6 The following is a strategy for upper estimates of the AF-martingale
dimensions dy,.

Step 0: Take an arbitrary d € N such thatd < dyy.

Step 1: Find b € ¢ such that v, (K) > 0 and @, (x) = L for vj-a.e.x for some
symmetric positive-definite matrix L of order d. We may assume that L is the
identity matrix as seen from Lemma 3.3.

Step 2: By using the result of Step 1 and Proposition 3.4 if necessary, find (possibly
different) k € ¢ such that condition (U), or (U’); holds true in addition.

Step 3: Then, under the assumptions of Theorem 3.5, we obtain an estimate of dy,.

In Sects. 4 and 5, we consider self-similar fractals as K and show that the above
procedure can be realized. In the remainder of this section, we prove Lemma 3.3,
Proposition 3.4, and Theorem 3.5.
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Proof of Lemma 3.3 There exists an orthogonal matrix U = (u; j)? j=1 such that

MO

"WLU = withi; >0, i=1,...,d.
Ad

Deﬁneiz:(le, e hg) e by hi = Z‘,f:l upihi fori =1, ...,d. Then, Viih, =

4 ugiugi v p fori, j = 1,...,d, which implies that ”' ”f( ) —tuw
k, =1 J Vhi,hy -1
for vp-a.e. x. In particular, Vi = Aivh fori = 1,...,d. Define h’ (h/, o hl)) e
A as h; = A 1/2h fori =1, ,d. Then, v,; = vy, for all i, which implies that
V' = Vh. Moreover, fori, j = l, ...,d,
dl)h{ n. dU / h/
“Lx)= L(x) = 8;; for v, -a.e.
oy (x) dvh (x) =6 " X,

where §;; denotes the Kronecker delta. Therefore, @, (x) is the identity matrix for
Vpr-a.e. X. O

Remark 3.7 As seen from the proof, two 7" 4>g in the statement of Lemma 3.3 can be
replaced by .7 ¢

Before proving Proposition 3.4, we remark the following result.

Proposition 3.8 (Energy image density property) For f € %, the measure f* Vs on
R is absolutely continuous with respect to . In particular, v r has no atoms.

This proposition is proved in [6, Theorem 1.7.1.1] when the strong local Dirichlet form
is given by the integration of the carré du champ operator. The proof of Proposition 3.8
is provided along the same way, which has been mentioned already, e.g., in [17,20].
See also [7, Theorem 4.3.8] for the short proof. 3

For f € & 4 with d > 2, the absolute continuity of the measure f,vy on R4
is not expected in general. Some studies on sufficient conditions are found in [6]. In
Proposition 3.4, we consider a rather special situation that implies a better smoothness.
How to find functions that meet this situation is the main problem that is discussed in
the next section.

Proof of Proposition 3.4 Take an arbitrary ¢ € C}(R?) with ¢(0,...,0) = 0 and
defineg =g o h. From Lemma 3.2 and Theorem 2.4,foreachi =1, ...,d, we have

28(gf2, hi)  (since gf% € Pp and h; € )
/dvgfzh —/gdvfzh +/f d\)gh

K
/gdvfzh +/f (h)dvh (since vy, p; = 0if i # j)
K
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~ 0 ~ -
= / pd(hwp ) + / 2 d (P on)). (3.3)

Rd Rd

The last equality follows from the change of variable formula and vj; = vy.
Letk = h*(fzvh) and k; = h*VfZ,hl- fori =1,...,d. From (3.3),

—d/c——/god/q, i=1,...,d, 3.4

0Xx;

forgp € Cp(RY) with (0, ..., 0) = 0. Since k; (RY) = v 2, (K) = 2E(f2, hi) =0,
identity (3.4) holds forall ¢ € Cg (R9). Therefore, in the distribution sense, 3%,—" = Kj
fori = 1,...,d. This implies that x < K7 e.g., from [29, pp. 196-197] or [6,
Lemma 1.7.2.2.1]. Denote the Radon—Nikodym derivative dk / d.z? by £. Then, (3.4)

can be interpreted as 0& /0x; = k; in the distribution sense fori =1, ..., d.
Now, for any B € Z(R?), from Theorem 2.4 and (2.4),

1/2 1/2
i (B)] = / 2fdvyn| <2 / Pdw, / dvy
) i(B) )
= 2c(B)' () (B)'/2. 3.5

Therefore, k; < «,in particular, x; K .2 4 This implies that £ belongs to the Sobolev
space WLL(R)Y. Let dx; /d,i”d be denoted by &;. From (3.5) and Theorems 1 and 3
in [11, Section 1.6], we have

- 1/2
&1 < 2&”(%) Zae.,

where (kv )ac denotes the absolutely continuous part in the Lebesgue decomposition
of hyvy.Fore > 0,let yo(t) = /t + & — /e, > 0. Then,

(am(s))) ( ! 85) _ & _dvpae
dx; 2JEFedxi)  4EH4e) T dyd

which implies that

2
/ (%) dx < (il*vf)ac(Rd) = vp(K) =26(f) < oo
R? l

Since y, (1) 7 /t as e N\, O, 8\/5/8)@- belongs to LZ(R", dx). This implies that
VE € WH2(RY). o
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For the proof of Theorem 3.5, we need several claims. Let p and & be Lebesgue
measurable functions on R? such that 0 < p < & Z?-ae. and JE € Wh2(RY).
Define a bilinear form Q” on L>(R?, (p + 1) dx) by

0 (u, v) :/(W,W)Rd(wr )dx, u,veCHRY,
Rd

where (-, -)pa denotes the standard inner product on R4 and CC1 (RY) = CHRY) N
C.(RY). Ttis easy to see that (Q”, Ccl. (R%)) is closable in L2(R?, (p + 1) dx), and its
closure, denoted by (Q”, Dom(Q?)), is a regular Dirichlet form on LZ(R<, (p +
1)dx). We also define the standard regular Dirichlet form (Q, W12(R%)) on
L2(R?, dx) as

O(u, v) =/(w,w)Rd dx, u,ve WHA(RY).
R4

The capacities associated with Q” and Q are denoted by Cap” and Cap'-2, respectively.
For x € R and r > 0, we define

Bx,r)y={ye€ R4 | |x = ylge <r} and B’(x, ry={ye R? | |x = ylga <1},

where |- |gs denotes the Euclidean norm on R?.In general, for a measure space (X, 1)
and a subset E with A(E) < oo, the normalized integral AME)! fE ---dA is denoted

by fy ---dh.

Lemma 3.9 For Cap'?-g.e.x € RY, sup,_, fB(x P dy < oo.

Proof Take a quasi-continuous modification of /& with respect to Cap'-2, which is
denoted by the same symbol. We may assume that 0 < &(x) < oo for every x € R?,

From [1, Theorem 6.2.1], there exists a Cap'-2-null set B of R? such that, for every
x e R\ B,

2
lim 7[ VED - VE®| ay =0.

B(x,r)

For x € R? \ B, take ro > 0 such that SUPO -y <1, fB(x’r)|«/§(y) — «/S(x)|2dy <1.
Then, for r € (0, rg),

172 1/2

IA

12
2
Femay f Vewi - Ve[ av| +| feway

B(x,r) B(x,r) B(x,r)

14+ VE&(x).

IA
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Since 0 < p < £.2%-a.e., we obtain that SUP) </ <, fB(x n P(Y)dy < oo. We also
have

sup 7[ p(y)dy < f”’(B(x,ro))_l/p(y)dy < o0. m

r=ro

B(x,r) R4
Proposition 3.10 Let B C RY. Then, Cap”(B) = 0 if and only if Cap?(B) = 0.

Proof We define a Dirichlet form (Q%, Dom(Q%)) on L2(R?, (¢ + 1)dx) and its
capacity Cap®, just as (Q”, Dom(Q")) and Cap”, with p replaced by £. Then, from
the result in [32] (see also Theorem 3.3, Theorem 3.6, and the subsequent Remark (iv)
in [10]), Dom(Q¥) is characterized as follows:

Dom(Q%) = {u ‘ u e L*(RY, (¢ + 1) dx), and for every
i=1,...,d, du/0x; exists in the distribution sense and du/dx;

e L2(RY, (£ + 1) dx) }

Since Capl'z(B) < Cap”(B) < CapS (B) for B C R, it suffices to show that any
Cap'2-null set B satisfies Cap® (B) = 0. Let g(x) = log(v/E(x) + 1). Since /€ €
WL2(RY), & € LY(R?, dx) N L9 (RY, dx) for some § € (0, 2] from the Sobolev
imbedding theorem. There exists ¢3 2 > 0 such thatlog(r +1) < c32t92 At forr > 0.
Then,

/gz@ +dx < /(cé.zs“ NEYE + 1) dx < /(cést +E)dx < oo
R4 R4

Rd
and
2
v
/IVglﬁgd(é + Ddx < Jg_—i“ﬁdz €+ Ddx < /|V\/§|§d dx < oo.
R4 R4 R4

Thus, g belongs to Dom(Q%). We denote by g the quasi-continuous modification of
g with respect to (Qf, Dom(Q¥%)). Let ¢ > 0. There exist some » > 0 and an open
set Uy of R such that U; D {§ > b} and Cap®(U;) < e. Note that {§ > b} =
(€ > (" — 1)?} up to Z%-null set. Take an open set U of R? such that Uy > B
and Cap!2(Us) < e 2be. We denote the 1-equilibrium potential of U; with respect
to (Q%, Dom(Q%)) by e, and that of U, with respect to (Q, W2(R%)) by e».

Define f(x) = e1(x) V ex(x) for x € R Then, f € W' (R?) and f = 1 on
Us (D B). Since {e] > ex} D Uy D {& > (¢? — 1)} up to £ -null set, we have

/(Wf@d + )+ dx
R4
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= [ (vl +esnart [ Vel + )6+ s

{e1=e2} {e1<ea}

(e.g., from [6, Proposition 1.7.1.4])

o / (IVero + ))& + 1) dx
(E<(-17)
<e+{ -1+ 1}e e < 26

Therefore, f € Dom(Qg ) and Cap‘E (B) < 2e.Since ¢ > 0 is arbitrary, we obtain that
Cap? (B) = 0. o

Lemma 3.11 Lef k be a positive Radon measure on RY. Then, k(A) = 0 with

B
A= {x e R4 liminfL);’r)) =o].
N0 r

We remark that the set A above is Borel measurable. Indeed,

7—d k(B (x,27%)) _ k(B(x,r)) <ol M
QR rd R

if 2k <r< 2_k+1,

which implies A = {x € R? | liminf}_, o_gen k(B(x,275))/(27%)¢ = 0}. It is easy
to see that the right-hand side is a Borel set.

Proof of Lemma 3.11 Forn € N, let A, = AN B(0,n) € A(R?). From Lemma 1
in [11, Section 1.6], for any o > 0, x(A,) < a,,fd(An). By letting « — 0, we have
k (A,) = 0. This implies the assertion. O

For the proof of the next lemma, let us recall the definition of the Hausdorff (outer)
measure on RY. Let A ¢ R? and s > 0. For § > 0, define

ad diam C;\°* *
AP (A) = inf sz< 5 ’) Ac|]JCj. damC; <8¢,

J=1 Jj=1

where v, = 7%/2 /T'(s/2 + 1). Then, the s-dimensional Hausdorff measure of A,
denoted by .7#°(A), is defined as J° (A) = lims_, ¢ 77 (A).

