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Abstract We consider the stochastic recursion X,,+1 = M, 11X, + Qn+1, (n € N),
where Q,, X, € R4, M, are similarities of the Euclidean space R? and (0n, M)
are i.i.d. We study asymptotic properties at infinity of the invariant measure for the
Markov chain X,, under assumption E[log [M|] = 0 i.e. in the so called critical case.
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1 Introduction

We consider the vector space V = R¢ endowed with the scalar product (u, v) =
> u;v; and the norm |u] = (X, |u;|*)?. Let Aff(V) = V x GL(V) be the
group of affine mappings of V, i.e. Aff(V) is the semi-direct product of the linear
group GL(V) and the group of translations of V. The action of the group Aff(V) on
V is given by the following formula

hu = gu + b, h=(b,g) e Aff(V), ueV.

Given a probability measure p on Aff(V) and u € V, we consider the recurrence
relation with random coefficients
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594 K. Kolesko

Xp =u,
" u ey
Xn = M"Xn—l + Q”’

where the pairs (Q,, M;,) € Aff(V) are independent with law .

The random process X, has been studied mostly in the one dimensional settings
i.e. when V = R and (Q, M) € R x R*. It is well known that if Elog M < 0 and
Elog™ |Q| < oo, then there exists a unique stationary measure v of the Markov chain
{X}}, i.e. a probability measure v on R such that

v(f) = wxv(f) = / / Fau + byv(duyu(da db) %)
Aff(V) V

for any bounded function f on R. One of the most significant result is due to Kesten
[14] (see also Goldie [11]), who under a number of further assumptions, the main being
the existence of « > 0 such that EM* = 1, proved that the measure v is «-regularly
varying, i.e.

lim r*v{ju| > 1} = Cy. 3)
—00

Recently in a number of papers also the critical case, Elog M = 0, has been inves-
tigated. The main result is due to Babillot et al. [1], who proved that there exists a
unique invariant Radon measure v of the process { X}, i.e. the measure satisfying (2),
but in this case it is infinite on R. Its behaviour was described by Buraczewski [6] and
Brofferio et al. [5]. They proved the Kesten theorem in the critical case:

tlim v{rit < |u| < rpt} = Cylog(ra/rr).
— 00

The multidimensional situation, d > 1, is much harder. In the contracting case it was
studied by Kesten [14] and later on by Le Page [15] and Guivarc’h [13], who applying
quite involved techniques obtained results similar to (3). However the critical case,
when the top Lapunov exponent is zero, seems to be still not well understood and up
to now has been studied only in very restrictive settings. Existence and uniqueness of
the invariant measure was proved by Brofferio [3,4] in a particular case, when M are
either upper triangular matrices or they are of the form DK, D being a dilation and
K an element of O(d) (in fact this was proved only for K = Id, but exactly the same
proof is valid in the general case). Behaviour of v at infinity was studied in [5] only if
M is a dilation matrix and then the result is reduced indeed to a one dimensional case.

In this paper we assume that M,, belongs to the similarity group G of V, i.e. the
group of elements g of GL(V) satisfying

lgul = |gllul,
for every u € V. The group of similarities G is the direct product of R* and the

orthogonal group O(V). Consequently any element g of G can be uniquely written
in the form g = tk fort € R%} and k € O(V). By & we denote the projection of
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Multidimensional SDS in critical case 595

the measure p onto G i.e. the law of the random variable M,. Let G, be the closed
subgroup of G generated by the support of 7t.

The structure of G, is well known (see e.g. Introduction in [7]). If we assume that
G, is not contained in the orthogonal group O(V), then there are two cases: either
the projection of G, into R% is R* (non-lattice case) or its subgroup isomorphic to
Z (lattice case).

It turns out that the center Z,, of the group G, is relatively large i.e. G, /Z, is
compact. In the first case one can find a subgroup A, of G, that is isomorphic to R*.
and is contained in the center Z,,. It yields that G, is isomorphic to O, x A, for
O, = G, NO(V). In the second case, in generally, itis not true that G, is isomorphic
to the direct product of O, and a projection of G, of R’ . However, one can find
ceGyand Ay, = (c) suchthat G, = O, x A, and A, contains a central subgroup
of G, as a finite index subgroup (see Proposition A.1 in Appendix in [7] for more
details). In both cases there exists a compact subset K, € G, suchthat G, = Z, K,.