Lemma 3.12 Suppose that d > 2 and « is a positive Radon measure on RY. Then,

B
}i{% % =0 forCap'?-g.e.x e R (3.6)

Proof Whend =2, (3.6)is equivalent to the statement that the set {x € R? | x ({x}) >0}
is Cap"-2-null, which is true because the cardinality of this set is at most countable.
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We suppose d > 3. Letn € N and set

B(x, 1
lim supw > —] N B(O, n).
r n

A, =1x e R4
N0

For é§ > 0, set

i By 1
%:[B’B:B(x,r),xeAn,O<r<8,BCB(O,n), %>—].
r

n

Then, for each x € A, inf{r | E(x, r) € %5} = 0. From Vitali’s covering lemma,
there exists an at most coyntable family {B(x;, r;)}; of disjoint balls in ¥ such that
(An O Upey, B C Uj B(xj,5r;). Then,

A5 2 (An) < D a2 (5r))* 2 < vg 25772 D Tk (B(xj. 1)
J J
< 042520k (B(0, n)).

Letting 8§ — 0, we obtain that 7747 2(A,) < vy_25¢"2nk(B(0,n)) < oo. From
Theorem 3 in [11, Section 4.7], Capm(An) = 0. (Here, we used the relation d > 2.)
Therefore, Capl'2 (UZOZl An) = 0, which implies (3.6). O

Proposition 3.13 Suppose that condition (U’); holds for some d € N. Then, for
h e #%in (U”)4, the measure hyu does not concentrate on Capl’z-null set. More
precisely stated, if B € B(R?) satisfies Capl'z(B) =0, then (h,u)(R? \ B) > 0.

Proof Although the claim might be deduced from the results of [13], we provide a
direct proof. Take { € L' (K, ) suchthatO0 < ¢ < 1on K. Wedenote the measure ¢ -
by ;. Then, p; is a finite measure on K and (&, .%) is closable in L*(K, ) (cf. [12,
Corollary 4.6.1], Eq. (6.2.22) in [12] and the description around there.) From Propo-
sition 3.10, it is sufficient to prove that (k. ,ug)(]Rd \ B) > 0 for any Borel subset B of
R? with Cap”(B) = 0. Assume that this claim is false. Then, there exists B € % (RY)
such that Cap”(B) = 0 and (h.ur)(R? \ B) = 0. Since (hur)(RY) < oo, we
can take a sequence of compact sets {Bk},‘zil such that By C B C --- C B and
(h*,u;)(Rd \ Bx) \\ 0 as k — oo. Note that Cap”(Bx) = 0 for all k. From [12,
Lemma 2.2.7], there exists f € CC1 (Rd), k=1,2,..., such that

1< fi<l4+1/konB,0< fy <1+ 1/konR?
(in particular, limg_ oo fx(x) = 1 for Ay -a.e.x on B),

and
. 2 2
Jim [(9 A + )60+ Ddx =0,
R4

By taking a subsequence if necessary, we may also assume that limy_, » fx(x) = 0
for Z?-a.e.x on R?. Define gz = 1 — fx € C'(R?) fork € N.
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Now, fix u € C}(R?) such that u(0, ...,0) = 0 and [, |Vulg,pdx # 0. Then,
foreach k € N, ugy € CC1 (RY), u(h)gi(h) € .Z, and the following estimates hold:

5(u(h)gk(h) —u(h)gi(h))

== Z / (—{u(gk - gl)}) (h) (—{u(gk - gz)}) (h) dvp, i,

1/1

=3 / [V (u(gr — gl))h%gdp dx (from (U’)4 (b) and (c))
R4
< / IVul%, (g — g)*pdx +/M2|V(8k — 8)|gap dx

R4 R4

< VUl oot gy / (fi = 2 pdx + [ullF oo g2, / V(i = f)lgap dx
R4 R4
— 0 (k,l - o0)

and

JutamPane = [weathne < g, [ & dto
K R4 B
(since (hipig) (R \ B) = 0)

-0 (k— 00),

while
& (u(h)gr(h))
1
= 5/|V(ugk)|§dpdx
1 2 2
IVulegkpdx+ ugr(Vu, Vgrpapdx + = 5| IV 8klgap dx
R4 R4
1
= 5/ |Vulgagiodx + / ug(Vat, V fi)gap dx + z/uZWfk@dp dx
R4 R4 R4
1
N 5/|Vu|ﬂzw>dx+0+0 #£0 (k- o0).
Rd
These estimates contradict the closability of (&, .%) on L*(K, ). O
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Proof of Theorem 3.5 (i) Since condition (U), implies (U)y if d’ > d, it suffices to
deduce a contradiction by ass~uming d =2 Take h = (hy, hy) € 27 in condition
(U),. Then, there exists xo € #(K) C R? such that

(a) sup,. JCB(XO’,) p(x)dx =:b < o0;
() (hep)({xo}) = 0.

This is because Xz(h(l()) > 0, the set of xo € h(K) that does not satisfy (a) is an
#?-null set from the Hardy—Littlewood maximal inequality, and the points in h(K)
that do not satisfy (b) are at most countable. By considering k() — xq instead of k,
we may assume xo = 0 without loss of generality.

Let ¢ > 0. Take a smooth function g on [0, co) such that

1 t €0, e 2/%],
g(t) = 1 —3clogt —4 e [e”14/00) ~13/09)
0 tele e, 00),

and —3¢/t < g'(t) < O forall 1 > 0. We write [h|(x) = /h1(x)> + ha(x)? and

define f(x) := g(lh|(x)). Then, f is quasi-continuous and f = 1 on ifl({O}). We
have

28(f) = vy(K)

2 2
h|)? d / h|)? d —
K/g(l )] (|h|) Vi, / g'(|h) (Ihl) vp, (since vp, p, = 0)

=/8’(|il|)2dvh (since vy, = v, = vp)

K
00 e—l/s

= / g ("2 (|hvp)(dr) < / 9¢%r =2 (|| vp) (dr).
0 e—2/¢

Define @ (r) = (|i].vp) ([0, r1) for r > 0. Then,

0<O0) =v(lhl <r) = / p(x)dx < bL? (B(0,r)) = brr?

B(0,r)
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and
e*l/s e*l/s
2 2 2 2[[.—2 et -3
s6N= | rtaew = o] . + [ 2emar
e &
e—2/e e—2/¢
efl/a
<& | b +2bw / rldr | = bﬂ(e2 +28) >0 (¢ = 0).
e—2/¢

Also, we have

/ P < p({h] < e'7)) = (han) (BO, e'/%)) = (hay)({0H =0 (e — 0).
K

~—1
Therefore, Cap(h ({O})) = Ofrom[12, Theorem 2.1.5]. This contradicts the assump-
tion.
(i1) Since inequality d < ds is evident if d < 2, we may assume d > 3. Take
h = ghl, .. hg) € 4 in condition (U)g4. First, we will prove that there exists
xo € h(K) such that

(@) sup,- fB(xo’r) p(y)dy =1 b < o0;

®)  (ha)(B(xo, 1)) = o(r*"?) asr — 0;

(c) there exist @ > 0 and ro > O such that (hyu)(B(xg,r)) > ar for every
r € (0, rol.

Indeed, the set of xg € iz(K ) that fails to satisfy both (a) and (b) is Capl'z-null from
Lemmas 3.9 and 3.12. The set of xo € iz(K) that does not satisfy (c) is A, u-null from
Lemma 3.11. Therefore, Proposition 3.13 assures the existence of xq that satisfies (a),
(b), and (c). By considering h(-) — xq instead of &, we may assume xo = 0 without
loss of generality.

It is sufficient to deduce the contradiction by assuming d > ds. We write |ﬁ(x)| =

\/ﬁl(x)z + -+ 4+ hg(x)? for x € K. Take a smooth function g on [0, o) such that

1 t €0, 1],
gy =177 re[2,3],
0 t €4, 00),

and —c33 < g’(r) < Oforallt > 0, where c33 is a positive constant. For 6 € (0, ro],
define gs(t) = 8'=@/2g(¢/8) fort > 0, and fs5(x) = gs(|h(x)|) for x € K. Then, as
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in the calculation in the proof of (i), we have

48
26 (f5) = / gs(h)? dvy = / g5 (1hlvp) (dr)
K )

< 3387 (1hlvr) (18, 481) < 33879 (hav) (B0, 45))
<3367 bvy48)? = 0(1) (85— 0),

where vy = Z(B(0, 1)), and

48

15032k 0 = / 85(r)* (|h]«p) (dr)
0
< 827 () (B(0, 48)) = 8> 0((48)"%) = o(1) (8 — 0).

On the other hand, we have
s (ds—2)/ds

”f(;”ist/(ds—Z)(K’M) = /ga(r)ms/(ds_z) (|h|sp)(dr)
0
> §27dgsd@ds=2)/ds _ j5=2d=do)/ds _ 4 o (§ — ().

Therefore, the Sobolev inequality (3.2) does not hold, which is a contradiction. O

4 Estimation in the case of self-similar sets

In this section, we consider self-similar Dirichlet forms on self-similar sets such as
p.c.f. fractals and Sierpinski carpets and show that Strategy 3.6 can be realized to
deduce the estimates of the martingale dimensions.

4.1 Self-similar Dirichlet forms on self-similar sets

We follow [16,22] to set up a framework. Let K be a compact and metrizable topolog-
ical space, and S, a finite set with #5 > 2. We suppose that we are given continuous
injective maps ¥;: K — K fori € S.Set ¥ = SN. Fori € S, we define a shift
operator 0;: ¥ — X by gj(wjw2 ---) = iwjws - - -. Suppose that there exists a con-
tinuous surjective map w: X — K such that ¢; om = 7 o 0; forevery i € S. We
term (K, S, {{}ies) a self-similar structure.

We also define Wy = {#}, W,,, = §™ form € N, and denote | J,,~.o Wn by W,. For
W= wjwy - Wy € Wy, we define ¥y, = Yy, 0 Yy, 0+ -0 ¥y, and Ky, = ¥y, (K).
By convention, vy is the identity map from K to K. For w € W, and a function f on
K. ¢ f denotes the pullback of f by v, thatis, ¥ f = f o .
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Definition 4.1 For w = wiwy - w, € Wy, and w' = wijw)y---w), € Wy, ww'
(or w - w') denotes wiws - - wywW wh -+ w, € Wy For A C Wy, and A" C

Wy, A- A" denotes {ww” € Wi | w € A, w' € A’} If A = {w}, we denote A - A’
by w- A’

Take 6 = {0;}ies € RS such that 6; > 0 for every i € S and ZieS 6; = 1. We set
Ow = O, Ow, + -+ Oy, for w = wiwz---wy, € Wy, and 6y = 1. Let Ay denote the
Bernoulli measure on X' with weight 6. That is, A¢ is a unique Borel probability mea-
sure such that Ay (X)) = 6,, for every w € W,. Define a Borel measure g on K by
o = Tyhg, thatis, ug(B) = rg(r ' (B)) for B € Z(K). It is called the self-similar
measure on K with weight 6.

We impose the following assumption.

(A1) Forevery x € K, n_l({x}) is a finite set.

Then, according to Theorem 1.4.5 and Lemma 1.4.7 in [22], g (K by = 0 with K? =
{x € K | #(x~'({x})) > 1}, and ug(Ky) = 6, for all w € W,. For any x €
K\ K?, there exists a unique element w = wjws--- € X such that 7(w) = x.
We denote wywy -+ - w,, € Wy, by [x],, for each m € N, and define [x]g = @.
The sequence {K[y}, }o_ is a fundamental system of neighborhoods of x from [22,
Proposition 1.3.6].

Fix a self-similar measure @ on K.

Definition 4.2 For w € W, and f € L*(K, u), we define ¥,, f € L%(K, 1) by

fWl () ifx € Ky,
0 otherwise.

Wwf(x) = [

Since ,u(Kb) =0, W:,/Wwf = (Wy f) o Yy = 0 p-ace. if w and w’ are different
elements of some W,,.

We set P = Uy 0™ (n’l (Ui,jeS,i;éj(Ki N Kj))) and Vo = 7 (P), where
o™: ¥ — X is a shift operator that is defined by o (wjw2 - -+ ) = Opt1@Om+42 - - -
The set P is referred to as the post-critical set.

We consider a regular Dirichlet form (&, .%) defined on L%(K, ). Take a closed
subset K9 of K such that Vo C K 9 C K. In concrete examples discussed later, we
always take Vp as K 9 Recall .Zy and .%p that were introduced in (3.1). We assume
the following.

(A2) 1€ .Z and (1) = 0.
(A3) (Self-similarity) v f € .# for every f € .# and i € S, and there exists
r = {ri}ies with r; > 0 for alli € § such that

1
EN =2 —EW ), feF.

; i
ieS
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(A4) (Spectral gap) There exists a constant c4.1 > 0 such that

2

f —/fdu < E(f) forall f e Z. 4.1)

(A5) lP,~feﬁ‘oforanyfeﬂ’oandiESCW;,“ A
(A6) Forany f € . and w € W,, there exists f € .# suchthat ) f = f.

We remark that, for any f, g € .% and m € N, it holds that

1
Ef)= 2 —EWLL Ve 42)

weW,, w

from the polarization argument and repeated use of (A3), where r, denotes
FuTwy * ** Fw, for w = wiwy---wy, and ry = 1. The Dirichlet form (&, %) is
inevitably strong local, e.g., from [16, Lemma 3.12] and (A2). Typical examples are
self-similar Dirichlet forms on post-critically finite self-similar sets and Sierpinski
carpets, which we discuss in Sects. 4.2 and 4.3. Readers who are not familiar with
these objects are recommended to read the definitions described in these subsections
before proceeding to the subsequent arguments.
The following is a basic property of harmonic functions.

Lemma 4.3 Forany h € € and w € Wy, ¥} h belongs to .

Proof Take any g € .%. From condition (A5), ¥, g € .%y. Then, by Lemma 3.2 and
4.2),

0=EMh Tug) = D r"EWLh Uibug) =r " EWsh, g).

w' eWy,
Therefore, & (¥ h, g) = 0. This implies that 5 h € J7. O
The energy measures associated with (&£, %) have the following properties.

Lemma 4.4 (cf. [16, Lemma 3.11]) Let [ € .%. Then, the following hold.

(i) Let w € W,. For any exceptional set N of K, ¥, Y(N) is also an exceptional set.
In particular, if we denote a quasi-continuous modification of f € F by f, then
(/3 f is a quasi-continuous modification of v f.

(i) Form € Zy and a Borel subset B of K,

1
viB)= D, —vyp (U (B).

weW,, w
Ford e N, f = (f1,..., fa) € F, and a map ¥ : K — K, we denote the

R9-valued function (¥* f1, ..., ¥* f4) on K by ¢* f. We also recall the terminology
in Definition 2.7.

@ Springer



762 M. Hino

Lemmad4.5 Letd € N, f = (f1,..., fa) € F4 and w € W,. Take a quasi-contin-
uous nonnegative function g on K such that g > 1 g.e. on Ky,. Then,

W Plavys r < rwfulg-vy) (4.3)

gdvy for any B €

as measures on R, that is, vmf((llf;‘)})_l(B)) < rw f]_—](B)

BRY).

Proof Let B € Z(R%) and denote }_I(B) by B’. From Lemma 4.4 (ii), for i =
1,...,d,
Fo Vg 1 (W ) THBY) = 1y vy 1 (W N(BN) = 1y oy £ (W (B' N Ky))
, ~—1
<vi(B'NKy) <(g-vi)(f (B)).

Therefore, vy 1, ((w;;’)_l(B)) <ry f]—l(B) gdvy.. This implies (4.3). O

We note that condition (A7) mentioned below is not required for Lemmas 4.4 and 4.5.
We fix a minimal energy-dominant measure v with v(K) < oo, and further assume
the following.

(A7) v(K?) = 0.
Let K9 = |J ¥uw(K?) and Vi= | ¥u (Vo). Clearly, K9 O V.

weW, weW,
Lemma 4.6 Let f € .%. Then, the following hold.

i) vp(k])=0.
(i) For w € W, and a Borel subset B of Ky,

1 _
vi(B) = —vys r (¥, (B)).
Iy
Proof (i): Form € N and w’ € W,,, from Lemma 4.4 (ii) and (A7),

. 1 1 .
VW (K) = 30—y p g G (K) = 7 — vy p(K?) =0,

weW,, ¥ weW, "

where in the second line, we used the relation

:KB ifw:w/,

-1 d
/ K 0
Yy (Y (K) IC Vo C K? otherwise.

Therefore, vy (Y, (K 9)) = 0. This implies (i). Item (ii) follows from (i),
Lemma 4.4 (ii), and the fact Kf D V. O
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For the proof of the next proposition, let %, be a o-field on K generated by
{Ky | w € Wy} form > 0. Then, {%,,},,_ is a filtration on K and the o-field gen-
erated by {%,, | m > 0} is equal to (K ) (from the result of [22, Proposition 1.3.6],
for example).

Proposition 4.7 Let m € Z. Define vy, = 3 cw. Ty Y(Ww)sv. That is,
1 _
v,(B) == > r—v(wwl(B)), B € B(K).
weW,, w

Then, v and v}, are mutually absolutely continuous. Moreover, for any f, g € % and
w e W,

Drs () = DVBLVLE (41 (0)) for v-ae.x € K. (4.4)
dv}, dv
Proof Thisisproved asin [18, Proposition 4.3]. From Proposition 2.6, there exists f €
Z such that vy and v are mutually absolutely continuous. Let B be a Borel set of K.
Suppose v), (B) = 0. Then,forw € Wy,, 0 = (Yy)«v)(B) = v(wlzl(BﬂKw)).Since
vy K v, wehave ) = v,/,ltf(wujl(BﬂKw)) = ryvy(BNK,) from Lemma 4.6 (ii).
Since w € Wy, is arbitrary, v¢(B) = 0, that is, v(B) = 0. Therefore, v K v,’n.

Next, suppose v(B) = 0. Let w € W,,. From (A6), there exists f € % such
that ¥ f f. From Lemma 4.4 (ii), 0 = v (B) >r, vf(wu_)l(B)) Thus, 0 =
v(t//wl(B)) = ((Yw)«v)(B). Therefore, v (B) = 0. This implies v,, < v.

For the proof of (4.4), letn > m. From Lemma 4.6, for x € K, \ Vi,

vre(Ki) _ T v rvaeWa (Kn)) _ Visvis Ky, @.5)
Vp (Kix1,) Vﬁlv(l/fzzl(lﬂx]n)) V(K[w,;l(x)]n_m)

If v}, is a probability measure, the first term is given by the conditional expectation
EVn [dvyg/d v, | #y](x). From the martingale convergence theorem, this term con-
verges to (dvy,g/d v ) (x) for v, -a.e.x as n — oo. It is evident that this convergence
holds true for general v,,. By the same reasoning, the last term of (4.5) converges
(dvl/,;f,ll,;g/dv)(lpl;l(x)) for (V) «v-a.e.x as n — o0. Since v, v, and (V)4 v are
mutually absolutely continuous on K, from the first claim, we obtain (4.4). O

Corollary 4.8 Ford €N, f = (fi1,..., fa) € F% and w € Wy,

D r(Yuw(y) = Pyx p(y) forv-aey €K,

where ®. is defined in (2.7).

Proof Let m = |w|. From Proposition 4.7, fori, j = 1,...,d,
f Vi fis s £
(ww(y)) ~(Yw(y) = T’(y) for v-a.e.y € K.
This implies the assertion. O
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For m > 0, let .7, denote the set of all functions f in .# such that ¥% f € J7
forall w € Wy,. Let 54 = | m>0 <t Functions in ., are referred to as piecewise
harmonic functions. From [16, Lemma 3.10], %, is dense in .%. The AF-martingale
dimension of (&, .%) is denoted by dy, as before.

Proposition 4.9 Let d € N satisfy d < dpy. Then, there exists g = (g1, ...,84) €
A% such that

Vg ({x € K| Pg(x)is invertible}) > 0. 4.6)

Proof Take a couArlpgble set {f; | i € N} from  such that it is dense in .%. For
i,j € N, define Z"/ = dvy, f;/dv. From Proposition 2.11 and Theorem 2.13, we

have v-essSUp,cx SUPyeN rank(ii'f(x))f\”j:1 > d. Then, there exists N € N such
that v({x € K | rank(Zi*f()c));vj=l > d}) > 0. Therefore, there exists 1 < o <
oy < .-+ < ag < N such that v(é) > 0 with

~ ~ d
B = 1x € K | the matrix (Z“"’“f (x))‘ ‘

is invertible } .
i,j=1

We can take a sufficiently large m € Z such that every fy,,i = 1,...,d, belongs
to J4,. Take w € W,, such that v(l§ N Ky,) > 0. Define g = (g1, ...,84) € H¢
by gi = ¥} fo; i = 1.....d,and let Z"/ = dv, o /dv fori, j € {1,...,d}. From
Proposition 4.7, we have v(B) > 0, where

B = [x €K | the matrix (Z’ ](x)) . is invertible
i =

Since the trace of any invertible and nonnegative definite symmetric matrix is
positive, and (dvg/dv)(x) = (1/d)tr (Z’ f(x)) , we have B C {dvg/dv > 0}
up to v-null set, which implies vg(B) > 0. Then (4.6) holds since @g(x) =

(2 (x) ) Sz ()¢ 'y on {dvg/dv > 0}. o
For later use, we introduce the following sets for given d € N and a > 0:

Mat(d) = {All real square matrices of order d},
PSM(d; a) = {Q € Mat(d) | Q is a positive definite symmetric matrix and det Q > a}.

The set Mat(d) is identified with R?*< as a topological vector space, and PSM(d; a)
is regarded as a closed subset of Mat(d).

4.2 Case of post-critically finite self-similar sets

In this subsection, we follow [22] and consider the case that K is connected and the
self-similar structure (K, S, {¢;}ics) that was introduced in the previous subsection
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is post-critically finite (p.c.f.), that is, P is a finite set. See Fig. 1 as some of the typical
examples. Let Vi, = U,y e, ¥uw (Vo) form € Nand Vi = g Vin-

In general, given a finite set V, [(V) denotes the space of all real-valued functions
on V. We equip /(V) with an inner product (-, -);(v) that is defined by (u, v);(v) =
quv u(q)v(q). Let D = (Dyq)g.q'cv, be a symmetric linear operator on [(Vp),
which is also regarded as a square matrix of size #Vj, such that the following condi-
tions hold:

(D1) D is nonpositive-definite;
(D2) Du = 0 if and only if u is constant on Vj;
(D3) D,y = Oforallg,q" € Vo withg # q'.

We define & (u, v) = (—Du, v);(vy for u, v € I(Vp). This is a Dirichlet form on
1(Vp), where [(Vp) is identified with the L2 space on Vj with the counting measure
(see [22, Proposition 2.1.3]). For r = {r;};es with r; > 0, we define a bilinear form
EM™ onl(V,,) as

1
EMw vy =D —EVwoYuly.vovuly). u.velVy).
r

weW,, w

We refer to (D, r) as a harmonic structure if for every v € [(V)),
EOw, v) = inf{&V(u,u) | u €l(Vi) and uly, = v}.
Then, form € Z4 and v € [(V),),
E™ (v, v) = inf{E" D (u,u) |u e (V1) and uly,, = v}.