Now, similarly to [8], we introduce the generalized polar coordinates. First set
Y1 =8 ={veV:|v] =1}inthelatticecaseor X1 ={v e V : 1 < |v| < [c]|}.
The set Xy is the fundamental domain for the action A, on V \ {0}. Any element
v € V can be written in a unique way as v = a(v)v fora(v) € A, and v € X.

Since G is unimodular, as well as any its closed subgroup, the left and the right
Haar measure coincide. By m¢ (resp. mg .» Mma,) we denote the Haar measure on G
(resp. on G, A,) normalized in such a way that mg({g : 1 < |g| < t}) = logt,
where ¢ is an arbitrary positive number in the non-lattice case or |c| in the lattice. For
simplicity we shall write justdg instead of mg,. By H = V X G will denote the affine
group with similarity matrix.

Under this settings i.e. when M is a similarity matrix, Eq. (1) has been recently stud-
ied in the contracting case E log |M| < 0 by Buraczewski et al. [7,8]. They described
the tail of the stationary measure [8] and then proved limit theorems related to partial
sums X{ +--- 4+ X}, [7].

Here we study the critical case, i.e. from now we assume that E [log |M |] = 0.
Existence and uniqueness of the invariant measure v in the critical case was proved
by Brofferio [3] under the assumptions

VuP[Mu+Q=ul<1, P[M =1]<]I, (A1)
E [(1og \M])? + (log* |Q|)2+€] <oo forsomes > 0, (A2)
E [log|M|] = 0. (A3)

The main purpose of the present paper is to describe the behaviour of v at infinity.
Our main result is

Theorem 1 Assume that hypotheses (A1)—(A3) are satisfied and moreover
E[|MP°+ M|~ +10°] < o0, (A4)

then there exists a positive Radon measure A on V \ {0} such that the family of measure
{8(0.¢) * vigeq, restricted to V \ {0} satisfies
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lim §po *xv=A, 4
1810, geG,, ¥

where the convergence is in the vague topology i.e. for any ¢ € C.(V \ {0}).

/ ¢ (gu)v(du) = / ¢ (u) A(du). (&)
{0} VA\{0}

\g|—>0 g€ Gu

Moreover Ais G -invariant. That is there exists a finite positive O, -invariant measure
oy, on Xy such that

A=my, Qoy. (6)

In particular we obtain new results in the one dimension, when M,, and Q, are just
scalars and admit both positive and negative values. In this case we have

Corollary 1 Under the assumptions of Theorem 1 the invariant measure v in one
dimensional non lattice case satisfies v(£try, £trp) ~ Cy log % as t goes to infinity.
Moreover, if P[M < 0] > 0, then C_ = C4.

We obtain also new results concerning the lattice case (compare [5]):

Corollary 2 Assume that the hypotheses of Theorem 1 are satisfied and moreover
M € {c" : n € Z} almost surely for some ¢ > 1, then

lim / ¢ (u/cyv(du) =D / ¢ (K)o, (du),
1% keZy <[y <c
forany ¢ € C.(V\{0}).

In order to prove the theorem first we proceed as in [S]. We prove that there ex-
ists compactly supported function @ such that 8¢ ¢y * v(®) > 0 for [g] < 1 and
80,gh) ¥V (D) 80
% — 1l as |g| — 0. Moreover, the family of measures % is vaguely

relatively compact when |g| < 1. Next given ¢ € C.(V \ {0}) we define the function
fo on G:

Jo(8) = 80,9 *¥ v(P) = /d)(gu)V(du)
\4

and we consider the Poisson equation on G

E[fo(eM)] = fp(2) + ¥y ().
In the one dimensional setting when G = R™, in [5,6], the Poisson equation was

solved and the main result was deduced from the explicit form of positive solutions,
which is known if G is abelian [16]. However if G # RT and it is not abelian we
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Multidimensional SDS in critical case 597

are still able to describe behaviour at infinity of solutions of the Poisson equation. For
this purpose we apply a technique due to Durrett and Liggett [9] based on the duality
lemma, which allows to modify the Poisson equation and to consider fy as a solution
of the classical renewal equation (for a random walk with a drift). All the details will
be figure out in the next section.