In particular, cg’(’”)(u|vm, uly,) < EMED (u, u) foru € [(Vipy1).

We consider only regular harmonic structures, thatis, 0 < r; < 1 for alli € S.
Demonstrating the existence of regular harmonic structures is a nontrivial problem.
Several studies have been conducted, such as in [15,28,31]. We only remark here
that all nested fractals have canonical regular harmonic structures. Nested fractals are
self-similar sets that are realized in Euclidean spaces and have good symmetry; for the
precise definition, see [22,28]. All the fractals shown in Fig. 1 except the rightmost
one are nested fractals.

We assume that a regular harmonic structure (D, r) is given. Let u be a self-similar
probability measure on K, and take Vj as K?. We can then define a regular Dirichlet
form (&,.%) on L%(K, p) associated with (D, r), satisfying conditions (A1)—-(A7),
by

T = {u € C(K) C LXK, w)| tim &™ly, . uly,) < oo} ,
m— 00

&(u, v) :mli_r)nooéa(m)(mvm, vly,), u,ve.Z.

(See the beginning of [22, Section 3.4].) Note that (A7) follows from the fact that
#K9 (=#Vp) < oo, Proposition 2.6, and Proposition 3.8. From [22, Theorem 3.3.4],
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a property stronger than (A4) follows: There exists a constant c¢4> > 0 such that

sup f(x) — inf f(x) <caav&(f), f€ F C C(K). 4.7

xekK

From this inequality, it is easy to prove that the capacity associated with (&', .%) of
any nonempty subset of K is uniformly positive (see, e.g., [17, Proposition 4.2]).

Let us recall that the space of all harmonic functions is denoted by 7. For each
u € [(Vp), there exists a unique 4 € S such that hly, = u. For any w € W, and
h € 7€,y h belongs to 5. By using the linear map [(Vp) > u +— h € S, we can
identify .72 with [(Vj). In particular, 57 is a finite dimensional subspace of .7 .

The following is the main theorem of this subsection, which is an improvement of
[17, Theorem 4.4].

Theorem 4.10 The index of (&, F) is 1. In other words, the AF-martingale dimension
d of the diffusion process associated with (&, F) is 1.

Unlike [17, Theorem 4.4], we do not need technical extra assumptions. The main ideas
of the proofs of [17, Theorem 4.4] and Theorem 4.10 are quite different from each
other.

Proof of Theorem 4.10 Since (&, .%) is nontrivial, d, > 1 from Proposition 2.12. We
will derive a contradiction by assuming dy,, > 2. We proceed to Step 1 of Strategy 3.6
with d = 2. From Proposition 4.9, there exists g = (g1, g2) € 7 such that (4.6)

holds. Take a > 0 such that
Vg ({x € K | detDg(x) > a}) =:6>0. 4.8)

Let B = {x € K | det Pg(x) > a} \ V. From (4.8) and Lemma 4.6 (i), vg (B) = § >
0. Let us recall Mat(2) and PSM(2; a) that were introduced in the end of the previous
subsection. A map that is obtained by restricting the domain of @, to B is denoted
by ®g|p. This is regarded as a map from B to PSM(2; a). Fix an element L in the
support of the induced measure (®Pg|g)«(vg|p) on PSM(2; a).

We will perform a kind of blowup argument. Let k € N. We denote by Uy the inter-
section of PSM(2; @) and the open ball with center L and radius 1/k in Mat(2) =~ R2x2
with respect to the Euclidean norm. Let By = (dﬁglg)’l(Uk) C B.Then, vg(By) > 0.
Forn € N, we set

YO (x) = vg(Kix), N Br) [vg(Kpy),) ifx € K\ Vi and vg(K(y},) > 0,
" 0 otherwise.

Then, from the martingale convergence theorem as in the proof of Proposition 4.7,
lim;, s 0o Yn(k) = 1 vg-a.e. on By. In particular, there exist x; € By and Ny € N such
that Yn(k)(xk) >1—2%for any n > Ng.
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Take increasing natural numbers n; < ny < n3 < - - - such that Y,ff) (xg) > 1—=27*
for all k. We set ék = w[;kl] (By). We define g(k) = (g%k), ) )) € 72 as
g

8" =Y, 8 = (i, 81 Vi, 82,

and h® = ({0, h{D) € 2 as

e / ® au /,/w(g(k)) i=1,2.

Here, we note that 2&(g®)) = Vet (K) = riy1,, Vg Ky, ) > 0 from Lemma 4.6
and Yn(f) (xx) > 0. Then,

/h§"> du=0, i=1,2, (4.9)
K
Vw0 (K) =280%) =1, (4.10)
and
~ v B Txel, Ve (Kx1,, N Bi)
l)h(k) (Bk) _ g(k)( k) _ [xklny Vg X [xk ]y _ Y,SI;)(Xk) > | — 2—k.

2680)  rig, ve(Kig,,)
From (4.7), (4.9), and (4.10), {h®},cny is bounded in .Z2. Since J#? is a finite-dimen-
sional subspace of .72, we can take a subsequence (KUY of (R0} converging to

some h € 7% in .F2. We may assume that 2&’(h — h'*U)) < 2=/ for all j and

lim @h(k(j)) (x) = @p(x) forvy-ae.x 4.11)
j—00

from Lemma 2.9, by taking a further subsequence if necessary.
Since 2& (h*U)))y = 1 for all j, vy (K) = 2&(h) = 1. We also have

\/Vh(K \ Bi(j)) <

\/Vh(K \ ék(j)) - \/Vh(ku» (K \ Bk(,/))’ + \/vh(km) (K \ ék(j))

< \/25(’! —h*)y + \/l)h(k(j))(K \ Bi(j))
<0-I2 | KD/2 < 9=if2 4 0-il2,

that is, v, (K \ By(j)) < 27/+2.

From Borel-Cantelli’s lemma, for vj-a.e. x € K, x belongs to ék( j for sufficiently
large j. Note that x € ék(j) implies Cbg(lﬂ[xk(j)]nk(j) (x)) € Uyg(j). From Corollary 4.8,
for vp-a.e.x € K, @,y (x) € Uy for sufficiently large j. Therefore, @p(x) = L
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for vy-a.e.x € K from (4.11). From Lemma 3.3, we may assume that L is the identity
matrix. This completes Step 1 of Strategy 3.6.

Take f € p suchthat f > 0on K \ Vo. From Proposition 3.4, h,( f2vy,) < £2.
Since vy (Vp) = 0 by (A7), hyvy K L 2. This meets condition (U),, which conflicts
with Theorem 3.5 (i) since the capacity of any nonempty set is positive. Therefore,
the assumption dp, > 2 is invalid, which completes the proof of Theorem 4.10. O

4.3 Case of Sierpinski carpets

Let D and [ be integers with D > 2 and [/ > 3. We assume that the cardinality of the
index set S, denoted by M, is less than I”. Let Q¢ = [0, 1]°, the D-dimensional unit
cube. Let € be the collection of all cubes that are described as [ | le k;j/1, (kj+1)/1]
fork; € {0, 1,...,1 — 1}. Assume that we are given a family {v; };cs of contractive
affine transformations on R? of type ¥ (x) = I=1x+b; for b; € RP such that each Wi
maps Qo onto some cube in €, and ; # ¥y ifi #i’.Let Qp = Uwew,,, Yruw(Qo) for
m e Nand K = ﬂmeN Q. Then, (K, S, {Vi}ics) is a self-similar structure and K
is called a (generalized) Sierpinski carpet, which satisfies condition (A1) in Sect. 4.1.
See Fig. 2 in Sect. 1 for typical examples. We take the normalized Hausdorff measure
on K as the underlying measure w. In order to define a self-similar Dirichlet form on
L? (K, w), we further assume the following properties, which are due to M. T. Barlow
and R. F. Bass:

(Symmetry) Q is preserved by all the isometries of the unit cube Q.
(Connectedness) Int(Q) is connected and contains a path connecting the hyper-
planes {x; = 0} and {x; = 1}.

e (ND: Nondiagonality) Let m > 1 and B be a cube in Qg of side length 2//™
that is described as H?zl[kj/lm, (kj +2)/1"]fork; € {0,1,...,1"™ —2}. Then,
Int(Q1 N B) is either an empty set or a connected set.

e (BI: Borders included) Q; contains the line segment {(x1,0,...,0) € RP |0 <
x1 < 1}

In the above description, Int(B) denotes the interior of B in R”. After several studies
such as [2,3,27], the unique existence of the “Brownian motion” on K up to the con-
stant time change was proved in [5]. It has an associated nontrivial regular Dirichlet
form (&, .%) on L?(K, 1) that satisfies conditions (A2)—(A4), where r; in (A3) is
independent of i. We denote r; by r and take K \ Int(Qg) as K 9 which coincides with
Vo. Moreover, (&, .%) has the following property:

For any isometries ¥ on Qg and f € .%, ¢ f belongs to .% and &(y* f) = &(f).
(4.12)

From this property, we can easily prove the following:

Lemma 4.11 For any isometries ¥ on Qq, f € %, and B € A(K), we have
vy £(B) = ve(¥(B)).

We will confirm that conditions (A5)—(A7) are also satisfied. We remark that we do
not use the uniqueness of (&, %) in the subsequent argument.
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Remark 4.12 1In [3], the nondiagonality condition was assumed only for m = 1, but it
was not sufficient; it was corrected to the above form in [5]. In some articles such as
[16,19], the conditions described in [3] were inherited, which should also be corrected.

Concerning the nondiagonality, we remark the following fact. See [21] for the proof.
Proposition 4.13 The following are mutually equivalent.

Nondiagonality condition (ND) holds.

(ND) with only m = 2 holds.

(ND)y: Let B be a D-dimensional rectangle in Q¢ such that each side length of
B is either 1/1 or2/1 and B is a union of some elements of €. Then, Int(B N Q1)
is either an empty set or a connected set.

We list some properties of this Dirichlet form and the associated objects. The Brown-
ian motion has the heat kernel density p(z, x, y) that is continuous in (f,x, y) €
(0, 00) x K x K such that, for some positive constants c4; (i = 3,4, 5, 6),

cast ™%/ exp(—caa(lx — yﬁRWD/,)l/(dw—l))

< pt.x.y) < cast™ M exp(—cas(lx — ylgn /0" WD), 1e(©.1], x, yek.
(4.13)

Here, d; = (2logM)/log(M/r) > 1 and dy, = log(M/r)/logl > 2 (cf. [3-5]).
The constants dg and dy, are called the spectral dimension and the walk dimension,
respectively. The resolvent operators are compact ones on L>(K, /). The Sobolev
inequality (3.2) holds if ds > 2. Indeed, from [33], (3.2) is equivalent to the on-diag-
onal upper heat kernel estimate

plt,x,x) <cy7t™ 2, 1€(0,1], xeK (4.14)

for some positive constant c4.7. The domain .% is characterized as a Besov space.
More precisely stated, the Besov spaces on (K, u) are defined as follows: For 1 <
p <o00,B>0andm € Z4, we set

1/p
am(B, f) = y™P | ymdn / / |f () — FODIP u(dx) pn(dy)

(. )€K X K|lx=ylgp <cy ™™}

for f € LP(K, ), where y € (1, 00) and ¢ € (0, 0co) are fixed constants, and dyy is
the Hausdorff dimension of K, which is equal to log M/ log . Note that the relation

dy = dyds/2 > ds (4.15)

holds. Then, for 1 < g < oo, the Besov space Ag,q(K) is defined as the set of all

f € LP(K, ) suchthata(B, f) := {an (B, f)I1_, € 4. A'z,q(K) is a Banach space

m=0
with norm || f| = || fllLrk,pw) + lla(B, f)llia. Different selections of ¢ > 0

Apg(K)
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and y > 1 provide the same space Aﬁ,q (K) with equivalent norms. For f € L>(K, j1)
and § > 0, we define

Es(f) i= 5~ / / () = FOIP pldx) u(dy). (4.16)
{(x,y)eKxK||x—y|pp <&}

Theorem 4.14 (cf. [14, Theorem 5.11, [23]) The domain .7 is equal to A3 (K),

and the norm || - || & is equivalent to || - ||Adw/2(K). Moreover, f € F if and only if
2,00

f € L*(K, ) and limsupy_, o Es(f) < oo. Further, for f € .F,

&(f) = sup Es(f) < limsup Es(f).
§>0 §—0

Here, a; = a; represents that there exists a constant ¢ > 1 depending only on K and
(&, ) such that ¢~ a; < ap < caj holds.