In this paper we will slightly abuse the notation considering ¢ € C.(V \ {0}) (resp.
CL(V \ {0})) also as a function C.(V) (resp. C}(V)) with O ¢ supp ¢.

2 Proof of Theorem 1
2.1 Some auxiliary results

First we prove here some estimates of the measure v. We follow the proof of Theorem
2.1 in [5]. However, since now we deal with nonabelian group G, acting on a multi-
dimensional vector space V and some of the estimates are very delicate, for the reader
convenience we present all the details, emphasizing the steps where nonabelianity
plays a role.

Lemma 1 There exists a radial function @ € C CI.(V \ {0}) such that the function
fo(g) = d0,g) * V() is positive whenever |g| < 1 and the family of measures

8(0,g) *V

fo(g)

restricted to V \ {0} is vaguely relatively compact as |g| < 1.
The function @ can be chosen in such a way that the integral qu D(gu)dg is

independent of u € V \ {0}.

Proof First we prove that there exists R large enough such that §g ¢) * v({1/R < u <
R}) > O for |g| < 1. For any « and 8, consider the annulus C(«, B) ={u €V :a <
lu| < B}. Itis easy to check that for all (b, a) € H the following implication holds

C(a+|b| B —1b]

la| " al

):>au+b6C(a,/3).

Since v in invariant with respect to ©", the n-th convolution power of the measure p,
we have

50,00 % V(Cla B)) = / / Lot p) (g(ax + b)) (db, dayv(dx)

V H
2//lc(|g|_1a,|g|_1ﬂ)(ax+b)1U(b, a)pL"(db, da)v(dx)
V H

-1 b “lg_1p
2Mﬂm(U)v(C(nm lgl™ a + b min lgl™ B II)).

(b.a)eU lal " (b,a)eU la|
@)
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Since P[|M| = 1] < 1, thereare h_ = (b_,a_) and h4 = (b4, ay) belonging to the
support of 1 such that |[a_| < 1 < |a,|. For fixed g € G, with |g| < 1, there exists a
natural number n such that |ay|"~! < |g|™! < |a,|". Clearly, if i = (b(h"), a(h™))
is the n-th power of an element 7 = (b,a) € H then a(h") = a" and b(h") =
> "4 a'b, hence

" —

lal" =1, ®)
al— 1"

n—1
b(h™)| < D" lal|b] =
i=0
The y-neighbourhood of an element 42 € H is the open set U, defined by

Uy(h)y={(b,a)e H:e 7 <la-ah)| <e’, |b—bh)| <y}

Since A is in the support of it follows that for any y > 0, u" (U, (h")) > 0 and
moreover for (b, a) € U, (h"), by (8) we have

lg| ' + |b] _ latio)"a + bR +y
lal - lathp)|"e™
<o (a+ (la(h )" = DIb(hy)] LY )
- l(a(h)| = Dlah )" lathy)]”

1b(h)] /
— Y S — =
= ¢ (“+|a<h+>|—1+y) e

and on the other side

81 B—1bl _ lath)I"™'B — bl -y

|al - la(hy)|"e”
_ B [b(hy)] ) /
v — —y)=7.
=¢ (la(h+)| lath4)| —1 v P

Thus is u € C(a/, '), then au + b € C(a, B) for any (b,a) € U, (h). One can
see that o’ is decreasing when a does and B’ goes to infinity when 8 does. Therefore,
since v is a Radon measure with infinite mass, there exists sufficiently large R such
that taking é = B = R and appropriate &’ and 8, by (7) we get

80,9y ¥ V(C(1/R, R)) = " (U, (W ))v(C (e, ) > 0 &)

for any g with |g| < 1andn = |(|g|log|u])~'] — 1.
Without any loss of generality we may assume R > 2max{l/|a_|, |a+|}. We con-
sider a family of compact sets K} = C(% lag|™", §|ai|_”) covering V \ {0}.

@ Springer



Multidimensional SDS in critical case 599

Observe that for y < log(4/3), (b,a) € U, (h}) and |g| < [2R(|b(hD)| + 1!
we have:

lgI”"/R + Ib| 1, UR+1gl(b(D)] + v)
——  <|gl" e
|al lax|"
—n n —n
§|g|_12|ai| ey1+|g|R(Ib(h¢)I+V) §|g|_12|ai| .
R 2 R
On the other hand
“IR—1b R — b(h)| +
Ky 1] > 1ol lgl(DhL)] + v)
|al lat|"
R -n b(h" R —n
gt Rlas T (el )Y o Rlaxl ™
2 R 2
Therefore

IgI='/R + 1b] IgI~'R —|b] 2 . R
c( ; C (gl —=:lgl ™ ——
la| |l las|"R 20at|

for any (b, a) € U, (h) and by (7) we have

8(0.9) * V(C(1/R, R)) = p*" Uy (W))(C(1g| ™" 20ax|™" /R, |g| " |ax| " R/2))
= cgia(o,g) * v(KY).

Take a radial function @¢ € Ccl(V \ {0}) such that @y > 1¢(1/r, g). Then, since { K}
is a covering of V \ {0}, for any compact set K in V'\{0} there exists a finite number
of compact sets of the type K’ covering K. Hence

80,9) * V(K) < Cg0,9) * V(Do)

for some constant Cg and g with small enough norm. Since (g, g) * v(Po) > 0 when

|g| < 1 the above inequality holds for |g| < 1 with possibly larger C. This proves

that that % is vaguely bounded as |g| < 1, hence relatively vaguely compact.
58

Finally, one can easily see that in the non-lattice case the function @ is exactly

the one we are looking for. Indeed, we just set @ = @ and to check the integral
condition, since @ is radial, we write

/  (gu)dg = /  (ggou)dg = / (gv)dg.

Gy G, G,
for gg € G, with [go| = [v]/[u].
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600 K. Kolesko

In the lattice case we have to modify slightly the function @(. Namely, take

D) = / o5 wymc (dg)).

g'eG
I<|g’l=c

Since @ is, up to some constant, greater than 1c(1/g, g) the first part of the Lemma is
valid also for @. Finally observe that

/ @ (gu)dg = / / ®o(g'guyme(dg')dg = / @o(g'wyme(dg")
G, g'eG,1<|g'|<c G
and applying the same argument as in the previous case we prove the Lemma.

3(0,g)*V
fo(g)

Lemma 2 Every accumulation point of the family
G -invariant. In consequence, for any h € G,

as |g| goes to O is

Jo(gh) _

1m
181-0.8€G, fao(g)

Remark 1 Notice that since @ is radial fg is radial as well. Therefore, if we define
L(gl™" = fo(g), the Lemma says that L is slowly varying in the non-lattice case
(compare with the slowly varying function L defined in Theorem 2.1 in [5]).

(0 g)

Proof First we prove that if 1 is an accumulation point of
belonging to Z,,, i.e. if

along a sequence

8(0,2,) * V(¢)
|20|=0,2,€Zy, Sfo(zn)

n(@) Vo e Co(V {0}, (10)

then 7 is G, -invariant.
Fix a function ¢ € C cl (V \ {0}) and observe that for all (b, a) € H there exist a
compact set K C V \ {0} and a constant C such that

lp(g(au + b)) — ¢(gau)| = Clgb|1k (g(au)) (1)

for | g| satisfying |gb| < %dist(O, supp ¢).
We claim that the function

m 8(0,82,) * V(®)

h(g) = (S((),g) * n(d)) = n—oo fq)(Z )

defined on G is ;t-superharmonic. First observe that by (11)

180,2,) * O(b,a) * V(®) — 8(0,z,) * (0,a) * V(P)| < Clznb| - 3(0.z,) * v(aK) >0
f(P (zn) f@ (zn)
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Multidimensional SDS in critical case 601

and then, by Fatou’s Lemma we can write

/ h(ga)E(da) = / h(gayu(db, da) = / 500.00) * 1()pe(db, da)

Gy H H

_ / lim 3(0,) * 8(0,a) * 8(0,z,) * V()
n—00 f(b (Zn)

n(db, da)
H

:/ lim 209 %802, *dp.a) * V(9)
n—00 Jo(zn)

p(db, da)
H

< lim 8(0.9) ¥ 80,2, ¥ ¥ V(@) _ Jim 8(0.¢) * 8(0.z,) * V()
n—00 Sfo(zn) n—00 fo(zn)

= 3(0,g) * N(@) = h(g).