From this characterization, condition (A5) is verified. Condition (A6) is confirmed,
for example, by (A3), Theorem 4.14, and a property of the unfolding operator intro-
duced in [5, p. 665]. This is also assured by Lemma 5.3 in the next section. Condi-
tion (A7) is proved in [5, Remark 5.3] under some extra assumptions, e.g., the set
{(x2,...,xp) € RP~1 | (0,x2,...,xp) € K} also satisfies the conditions corre-
sponding to (H1)—(H4). The proof is based on [19, Proposition 3.8], and these extra
assumptions were introduced for the main topic of the paper [19], i.e., the characteriza-
tion of the trace space of .% on subsets such as surfaces of Sierpinski carpets. However,
in order to prove condition (A7) only, such assumptions are in fact not necessary, as
seen from the careful modification of the arguments in [19]. Since the setup of [19]
is quite complicated and it is not easy to extract and modify the necessary parts for
this purpose, this will be discussed in Sect. 5 and the following proposition is proved
there.

Proposition 4.15 Condition (A7) holds true. In particular, vy (K Y =0forany f €
F.

For the time being, we admit this proposition and continue arguments. The main
theorem of this subsection is as follows.

Theorem 4.16 1 < dy, < d;. In particular, if dy < 2, then dy = 1.

We note that d; < 2 if and only if the diffusion process associated with (&, %) is
point recurrent. In view of (4.15), ds < 2 holds in particular for 2-dimensional Sier-
pinski carpets (that is, when D = 2). For the 3-dimensional standard Sierpinski carpet
(shown in the rightmost figure of Fig. 2), 2 < ds < 3 holds from [3, Corollary 5.3],
which implies that dy, is either 1 or 2. It has not been determined which is true.

Compared with the case of p.c.f. fractals in Sect. 4.2, the proof of Theorem 4.16
is more complicated in that the space 7 of all harmonic functions is infinite-dimen-
sional, so that much work is required to select a converging sequence from a bounded
setin JZ.

For the proof of Theorem 4.16, we introduce one more notation.
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Definition 4.17 For A C W,, form € Z, we set K4 = |J
with m € Z., we define A)(w) = {w} and

K,,. For w € W,

weA

(W) = (v € Wi | Ky N K gy A0}, n=1,2,3,...,

inductively.

We remark the following: Let f € . %, m e N,and A, A’ C W,, with AN A" = @.
From Lemma 4.6 (i), we have

Vr(Kaua) = vp(Ka) +vp(Kya). 4.17)
We also note that for any n € Z, #.4;(w) < 2n + 1)? for w € W, and

sup max #{w € W, | v € S, (w)} < 2n + HP.

meN VEWn

Proof of Theorem 4.16 Since (&, ) is nontrivial, itis sufficient to prove that dp, < d
from Proposition 2.12. Take d € N arbitrarily such thatd < dy,, ( < +00). From Prop-
osition 4.9, there exists g = (g1, ..., 8q) € 24 that satisfies (4.6). We may assume
Vg (K) = 1 by multiplying g by a normalizing constant. There exists @ > 0 such that

vg(Bo) =: 8 > 0, where By = {x € K | det Dg(x) > a}. (4.18)
Since vg (K?) = 0 by (A7), there exists ng € N such that for any n > ny,
Vg (Kamy) < 8/3, where A(n) ={w € W, | KN K ;) # 9} (4.19)

Let b = sup,cymaxyew, #Hw € W, | v € M(w)}H(< 7P) and ¢ = 8/(3b). For
n > ng, define G, = {w € Wy, | vg(Ky) < evg(K_y;))} Then, from (4.17),

vg(KG,) = D vg(Ky) <& D ve(K g5 < ebvg(K) = 8/3.

weG, weGy,

We define Ko, = liminf,_, o K¢,. From Fatou’s lemma,

vg(Koo) < liminf vg(Kg,) < 8/3. (4.20)
n—oo

We set B = By \ (Ka(ng) U Koo U Kf). Then, vg(B) > 6 — /3 —6/3 = §/3 from
(4.18), (4.19), (4.20), and Lemma 4.6 (i).

Let ®@g|p denote the map @, whose defining set is restricted to B. This is a map
from B to PSM(d; a). Fix an element L in the support of the measure (Pg|g)«(vg|B)
on PSM(d; a). We will perform a blowup argument.

Let k € N. We denote by Uy the intersection of PSM(d; a) and the open ball with
center L and radius 1/k in Mat(d) ~ R4*¢ with respect to the Euclidean norm. Let
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By = (®g|3)_1(Uk) C B.Then, vg(By) > 0. Forn € N, we set

YO () = Vg (Kix1, N Br) [vg(Kxy,) ifx € K\ K? and vg(K[yy,) > 0,
" 0 otherwise.

Then, from the martingale convergence theorem as in the proof of Proposition 4.7,
lim;, s oo Y,gk) = 1 vg-a.e. on By. In particular, there exist x; € By and Ny € N
such that Y,fk) () > 1— 2% for any n > Ny. Since x; ¢ Koo, for infinitely many
n, Vg (Kx1,) > €Vg(K _45(x,1,))- Therefore, there exists a sequence of increasing
natural numbers (ng <)n; < ny < n3 < --- such that

Y0 = 1-27% and vg(Kpg, ) > evg (K (i1, 4.21)
for all k € N. For each k € N, define g(k) = (gfk), s 8 )) e #4 as
k .
g =g - 7[ g du / [ritvg(Kisg, s i=1,....d.  (4.22)
Kixglny,

k .
Then, fK[xk]nk gt( )d/.,L =0 (l = 1, ...,d),

Vg (K, Z 0 (K, ) =7, (4.23)

and
000 (K45 0xln) = Ve (K t(xet) [ Ve (Kixe,) < 1/€ (4.24)

for all k € N, from (4.21) and (4.22). We denote v, ) g® by k™. Then, from
Lemma 4.6 (ii) and (4.23),

d
1
Vo (K) = E Vyr g (K) =~ '21 v (Kiyg,,) = 1.
i=

’Ck]nk
Denoting ¥, kl]nk (By) by By, we have

v B = vy g0 (U, (BO) = " vgn (K, 0 BY)

= vg (Kixgly, N BO) Vg (Kpg),) = YV () = 1 =275,

From (4.24), we can use the following proposition.
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Proposition 4.18 Let {h,}° | be a sequence in 7 and {w,},> | be a sequence in Wy

such that K ;) N K% = ¢ and wa hpdu =0foralln e N, and
sup "l (K g5 0m,)) < 00. (4.25)
n

Then, the sequence {yr, hu}2 | has a convergent subsequence in .7 .

We note that r‘w"‘vhn (Kw,) = Vys (K) = Zé”(lﬁ:)nhn) from Lemma 4.6.
Since the proof of Proposition 4.18 is long, we postpone it until the next section
and finish the proof of Theorem 4.16 first.

By applying Proposition 4.18 to {gi(k)},‘zi1 C o and {[xi]n, }32, C Wi for each
i =1,...,d successively, we can take a subsequence {h(k(j))};?il of {h(k)},fil, con-

verging to some h € 1 in Z4. By taking a further subsequence, we may assume
that 2&(h — h*U))y < 27/ for all j and

lim Dy, k(i) (x) = @p(x) for vy-a.e. x (4.26)
j—o00

from Lemma 2.9. Then, v, (K) = 1 and

\/Vh(K \ ék(j)) <

\/Vh(K \ Bi(jy) — \/vh(ku)) (K'\ ék(,j))’ + \/vhwm (K \ Bijy)

< \/25(’! — h*Oy 4 \/l)h(k(j))(K \ ék(j))
<0-I2 | kD2 < 9=if2 4 0-il2,

that is, vp (K \ ék(j)) < 27712 From Borel-Cantelli’s lemma, for vp-ae.x € K, x €
ék(j) for sufficiently large j. Note that x € ék(j) implies that (pg(w[ka]nk(j) (x)) €
Uk (j)- From Corollary 4.8, @, «(j) (x) € Uy, for sufficiently large j forvy-a.e.x € K.
Therefore, @, (x) = L for vp-a.e.x € K from (4.26). From Lemma 3.3, we may
assume that L is the identity matrix. This completes Step 1 of Strategy 3.6.

Take w € W, such that K, N K? = ¢ and v, (K,) > 0. From the regularity of
(&,.F), there exists f € FpNC(K)suchthat) < f < lon K and f = 1 on
K. From Proposition 3.4, the measure iz*( f2vp) on RY is described as & (x) dx with
VE € WH2(R?). From Corollary 4.8 and Lemma 4.5, Y h plays the role of h in
Step 2 of Strategy 3.6, and condition (U’), is satisfied.

Now, if ds < 2, then the process associated with (&, .%) is point recurrent and the
capacity on nonempty set is positive, thus d = 1 from Theorem 3.5 (i). If dg > 2, we
have d < ds from Theorem 3.5 (ii). When dg = 2, (4.14) holds with d replaced by
any number bigger than 2, since the larger dj is, the weaker the inequality is. Thus,
the Sobolev inequality (3.2) holds with ds replaced by any number bigger than 2, for
example, 2.01. From Theorem 3.5 (ii), d < 2.01. Since d is a natural number, we
obtain d < 2. This completes the proof of Theorem 4.16 if we grant Propositions 4.15
and 4.18, which are proved in the next section. O
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5 Proof of Propositions 4.15 and 4.18

In this section, we prove Propositions 4.15 and 4.18. We use the same notations as
those in Sect. 4.3. In Sect. 5.1, we present a description of the structure of .% (Propo-
sition 5.1) and a quantitative estimate for a class of harmonic functions (Proposition
5.22) as preparatory results. For the proofs, we use a characterization of .# by the
Besov space, folding/unfolding maps on K, some geometric properties of K originat-
ing from the nondiagonal property (ND), the elliptic Harnack inequality, and so on.
Using these results, we prove in Sect. 5.2 a claim apparently stronger than Proposition
4.18 (Proposition 5.23), and Proposition 4.15.

5.1 Preliminaries

First, we introduce some concepts. We have to be careful that condition (A7) cannot be
used; in particular, Lemma 4.6 and (4.17) are not available, while Lemma 4.4 is valid.
We remark that an assertion stronger than Lemma 4.4 (i) holds from [19, pp. 600—601]:
For any w € W,, there exists a constant ¢5.1 > 1 such that

c5 1 Cap(B) < Cap(y,,(B)) < ¢5.1 Cap(B) (5.1)

forevery B C K.

For a nonempty subset A of W,,, for some m € N, a collection { fi },ye4 of functions
in .7 is called compatible if f,(¥;'(x)) = fu (¥, (x)) for qe.x € K, N K,, for
every v, w € A. This concept is well-defined from (5.1). We define

Fh={f e LXK k)

Yo f € Z forallw € Aand (Y, fluea is compatible}
and

ENL Q) =rT" D EWnfUng) for f.g e FA? (5.2)

weA

It is evident that {f|x, | f € F} C FA. Also, from (A3), &4(f,g) =
EAWn(f,g) forany n € Nand f,g € .F4. See Definition 4.1 for the definition
of A - W,.