Since A is superharmonic and the right random walk on G, induced by 7t is recurrent
the function £ is r-harmonic. The Choquet-Deny theorem for G (see [12], Theorem 3,
p- 52 and [17]) implies that £ is constant i.e. 80,¢) * 7(¢) = n(¢) for any g € G,.
This statement remains valid for any compactly supported continuous function ¢ on
V \ {0} not necessary differentiable.

To prove the Lemma in full generality we will use the structure of the group G,
discussed in the Introduction. Take any accumulation point 1 of §(o,4) * v/ fo (g) as
|g|l — Oi.e. fix a sequence {g,} in G, such that

8(0,6,) *V

|gn] = 0 and
" f@(gn)

Since any element g, € G, can be written as g, = k,z, withk, € K, and z,, € Z,,,
extracting a sequence, we can suppose that

ky — k and 8.z, * v/fo(zn) = 1.
Moreover

80.k) * 8(0,2,) * V(P) — 8(0.6) * 80,2, * V(P)
f(b (zn)
§ A
< sup | (kytt) — D (kur)| - 20z * VA
" fd> (zn)

n—o0

< Csup |®(kyu) — D (ku)| — 0, (12)
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602 K. Kolesko

where A is an annulus containing all sets of the form k! supp @, k, !'supp @. There-
fore we have

o Jogn) . 80k * 80,2, * V(D)
lim = lim
n—=>o0 fo(zp) n—>o0 So (zn)

= by /(@) =/ (@) = Jim 225
n

5(&1)1) * 1)(45) — 1 (13)

and finally
1) * v 1) * 8 *
n= lim “%8) " _ o) 00k * S0z ¥V _ S xn =1
n—00 f¢(gn) n—00 f<l> (gn) fQ)(Zn)

what proves the first part of the Lemma. For the second part we use exactly the same
argument as above.

The first consequence of above lemma is the following

Corollary 3 Under assumptions of Theorem 1, the stationary measure v satisfies

1
/—(1 T ? v(du) < oo.
1%

In particular
v(lul <r) < CA+r7),

for any positive y .

To proceed with the proof of our main result we need some an additional assumption
on the measure v. Namely, without any loss of generality we may assume that

1
Wv(du) < oo, fory € (0,1). (14)

Indeed, there exists b € V such that v, = 8,0y * v satisfies the condition above (see
Lemma 4.4 in [5]). The measure v, is an invariant measure of 8,0y * i * §(—p,0) that

also satisfies the assumptions of Theorem 1 and both measures v, and v have the same
behaviour at infinity, i.e.

tim [ (@ (e + b)) = ¢ ) v(e) =0,

Therefore one can consider the measure v, instead of v, however to simplify our
notation we will just write v and assume that (14) is fulfilled.
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Multidimensional SDS in critical case 603

2.2 Poisson equation

For any ¢ € Cg(V \ {0}) we define f(g) := 8(0,4) * v(¢). To prove that the limit
of fy exists as |g| goes to O we consider f as a solution of the following Poisson
equation on G,.

E[fs(eM)] — f5() = ¥g(g). (15)

where the function ¥4 is defined by the equation above.

The main tool to study this equation is the renewal theorem on G. Therefore, ana-
logically to the situation on real line, we introduce the class of directly Riemann
integrable on G, (compare [8]).

We say that a continuous function v is directly Riemann integrable (dRi) if

sup ¥ (8)] < oo.

neZ {geGu’en<‘g|§en+l}

Following the same way as in [5] (Lemma 4.8 and proof of Proposition 4.1) we can
show that

Lemma 3 Assume that all the hypotheses of Theorem 1 and (14) are satisfied. Then
for any Lipschitz function ¢ there exists { > 0 and constant C such that

[We ()] < Cmin{lg| ™%, |gI°}, | fp(9)] < Clgl~*. (16)

In particular the function vy is directly Riemann integrable.
Moreover, if ¢ = @ then

/1/f<p(g)dg =0.
G

Proof Since ¢ has a compact support, it is bounded by a some multiple of the function
|u| =Y. Therefore

eul” v(du) < Cilgl™. 7)

58] s/|¢<gu>|v<du> < Co/
1%

Now we will show that

1(9) :=//|¢<gau>—¢>(g<au+b>>|v(du>u(db,da) < Cgl¢ Alglf) (1)
H'V

To get the first bound observe that by (17), (A4) and p invariance of v, for y < § we
have

1) < E[lfpeMI] + 1 fp()] < Co (E[lgM|™7] +1gI77) < Cilgl ™.
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604 K. Kolesko

In order to show the boundedness by a positive power of |g|, for |g| < 1 take ¢y =
1/2 dist(supp ¢, 0) and observe that

()l = / /|¢(g(au+b))—¢>(gau)IV(dM)M(db,da)

lgbl=<co

+ / / ¢ (g(au + b)) — ¢p(gau)|v(du)u(db, da) =: I} + I>.

lgb|>co

To bound the first integral we will use the following inequality

¢ (glau + b)) — ¢p(gau)| < Colgb|1k (gau) < Cilgbllgau|™"

valid for |gb| < cg (compare (11)). Then for y < §/2 we have

I < Co / / \gbllgau| ™" v(du)u(db, da)
|gb|=co

< Co / g 1gP2 Y b2 |a) Y / lu| ™7 v(du)u(db, da)

lgbl=co

< 12 / BIP2lal™ 1(db, da) < Calgl>,

where the last inequality follows from Schwartz inequality and assumptions of Theo-
rem 1. In order to estimate /> we can write

b < / / ¢ (gau)v(du)u(db, da) + / / ¢ (g (au + b)v(du)pu(db, da)

lgbl>co |gb|>co

The first integral can be bounded by a multiple of

/ lgau| ™Y v(du)u(db, da)

lgbl>co

<G / g™ u(db, da) < €y / 112 a7 b2 (db, da)

lgb|>co |gb|>co

< C1/|a|_y|b|5/2u(db, da) < C2|g|é‘/2—y.

To estimate the second integral take y < 6/4 and observe that if the support of ¢
is contained in the ball of radius R, then ¢ (g(au + b)) < [P lloodjuj<(R+b))/Igal> TOT
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Multidimensional SDS in critical case 605

|g| < 1, hence the integral can be estimated by

R+ |b1\Y
| [ tucwarconabio < [ f ( |g;|,|l) v(du)pe(db, da)

lgbl>co [gbl>co

< Colg™ / (R + [b)" la ™ u(db, da)

lgbl>co

<Cilgl™ / (R” +[b")]al™” n(db, da)

lgbl>co

< Calgl™ (/ 1gb1*/*|a| ™ w(db, da)+/|gb|5/4|b|y|a|*m<db, da))

< C3gl*7.

In summary, for { < §/4 we have I(g) < C(|g|* Alg|®) and since |4 (g)| < I(g)
we get also the desired inequality for ¥4. Moreover, since I is m¢,, -integrable by the
Fubini theorem we can interchange the order of integration in the definition of V¢
and by Lemma 1 get qu Yo (g)dg = 0.

At this moment we only know that f Gy Yy (g)dg = 0 for ¢ = @ but later on, using
the renewal theorem on G, we will prove that this holds for general ¢ € C, Cl (V\{0}).

Proposition 1 Let Y be a function on G, satisfying |y (g)| < min{|g| ™%, ||} such
that qu Y (g)dg = 0. Then the function

v(g) = /w(h)l{\h|>|g\}dh (19)
Gu
satisfies
(el <C (g™ Algl),
hence it is directly Riemann integrable. Furthermore
[9@ae= [1oglgivios.
G G

Proof For |g| > 1, by (16), we get

T (o)l < / W (ldh < / |h|*<dh=|gr¢/|h|*¢dhs€|g|*f

1h|>|g] |h1>1gl [h]>1
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and similarly for |[g| < 1 we have

[V (g)| = / Y (h)dh| = / Y (h)dh| < |g|* / |h|dh < Clgl°.