For simplicity, we write &4 (f) for &4(f|k,. flk,) if f € Z. Then,

1 1 1
SV KD =0 D vy (Ka) = 0 D vy (K) = 64, (53)
weW,, weA

where the first identity follows from Lemma 4.4 (ii). It will turn out that the above
inequality is replaced by the equality from Proposition 4.15, which is yet to be proved.

*2 In [19], symbol (&4, F4) was used instead. Since it is slightly misleading, we use the terminology
(&A, F4) here.
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The following result was used in [19, Section 5.3] without proof. Since the proof
is not obvious, we provide the proof here.

Proposition 5.1 Letm,n € Z and let A be a nonempty subset of W,,. Then, F4 =
FAWa In particular, F = FWn for everyn € 7.

Although this assertion might be deduced directly from the powerful theorem on the
uniqueness of self-similar diffusions on K [5], we give a proof without using this fact,
since some concepts and lemmas stated below in proving Proposition 5.1 are useful
elsewhere.

For Borel subsets By and B, of K and a positive constant §, we define

Es(f, By, By) = 5~ / / 1) = FOP ld) n(dy)
{(x,y)€B1 X B2|lx—y|pp <8}

for f € LZ(K, w). We write Es(f, By) for Es(f, By, By). Note that Es(f, K, K) =
Es(f) (see (4.16)).

Definition 5.2 We define a folding map ¢: [0, 1]° — [0, 1/1]P as follows. Let
¢: R — R be a periodic function with period 2/! such that ¢(t) = |¢| for r €
[—1/1,1/1]. The map ¢ is defined as

@(x1, ..., xp) = (@(x1), ..., ¢(xp)), (x1,...,xp) € [0,1]".

Moreover, we define ¢; : K — K; fori € S as

—1
¢i(x) = (¢lx;) (), x € K.
Note that ¢; |k, : K; — K; is the identity map and ¢; o ¢; = ¢; fori, j € S.

Hereafter, a; < a» means that there exists a positive constant ¢ depending only on
(K, n) and (&, %) such that a; < cay holds.

Lemma 5.3 Letk € Sand f € F. Define g € .F5 as g(x) = f(lpk_l((pk(x)))for
x € K. Then, g € 7 and £(g) < E(f).

Proof Letd € (0, 1/1). We have

Ea(g)ZZZEa(g, Ki,Kj)ZZEa(g, Ki)+ Z Es(g, Ki, K).

ieS jes ieS i,j€S, i#j, KiNK j#0
In the first term of the rightmost side, we have
Es(g, Ki) = Es(g, K) S Eis(f) S Ef).
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In the second term, we have

Ex(g. Ki, Kj) = 5~ / / 1800 — g(@i NI (dx) pu(dy)
{(x,y)EKixKj||lx—ylpp <8}

(since g(¢;i (y)) = g(y))
< 5w / / 1800 — 8@ 1(dx) ()

{(x,2)€K; X Ki|lx—z|pp <8}

Here, in the first inequality, we used the inequality [x — ¢;(y)|gp < |x — Y|gp
for x € K; and y € K;, and the identity ((pi|Kj)*(M|Kj) = ulk,. Therefore,
limsup;_, o Es(g) S &(f). This completes the proof. O

Corollary 5.4 Letk € Sand f € #5. Defineg € 5 as g = f o i. Then, g € Z.
We remark that f = g on K.
Proof of Corollary 5.4 Apply Lemma 5.3 to ¥ f € 7 as f. O

Definition 5.5 Form € Nand v, w € W,,, we write v «~ w if ¥/, (Qo) N ¥, (Qp) 18
m
a (D — 1)-dimensional hypercube.

Fori, j € S = W! withi o J,let H; j be aunique (D — 1)-dimensional hyperplane

including K; N K ;. Then, H; ; splits RP into two closed half spaces, say G;, j and
G i, which satisfy that G; ; D K; and G;; D K.

Lemma 5.6 Let i, j € S satisfy that i o j. Suppose that f € FS satisfies that

f = 0g.e. on K; N K;. Define g € FS as g(x) = f(pi(x)) - 1g, ;(x) for x € K.
Then, g € 7.

Proof From [12, Lemma 2.3.4], there exists a sequence {fn * in.% N C(K) such

n=1

that f, — Y fin.Z and Suppl /] C K \ 1/fl71(l(,» N K ;). For each n, define
g ) = W7 @), &) = gn(x) - 16, (x) forx € K.
Then, from Lemma 5.3, g, € .% and Es(g,) < é‘)(fn) for § > 0. Here, we note that
the constant involved in symbol < is independent of n and §.
Letn € Nand § > 0 be smaller than the Euclidean distance between Supp[g, ] and
¥ '(K; N K;). Then,
Es(2n) = Es(gn. K NGy j) < Es(gn) S E(fu).

Therefore, lim sups_, o Es(8n) S &'( f,,), which implies that g, € .% and

lim sup &(2,) < limsup &(f,) = EW f) < oo.

n—o0 n—0o0
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Since g, — & in L?(K, 1), g converges weakly in .% and the limit coincides with
g. In particular, g € .7. O

Definition 5.7 We define maps

i:fsﬁj, iesS

&)

and
i {feF5 | f=0qe.onK;NK;} > Z, i, €S withi e

by Ei(f) = g and Z; j(f) = &, where g and g are provided in Corollary 5.4 and
Lemma 5.6, respectively.

Fori € S,letz® = (z\”, ..., z\)) € RP be defined as z® = y;(1/2, ..., 1/2), that
is, the center of ; (Qo).

Definition 5.8 Fori, j € S, we define a distance d(i, j) between i and j as d(i, j) =
D @ )

12 = Iz il

Note that d(i, j) = 1 if and only if i «vlv» j.

We recall the following fact, where condition (ND) plays the essential role.

Proposition 5.9 (cf. [21, Proposition 2.5]) Let C be a D-dimensional cube with side
length 2/ 1 that is a union of some 2P elements of €. We define T C SasT ={i € S |
K; C C}. Then, foreach i, j € T, there exists a sequence {n(k)}gi’oj) of elements of
T such thatn(0) = i, n(d(i, j)) = j, andn(k — 1) o n(k) fork =1,2,...,d(, j).

Now, we prove Proposition 5.1.

Proof of Proposition 5.1 By induction, it is sufficient to prove that .# = .#5. Take
f € .75, In order to prove that f € .7, it suffices to show that lim sups_,o Es(f) <
oo. For § € (0, 1/1), we have

Es(f)=)> Es(f.Ki, K=Y Es(f. K+ > Es(f, Ki, K}).
ieS jes ieS i,j€S, i#j, KinK ;£

Since Es(f,Ki) S E(Wrf) < EWFf), we have limsups o Es(f. Ki) <

E WY} f). Therefore, it is sufficient to show that lim sups_, ¢ Es(f, K;, Kj) < oo for

i, j € Ssuchthati # j and K; N K; # ¢. Hereafter, we fix such i and j.

We can take a D-dimensional cube C with side length 2/ such that C is a union of
some 2P elements of % and K; U K j C C.Take asubset T of S as in Proposition 5.9.
Then, from Proposition 5.9, there exists a sequence {n(k)},lc\’:O inT,where N = d(i, j),
such that n(0) = i,n(N) = j,and n(k — 1) «I/» nk) fork =1,2,..., N. We note

that N is equal to the number of & € {1, ..., D} such that the «-th coordinates of

the centers of K; and K, that is, zg ) and z((xj ), are different. In particular, for each
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k=1,..., N, there exists a unique (k) € {1, ..., D} such that z(rz(]; R ("(k)).
(n(0)) (n(1) _ (n(k—1)) (n(k)) LD (),

Then, 25,4 " = 24 = Zay AT = Zag = Zagh th?re

is no leeway to change a ﬁxed coordinate more than once. Th1s in particular implies

that Uf;é Kusy C Guk—1y,n(k) and Uév:k Kus) C Gn).nk—1 (see the description
before Lemma 5.6 for the definition of G. .).

Keeping Definition 5.7 in mind, we define by, € %,k =0, 1, ..., N, inductively
by

k—1
ho = Ei(f) and hy = By nt— 1)(f Zh) fork=1,...,N
0

)

Based on the above observation, we can prove by mathematical induction that f —
S o hs =00n Uy Ky foreveryk =0, 1,..., N.Denoting >~  hyby h € F
we have f = h on Ué\]:o K, (5)(D K; U K ). Therefore,

Es(f,Ki,K;) = Es(h, K;, K;) < Es(h) < &(h),

which implies that lim sup;_. o Es(f, K;, Kj) < o0. O

For the proof of Proposition 5.23 in the next subsection, we study some properties
of functions that are harmonic on subsets of K and other related function spaces. From
Definition 5.10 to Lemma 5.14 stated below, m is a fixed natural number and A is a
subset of W,,.

Definition 5.10 We define closed subspaces ﬂg and 7 (A) of 7 as

={feF|f=0p-ae onKwy,al,
H(A)={heF|EN) <Eh+g) forall g e F9).

Note that the inclusion 92 C Zp does not necessarily hold if K4 N K? # . The
following lemma is a variant of Lemmas 3.2 and 4.3 and its proof is omitted.

Lemma 5.11 (i) Forh € %#,h € J(A)ifandonlyif&(h, g) = Oforallg € ﬁg.
(ii) Forany f € 3 (A) and w € A, ¥ f belongs to .

The following is proved as in [16, Lemma 3.5]; we provide a proof for readers’ con-
venience.

Lemma 5.12 Suppose that A ;é Win. Then, there exists some constant cs2 > 0
(depending on A) such that || f”LQ(K w = <c528(f) forall f € 352

Proof Let f € ﬂg. From Chebyshev’s inequality and (4.1), for b > 0,

—/fdu o) =l /fdu <%l G
K

L2(K.p)
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Leta = w(K \ Kq) > 0and b = (2c4.1&(f)/a)'/?. Then, the last term of (5.4)
is less than a. Since f = O on K \ Ky4, fK fdu| must be less than or equal to b.
Therefore,

2 2

1122 = f—/fdu + /fdu < carb(f) +

K LYK K

204 1

&(f). o

Lemma 5.13 Suppose that A # W,,. Then, for each f € .F, there exists a unique
function Hy f € € (A) such that Hy f = f on Ky, .

Proof This is proved by a standard argument. Let G = {f € .Z | f — f € 92}.

Take a sequence { fn} from G such that &( fn) decreases to inf{&’( f )| f e g} =
as n — oo. Then, we have

Il 2k < W = Fllizce g + 1F 2k
< Ves28(fn— PV + 1 f 12k ) (from Lemma 5.12)
< VEHAEGD P+ EDH + 1 20k -

Therefore, { fn} is bounded in .#. A weak limit point fOo of { fn} in % belongs to §
and attains the infimum of 1nf{£’(f) | f € G}, ie., ﬁ(fw) = a. Thus, fC>O € H(A)
and we can take foo as Hy f. Uniqueness follows from the strict convexity of &(-).
More precisely speaking, if another f” attains the infimum, then fo, — f/ € F9 and
Lemma 5.12 implies

Sallfoo = F g py = ECfoe = 1) = 26(fo0) +26() =46 (o + £1/2) =0

Therefore, f' = fso. O

From this lemma, we can define a bounded linear map Hp: % > f +— Hpf € F
The following lemma is also proved in a standard manner.