1h|>|g] |hl<Igl |hl=<1

Moreover, we can easily compute the integral of ¥

/ V(g)dg = / / ¥ (hdhdg — / / ¥ (hdhdg
Gll

lgl=1 |h]>]g| lgl<1|h|<]|g|

_ / / dgy(g)dh — / / dgy (h)dh
|h|>11<|g|<]h| |h|<1|h|<|gl<1

- / log [hly (h)dh + / log [hly (hdh = / log [l (¢)dg.
h]>1 <l Gy

2.3 Proof of Theorem 1

Now we are going to apply a technique due to Durrett and Liggett [9]. They described
asymptotic behaviour of positive solutions of a Poisson equation not solving explicitly
the equation as in [5,6], but applying the duality lemma and reducing the problem to
the classical renewal equation.

On the group G, we define two random walks, the right random walk R; =
M --- M; and the left one L; = M, - - - M;. We define a family of weakly increasing
ladder times

To = 0;
T; = inf{n > T;—y : |Ry| > |R7,_, 1}
=inf{n > Ty : |[Ln| > |L7;_,|}.

Now we can define a new process { R, } which is also a right random walk on G, with
increments distributed according to Rz, . One can observe that the closed subgroup G’
generated by the {R7,} is exactly G . Indeed, any g4 € suppi such that [g4]| > 1
belongs to G'. Moreover, if g_ € suppu with |g_| < 1 then we can find a natural
number k satisfying |g_g/_‘[1| < 1 and |g_gﬁ| > 1. Therefore, g_gﬁ_ is in G" hence
also g_.

We define a new stopping time 7 by

T =inf{k : |Rk| < 1},
and construct a new Poisson equation with a drift:
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Lemma 4 Suppose that the functions [ and v defined on G, satisfy the Poisson
equation

E[f(gM)]— f(g) =v(g)

and | f(&)| < 1gI7%, 1¥(&)] < |gI=% A Igl°, for some 0 < ¢ < &. Then f satisfies a
new Poisson equation

E[f(gR)]— f(&) = D E[y(gRz,)]. (20)

n=0

Moreover, forh € G,

E / f(ghydg | = > E[J(hRz,)]. 1)

R |<|gl<1 n=0

Proof First notice that

n—1
M (Q) = f(gMy -+ My) — D Yr(gM, - M;)

i=0

forms a martingale with respect to the filtration induced by the sequence {M,},cN.
From the optional stopping theorem we obtain

E[Apne ()] = [f(8) (22)

By the assumption (A4) and (3.6a) of Chap. XII in [10]
E[R,| ] =E [e—‘”f] < oo, (23)
where S; = log |R;| = ZOSkSi log |My|. Therefore by Lemma 3

Ellf(gRoll < E[lgl ™5 | < oo

Moreover the duality lemma and the renewal theorem on R imply

-1 7—1 0
E [Z W(gRi)l} <E [Ze—ZIOggHS,»I} —F |:Ze“10ggl+5n] < 0

i=0 i=0 i=0
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Now by the Lebesgue theorem we can pass to the limit as n goes to infinity in (22)
and get

T—1
]E[f(gRr)]—E[lef(gRi)] =E[M:(8)] = f(g). (24)
i=0

Observe that from duality lemma

T—1 00 00
E [Z w<gR,-)] = > E[y(gLls)] =D E[¥(Rs)]. (29)
i=0 n=0 n=0

Comparing (24) with (25) we obtain
oo
E[f(gR)]— f(e) = D E[y(gRz,)].
n=0
Fix now an element & € G . Integrating both sides of above equation we get

Bl RN~ [ f@de= [ D E[vers)]de.

lg|>h] lgI> Al lgI=1h| =0

what can be rewritten as

E / f(g)dg | = / > E[y(gRs)]dg

|h>g|=IhRx]| lgl=In| =0

by Fubini theorem and Lemma 3

E / lf(gh)dg => / E[v(gRr,)]dg

1>]¢>|R, 1=0¢|> ||

M

E / ¥ (gRz)dg

0 iglzinl

n

M

E [V (hR,)]

0

3
Il

Now we are ready to prove our main result.
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Proof (Proof of the Main Theorem 1) First we shall show that the theorem holds for
the special function ¢ = @ defined in the Lemma 1. In other words we need to prove
that fg (h) has a limit as |z| — 0. By (16) and Lemma 4 we obtain

Bl [ foleh ZE [othiRs,)]

Re<lgl<1

Since fg is radial, bounded on compact sets, and, by Lemma 2, f¢(gh)/fe(h) — 1,
for any y > 0 we can find C such that fp(gh)/fe(h) < C|g|Y for |g|, |h] < 1 (cf.
Potter’s theorem [2, Theorem 1.5.6]). By (23), Lebesgue’s Dominated Convergence
Theorem and the renewal theorem for group G (see Theorem A.1 in Appendix in [8]
for more details) apply to

fo(gh) -
h)-E 2040 | = 2 1) hR
fo(h) / o) g 2 [Vo(hR1,)]

[R:|=lgl<1

we obtain

Ji: Va(g)dg
fo(ME[-8,] ="~

26
e €Gu E[S7] (20

Hence for 0% := Var(log|M|) = 2E[—S;]E S, ] (see the proof of T18.1 on page
196 in [18])

— 2
foh) = > / Tolie = 75 [loglelvatite. @D
G G

|h|—>0 heGH

Moreover the same argument as in Theorem 1.5 [5] proves that the limit above is
strictly positive.

Now take arbitrary ¢ € CC], (V \ {0}). In view of Lemma 1 the family {59, ¢) * v}
is vaguely compact and any accumulation point, as |g| — 0, is G-invariant. This
implies that the set of real numbers f(g) is bounded and any accumulation point L
of fy(h) as h € Z, is also accumulation point of shifted sequence i.e. if fy(h,) — L
then also fy(gh,) — L for any ¢ € G,. However, we would like to say that also
f¢(hng) — L. Take any limit point L’ of a sequence fy(h,g). Then, since the com-
mutator [h,, g] = h,gh, I¢~! belongs to the compact group O,., we can extract a
subsequence such that

(g, hn, 1 > k and  fu(hpn,g) — L .
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By the same argument as (12) in the proof of Lemma 2 we get
lim | fy(kghn,,) — fo(lhn,, 818hn,)| = 0.
m—o0
Thus,
L= lim fy(kghn,) = lim fs((hn,glghn,) = lim_fp(n,g) = L.
m—0oQ m— 00 m— 00

We are now ready to show that fG# Yy (g)dg = 0. From (20) we get

E [ fp(huRe)] = fp(hn) = > E [Yrg(huRz,)]. (28)

k=0

By Lemma 3 the function v/4 defined on the group G, is directly Riemann integra-
ble therefore we can apply the renewal theorem for G, to the right hand side of the
equation above (see Appendix in [8] for more details) and the Lebesgue theorem to
the left hand side and obtain

Ve(g)d
0B L o 10 Ve
E[STl]

)

since the closed subgroup generated by the law of Ry, is G .
By the equation (21) we have

o0
gm Bl [ fenodg | = tim S E[TORS,)]
R, <lg|<1 n=0

By Proposition 1, xp_¢ is directly Riemann integrable. Using the Lebesgue theorem to
the left hand side and renewal theorem to right one we get

Jo, Vo(8)dg

S O

The above equation shows us that L does not depends on the particular choice of the
sequence /,,, hence

2
li S =— /1 dg.
ltmeG, (00 * V@) 02/ oglslVe(e)ds
G

By Lemma 1 the set §(g,g) * v is relatively weakly compact as |g| — 0. Take any
accumulation point A, then it is uniquely determined on the class C Cl (V \ {0}) there-
fore, by density, also on C.(V \ {0}). It yields that A is a limit of §g,4) * v as |[g| — 0.
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Moreover, since for every §(p,¢) * v is nonnegative measure also A is nonnegative. To
see where the product formula comes from observe that for any Borel set B, C X
the mapping

B — A(B1 x Bp)

defined on Borel sets on A, is a A, -invariant measure, hence there exists a constant
o (By) depending on B; such that

A(B1 X By) =0 (By) -ma,(B1).
On the other side, for any Borel set By on A, with positive Haar measure

A(By x B)

BQ e
ma, (B1)

define a finite positive measure that is O, invariant. This finishes the proof, since the
measure A is determined by the value on the sets of the form B; x B».
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