Lemma 5.14 Suppose that A # Wy,. Let f, f1, f» € F

G) If fi= faon Ka, then Hy fi = Hpf> on K 4.
(i1) It holds that

- essmff(x) < J- essmeAf(x) < p-esssup Hy f(x) < p-esssup f(x).
xeKy xeKa

Proof (i) Since fi — f> =0on K4, &4(fi — f») = 0. Therefore, fi — f> is the
minimizer of inf{& () | f—(fi— f2) € Z9}. Thisimplies that Ha(fi — f2) =
f1 — f2. From the linearity of Ha, Ha f1 — Hx f2 =0on K4.

(ii) Suppose that f < b u-a.e. onKAforbeRLetf fAbe Z. Since f = f
on Ka, Ha f = HAfonKAfrom(l) SlnceHAf feﬂg,b—fe
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and b — f = 0, we have (Haf) Ab— [ = (Haf = )~ (b= ) € 7§,
Moreover, we have £ ((Hyp f ) A b) < &(Ha f ) by the Markov property of
(&, F). Thus (HAf) Ab = HAf which implies that HAf < b. Therefore,
Hyf = Hy f < b on K 4. This implies the last inequality. By considering — f
in place of f, we obtain the first inequality. The second inequality is evident.
O

Hereafter, in most cases, we use the map Hy for A = A3(w) with w € W,. (See
Definition 4.17 for the definition of A4, (w).)

Definition 5.15 Fori € {1,..., D}and j € {0, 1}, we define
Ki?jZ{X:(xl,...,xD)€K|xiZj}.

A subset Zy of % including .#p is defined as

é&)

={f6§|f:Oq.e.oanjforsomeie{l,...,D}andsomej6{0,1}}.

We note that Ugl U}:o Kl.‘r’j = K9,

Lemma 5.16 There exists some constant cs3 > 0 such that ||f||L2(K w = <538 (f)
forall f € Fy.

Proof From (4.12), it suffices to consider the case when f = 0 g.e. on K 18,1~ Let
us recall the folding map ¢ in Definition 5.2. Let K’ = {x = (x1,...,xp) € K |
x1 < 1/1}. From Lemma 5.6, the function g defined as g(x) = f(l - p(x)) - 1g/(x)
belongs to .%. Then, it holds that ||g||L2(K 0 < ¢52&(g) from Lemma 5.12. Since

Iglz2k ) = cs.all fllz2(k ) and &(g) = ¢55&(f) for some positive constants cs.4
and cs 5 that are independent of f, we complete the proof. O

Definition 5.17 Let A C W, and A’ C W,y form, m’ € Z,. We say that K 4 and K 4/
have the same shape and write K4 ~ K 4 if there exists a similitude & (x) = [~ x+b
with some b € (17" Z)P such that £(K4) = K4 and E(K4 N K?) = K4 N K?.

It is evident that ~ is an equivalence relation on the set {K4 | A C W, for some m €
7y},

The following Lemmas 5.18-5.21 are used only to prove Proposition 5.22 stated
below.

Lemma 5.18 There exists a positive constant cs¢ such that for any w € W, and
6‘0 7
fe>x N(w) N v,

£ 172k = / fRdu < cse(r/M)"'\EB () = s 6(r/ MM E(f).

L)
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Proof 1t is sufficient to prove the inequality in the equation described above. Let
we Wyand f € f%(@ N Zp. Then, from Lemma 5.16,

/ Frdp < es38(f) = es38D (). (5.5)

K 3

Next, let w € Wy, f € fo N .Zp and suppose that K_y; 5y ~ K_s;). We take
a similitude & as in Deflmtlon 5.17 such that §(K_y; ) = K_s5w) and §(K g5y N
K% = K ) N K?, and define

0 otherwise.

F) = ’f(é(x)) if x € K,

Then, f € 931/ @ N Zp from Proposition 5.1 and

/ frdp=pm"m / frdu

K 43w L)
< csaMIPI=IWI @M (Fy (from (5.5))
= c5 3 M1l wI=ID o A5 () (from (5.2))
= cs3(M /PP (/M) e (),

Since the number of the equivalent classes of {K ;) | w € W} with respect to ~
is finite, we obtain the assertion. O

Lemma 5.19 There exists a positive constant ¢s7 such that for any f € % and
w € Wy with K ;) N K? = 0, it holds that

EPOH gy f) < E(f) (5.6)
and
172 1/2
2 lw| p N3 (w) 172 2
/ (H 5 )7 dp| < esa (/M) ER(f)) 7" + / frdu
K=/V3(U~’) K</V3(w)
(5.7)
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Proof Equation (5.6) is evident. We prove (5.7). Since H ;) f — f € 93‘%”) N.%p,
from Lemma 5.18, ‘
1/2 172
/ (H_t3u) f)* dpa - / frdu
N3 (w) A3 (w)
172
< / (Hoysn f — ) dps
K A3 w)
1/2

< (esr/ MM EBD H i f = 1)

< 2(eso(r/M) MW (1)),
Here, we used (5.6) in the last inequality. O

Lemma 5.20 There exists a positive constant cs.g such that for any f € F and
w € Wy with K ;) NK? =0,

2

/ f(x)—ffdu w(dx) < css (/MM EBD (). (58)
Ky

K 3

Proof Let m = |w|. We write A3(w) = {vy, ..., vg}. Here, s is the cardinality of
A5(w), which does not exceed 7°. From the assumption of the nondiagonality of K,
we can renumber the indices such that the following hold:

e V| =W,
e foranyi > 2, there exists j < i such that v; «~ v;.
m

First, we prove by mathematical induction that

2

/ f(x)—ffdu (dx) < ci(r/MY" & (f) (5.9)
Ky

Ky,

fori =1,...,s with¢; = (\/ca1 + 2(i — 1) /c53)>. When i = 1, we have
2

LHS of(5.9)=M—’"/ w:)f(x)—/llf:}fd,u w(dx)
K K

< MT"EWE f) = ca M EWN(F)  (from (4.1) and (5.2))
< a1 (r/MY"EBO(f).
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Therefore, (5.9) holds fori = 1. Supposing (5.9) holds fori = 1, ..., k withk < s, we
prove (5.9) fori = k4 1. Take j such that j < k and v e ). LetI': R? — RP

be the reflection map with respect to the (D — 1)- d1mens10na1 hyperplane containing

Ky, N Ky, . Define a function f on Ky, ,, as f(x) f(I'(x)). Then,

172

12
[ |- ffdu ()
Kty
12
~ 2
< /‘f(x) ranl wao| o[ [ o foof wao
Koy Kojp

172

- /‘f(x)—f fdu
K

vj

2
pdxy | My F = Dl

since (I"IKDHI)*(MKUHI) = ,uIKL_. The first term is dominated by (cj(r/M)m

EBW(f)) "2 from the induction hypothesis. Since ¥

from Lemma 5.16, the second term is dominated by

Vk+1

M2 Jes s (f = )

< JesaM 2 (Ewr OV e HY)

= VesaM "2 (EWy, NP+ EWs N

= e aM T2 (2 g} ()12 4 pm2glos) (p)1/2)
< 2/es3(r/MY"PEBW (Y2,

Therefore,
2

/ fx) —7[ fdup| p(dx)
Ku

Koy
< (VG +2/e53)2(r/M)" M) ()
= i1 (r/M)"EON(f) < cppr (r/ MY ES ()

thus (5.9) holds fori = k + 1.

(f — f) belongs to Fy,

Now, by summing up (5.9) for i = 1,...,s, we obtain (5.8) with ¢s53 =

ST (JeaT + 26 — 1) Jesa).

m}
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Lemma 5.21 There exists a constant cs.9 > 0 suchthatforany w € Wy with K ;)N
K% =@and h € 7 (N3(w)) with h > 0 ji-a.e., the following inequalities hold:

u-esssup h(x) < cs5.9 u-essinf h(x)

XEKJVz(w) X €K 45 (w)
1/2 172
2 [w] 2
<cs59 h*du <cs9 | M h™dp
K 5 w) K 45 w)

Proof The first inequality follows from the elliptic Harnack inequality; this is implied
by the parabolic Harnack inequality, which is equivalent to (4.13) in our context. See,
e.g., [4], [3], [12, Theorem 4.6.5], and [19, Proposition 2.9] for further details. The
remaining inequalities are evident. O

Proposition 5.22 There exists a constant cs.19 > 0 such that for any w € W, with
K 50 NK? =@ and h € S4(N5(w)) with Ji, hdn =0,

[L-€SS Sup |h(x)| < CS,]O(rlw‘Cg)’/VS(w)(h))l/z'
xEK‘jyz(w)

Proof Letw € W, and h € 57 (43(w)) as stated above. We define h; = h Vv 0 and
hy = (=h) v 0. Since h = H g0 1 — H 4500 h2 and H y;h; > 0 on K for
j = 1,2 from Lemma 5.14, we have

p-esssup |h(x)|

XEKL/Vz(w)

< p-esssup (H_y;wyh1)(x) + p-esssup (H_y;w)h2) (x)
xEKJVz(w) xEK%(w)

1/2

2
<> eso [ MM / (Hp5uyh)* dp (from Lemma 5.21)
j=1

K A5 w)
12

2
SZCS.U (r‘wlé”%(w)(hj))l/z—i- M / h?d,u (from Lemma 5.19)
j=1

LA
12

<2cs11 § (FlE @ @) 4 |yl / h*dp
K A3

< 2esn {(rE PO )"+ (esar! 60 ) ).

Here, the last inequality follows from the assumption || K, hdp = 0 and Lemma
5.20. This completes the proof. O
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5.2 Proof of Propositions 4.15 and 4.18

The ideas of the proof are based on [16,19]. First, we prove Proposition 4.18. By
taking (5.3) into consideration, it is sufficient to prove the following.

Proposition 5.23 Under the same assumptions as those of Proposition 4.18, with
(4.25) replaced by

Suprlwn‘(g)«/‘é(wn)(hn) < 00, (510)
n

the same conclusion of Proposition 4.18 holds.

Proof Let us recall the concept of “same shape” in Definition 5.17. Since there are
only finite kinds of shapes of K ;) (w € W,), that is, the cardinality of {K ;) |
w € W,}/~ is finite, we may assume that all K ;). 7 € N, are of the same shape
by taking a suitable subsequence.

We let u = wy. Take g GZ%(M)OC(K) suchthat) < g <lon K and g = 1on

K tiq- Letcs 12 = max{& (W) '/? | v € Aw)}.
Let n € N, and take a similitude &, on R? as in Definition 5.17 such that
EVL(K_/%(M)) = K'—/V3(wn)’ Set

gy (6, (x)) if x € K g5,
0 otherwise.

Su(x) = {

Then, f, € ﬂ&/

15wy Since hy is bounded on K5,y from Proposition 5.22. We have

1/2
ES' = D rMewr | < D rTMPewim'?
veNs(u) veNs (u)
<r M2 {EWED) Pl 0 E) | L (i

ve s (u)
+ EW i (hy o En))l/zu‘(ﬂ:g”lloc([(ﬁu)} (from Proposition 2.1)

<2 S e e P esssup 1ha (0] + W (0 )

veNs () veK Apqum)
<2 3 {cwcs_m(,|wn|gﬁ<wn>(hn))1/2+(r|w,,|g{v’}(hn))1/2}
ve s (u)

( from Proposition 5.22, and v’ denotes a unique element of )
M (wy,) such that Ky = &,(Ky)

< C5.13r_|ul/2(r|wn|(g)JV3(wn)(h”))]/z
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and

”fn”%oc(K,M) < p-esssup |h,(x))? < cg_lorlw”lé"‘%(“’")(hn) (from Proposition 5.22).
XEKJVZ("W)

Therefore, { f,,}°°, is bounded both in .% and in L°°(K, 1) under Assumption 5.10.

We can take a suitable subsequence of { fn}ff; |» denoted by the same notation, con-
verging to some fo, weakly in % . It is evident that fo, € Z%(m NL°°(K, ). Since
Sfn = hy 0 & on K 4, it holds that f, € J#(41(u)) for all n. This implies that
Joo € H(M W) ) A

We define f, = f, — foo forn € N. Then, f,, € (A (u))NL*°(K, ) and f, —
0 weakly in .Z. Since .Z is compactly imbedded in L?(K, i), which is equivalent
to the statement that the resolvent operators are compact ones on L?(K, 1), fn -0
strongly in L2(K, ). Proposition 2.1 implies that

EFHY? <28 (F) P full Lok

and

Enfo)? < EFD2 N foollLoo iy + EFoo) V2 full oo o)

which are both bounded in 7. Then, { f:f}flozl is also bounded in .7 since
EUDE < EUDP 428 f)"* + Ef2).

By taking a subsequence if necessary, we may assume that { f:f};’lo | converges weakly

in .%. This implies that { fnz}flo | converges in L*(K, n) from the same reason as

described above. Then, the limit function has to be 0.
Now, we take g € ‘g[BV](u) NC(K)suchthat0 < g <lonK and g = 1on K,.

Then, since f,8 € yBV.(u)’
O=2é?(fA,,, fng) = @@(fr%v §)+/§dvfn’
K

where the second equality follows from the characterization of the energy measure
Vi From the above argument, &’( fn2, g) — 0asn — 0o. We also have

/édvf; = Z l’_‘“l/lﬂfgdeﬂ (from Lemma 4.4 (ii))

K veM (u) K

> r—‘“'/ngg dvy.po=r "o (K) =20 ME W ).
K

@ Springer



Upper estimate of martingale dimension for self-similar fractals 787

Combining these relations, we obtain that lim sup,,_, ., & (Y, fn) < 0, in other words,
lim,, 00 &Y f) = 0. Therefore, ¥* f,, — 0in.Z since f, — 0in L?>(K, 1t). This
implies that ¥, hy = ¥ fu = ¥, foo In ZF as n — 00, which completes the proof.

O

Next, we proceed to prove Proposition 4.15. Let I C S be defined by
I= [i ES‘K,- C{(x1,....xp) €RD | xp < 1/1}}.

For n € N, we denote the direct product of n copies of I by I,, which is regarded
o0

as a subset of W,. Note that K;, D K, D Ky D ---and (), K, = K?),o (see
Definition 5.15). We define

H(wia) = f € H(Nw)) ‘ / fdu=0, rlehwpy <4
Kw

forw € oo, I, anda > 0, and

o0
¥ = the closure of {w:}f ‘ w e UI,,, f e (w; l)} in ..
n=2

Remark 5.24 Since | > 3, for any w € |52, I, it holds that K _y; ) N KaD | =9.
Moreover, foreachi =1, ..., D—1, thereexists j € {0, 1} such that K,/l@(w)ﬂng =
@.

Lemma 5.25 The set  is a compact subset in .F.

Proof We fix u € W3 such that K ;) N K? = ). As in Definition 5.2, we define a
folding map @ : [0, 11° — [0, 1/1%] as

9P 1, ..., xp) = @Px1), ..., P (), (x1,...,xp) €10, 117,

where @ : R — R s a periodic function with period 2/ 12 such that @ () = |¢| for
te[—1/12,1/1%). Let ¢,: K — K, C K be defined as

ou®) = (@] ) @), xeK.

This is the folding map based on K,,. For f € %, define f, (x) = f(wu_l (¢u(x))) for
x € K. Then, f, € Z"2 = .Z from Proposition 5.1. Now, let w € I, with n > 2
and f € J (w; 1). Let 43, (w) denote a subset of W, > such that K 45, (w) is the

connected component of ¢, 1 (Vu (K _g;w))) that includes K,,.,, (see Fig. 3).
Set K o) is described as a union of (at most 22) sets that are isomet-

ric t0 Y, (K_s5w)). Moreover, K 4wy O K 50wy KA ) N K? = @ and
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Fig.3 Caseof w € I

Sfu € AN (w)). In particular, K ;1) N K% = @and f, € (MU - w)).
We also have ¥, fu = Vi f. [ fudp = M2 wa fdu=0,and

u-w

e B (fy = 3T SWif) <20 Y EWSS)
veN(u-w) veN(w)

= 2Pplwlg M)y < 2P,

In other words, f € J# (w; 1) implies f, € 4 (u - w; 2P). Therefore, we have

wl*;f‘weUIn, fed(w; ) C Iﬁ,’f,wg‘weUIn, g€ (u-w;2P)

n>2 n>2

5.11)

From Proposition 5.23, the right-hand side is relatively compact in .%. This completes
the proof. (We note that Proposition 5.23 cannot be applied directly to the left-hand
side of (5.11), since K_y; () N K? = ¢ does not necessarily hold.) O

The following claim is stated in [19] without an explicit proof. We provide the proof
for completeness.

Lemma 5.26 Let f € F. If&Wn\In(f) = 0forallm € N, then f is constant ji-a.e.

Proof Let §' C S be definedby ' = {i € S | Ki C {(x1,...,xp) € R? | xp <
1-— 1/1}}. Form > 2,let J;y := Wy \ (I—1 - S") C Wy \ Iy (see Fig. 4). Then,
Jm 1s connected in the following sense: For any v, w € J,,, there exists a sequence
wo, W1, ..., Wk in Jy, for some k such that wy = v, wxy = w, and w; o Wit
forall j =0,1,...,k — 1. This is confirmed by the assumptions of connectedness,
nondiagonality, and borders inclusion on K (see Sect. 4.3). Since f is constant on K,
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Fig. 4 Illustration of K, for
m=2

for each w € J,,;, the connectedness of J,, implies that f is constant on K, . Since
K\ U;OZZ K,;, = K% o and /L(K?) o) = 0, we conclude that f is constant y-a.e. 0O

The following proposition states that the energy measures of a class of functions do not
concentrate near the boundary uniformly in some sense, which is the key proposition
to prove Proposition 4.15.

Proposition 5.27 There exist co € (0, 1) and m € N such that for all n € Z4 and
h e H1,),

&l (hy < co&M ().

Proof Wedefine C := sup,c7, maxye,,, #43(w) < 7P Letn € Zy andw € I, 45.
Let§ = 1/(4C?). We define #°% = {f € # | &(f) > 8}. From Lemma 5.26, for
each f € %, thereexistm(f) € Nanda(f) € (0, 1) suchthat & (f) < a(f)E(f)
for all m > m(f). By continuity, & (g) < a(f)&(g) for all m > m(f) for any g in
some neighborhood of f in .%. Since .#7 is compact in .% from Lemma 5.25, there
existm’ € Nand a’ € (0, 1) such that &' (f) < a’&(f) for every f € #°. Then,

E(f) <a&Ww\w (f) forall f e #?° (5.12)

witha =1 —a)~ ' > 1.

Now, consider n and 4 in the claim of the proposition. We note that i € 57 (A5(w))
for any w € I,,47 since A3(w) C I, - Wa. We construct an oriented graph as follows:
The vertex set is 1,42 and the set E of oriented edges is defined as

E= {(v, W) € Inta X Insa |v € M(w), €WV (h)>0, and &) () > 205{0}01)}.
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Fig.5 Case of w € Y and
Wl n) = 860 ) K
w-(W,/\L,1)

This graph does not have any loops. Let Y be the set of all elements w in I, such
that &1} (h) > 0 and w is not a source of any edges. For w € Y, we define

No(w) = {w},
k—1

Nie(w) = v e I\ U Nj(w) | (v,u) € E for some u € Ny_1(w)
j=0

fork =1, 2, 3, ... inductively, and N (w) = Ukzo Ni(w). It is evident that

Lz = | Nw) U{w € L1 | &M (h) = 0} (5.13)

weY

and that for all k € Z_., #Ny(w) < C¥ and & (h) < 2C)~* & (h) forv € Ny (w).
Then, foreachw € Y,

ENW (p) = Z Z &) < Z ckooy*eminy =26 ). (5.14)
k=0 ve N (w) k=0

Suppose w € Y and & (h) > 8&3W) (). Then, since

vEl | h - 7£ hdp /,/rn+2£ﬂ3<w)(h) e,
Ky

(5.12) implies that & (¥} h) < a&WVw\Nw (% h), thatis, & (h) < a8 W\ ().
(See Fig. 5.)

Next, suppose w € Y and é”“”(h) < 83”/3(1”)01). Since w is not a source of any
edges, &1V (h) < 2C & (h) for every v € A5(w) N I,42. Then,

&2y < €. 208N (h) < 2C%8675 (h) = (1/2)65) (h),

which implies that &3 N+2 (g < AN W2\2) () since N5 (w) C I, Wo.
In particular, &1} (h) < EMWNUn-W\I2) (1) (See Fig. 6.)
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} K sty

Fig. 6 Case of w € ¥ and &% (h) < 8&Y3W) (i)

Y
K/V3(w) \ K</V3 (W)'Wm/)m((ln‘wm)\ln+m)

= -
= ——

K,

Fig. 7 Tllustration of Kw and K(JVS (w)-Wm/)ﬂ((ln-Wm)\l,1+,;z)

Therefore, in any case, for w € Y, we have

g{w}(h) < a(gow-(Wm/\Imf)(h) v g%(w)ﬁ((ln-wz)\lwz)(h)
< 0 & W AL U@ W42 W) (1)

< aé@(%(w)-wmf)ﬁ((1n~Wm)\1n+m)(h)’ (5.15)

where m = m’ + 2 (see Fig. 7); further, it should be noted that 1,1, C I,42 - Wyy.
Then, we have

Elrm(hy < &2y < D" eV (h)  (from (5.13))

weY
<2y &N WoDO(Un- W) \Intm) (1) (from (5.14) and (5.15))

weY

< 2aC’ & TnWi)\lntm (h) = 2aC’ ((goln (h) — & ntm (h)),

where C' := SUP,,c7,, MAXpeW, ) #Hw e I4o | ve Aw)) < 7P. Hence, the claim
of the proposition holds by setting ¢y = 2aC’/(1 + 2aC"). O

Proposition 5.28 Forany f € .7, vf(Kla) 0) =0.

Proof Take cp and m as in Proposition 5.27. For each n € N, define h, = H;,(f) €
J(I,) (cf. Lemma 5.13). From Lemma 4.4 (ii) and Proposition 5.27, for j € N,

@ Springer



792 M. Hino

1 5 1 s
S (Kpo) =5 D0 T vy, (K)

weInJrjm
(since Y, (K ) = B for w € Wy jm \ Lt jm)

= &M (hy) <l (hy) < b EM(f) <l Ef) — 0 as j — oo
Therefore,
vh, (K} 0) = 0. (5.16)

Since &(h,) < &(f) and h, = f on Ky,\;, for each n, {h,}° | is bounded in
Z in view of Lemma 5.12. Moreover, since M(K%,o) = 0 and U,fozl Kwa1, =

K\K aD,O’ h,(x) converges to f(x) for u-a.e.x € K. Therefore, /,, converges weakly
to f in Z. In particular, the Cesaro mean of a certain subsequence of {/,}°° | con-
vergesto f in.%. By combining (2.3), (2.1), and (5.16), we obtain that Uf(K%,O) =0.

O

Proof of Proposition 4.15 From Propositions 2.6 and 5.28, and Lemma 4.11, we con-
clude that v(K?) = 0.
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